
 

 

 
 

 

Edinburgh Research Explorer 
 
 

 
 

 
 

 
 

 

 
 

 
 

 
 

 
 

 
 

 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

SPAD-Based Optical Wireless Communication with Signal Pre-
Distortion and Noise Normalization

Citation for published version:
Huang, S & Safari, M 2022, 'SPAD-Based Optical Wireless Communication with Signal Pre-Distortion and
Noise Normalization', IEEE Transactions on Communications, vol. 70, no. 4, pp. 2593 - 2605.
https://doi.org/10.1109/TCOMM.2022.3151888

Digital Object Identifier (DOI):
10.1109/TCOMM.2022.3151888

Link:
Link to publication record in Edinburgh Research Explorer

Document Version:
Peer reviewed version

Published In:
IEEE Transactions on Communications

General rights
Copyright for the publications made accessible via the Edinburgh Research Explorer is retained by the author(s)
and / or other copyright owners and it is a condition of accessing these publications that users recognise and
abide by the legal requirements associated with these rights.

Take down policy
The University of Edinburgh has made every reasonable effort to ensure that Edinburgh Research Explorer
content complies with UK legislation. If you believe that the public display of this file breaches copyright please
contact openaccess@ed.ac.uk providing details, and we will remove access to the work immediately and
investigate your claim.

Download date: 28. Apr. 2024

https://doi.org/10.1109/TCOMM.2022.3151888
https://doi.org/10.1109/TCOMM.2022.3151888
https://www.research.ed.ac.uk/en/publications/01eb478b-3815-48b0-a850-85ef25032b3f


1

SPAD-Based Optical Wireless Communication with
Signal Pre-Distortion and Noise Normalization

Shenjie Huang and Majid Safari

Abstract—In recent years, there has been a growing interest
in exploring the application of single-photon avalanche diode
(SPAD) in optical wireless communication (OWC). As a photon
counting detector, SPAD can provide much higher sensitivity
compared to the other commonly used photodetectors. However,
SPAD-based receivers suffer from significant dead-time-induced
non-linear distortion and signal dependent noise. In this work,
we propose a novel SPAD-based OWC system in which the
non-linear distortion caused by dead time can be successfully
eliminated by the pre-distortion of the signal at the transmitter.
In addition, another system with joint pre-distortion and noise
normalization functionality is proposed. Thanks to the additional
noise normalization process, for the transformed signal at the
receiver, the originally signal dependent noise becomes signal
independent so that the conventional signal detection techniques
designed for AWGN channels can be employed to decode the
signal. Our numerical results demonstrate the superiority of the
proposed SPAD-based systems compared to the existing systems
in terms of BER performance and achievable data rate.

Index Terms—Noise normalization, optical wireless communi-
cation, single photon avalanche diode.

I. INTRODUCTION

In recent years, there is an increase of interest in employing
the single-photon avalanche diode (SPAD) in optical wireless
communications (OWC) [1]–[4]. To achieve a SPAD receiver,
the conventional photodiode should be biased above the break-
down voltage so that it operates in the so-called Geiger mode.
One of the main advantages of the SPAD lies in its high
sensitivity compared to the other commonly used photode-
tectors such as PIN photodiode and avalanche photodiode
(APD). As summarized in [5], the SPAD-based receivers can
achieve sensitivity distance to the quantum limit down to only
12 dB; however, for APD-based receivers the corresponding
distance is around 20 dB. In the literature, the application
of SPAD receivers in visible light communication (VLC) has
been widely investigated [1], [6]–[8]. For instance, by using
the off-the-shelf SPAD receiver, an achievable data rate of
more than 2 Gbps with BER of 10−3 is demonstrated in [8].
Some other works also investigate the application of SPAD-
based receivers in underwater wireless optical communication
(UWOC) [2], [9] and free-space optical communication (FSO)
[10].

Although SPAD-based receiver can provide excellent sin-
gle photon sensitivity and picosecond temporal resolution,
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it suffers from some non-ideal effects such as dead time,
crosstalk and afterpulsing. In particular, dead time can in-
troduce significant communication performance degradation
which needs to be carefully addressed. Dead time refers to the
short time period of several nanoseconds after each triggered
avalanche when the SPAD is getting quenched and hence is
unable to detect photons [9]. Based on different employed
quenching circuits, SPAD is usually classified into two main
types, i.e., active quenching (AQ) and passive quenching (PQ)
SPAD. In PQ SPAD, there is no active circuitry and the
avalanche current quenches itself simply by flowing in the
quenching resistor [11]. On the other hand, for AQ SPAD, the
rise of the avalanche pulse is sensed by the active circuitry
which forces the quenching and reset the SPAD after an
accurately controlled hold-off time [1]. For AQ SPADs the
dead time remains constant, but for PQ SPADs, due to the
paralysis property, the photon arrivals during the dead time
can extend its duration [11]. Because of the dead time and
limited SPAD array size, both AQ and PQ SPAD have non-
linear photon transfer curves. The difference is that for the
former, with the increase of the received photon rate, the
detected photon rate firstly linearly increases and then saturates
at a maximal value, but for the latter it firstly increases and
then decreases [12]. Such photon transfer property of SPAD
could result in significant non-linear distortion to the received
signal. To improve the performance of SPAD-based receivers
in the presence of dead time, a novel detection scheme by
utilizing not only the photon count information but also the
photon arrival information is proposed in [3]. In addition,
a SPAD receiver with variable optical attenuator which can
adaptively control the incident photon rate of the SPAD array
is investigated in [10]. However, all these techniques require
additional hardware at the receiver which inevitably increases
the complexity of the receiver design. It is hence crucial to
propose cost-effective signal processing techniques for SPAD-
based systems to realize performance improvement without
any additional hardware requirements.

Some works in the literature have investigated the signal
processing techniques to enhance the performance of OWC
systems with signal-dependent noise whose power is propor-
tional to the amplitude of the received signal [13], [14]. In
[13], the signalling in the square-root domain is proposed
which can transform the signal-dependent noise into signal-
independent one to simplify the decoding process and improve
the BER performance. Such transformation has been further
applied to SPAD-based OWC systems [9] and optical fibre
communication [15]–[17]. In addition, in [14] an improved
constellation and decoding threshold design for such signal
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dependent channel is obtained by solving an optimization
problem aiming at minimizing the error probabilities. How-
ever, due to the presence of dead time, the signal-dependent
noise effect of SPAD receivers is much more complicated
than the one described above [18]. As a result, employing the
aforementioned techniques directly in SPAD-based systems
cannot achieve the optimal performance. Furthermore, besides
the distinct signal-dependent noise, the dead time of SPAD
also introduces an additional non-linear signal distortion which
makes the channel model different from the simple linear
channel model considered in the above works. Therefore,
some novel signal processing techniques designed based on
the unique properties of SPAD should be proposed to enhance
the performance.

In this work, two novel SPAD-based OWC systems are
proposed to address the dead time effects using signal pro-
cessing techniques, which, to the best of authors’ knowledge,
have not been investigated before. The systems are proposed
for general SPAD OWC links and can be applied to various
links such as FSO, VLC and UWOC. Designed based on the
unique characteristics of the SPAD, the proposed systems can
achieve superior performance over existing systems. The main
contributions of this paper are summarized as follows:

• A system in which the non-linear distortion caused by
the dead time can be successfully eliminated through the
pre-distortion of the signal is proposed.

• A system with joint pre-distortion and noise normal-
ization functionality is further proposed in which not
only the SPAD nonlinearity effect but also the signal
dependency of the noise can be eliminated. The employed
noise normalization process can transform the original
signal dependent noise of the SPAD output into signal
independent one so that the conventional signal detection
techniques designed for AWGN channels can be easily
employed to decode the received signal. Note that the
signal dependent noise of SPAD-based systems cannot be
normalized by the prior noise normalization techniques
due to dead time effects [9], [13].

• The optimal transmitted multilevel signals of the pro-
posed systems which minimize the BER performance
subject to the considered constraints, i.e., the non-
negative transmitted signal constraint, the average trans-
mitted power constraint and the peak received power
constraint, are derived.

• Extensive numerical results demonstrate that the proposed
systems can achieve superior BER and achievable data
rate performance compared to the existing systems, i.e.,
system with uniform signalling [19], [20] and system with
square-root transform [9], [13].

• The application of the proposed systems in FSO links
is investigated which presents the effectiveness of the
proposed systems in practical OWC systems.

The rest of this paper is organized as follows. Section II
introduces channel model of the SPAD-based OWC systems.
The performance of the two commonly used systems is
discussed in Section III. Section IV presents the proposed
two SPAD-based systems, i.e., system with pre-distortion and

system with joint pre-distortion and noise normalization, and
the corresponding BER expressions are derived. Later, the
numerical results and discussion are presented in Section V.
Finally, we conclude this paper in Section VI.

II. CHANNEL MODEL

We consider that single-carrier pulse amplitude modulation
(PAM) scheme is employed in the considered SPAD-based
OWC systems, although the proposed idea in this work can
also be extended to systems with other modulation schemes,
e.g., OFDM. The transmitted M -ary PAM message vector can
be expressed as

s = [0, 1, 2, · · · , (M − 1)]
T
. (1)

Assuming that after mapping the corresponding vector of the
transmitted photon rates is given by

I(s) = [I(0), I(1), I(2), · · · , I(M − 1)]
T
, (2)

the average transmitted optical power can be expressed as

PT = hνE [I(s)] =
hν

M

M−1∑
m=0

I(m), (3)

where hν is the photon energy. Considering that the loss
introduced by the channel is α, the average received signal
power can be written as

PR = αPT =
αhν

M

M−1∑
m=0

I(m). (4)

The channel loss α depends on the investigated OWC
systems. For instance, in FSO systems, the channel loss is
random which can be expressed as [21]

αFSO = hfhg = hf

[
erf

( √
πϕ

2
√

2φL

)]2

, (5)

where hg denotes the geometric loss induced by diffraction of
Gaussian beam, hf refers to the intensity fluctuation caused
by atmospheric turbulence, ϕ is the receiver aperture diameter,
φ is the beam divergence angle at the transmitter, and L refers
to the link distance. The intensity fading hf can be modelled
by Gamma-Gamma distribution given by [10]

fhf (x) =
2 (ζβ)

(ζ+β)/2

Γ(ζ)Γ(β)
x(ζ+β)/2−1Kζ−β

(
2
√
ζβx

)
, (6)

where Γ(·) is the Gamma function, Kp(·) is the modified
Bessel function of the second kind, and the parameter ζ and
β are given by

ζ =

[
exp

(
0.49χ2(

1 +0.18ϑ2 + 0.56χ12/5
)7/6)− 1

]−1

,

β =

[
exp

(
0.51χ2

(
1+0.69χ12/5

)−5/6(
1 +0.9ϑ2 + 0.62ϑ2χ12/5

)5/6)− 1

]−1

, (7)

respectively, with χ2 = 0.5C2
nk

7/6L11/6, ϑ2 = kϕ2/4L and
k = 2π/λop where λop denotes the light wavelength and
C2
n refers to the turbulence refraction structure parameter. On

the other hand, for VLC systems with the line-of-sight (LOS)
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links, the channel loss when the angle of incidence is within
the receiver field-of-view (FOV) can be expressed as [22]

αVLC =
Ad
L2
Ro(ψt)G(ψr)cos(ψr), (8)

where Ad is the physical area of the detector, ψt refers to
the radiance angle, Ro(ψt) is the radiant intensity, ψr is the
angle of incidence at the receiver, and G(ψr) denotes the
concentrator gain.

In order to achieve higher data rates and additional pro-
tection against the background light, SPAD-based receivers
in OWC systems are usually implemented in arrays [7]–[9].
The detected photon counts of individual SPADs in the arrays
are superimposed to form a single total photon count output.
Considering that SPAD array receivers are very dense, such
equal gain combining method is preferable which can greatly
simplify the receiver design [1], [6], [23]. When the mth
symbol is transmitted at the transmitter, the received photon
rate for each SPAD in the array is given by

λm =
Υ (PR,m + Pb)

Nhν
=

Υ [αI(m) + λb,tot]

N
, (9)

where Υ is the SPAD photon detection efficiency (PDE)
which is defined as the product of the fill factor (ratio of
the active area to the physical area), avalanche probability
and the quantum efficiency. PR,m denotes the received optical
power when the mth symbol is transmitted, Pb refers to the
total received background power, N denotes the number of
SPAD pixels in the array receiver, and λb,tot = Pb/hν is
the total received background photon rate. Considering that
the employed SPAD receiver is PQ-based, when the received
signal is with photon rate of λm, the output photocount
distribution of each SPAD pixel can be approximated as sub-
Poisson distribution with mean [12], [24], [25]

µm,single = λmTse
−λmTd , (10)

and variance [24], [26]

σ2
m,single =µm,single−µ2

m,single, Ts ≤ Td,

µm,single−µ2
m,single

[
1−

(
1− Td

Ts

)2
]
, Ts > Td,

(11)

where Ts and Td represent the symbol duration and dead
time, respectively. Since the variance of the photocount is less
than its mean, the above distribution shows the sub-Poisson
characteristics. Note that although AQ SPAD can offer fast
reset and well-defined dead time, SPAD arrays with active
quenching are with high complexity and cost, hence they
are usually designed with small array sizes [1], [27]. On
the other hand, PQ SPAD benefits from its simpler circuit
design, higher PDE and low cost, therefore the commercial
low-cost photon counting receivers with large array sizes are
usually with PQ SPADs [8], [23]. In this work, we hence
consider that the SPAD is PQ-based. Equation (10) presents
that dead time results in the paralysis property of the PQ
SPAD and introduces the non-linear distortion to the received
signal. In addition, it is demonstrated in (11) that the noise
variance of the SPAD output is signal dependent. Note that

this signal dependent noise is different from the traditional one
investigated in the literature whose power is proportional to the
signal amplitude [13], [14]. For a SPAD array detector with
sufficient large number of pixels, based on the central limit
theorem, the total output photocount can be approximated as
Gaussian distributed random variable [2], [28] with mean

µm = Nµm,single, (12)

and variance
σ2
m = Nσ2

m,single. (13)

To make a fair comparison among the different systems
considered in this work, we employ three constraints on the
transmitted photon rates (2). Due to the considered intensity
modulation direct detection (IM/DD) modulation, the photon
rate I(m) should be non-negative. To satisfy this requirement
and ensure that the largest dynamic range is utilized, the first
constraint is given by

I(0) = 0. (14)

The second constraint is the average power constraint that
PT ≤ Pave where Pave denotes the average power limit of
the transmitter. Invoking the expression of PT given in (3),
this constraint can be expressed as

hν

M

M−1∑
m=0

I(m) ≤ Pave. (15)

The third considered constraint is the peak power constraint
aiming to avoid the strong SPAD non-linear distortion. As
illustrated in (10), due to the presence of dead time, with
the increase of the received photon rate the detected average
photon count firstly increases and then decreases. The received
photon rate which gives the highest detected photon count,
also known as the saturation point, is given by 1/Td [10]. A
peak received power constraint can be put to limit the received
photon rate below this saturation point, i.e.,

λM−1 ≤
1

Td
. (16)

Invoking the relationship between the transmitted and received
photon rates given in (9), (16) can be rewritten as the constraint
on the peak transmitted photon rate

I (M − 1) ≤ N

αTdΥ
− λb,tot

α
. (17)

III. SPAD-BASED OWC SYSTEMS

A. System with Uniform Signalling

The system with uniform signalling is the simplest and
the most common one [13], [19], [20]. In such system, the
transmitted photon rates are uniformly spaced which can be
expressed as

Iuni(s) = [0, d, 2d, · · · , (M − 1)d ]
T
, (18)

where d refers to the constellation level separation at the
transmitter. To make sure that the average transmitted power
constraint (15) is satisfied, the limitation of d is can be
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δm =

µm
σ2
m
− µm+1

σ2
m+1

+

√(
µm
σ2
m
− µm+1

σ2
m+1

)2

−
(

1
σ2
m
− 1

σ2
m+1

){(
µ2
m

σ2
m
− µ2

m+1

σ2
m+1

)
+ 2 ln

(
σm
σm+1

)}
1
σ2
m
− 1

σ2
m+1

. (24)

expressed as

d ≤ 2Pave

hν(M − 1)
. (19)

In addition, the peak power constraint given in (17) can be
rewritten as

d ≤ 1

M − 1

[
N

αTdΥ
− λb,tot

α

]
. (20)

To ensure that the above constraints are all satisfied, the
maximum constellation level separation at the transmitter is
given by

d∗uni =min

{
2Pave

hν(M − 1)
,

1

M − 1

[
N

αTdΥ
− λb,tot

α

]}
. (21)

For normal OWC systems, larger d is preferable which can
result in better BER performance [7], [13], [22], thus the
selected constellation level distance is given by d∗uni. At the
receiver, the corresponding received photon rate for each
SPAD pixel when the mth symbol is transmitted can be written
as

λuni,m =
Υ [αmd∗uni + λb,tot]

N
, with m ∈ [0,M−1]. (22)

By substituting (22) into (12) and (13), the mean and
variance of the SPAD output signal can be achieved. Since
in the considered system the received constellation levels are
not equally space and the noise variance is signal dependent,
the commonly used BER expression for PAM-based AWGN
channel cannot be employed. Based on the maximum likeli-
hood (ML) rule, the accurate BER for such system can be
expressed as [13]

Peb =
1

M log2(M)

M−2∑
m=0

Q

(
δm − µm
σm

)
+Q

(
µm+1−δm
σm+1

)
,

(23)
where δm denotes the optimal thresholds calculated based on

the moments µm and σ2
m which are given by (24).

B. System with Square-Root Transform

The square-root transform (SQRT) has been applied to
the general OWC systems [9], [13], [14] and fibre optical
communication systems [15], [17]. In this section, we will
briefly introduce the SPAD-based system with SQRT.

For system with SQRT, a square-root operation is applied to
the received signal and at the transmitter an inverse transform,
i.e., square operation, is employed. Therefore, the transmitted
photon rate vector can be expressed as

Isqrt(s) =
[
0, d, 4d, · · · , (M − 1)2d

]T
. (25)

Note that different from the photon rates given in (18), here
the transmitted photon rates are not equally spaced. Now let’s
consider the optimal selection of d in this system. With the

considered photon rate transmission, the average transmitted
power constraint (15) can be rewritten as

d ≤ 6Pave

hν(M − 1)(2M − 1)
. (26)

Furthermore, the peak power constraint introduced by the
SPAD receiver nonlinearity (17) results in

d ≤ 1

(M − 1)2

[
N

αTdΥ
− λb,tot

α

]
. (27)

Therefore, similar to the system with uniform signalling, the
selected value of d at the transmitter which satisfies the above
constraints can be expressed as

d∗sqrt = (28)

min

{
6Pave

hν(M−1)(2M−1)
,

1

(M−1)2

[
N

αTdΥ
− λb,tot

α

]}
.

By substituting d∗sqrt into (25), the designed transmitted pho-
ton rate can be determined. Invoking (9) the corresponding
received photon rate for each SPAD can be expressed as

λsqrt,m =
Υ
[
αm2d∗sqrt + λb,tot

]
N

. (29)

After taking the square-root transform at the receiver, the mean
of the transformed signal can be approximated as

µsqrt,m =
√
Nλsqrt,mTse

− 1
2λsqrt,mTd . (30)

When the noise variance has linear relationship with the signal
amplitude, the system with SQRT can achieve the equidistant
transformed received signal with normalized noise variance
[13]. However, since the relationship between the noise vari-
ance and signal amplitude of the SPAD output (as shown in
(11)) is not linear, SPAD-based system with SQRT cannot
achieve the optimal performance. As a result, as illustrated
in (30) the transformed PAM signal is not equidistant. In
addition, the noise variance of the transformed signal still
keeps its signal dependency. Therefore, (23) should again be
employed to evaluate the BER performance of the considered
system. Note that although the mean of the transformed signal
is given by (30), the expression of its variance is analytically
intractable. In order to achieve the decoding threshold (24),
the variance of the transformed signal should be calculated
numerically through the simulation.

IV. THE PROPOSED SYSTEMS

The prior systems introduced in Section III are designed
without considering the unique characteristics of the SPAD
receivers, thus their performance is strongly degraded by the
dead time effects. In this section, we propose two novel
systems aiming to mitigate the dead time effects and improve
the communication performance.
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Fig. 1. The schematic of the proposed SPAD-based OWC system with signal
pre-distortion.

A. System with Pre-Distortion

The schematic of the first proposed SPAD-based system is
shown in Fig. 1. At the transmitter a pre-distortion process
is applied to the generated PAM signal and the output signal
is then fed to the light source. After propagating through the
free-space channel, the optical signal is received by the SPAD
array at the receiver. The employed pre-distortion process is
designed to compensate the non-linear distortion of the SPAD
output induced by the dead time and realize the equidistant
received signal. Note that similar signal pre-distortion idea has
been proposed in VLC systems to compensate the nonlinearity
effects introduced by LEDs [29], [30]. However, to the best of
the authors’ knowledge, its application in SPAD-based systems
to combat the dead time effects has not been investigated
before. In this section, we will fill this research gap.

Invoking (9) and (12), the relationship between the trans-
mitted photon rate I(m) and average received photon count
of the SPAD array µm can be expressed as

µm = Υ [αI(m) + λb,tot]Tse
−

Υ[αI(m)+λb,tot]Td
N , (31)

To ensure that the distortion induced by SPAD receiver can
be compensated, I(m) in the proposed system, denoted as
Ipre(m), should be designed so that the received PAM signals
are equidistant, i.e.,

µpre,m = mdpre + ξpre, (32)

where dpre denotes the PAM level separation of the SPAD
output and ξpre is a constant value. By substituting (32) into
(31), the desired transmitted photon rate is given by

Ipre(m) =
−NW0

(
− (mdpre + ξpre) Td

NTs

)
αΥTd

− λb,tot

α
, (33)

where W0(x) denotes the principal branch of the Lambert
W function. Lambert W function is a multivalued function
defined to be the inverse of the function x = w ew and W0(x)
refers to the branch of the function with value above −1
[31]. The transmitted photon rate (33), or equivalently the
pre-distortion transform, should satisfy the constraints (14),
(15) and (17) mentioned in Section II.

By substituting (33) into (14) and after some mathematical
manipulations, the constant ξpre can be expressed as

ξpre = λb,totΥTse
−
λb,totΥTd

N . (34)

In addition, the peak power constraint (17) can be rewritten
as

dpre ≤
NTs
eTd
− ξpre

M − 1
= dpre,max. (35)

Substituting (33) into (15), the average power constraint can
be expressed as

1

M

M−1∑
m=0

W0

(
− (mdpre+ξpre)Td

NTs

)
︸ ︷︷ ︸

L (dpre)

≥−ΥTd
Nhν

(αPave+λb,tothν) ,

(36)
where L (dpre) refers to the function at the left hand side
of (36). As W0(x) is a monotonically increasing function for
x ∈ [−1/e, 0], L (dpre) is a monotonically decreasing function
with respect to dpre with a maximal value

L (0)=W0

(
−λb,totΥTd

N
e
−λb,totΥTd

N

)
=
−λb,totΥTd

N
, (37)

and a minimal value L (dpre,max). Therefore, the inequal-
ity (36) can be expressed as dpre ≤ dpre, root when
L (dpre,max) ≤ −ΥTd

Nhν (αPave + λb,tothν) is satisfied and
dpre ≤ dpre,max otherwise, where dpre, root denotes the single
positive root of (36) when the equality holds which can
be calculated numerically through the bisection method. As
larger dpre indicates better BER performance (as proved in
Appendix), the optimal dpre, denoted as d∗pre, is achieved at
the boundary of the feasible set and hence is expressed as

d∗pre =

{
dpre, root, L (dpre,max)≤ −ΥTd

Nhν (αPave + λb,tothν) ,

dpre,max, otherwise.
(38)

By substituting the derived ξpre in (34) and d∗pre in (38) into
(33), the pre-distortion transform at the transmitter can be
determined.

As shown in (32), due to the utilisation of the signal pre-
distortion, the constellation levels at the receiver are equidis-
tant with a separation of d∗pre. Substituting (32) into (11) and
(13) the variance of the received signal, denoted as σ2

pre,m,
can be determined which is, however, still signal dependent.
Therefore, the BER of the considered system is again given
by (23) with the optimal decoding thresholds calculated based
on the derived moments µpre,m and σ2

pre,m.

B. System with Joint Pre-Distortion and Noise Normalization

As illustrated in Section III-B, the system with SQRT
cannot successfully normalize the noise variance of SPAD-
based OWC systems due to the non-linear relationship between
the noise variance and signal amplitude. In this section, we aim
to design a novel SPAD-based OWC system with joint pre-
distortion and noise normalization functionality. The schematic
of the proposed system is demonstrated in Fig. 2. Different
from the system discussed in Section IV-A, in this system an
additional variance normalizing transform (VNT) and inverse
VNT are employed at the receiver and transmitter, respectively.
The proposed system can not only achieve the equidistant
PAM signals at the receiver as the system considered in Sec-
tion IV-A, but also successfully normalize the noise variance
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Fig. 2. The schematic of the proposed SPAD-based OWC system with joint
pre-distortion and noise normalization.

so that the noise becomes signal independent. Thanks to the
joint functionality, it is expected that the proposed system
outperforms the system with only pre-distortion; however, the
latter benefits from its simplicity as it does not require any
additional signal processing at the receiver. In the following
discussion, the design of the transformations involved in the
proposed system will be investigated.

The variance of the output of SPAD pixel given in (11) can
be further simplified as

σ2
m,single = µm,single − µ2

m,singleϑ, (39)

where

ϑ = 1−

[(
1− Td

Ts

)+
]2

, (40)

with (x)+ = max{x, 0} and ϑ ∈ (0, 1]. Denoting the output
signal of SPAD array receiver as r, as mentioned in Section
II it is approximately Gaussian distributed. Invoking (13) the
variance of r can be expressed as

σ2
m = µm −

ϑ

N
µ2
m. (41)

Let’s firstly consider the design of VNT at the receiver. The
VNT is applied to random variables with certain relationships
between the variance and mean to generate approximately
Gaussian random variables with variance independent of the
mean [13], [15], [17], [32]1. Defining the relationship between
the mean and variance of the received SPAD signal given in
(41) as σ2

m = f2(µm), the function f(x) can be expressed as

f(x) =

√
x− ϑ

N
x2. (42)

The VNT at the receiver aiming to normalize the signal-
dependent noise can be expressed as [13]

T (x) =

∫
1

f(x)
dx =

∫
1√

x− ϑ
N x

2
dx. (43)

The above integral can be solved analytically as

T (x) = −
√
N

ϑ
arcsin

(
−2ϑ

N
x+ 1

)
. (44)

1Note that the convergence to Gaussian random variables is shown for the
random variables with original gamma distribution [32], Gaussian distribution
[13], noncentral chi-squared distribution [17], and an unknown distribution
[15].

Denoting the transformed signal after VNT as r̃, i.e., r̃ =
T (r), it is with mean µr̃ ' T (µm) and variance σ2

r̃ ' 1
when µm is relatively high. Note that the noise variance of r̃ is
signal independent. As the received signal r is approximately
Gaussian distributed, it is possible (with very low probabil-
ity) that when applying the transformation T (r), the value
− 2ϑ
N r+1 is out of the domain of arcsine function, i.e., [−1, 1].

To address this issue, before applying the transformation, we
truncate r such that r = N/ϑ and r = 0 when r > N/ϑ and
r < 0 are satisfied, respectively.

Now let’s turn to the design of the transformation at the
transmitter. The PAM signal is transformed into the transmitted
photon rate Ijt(m) and then propagated through the free-space
channel. The objective is that for the received signal after VNT
the noise variance is signal independent and the constellation
levels are equidistant, i.e.,

r̃ = µr̃ + nr̃, (45)

with
µr̃ = mdjt + ξjt, (46)

where nr̃ is the approximately Gaussian distributed noise with
zero mean and normalized variance equal to one, djt refers
to the PAM level separation after VNT, and ξjt is a constant
value. To achieve this goal, the transmitter side transformation
should inverse both VNT and the non-linear distortion caused
by SPAD channel. Considering that µr̃ ' T (µm), (46) can
be rewritten as

T (µm) = mdjt + ξjt. (47)

By substituting (31) into (47) and after some mathematical
manipulations, one can get

R

(
−ΥTd [αIjt(m)+λb,tot]

N

)
=
−T −1(mdjt+ξjt)Td

NTs
, (48)

where the function R(x) = xex and T −1(x) denotes the
inverse function of T (x) which can be expressed as

T −1(x) =
−N
2ϑ

[
sin

(
−
√
ϑ

N
x

)
− 1

]
. (49)

Equation (48) can be rewritten as

−ΥTd [αIjt(m) + λb,tot]

N
=W0

{
−T −1(mdjt + ξjt)Td

NTs

}
.

(50)
Based on (50), the desired transmitted photon rate when the
mth symbol is transmitted can be expressed as

Ijt(m) =
−NW0

{
− Td
NTs

T −1 (mdjt + ξjt)
}

αΥTd
− λb,tot

α
. (51)

This transmitted photon rate, or equivalently the transmitter
side transformation, has the similar shape to that of the system
with only pre-distortion given in (33). The difference is that
in this proposed system, the generated PAM signal firstly
goes through an additional inverse VNT which is given by
− Td
NTs

T −1 (mdjt + ξjt) after which the pre-distortion trans-
form is applied. Therefore, the transmitter side transform can
be divided into two sub-transforms, i.e., inverse VNT and pre-
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distortion, as illustrated in Fig. 2.
In order to apply the derived transformations at the trans-

mitter, the PAM level separation djt and the constant ξjt in
(51) should be determined. Substituting (51) into the first
considered constraint (14) and after some mathematical ma-
nipulations, one can get

ξjt = −
√
N

ϑ
arcsin

(
−2ϑTsλb,totΥ

N
e−

λb,totΥTd
N + 1

)
. (52)

On other hand, the peak power constraint given in (17) can be
rewritten as

djt ≤
−
√

N
ϑ arcsin

(
− 2ϑTs

Tde
+ 1
)
− ξjt

M − 1
= djt,max. (53)

It can be easily shown that ϑTs/Td e ∈ (0, 1
e ] when Td ≥ Ts

and ϑTs/Td e ∈ ( 1
e ,

2
e ) when Td < Ts. Therefore, in both

cases, the term −2ϑTs/Td e+ 1 in (53) is within the domain
of the arcsine function for real results. Finally, with the ex-
pression of Ijt(m) given in (51), the average power constraint
(15) can be expressed as

1

M

M−1∑
m=0

W0

{
Td

2ϑTs

[
sin

(
−
√
ϑ

N
(mdjt + ξjt)

)
− 1

]}
︸ ︷︷ ︸

L ′(djt)

≥ −ΥTd
Nhν

(αPave + λb,tothν) . (54)

Note that we denote the function at the left hand side of the
above inequality as L ′(djt). It can be proven that L ′(djt) is
a monotonically decreasing function with respect to djt with
a maximal value

L ′(0)=W0

(
Td

2ϑTs

[
sin

(
−
√
ϑ

N
ξjt

)
−1

])
=
−λb,totΥTd

N
.

(55)
Invoking the constraint (53), the minimal value of L ′(djt) is
L ′(djt,max). Using the same method employed to derive (38),
the maximal djt subject to the considered constraints, denoted
as d∗jt, can be expressed as

d∗jt =

{
djt, root, L ′ (djt,max) ≤ −ΥTd

Nhν (αPave + λb,tothν) ,

djt,max, otherwise,
(56)

where djt, root denotes the single positive root of (54) when
the equality holds which can be achieved numerically. As
explained below, the optimal djt which results in the minimal
BER is d∗jt. Substituting the derived ξjt in (52) and d∗jt in
(56) into (51), the transformations at the transmitter can be
determined.

By utilizing the transformations at transmitter and receiver
given by (51) and (44), respectively, the proposed system
has joint pre-distortion and noise normalization functionality.
Assuming that the noise normalization process is ideal, the
transformed signal at the receiver is Gaussian distributed
with signal independent noise. Note that later in Section
V the accuracy of this assumption will be verified through
numerical simulations. In addition, thanks to the signal pre-
distortion, constellation levels of the transformed signal are

TABLE I
THE PARAMETER SETTING [21], [33]

Symbol Definition Value

λop Optical wavelength 785 nm

Υ The PDE of SPAD 0.18

N Number of SPAD pixels in the array [2048, 4096]

Td The dead time of SPAD 10 ns

FSO link parameters

ϕ Receiver lens aperture diameter 10 cm

L Distance between the source and destination 1500 m

φ Laser divergence angle 2 mrad

Pb Background power 20 nW

C2
n Refraction structure index [10−15, 10−13] m−2/3

R Data rate of the FSO link 1 Gbps

equally spaced. Thus for the proposed system, the channel is
approximately AWGN and the conventional signal detection
techniques designed for AWGN channel can be applied to
recover the original message. Since for AWGN channel, larger
constellation separation djt results in better BER performance
[19], the optimal djt is hence d∗jt given in (56). The BER of the
proposed system can be approximated by the BER for PAM
modulation in AWGN channel given by

Peb,jt≈
2M − 2

M log2(M)
Q

(
d∗jt
2σr̃

)
=

2M − 2

M log2(M)
Q

(
d∗jt
2

)
. (57)

After the VNT at the receiver, the signal distribution is
not exactly Gaussian as mentioned before, hence applying
ML decoding based on AWGN approximation results in a
sub-optimal BER performance. To achieve the optimal BER
performance, one should apply ML decoding to the signal
after VNT without employing any approximation. Since the
VNT shown in (44) is a monotonic function which just
performs a one-to-one mapping, the ML decoding of the SPAD
output signal is in effect equivalent to that of the signal after
VNT without approximation. Because the output of the SPAD
is already modelled as Gaussian distributed, applying ML
decoding directly to the SPAD output (i.e., signal before VNT)
is more mathematically tractable, which will be considered
next to find the optimal BER performance. By substituting
the designed transmitted photon rate (51) into (12) and (13),
the mean and variance of the SPAD output can be achieved
where the variance is signal dependent. As the SPAD output is
Gaussian distributed, similar to the BER analysis in Section III
and Section IV-A, the optimal BER based on ML decoding can
be expressed as (23) with thresholds given by (24). Note that
compared to the case of applying ML decoding to the VNT
output with AWGN approximation, additional complexity is
added to the calculation of the decoding thresholds especially
when higher order modulation is considered. Latter in Section
V, these two considered BER performances will be compared.

V. NUMERICAL RESULTS

In this section, some numerical results are presented. Unless
otherwise mentioned, the parameters used in the simulation
are given in Table I. We firstly present the numerical results
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Fig. 3. The mean and variance of (a) the original SPAD output signal and (b)
the signal after the proposed VNT at the receiver given in (44). The symbol
duration is Ts = 20 ns.

showing the superiority of the proposed systems in Section IV
over the existing systems introduced in Section III. Later, the
performance improvement by utilizing the proposed systems
in a practical FSO link is investigated.

A. The Superiority of the Proposed Systems

To show the effectiveness of the propose systems, let’s
consider a SAPD-based OWC system with a SPAD receiver
with 2048 pixels and a channel loss of α = −30 dB. We
consider 4-PAM as the modulation scheme, although other
PAM modulation schemes can also be employed which can
result in similar conclusions.

Firstly, let’s consider the effectiveness of the VNT given
in (44). Fig. 3 shows the mean and variance of the original
SPAD output signal and the signal after the VNT versus the
received photon rate. The moments of the SPAD output signal
are given by (10) and (11); whereas, the moments of the signal
after VNT are achieved numerically through simulation. As
shown in Fig. 3(a), the noise variance of SPAD output is
signal dependent and is less than the mean value which reveals
the sub-Poisson characteristics of the SPAD signal. However,
when the VNT is applied, as demonstrated in Fig. 3(b), with
the increase of received photon rate the noise variance of
the transformed signal quickly increases to 1 and becomes
fixed at this value. Therefore, the variance of the noise can be
successfully normalized by employing the designed VNT at
the receiver.

Figure 4 presents an example of the PDFs of the transmitted
photon rate and the corresponding received signal for the
system with uniform signalling. It is shown that even though
the transmitted photon rates are uniformly spaced, due to the
SPAD-induced non-linear distortion and shot noise effects,
the received signal levels are not uniformly spaced and the
signal variance is strongly signal dependent. For instance, the
distance between the first two received constellation levels
is around 115; however, the distance between the last two

Fig. 4. The signal PDFs of the system with uniform signalling when the
average transmitted power limit is Pave = 60 µW, the received background
power is Pb = 10 nW, and symbol duration is Ts = 5 ns.

Fig. 5. The signal PDFs of the proposed system with signal pre-distortion
when the average transmitted power limit is Pave = 60 µW, the received
background power is Pb = 10 nW, and symbol duration is Ts = 5 ns.

levels is only 60. In addition, the variance of the received
signal when the lowest level is transmitted is 34; whereas, the
corresponding variance when the highest level is transmitted
increases to 252.

Figure 5 demonstrates the signal PDFs of the proposed
system with pre-distortion. It is shown that with the em-
ployed signal pre-distortion at the transmitter, the received
constellation levels successfully become equidistant with a
separation of 93. However, the noise is still signal-dependent
and higher signal level still results in higher noise variance.
On the other hand, the PDFs of the transmitted signal, SPAD
output signal and signal after VNT for the proposed system
with joint pre-distortion and noise normalization functionality
are presented in Fig. 6. One can observe that, similar to system
with only pre-distortion, the constellation levels of the signal
after the VNT are also equally spaced (with distance 8.6).
However, the difference is that for such system the noise
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Fig. 6. The signal PDFs of the proposed system with joint functionality
when the average transmitted power limit is Pave = 60 µW, the received
background power is Pb = 10 nW, and symbol duration is Ts = 5 ns.
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Fig. 7. The BER versus the average transmitted and received optical signal
power limits for systems with different schemes when the symbol duration is
Ts = 5 ns and the received background power is Pb = 10 nW.

variances when different signal levels are transmitted are also
identical (approximately equal to 1) hence the noise is signal
independent. Therefore, in this considered system both the
non-linear distortion and signal-dependent noise of the SPAD
output are eliminated, as expected. It is worth noting that
although the output of the SPAD is the detected photon count
which is non-negative, the sign of the signal after VNT (44) is
undetermined which could be negative. However, the negative
values of the output signal have no effects on the system
performance, because in the decoding process it is the relative
distances among the multilevel signals which determine the
communication performance rather than the absolute values
of the signals.

Figure 7 and Figure 8 present the BER versus the average
transmitted optical power limit Pave for the investigated sys-
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Fig. 8. The BER versus the average transmitted and received optical signal
power limits for systems with different schemes when the symbol duration is
Ts = 5 ns and the received background power is Pb = 20 nW.

tems under two different background power levels. To give
insights into the operational received power of the consid-
ered SPAD-based systems, the corresponding average received
signal power limit denoted as αPave is also added (see top
axis). Note that these power limits are not always the actual
transmitted and received signal powers due to the employed
additional peak power constraint given in (17). For the system
with uniform signalling, with the increase of the transmitted
power limit, the BER firstly decreases and then increases due
to the non-linear distortion effects of the SPAD. With further
increase of the transmitted power limit, the BER saturates at
a fixed value. This is because of the considered peak power
constraint (17) which results in the BER performance becomes
average power independent in high average power regime. The
same BER saturation effect can also be observed in the other
systems. The system with SQRT performs slightly better than
that with uniform signalling but they are with similar BER
shapes. On the other hand, for the proposed systems, i.e., sys-
tems with pre-distortion and joint functionality, thanks to the
signal pre-distortion which compensates the SPAD non-linear
effects at the transmitter, the BER monotonically decreases
and then saturates with the increase of the transmitted power.
It is demonstrated that generally these two proposed systems
can result in much better BER performance compared to the
conventional systems, i.e., system with uniform signalling and
SQRT, especially in high power regimes. For the system with
joint functionality, the performances of both ML decoding in
the presence and absence of AWGN approximation are plotted.
In the presence of AWGN, the BER expression is given by
(57); whereas, in the absence of AWGN approximation, the
calculation of the optimal BER is based on (23) according
to the discussion at the end of Section IV-B. As mentioned
in Section IV-B, the advantage of the former is the simpler
decoding process. It is shown that the proposed system with
joint functionality can achieve the best BER performance
among the considered systems over the whole considered
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Fig. 9. The achievable data rate versus the average transmitted and received
optical signal power limits for different schemes when the BER target is 10−3

and the received background power is Pb = 10 nW.

optical power regime. For example, when Pave = 100 µW
and Pb = 10 nW, the BER values of the systems with uniform
signalling, SQRT, and pre-distortion are given by 2 × 10−2,
10−3 and 6.2×10−5, respectively. However, the corresponding
optimal BER of the proposed system with joint functionality
is only 8× 10−7.

It is also presented in Figure 7 and Figure 8 that for
the considered systems except the joint functionality system
with AWGN approximation, the analytical results exactly
match with the simulation ones, which justifies our analytical
derivations. For the joint functionality system with AWGN
approximation, the analytical result slightly outperforms the
simulation result. This is because after the VNT at the receiver,
the transformed signal is not exactly Gaussian distributed.
As a result, the analytical BER expression given in (57)
which is calculated based on ideal AWGN channel cannot
perfectly match the corresponding simulation result. However,
the small deviation between the analytical and simulation
result indicates that this analytical expression is still a good
approximation of the simulation result. In addition, it is shown
that for the system with joint functionality, the simulated BER
with AWGN assumption is worse than the optimal BER as
explained in Section IV-B, but the gap between them is very
small. It is interesting that the optimal BER performance is
almost the same as the analytical BER performance assuming
AWGN given in (57), which implies that (57) can be a good
approximation of the optimal performance.

By comparing Fig. 7 and Fig. 8, it is presented that the
increase of the received background power can result in
significant BER degradation to all of the considered systems.
In addition, higher background power also leads to the re-
duction of the performance gap between the system with
joint functionality and the system with only pre-distortion.
This is because higher background power introduces less
available dynamic range and results in the less difference
among the variances when different signal levels are trans-
mitted. Consequently, for the system with joint functionality,
the performance improvement induced by additional noise

normalization reduces, which makes its performance closer
to that of the system with only pre-distortion.

The achievable data rates versus the average transmitted and
received power limits for different systems are plotted in Fig.
9. In the simulation, a target BER of 10−3 is employed which
is below the 7% forward error correction (FEC) limits, i.e.,
3.8×10−3 [35], [36]. A vector of the achievable data rates (or
equivalently the symbol durations) with relatively small step
size is generated. For each given transmitted optical power, the
BER performances of the considered systems under different
data rate transmission are calculated either analytically or
through simulation, and by comparing with the BER target
the maximal achievable data rates of various systems can
then be determined. Note that for the system with joint
functionality, only the performance in the presence of AWGN
approximation is presented, as the performance with optimal
decoding is similar to that of the system with AWGN as
mentioned above. It is clearly demonstrated that generally the
proposed systems can effectively improve the achievable data
rate. In particular, the proposed system with joint functionality
can achieve the highest data rate over the considered range
of optical power. For instance, when the transmitted optical
power is 200 µW, the achievable data rate of the proposed
system with joint functionality is 900 Mbps; however, the
corresponding data rates for system with uniform signalling,
SQRT and pre-distortion are only 56 Mbps, 318 Mbps and
630 Mbps, respectively.

B. The application in Practical FSO Link

The proposed signal processing techniques are designed for
general SPAD-based OWC systems. However, when applied in
different systems, disparate channel effects should be consid-
ered, e.g., the turbulence-induced intensity fluctuations in FSO
and intersymbol interference (ISI) in VLC due to the limited
bandwidth of LEDs. In this section, in order to give insights
into the effectiveness of the proposed schemes in practical
OWC systems, an FSO application scenario is investigated.

The specifications of the considered FSO link is given in
Table I. Note that in order to achieve 1 Gbps data rate, a
relatively large SPAD array with 4096 pixels is employed. In
addition, a receiver aperture diameter of 10 cm is employed
to collect more received power by focusing larger received
power on the detector while mitigating scintillation through
aperture averaging [34]. Different from the above discussion
where the loss introduced by the channel is a fixed value,
in FSO application the channel loss is a random variable
given by (5). To implement the proposed schemes in FSO, the
instantaneous channel state information (CSI) αFSO should be
known at the transmitter so that the desired transmitted photon
rate vectors can be calculated through (33) or (51). This can be
achieved by employing channel estimation schemes to estimate
the channel state at the receiver and send the information
back to the transmitter, for example, via a feedback path
[37]. Alternatively, in bidirectional FSO links the channel reci-
procity can be used to get the required CSI [38]. Note that in
OWC systems the channel fading effects are inherently slowly
fading, considering the high transmission rates the channel
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Fig. 10. The average BER performance versus the transmitted and received
signal power limits for considered systems in the application of FSO links.
Two different turbulence conditions are investigated, i.e., weak turbulence with
C2

n = 10−15 m−2/3 and strong turbulence with C2
n = 10−13 m−2/3.

state remains constant over up to millions of consecutive bits
[34]. Owing to such quasi-static channel property, channel
estimation can be realized with good accuracy [39], [40]. In
the considered FSO use case, ISI effect is assumed to be
negligible due to the large bandwidth of lasers/photodetectors
and the negligible dispersion effect of FSO channel [34]. In
the simulation, for any given turbulence condition, a relatively
large number of turbulence channel realizations are firstly
generated. For each channel realization, the instantaneous
BER performances of different systems are calculated. The
corresponding average BER can then be achieved by averaging
over different realizations. Note that for the sake of simplicity,
only the instantaneous BER performance calculated based on
the analytical expressions is considered.

Figure 10 presents the simulated average BER performance
versus the transmitted and received optical power for the
considered systems under various turbulence conditions, i.e.,
C2
n = 10−15 m−2/3 and C2

n = 10−13 m−2/3 for weak and
strong turbulence, respectively. It is presented that generally
for all of the considered systems stronger turbulence condition
leads to the degradation of the BER performance, as expected.
For instance, for the proposed system with joint functionality,
in order to achieve an average BER of 10−4, the required
transmitted power under weak turbulence is only 0.2 mW;
whereas, the corresponding power under strong turbulence
increases to 0.7 mW. Hence 5.4 dB power penalty is required
in order to operate under strong turbulence. In addition, with
the increase of the transmitted power the systems under
weak turbulence reach the BER floor much quicker than
those under strong turbulence. This is because under stronger
turbulence condition, the channel loss αFSO experiences more
significant randomness. As a result, to make sure that the
average BER turns to the saturation regime where the average
transmitted power is not a limiting factor for all channel
realizations, much higher transmitter power is required. For
systems with uniform signalling and SQRT, the performance
in strong turbulence could slightly outperforms that in weak

turbulence when approaching the saturation. This is because
at high received optical power, the SPAD operates in the
nonlinear regime. The stronger turbulence induces channel
gain fluctuations with larger standard deviation resulting in
the SPAD receiver to operate more frequently in its linear
dynamic range compared to a weaker turbulence, which leads
to better performance. Finally, similar to the above numerical
results, it is again demonstrated in Fig. 10 that the the proposed
systems are superior to the existing systems, which illustrates
the effectiveness of the proposed systems in FSO application.

VI. CONCLUSION

The performance of the SPAD-based OWC systems is
strongly degraded by dead-time-induced non-linear distortion
and signal dependent noise. To mitigate the dead time effects
and improve the communication performance, two novel sys-
tems, i.e., system with pre-distortion and system with joint
pre-distortion and noise normalization, are proposed in this
work which can be easily implemented without additional
hardware requirements. By comparing the proposed systems
with some existing benchmark systems, it is demonstrated that
the proposed systems can significantly improve the BER per-
formance and achievable data rate and enhance the tolerance
of the background power. In particular, it is demonstrated that
when the average transmitted optical power limit is 200 µW,
with a target BER of 10−3 the proposed two systems can
achieve data rates of 630 Mbps and 900 Mbps; whereas, the
corresponding data rates of the existing systems are below 320
Mbps. Furthermore, the application of the proposed systems in
FSO links is also investigated, which presents the effectiveness
of the proposed systems in practical OWC systems.

APPENDIX

In this appendix, it is proved that for system with pre-
distortion larger PAM level separation at the receiver can result
in better BER performance.

For the considered system, the mean value of the detected
photon count is given by µpre,m = mdpre + ξpre with m ∈
{0, 1, . . . ,M−1}, which is equally spaced with distance dpre.
For the sake of simplicity, the subscript ‘pre’ will be omitted
in the following derivation. By substituting the mean value
into (41), the variance of the signal is given by σ2

m = µm −
ϑ
N µ

2
m. Note that it can be proved that µ ∈ [0, N/ϑ), thus

σ2
m is always non-negative. The optimal decoding threshold

is given by (24) which can be further approximated as δ′m =
µm+1 σm+µm σm+1

σm+σm+1
[28], [41]. By plugging this threshold into

(23), the BER performance can be expressed as

Peb =
2

M log2(M)

M−2∑
m=0

Q

(
µm+1 − µm
σm+1 + σm

)
. (58)

Substituting the mean values into (58) gives

Peb =
2

M log2(M)

M−2∑
m=0

Q (A(d)) , (59)
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where the function A(d) is given by

A(d) = (60)
d√

(m+1)d+ξ− ϑ
N [(m+1)d+ξ]

2
+
√
md+ξ− ϑ

N [md+ξ]
2
.

The first derivative of Peb with respect to d is given by

dPeb

d d
=

−
√

2√
πM log2(M)

M−2∑
m=0

e−
1
2A

2(d) dA(d)

d d
. (61)

The first derivative of A(d) can be expressed as

dA(d)

d d
= (62)

B(d)[√
(m+1)d+ξ− ϑ

N [(m+1)d+ξ]
2
+
√
md+ξ− ϑ

N [md+ξ]
2

]2

where the function B(d) is given by

B(d) =
md+ 2ξ − 2ϑξ

N (md+ ξ)

2
√
md+ ξ − ϑ

N [md+ ξ]
2

(63)

+
(m+ 1)d+ 2ξ − 2ϑξ

N [(m+ 1)d+ ξ]

2
√

(m+ 1)d+ ξ − ϑ
N [(m+ 1)d+ ξ]

2
.

Denoting Cg(d) = (g − 2ϑξg
N )d + 2ξ − 2ϑξ2

N with g ∈
{0, 1, . . . ,M − 1}, B(d) can be rewritten as

B(d) =
Cm(d)

2
√
md+ ξ − ϑ

N [md+ ξ]
2

(64)

+
Cm+1(d)

2
√

(m+ 1)d+ ξ − ϑ
N [(m+ 1)d+ ξ]

2
.

Now let’s investigate the sign of function Cg(d). When g = 0,
we have C0(d) = 2ξ − 2ϑξ2

N . As µ ∈ [0, N/ϑ), when m =
0 one can get ξ ∈ [0, N/ϑ). Therefore, C0(d) ≥ 0. On the
other hand, for g > 0, when 0 < ξ ≤ N/2ϑ holds, Cg(d) is
a monotonically increasing function which a minimum value
Cg(0) = 2ξ − 2ϑξ2

N > 0. When ξ > N/2ϑ holds, Cg(d) is
a monotonically decreasing function which a minimum value
Cg(

N
ϑ −ξ
g ) = N

ϑ − ξ > 0. Note that as gd + ξ should be less

than N/ϑ, the maximum value of d is
N
ϑ −ξ
g . Finally, when

ξ = 0, Cg(d) > 0 is also satisfied. In summary, we have
C0(d) ≥ 0 and Cg(d) > 0 when g > 0. Thus B(d) given in
(64) is positive. As a result,A(d) is a monotonically increasing
function with respect to d. According to (61), one can conclude
that the BER always decreases with the increase of d.
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