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ROFC-LF: Recursive Online Fountain Code
With Limited Feedback for Underwater

Acoustic Networks
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Abstract— Online fountain codes (OFCs) have many advan-
tages, such as low overhead, online feedback and optimal encod-
ing, due to the feedback of the instantaneous decoding state.
This paper analyzes the characteristics of underwater acoustic
networks (UANs) as well as the issues of existing OFCs applied
in UANs. Aiming at these issues, two optimization objectives of
OFCs are put forward for UANs. In addition, a recursive OFC
with limited feedback (ROFC-LF) is presented for UANs. The
ROFC-LF reduces the consumption of bandwidth and energy
caused by the transmission of useless coding packets. Through
limited feedback, the problem of low channel utilization in
UANs with half-duplex communication is solved. Furthermore,
a data transmission mechanism based on the ROFC-LF for
UANs is presented. The theoretical analysis and simulation results
show that the proposed transmission mechanism based on the
ROFC-LF scheme outperforms the existing OFC schemes in
terms of overhead, computational complexity, coding efficiency
and energy consumption. Consequently, the ROFC-LF is suitable
for UANs with constrained resources.

Index Terms— ROFC-LF, UANs, overhead, feedback, coding
efficiency, computational complexity, energy consumption.

I. INTRODUCTION

RECENTLY, underwater acoustic networks (UANs) have
received widespread attention due to their potential appli-
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cations in environmental monitoring, resource investigation,
disaster prevention, etc. [1]–[3]. UANs adopt acoustic com-
munication, which is characterized by a high bit error on the
order of 10−3 − 10−7, a long propagation delay of a few
seconds, and a narrow bandwidth of kbps [4]–[6]. Compared
with conventional radio frequency (RF) modems, the acoustic
modems in UANs consume more energy [7]–[8]. Additionally,
energy savings are one of primary considerations in UANs
design, as the nodes are powered by batteries, which are
difficult to recharge and replace in harsh underwater environ-
ments [7]–[9]. In addition, acoustic modems operate in half-
duplex mode, and an incoming feedback packet leads to a
receiving-sending collision at the node sending packets. Fur-
thermore, data transmission in UANs suffers from the Doppler
effect and multipath propagation. All these factors bring about
great challenges for the reliable transmission of UANs [19].

A. Related Work

In recent years, some scholars have investigated reliable
transmission based on digital fountain codes (DFCs) for
UANs. In 1998, Byers and Luby proposed the concept of
DFCs in [10], which are mainly used for data transmission
in binary erase channels (BECs). In 2002, Luby proposed
the first practical DFC, Luby Transform (LT) code, in [11].
To avoid producing encoded packets with a larger degree,
Shokrollahi proposed the Raptor code in [12]. Subsequently,
DFCs attracted the attention of scholars worldwide. Some
scholars have found that the degree distribution function,
feedback, and encoding and decoding algorithms of DFCs
have a great effect on network performance [13]–[17]. In [18],
Yildiz investigated the problem of maximizing the network
lifetime of UANs based on DFCs, and the results showed
that DFC-based forward error correction methods can prolong
the network lifetime by at least 16% compared with methods
based on automatic repeat requests (ARQs). In [7], Du et al.
put forward a handshake-free medium access control protocol
for UANs based on recursive LT code. In [19], Song presented
an analytical framework for evaluating the communication
performances of UANs through DFC-based ARQ transmis-
sions and formulated a joint optimization problem to minimize
the total cost. In [20], Simao et al. analyzed the energy
consumption of multihop UANs based on DFCs and concluded
that this transmission scheme can save up to 40% of the energy
consumption compared with the case without DFCs and the
optimized modulation order.
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Since the decoding process of DFCs without any feedback
cannot be controlled or monitored by receivers, the DFCs
with online properties have been widely studied by scholars in
recent years. The Growth code is a representative DFC with
online performance; the encoded packets are transmitted to
its receiver with a dynamically changing degree distribution
[21]. An online fountain code (OFC) with low overhead was
proposed by Cassuto and Shokrollahi in [22]. The OFC has
the optimal encoding strategy, which is obtained through a
given instantaneous decoding state. The overhead of the OFC
is lower than that of the Growth code. In [23], Huang et al.
proposed a framework based on random graph theory to
analyze the OFC and proposed the improved online fountain
code (IOFC). In [24], Huang and Yi proposed selecting
the original packets that had been encoded less frequently
to decrease the number of connected components, and the
overheads of coding and feedback were demonstrated to be
significantly reduced. In [25], Zhao et al. improved the OFC
by sending some encoded packets with degree 1 prior to
the build-up phase to increase the recovery rate in decoding.
In [26], Cai et al. analyzed the impact of limited feedback and
proposed two feedback point selection strategies. The exper-
imental results showed that the OFC with partial feedback
can achieve almost the same performance as the OFC with
full feedback. In [27], to improve the intermediate decoding
rate, Huang et al. presented two coding schemes called the
online fountain code without build-up phase (OFCNB) and the
systematic online fountain code (SOFC). Shi et al. investigated
a new class of OFCs in [28]. The new OFC improves the
intermediate recovery rate through a zigzag decodable online
fountain (ZDOF) in the first phase and a buffer decoding
method (BDM) in the second phase. The theoretical analysis
and simulation results showed that the proposed scheme is
superior to the conventional OFC. In [29], Huang et al. applied
the OFC for wireless broadcast and proposed an improved
broadcasting scheme. The simulation experiments showed that
the proposed broadcast scheme has better performance than
other broadcast schemes based on DFCs.

B. Motivations

The OFC has a lower overhead and a better online feedback
performance than other types of coding mechanisms, such
as LT code and Growth code. In [22], it was shown that
the LT code, Growth code, and OFC need 1400, 1500 and
1200 coded packets, respectively, to recover 1000 original
packets. Furthermore, to recover the same number of original
packets, the OFC needs far fewer feedback packets than the
Growth code, so OFC is more applicable to UANs with half-
duplex communication, long propagation delay, constrained
energy and low data rate. For the OFC, the receiver calculates
the optimal degree according to the decoding state and feeds
it back to the sender. When the optimal degree changes,
the receiver feeds back the updated optimal degree to the
sender quickly. Consequently, the OFC may produce a number
of feedback packets. However, a large number of feedback
packets lead to packet collision, reduce the channel utilization
and network throughput of UANs, and increase the end-to-
end delay. In addition, with the OFC, the received useless

encoded packets may be discarded at the receiver. For wired
networks with sufficient energy and bandwidth resources, the
receiver’s behavior of discarding useless encoded packets has
no effect on the network performance. However, for UANs
with constrained energy and bandwidth, useless coding pack-
ets consume extra energy and channel bandwidth, which is
another problem that needs to be solved in UANs.

In summary, the OFC has a lower overhead and a better
online feedback performance than other types of coding mech-
anisms. However, considering the characteristics of UANs,
such as half-duplex communication, long propagation delay,
limited energy, low bandwidth, and high energy consumption,
there are two problems that need to be solved when an OFC
is applied to UANs. One is that each encoded packet received
is expected to be helpful for recovering the original packets.
The other is that only a small number of feedback packets
are required to be sent back to the node. Therefore, in this
paper, we improve the OFC and propose the recursive online
fountain code with limited feedback (ROFC-LF), which is
more suitable for UANs.

C. The Main Contributions

According to the motivations of this work, we propose the
ROFC-LF for UANs. The ROFC-LF enhances the probability
that each coding packet is helpful for recovering the original
packets, limits the number of feedback packets, and reduces
the extra consumption of bandwidth and energy caused by
the transmission of useless coding packets. Through limited
feedback, the problem of low channel utilization in UANs
with half-duplex communication is solved. Furthermore, a data
transmission mechanism based on the ROFC-LF for UANs is
presented.

The main contributions of the paper are highlighted below.
1) We propose a systematic analysis scheme for OFC tak-
ing the narrow bandwidth, limited energy, and half-duplex
communication of UANs into account. To enhance
the system reliability while reducing feedback burden,
we propose two critical optimization objectives for the
system, i.e.,improving the probability of useful coding
packets and reducing the number of feedback packets.
2) The ROFC-LF scheme is proposed to approach the
two optimization objectives by improving the com-
pletion phase of the traditional OFC. The ROFC-LF
scheme reduces the probability of useless encoded pack-
ets through recursively encoding and limits the number of
feedback packets through a decoding progress threshold.
3) The number of encoded packets and overhead of
the ROFC-LF are analyzed based on the random graph
theory, and other performance such as feedback, compu-
tational complexity and encoding efficiency are also ana-
lyzed. The theoretical analysis shows that the ROFC-LF
is suitable for UANs.
4) Combined with the characteristics of UANs, a reli-
able transmission mechanism for UANs based on the
ROFC-LF is presented. Through simulation experiments,
the ROFC-LF is demonstrated to be superior in terms
of overhead, feedback, computational complexity, coding
efficiency and energy consumption.
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The rest of the paper is organized as follows: Section II ana-
lyzes the OFC through a systematic analysis scheme and pro-
poses two critical optimization objectives combined with the
characteristics of UANs. Section III presents the ROFC-LF.
Section IV analyzes the ROFC-LF. Section V explores the
transmission mechanism. Section VI conducts performance
evaluation. Finally, section VII concludes the paper.

II. ANALYSIS OF THE OFC APPLIED IN UANS

In this section, the OFC is introduced firstly. Then the UANs
are analyzed through the underwater channel model. In view of
the characteristics of UANs, we provide a systematic analysis
scheme for the OFC, in which the cycles in the connected
component, the probability of useless encoded packets, and the
feedback problem of OFC are investigated. Finally, we present
two optimization objectives of OFCs for UANs.

A. OFC Overview

Whether with OFCs or DFCs, packets are encoded
with exclusive-or (XOR) operations. DFCs are a kind of
high-performance sparse code based on a bipartite graph.
In comparison with the DFC, the OFC has low overhead,
online feedback and optimal encoding strategies, which are
obtained through instantaneous decoding states. The OFC is
a new rate-free code, and the decoding graph of the OFC is
represented by unipartite graphs.

The encoding and decoding procedures of the OFC can be
divided into two phases: the build-up phase and the completion
phase. In the build-up phase, the sender transmits encoded
packets with degree 2 until a feedback packet is received.
The receiver receives the encoded packets with degree 2 and
updates the decoding graph G (i.e., by increasing edges)
until the size of the largest component is |D|, |D| = β0k
(0 < β0 < 1). Then, the receiver sends a feedback packet
to tell the sender that the largest component has been built
up. To decode the largest component, encoded packets with
degree 1 need to be sent successively until the original packets
in the largest component are recovered successfully.

In the completion phase, the receiver calculates the optimal
degree according to the instantaneous decoding state, which is
obtained by the receiver’s decoding graph, and then feeds the
optimal degree back to the sender. The sender encodes packets
according to the optimal degree until all the original packets
are recovered successfully. If the encoded packets fall into
either Case 1 or Case 2, the receiver receives and processes
them and updates the decoding graph. Otherwise, the encoded
packets are useless and discarded.

Case 1: The received encoded packet is generated by
XORing one original packet that has not been recovered and
mopt − 1 original packets that have been recovered.

Case 2: The received encoded packet is generated by
XORing two original packets that have not been decoded and
mopt −2 original packets that have been decoded successfully.

According to [22], the optimal degree mopt is given by

mopt = argmax
m

[P1(m, β) + P2(m, β)]. (1)

P1 (m, β) and P2 (m, β) are the probabilities of
Case 1 and Case 2, respectively. The calculation formulas of

Fig. 1. The unipartite graph of the OFC.

P1 (m, β) and P2 (m, β) are

P1(m, β) =
(

m
1

)
βm−1(1 − β). (2)

P2(m, β) =
(

m
2

)
βm−2(1 − β)2. (3)

The decoding graph of the OFC is represented by unipartite
graphs. In a unipartite graph, a white vertex represents an
original packet, and an edge between two white vertexes is
used to represent an encoded packet generated by XORing the
two corresponding original packets. A vertex is colored black
if the original packet was recovered at the receiver (and white
otherwise). The unipartite graph of the OFC with nine original
packets is illustrated in Fig. 1. As shown in Fig. 1, vertex
D4 is black since the original packet D4 has been recovered.
The others vertexes are white. Edge e1(D1, D2) represents the
encoded packet generated by XORing D1 and D2.

As shown in Fig. 1, the connected components are
{D1, D2, D3}, {D5, D6, D8, D9} and {D7}. The size of the
maximum component is 4. The component {D1, D2, D3} is
a cycle. We can obtain D1 + D3 by XORing D1 + D2 and
D2 + D3; thus, the encoded packet D1 + D3 is redundant.
Therefore, a cycle in a component implies redundant encoding.

B. The Features of UANs

UANs resort to acoustic communication. The propagation of
acoustic signal is affected by the undulation of the sea surface,
the uneven layering of the seabed, and the ambient noise. The
non-uniformity of the seawater medium can cause scattering
and refraction of acoustic wave. Therefore, the underwater
acoustic channel is one of the most complex wireless channel.
We first introduce the underwater channel model applied in
this paper. Then, we analyze the characteristics of UANs.

1) Underwater Acoustic Channel Model: The signal atten-
uation in an underwater acoustic channel, denoted as A(d, f),
is a function of both distance d and frequency f . Then, for
each hop, the attenuation A(d, f), in dB, is given by [20]

10log10

A(d, f)
A0

= 10κlog10d +
d

100
log10a(f). (4)

where A0 is a unit-normalizing factor, 10κlog10d is the
spreading loss, d is the distance per hop in meters, and κ is
a factor related to the geometry of propagation. d

100 log10a(f)
is the absorption loss, and f is the frequency in kHz. a(f) is
the absorption coefficient in dB/km according to [20].

10log10a(f) =
0.11f2

1 + f2
+

44f2

4100 + f2

+ 2.75 · 10−4f2 + 0.003. (5)
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Ambient noise for UANs consists of turbulence, shipping,
waves, and thermal noise whose power spectral density (p.s.d.)
in dB re μ Pa per Hz are represented by Nt(f), Ns(f), Nw(f)
and Nth(f), respectively. The p.s.d. of the ambient noise N(f)
is given by [19]

N(f) = Nt(f) + Ns(f) + Nw(f) + Nth(f). (6)

where Nt(f), Ns(f), Nw(f) and Nth(f) are four functions
of f in kHz according to [19].

10log10Nt(f) = 17 − 30log10f, (7)

10log10Ns(f) = 40 + 20(v − 0.5) + 26log10f

− 60log10(f + 0.03), (8)

10log10Nw(f) = 50 + 7.5w1/2 + 20log10f

− 40log10(f + 0.4), (9)

10log10Nth(f) = −15 + 20log10f, (10)

where v is the movement factor of shipping with value-range
from 0 to 1, and w is the speed of wind in m/s.

We approximate the p.s.d. of the ambient noise as [20]:

10log10N(f) ≈ N1 − ηlog10f. (11)

where N1 = 50 dB re μ Pa and η = 18 dB/decade.
Combining the attenuation and the p.s.d. of ambient noise,

the average signal-to-noise ratio (SNR) for each hop is given
by [20]

_
γ(d, f) =

ptx

A(d, f)N(f)MdB
. (12)

where ptx is the transmitting power, Md is the link margin
and B is the channel bandwidth.

The instantaneous SNR is given by [20]

γ(d, f) = |h|2 _
γ(d, f). (13)

where h denotes the underwater acoustic channel fading.
2) The Characteristics of UANs: According to the

underwater channel model, we can have: (i) The absorption
coefficient increases rapidly as the frequency increases. At the
same time, the attenuation also increases with the increase of
propagation distance and frequency. Therefore, the available
bandwidth of the underwater acoustic channel is limited.
(ii) The attenuation, the ambient noise and the channel fading
lower the SNR on the acoustic channel, resulting in high bit
error rate in UANs.

In addition, acoustic communication results in long prop-
agation delay in UANs. Each underwater sensor node is
equipped with an acoustic modem, compared with conven-
tional radio frequency (RF) modems, the acoustic modems in
UANs consume more energy. However, the nodes are powered
by batteries, which are difficult to recharge and replace in
harsh underwater environments. Acoustic modems operate
in half-duplex mode, an incoming feedback packet leads to
a receiving-sending collision at the node sending packets.
Therefore, UANs are characterized by high bit error, long
propagation delay, narrow bandwidth, limited energy, and half-
duplex communication. Data transmission in UANs suffers
from the Doppler effect and multipath propagation. All these
features pose great challenges for the reliable transmission of
UANs.

Fig. 2. P1 (m, β) + P2 (m, β).

C. Analysis of the OFC Applied in UANs

The useless encoded packets in existing OFCs result in extra
energy consumption and channel occupancy for UANs. A large
amount of feedback causes packet collision, which decreases
the channel efficiency and leads to a large end-to-end delay in
UANs. In view of the characteristics of UANs, we propose a
systematic analysis scheme for the OFC, which analyzes the
cycles in the connected component, the probability of useless
encoded packets, and the feedback problem of OFC.

1) Cycles: Fig. 1 shows that there is a cycle in one of
the components. A cycle implies a redundant encoded packet.
A redundant encoded packet is useless for decoding but
consumes energy and channel bandwidth, which significantly
reduces the performance of resource-constrained UANs. How-
ever, based on Lemmas 1 and 2, the appearance probability of
cycles is very small, so the effect of useless encoded packets
resulting from cycles can be neglected.

Lemma 1: The number of small components that have cycles
is vanishingly small in the build-up phase [22][30].

Lemma 2: As the value of k goes to infinity, the probability
that a cycle is introduced to a component by encoded packets
in Case 2 is 0 in the completion phase [22].

2) Useless Encoded Packets: In addition to the useless
encoded packets incurred by cycles, there are two other types
of useless coding packets: one type results from duplicated
encoded packets, and the other type is generated in the
completion phase. These are neither Case 1 nor Case 2 types.
It is easy to prove that the probability of generating duplicate
encoding packets is very small. Therefore, we analyze useless
encoded packets falling into the third type.

Fig. 2 shows the relationship between P1 (m, β)+P2 (m, β)
and β for different m with k = 1000. The maximum value of
P1 (m, β)+P2 (m, β) decreases with increasing β, as indicated
by the dashed line in Fig. 2. The larger β is, the larger the
optimal degree mopt is. As decoding progresses, the probability
of encoded packets falling into Case 1 or Case 2 decreases.
Although the original packets are encoded with the optimal
degree, there are still some useless encoded packets generated
and sent in the OFC.

Theorem 1: In the completion phase, the upper bound on
the probability of useless encoded packets puseless is 0.4131.

Proof: The dashed line in Fig. 2 shows that the maximum
value of P1 (m, β) + P2 (m, β) decreases with increasing β.
Therefore, when β is (k − 1)/k (that is, only one original
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packet is not successfully decoded.), P1(mopt, β)+P2(mopt, β)
should hit its minimal. However, when only one original
packet is not successfully decoded, there is no encoded packet
falling into Case 2. Thus, when β is (k − 1)/k, the optimal
degree mopt is k. Then, the encoded packet is generated by
XORing the unrecovered original packet and k − 1 recovered
original packets, and this encoded packet is of the Case 1 type.
Therefore, when β is (k−1)/k, the probability that the gener-
ated encoded packet is a Case 1 type is 1; i.e., Pβ=(k−1)/k = 1.

When β < (k−1)/k, what is the probability that an encoded
packet falls into Case 1 or Case 2? A theorem in [22] gives
the answer as Lemma 3.

Lemma 3: For any β, there exists an mopt such that

P1(mopt, β) + P2(mopt, β) > (1 +
√

2)e−
√

2 = 0.5869.

(14)

where mopt is the optimal degree among all m, with m and β
satisfying formula (15).√

(m − 1)(m − 2)√
2 +

√
(m − 1)(m − 2)

≤ β <

√
m(m − 1)√

2 +
√

m(m − 1)
.

(15)

Formula (15) is obtained by a formula in [22], which is

P1(m, β) + P2(m, β) = P1(m + 1, β) + P2(m + 1, β).(16)

As seen in Fig. 2, there is an intersection point between
two curves, one curve with degree m and another with degree
m + 1. The value of β at the intersection point is denoted by
βm, which can be calculated from formula (16).

Substituting P1 (m, β) in (16) with equation (2) and
P2 (m, β) with equation (3), we obtain equation (17).

βm =

√
m(m − 1)√

2 +
√

m(m − 1)
. (17)

We substitute m in equation (17) with m − 1 and obtain
equation (18).

βm−1 =

√
(m − 1)(m − 2)√

2 +
√

(m − 1)(m − 2)
. (18)

TABLE I lists the specific value range of β, i.e.,( √
(m−1)(m−2)√

2+
√

(m−1)(m−2)
≤ β <

√
m(m−1)√

2+
√

m(m−1)

)∞

m=1

.

We can easily obtain lim
m→∞

√
m(m−1)√

2+
√

m(m−1)
= 1. In summary,

P1(mopt, β)+P2(mopt, β) > 0.5869 for any β. The probability
sum of useless encoded packets puseless and useful encoded
packets falling into Case 1 or Case 2 is 1. Therefore, we obtain

puseless = 1 − (P1(mopt, β) + P2(mopt, β)) < 0.4131. (19)

We have now proved that in the completion phase, the upper
bound on the probability of useless encoded packets puseless

is 0.4131. �
According to Theorem 1, the larger β is, the larger puseless

is (except for b = (k − 1)/k). Although the OFC is encoded
with the optimal degree, some useless encoded packets are
still generated. UANs have the characteristics of low data rate
and limited energy. These useless encoding packets consume

TABLE I

THE RANGE OF β AND THE CORRESPONDING m VALUES

extra energy and channel bandwidth, shortening the lifetime
of UANs. Therefore, in UANs, all the encoded packets are
expected to be helpful for recovering the original packets.

3) Feedback Packets: Theorem 2: When mopt ∈ [15, k],
the values of βm and β are greater than 0.9, which means
that fewer than 0.1k original packets are unrecovered at this
moment according to the definitions of β and βm. mopt

changes more frequently with the increasing of β. To feed
the frequently changing mopt back to the receiver, the receiver
has to frequently send feedback packets.

Proof: Fig. 3 shows the relationship between βm and
m according to formula (17). According to formula (15)
and TABLE I, one m value corresponds to a βm and a
certain range of β. When mopt = 15, βm = 0.9111, and
β ∈ [0.9051, 0.9111), it is seen from TABLE I that with
increasing β, mopt increases rapidly. When mopt = 15, the
value of β is greater than 0.9. Thus, we can easily conclude
that fewer than 0.1k original packets are unrecovered when
mopt ≥ 15; however, when mopt changes more frequently,
to feed the frequently changed mopt back to the receiver, the
receiver must send frequent feedback packets. �

Theorem 3: With the increasing of mopt, the value-range
of β corresponding to mopt decreases and tends toward 0.
Therefore, as decoding progresses, mopt changes more quickly,
and more feedback packets are needed.

Proof: It can be seen from TABLE I that when β is in the
range (0,0.5], the optimal degree mopt is 2; when β is in the
range (0.5,0.634], the optimal degree mopt is 3; and when β
is in the range (0.6340,0.7101], the optimal degree mopt is 4.
From equations (17) and (18), we obtain equation (20).

Δβs = βm − βm−1

=

√
m(m − 1)√

2 +
√

m(m − 1)
−

√
(m − 1)(m − 2)√

2 +
√

(m − 1)(m − 2)
.

(20)

According to equation (20), we calculate the value of Δβs,
as shown in TABLE II. As seen from TABLE II, with increas-
ing β, Δβs decreases. The smaller Δβs is, the more frequently
mopt changes, and thus, the more feedback packets are needed.
By calculating the limit of Δβs, the following results are
obtained: with increasing mopt, the interval of β corresponding
to mopt decreases and tends toward 0. Therefore, as decoding
progresses, mopt changes more quickly, and more feedback
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Fig. 3. Relationship between βm and m.

TABLE II

Δβs AND THE CORRESPONDING mOPT VALUES

packets are needed.

lim
m→∞Δβs

= lim
m→∞

√
m(m−1)√

2+
√

m(m−1)
−

√
(m−1)(m−2)√

2+
√

(m−1)(m−2)
= 0.

(21)

�
Through the above analyses, we can conclude that when

the OFC is directly applied to UANs, there are two fatal
disadvantages. One is that when fewer than 0.1k original
packets are unrecovered, to feed the constantly changing mopt

back in a timely manner, the receiver has to send many
feedback packets to the sender. The other is that as decoding
progresses, the feedback becomes increasingly frequent, which
leads to packet collision and frequent switching between the
receiving and sending states of underwater modems, prolongs
the end-to-end delay and consumes much energy. Therefore,
when the OFC is applied to UANs, the issue of frequent
feedback should be addressed.

D. The Optimization Objective of the OFC for UANs

The network model of a UAN is shown in Fig. 4. Data pack-
ets are transmitted along the paths from the respective source
nodes (underwater sensor nodes) to the sink node through
multiple hops. Each underwater sensor node is equipped with
an acoustic modem, which operates in half-duplex mode.
The sink node is equipped with an acoustic modem that
communicates with underwater nodes and an RF modem that
communicates with terrestrial base stations. The underwater
acoustic channel is considered a quasi-static fading channel.
For the sake of simplicity, we assume that the used underwater

Fig. 4. Network model.

channel is known by the sender and receiver. Compared with
conventional RF modems, acoustic modems in UANs consume
more energy. Switching the state of an acoustic modem from
receiving to transmitting or from transmitting to receiving
requires a long delay.

In each hop, a sender encodes the original data packets
and sends the encoded packets to the next-hop node, and
the receiver recovers the original packets through decoding
and then reencodes the original packets and forwards the
reencoded packets to the next-hop node along the path.

Through the detailed analysis in section II.C, we found
that (i) the probability of forming cycles in the connected
components in the build-up phase is very small, and the useless
encoded packets resulting from cycles can be ignored. (ii)
Although the original data packets are encoded by the optimal
strategy in the completion phase of the OFC, some encoded
packets that are useless for decoding are still generated and
transmitted. (iii) Due to the optimal strategy, the number of
feedback packets with the OFC is less than that with the
Growth code. However, as decoding progresses, the feedback
becomes increasingly frequent. Considering the characteris-
tics of UANs, the transmission of useless encoded packets
wastes channel bandwidth and increases delay and energy
consumption. Excessive feedback packets will lead to packet
collision and frequent state switching of underwater modems
between receiving and sending. All these factors cause long
delay, extra energy consumption, and low channel utilization
in UANs. To design an OFC that consumes less bandwidth
and energy than state-of-the-art OFC in bandwidth-constrained
and energy-constrained UANs, we present two optimization
objectives of OFCs for UANs: the first is to improve the
probability of useful coding packets, and the second is to
decrease the number of feedback packets.

III. ROFC AND ROFC-LF CODINGS

A. The ROFC Mechanism

To decrease energy consumption and improve channel effi-
ciency in UANs, all the encoded packets are expected to be
helpful for recovering the original packets. In accordance with
the characteristics of UANs, based on the first optimization
objective of OFCs, this paper proposes the recursive online
fountain code (ROFC) for UANs. With the ROFC, the original
packets are classified into two sets, the recovered set and unre-
covered set. The encoded packets are generated by XORing



LIU et al.: ROFC-LF FOR UNDERWATER ACOUSTIC NETWORKS 4333

the original packets in the unrecovered set, so each encoded
packet is helpful for decoding.

In addition, to reduce the size of the feedback packets, the
states and the serial numbers (SNs) of the original packets are
encoded and fed back to the sender as given in the recursively
encoding strategy.

1) The Recursively Encoding Strategy: The receiver
encodes the SNs of all the original packets and feeds back the
encoded SNs and the corresponding states to the sender. Then,
the sender encodes recursively so that all the encoded packets
are useful for the decoding process in the completion phase,
which decreases energy consumption and improves channel
efficiency in UANs.

According to the decoded graph G, the decoding state can
be represented by formula (22).

F (A) =
|A|∪
j=1

SNj. (22)

where A is a set of |A| black vertexes and SNj represents the
SN of a black vertex.

If the feedback packet contains the unencoded SNs and the
states of the original packets, the size of the feedback packet
will be very long, which will consume much energy in the
UAN. Therefore, to reduce the length of the feedback packet,
the SNs and the states of the original packets are encoded as
described below.

In the feedback packet, there are k bits in the state field, one
bit for each original packet. The value of the kth bit indicates
the state of the kth original packet, which is represented
by 0 or 1. The “0” in the sixth bit indicates that the sixth
original packet has not been recovered, and the “1” in the
third bit indicates that the third original packet has been
recovered successfully. When there are |A| black vertexes, |A|
bits in the state field are set to 1, and k − |A| bits are set to
0. Suppose k is 10 and the instantaneous decoding state is
F (3) = {1, 4, 7}. Then, the encoded state field is expressed
as F �(3) = {1, 0, 0, 1, 0, 0, 1, 0, 0, 0}. Therefore, the state field
of a feedback packet is given by

F �(A) =

⎧⎪⎨
⎪⎩

k bits, the number of 1 is |A|︷ ︸︸ ︷
0,0,0,0 . . . ,1,0,0 . . . ,0,1,0︸ ︷︷ ︸

⎫⎪⎬
⎪⎭ . (23)

Considering the case in which the SNs are not encoded,
suppose there are 1000 original packets (i.e., k = 1000) and
the SN of each original packet accounts for at least 10 bits.
If 560 original packets have been successfully recovered
and the SN field is directly filled in the feedback packet,
the length of the SN field in the feedback packet will be
560*10 bits. If the SNs are encoded, then the length of the
state field is 1000 bits, and the length of a feedback packet is
greatly reduced by encoding the SNs, which is preferable for
resource-constrained UANs.

Based on the state field of the feedback packets, the sender
divides the original packets into two sets. One set contains
the recovered original packets, denoted as Yi(|A| , SNs). The
other set contains the original packets that have not been
recovered, denoted as Wi(k − |A| , SNs). After the sender
receives a feedback packet, the value of i increases by 1, and

the two sets Yi(|A| , SNs) and Wi(k−|A| , SNs) are updated.
Based on the set Wi(k − |A| , SNs) and our recursive coding
scheme, we define the following two cases:

Case 1: Randomly select an original packet from the
set Wi(k − |A| , SNs) to generate an encoded packet with
degree 1.

Case 2: Randomly select two original packets from the
set Wi(k − |A| , SNs) to generate an encoded packet with
degree 2.

The probability of an encoded packet falling into Case 1 is
α, and the probability of it falling into Case 2 is θ. If the
upper bound on the degree of an encoding packet is “2,” then
α and θ satisfy the following expression:

α + θ = 1. (24)

B. The ROFC-LF Mechanism

The ROFC is proposed according to the first optimization
objective, which ensures that each encoded packet is useful
for recovering the original packets. According to the second
optimization objective, the number of feedback packets must
be restricted while ensuring the optimal coding strategy. There-
fore, we propose the ROFC-LF for UANs, which reduces the
number of feedback packets. To construct the ROFC-LF, the
feedback strategy is given as follows:

1) The Feedback Strategy: The feedback is restricted by
setting the threshold of Δβ. Δβ is the difference in β; i.e.,
Δβ = βt2 − βt1(t2 > t1).

The threshold of Δβ is set to δ. According to Theorems
2 and 3, as decoding progresses, Δβs decreases, which leads
to frequent feedback. Referring to Fig. 3, when β is greater
than 0.9111, less than 0.1k original packets are not recovered.
To reduce the negative effect of too much feedback on the
UAN, the feedback needs to be restricted by setting a threshold
of Δβ. We first set δ = 0.006.

In the completion phase of the ROFC-LF, the receiver
encodes the SNs of all original packets and feeds back the
states of the original packets to the sender. According to
the threshold δ, the receiver determines whether to send a
feedback packet. Then, the original packets are classified into
two sets by the sender: the recovered set Yi(|A| , SNs) and
unrecovered set Wi(k − |A| , SNs). The encoded packets,
either in Case 1 or Case 2, are generated recursively by
XORing the original packets in the unrecovered set. The
encoding and decoding process continues in this way until
all original packets are recovered successfully.

C. Encoding and Decoding

The proposed ROFC scheme does not limit the number of
feedback packets. As long as Δβ > 0, the receiver with the
ROFC sends a feedback packet. However, only when Δβ > δ
does the receiver with the ROFC-LF send a feedback packet.
Otherwise, the encoding and decoding processes of the ROFC
and ROFC-LF are the same. The encoding and decoding
processes of the ROFC and ROFC-LF are also divided into two
phases: the build-up phase and the completion phase. Suppose
the sender has k original packets to transmit. The detailed
encoding and decoding processes are described below.
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1) Encoding: In the build-up phase, the sender generates
and sends encoded packets with degree 2 until the size of
the largest connected component is |D| = β0k (0 < β0 < 1);
then, it starts to transmit packets with degree 1 until the
original packets in the largest component are recovered suc-
cessfully.

In the completion phase, according to the states of the orig-
inal packets in the feedback packets, the original packets are
classified into two sets, Yi(|A| , SNs) and Wi(k−|A| , SNs).
After receiving a feedback packet, the receiver adds 1 to i and
updates the two sets Yi(|A| , SNs) and Wi(k − |A| , SNs).
Then, the sender generates and sends the encoded packets with
only degree 1 or degree 2 according to Case 1 or Case 2 as in
section III.A. The original packets in Wi(k − |A| , SNs) are
encoded in this way until they are all decoded successfully.

2) Decoding: Initially, the receiver maintains a decoding
graph G = (V, E) with k white nodes and no edges, where
|V | = k and E = ∅.

In the build-up phase, the sender generates and transmits
encoded packets with degree 2. After receiving an encoded
packet with degree 2, the receiver updates the decoding graph
G by adding an edge. When the size of the largest component
reaches β0k, the receiver sends the feedback packet to tell
the sender that the packets with degree 1 need to be sent
next. After receiving a packet with degree 1, the receiver
colors the original packet black and then XORs the original
packet with other related encoded packets in a component to
decode them continually. When all the original packets in the
largest component are black, the build-up phase ends, and the
receiver sends the feedback packet, including the states of all
the original packets, to the sender.

In the completion phase of the ROFC-LF, the sender
transmits only encoded packets with degree 1 or 2. The
receiver recovers the original packets by decoding, updates
the decoding graph G, and calculates Δβ. According to the
threshold δ, the receiver determines whether to send a feedback
packet. The encoding and decoding process continues in this
way until all original packets are decoded successfully.

IV. ANALYSIS OF THE ROFC-LF

The data packets in UANs are transmitted from the source
node to the sink node through multiple hops, and the mecha-
nism of encoding and decoding is the same in each hop. This
section analyzes the number of encoded packets and feedback
packets required to recover k original packets for a single
hop as well as the overhead, computational complexity, and
encoding and decoding efficiency of the ROFC-LF based on
random graph theory. When the proposed ROFC-LF scheme
does not limit feedback (i.e., δ = 0), it is indicated as ROFC.
The four coding schemes ROFC-LF, ROFC, OFC(the online
fountain code in [22]) and IOFC(the improved online fountain
code in [23]) are analyzed.

A. Analysis of Codecs

In this section, we analyze how many encoded packets are
transmitted to recover the k original packets in single-hop
transmission in a UAN. The proposed ROFC scheme does
not limit the number of feedback packets; as long as Δβ > 0,

the receiver with the ROFC sends a feedback packet. With
the ROFC, all the encoded packets are expected to be helpful
for recovering the original packets. However, the proposed
ROFC-LF scheme limits the number of feedback packets,
which may result in useless encoded packets being generated
and transmitted in the completion phase. Here, we first analyze
the ROFC.

In the build-up phase, the ROFC scheme is the same as that
of the OFC. As presented in [22], a random graph g(k, p) is
constructed by randomly adding edges in the build-up phase,
where p is the probability that an edge is selected; p = c/k.
c is the average number of times that a vertex is selected.
A vertex is equivalent to an original packet. The random
graph g(k, p) has k vertexes and k(k − 1)/2 edges at most
[31, Ch 10]. Next, Lemma 4 is introduced to describe the
relationship between c and β0.

Lemma 4: The frequency c with which each original packet
is selected and the fraction of the largest component β0 satisfy
the constraint

β0 + e−cβ0 = 1. (25)

Lemma 5: In [23], the expected number of encoded packets
with degree 2 Nd=2 at the end of the build-up phase is given
by

Nd=2 = kc/2, (26)

and the expected number of encoded packets with degree 1
Nd=1 at the end of the build-up phase is given by

Nd=1 = 1/β0. (27)

Theorem 4: In the completion phase, the expected number
of encoded packets falling into Case 1 or Case 2 Nd=1|2 is

Nd=1|2 = k(1 − β0)[1 − c(1 − β0)/2]. (28)

Proof: According to [22], subgraph g�(t, d) is a ran-
dom graph identical to the random graph g(k, p) except
that the largest component kβ0 is removed at the beginning of
the completion phase. t denotes the number of vertexes in the
subgraph g�, where t = k(1−β0). d denotes the frequency with
which each original packet is selected, where d = c(1 − β0).
The t vertexes are selected to form edges, and the expected
number of edges at the end of the build-up phase is

Ng′ = td/2 = k(1 − β0)c(1 − β0)/2. (29)

Lemma 6: On average, the recovery of one original packet
in the completion phase requires one useful encoded packet
to be transmitted [23].

The useful encoded packets in the ROFC fall into either
Case 1 or Case 2. Considering the number of existing edges
Ng′ at the end of the build-up phase, based on Lemma 6,
the required number of useful encoded packets(i.e., packets
in Case 1 or Case 2) that must be transmitted to recover t
original packets is

Nt = t − Ng′ = t − td/2. (30)

In the encoding process, the duplicated encoded packets
and the encoded packets connecting a component into a
cycle are useless for recovering the original packets. Based
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on Lemmas 1 and 2, there are very few cycles in the OFC.
The ROFC also has very few cycles. Each time the receiver
receives an encoded packet with degree 1, it sends a feedback
packet to the sender. After receiving a feedback packet,
the sender updates the set Wi(k − |A| , SNs). Therefore,
no duplicated encoded packet with degree 1 is transmitted.
The probability of producing duplicated encoded packets with
degree 2 in the ROFC is

Ps =
2

(k − kβ1)(k − kβ1 − 1)
. (31)

where, according to the i-th feedback, the number of orig-
inal packets that have been successfully decoded is kβ1;
then, |Wi(k − |A| , SNs)| = k − kβ1. According to the
j-th feedback (j > i), the number of original packets
that have been successfully decoded is kβ1 + Δβk; then,
|Wj(k − |A| , SNs)| = k − kβ1 − Δβk.

Fig. 5 is the simulation result of the curve of Ps versus
β1, in which k = 1000. When kβ1 = 955, Ps = 0.001.
As in Fig. 5, when β1 ∈ (0, 0.955], lim

β1→0.955
Ps = 0. When

β1 ∈ (0.955, 1], the probability Ps is greater than 0. Therefore,
the probability of generating duplicated encoded packets with
the ROFC is negligible.

In the completion phase of the ROFC, all the encoded
packets fall into either Case 1 or Case 2. There are very few
useless encoded packets, and they can be ignored. The total
probability of Case 1 and Case 2 is α + θ = 1. Therefore, the
expected number of encoded packets falling into Case 1 or
Case 2, Nd=1|2, is

Nd=1|2 = (α + θ) · Nt = Nt = t − td/2
= k(1 − β0)[1 − c(1 − β0)/2]. (32)

�
Then, the number of Case 1 encoded packets is NCase 1 =

α ·Nt, and the number of Case 2 encoded packets is NCase 2 =
θ · Nt. Therefore, combined with formulas (24) and (28),
formulas (33) and (34) are obtained.

NCase 1 = α · k(1 − β0)[1 − c(1 − β0)/2]. (33)

NCase 2 = θ · k(1 − β0)[1 − c(1 − β0)/2]. (34)

Theorem 5: To recover all k original packets, the expected
total number of encoded packets in the ROFC is

E(N)ROFC = Nd=2 + Nd=1 + Nd=1|2
= kc/2 + 1/β0 + k(1 − β0)[1 − c(1 − β0)/2].

(35)

Proof: There are three types of encoded packets: the first
type is encoded packets with degree 2 in the build-up phase,
the second is encoded packets with degree 1 in the build-up
phase, and the third is encoded packets falling into Case 1 or
Case 2 in the completion phase. Therefore, to recover all k
original packets, the total number of encoded packets required
is the sum of the expected numbers of the three types of
encoded packets. Then, combining Lemma 5 and Theorem 4,
Theorem 5 is verified. �

In the ROFC-LF, the frequency of feedback packets is
restricted, and the set Wi(k − |A| , SNs) is not updated in

Fig. 5. Relationship between β1 and Ps.

a timely manner. Thus, some useless encoded packets may be
generated with the ROFC-LF. Therefore, to recover k original
packets, the expected number of encoded packets transmitted
with the ROFC-LF is

E(N)ROFC - LF ≥ kc

2
+

1
β0

+ k(1 − β0)
[
1 − c(1 − β0)

2

]
.

(36)

According to [23], the expected numbers of encoded packets
with the OFC and the IOFC are E(N)OFC and E(N)IOFC,
respectively.

E(N)OFC =
kc

2
+

1
β0

+
[
1− c(1−β0)

2

]

×
k−kβ0∑
i=1

1
P1(mopt, β0+ i

k )+P2(mopt, β0+ i
k )

.

(37)

E(N)IOFC =
k

2
+

kc

4
+

1
β0

+
[
1
2
− c(1 − β0)

4

]

×
k−kβ0∑
i=1

1
P1(mopt, β0+ i

k )+P2(mopt, β0+ i
k )

.

(38)

B. Analysis of Feedback

The number of feedback packets is defined as Nfeedback.
In the build-up phase, when the size of the largest component
reaches β0k or the largest component is decoded successfully,
the receiver sends a feedback packet, and then, Nfeedback = 2 in
the build-up phase. In the completion phase, whenever Δβ ≥ δ
with the ROFC-LF or Δβ > 0 with the ROFC, a feedback
packet is transmitted, so Nfeedback = Nfeedback + 1.

For the ROFC, the number of feedback packets required is
related to α or θ. If α is larger than θ, a large number of
encoded packets with degree 1 are transmitted. Each encoded
packet with degree 1 can result in one or more original packets
being recovered. An encoded packet with degree 2 may con-
nect two components into one component. Therefore, encoded
packets with either degree 1 or degree 2 can lead to decoding
progress, but they have different effects on feedback. When
an encoded packet with degree 1 is received, one or more
original packets can be recovered. The recovery of original
packets results in an increase in β, so a feedback packet may
be sent by the receiver. In contrast, an encoded packet with
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degree 2 may merge two connected components, which does
not trigger the feedback packet. Therefore, the larger α is,
the more feedback packets are required. For UANs, a large
number of feedback packets lead to packet collision, which
decreases the channel utilization and increases the end-to-end
delay; thus, a small α is preferable in UANs.

Corollary 1: With the ROFC, the number of feedback
packets in the completion phase is equal to the number of
encoded packets in Case 1; i.e., Nfeedback = NCase 1.

Proof: In the ROFC, when Δβ > 0, a feedback packet is
sent by the receiver. As long as an encoded packet falling
into Case 1 is received, one or more original packets will be
successfully decoded, and the value of β will increase, which
results in Δβ > 0. Then, a feedback packet is sent. Therefore,
in the completion phase, the number of feedback packets is
equal to the number of encoded packets falling into Case 1.�

Corollary 2: In the ROFC-LF, the number of feedback
packets in the completion phase is less than or equal to the
number of encoded packets in Case 1; i.e., Nfeedback ≤ NCase 1.

Proof: If the receiver receives an encoded packet of
Case 2 type, β remains unchanged; only when the receiver
receives an encoded packet in Case 1 does β increase. There-
fore, only an encoded packet of Case 1 type may cause
Δβ ≥ δ. When Δβ ≥ δ, the receiver sends a feedback packet.
Consequently, Nfeedback ≤ NCase 1. �

According to Corollary 1 and Corollary 2, the number of
feedback packets required by the ROFC-LF is less than that
required by the ROFC. According to the characteristics of
UANs, the ROFC-LF is preferable for UANs.

C. Analysis of Overhead

Definition 1: When k original packets are recovered, the
ratio of the number of redundant encoded packets (the total
number of encoded packets minus k) to k is defined as the
overhead, denoted by poh.

poh =
Ntotal − k

k
. (39)

where Ntotal is the total number of encoded packets transmitted
when k original packets are recovered.

In this paper, the overheads of the ROFC, ROFC-LF, OFC
and IOFC are defined as pROFC

oh , pROFC - LF
oh , pOFC

oh and pIOFC
oh ,

respectively. Based on the above analysis and formulas (35),
(36), (37) and (38), we can obtain the overheads of the four
coding schemes, which are given by the four formulas below.
For resource-constrained UANs, the smaller the overhead is,
the better.

pROFC
oh =

E(N)ROFC − k

k
=

1
kβ0

− cβ2
0

2
+ cβ0 − β0.

(40)

pROFC−LF
oh =

E(N)ROFC−LF − k

k

≥ 1
kβ0

− cβ2
0

2
+ cβ0 − β0. (41)

pOFC
oh =

E(N)OFC − k

k

=
c

2
+

1
kβ0

+
[

1
k
− c(1 − β0)

2k

]

×
k−kβ0∑

i=1

1
P1(mopt, β0+ i

k )+P2(mopt, β0+ i
k )

−1.

(42)

pIOFC
oh =

E(N)IOFC − k

k

=
c

4
+

1
kβ0

+
[

1
2k

− c(1 − β0)
4k

]

×
k−kβ0∑

i=1

1
P1(mopt, β0+ i

k )+P2(mopt, β0+ i
k )
−1

2
.

(43)

D. Analysis of Computational Complexity

The computational complexities of the four encoding mech-
anisms ROFC, ROFC-LF, OFC and IOFC are defined as
the respective numbers of XOR operations for encoding and
decoding. In the build-up phase, with any one of the four
coding schemes, only encoded packets with degree 2 or
degree 1 are transmitted. In the completion phase, with either
the OFC or the IOFC, encoded packets with degree m may
be transmitted. However, with the ROFC (or the ROFC-LF),
only encoded packets with degree 1 or degree 2 are gener-
ated and transmitted in the completion phase. An encoded
packet with degree 1 is generated without XOR operations.
An encoded packet with degree 2 is generated by performing
one XOR operation. An encoded packet with degree m is
generated by performing m − 1 XOR operations. Based on
the above analysis and formulas (35), (36), (37) and (38),
we can obtain the computational complexities of the four
coding schemes, which are given by the four formulas below.
When β0 is determined, the computational complexities of
the proposed ROFC and ROFC-LF are both O(k). However,
the computational complexities of the OFC and IOFC are
related to k and m.

OROFC = kc + 2θk(1 − β0)[1 − c(1 − β0)/2]. (44)

OROFC - LF ≥ kc + 2θk(1 − β0)[1 − c(1 − β0)/2]. (45)

OOFC = kc + 2(m − 1)
[
1 − c(1 − β0)

2

]

×
k−kβ0∑

i=1

1
P1(mopt, β0+ i

k )+P2(mopt, β0+ i
k )

.

(46)

OIOFC = k +
kc

2
+ (m − 1)

[
1 − c(1 − β0)

2

]

×
k−kβ0∑

i=1

1
P1(mopt, β0+ i

k )+P2(mopt, β0+ i
k )

.

(47)

E. Analysis of Coding Efficiency

Definition 2: The ratio of the number of useful encoded
packets Nuseful to the total number of transmitted encoded
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packets Ntotal is defined as the coding efficiency, which is
expressed as follows:

Rce =
Nuseful

Ntotal
. (48)

With the OFC and the IOFC, the useful encoded packets
include the encoded packets with degree 1 or 2 in the build-up
phase and the encoded packets in Case 1 or Case 2 in the
completion phase. According to [23], the number of useful
encoded packets in the OFC and the IOFC are given by
formulas (49) and (50), respectively.

NOFC
useful =

kc

2
+

1
β0

+
[
1 − c(1 − β0)

2

]
(k − kβ0). (49)

N IOFC
useful =

k

2
+

kc

4
+

1
β0

+
[
1
2
− c(1 − β0)

4

]
(k − kβ0).

(50)

With the ROFC, all the transmitted packets in the comple-
tion phase are of either Case 1 type or Case 2 type; thus, the
number of useful encoded packets is equal to the number of
transmitted packets, and NROFC

useful is given by

NROFC
useful =

kc

2
+

1
β0

+ k(1 − β0)
[
1 − c(1 − β0)

2

]
. (51)

Compared with the ROFC, due to the limitation of feedback
in the ROFC-LF, some useless encoded packets are transmit-
ted, but the number of useful encoded packets is still NROFC

useful ;
therefore, NROFC - LF

useful is given by

NROFC - LF
useful =

kc

2
+

1
β0

+ k(1 − β0)
[
1 − c(1 − β0)

2

]
.

(52)

According to formulas (35), (36), (37), (38), (49), (50), (51),
and (52), the coding efficiencies of the four coding schemes
are obtained, which are expressed as ROFC

ce , RIOFC
ce , RROFC

ce and
RROFC - LF

ce , and it is easy to obtain that ROFC
ce < 1, RIOFC

ce < 1,
RROFC

ce = 1 and RROFC - LF
ce ≤ 1.

Useful encoded packets result in decoding progress at the
receiver. However, useless encoded packets are not helpful in
decoding and consume extra energy and channel bandwidth.
Thus, for UANs, the closer to 1 Rce is, the better the per-
formance is. In addition, feedback packets increase the end-
to-end delay of UANs and decrease the channel efficiency.
Therefore, a coding scheme with Rce close to 1 and fewer
feedback packets is desirable for UANs.

F. Analysis of Energy Consumption

In this section, the energy consumed by one-hop transmis-
sion in UANs is analyzed. The size of each encoded packet
is set to Le bits. The size of each ACK is set to LA bits.
The propagation distance is d meters, and the propagation
speed is v m/s. The transmission rate is R bit/s. The transition
time between the sending and receiving states of the acoustic
modem is set to ts seconds. The transmitting power and the
receiving power of the underwater node are assumed to be
Ptx and Prx Watts, respectively. The total energy consump-
tion Etotal for transporting a packet one hop includes the

energy consumption for processing data (i.e., basic energy
consumption), the energy consumption for sending packets
and receiving ACK (where ACK is the feedback packet) Esend,
and the energy consumption for receiving packets and sending
ACK, Erec. Esend and Erec are the energy consumptions for
communication. In UANs, the basic energy consumption is
much smaller than that for communication, so it can be
ignored.

The energy consumption of the sender is the energy con-
sumption of sending Ne encoded packets and receiving NA

ACK packets. Esend (units of Joules) is given by

Esend = PtxTe + PrxTA. (53)

where Te is the time for sending Ne encoded packets, so Te =
NeLe/R. TA is the time for receiving NA ACK packets,
so TA = NALA/R.

The energy consumption of the receiver for receiving Ne

encoded packets and sending NA ACK packets, Erec is given
by

Erec = PrxTe + PtxTA. (54)

According to equations (53) and (54), the total energy
consumption is

Etotal = (Ptx + Prx)Te + (Ptx + Prx)TA

= (Ptx + Prx)
Le

R
Ne + (Ptx + Prx)

LA

R
NA. (55)

According to the analysis of the codec and feedback in
sections IV.A and IV.B, the energy consumption formulas of
the OFC, IOFC, ROFC and ROFC-LF can be easily obtained.

V. TRANSPORT MECHANISM

When a receiver needs to feed back an ACK, it switches to
the sending state and transmits the feedback packet. If the
feedback packet arrives at the sender in the sending state,
collision and retransmission occur, which reduces channel
utilization and increases latency and energy consumption.
To overcome these problems, we propose a hop-by-hop trans-
port mechanism based on the ROFC-LF for UANs, which is
described below.

In the build-up phase, the sender first sends an encoded
packet with degree 2, in which the immediate acknowledge
bit is 1, and then switches to the receiving state to receive
the ACK. After receiving an encoded packet in which the
immediate acknowledge bit is 1, the receiver responds to the
sender with an ACK packet including a 1-bit ready field and a
k-bit decoding-state field. The value 1 in the ready field means
that the receiver has received the first encoded packet and is
ready to receive the subsequent packets. The decoding-state
field is used to feed back to the sender the size of the largest
component and the decoding state.

After sending N1 = kc/2 + η encoded packets with
degree 2, the sender switches to the receiving state to wait
for an ACK. If the value of the decoding-state field in the
received ACK packet is neither all zeros nor all 1s, the
sender switches to the sending state and continues to send
N2 = kc/2(1−D1/kβ0) encoded packets with degree 2, then
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switches to the receiving state for an ACK. This process
continues until an ACK packet with the value of all 1s in
the decoding-state field is received, which means the size
of the largest component has reached β0k. Then, the sender
sends 1/β0 + μ encoded packets with degree 1, which are
used to decode the encoded packets in the largest component.
According to the codec analysis in Section IV.A, the numbers
N1 and N2 are set to N1 = kc/2 + η and N2 = kc/2(1 −
D1/kβ0). η is related to the number of original packets k.
The η extra encoded packets with degree 2 ensure that the
largest component can be determined rapidly. The μ encoded
packets with degree 1 ensure that the largest component can
be successfully decoded rapidly.

To facilitate recursive encoding, the original packets
are classified into two sets: the set of recovered original
packets Yi(|A| , SNs) and the set of unrecovered origi-
nal packets Wi(k − |A| , SNs). In the completion phase,
the sender randomly encodes original packets from the set
Wi(k − |A| , SNs) with degree 1 or 2, and the receiver
determines whether to send an ACK according to the thresh-
old δ. The sender updates the two sets Yi(|A| , SNs) and
Wi(k − |A| , SNs) according to the field of the decoding state
in the received ACK packet. This process continues until the
ACK packet is received, which implies that the decoding-state
field indicates that all the original packets have been recovered
successfully.

VI. PERFORMANCE EVALUATION

In this section, the performance of the ROFC-LF is eval-
uated by simulation experiments and numerical analysis and
is compared with the OFC, IOFC, and OFC-LF in [26] and
the proposed ROFC. Although the probability of cycles and
useless encoded packets is very small with the ROFC-LF, the
limitation of the number of feedback packets and the small
proportion of encoded packets of Case 1 type lead to some
helpless encoded packets being generated. In the simulation,
each group of experiments is tested 50 times, and the final
result is obtained by averaging the 50 results and is presented
in the respective figures. “Analysis” in the figures represents
the theoretical analysis results, and “Simulation” represents
the experimental simulation results.

According to [23], when β0 = 0.5, the overhead is the
lowest for the OFC and IOFC schemes. Therefore, β0 is set
to 0.5 in the simulation experiments. The numbers of encoded
packets or feedback packets required to recover all the original
packets with the ROFC-LF, ROFC, OFC and IOFC are shown
in Figs. 6-8 based on the theoretical analysis and formulas
(35)-(38) in section IV.

From Fig. 6, it can be seen that to recover the same
number of original packets, the number of encoded packets
required with the ROFC is the lowest among the three coding
schemes (the ROFC, OFC and IOFC). This is because with
the ROFC, the SNs of the recovered original packets are
implied in the feedback packets, which is convenient for
recursive encoding. With recursive encoding, each encoded
packet is helpful for recovering the remaining original packets.
Therefore, the ROFC decreases the number of encoded packets
required for recovering a certain number of original packets.

Fig. 6. The number of the original packets vs. the required number of the
encoded packets.

TABLE III

THE VARIANCES OF THE EXPERIMENTAL RESULTS

Fig. 7(a) shows that the results of the theoretical analysis
are consistent with those of the simulation experiments. For
the ROFC, when α ≥ 0.4, the number of required encoded
packets obtained through analysis is almost the same as that
obtained through the simulation experiment. When α < 0.4
(the encoded packets in Case 1 account for less than 40%),
the number of encoded packets obtained through analysis is
less than that obtained through the simulation experiment.
Fig. 7(b) shows that with increasing α, the number of required
feedback packets increases. In UANs, more feedback packets
cause longer delay, more energy consumption, and lower
channel efficiency. Considering the negative effect of too
many feedback packets on UANs, the minimum value of
α is desirable, i.e., α = 0.1, which is consistent with the
analysis result in section IV. Therefore, we set α = 0.1 in the
simulation experiments shown in Figs. 9-13.

The experiments are divided into four groups with four
parameter settings. Each group was tested 50 times, so we
obtained fifty numbers of encoded packets that were capable
of recovering all original packets. The parameter settings and
number variance of the encoded packets in each group are
listed in TABLE III. According to Fig. 7(a), when β0 = 0.5,
α = 0.5 and δ = 0, the simulation results are consistent with
the theoretical results. When α = 0.5 and δ = 0, there are
few useless encoded packets, and the variance of the number
of encoded packets used for recovering all original packets is
minimal. However, when β0 = 0.5, α = 0.1, and δ = 0.006,
due to the limited feedback and reduced proportion of encoded
packets in Case1, the useless encoded packets are transmitted,
and the variance of this group experiment is maximal.

In Fig. 8, Δβ for the ROFC-LF is set to 0.006 according
to the analysis of Δβ in section III. When α = 0.1, both
the numbers of encoded packets and the numbers of feed-
back packets required by the two encoding mechanisms are
relatively low, which is the same in Fig. 7. Therefore, when
α = 0.1, the performance of the ROFC-LF mechanism is
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Fig. 7. shows the effects of α on the required numbers of encoded packets and feedback packets with the ROFC when k = 100, k = 500 and k = 1000.
(a) The effect of α on the required number of encoded packets. (b) The effect of α on the required number of feedback packets.

Fig. 8. shows the effect of α on the numbers of encoded packets and feedback packets for k = 1000 with the ROFC and ROFC-LF schemes.(a) The effect
of α on the required number of encoded packets. (b) The effect of α on the required number of feedback packets.

Fig. 9. The effect of β0 on the overhead.

also the best. Consistent with the theoretical analysis, when
α = 0.1, the numbers of encoded packets required by the two
encoding mechanisms are almost the same, but the number of
feedback packets required by the ROFC-LF is much smaller
than that of the ROFC. The limited feedback is preferable for
UANs. Therefore, we set α = 0.1 in the experiments shown
in Figs. 9-13.

Fig. 9 shows the effect of β0 on the overhead for k = 1000.
For comparison with the OFC and IOFC, we set k = 1000 and
β0 ∈ [0.5, 0.95] according to [23]. Fig. 9 shows that the
overhead increases with β0 with any of the four coding
schemes. The simulation results with the OFC and IOFC are
consistent with the respective theoretical results in [23]. Due
to the restricted feedback, the overhead with the ROFC-LF
obtained from the simulation results is slightly larger than

Fig. 10. The number of recovered original packets vs. the number of
transmitted encoded packets.

that with the ROFC from the theoretical analysis, which
accords with the theoretical analysis and formulas (40)-(43) in
section IV. Since α is set to 0.1 in the simulation experiment,
the overhead with the ROFC obtained through simulation is
slightly higher than that obtained through theoretical analysis,
which is consistent with the results in Fig. 7. When β0 varies
from 0.5 to 0.95, the overheads with the ROFC and ROFC-LF
are lower than those with the OFC. When β0 < 0.7, the
overheads with the ROFC-LF and ROFC are smaller than
those with the IOFC. As seen in Fig. 9, when β0 = 0.5, the
overheads of all the schemes are the lowest. Consequently, β0

is set to 0.5 in Fig. 10, Fig. 11 and Fig. 13.
Fig. 10 shows the effects of the numbers of transmitted

encoded packets on the numbers of recovered original packets
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TABLE IV

COMPUTATIONAL COMPLEXITIES

Fig. 11. Comparison of the overhead, coding efficiency and number of
feedback packets for k = 512.

for k = 1000 and β0 = 0.5 according to [23]. From Fig. 10,
it can be seen that either the ROFC or ROFC-LF has obvious
advantages in decoding speed. The number of encoded packets
needed by the ROFC or ROFC-LF is less than that needed by
the OFC and IOFC to recover the same number of original
packets. A total of 650 encoded packets with degree 2 are
required in the build-up phase with the OFC, ROFC or
ROFC-LF, while 800 encoded packets are required with the
IOFC. In the completion phase, for α = 0.1, to recover all
the original packets, 364 encoded packets with degree 2 are
required with the ROFC, while 361 encoded packets with
degree 2 are required with the ROFC-LF. In comparison, with
either the OFC or IOFC, the packets are encoded with the
optimal degree mopt, which is fed back by the receiver, and
mopt changes dynamically with the progress of decoding. With
the OFC, 550 encoded packets with mopt are required, while
with the IOFC, 350 encoded packets with mopt are required.
In summary, according to the above analysis and formulas
(44)-(47) in section IV, the computational complexities of the
four codings are as shown in TABLE IV.

For the OFC or IOFC, the optimal degree mopt changes
dynamically in the completion phase. The lower bounds of
the numbers of XOR operations with the OFC and IOFC
as well as the approximate numbers with the ROFC and
ROFC-LF are shown in TABLE IV. To calculate a more
accurate lower bound of XOR operations with the OFC or
IOFC, the average degree m is calculated according to TABLE

II, where m̂ ≤
30∑

mopt=1
moptΔβs. In the OFC or IOFC, there may

be some encoded packets with a larger degree than 30, so the
number of XOR operations with the OFC or IOFC increases
significantly with the degree mopt. Therefore, the number of
XOR operations with either the ROFC-LF or ROFC is smaller
than that with the OFC or IOFC.

Fig. 11 gives a performance comparison in terms of the
overhead, coding efficiency and number of feedback packets

Fig. 12. The number of recovered original packets vs. the number of
transmitted encoded packets.

for k = 512. For comparison with the OFC and IOFC, we set
k = 512 and β0 = 0.5 according to [23]. From Fig. 11,
it can be seen that the overhead and the number of feedback
packets of the ROFC-LF are the lowest among the four coding
schemes. The coding efficiency of the ROFC-LF and ROFC
is higher than that of the OFC and IOFC. In summary, both
proposed codings, the ROFC and ROFC-LF, outperform the
OFC and IOFC in terms of overhead, coding efficiency and
the number of required feedback packets, and they are more
suitable for UANs.

To further demonstrate the advantages of the ROFC-LF,
we compare it with the ROFC and OFC-LF proposed in
[26]. We set k = 100 and β0 = 0.65 according to [26].
The results show that the ROFC-LF has better intermediate
decoding performance and requires fewer encoded packets.
To recover 100 original packets, the OFC-LF, ROFC and
ROFC-LF need to send 3, 7 and 6 feedback packets, respec-
tively. Therefore, the OFC-LF requires fewer feedback packets
but more encoded packets. However, the ROFC-LF performs
well in both respects, so the ROFC-LF is preferable for UANs
with constrained resources.

In the legend of Fig. 13, ROFC-LF-0.006 means that the
threshold δ of the ROFC-LF is set to 0.006, and so on.
Fig. 13 shows that when k is fixed, the numbers of encoded
packets required by ROFC-LF-0.006 and ROFC-LF-0.01 are
almost the same as those required by the ROFC, while the
numbers of feedback packets are much less than those of
the ROFC. When δ is set to a larger value (for example,
δ = 0.02 or δ = 0.1), more encoded packets are required and
fewer feedback packets are sent. When k > 1000, the number
of feedback packets required remains largely unchanged for
the same δ. When k < 1000, the average number of encoded
packets required by the ROFC-LF is almost the same for
δ = 0.006, δ = 0.01 and δ = 0.02. Therefore, when k < 1000,
to decrease the number of feedback packets and improve the
channel efficiency, δ is set to 0.02 in UANs.

To evaluate the energy consumption, we set the following
parameters as in [19] and [20]: Ptx = 20 W, Prx = 1 W,
Le = 268 bytes, R = 2000 bps. When k is 1000, 512 and
100, LA is set to 129 bytes, 68 bytes and 17 bytes in the
ROFC and ROFC-LF, respectively. LA with LT code is set
to 4 bytes regardless of the value of k. When k is 512,
LA is set to 6 bytes in both the OFC and IOFC schemes.
When k is 100, LA is set to 5 bytes in the OFC-LF scheme.
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Fig. 13. shows the effects of k and δ on the numbers of required encoded packets and feedback packets. (a) The effect of k and δ on the required number
of encoded packets. (b) The effect of k and δ on the required number of feedback packets.

TABLE V

ENERGY CONSUMPTION FOR k = 1000 AND β0 = 0.5

TABLE VI

ENERGY CONSUMPTION FOR k = 100 AND β0 = 0.65

TABLE VII

ENERGY CONSUMPTION FOR k = 512 AND β0 = 0.5

Since the parameter settings are different in different works
on the LT, OFC, IOFC and OFC-LF schemes, to compare
the performance of the four codings, we set three group
parameters and obtain three results of energy consumption.
TABLE V lists the energy consumptions of the LT code, ROFC
and ROFC-LF for k = 1000 and β0 = 0.5. TABLE VI lists the
energy consumptions of the OFC-LF, ROFC and ROFC-LF
for k= 100 and β0 = 0.65. TABLE VII lists the energy
consumptions of the ROFC, ROFC-LF, IOFC and OFC for
k = 512 and β0 = 0.5. The proposed ROFC and ROFC-LF
outperform the LT code, OFC-LF, IOFC and OFC in terms of
energy consumption.

VII. CONCLUSION

This paper proposes a recursive online fountain code with
limited feedback (ROFC-LF) for UANs. In the ROFC-LF, the
original packets are classified into two sets, the recovered
set and unrecovered set. The encoded packets are generated
by XORing the original packets in the unrecovered set,
so each encoded packet is helpful for decoding. To reduce

the size of the feedback packets, the states and the SNs
of the original packets are encoded and sent to the sender.
Furthermore, the number of feedback packets is restricted
through a decoding progress threshold. Theoretical analyses
and simulation experiments show that compared with the
traditional OFC, the proposed ROFC-LF improves the coding
efficiency by 10%, while the number of required encoded
packets (overhead), the number of feedback packets, and
the computational complexity are reduced by at least 12%,
44%, and 53%, respectively. Compared with the IOFC, the
ROFC-LF improves the coding efficiency by 4%, while the
number of required encoded packets (overhead), feedback
packets, and the computational complexity are reduced by at
least 3%, 22%, and 42%, respectively. With the OFC-LF, the
number of feedback packets is limited, but a large number
of useless encoded packets are generated and transmitted.
In contrast, the ROFC-LF performs well in both respects.
With the ROFC-LF, more original packets are recovered when
receiving the same number of encoded packets as in the OFC,
IOFC and OFC-LF. The optimum values of the parameters α
and δ in the ROFC-LF for UANs can be obtained through a
large number of simulation experiments and analyses. Both
theoretical and simulation results show that the ROFC-LF
outperforms the OFC, IOFC, OFC-LF and even ROFC in
terms of overhead, number of feedback packets, computational
complexity, coding efficiency and energy consumption.
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