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Abstract

The reconfigurable intelligent surface (RIS) is a promising technology that is anticipated to enable high
spectrum and energy efficiencies in future wireless communication networks. This paper investigates optimum
location-based RIS selection policies in RIS-aided wireless networks to maximize the end-to-end signal-to-
noise ratio for product-scaling and sum-scaling path-loss models where the received power scales with the
product and sum of the transmitter-to-RIS and RIS-to-receiver distances, respectively. These scaling laws cover
the important cases of end-to-end path-loss models in RIS-aided wireless systems. The random locations of
all available RISs are modeled as a Poisson point process. To quantify the network performance, the outage
probabilities and average rates attained by the proposed RIS selection policies are evaluated by deriving the
distance distribution of the chosen RIS node as per the selection policies for both product-scaling and sum-
scaling path-loss models. We also propose a limited-feedback RIS selection framework to achieve distributed
network operation. The outage probabilities and average rates obtained by the limited-feedback RIS selection
policies are derived for both path-loss models as well. The numerical results show notable performance gains

obtained by the proposed RIS selection policies.

Index Terms

Poisson point process (PPP), reconfigurable intelligent surface (RIS), stochastic geometry.

I. INTRODUCTION
A. Background and Motivation

Globally, mobile and machine-to-machine data traffic is expected to grow at a rate of about 55%
per year from 2020 to 2030, reaching 5,000 Exabytes per month in 2030 [1]. While supporting
1 Terabyte per second speeds, the sixth-generation (6G) wireless networks are expected to facilitate
sensing, localization, and computing in real-time by using a smart wireless environment. One of the key
enablers to realizing a smart environment is a reconfigurable intelligent surface (RIS), which includes
many nearly passive elements having ultra-low power consumption. Each element can electronically
control the phase of the reflected radio waves to concentrate energy in the desired spatial directions [2].

As such, an RIS dynamically adapts to changing wireless channel conditions to create a favorable
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propagation environment and to increase the energy efficiency of wireless networks [3]. Moreover,
RIS greatly decreases hardware costs and power consumption. This is because the spatial feeding
method of the RIS avoids the immoderate power loss due to the massive feeding networks of phased
arrays [4]. A critical milestone to realize the full scale of these advantages in a network setting is to
have adaptive algorithms optimizing the selection and activation of RISs to enhance smart wireless
connectivity, which will be an essential feature of future wireless systems.

Due to the possible irregular terrain for deployment of RISs, it is naturally expected that multiple
RISs will be deployed according to a potentially random-looking topology to provide connectivity in
future wireless networks. In these cases, the best RISs will need to be selected for achieving high
quality connection between given source and destination nodes, in contrast to popular single and fixed
RIS deployments. Similar to relay networks, utilizing multiple RISs for single-user communication
increases the overall system complexity and signaling overhead. Thus, a well-designed adaptive RIS-
selection policy is of particular importance to achieve the benefits of the multiple RIS deployment
topologies. Further, RISs are proposed to be nearly passive network elements with limited computing
power to support signal processing and edge computing. Therefore, a selection policy utilizing only
location information of available RISs is more practical in this context, which can be assumed to be
time-invariant. Motivated by these facts, this paper aims to focus on the location-based optimum RIS
selection problem in RIS-aided future wireless networks that consist of multiple randomly distributed

RISs and derives performance metrics under the optimum selection policy.

B. Related Work

Most previous work on performance analysis of RIS-aided wireless communications considers
different wireless network scenarios with single and fixed RIS setup, e.g., [5], [6]. [7]-[14] considers
a given set of locations of multiple RISs without RIS selection. Specifically, the signal-to-noise
ratio (SNR), achievable sum-rate, secrecy rate, and energy efficiency of RIS-assisted networks are
maximized in [7]-[10], respectively. [11] proposes and analyzes a double-RIS aided system. [12]
investigates the capacity region of a two-user network with one access point aided by multiple RIS
elements. [13] proposes a channel estimation framework for a RIS-aided multi-user system. [14]
designs a novel hybrid beamforming scheme for a RIS-aided multi-hop network. Very recently, the
RIS-user associations with and without the BS power control are optimized in a multi-RIS aided
network in [15]. The RIS with the highest instantaneous end-to-end SNR is selected among multiple

fixed RISs to aid the communication in [16], where the outage probability and average sum-rate are
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investigated. This paper only focuses on deterministic RIS deployment without modeling potential
randomness in RIS locations.

Spatial point processes are regarded as tractable analytical tools to model the locations of the
network elements (e.g., base stations, users, or relays), with a good statistical fit to physical wireless
network deployments [17]. However, only a few papers have so far focused on spatial network models
for the deployment of RISs or the distribution of users in RIS-assisted networks; see [18]-[23]. In
[18], environmental objects are assumed to be coated as RISs where the deployment is modeled as
a modified line process with random locations and orientations. In [19], they propose a joint design
for the detection weight at randomly distributed users and passive beamforming weight at RISs. [20]
considers a cellular network where the midpoints of the blockages are distributed according to a
Poisson point process (PPP) and the blockages are equipped with RISs. [21] provides performance
analysis of a large-scale mmWave cellular network where the locations of base stations and RISs
are modeled using independent PPPs. Recently, [22] studies the coverage of an RIS-aided large-
scale mmWave cellular network where the buildings with RISs are distributed according to a PPP.
[23] analyzes the coverage probability, ergodic capacity, and energy efficiency for indirect RIS-aided
network with where the locations of the RISs follow a binomial point process. Very recently, [24]
analyzes the outage probability of an RIS-aided network where multiple IRSs are randomly distributed
with different association policies activating a random RIS, the closest RIS to the transmitter, or all
available RISs. However, none of these papers considered a selection strategy choosing the best RIS
from a collection of randomly distributed RISs to optimize connectivity between source and destination
nodes. Performance characterization of RIS-aided random wireless networks with such optimum RIS

selection is an open problem in the literature, which we tackle in this paper.

C. Our Approach and Contributions

In this paper, we consider an RIS-aided wireless network where multiple RISs are randomly
distributed and an RIS is optimally selected to assist data transmission from a transmitter (TX) to a
receiver (RX) based on the relative locations of RISs with respect to TX and RX nodes. As analyzed in
[25]-[27], the scaling law of received power through the reflection of an RIS is a function of the TX-
RIS and RIS-RX distances. We note that the product-scaling law where the path-loss scales according
to the product of the TX-RIS and RIS-RX distances and the sum-scaling law where the path-loss scales
according to the sum of these distances have been established as the fundamental path-loss models
to model the end-to-end signal power attenuation when the TX and RX nodes are connected by an

intermediate RIS. They will be the path-loss models that we follow in this paper. Using the tools from
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stochastic geometry, we develop a tractable theoretical framework to obtain the outage probability
and average rate for the RIS-aided wireless network under the optimum RIS selection policies for
both path-loss scaling laws. We also analyze the limited feedback case to achieve distributed network
operation under the assumption of availability of RIS feedback capability for selection. We emphasize
that the derivations of our theoretical results are challenging since we need to tackle the random
instantaneous SNR values at the random RIS locations coupled with the randomness over the fading

process. Despite these challenges, we make the following novel contributions:

o Based on the nature of the SNR in RIS-aided wireless networks, we propose location-based
optimum RIS selection policies that maximize the end-to-end SNR of the link connecting a TX
and a RX via an RIS for product-scaling and sum-scaling path-loss models. These selection
policies make RIS selection decisions based on the insight that the optimum RIS given the
product-scaling path-loss law is the RIS that has the minimal product of the distances of the
TX-RIS and RIS-RX links among all randomly distributed RISs. On the other hand, the optimum
RIS given the sum-scaling path-loss law is the RIS that has the minimal sum of these distances.

« We derive the distance distribution of the optimum RIS node for both path-loss models. These
distributions are of critical importance to obtain the outage probability of RIS-aided wireless
networks. The derived distributions have broader applicability where a node that has the minimal
product or sum of the distances is selected. Using the derived distance distribution and the gamma
approximation for fading channels, we derive theoretical expressions for the outage probability
and average rate of the optimum RIS selection policies for product-scaling and sum-scaling
path-loss models.

o To characterize the system performance given limited-feedback RIS selection policy, we derive
the average number of RISs feeding back and confirm the number of RISs feeding back is a
Poisson random variable (RV) for both path-loss models. Using this result, we obtain theoretical
expressions for the outage probability and average rate under the limited-feedback RIS selection
policies for both path-loss models.

We verify the derived analytical results by means of extensive numerical analysis and simulations.
The potential performance improvement obtained by the optimum RIS selection policy is demonstrated
by comparing the performance gains obtained by the optimum policy with those of heuristic sub-
optimum policies via simulations. Our results reveal that a selection policy performing optimally
for decode-and-forward (DF) relay networks (i.e., the min-max policy) can perform very poorly

for RIS networks due to fundamentally different signal propagation characteristics. From a system
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Fig. 1: An example illustration for an RIS-aided wireless network.
design point of view, this is an important result. Numerical results also demonstrate that limited-
feedback RIS selection policies achieve almost the same outage and data rate performance as the
optimum centralized RIS selection policy while significantly reducing the feedback and signaling
load. Through these theoretical and numerical results, this paper provides important guidelines for
selecting the optimal RIS towards a reliable yet practical RIS-aided wireless network.

The results in [28] focus on the node distance distribution given the min-max optimum selection
criteria, and cannot be directly applied to this paper. Our key technical challenges are to solve the
node distance distribution given the min-product and min-sum optimum selection criteria. These
are fundamentally different problems with their own particular technical challenges requiring new
solution approaches when compared to those investigated in [28]. Moreover, there are also fundamental
differences between RIS-aided networks and relay-aided networks in terms of their end-to-end path-
loss scaling laws as a function of the TX-to-RIS and RIS-to-RX distances; see [25], [29]. Thus, this
paper provides novel theoretical results and numerical insights that have not been studied before.

D. Notation

We use boldface letters to represent vector quantities. N denotes the set of natural numbers and
R? denotes the two-dimensional Euclidean space. |z| and ||x|| denote the absolute value of a scalar
quantity x (real or complex) and the Euclidean norm of a vector quantity x, respectively. P (-) denotes
probability. E [-] is the expectation over RV Z. Eg -] is the expectation over the point process .

II. SYSTEM AND ANALYTICAL MODELS

A. System Model

We consider an RIS-aided wireless system in R?, as illustrated in Fig. 1, where the TX and RX

are located at arbitrary locations, denoted by xy € R? and x4 € R?, respectively. Potential RISs are
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randomly distributed according to a spatial homogeneous Poisson point process (PPP) ® with density
A > 0. The locations of available RISs are denoted by ¢ = {x, x>, ...}, where x; € R? is the ith
RIS location for 7 € N and ¢ is a particular realization of & = { X, X5, ...}. We consider that the
locations of available RISs are known by a central network controller to make a decision for selecting
an RIS to aid the communication between the TX and RX!. As in [15], [24], we assume when one
RIS is selected (activated), the remaining RISs remain switched off. We assume the signal power
received over the longer TX-RX link is much smaller than the one received over the shorter RIS-RX
link, i.e., there is no direct link between TX and RX?.

We assume nearly passive RISs as introduced in [25] where each RIS is implemented with N
number of reflecting elements which can be adjusted individually for adapting to fading conditions.
We denote W = diag (exp (jwi 1) ,...,exp (jw; n)) as phase shifts of the ith RIS. Further, we denote
hin = Qipexp(—jtin) and g;, = Binexp(—jein) as fading channels between the TX and the nth
reflecting element of the ith RIS and that between the nth reflecting element of the :th RIS and the
RX, respectively. As in [29], [30], we assume h; ,, and g, ,, are independent and identically distributed
(i.i.d.) complex Gaussian RVs with zero mean and unit variance i.e., h;,, gin ~ CN(0,1). Hence,
magnitudes «; ,, and 3;,, follow the Rayleigh distribution. Then, the instantaneous received signal® at
time ¢ via the ¢th RIS located at X; is given by [30, eq. (11)]

yi(t) _ \/?22;1 Oéi,nﬁi,n eXP(j(Wi,n - wm - %n))
VG (lzs — Xill, [1X; — dl))

where P denotes the transmit power, s(t) is a unit energy signal, w(t) is additive white Gaussian noise

s(t) + w(t), (D

(AWGN) having complex Gaussian distribution with mean zero and variance Ny. G (||zs — X,||, [| X; — z4]|)
is a path-loss function and we will discuss its dependence on the TX-RIS distance |xs— X,||
and the RIS-RX distance || X; — xq|| in Sec. II-B. A careful inspection of the structure of (1)
reveals that the optimal choice of w;, that maximizes the instantaneous received signal y;(t) is
Win = Yin + @in,t € N. This is feasible at RISs since they can obtain the knowledge of the

channel phases by various methods mentioned in [2], [30], [32], e.g., by embedding low-power sensors

'Our system setup can be applied in the scenarios where RISs are irregularly deployed and one RIS is selected to enhance the
communication from the source to destination. For example, in a RIS-enhanced cellular network, potential RISs are employed on
irregularly-located trees or buildings and the optimal RIS is selected to strengthen the received signal power of a cell-edge user.

This assumption is reasonable when the direct link is severely shadowed by an object in the environment or the decay of path-loss
with distance is very sharp.

3In practice, the obliquity factor (i.e., the incidence and reflected angles of signals at the RIS) mentioned in [31] and blockages may
affect the power received at the RX via the RIS. For tractability, as in [16], [19], [23], we ignore the obliquity factor and blockages

when modeling the received power via the RIS.
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throughout the RISs. Thus, the assumption of optimal phase shifting is widely adopted in existing
RIS studies, e.g., [29], [30], [33], [34]. Using this assumption, (1) can be rewritten as

VPZ;
= s w ’ 2
N R @)

where Z; = Zivzl a; nfBin. We note that Z; are i.i.d. RVs for different RISs. Thus, for compactness,

Yi(t)

[IPebl
2

we remove subscript from Z;, i.e., Z; = Z, Vi, in the rest of the paper, and it will be clear from

the context that Z is the power gain associated with the RIS selected to connect TX and RX.

B. RIS Selection Policies

In this subsection, we first give the instantaneous SNR of an RIS-aided wireless network, then
discuss the path-loss scaling laws, and finally formulate the location-based optimum RIS selection
policies that maximize the instantaneous SNR for different path-loss scaling laws.

We consider the case where a single RIS is selected for aiding the communication between the TX
and RX according to a given RIS selection policy which is defined as follows:

Definition 1: an RIS selection policy P : ¥ +— R? is a mapping from the set of all countable locally
finite subsets of R?, denoted by ¥, to R?, that satisfies the condition P (¢) € ¢ for all ¢ € X.

With a slight abuse of notation, we will denote the RIS selected by P as Xp. Using (2), we write
the instantaneous SNR associated with RIS Xp according to

VZ?
(s — Xl [ Xp — @all)’

SNRinSt <P7 (I)7 Z) = G (3)

where 7 = N% is the average SNR.

We next discuss the dependence of a path-loss function G(||xs — Xp|, || Xp — @4||) on the TX-
RIS distance ||zs — Xp|| and the RIS-RX distance || Xp — xq4]|. Based on [25]-[27], [31], the scaling
law of the end-to-end received power through the reflection of an RIS as a function of the TX-RIS
and RIS-RX distances, depends on the relation between the geometric size of the RIS, the wavelength
of the radio wave, and the relative TX-RIS and RIS-RX distances. Notably, two path-loss scaling laws
of the TX-RIS and RIS-RX distances are worth of analysis.

1) Product-Scaling path-loss models: 1f the size of the RIS is not large enough as compared with
the wavelength and the transmission distances ||[x; — Xp|| and || Xp — x4]|, the end-to-end received
power at the receiver scales, as 4L%(||xs — Xp|| || Xp — x4]|) [27], where 2L, is the length of one-

dimensional RIS. [26] also gives similar scaling laws* with different power of product distances
“For example, in [26], a large RIS with the size of 1 m x 1.2m and the carrier frequency of 10.5 GHz at the TX-RIS distance of

100m and the RIS-RX distance of 100 m and a small RIS with the size of 0.384 m x 0.096 m and the carrier frequency of 4.25 GHz

at the TX-RIS distance of 3.5m and the RIS-RX distance of 10 m are shown to operate as the product-scaling path-loss model.
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in the far-field case®, where the path loss of through the reflection of an RIS is proportional to
(les — Xp|| | Xp — xq||)?. The path-loss given in [26] also relates to the antenna gains, the RIS
element gain, and other system parameters. Moreover, [31] shows for focusing lenses of RISs, a
single scaling law is observed, i.e., the product path-loss model is sufficiently accurate for short and
long distances. On the other hand, for a classical power-law path-loss model, signal power decays
as GP*V(d) = d", where d is the link distance and 7 > 2 is the path-loss exponent. The end-to-end
path-loss for the power-law model is G**V(||xzs — Xp||, | Xp — z4]|) = ([[&s — Xp]|| | Xp — z4]])".
Overall, the end-to-end path-loss for all aforementioned cases is proportional to the product of the
distances between TX-RIS and RIS-RX, although being with different exact path-loss expressions. Our
key analytical results below will hold for all path-loss functions resulting in product-scaling for the
end-to-end SNR achieved via an intermediate RIS. For performance evaluation, we will consider a
specific product-scaling path-loss model.

2) Sum-Scaling path-loss models: If the geometric size of the RIS is large enough as compared with
the wavelength A\, and the transmission distances ||x; — Xp|| and || Xp — x4||, the end-to-end received
power scales according to (uk ||xs — Xpl|| + vk || Xp — x4||), where k = i—’r and the coefficients
and v depend on the angles of incidence and reflection of the radio waves [25], [27]. Further, [26]
also empirically validates that the path-loss function G, when the TX and RX both or only one of
them are in the near-field of RIS®, is approximately proportional to (||zs — Xp|+|Xp — x4||)?. G in
this particular case depends on antenna gains, wavelength, and the amplitude value of RIS elements
as well. Also, for the exponential-law path-loss model, which we refer to as exp-law for brevity
for the rest of the paper, signal power decays over a link as G™P(d) = exp(ad’), where a > 0
and § > 0 are tunable parameters [35]. We note that the exp-law model is suitable for modeling
short-range communication, e.g., indoor communication’, which is one of the important scenarios

that RISs can be deployed to assist communications. For 5 = 18, the exp-law path-loss model can

be expressed as G™P(||xs — Xp||, || Xp — x4l|) = exp (a (||&s — Xp|| + || Xp — x4]|)). In the cases

SWhen the distance between the TX(RX) and the center of the RIS is less than & = %, the RIS is considered to be in the near-field
of the TX(RX). Otherwise, the RIS is said to be in the far-field of the TX(RX).

SFor example, a RIS prototype in [26], whose size is 0.34m x 0.5m and whose carrier frequency is 10.5 GHz, at the TX-RIS

distance of 0.5m and the RIS-RX distance of 1 m is shown to operate as the sum-scaling path-loss model.

"For indoor environments, mmWave transmissions would be more appropriate due to having shorter transmission distances. Hence,

the RIS size can be considered as large when compared to the transmission wavelength for indoor environments.

83 = 1 suits for indoor communications when the number of obstacles scales linearly with the distance of the link between xs and

Xp and the one between Xp and xq.
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mentioned above, we note that the path-loss function G scales with the sum of the distance between
TX-RIS and RIS-RX and our results below hold correct for such cases.

Due to the random locations of RISs in a PPP, the TX-RIS and RIS-RX distances are random.
Thus, RISs in a PPP may be in the regime where the product-scaling law holds or the regime
where the sum-scaling law holds. We note that considering mixture path-loss models (e.g., product-
scaling, sum-scaling, or other models which do not directly depend on distances) for potential RISs
and analytically deriving the performance metrics of corresponding optimum selection policies is
important future work. For tractable performance analysis, we assume all RIS-aided links in a PPP
have the product-scaling law or all RIS-aided links in a PPP have the sum-scaling law for solving
the optimum RIS selection problems. We note that this assumptions is reasonable because in some
cases, a single scaling law is accurate. For example, based on [31], for focusing lenses of RISs, a
single product-scaling law is observed, and for anomalous reflectors, the sum-scaling law may be
accurate up a few tens of meters. We also have conducted simulations with mixture path-loss models
and compare these simulations with our analysis with a single path-loss model for all potential RISs,
to show the feasibility of the assumption. The reasonableness is shown by the facts that 1) the results
derived by assuming all RISs have the sum-scaling law can be good approximations of the results
that assumes the mixture product and sum scaling path-loss models for large RISs, and ii) the results
assuming all RISs have the product-scaling path-loss model can be good approximations of the results
assuming the mixture product and sum scaling path-loss models for small RISs. Our simulation results
and detailed discussions are presented in Appendix D. Moreover, this assumption is widely used in
the papers that consider random locations of RISs or users, e.g., [19], [20], [23], [24].

We can maximize the instantaneous SNR by selecting the RIS that has the minimal product of the
distances of the TX-RIS and RIS-RX links over the set of RIS locations in ®, when all available RIS-
aided links follow product-scaling path-loss models (i.e., only the product-based path-loss scaling law
is observed). Similarly, the optimum RIS that maximizes the instantaneous SNR for the sum-scaling
path-loss model is the one that has the minimal sum of these distances, when all available RIS-aided
links follow sum-scaling path-loss models (i.e., only the sum-based path-loss scaling law is observed).
Thus, we can formulate the optimum RIS selection problem for the product-scaling path-loss model

as follows:

minimize Sy (X)
X cR? %)

Y

subject to X € @

where 5, (X)) is given by Sp0 (X) = ||zs — X|| X || X — 24]|. With the aim of maximizing the
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instantaneous SNR for the sum-scaling path-loss model, the optimum RIS selection problem can be

formulated as:

minimize  Sgum (X)
XeR2 , (5)
subject to X € @

where Sy, (X)) is given by Sgum (X) = ||@s — X|| + || X — x4||. The corresponding optimum RIS
selection policies for the product-scaling and sum-scaling path-loss models are formally defined as
follows:

Selection Policy 1: The optimum RIS selection policy for the product-scaling path-loss law, denoted

by P

pro?

is the one solving (4) for all realizations of ® in Y. The optimum RIS location maximizing

*

the instantaneous SNR for the product-scaling path-loss law, X}, is X} = argminy g Spro (X),
which is unique with probability one.

Selection Policy 2: The optimum RIS selection policy under the sum-scaling path-loss law, denoted
by P

sum?

is the one solving (5) for all realizations of ® in .. The optimum RIS location to maximize
the instantaneous SNR for the sum-scaling path-loss law, X7, is X} = argminxcq Ssum (X ), Which

is also unique with probability one.

C. Performance Metrics

In this paper, we aim to characterize the performance metrics associated with 7, and Pg,,,. To

this end, we first define the performance metrics of a given RIS selection policy P in this subsection.

We will use the averaged SNR to determine outage probability and data rate over the fading process

to characterize the data performance of an RIS selection policy P°. We use E; [SNRy, (P, ®, Z)] and

Ez [logy (1 + SNRyt (P, @, Z))] as the SNR and data rate averaged over the fading process, respec-

tively. For compactness, we define E [SNR,s; (P, ®, Z)] = SNR (P, ®) and E [log, (1 + SNRy, (P, @, Z))] £
R (P, ®) in the rest of the paper. We note that SNR (P, ®) and R (P, ) are still random quantities

since they depend on random RIS locations. Using SNR (P, @), we define the outage probability as

follows:

Definition 2: For a target SNR p, the SNR-outage probability P, (P) achieved by an RIS selection
policy P is given by

Pout (P) = Pr{SNR (P, ®) < p}. (6)

Using R (P, ®), we define the average rate as follows:

These are relevant metrics when the permissible decoding delay is large enough to average over the fading process.
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Definition 3: The average rate achieved by an RIS selection policy P is given by

Rave (P) = E<I> [R (P7 (I))] : (7)

In the next sections, we will evaluate P,,; and R, for the optimum RIS selection policies P

pro
and P*

sum*

This is a challenging problem since we need to derive the distribution of optimum RIS
distance functions Sy, (X ;) and Sy (X i) over the random spatial point process ¢ and the averaged

performance metrics over the random fading process.

III. OPTIMUM RIS DISTANCE DISTRIBUTION AND PERFORMANCE ANALYSIS

In this section, we first obtain the optimum RIS distance distributions under the product-scaling and
sum-scaling path-loss models. We second derive the averaged performance metrics over the fading
process for general path-loss functions G(|lxzs — Xp|, | Xp — @4l|).

Using the optimum RIS distance distribution and the averaged performance metrics, we will evaluate
the outage probability and average rate for the given optimum RIS selection policy under specific
path-loss models. We note that there are multiple potential models for product-scaling and sum-scaling
path-loss models, as discussed in Sec. II-B. For performance analysis, we will consider classic power-
law path-loss and exp-law path-loss models. It is important to note that the analytical results we obtain
for the distributions of Sy, (X7 ) and Syum (X7) can be used to obtain the performance metrics for

general path-loss models obeying the product-scaling and sum-scaling property.

A. Distance Distribution for Optimum RIS Selection

For the sake of simplicity, we define Topt Spro (X ;) and Aopt = Sium (Xi) We now derive the
distribution functions for Y,,; and A,,, which are key to characterize the performance of the RIS

and P*

selection policies P * . respectively. We will consider z; = (—d,0)" and @4 = (d,0)"

pro
without loss of generality due to the stationary nature of HPPPs [37]. In the following theorems, we
provide the distribution of T, and A,,;. We also numerically verify these distribution in Fig. 2.

Theorem 1: The CDF of T, is given by

1—exp< <d4E(g—4) (42 —d4)K(V—4))) if v < a2
>)

FTopc (/7) = d4 . ’
1 —exp <—2>\7E( ) if v > d?

®)

where FE(-) is the complete elliptic integral of the second kind and K(-) is the complete elliptic
integral of the first kind [38]. The PDF of Y, is given by

BE exp( (d‘%(lﬁ)+(72—d4)K(§))>K(§) if v < &2
frop (V) = ;;;{p <—27)\E (%))dK<d_4) d d ifWZdZ. ®)

72
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Fig. 2: The complementary CDF of T, and A, for different RIS densities A = 0.1, 1,5, 10 when
d = 1.2, for validating (8) and (10), respectively.

Proof: See Appendix A. [ |
Theorem 2: The CDF of A, is given by

0 v < 2d
Fp o = Yy . (10)
o (7) 1 —exp (—Mfw) v > 2d
The PDF of A, is given by
0 v < 2d
Saom (V) = mA(y2—2d?) exp (_)\wm/f—4d2) y > 2d : (11)
2+/~2—4d?
Proof: See Appendix B. [ |

B. Averaged Performance Metrics over Fading Channel

Based on (6) and (7), we recall that P,y (P) and R.. (P) relate to SNR (P, ®) and R (P, ®),
respectively. To facilitate the derivation of P, and R, for the optimum RIS selection policies P;ro
and PZ, ., we derive SNR (P, ®) and R (P, ®) in this subsection. We derive SNR (P, ®) as

Nz 1Bz (2]

SNR(P,®) = E = . (12)
(P.®) = B | Glle = %o, [Xr —2al)) ~ Gll@e = X, [ X —2a])

where Ez [Z?] is given by
2

- (13)

E;[2’] = N+N({N-1)

Applying (13) to (12), we have

B AN (16 4+ (N — 1)7r2)
SNR(P-®) = {5Glzs = X[ Xp — )’ ()
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We next derive R (P, ®) as

R(P,®) =R(P,Y) =Ey [log, (1+7YZ?)] = /OO log, (14 7Y 2%) fz(2)dz, (15)
0

1
Gllee—Xp [ Xp—aal

where Y = ] and Y is a statistic summarising the overall effect of the point process
® on the data rate. Based on (15), we study the distribution of Z. Since Z is a sum of the product
of two i.i.d. Rayleigh RVs, its exact distribution is difficult to determine for N > 1. However, we

can still approximate its distribution by using a gamma distribution with the shape parameter given

16-7 very tightly, as established in [29], [33].

by k = Y= and the scale parameter given by = =

16—m2
Using suggested gamma distribution approximation and the result in [33, Eq. (20)], we can express

(15) as

o o0 k—1 oz
R(P.Y) = /0 logy (1+7Y2%) fz(2)dz = /0 log, (14 7Y 2%) wdz

O+T (k)
2F3 (1 12, § g 2— g5_4e2l~7y>

[2 log(8) + log(7Y) + 20O (k) +

" 1og(2) 025 Y (k2 — 3k + 2)

(¥ Y)‘% 1F2 (%7 %7 g +1 _W> i (g ! %; %7 % ! %; _4621:/Y>
OFT(k + 1) ( (esc (B22))~ ' VYO + k) (ksec (Z ))_1 )] (10
where we use = to indicate that the equality is valid when the gamma approximation is applied,
log(-) denotes natural logarithm, ,F, (-;-;-) denotes the generalized hypergeometric functions [39],
and 1™ (z) denotes the nth derivative of the digamma function [39]. Numerical results in Section V
will confirm the accuracy of this approximation used in (16).

We note that the calculation of (16) requires high computational complexity. To ease the complexity,

using Jensen’s inequality, we can also derive an upper bound on R (P, ®) as
R (P, ®) = Ez [log, (1 4+ SNRinst (P, P, Z))] < log, (1 + Ez [SNRywst (P, P, Z)]) . 17)

By applying (14) to (17), we rewrite (17) as

R(P,Y) < log, (1 L INY(16 4+ (N 1)#)) |

T (18)

where we write R (P,Y) = log, <1 + VNY(W;E)N Lm )> in the rest of the paper. We will use R (P,Y)

to calculate the upper bounds on the average rate in Section III-C2.

C. Performance Analysis

Based on subsections III-A and III-B, we evaluate the outage probability and average rate achieved

by the optimum RIS selection policies P*.  and P~

pro sum*

To illustrate specific applications of our results,
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we will consider classical power-law and exp-law path-loss models for the performance evaluation in
this subsection.

1) Outage Probability: We denote PoY (Pr.) and Poit (P;

out pro out sum

) as the outage probabilities achieved
under the power-law and exp-law path-loss models by the optimum RIS selection policies, respectively.
Using (6) and applying'® GP"([|lzs — Xpl|, [| Xp — zal]) = ([|2s — Xp| | Xp — zal)" to (14), we
derive PP (Pr.) as

out pro

v _ 2
PPy (Pho) = Pr{SNR(P:,,®) <p} = Pr{vN(16+ (N =Dr?) _ p}

167

opt

_ _ 9 %
_ 1—FTON<(7N(16+1(6JZ 1)”)) ) (19)

where Fy () is the CDF of RV T,y given in (8). Applying GP(||xs — Xp||, || Xp — xq|) =
exp (a (||xs — Xp|| + || Xp — x4q||)) to (14), we derive Po.t (Pz

FN(16 + (N — 1)7?) <
16exp (@Aopt)  — P

- - 2
= Pr {Aopt > log <7N(16 +1(6N Lr )) a_l}
p

_1-F (l log (n‘yN(lG + (N — 1)7r2))) | 0)
P\ a 16p

) as

Pexp(P*

out sum

) = Pr{SNR(P,..,®) <p}= Pr{

where F_ () is the CDF of RV A, given in (10).
2) Average Rate: We denote RESY (Pr ) and RZP (P}

ave pro ave sum

) as the data rate obtained under the

power-law and exp-law path-loss models by the optimum RIS selection policies, respectively. Based

on the definition of Ry (P) in (7), we evaluate REY (Pz.) as
Rggy (P;ro) = Eq> [R (P7 YPOW)] = / R (Pv y) prow (y)dy7 (21)
where y is a realization of RV Y, and Y,., = L Yopi 7. We note that

GPOW( mS—X;H,HX;—de) -
R (P, Yyow) is given by (16). Using the distribution of Y, we derive the PDF of Yo, = Yot " as

p

1 2\ -1 2
2exp(—2y ”)\E(d4yn))y nAK (dy™)
S1(y) = . if0<y<d?
_ oa| dAE 9%2 +(7d4+y77_12)K 9%2
prow <y> = pexp| cat d2 . y%AK({ﬁ)
L Sy (y) = pEm if y > d=2
(22)

'We assume that the path-loss exponents of the TX-RIS and RIS-RX channels are the same. This assumption is reasonable when

the TX-RIS and RIS-RX channels have similar propagation environments.
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There is no closed form expression for RPOY (73* ) but it can be evaluated numerically with the

ave pro

aid of (16), (21), and (22) by calculating the integrals given below:

d—2n 00
RYY (P2) = / R(P,y) S (y) dy + / R(P.y) S (y) dy. 23)
0 d—2n
As (21), we write RZP (P* ) as
REP (Pr) = / R (P,y) fro (v)d, 24)

where y is a realization of Y, and Yiy, = exp (—aAqp). R (P, Yexp) is given by (16). We then
derive the PDF of Y,,,. By using variable transformation and f,,, () in (11), the PDF of Y., can

be derived as

- logig%) — 442 10g2 (l)
T () )
fchp (y) = 1 ) (25)
2o/ )

a?

for y < e~20d, S (y) is zero for y > e~22d_ With the aid of (16), (24) and (25), the average rate

can be numerically calculated by evaluating the integral

672ad

RO (Pli) = / R (P,y) fro (). 26)

Remark 1: The upper bounds on RP%¥ (P;ro) and R2P (P

ave ave sum

by replacing R (P,y) by R(P,y) in (23) and (26), where R (P,Y) is given in (18).

) via Jensen’s inequality can be obtained

IV. LIMITED-FEEDBACK RIS SELECTION

In previous sections, we consider that there exists a central entity (i.e., a network controller) knowing
the locations of all RISs to perform the selection based on this knowledge by optimising either product
or sum distances without feedback. Different from previous sections, in this section, we assume the
existence of extra feedback capability at RISs for distributed operation. We assume that the RISs can
feed back their channel quality indicators'!, whilst still functioning as the nearly passive elements for
communications after the feedback phase.

In this section, we propose a limited-feedback RIS selection policy that selects the best RIS from
a limited number of RISs feeding back. We will first derive the distribution of the number of RISs

feeding back under the product-scaling and sum-scaling path-loss models. We will then evaluate the

"An RIS can know its channel quality by employing some active sensors among the passive reflective elements at the RISs as

proposed in [40] or deploying anchor nodes near the RISs as proposed in [41].
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Fig. 3: An example illustration for the limited-feedback RIS selection with 5 potential RISs. RIS1,
RIS2, and RISS5, whose the channel quality indicators s (x1), S (x3), S (a5) are less than the given
threshold value 7', send their channel quality indicators to the source node. The source node then

performs selection policy PF2 or PLB  to select the RIS with optimum location X} or X*.

pro sum

average rate and outage probability attained by the proposed limited-feedback RIS selection policy
under the specific path-loss models. To illustrate specific applications of our results, we will consider
classic power-law and exp-law path-loss models for the performance evaluation in this section. We
note that the derivation method used to obtain the performance metrics under power-law and exp-law

path-loss models can be also used for other path-loss models.

A. Limited-Feedback Strategy

To alleviate the feedback overhead, we will consider an effective yet simple limited-feedback
strategy (illustrated in Fig. 3), which is formally put forward as follows.

Limited-Feedback Strategy: An RIS located at X € @ will send its channel quality indicator
5 (X)) back to the source node when 5 (X) < T, where 7' > 0 is a given threshold value. For the
product-scaling path-loss law, 5 (X) is 5(X) = Sp (X)), Where S, (X) is given by S, (X) =
|es — X || x ||X — @xq4]|. For the sum-scaling path-loss law, s (X) is §(X) = Sgum (X), where
Ssum (X)) 18 Squm (X)) = [|&s — X|| + || X — @q||. If no RIS feeds back its channel quality indicator,
no data is transmitted by the source node.

We will characterize the number of RISs feeding back given the aforementioned feedback strategy
and evaluate the average rate and outage probability attained by limited-feedback RIS selection policies

in the following subsections.

B. Distribution of the Feedback Load with Limited-Feedback

Given the feedback strategy proposed in subsection IV-A, we denote the total number of RISs

feeding back under the product-scaling and the sum-scaling RIS selection function by N"B and NFB

pro sum’
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respectively. That is, N];'):rl?) = ZXECD 1{§pro(X)§Tpro} and NSFLEH = ZXECD 1{§sum(X)§Tsum}’ where 1{.} is
the indicator function. 7, and 7%, are the thresholds used in the product-scaling and sum-scaling

scenarios, respectively. The average number of RISs feeding back is given by =, = Es [N FB] and

pro

Zsum = Ea [NIB |. The sets of the RISs feeding back are given by ®f8 = {X € @ : 5, (X) < Tpo}

sum pro

and ®f8 = {X € & : 5,y (X) < Tyum )

sum

We now formulate the RIS selection policy with limited-feedback for the power-law and exp-law
path-loss models as follows:
Selection Policy 3: The RIS selection policy with limited-feedback strategy under the product-

scaling path-loss law, denoted by Pgr%, is the one that solves the following optimization problem
minimize 5,0 (X)
X €R? ) (27)
subject to X € ®FB

pro

Selection Policy 4: For the sum-scaling path-loss law, the RIS selection policy with limited-feedback
strategy, denoted by PFB

sum?

is the one that solves the following optimization problem

minimize Sy (X)
X €R? ) (28)
subject to X € OB

sum

Derivation of the distributions of NFB and NFB is a key step to quantify the performance attained

pro sum

by PFB and P'B . We present the distributions of NFB and N'B in the following theorems.

pro sum-* pro sum

Theorem 3: N'B is a Poisson RV with the mean =,,, given by

pro

_ (B (e EGR) + (12, - dKTE))) i T < @ o)
T 2 (BBl if Tyro > @2
Proof: See Appendix C. [ |
Theorem 4: NFB is a Poisson RV with the mean =g, given by
= _ 0 if Tium < 2d 30)

Ao /AP T2 if Togn > 2d
Proof: The proof is similar to the one given for Theorem 3. Hence, it is omitted to avoid
repetitions. [ |
In Fig. 4, we plot the expected numbers of RISs feeding back and compare the simulated distribution
of the total number of RISs feeding back with the Poisson distribution with analytical means in (29)
and (30). We observe that simulated distributions match the theoretical ones perfectly, which validates
the Theorems 3 and 4. As discussed in [28], the threshold value =, > 5 enables the limited-feedback

RIS selection strategy to achieve very similar outage and data rate performance as the centralized
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Fig. 4: Average number of RISs feeding back and probability distribution of the number of RISs

feeding back for d = 1.2 for product-scaling path-loss law in Figs. 2(a) and 2(b) and for sum-scaling
path-loss law in Figs. 2(c) and 2(d).

RIS selection strategy, while providing a massive reduction in the feedback overhead. This is because

*

the RIS with optimum location, X}, always feeds its channel quality indicators back to the source

node if N*B > 1 and Pr {N FB > 1} > 0.99 when =, > 5 due to the exponentially decaying tail of

pro pro
Poisson distribution. The same arguments also apply to the sum-scaling path loss models.
C. Performance Analysis

We next evaluate the outage probability and average rate attained by the limited-feedback RIS
selection policies, parameterized by the threshold values T, and Ty, for the power-law and exp-
law path-loss models, respectively.

The outage probability with limited feedback for the power-law and exp-law path-loss models are

given in the following theorems:

Theorem 5: The outage probability PP (PFB

out pro

) for a limited-feedback RIS selection policy P8

pro
with threshold T, is equal to

— . YN (164+(N—1)r2
exp (—Epro) if p < %

P (P12 - l o
¢ (Poro) 1— Pr,, <<w>") otherwise

pl6
where =, is the average feedback load at 7},, and given in (29).

Proof: To prove Theorem 5, we first write the outage event as follows:

{EZ [SNRPOW (P;ro)] < p} = {Topt > Tpro} U <{T0pt < Tpro} ﬂ {7N(16 '_I*‘_"(]\IIG_ 1)7T ) < P}) .

opt

Hence, P,y (PFB

pro

) is given by

ﬂ YN (16 + (N — 1)7?
Pous (PEE)) =Pr {Topt > TprO} +Pr <{Topt < Tpro} { ( T”(t16 ) ) <p
op
= N (16+(N — 1)z?) _ FN(16 + (N — D)n?)
= exP (~Zpro) +P < <pb. 2
P (o)t r{ Tiro16 N Yo 16 =P (32)
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YN N—-1)n2
If p < 0EH01)

Pout (PrB, Tpro) = €xp (—Zpr0), Which is the first condition in (31). If p

1
Pout (PrB,T) = Pr {%ﬁgl)”z) < p} =1-Fy,, ((%W)n), which is the second

, then the second summand in (32) becomes zero, and we have

> FN(16+(N-1)n?)

716 , we have

condition in (31). This completes the proof of Theorem 5. [ |
Theorem 6: The outage probability Poit (PEE) for a limited-feedback RIS selection policy PFE

out sum pro

with threshold 7, is given by

if p < FN(16+(N-1)n?)

exp <_:sum) exp(aTsum )16

ex FB \ __ YN (16+(N—1)7?) - .o YN (16+(N—1)72) YN (164+(N—1)72)
POUItJ (Psum) o L - FAopt (log (A/ p16 ) @ 1) if 1 exp(aTsum)16 <p< . exp(a2d)16 ’
. N (16+(N-1)7?)
1 if P 2 * exp(a2d)16
(33)
Proof: Theorem 6 can be proven similarly to Theorem 5. [ |

We evaluate the average rate achieved by P'B and P B in the following theorems:

pro sum
. pow FB
Theorem 7: The average rate RPoY (PFB

) for a limited-feedback RIS selection policy P"B with

pro

threshold 7}, is given by

d—2n 00
RISy (PFB) = / R(P,y) S (y) dy + / R(P.y) 52 (y) dy. (34)

— — D9
Tord d=2n

Proof: Theorem 7 can be proven by using the equivalence of events {N FB > 1} and {Yopt > Tpro }-

pro

Theorem 8: The average rate RSP (PFB ) for a given limited-feedback RIS selection policy PFB

ave sum sum

with threshold 7, is equal to

—2ad

Rz (PI2) = | R(P.y) fray (1)1 G3)
exp(—aTsum)
Proof: Theorem 8 can be proven similarly to Theorem 7. [ |

We note that the upper bounds on RE%Y (PFE) and R2P (PFB ) using Jensen’s inequality can be

ave pro ave sum

obtained as in Remark 1.

V. NUMERICAL RESULTS

In this section, we present simulation and numerical results to verify our derived analytical results,
discuss the performance of the proposed centralized and limited-feedback RIS selection policies, and
reveal the effect of system parameters on the system performance.

In our simulations, the target SNR and the distance between TX and RX are set to p = 5dB and
d = 1.2m, respectively. The unit for )\ is RISs/m? and the value of A\ will be mentioned in each

figure. For the performance evaluation, the path-loss exponent 7 is taken to be 4 and the tunable
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Fig. 5: Outage probability achieved by different RIS selection schemes versus average SNR 7, d = 1.2,
n =4, p =5 dB, for the power-law path-loss model.

parameter « of the exp path-loss model is 1.037 [35]. The simulation results are averaged over many

realizations of the random locations of RISs and channel fading.
A. Centralized RIS Selection

In this subsection, we focus on the performance of optimum centralized RIS selection policies. To

benchmark the optimum selection policy, we consider three other RIS selection schemes:

1) Min-min scheme selects the closet RIS to the TX and RX set {xs, 4}, i.e.,

minimize min {|lxs — X||, || X —xq4||}, X € ®;
XeR?

2) Min-max scheme selects an RIS according to

minimize max {||lxzs — X||, || X — xq4|}, X € P;
XeR?

which is the optimum scheme for a decode-and-forward relay network [28];
3) Mid-point scheme selects the RIS that has the minimal distance to the mid-point between the
TX and the RX.

In Figs. 5 and 6, we investigate the performance for power-law communications scenarios under
the optimum and other different RIS selection schemes as described above. In Fig 5, we plot the
outage probability curves versus the average SNR for N =8, N = 32 and N = 128 (i.e., see Fig. 5a)
and for A = 0.1 and 2 (i.e., see Fig. 5b). In Fig. 5, analytical curves are obtained by using (19). The

perfect agreement between analytical and simulation curves verifies the outage probability expression
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for the optimum RIS selection scheme in (19). In Fig. 5a, we also plot max-SNR-instantaneous-
channel (max-SNR-IC) scheme that selects the RIS yielding the largest instantaneous SNR based
on the instantaneous channels. In Fig. 5a, we first see the outage probability decreases significantly
when the number of elements increases from 8 to 32, where an RIS with N = 8 requires around
15 times more power than an RIS with N = 32 to achieve the outage probability level of 1073
For N = 8,32 and 128, the optimum scheme has the best performance among all schemes. We see
that max-SNR-IC slightly outperforms the optimum policy. We note that the max-SNR-IC scheme is
actually the optimal RIS selection policy, but this scheme is more difficult to be implemented than the
optimum scheme proposed in the paper since max-SNR-IC requires the knowledge of instantaneous
fading channels of all available RIS-aided links. Among the other three schemes, min-min is the
best suboptimal one when the average SNR ¥ is less than 0 dB; otherwise, mid-point is the best
suboptimal one. For example, the optimum scheme only requires around 63% transmit power that
mid-point scheme requires to achieve the outage probability level of 10~3. Further, min-max always
has the worst performance among these four schemes. In Fig. 5b, we observe a significant decrease
in outage probability when the density increases from A = 0.1 to A = 2. When A is very small as
0.1, all selection schemes have very similar performance. This observation indicates there is a high
probability to select the same RIS by different schemes at a very low RIS density and the superiority
of the optimum scheme is not obvious. However, the performance gap clearly increases with \. For
example, when A is 2, the optimum scheme only requires around 32% transmit power that min-min
scheme requires to achieve the outage probability level of 1073,

We plot the average rate versus 7 in Fig. 6a and the average rate versus the density in Fig. 6b.
We only consider the optimum scheme and min-min scheme since these two schemes generally
outperform the other two schemes for different sets of parameters based on Fig 5. Analytical values
calculated from (23) has a perfect agreement with the simulation, which verifies the accuracy of our
analysis. In Fig. 6, we see that the optimum and min-min selection schemes have small rate differences
for different values of N at A\ = 0.5. For example, the rate difference is around 0.3 [bits/sec/Hz] for
N = 16 at SNR = 5dB. Interestingly, the average rate increases almost linearly with SNR and the gap
between the optimum scheme and min-min scheme keeps unchanged as the average SNR increases.
In Fig. 6b, we see the average rate for both schemes increases as the RIS density increases, but the
increase in average rate with the density is not linear as that with the average SNR. In addition,
we observe that the upper bounds obtained via Jensen’s inequality is tighter as N increases. Similar

observations will be illustrated in Fig. 8 as well.
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Fig. 6: Average rate achieved by different RIS selection schemes for different values of N, d = 1.2,

n = 4, for the power-law path-loss model.
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Fig. 7: Outage probability achieved by different RIS selection schemes versus average SNR 7, d = 1.2,

a = 1.037, p = 5 dB, for the exp-law path-loss model.

In Figs. 7 and 8, we focus on the performance of the exp-law path-loss model. In Fig. 7, we

plot the outage probability curves versus SNR for N = 8, N = 32 and N = 128 (i.e., see Fig.

7a) and for A = 0.1 and 2 (i.e., see Fig. 7b). Analytical curves obtained by (20) match with the
simulations, thus validating the accuracy of (20). The optimum and max-SNR-IC schemes outperform
the other schemes, which is similar to the observations in Fig. 5. However, the other schemes perform

differently than the behavior observed in Fig. 5 for the power-law path-loss model. Specifically, the
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Fig. 8: Average rate achieved by different RIS selection schemes for different values of N, d = 1.2,

a = 1.037, for the exp-law path-loss model.

mid-point scheme always has very close performance with the optimum scheme. For example, the
optimum scheme can save around 10% transmit power with respect to mid-point scheme to achieve
the outage probability level of 1073, Min-min and min-max have the worst performance among these
four schemes, where min-min starts to outperform min-max when SNR increases. In Fig. 7b, we see
a significant outage performance increase when the density increases and the performance gap among
the different schemes increases with the density, as we observed in Fig. 5b. In Fig. 7b, we also see
that the performance advantage achieved by the optimum scheme over the mid-point scheme is minor
when the density A = 0.1. This means that the mid-point scheme is a near suboptimum selection
scheme when the density is very small.

In Fig. 8, we plot the average rate versus the average SNR (i.e., see Fig. 8a) and the average
rate versus density A (i.e., see Fig. 8b). Analytical values calculated from (26) overlap with the
simulation results, which verifies (26). Interestingly, we see that the optimum and mid-point selection
schemes have very small rate differences for both NV = 16 and 32 at A = 0.5. For example, the rate
difference is around 0.07 [bits/sec/Hz] for N = 16 at SNR = 5dB. For all three cases N = 8,16, 32
in Fig. 8b, we have significant rate improvement from A = 0.1 to A = 0.5, and then there is a rate
floor when A increases further. This is due to the fact that there is a sufficient number of RISs within
the neighborhood of TX and RX to support the communication. Thus, it is not worth to densify RISs

in a given area beyond a certain limit.
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Fig. 9: Outage probability achieved by limited-feedback RIS selection versus the average SNR 7 for
different values of the threshold 7. d = 1.2, N =16, A = 0.5, and p = 5 dB.

B. Distributed Network Operation and Limited-Feedback Case

In Fig. 9, we plot the outage probability achieved by limited-feedback RIS selection versus the
average SNR 4 for the power-law model (Fig. 9a) and for the exp-law model (Fig. 9b). The analytical
curves in Figs. 9a and 9b are obtained by (31) and (33), respectively. These curves perfectly match
with simulations, thus validating the accuracy of (31) and (33). We do not consider 7" = 1 in Fig. 9b
since there is no RIS feeding back when 7" < 2d for the exp-law path-loss. In both figures, we see that

outage probability curves first overlap with the centralized case and then keep constant as 7 increases.

> FN(16+(N-1)m?) for

This is because when 7 is small, the values of target SNR satisfy the condition p 716
pro

the power-law model and the condition p > %w for the exp-law model. In such conditions,
the outage performance is the same as the centralized case and does not depend on 7’ since at least
one RIS feeds its location information back to the source node. When ¥ continuously increases, these
conditions are not satisfied and the outage probability does only depend on the average number of
RISs feeding back, without any dependence on the average SNR and fading behavior. This is because
the achieved outage probability depends on whether or not there is at least one RIS feeding its location
information back to the source. We also see when 7' is larger, the outage performance is better in
the flat region of outage curves. This is because when 7' is larger, we have a higher probability of at

least one RIS feeding back, thus achieving better outage performance.

We plot the average rate for limited-feedback RIS selection versus 7 for the power-law model in
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Fig. 10: Average rate achieved by limited-feedback RIS selection for different values of the threshold
T.d=12and N = 16.

Fig. 10a and for the exp-law model in Fig. 10b. The perfect agreement between analytical curves
obtained by (34) and (35) and simulations verify the accuracy of (34) and (35). For both Figs. 10a
and 10b, we observe that for A = 0.1, the performance loss from centralized case (which assumes the
availability of location information from all RISs) to the case of 7' = 5 is much less than that from the
case of 7" = 5 to that of 7" = 3. Based on (29), T' = 5 leads to the average feedback load =, ~ 1.54.
This observation numerically demonstrates that small average feedback load around 1.54 is enough
to experience negligible optimization loss, compared to the non-feedback case. This suggests that
we can achieve a significant reduction in the feedback load in distributed network operation with

limited-feedback, whilst not sacrificing from the data rate performance.

VI. CONCLUSION

In this paper, we have considered an RIS-aided wireless network where a single RIS is chosen
from multiple PPP-distributed RISs to establish a communication link between the TX and RX. We
have analyzed product-scaling and sum-scaling path-loss models in detail, which covers the important
cases of RIS-aided end-to-end path-loss models. For each path-loss law, we have proposed an optimum
location-based RIS selection policy which aims to maximize the network SNR and derived the distance
distribution of the optimum RIS node location. Based on these distributions, we have evaluated the
outage probability and the average rate of the optimum RIS selection policies to assess the network

performance for the product-scaling and sum-scaling path-loss models. To make the network operation

June 7, 2022 DRAFT



26

distributed, we have further assumed the extra feedback capability at RISs and proposed limited-
feedback RIS selection policies. We have derived the outage probabilities and average rates achieved
by limited-feedback RIS selection policies for both path-loss models by deriving the distribution of the
number of RISs feeding back. Our numerical results show the performance advantage of the proposed
optimum and limited feedback RIS selection policies and reveal the performance gap for sub-optimum
policies for product-scaling and sum-scaling path-loss models. Furthermore, the impact of system
parameters, e.g., the number of reflecting elements and RIS node density, on the network performance
have been quantified thoroughly by means of a comprehensive numerical analysis utilizing the derived
analytical results.

Interesting future work includes considering the mixture product and sum scaling path-loss models
for all RISs in a PPP and analyzing the performance metrics of the optimum selection policies under
the mixture path-loss models. This work is an open problem since there are no completely consistent
conditions to determine the regime where the product-scaling law holds and the regime where the
sum-scaling law holds. Existing work, e.g., [26], [31], derive the path-loss under different setups and
assumptions. Moreover, some conditions for determining these regimes and path-loss functions in
[26], [31] do not have straightforward relationships with the TX-RIS and RIS-RX distances. This
consequently makes it very challenging to analytically derive the performance metrics of optimum
RIS selection policies where potential RISs have mixture path-loss models using the available path-
loss models in the current literature. This problem may become tractable when easy-to-use conditions

and path-loss expressions for the product-scaling and sum-scaling laws are available.

APPENDIX A

PROOF OF THEOREM 1

We first present an important lemma that lays the foundations for proving Theorem 1. This lemma
will also be used in Appendix C for proving Theorem 3 as well.

Lemma 1: We denote By (0, 7) as the right half disc having non-negative first coordinates with
radius 7 centered at the origin 0. We assume that U, is a uniformly distributed random node over

Biignt (0, 7). Let also T = 5,,,, (U, ). The expression for the CDF of RV T, Fx(7), is given by (A.1).

Proof: By using the law of cosines, T can be written as

T = \/(||Ur||2 +2d ||U| cos © + @) (|U.||° — 2d |U|| cos © + d2)

= \/d4 + UL = 2d2|| U, || cos 26, (A.2)

June 7, 2022 DRAFT



27

2 (& (¢ BG) + (02 - dHE () if < d?
L( d—z) if d? <~y <72—d?
FT(’Y) = E(arccos alird—q? 4
2 —%\/1 W—i— E( ) gl ( 2420 )'V2)+927'2 o ifr?—d?<y<d®+ 72
1 if vy >d?+ 72
(A.1)

where O is the angle between the non-negative x-axis and the line segment connecting 0 and U,. O is

r T
272

Thus, we derive the conditional CDF of T given {© = 0} as

uniformly distributed over [—%, 2], and is independent of ||U;| because U, is uniformly distributed.

Frio (7]0) = Pr{Y? < 1?10 = 0} = Pr{d* + |U;|" — 2d*|U, || cos20 < 1*|© =6} . (A3)

To solve (A.3), we study the monotonicity of the function f (||U,||) = d*+||U,||*—2d2|U.||? cos 26.
We obtain the first derivative of f (||U,||) with respect to | Uy || as f (| U.||) = 4||U||*—4d? || Uy | cos 26.
Based on the expression of f (||U;||), we find that f (||[U,]|) > 0 holds when the case 1) cos26 < 0
and ||U,|| > 0 or case 2) cos20 > 0 and ||U,|| > V/d?>cos20 is satisfied. That is to say, for

0 € [3.2]U60 € [-2,-=2], f(|U:]) is an increasing function with ||U,||. For 6 € [-Z, %],

f (||U;]|) is an increasing function when ||U,| > v d?cos26 and f (||U,||) is a decreasing function

when [|U,| < v d? cos 26.

We first solve (A.3) for 6 € | U [—%,—Z]. Under these conditions, only one positive root U;

4’2:| 27

for f(||U,]|) —+* = 0 exists, which is given by

v —d* + 292 + d* cos 40
NG :

Since 0 < ||U,|| < 7 and f (||U,||) is an increasing function with |U,||, thus we obtain d* <
FU) < d* + 7% — 2d?7% cos 26. Given U, and the range of f (||U,||), we solve (A.3) for 6 €

U = \/—d2 + 2d? cos? 0 + (A.4)

47 2
(0 if v < d?
Pr{|U| <} =%
oo (00 [ 5]0[5-T) =0 e v 5
472 24 if 2 <~ <+Vd'+ 7 —2d?72 cos 20

1 if v > Vd*+ 74 — 2d?72 cos 20

\

where Pr{||U,|| < U;} = %2 is based on the CDF of ||U,|], i.e., Fju,(u) = ﬁ—;
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We next solve (A.3) for 6 € [ T 4] Under these conditions, two positive roots U; and U, for

I (JJU:||) = ~* = 0 exist, where U, is given by (A.4) and U, is given by

Uy = [ —d2 + 22 cos? 6 — S o

Vd2cos20 and f (||U;]|) is a decreasing function when (||U;||) < v/d%cos26, f (|U,||) attains the
minimal value f <\/m> = d* — d* cos? 20 at |U,|| = V/d? cos 26. Thus, the range of f (|U|)
is d* —d'cos?20 < f (||U,||) < d* + 7% — 2d?7?% cos 26. Given Uy, Us, and the range of f (||U;||), we
solve (A.3) when 0 € [ T ﬂ as

.Since f (||U;||) is an increasing function when (||U,||) >

(

0 if v < Vd* — d*cos?20
Pr{l, <||U,|| < U} = 250
if Vd*— d*cos?220 <~ < d?
Frie (16,0 € [-2.2]) = V- dlood20 <y < (A6)
| 2
4°4 Pr{|U| <Ui} =%

if 2 <~ < Vd*+ 7 — 2d?72 cos 20
1 if v > /d* + 7% — 2d?72 cos 20

\

We will obtain Fx(7y) by averaging Frjo(7|) over ©. For 6 € [Z,Z] U [-Z, —Z], we have

4

Bl + [}*1d0)  if - <y < VAT
f04 1d9> if v>Vdt+ 7

Combining (A.7) and (A.8), for 0 € [—g, %], we have

=)
N

7

0 if v < d?
2([202040) i <y< V4T
FT<7|HEE’5U[_72T’_Z]): 3<<4EU1239+}62 2d93 if\/ﬁgvgdeLTZ
\L<§ if v > d? 4 72
(A7)
For 6 € [-Z, %], we have
(2 (7 0d0 + f; U250 dp) if v < d?
Fr (vl e [-7.7]) = zgfozwe) N (A8)
£

~

0 T2

j§%5w+j§%§w> if 2 <~y < 72—

Joi G0+ [ 10+ [ Ba0) it - <y < VT
Sy 10+ [} URd0 + [ 1d0) i VAT <y < P
F1d0+ [71d0) ify > &

OWi%d@ if v < d?

/N N

Fr(le[-53]) =

Ao A0 A0 AN 3N
NN N

S—

7

(A.9)
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Applying [42, eq. (2.576)] given by [a+ bcoszdr = 2 ((a —b)F(cy, é) + 2bE (¢4, é)) and

applying [ va+bcoszdr = 2va+bE(%,¢1) to (A9), where ¢; = arcsin 1)(1;73”) and ¢y =

—=%, we obtain Fy(7) as in (A.1) in Lemma 1. The proof of Lemma 1 ends here. Finally, using

2
the relation F_, (v) =1 — (limT_>OO exp (—M;Q Fy (7)>> given by [28] and the result of Fx(7)

given in Lemma 1, we arrive at (8), which concludes the proof. [ ]

APPENDIX B

PROOF OF THEOREM 2

We assume U, is a uniformly distributed random RIS location. We also assume that A = Sy, (U,),
which is the sum of the distance between the source node and U, and the distance between U, and

the destination node. By using the law of cosines, we write A as

A = \/||UrH2 + 2d ||U,|| cos © + d? + \/HUrH2 — 2d ||U,|| cos © + d? (B.1)
The conditional CDF of A given {© = 6} can be expressed as
Fajo (710) = Pr{A* < 7?10 = 6} = Pr{w (||U.||) < +*|© = 0}, (B.2)

where

w (||U]]) = 2d2 + 2 HUr||2+\/(HUr||2+2d |U || cos @ + d2) (|UL]|> — 2d |U,|| cos & + a2). (B.3)

We note that only one positive root Wy for w (||U,]|) — 7 = 0 exist, where W, is given by
W, = VAR (B.4)
24/72 — 4d? cos? 0
Based on w (||U,||) is the increasing function with respect to ||U,|| and 0 < ||U,|| < 7, we obtain
the range of w (|U;]]) is 4d*> < w (J|U,]]) < w (7). Given W, and the range of w (||U;]|), we solve
(B.2) as

0 if v < 2d
Fae (710) = § Pr{||U|| < Wy} = W° if 2d < < Jw (1) (B.5)
1 if v > y/w(7)

We will obtain F) () by averaging Fgo(7|¢) over ©. We need to consider four cases separately,

as follows: )
0 if v < 2d
32 .
F(y) = o W0 o<y (B.6)
2 [FWdO+ 2 [P 1d0 i 27 <y < 2V/d + 72
(1 if v > 22+ 12
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0 if v < 2d

Ln—%rg(wwmg(—mzﬂz)J
2 (%(_1) B Y/ —4d? +72> if 2d <y <27

Fa(y) =
arctan | cot(6) —4d2 442 v2(—4d2+~2)
ez (- (/=) v | if2r <y <2/B L2

(B.7)

4

1 if v > 2Vd2 £ 72

_ (’y2 2d2 27'2
where ¢; = L arccos <d4”4 | and ¢, is obtained by solving 72 = w (r). Applying [39,

2
eq. (2.562.2)], we obtain Fj(7) as in (B.7). Using Fy,, (7) = 1 — (anm exp (—“TTQFA (7)))
[28], we arrive at (10). This completes the proof.

APPENDIX C

PROOF OF THEOREM 3

We denote B (0,7) as the disc centered at the origin 0 with radius 7. We assume =,,,(7) as the
average number of RISs located in B (0, 7) that feedback their channel quality indicators. We also

assume that U is a uniformly distributed random node over B (0, 7). Thus, we have
EPFO(T) = )‘77-7—2Pr {/S\pro (U) S Tpro} . (Cl)

We next obtain Pr {5, (U) < T, }. We recall that U, is defined in Lemma 1 and U, is a uniformly
distributed random node over right half disc B (0, 7). Similarly, we define By (0, 7) as the left
half disc that centered at the origin O with radius 7 having negative first coordinates. We let U, is a
uniformly distributed random node over left half disc By (0, 7).

Since the distribution of U, over B,ign: is same as the distribution of U; over By, U, U, and U,

are identically distributed RVs. As such, we have
Pr{spo (U) < Tiro} = Pr{5p0 (Ur) < Tpro} = Pr{Spm0 (U1) < T} - (C.2)

We note that the CDF of Y, Fy(y), is given by (A.1), where Y = S, (U,). Thus, the expression
for Pr{sp0 (U) < Ty} can be obtained by replacing v with T, in (A.1). Finally, applying the
expression for Pr {5, (U) < T}, } to (C.1) and taking the limit =,,, = lim,_, Z,,,(7), we arrive at
(29). The Poisson distribution property for the number of RISs feeding back can be established by

using characteristic functions as in [28], which completes the proof.
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APPENDIX D

SIMULATIONS WITH MIXTURE PATH-LOSS MODELS

In this appendix, we conduct simulations with mixture product-scaling and sum-scaling path-loss
models and compare these simulations with our analysis with a single path-loss models for all potential
RISs, to show the reasonableness of the used assumption. We recall that [26] shows the path-loss
is product-scaling if the TX and RX are both in the far-field of RIS in the beamforming case and
shows the path-loss is sum-scaling if the TX and RX are both or only one of them in the near-field
of RIS, in the broadcasting case. Based on the conditions where product-scaling and sum-scaling
path-loss models hold in [26], in our simulations, we calculate the path-loss of each RIS using sum-
scaling law if the TX and RX are both or only one of them in the near-field of RIS or using the
product-scaling law if the TX and RX are both in the far-field of RIS. Fortunately, by conducting
new simulations, we show that i) the results derived by assuming all RISs have the same sum-scaling
path-loss model can be good approximations of the results that assumes mixture path-loss models for
large RISs, and ii) the results assuming all RISs have the same product-scaling path-loss model can
be good approximations of the results assuming mixture path-loss models for small RISs. Please see

the results below:

10 ¢ Simulation £ =11 10
* Simulation £ =9
O Simulation £ =7
O Simulation £ =5 >
2101k % Simulation £ =4 =10
= 10 Analytical eg. (20) % 10
g S
g fan
[0}
2102 8107
=1 O
O ¢ Simulation ¢ = 0.05
* Simulation £ =0.1
3 3 O Simulation £ =0.5
10 10 x  Simulation£=1
"x Analytical eg. (19)
X
-60 -40 -20 0 20 40 -60 -40 -20 0 20 40 60
5 dB 5 dB
(@ A=0.1, N=16 b) A=0.1, N =128

Fig. 11: In simulations, the path-loss of RIS-aided links follow the power-law path-loss model if the
RIS located at X; satisfy ||zs — X;|| > £ and || X; — xq]| > &; otherwise, RIS-aided links follow the
exp-law path-loss model. £ = % is the boundary of the far-field and near-field defined in [26] and

other parameters are the same as those in the manuscript.
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In Fig. 11a, we observe that the simulations with the boundary values of £ = 5,7,9,11 have a
good agreement with (20). This means the analytical outage probability with the sum-scaling law
is a good approximation of the simulated outage probability with product-scaling and sum-scaling
path-loss models co-existing for potential RISs, when the boundary value ¢ is relatively large, e.g.,
¢ > 5. This is because the RISs in the regime of product-scaling path-loss model (i.e., the TX and
RX are both in the far-field of the RIS) are less likely to be the optimum one compared with the
RISs in the regime of sum-scaling path-loss model (i.e., the TX and RX are both or only one of them
in the near-field of RIS). This likelihood decreases when the boundary value ¢ of the far-field and
near-field increases. We note that £ > 5 is the normal range values of ¢ of electrically-large RISs.
For example, [26] considers one large RIS prototype with the size of 1 m X 1.2m and another large
RIS prototype with the size of 0.34m x 0.5m, and carrier frequency is 10.5 GHz, which leads to
§=T71.4m and £ = 11.9m. In Fig. 11b, we observe that the simulations with the boundary values
of £ =0.05,0.1 have a good agreement with (19). This means the analytical outage probability with
the product-scaling law is a good approximation of the simulated outage probability with product-
scaling and sum-scaling path-loss models co-existing for potential RISs, when the boundary value &
is relatively small, e.g., £ < 0.1. This is because most of RISs are in the regime of product-scaling
path-loss model, i.e., the TX and RX are both in the far-field of most of RISs, when £ is small.
We note that ¢ < 0.1 is the normal range values of £ of electrically-small RISs. For example, [26]
considers a small RIS prototype with the size of 0.384 m x 0.096 m, which leads to £ = 0.1 m when
the carrier frequency is 425 MHz.
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