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Folded Polynomial Codes for Coded
Distributed AA"-Type Matrix Multiplication

Jingke Xu, Yaqian Zhang, Libo Wang

Abstract

In this paper, due to the important value in practical applications, we consider the coded distributed
matrix multiplication problem of computing AAT in a distributed computing system with N worker
nodes and a master node, where the input matrices A and A" are partitioned into m-by-p and p-by-m
blocks of equal-size sub-matrices respectively. For effective straggler mitigation, we propose a novel
computation strategy, named folded polynomial code, which is obtained by modifying the entangled
polynomial codes. Moreover, we characterize a lower bound on the optimal recovery threshold among
all linear computation strategies when the underlying field is the real number field, and our folded
polynomial codes can achieve this bound in the case of m = 1. Compared with all known computation
strategies for coded distributed matrix multiplication, our folded polynomial codes outperform them in

terms of recovery threshold, download cost, and decoding complexity.

Index Terms
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I. INTRODUCTION

As the era of big data advances, coded distributed computing has emerged as an important

approach to speed up large-scale data analysis tasks, such as machine learning, principal com-

Jingke Xu is with School of Information Science and Engineering, Shandong Agricultural University, Taian 271018, China,
e-mail: xujingke @sdau.edu.cn

Yaqian Zhang is with School of Electronic Information and Electrical Engineering, Shanghai Jiao Tong University, Shanghai
200240, China, e-mail: zhangyq9 @sjtu.edu.cn

Libo Wang is with College of Information Science and Technology, Jinan University, Guangzhou 510632, China, e-mail:

wanglibo12b@mails.ucas.edu.cn



2 IEEE TRANSACTIONS ON COMMUNICATIONS

ponent analysis and graph processing. However, this may engender additional communication
overhead, or lead to a computational bottleneck that arises due to the unpredictable latency in
waiting for the slowest servers to finish their computations, referred to as straggler effect [7],
[30]. It has been demonstrated in [26]], [30] that stragglers may run 5 to 8 times slower than
the typical worker on Amazon EC2 and thus cause significant delay in calculation. To mitigate
straggler, researchers inject redundancy by using error-correcting codes and design many coded
computation strategies [10], [28], [19]], [20]. The issue of straggling has become a hot topic in
area of coded distribute computation [2], [3], [11]], [21], [26].

As a fundamental building block of many computing applications, large scale distributed matrix
multiplication has been used to process massive data in distributed computing frameworks,
such as MapReduce [8] and Apache Spark [35]]. The problem of coded distributed matrix
multiplication (CDMM) can be formulated as a user wants to compute the product C' = AB
of two large data matrices A and B through a distributed computing system that consists of a
master node and N worker servers. The master node evenly divides A and B into block matrices
and encodes them. Then, the master node assigns the encoded sub-matrices to the corresponding
worker servers, who compute the product of encoded sub-matrices and return them to the master.
After receiving the results from the worker servers, the master node can easily obtain the product
C. To characterize the robustness against stragglers effects of a computation strategy, the recovery
threshold [33] is defined as the minimum number of successful (non-delayed, non-faulty) worker

servers that the master node needs to wait for completing the task.

Recently, straggler mitigation in CDMM has been deeply studied in the literature. The problem
of CDMM was considered in [19]], [20] by using maximum distance separable codes to encode
the input matrices. In [33]], Yu et al. designed a novel coded matrix-multiplication computation
strategy, Polynomial codes, that outperformed classical works [[14]], [[16] in algorithm-based fault
tolerance (ABFT) with respect to the recovery threshold. Polynomial codes have the recovery
threshold mn, where the input matrix A is vertically divided into m row block sub-matrices and
B is horizontally divided into n column block sub-matrices. While Dutta et al. in [12] constructed
MatDot codes which reduced the recovery threshold to 2p — 1 for p column-wise partitioning of
matrix A and p row-wise partitioning of B at the cost of increasing the computational complexity

and download cost from each work server [23]. Entangled polynomial (EP) codes [34] and
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generalized PolyDot codes [9] were independently constructed to build the general tradeoff
between recovery threshold and download cost by arbitrarily partitioning the two data matrices
into m-by-p and p-by-n blocks of equal-size sub-matrices respectively, which bridged the gap
between Polynomial codes [33]] and MatDot codes [|12]]. Moreover, Yu et al. in [34] also discussed
the lower bound of the recovery threshold for linear coded strategies, and determined an entangled
polynomial code achieving the optimal recovery threshold among all linear coded strategies in
the cases of p = 1 or m = n = 1. Furthermore, c-approximate MatDot codes in [[17] were
designed to compute C' = AB by allowing c-error under the same partition of input matrices as
in MatDot codes, which improved the recovery threshold from 2p — 1 to p. In addition to single
computing task, there is also coded distributed batch matrix multiplication (CDBMM) [18], [31],
[32], [36], [27].

As a special class of matrix multiplication, AA'-type matrix multiplication is an important
component in many scientific computations, such as image processing based on singular value
decomposition [24], and recommender systems based on the coded alternating least squares
algorithm [29]. Actually, the coded alternating least squares algorithm [29] repeatedly invoked
AAT-type matrix multiplications, which were performed by using MatDot codes. However, to
the best of our knowledge, the problem of coded distributed AA"-type matrix multiplication has
not been concerned and studied in depth so far. Therefore, no matter from practical applications
or theoretical research, it is worthwhile to design efficient computation strategies with lower
recovery threshold for such kind of matrix multiplication. Actually, many large-scale scientific
calculations are performed in the real number field, which implies that it is particularly important
to characterize the optimal recovery threshold in this case. Thus, as a preliminary exploration
in this area, we will investigate the optimal recovery threshold for all possible linear coded
strategies over the real number field.

In this paper, we focus on the coded distributed matrix multiplication problem of computing
AAT through a distributed computing system that consists of N worker servers, where the
input matrices A and AT over F are partitioned into m-by-p and p-by-m blocks of equal-size

sub-matrices respectivelyﬂ The main contributions of this paper are two folds:

"The aim of such partition is to utilize the symmetry of the matrix C' = AA" in this paper.
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1) For arbitrary matrix partitioning with parameters m, p, a novel and efficient linear compu-

tation strategy, named folded polynomial code, is presented by modifying the EP codes. The

folded polynomial code achieves a recovery threshold Rpp = (m;rl) + (p_l)(2m2—m2+1)+x(m)x(p)’

@ for x € N. In particular, our folded polynomial code can be explicitly

where y(z) =
built for m =1 as long as |F| > 2N, and in this case its recovery threshold is p.

2) For all linear computation strategies of computing AA'-type matrix multiplication over
the real number field R, there is a lower bound on the recovery threshold R, i.e., R >
min{ N, pm}. Particularly, our folded polynomial code achieves the lower bound for m = 1,
namely, our lower bound is tight in this case.

The rest of this paper is organized as follows. Section [ll] introduces the system model and
some preliminaries. The main results are presented in Section III. In Section IV, the folded
polynomial codes are constructed for general matrix partitioning. Comparisons between folded
polynomial codes and previous schemes, and some numerical experiments are given in Section

V. Finally, this paper is concluded in Section VI.

II. PROBLEM STATEMENT AND PRELIMINARIES
A. Notations and Problem Formulation

Let F be a field and charF be the characteristic of [F. Denote the set of all polynomials with n
variables over F by F[xq, o, - -+, z,]. For n; < ny € N, denote [n; : ny] = {ny,n1+1, - ,na}.
The cardinality of a set S is denoted by |S|. We usually use capital letters to denote matrices
(e.g., A, B) and bold lowercase letters to represent vectors (e.g., a,b), and AT, a' denote the
transpose of matrix A and vector a, respectively. The ith element of a vector a is denoted by
a; and [A]; ; represents the (7, j)th entry of a matrix A. For X = {§; € F : i € [1 : n]} and
G = {gi(x) € Flz] : i € [1: k]}, define a matrix M(G, X) = (g:(5;))ici1:4),jep1n) € FF*™ whose
(i, 7)-entry is g;(5;). Define Span(G) = {31, a;gi(x) : a; € F,i € [1 : k]}, which is a linear
space over [F.

We consider the matrix product C' = AAT, which is computed in a distributed computing
system consisting of a master node and N worker nodes. We assume that each worker node
only connects to the master node and all the connected links are error-free and secure.

Formally, the master node first encodes its matrices for the ith worker node as fli and B,-

according to the functions f = (fi, fo,..., fx) and g = (g1, g2, ..., gn ), Where A; = fi(A) and
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Bi = gi(AT) for 1 <17 < N. After receiving the encoded matrices fli, Bi, the ith worker node
computes C; = A;B; and returns it to the master. Some workers may fail to respond or respond
after the master recovers the product, we call such workers as stragglers. For effective straggler
mitigation, the master only receives the answers from some subset of workers to recover the
product AAT by using a class of decoding functions d = {dr : R C [N]},i.e., AAT = dx({C; :
i € R}) for some R.

The recovery threshold of a computation strategy (f, g, d), denoted by R(f,g,d), is defined
as the minimum integer k such that the master node can recover the product AAT through any
k workers’ answers for all possible data matrix A. Note that the recovery threshold represents
the least number of answers that the master needs to collect for recovering the product AAT,
so the recovery threshold is an important metric to measure the performance of a computation
strategy and it is desired to be as small as possible.

In this paper, we aim to design a computation strategy with the minimum possible recovery
threshold for the above mentioned computing problem. Since linear codes have low complexity
in the encoding and decoding process with respect to the size of the input matrices among all

possible computation strategies, we are interested in linear codes in the following.

Definition 1. For the distributed matrix multiplication problem of computing AA"T using N
workers, we say that a computation strategy is a linear code with parameters m,p, if there is
a partitioning of the input matrices A € F**V and AT € FY*, where each matrix is evenly

divided into the following sub-matrices of equal sizes

T T T
AO,O Ao,l T Ao,p—l Ao,o Al,o e Am—l,o
T T
Avp Ay o Ap T A1 Ay Al 1,1
T
Am—l,O Am—l,l T Am—l,p—l AOp 1 Al p—1 77 Am—l,p—l

such that the encoding functions f;, g;, 1 <1 < N, have the following form:

m—1 p—1 m—1 p—1
fi(A) = Qi s kA (AT) = bis kAl
7 — i,8,k<41s k> gz - 1,8,k s ko
s=0 k=0 s=0 k=0

for some tensors a,b € FN*™*P  and the decoding function for each recovery subset R can be
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written as the following form:
p—1
- .
Ciw =Y AuAl,=> Ciciju
1=0 i€R

or some tensor ¢ € FIRIXmxm ohope A Ay, € Fm*%, 0 <jk<m-—1and 0 <[ <p-—1
]7 b

Definition 2. For the distributed matrix multiplication problem of computing AAT using N
worker nodes with matrix partitioning parameters m,p, the optimal linear recovery threshold,
denoted by Ry, ... is defined as the minimum achievable recovery threshold among all linear
codes. That is, R} .. = min s g ayec R(f, g, d), where L is the set of all linear codes for general

matrix partitioning with parameters m and p.

The goal of this paper is to design computation strategies with a low recovery threshold and

to characterize the linear optimal recovery threshold Ry ...

B. Folded Polynomials

In this subsection, we introduce the definition of folded polynomials and give a method to re-
construct such polynomials by using Alon’s combinatorial nullstellensatz theorem [1]. It’s worth
noting that the definition of folded polynomials presented here are due to the special structure
of AAT-type matrix multiplication. Actually, the decoding of our code relies on reconstructing

such folded polynomials, and this is why our code is called folded polynomial code.

Definition 3. For a given polynomial f(z) € Flx| with degree n, and a given set G = {g;(x) :
1 <i < k} C Flz| of k linearly independent polynomials of degree < n, we say f(x) is
a k-terms folded polynomial with respect to G, if there exist a; € F,i € [1 : k| such that
flx) = o8 aigi(x). Moreover, we call g;(x) € G a term of f(x) and k is called the number
of terms of f(x) with respect to G.

Next we recall the Alon’s combinatorial nullstellensatz theorem |[/1].

Theorem 4. (Combinatorial Nullstellensatz [|I]]) Let F be a field and let f(xy,x9,...,x,) €
Flz1, 22, ..., x,] be a polynomial with deg(f) = Y.t and the coefficient of [[_, i in
f is non-zero, where t; > 0. Let S; C F, for i € [1 : n], be subsets with |S;| > t; and
S =8 X8y x-+-x S8, € F" Then, there exists (11,72, ....,mn,) € S such that f(ry,ro,...,1,) # 0.
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Based on the above combinatorial nullstellensatz theorem, we can build the following lemma,

which gives a method to reconstruct folded polynomials.

Lemma 5. For j = 1,2, let G; = {g;;(z), i € [1 : kj]} be a set of k; linearly independent
kj

1=

folded polynomial with respect to G;, j € [1: 2. Let N > ky > ko. If |F| > 2321 (gj)n then

polynomials with degree < n. Suppose f;(x) = > 2, a;;g:;(x) with degree n is a kj-terms
there exist N points {«; : 1 € [1 : N|} in F such that f;(x) can be reconstructed by using any k;
evaluations {f;j(cu,) : s € [1: k;|}. That is, for j = 1,2, the coefficients a;;’s can be uniquely
determined by {f;(a;,) : s € [1: k;]}.

Proof: The proof is given in Appendix [A] [ ]

Remark 1. The decoding process of folded polynomial codes relies on reconstructing several
folded polynomials, which is heavily dependent on the selection of evaluation points in field F

(see Section IV). Here Lemma [5 provides a criterion for choices of evaluation points.

III. MAIN RESULTS

In this section, we present the main results of our paper in the following theorems.

Theorem 6. For the distributed matrix multiplication problem of computing AAT using N worker
nodes for general matrix partitioning with parameters m and p, there exists a linear computation
strategy, referred to as folded polynomial codes(FPC), achieving the recovery threshold

m+1\ (p—1)(2m* —m+1) + x(m)x(p)

if B> () + (2 5h,)) (m2p + p = 2),charF # 2, or [F| > (V1) (m%p + p —
2), charF = 2, where x(z) = w for x € N. In particular, for m = 1 such folded polynomial

codes can be explicitly constructed as long as |F| > 2N.

Remark 2. The proof of Theorem [6] will be given in Section IV after introducing FP codes.
The key to reducing the recovery threshold is that folded polynomials can be reconstructed by
using less successful worker servers when computing AAT. It is noted that FP codes degenerate

into EP codes when they perform the task of AB matrix multiplication.
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Next we show the second result, which characterizes a lower bound of the recovery threshold
for general matrix partitioning with parameters m and p. In particular, folded polynomial code

is optimal for the case m = 1 in all linear codes over R.

Theorem 7. For the distributed matrix multiplication problem of computing AAT over R using

N worker nodes with general matrix partitioning parameters m and p, we have
Rikinear Z min{N7 mp}' (2)

Moreover, if m = 1, then R;, .. = Rrp = p.

Proof: Note that when m = 1, R} .. = Rpp = p can be directly obtained by Theorem [6]
and (2), so it is sufficient to prove (2), that is, if R} . < N, then Ry .. > mp.

Suppose L£* is a linear computation strategy with the recovery threshold Rj ... over R. By
Definition |1} there exist tensors a,b € R¥*™*P and the decoding functions d £ {dx : K C [1 :
NI, |K| = R} ear} such that

dic ({(Zai,s/,k/As/,m(Z bi,s,kAI,w}ieK) = AAT 3)
s k! s,k
for any input matrix A € R**” and any subset K of R;; ... worker nodes.

For simplicity, we first introduce a vectorization operator Vec, which maps a matrix M € R™*"
to a row vector in R”" whose entries are successively drawn from the matrix row by row. Then
choose A; ) = A\ pA. for all A = (\;) € R™P in , where A, € R=*7 is some nonzero
matrix. For ¢ € [1 : NJ|, let a; = Vec((a;k)jeqi:m) kenp))s bi = Vee((bijik)jepiim)kenp) and
A = Vec(A). Using these notations, we rewrite (3) as dic ({(a;- A7) (bi- AT)ACA] }iex) = AAT.
Now we prove that the rank of {a; : i € K} is mp. Otherwise, there exists a non-zero matrix

Ay € RP*™ guch that for all i € K, a; - Vec(Ag)" = 0. Thus, for all A € R and A = Ay ® A,,
AAT = dic({(a; - Vec(Ag) ") (b; - Vec(Ag) ) AA] biek)
9 i ({(a - AWec(Ao) ") (b - AWVee(Ao) ") AcA] Fiex)
= N2AAT,
where (a) follows from a; - Vec(Ag)" = Aa; - Vec(Ag)" = 0. Note that A = Ay ® A, # 0, that

is, rank(A) > 0. Moreover, rank(AA") = rank(A) over R, then AAT # 0, which implies that
A? =1, a contradiction. Thus, R}, . = |K| > mp. |



SUBMITTED PAPER 9

I'V. FOLDED POLYNOMIAL CODES

In this section, we prove Theorem [6] by giving the folded polynomial codes. We start with
two illustrating examples, and then present the folded polynomial codes with general parameters
m, p and use Lemma [5] to ensure the decodability of such codes. At last, the complexity analysis

of folded polynomial codes is given.

A. Illustrating Examples

Example 1. FP codes for m = 1,p = 2 with Rpp = 2.
Formally, we give precise encoding and decoding processes about how this FP code works. Let

|F| > 2N and oy, as, ...,y are N distinct elements in F with oyo; # 1 for 1 < 4,5 < N. The

data matrices are divided into A = ( Ao A1) , AT = (j{) ,and then C = AAT = 23:0 AAT
« Encoding: Define the encoding functions f4(x) ; Ag + Az and ga(z) = Ajz + Al
The master node computes f4(a;), ga(a;) and sends them to the ith worker node for all
iell: N
« Worker node: After receiving the matrices fa(c;), ga(c;), the ith worker node computes
the matrix product C; = f4(;)ga(;) and returns it to the master node.
« Decoding: Now we show the master node can decode and get the desired product AAT
when receiving answers from any 2 worker nodes. We explain this as follows.
We observe that for each a € {a1, a9, ,ay}, fala)ga(a) = By + AATa + B a?, where
By = AgA[. Consider the (i, j)-entry and (j,4)-entry of f4(a)ga(c), then we have
[fa(@)ga(@)liy = [Biliy + [AA i o+ [Bi] 0,

“4)
[fal@)ga(@);s = [Bilji + [AA ] ja + [Bi]i 0.

According to , it has [fa(a)ga(a)]i; = [Bl]i,i(1+a2)+[AAT]i,ioz. For any 2-subset {ay,, @, }»

2
as, 1+ ag

det = (s, — gy ) (sy005, — 1) # 0, ®)

s, 1+al
which implies that the master node can use any 2 answers {C’Sl, (:“52} to obtain the diagonal
elements [AAT];;. As to the off-diagonal elements {[AA"],; : i # j}, according to (@), the

master node knows [fa(a1)ga(aq)]i; — [falor)ga(an)l = ([Bilij — [Bil]s:) (1 — a?), and then
[B1]i; — [Bi];i can be recovered by o? # 1. Define [h(z)];; = —([Bili; — [Bi];.i)*?, the master
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node can compute the evaluations of [fa(z)ga(z) — h(z)]i; = [Bi]i,;(1 + 2%) + [AAT]; ;= at
points a,, cs,. By (5), one can directly recover the off-diagonal elements {[AAT];; : i # j}.

Hence Rpp = 2 for the case m = 1,p = 2.

Remark 3. Note that the recovery threshold of MatDot codes with the same matrix partitioning
in example 1 is 3, which is larger than that of our FPC. This implies that there exists a more

efficient computation strategy in the case m = 1,p = 2.

Remark 4. In fact, when charF # 2, according to , one can easily recover [AAT]; ; fori # j

by using two evaluations of the folded polynomial

[fa(@)ga(@)]ij + [fa(@)ga(@)]js = ([Bilij + [Bilje) (1 4+ 2°) + 2[AAT]; jo

with respect to {1 + 2?2, x}.
In the following, we present another example for m = 2.

Example 2. FP codes for m = 2, p = 2, charF = 2 with Rpp = 7.
In this case, suppose |F| > 8(N 6 1). Let o, as, -+ ,ay be N distinct undetermined evaluation

points in [, which are specified later. The data matrices are evenly divided as follows:

= Aoo Ao AT = Ago Al
Ao A Aoy Al
Then C' = AAT = (Cy )i j=0.1. The master node needs to compute C;; = >7_, A; ATy for all
i,j € [0:1]. Note Cyo = Cy, by the symmetry of C.
« Encoding: Let f4(z) = 31, Z;ZO A;j2¥ and ga(z) = 31, Z;:O Al a%+1=J Then
the master node sends fa(c;) and ga(c;) to the ith worker node.
« Worker node: The ith worker node computes Ci=f 4(a;)ga(c;) and returns the result to
the master node.
« Decoding: Now we show that the master node can recover the desired matrix AA" by

using answers from any 7 worker nodes. We explain this as follows.

At first, by a precise computation, one can get
fA(l’)gA(fL’) = 0070]3 + 0171137 + (ALlA;I]:O + AO,()AIl)lA + 0170133 + CIOZL’5 +

T T 2 T 2 T 6 T 6 T 8
Ao gy + AoaAgr” + AroAg 27 + Aon Ay 077 + Arp A 2” + A Ay g
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Then consider the (7, j)-entry of fa(z)ga(z), it has

[fa(@)ga(@))i; = [Cooliyr + [Cralija” + ([A11 Ao + Ao AL 1]ij)a* + (6)
[Ch0lija® + [Crolix® + [AooAg1)ij + [AopAg )i’ +

[AroAgligz® + [AvoAglax® + [AvoAL ]2 + [Ar o AL ],
Moreover, the ith diagonal entry of fa(x)ga(z) is

[fa(@)ga(x)]is = [Coglisx + [01,1]i,i$7 + [Cl,o]i,i($3 + 355) + (7N
[AO,OAg)l—’l]i,i(l + 5132> + [AlyoAal]i,i(xz + ZE6) + [Al,OAil:l]i,i(xG + I8),
where the term of 2 is eliminated because AgoA[, = (A11A7)" and [A11 A y+A0pA] ]ii =0

since charlF' = 2. Since Cy g, C1 1, A171A&0+A070AI1 are symmetric, then sum up the (7, j)-entry

and (j,1)-entry of fa(z)ga(z), it has

[fa(@)ga(a))iy + [fa(@)ga(@)];e = ([Croliy + [Crolia)(® + 2°)
+([AooAgJij + [AopAg i) (1 + 2°)
+([A1,040 1 i.j + [A10A40 154) (2° + 2°)

+([A10A] 1]ij + [A1pA] 1]4) (® + 2®).

Define Q = {x, 27, 2% + 2%, 1 + 22, 2% + 2%, 25 + 28}. It is easy to verify that all polynomials
of 2 are linearly independent over F, so [fa(x)ga(x)];; is a 6-terms folded polynomial with
respect to 0 and [fa(x)ga(x)]i; + [fa(x)ga(x)];; is a 4-terms folded polynomial with respect
to Q\ {x, 27}, respectively.

To recover the diagonal elements {[C];;:0 < s<t <1}, the master needs to reconstruct the
6-terms folded polynomial [f4(z)ga(x)]i;. As to the off-diagonal elements {[Cs;];; : 0 < s, <
1} with ¢ # j, suppose the master node can recover the folded polynomial [f4(z)ga(x)];; +
[fa(z)ga(z)];,, then as in example [1], it uses all coefficients of [fa(x)ga(x)];; + [fa(x)ga(x)];

to construct an auxiliary polynomial [h(z)]; ;. That is, let

[h(@)]i; = ([Crolij + [Crolja)x® + ([Ao0Ag iy + [AooAglii)a” + ®)

([A1oAg1)ij + [ALoAg1]5.)7° + ([ALoA] 1)ij + [A10A]4]5.)2°
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Then, we use [h(z)];; to build a folded polynomial whose coefficients contain the non-diagonal

entries {[Cy4];; : 0 < s,¢t < 1}. That is,

[fa(@)ga(@)]i; + [M(@)]i; = [Coolijx + [Cralija” + [Croliy(a® + 2°)
+([A11 A olig + [A11Ag olia)z* + [AopAg )iy (1 + 2%)
+[A10A40 )i (2% + 2°) + [A1pA] 1]i;(a + 2°)

is a 7-terms folded polynomial with respect to QU{z*}, which is because polynomials in QU{z*}
are linearly independent over F. To obtain {[C;.};; : 0 < s,¢ < 1}, the master node needs
to reconstruct two folded polynomials [f4(z)ga(x)]i; + [fa(x)ga(z)];; and [fa(x)ga(z)]i; +
[h(x)];; by using 7 evaluations of them.

Hence, for decoding the matrix AA', the master node needs to recover three folded poly-
nomials [fa(2)ga(2)]is, [fa(®)ga(x)]i; + [fa(@)ga(z)]j: and [fa(z)ga(@)li; + [(2)]i; by us-
ing 7 evaluations of them. Moreover, one can find that every term of [fa(x)ga(z)];; and
[fa(@)ga(@)]i; + [fa(x)ga(x)];: is also a term of [fa(x)ga(x)]i; + [h(2)];;, which implies
that if [fa(x)ga(z)]i; + [h(z)];; can be recovered by using answers from any 7 worker nodes,
so do [fa(z)ga(z)];; and [fa(x)ga(x)]ij + [fa(x)ga(x)];:. A sufficient condition of decoding
the matrix AA" is that there are N points {a; : j € [1 : N|}such that the folded polynomial
[fa(x)ga(z)]ij + [h(x)];; can be reconstructed by any 7 evaluations of it. By Lemma [5| and
F| > 8(" o '), the above condition holds. Thus, Rpp = 7.

Remark 5. In Example [2| our FP codes also work when charF # 2. That is, the diagonal
elements of {[Cs.];; : 1 < s,t <2} can be recovered by using the 7-terms folded polynomial
[fa(x)ga(z)];; and the off-diagonal elements of {[Cs;);; : 1 < s <t < 2} can be recovered
by using the 7-terms folded polynomial [f4(x)ga(x)];;+ [fa(x)ga(x)];,; and the 4-terms folded
polynomial [£4()g())s — [fa()ga(@);s

Through observing the above examples, one can find that the key to decoding the FP codes
is to recover some folded polynomials, say [fa(x)ga(x)]i:, [fa(x)ga(x)]ij £ [fa(z)ga(z)];; and
[fa(x)ga(z)]ij+ [h(x)];;, where [h(z)];; is an auxiliary polynomial if necessary. The recovery
threshold is determined by the number of terms of these folded polynomials. Next, we construct

the FP codes for general matrix partitioning, and give an explicit construction for the case m = 1.
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B. Folded Polynomial Codes for general m > 1

Now we describe a general folded polynomial code that achieves a recovery threshold Rpp =
(m+1) + (e=1)@m? —mt1) +x(m)x(p)
2 2

for all possible m > 1,p > 1. First, the matrices A and A" are
evenly divided into m x p and p x m sub-matrices according to (I)). Then the master needs to
compute AAT = (Ck s ) k,s€[0m— 1 where Cj, = SV A, JA], for k,s € [0 : m — 1]. Suppose
falx) = 3000 S0 Awgat™, gale) = 3050 Y0y ALz P and ag, oo are N
distinct evaluation points in [F, which are specified later. Then,

m—1m—1p—1p—1

2) =3 NN Ay AL thrtip o

k=0 s=0 j=0 i=0

m—1 m—1m—1p—1 (9)
k 1 } : 2 :§ : k —1+t T k —1—t
C Smp+ p+p— + Bkys,txsmp-F p+p—1+ +Bk,s,tx mp+sp+p )’

k=0 s=0 t=1 T .
=J 1<j, t=j—1 i>j, t=i—j

where G}/, = s,kandBk,S,tzz—”AkMA forall 0 < k,s<m—1land1<t<p-—1

,_.

m—

k=0 s=0

FP codes are described as follows.
« Encoding: The master node computes f4(c;), ga(«;) and sends them to the ith worker for
all i € [1: N].
« Worker node: After receiving the matrices fa(w;), ga(«;), the ith worker node computes

the matrix product f4(a;)ga(c;) and returns it to the master node.
m+1 —1)(2m2—m+1)+x(m
( +)+(p ) - )+x(m)x(p)

o Decoding: Upon receiving the answers from any worker

nodes, the master must decode the desired product AA".
The feasibility of decoding process will be shown in the proof of Theorem [f] in the next

subsection.

C. The Proof of Theorem [0]

Before presenting the proof of Theorem [ we first recall the definition of folded polynomials
by a toy example. Let f(z) = (a* 4+ 1) + 3(z + 2®) + 22* € Fz]. Since {z* + 1,z + 27, 2%}
are linearly independent over F, f(z) is a 3-terms folded polynomial with respect to them. In
general, for a polynomial f(z) with the form f(z) = S | a;g:(x), where g;(z),i € [1: k] are
linearly independent over [F, we just call it a k-terms folded polynomial, if the polynomial set
{gi(z) : 1 <1 < k} is clear from the context.

In the following, we give some intuition and ideas about how to perform the decoding process

of FP codes and then present the details of the proof of Theorem [6]
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To recover Cj, s in @), we use the symmetry of AA" to construct some folded polynomials, i.e.,

[fa(@)ga(@)is, [fa(z)ga(@)]i;E[fa(2)ga(x)];i and [fa(z)ga(x)]i;+[h(z)]i . just as in Example
and Example [2| Specifically, considering the (i, j)-entry and (j,7)-entry of f4(z)ga(x), one
can obtain

[fa(@)ga(@)]i; + [fa(x)ga(z)])

Q[Ck k] ghmptkptp=1 Z ([Ck,s]i,jJF[Ck,s]j,i)(msmp+kp+p71erkmerSerpil)
k=0 0<s<k<m-—1

+ E E Bk . t i+ Bk s t]] 2)(xsmzﬂrkzﬂrpflth + kapﬁLSPJrP*l*t)
0<s,k<m—1t=1
-1

3

Criliggino@ + D (Cralig + [Crslii)ghiso(@) (10)

=0 0<s<k<m-—1

b

—+ Z Z Bk‘stlj BkSt]]Z)gl(gzt()

0<s,k<m—1t=1

and

[fa(®)ga(®)]i; — [fa(z)ga(z)];

= Y (Crslig = [Cuslja) (@ mriote=t —ghmprsptet)

0<s<k<m-—1

+ Z Z [Br,s,tli,j = [Br,s,tlj, )(msmp"'kp"'p—l"‘t _ kap+5;0+p—1—t)
0<s,k<m—1t=1

= Y ((Cridiy - Crsligilo@+ > Z [Brosalij — [Brsalii)gg (@), (1)

0<s<k<m—1 0<s,k<m—1 t=1

where g,(fit(x) = gSmptherp=lt o (q)islghmptsptp=l=t for () < sk < m — 1,0 < t <
p—1,5 = 1,2. For simplicity, define ©; £ {g{") (x) : (k,s,¢) €[0:m —1] x [0:m — 1] x [1:
p—1} and Q2 2 {g°) (2) : (k. st) €0:m=1x[0:m—1x[1:p—1]}. Then
[fa(x)ga(x)]ij + [fa(z)ga(x)];; in is a folded polynomial with respect to {gk o) o k
0:m =1} U{glo(@) : 0<s <k <m—1}UTy, and [fa(@)ga(@)]i; — [fa(z)gal@ >1N in
is a folded polynomial with respect to {g,(izo(x) :0<s<k<m—1}UTy, where I'; is a
basis of Span(€;) for i =1, 2.

Actually, once recovered the folded polynomials [f4(z)ga(z)]i; + [fa(z ji in (10) and
[fa(@)ga()]i; — [fa(2)ga(x)];; in (11), we can obtain [Cy];; and [C;w]i,j when charF # 2.
As to charF = 2, and are the same equation. In this case, we recover the desired
matrix AAT with the help of an auxiliary polynomial [h(z)];; as in (8) of Example 2. That is,
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we use [h(x)];; to construct a folded polynomial [fa(x)ga(x)];; + [h(2)];;, whose coefficients
contain [CY ]; ;. Moreover, [C,];; can be recovered by considering the folded polynomial
[fa(@)ga(@)li

Hence, the key to proving Theorem 6 is to determine the number of terms of the above folded
polynomials by Lemma |5} which strictly depend on the dimensions of Span(£2;) and Span(2s).
To this end, we need some analysis on the polynomials in §2; and €2s.

Observe that, in §2;, the polynomials are of the form z*mPTFpp—1+t | phmptsprp—1—t _ g,ils)t(x)
for all (k,s,t) € [0:m —1] x [0:m — 1] x [1: p— 1]. One can find that any two polynomials
of € share at most one monomial, and each monomial of g,(cls)t(:zc) € (); appears in at most two
polynomials of €2;. Thus, once there are some polynomials in €2; that are linearly dependent,
they must form a loop in terms of these monomials. Actually, €2; can be partitioned into many
disjoint chains, and the adjacent polynomials in each chain share exactly one monomial. These
chains may end with a loop or not. If it is not a loop, we call it a single chain for simplicity, the
polynomials in the single chain are linearly independent. The polynomials in {2, can be analysed
similarly.

By the above observation, we characterize these chains as follows. For simplicity, we first
define amap ¢ from [0:m — 1] x[0:m—1]x[1:p—1\{(m—-—1,m—1,¢t):te[1:p—1]}
to[0:m—1]x[0:m—1]x[1:p—1]

(s+1,0,p—1t), if k=m—1;

o(k,s,t) =
(s,k+1,p—t), f0<k<m-—2.

One can easily verify that the first term of g,(;)st(x) is equal to the second term of gg()k on(@) for

all (k;s,t)e[0:m—1]x[0:m—-1]x[T1:p—1\{(m—1,m—1,t):¢t€[l:p—1]} and
i € [1:2]. Thus {¢/(k,s,t) : j € N} gives a polynomial chain starting from g,?)st(x), where
these ¢/(k, s,t)’s are considered as ordered. Next we use this map to construct all loops and
single chains of €2; and €),.

Through a precise calculation and analysis, we find that all loops are exactly those chains
starting from (k, s,t) with k = m—1. For (s,t) € [0 : m—2] x [1 : p—1], define YV, ; = {¢/(m —
1,s,t) : j € N}, which is a loop. However, different pairs (s,¢) may give the same loop. After a

simple calculation, one can find that there are at most two pairs relating one loop. Specifically, one

can verify (m—1,s,t) = ¢*™ Y (m—1,s,t) = ¢**(m—1,m—2—s,p—t), which implies that
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Vot = Vm—2-sp—t for (s,t) € [0: m—2]x[1:p—1]and (m—1,%-1,5) = ¢" ' (m—1,%2-1,%)
if m,p are even. Moreover, V,; = {¢'(m — 1,s,t) : 5 € [0 : 2(m — 1) — 1]}. Note that
Vm_yp = {¢’(m —1,s,t) : j € [0 : m — 2]} appears only once if exists. Removing the

repetitions of loops, we can obtain the set of all pairs (s, ¢) inducing different loops Y ,:

{(s,t):0<s <22t e(l:p—1]} if m is odd,

D —
{(s,t): 0<s

IN

mAtelip— 1 U{(=2t) st e [1: =X} Otherwise.

Next we present all the single chains of €2; and 2,. Define ), £ {¢(0,0,t) : j € N} for
t € [1:p—1]. Since ¢*™1(0,0,t) = (m — 1,m — 1,t) and ¢(m — 1,m — 1,t) is not defined,
then )y, is a single chain. Note the single chains Yy, ¢t € [1 : p — 1] are all disjoint. Let
Vo,0 = Urepip-11Y0,04- One can verify that U(S,t)epu{(op)} Vsr=[0:m—1]x[0:m—1] x [L:
p — 1], which implies Yy, t € [1 : p— 1] are all the single chains.

In the following, we determine the dimensions of Span(€2;) and Span(2,) by calculating the
dimension of subspace spanned by polynomials in each loop and single chain. This is illustrated

in Lemma [8l

Lemma 8. Using above notations, then

() For (a,b) € D\{(%—1,2)}, dimSpan({g),(x) : (k.s,t) € Yus}) = [Vl ~1.5 € [1:2),

and
2m—3
1 i 1
Iy an(@) =D (=10 (@), (12)
j=1
2m—3
g2 (@ Z 9t (13)

(i) If (5 —1,%) € D, then dim Span({g,(;z’t(a;) D (kys,t) € Ym g 2}) = [Ym_y 2| — da(charF),
and dim Span{g,f;t(x) : (k,s,t) € Ym_ 1 2} =m — 2. Moreover, when charF = 2,

2)1'" IR Z Jm 1,m— 1P(x)' (14)
(i) For j € [1:2]
Span();) = @ Span{gkst( )i (k,s,t) € Vap} (15)

(a,b)eDU{0,0}
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Moreover;

(p —1)(@2m* —m + 1) + x(m)x(p)(1 — 20,(charF))

dim Span(€,) = 5

and
(p—1)(@2m* —m+ 1) — x(m)x(p)
2 bl

where 0s(+) is a function from N onto {0,1} and 05(x) = 1 if and only if v = 2.

dim Span(€),) =

Proof: To maintain the fluency of this paper, the proof is given in Appendix [B] [ ]
The proof of Theorem |6} The proof is divided into two cases.
Case 1. charF # 2, Rpp = (m2+1) + (p_l)(2m2_m;1)+X(m)X(p).
By (10), (11)), and (iii) in Lemma 8] [fa(x)ga(x)];;£[fa(2)ga(z)];; can be rewritten as follows,

[fa(@)ga(@)]ij + [fa(@)ga(@)];s (16)

-1

= Crrliggine@) + Y agg@)+ D ([Crilig + [Crslia)ghso (@),

3

k=0 g(z)el 0<s<k<m-—1
[fa@)ga@)]iy — [fa@)ga@)]i = D ([Craliy — [Chslia)gs + Y begl), (17)
0<s<k<m-—1 g(z)els

where I'; is a basis of Span(€);) for i € [1 : 2], a, and b, are some elements in [F. More-
over, one can verify that {gkso(x) 0 <k < s < m-—1}nSpan(2;) = 0 for j €
{1,2}, and {gkso(m) : 0 < k < s < m— 1} are linearly independent over F. Hence,
the numbers of terms of [fa(z)ga(2)]i; + [fa(®)ga(2)];; and [fa(z)ga(2)]i; — [fa(x)ga(x)];: are
(") + dim Span(Q;) and () + dimSpan(Q,), respectively. Since charF # 2, [Cyslij, [Ch.slji
can be recovered from [Cy )i ; + [Ch.s];i and [Cyslij — [Crs);i- Similarly, the diagonal entries
[C.s)ii can be recovered by reconstructing the folded polynomial [f4(z)ga(z)]:;, which can
be verified to have the same terms as [fa(z)ga(x)]i; + [fa(x)ga(2z)];;» By Lemma |5| and
F| > (pm? +p — 2) (((m;1)+d£§;an(al)_1) + ((g)+dinf\[5;;n(92)—1)> , there always exist N points in
[F such that the folded polynomials [f4(z)ga(x)];; £ [fa(x)ga(z)];; and [fa(x)ga(z)];; can be
recovered from any (') + dim Span(€2;) worker nodes’ answers. Hence, Rpp = (")) +
dim Span(Q;) = <m2+1) + (p=hm? m+1)+x( X(p)
Case 2. charF = 2, Ryp = (m+1) _|_( 1)(2m? m2+1)+x( m)x(p)
In this case, 2y = (25. By in Lemmal polynomials in U, 4)cpuo, 0){gk 2o(@): (kys,t) € Va}
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form a basis of Span(€;), where Y, = Vap \ {(m — 1,a,b)}. According to and ,

Z ZB’”“J Bkst]gz)gz(czt()

0<k,s<m—1t=1

= Z ([Br,s,tlij + [Bk,s,t]j,i)gl(iz,t(x) +

(k,s,t)€V0,0

1
S Y (Bratlig+ [Brovaplij + Brsdii + Brmo1aslii)gh, (@).
(a,b)ED (k,s,t)EVas

Then (I0) can be rewritten as
(fa(z)ga(z)]i; + [fa(z)ga(z)]s
= Y (Crdis +[Crsligido@+ D ([Brasdiy + [Brosdsa)gin @)+

0<s<k<m—1 (k,s,t)EV0,0 (18)

1
SN (Bl + Buetaslig + [Brsdlii + [Bin-1.aslii)g 0 (2),
(a,b)ED (k,s,t)EVas

hence [fa(z)ga(x)]i; + [fa(x)ga(z)];i is a (7)) + (p_l)(2m2_m;1)+X(m)X(p) -terms folded polyno-

2
mial. Once recovered this folded polynomial, the master node can build an auxiliary polynomial
B@)i; = > (Crslij+ [Crsly )™ PP N ([Braaliy + [Brslj)a™mrtortr=t=t

0<s<k<m-—1 (k,s,t)EVo,0

+ Z Z (1Brys.tlig + Bimtaplig + [Brsljs + [Bmot,apli) P Erei=t,
(a,b)ED (k,5,t)€Va s

According to (9), it has

m—1
[fa@)ga@ij + P@)i; = > [Crnliga™™ et N[0y i joi o(@) + (19)
k=0 0<s<k<m—1

p—1
Z Z[Bk,s,t}i,jg/(i;t(w) +

0<k,s<m—1t=1

Z ([Bmfl,aﬁ]i,j + [Bmfl,a,b]j’i) Z xk?mp«I»spJ,»pf]ft

(a,b)€D (k,$0)EVa b
m—1

(a) _

LN [Craligatmrter=l N[0 sgh) o ()
k=0 0<s<k<m-—1

> S braig) (@)

(arb)EDU{(O’O)} (k,s,t)eja,,b

m—1
+x(m)x(P)([Bm—1, —1,8]ij + [Bm-1,2 -1,2]5.0)2" Y =P

+

where by, s, are some coefficients in I for all (k,s,t) € U(a b)eD YVap, and (a) comes from the
fact that

l\?

m— m_2

Z pRmptsptp—1—t _ (F+D)p+E-1 2Ip(m+1) _ Z gW ) + (m—Dmp+ 71’

m—‘rz7,2

(k»svt)éy%,l’% j=0 =0
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and for (a,b) € D\ {(% —1,5)},

Z pkmptsptp—1-t _ (z(mfa)p%fl +xp*1*b+(a+2)p)‘mzzsz(mﬂ)
(k,8,t)EVab =0
m—2—a
= Y Gehiiipl +ng% wrip-p(¥) € Span(@),

=0

here
Vop ={(m—1,a,0),(a+1,0,p—b)}U{(m—-1—a+14,4b),(i,m—a+ip—>b):i€0:a—1]}

U{(t,a+2+1i,b),(a+2+4,i+1,p—>b):i€[0:m—3—al}.

Hence, [fa(2)ga(z)]i;+[h(x)];;isa (") + (p_l)@mg_m;l)ﬂ(m)xw) -terms folded polynomial.

By and (19), one can find that every term of [fa(x)ga(z)i; + [fa(x)ga(x)];; is also
a term of [fa(x)ga(z)];; + [h(2)];;, which implies that if [f4(z)ga(2)]i; + [h(2)];; can be
recovered by some ¢ evaluation points, so does [fa(x)ga(x)]; j+[fa(x)ga(z)];:. Then, a sufficient
condition of decoding AA" for the case charF = 2 is that there exist N points aq,--- ,ay € F
such that the master node can reconstruct the folded polynomials [fa(x)ga(x)]i; + [h(2)]:;
from any (m+1) 4 _1)(2m2_m2+ DxmX(®) orker nodes’ answers. Actually, this condition is

guaranteed by Lemma |5| and |F| > (pm? + p — 2)((m+1)+(p_l)(gjiz__lmﬂ)ﬂ(m)x(p)). Hence, Rpp =
2 2

m+1 —1)(2m2—m+1)Fx(m
(;r)+(p )( 2)X( x(p) ]

According to the decoding process in Theorem [6] the field size required in the folded polyno-
. . N-1 N-1
mial code is O ((pm2 +p=2)((goosy) + (RFp—m—1))> = O ((pm* + p — 2)N**). To reduce

the field size, we present an explicit folded polynomial code with |F| > 2N for the case of

m = 1 by Corollary [l 1] in the next subsection.

D. Folded Polynomial Codes for m =1

In this subsection, we first give two lemmas and then use them to present an explicit folded
polynomial code for the case m = 1, which achieves a recovery threshold Rrpp = p with

|F| > 2N.

Lemma 9. Suppose (1, (2, ..., B, are n distinct elements in F and 3;5; # 1 for all 1 < 1,5 <
n. Assume gi(x) = 2" ' and g;(z) = "' 4+ 2" 2% for i € [2 : n]. Then, det M(Q,T) =
H1§i<j§n(ﬂj — Bi)(BiB; — 1), where Q ={g;(z):i€[l:n]} and ' ={B;:j € [1l:n]}
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Proof: The proof is shown in Appendix [ ]

Lemma 10. Suppose (31, 32, - - - , B, are n distinct elements in F and 3;8; # 1 forall 1 < 1i,j < n.
Then, det M(Q,T) = [],;.;<,(B; — Bi)(BiBlj — 1), where Q = {z"*" —a"~" . i € [L : n]} and
P={f jelln]}

Proof: The proof is shown in Appendix [ ]
According to Lemma [9 and Lemma we are able to determine N points aq,--- ,ay € F

that are needed in the decoding process in [[V-B| and an explicit folded polynomial code for

m = 1 can be constructed as illustrated in the following corollary.

Corollary 11. Assume |F| > 2N, ay,aq,--- ,an are N distinct elements in F and oo # 1,
1 <1,7 < N. Then, a folded polynomial code can be explicitly constructed over F for m = 1,

and its recovery threshold achieves p.

Proof: In the case of m = 1, (9) can be rewritten as
p—1
fa(x)ga(z) = Boa?™' + ) (Bea? '+ + Bl a7, (20)
=1

where By = AA" and B, = i;éfe A AL, 1<0<p—1.

In the following, we state that the master node can reconstruct AA" from any p worker nodes.
We first recover the diagonal elements [AA'];; = [Bo;;. According to , [fa(x)ga(x)]i: =
[Bolisa?~" + 307 [Bylsa(x? '+ + 22~1=¢). By Lemma |§|, M(Qy,T) is invertible, where Q; =
{aP 1t 4 P14 f e [1:p— 1]} U {aP1} and T is a p-subset of {c; : i € [1 : N]}. Hence,
[AAT];; can be easily recovered from any p evaluations of {[fa(c;,)ga(as,)]ii:s € [1:p]}.

Next we decode the off-diagonal elements [AAT];; with i < j. It follows from (20) that
[fa(@)ga(@)]iy = [fa(@)ga(@)]je = 3023 (Bdsy — [Belja) (@2~ —ar=1=1), which is a (p— 1)-
terms folded polynomial. Let Qy = {xP~ !¢ — 2P=1=¢: ¢ € [1 : p — 1]}. By Lemma [10} for any
p — l-subset I of I, det M(€2,I") # 0, which implies that the master can recover the folded
polynomial [fa(x)ga(z)];i; — [fa(x)ga(x)];;, and further knows the coefficients [By]; ; — [Byl;
for all £ € [1 : p— 1]. Define [h(x)]i; = S20_1 ([Belij — [Bd;:)2?~"~*, then the master node can
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compute evaluations of the following p-terms folded polynomial
p—1

Fa(@)ga(@)los + (@) = [Boliga"™" + 3 [Belis (e 4 27717)
=1
at points o, @, ...,o;,. Hence, [AAT];; can be recovered by the invertibility of M(€,T).

Thus, Rgp = p for m = 1. |

E. Complexity Analysis of Folded Polynomial Codes

In this subsection, we present the computational complexity and communication cost for folded
polynomial codes.

Encoding: The master encodes sub-matrices of sizes £ x I—’; and % x £ and sends them to
each worker node. Hence, the encoding process for matrices A, AT can be viewed as evaluating
two polynomials f4(z) and ga(x) of respective degrees pm — 1 and (m?> —m + 1)p—1 at N

points for times. By using the fast polynomial evaluation algorithms [37]], the computational

log? (m?p) log log(m?p)
mp :

w
mp

complexity of the encoding process is O <N Jn%
Each worker’s computational cost: Each worker computes the product of two matrices of
size £ x g and g x L, which requires ﬁ% operations by using standard matrix multiplication
algorithms. Hence, the computational complexity of each worker is O (%)
Decoding: After receiving the fastest Rpp answers from workers I' = {«;, : s € [1 : Rppl},
the master reconstructs the desired matrix AAT. When charF # 2, the decoding process can
be viewed as solving two linear systems whose equations have form and respectively.

Hence, the computational complexity in the decoding process is

o ((7;) (%) (Rpp —m) + (m; 1) (7’2; 1) Rpp + (Rpp —m)® + R%P> =0 ("(“;DRFP + R§P> .

When charF = 2, compared with the case of char[F # 2, the master has to additionally compute
the evaluations of {[h(z)];; : 1 < i < j < £} at Rpp points, which requires O ((%)R%P>

operations. Thus, the computational complexity in decoding process is

1 =3
10, <wRFP + Rpp + 6y(charFF) <75> R%P) :

Communication cost: The communication cost consists of upload cost and download cost
at the master node. In our scheme, the master node uploads a total of 2N 7{,‘1—2 symbols to all NV
worker nodes, and downloads 113FF>1§L722 symbols from the fastest Rpp successful worker nodes.
That is, the upload cost is O(N £%), and the download cost is (’)(RFPZ—Z). Thus, the total amount

. . . 2
of communication cost is O <N {% + RFP%)
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V. COMPARISONS AND NUMERICAL EXPERIMENTS

A. Comparisons with previous works

To the best of our knowledge, EP codes can be regarded as the state of art of previous works
with respect to CDMM, because it bridges the extremes of Polynomial codes [33]], MatDot
codes, and PolyDot codes [12]. Moreover, generalized PolyDot (GPD) codes [9] and EP codes
have similar performance, but the former reduced the recovery threshold of PolyDot codes by
a factor of 2. Since our strategy is designed to perform the task of computing AA" for matrix
partitioning with parameters m, p, we will compare our code with previous ones under the same

task and the same parameters m,p. The comparisons are listed in Table [T] and Table 2| For

Table 1: Computation Strategies for the CDMM problem of computing AAT using N worker nodes with parameters p and m = 1.

MatDot Codes [12]

FP Codes

Recovery Thershold

2p—1

p

Encoding Complexity

log2 ploglogp
o (N,uyip )

log2 ploglogp
@ (N,uuip )

Decoding Complexity

O ((2p — 1)U 4 (2p — 1)*)

O (pHUSED 4 b + b (charF) (5)p° )

Worker Computation Complexity

o () o (1)
o(ve)

O ((2p—1)p?)

Upload Cost

Download Cost

matrix partitioning with m = 1 in Table [I} we have the following observations. Compared with
the MatDot codes in [[12]], FP codes reduce the recovery threshold from 2p — 1 to p, reduce the
download cost by a factor of 2, and preserve the other performance unchanged. In particular,
to ensure the decodability, we need the field size |F| > 2N, which is almost the same as the
requirement in MatDot codes.

Table [2] is for general parameters m,p. It can be seen that compared with EP codes, FP
codes are better in terms of recovery threshold, download cost and decoding complexity for all
parameters m, p on condition that the underlying fields of the two code schemes are the same,

while encoding complexity and woker computation complexity do not change. Particularly, when
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Table 2: Computation Strategies for the CDMM problem of computing AAT using N worker nodes with arbitrary fixed parameters p

and m.

EP Codes [34]]

FP Codes

Recovery Thershold (R)

pm?4+p—1

2
(mgl) + (p—1)(2m 7m2+1)+X(m)X(P)

Encoding Complexity

o(

Nuv log? (pm?) log log(pm?)

mp

)

O (N;w log? (pm?) log log(pm?) )

mp

Decoding Complexity

o (%Ruﬁ)

O (MR + R® + 8a(charF) () R

Worker Computation Complexity @] ( L ;"2) o ( L ;’3
Upload Cost @) (N i’;) (@] (N:T’;)
Download cost o (R%) o (RT‘V‘L—z
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p = 1, our FP code has the recovery threshold (m; 1), which reduces that of EP codes by a
factor of 2. Furthermore, it should be pointed out that the field size required in FP codes is
O((pm? + p — 2)N?) for some ¢, which is larger than the field size O(N) in EP codes. This
may lead to higher upload and download cost for FP codes when defining over a large field.
However, we claim that the field size condition given in this paper is just a sufficient condition
to ensure the decoding process of FP codes. Actually, there is evidence that the field size can be
further reduced. Therefore, building FP codes over a small field is an interesting problem and
we leave it as a future work.

When F = R, there are also many efficient approaches [4]], [S], [6], [13], [22] for CDMM.
Compared with our approach, the methods, designed for sparse matrices multiplication and
partial stragglers in [4]], [S], have a lower worker computation complexity. To keep numerical
robustness, two methods are designed in [13]], [22] with respect to different matrix partitioning,
both of which give an upper bound on the condition number of the decoding matrices in the

worst case.

B. Numerical Experiments

In this subsection, since FP codes for m = 1 have an optimal linear recovery threshold over
R, we do experiments using MatDot codes [12]], OrthMatDot codes [[13|] and our FP codes for

matrix partitioning parameter m = 1, and give comparisons on performance of these codes via
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exhaustive numerical experiments in a computing node of MAGIC CUBE-III cluster (HPCPlus
Platform in Shanghai Supercomputer Center, [25]) that is equipped with 2 Intel Xeon Gold 6142
CPUs (2.6 GHz, 16 cores), 192 GB DDR4 memory, and 240 GB local SSD hard disk. One can

find the codes of all numerical experiments in [15].

Worker Computation Time & Decoding Time: In our simulation, the input matrix A has
size 12000 x 15000, whose entries are chosen independently according to the standard Gaussian
distribution N'(0,1). The matrix A is divided into 8 column blocks, i.e., m = 1,p = 8. The
output matrix AAT is obtained by decoding all entries of it. In Table [3, worker computation
time is measured by the average of computation time over all non-straggler worker nodes, and
decoding time is the time spent by the master node performing calculations during the decoding
process. Moreover, the computation complexity in worker nodes and master node are determined

by the number of multiplication operations.

From Table [3] we have the following observations. Worker computation time in our FP codes
is almost the same as that of MatDot codes, but is longer than that of OrthMatDot codes,
which is because that each worker node in OrthMatDot codes computes a flifliT—type matrix
multiplication. As to decoding time at the master node, compared with OrthMatDot codes [13],
our FP codes still reduce the decoding time despite the distributed computing system has more
straggler nodes. This coincides with the analysis on decoding complexity of the master node,
which is O(p?R?) = O(3.24 x 10'°) in OrthMatdot codes and O(1.15 x 10°) in FP codes.
Compared with MatDot codes [12]], the master node in FP codes additionally needs to perform
some addition operations (3.55 seconds), which is the reason why the decoding time of FP codes

is a litter longer than that of MatDot codes.

Overall Computation Time: We compare the above three approaches in terms of overall
computation time to recover AA" by carrying out some simulations for different number of
straggler nodes, where the computing system has 18 worker nodes. Note that overall computation
time is the time required by the master node to receive the first R answers, where R is the
recovery threshold. The results are presented in Fig[I] One can find that our proposed approach
is significantly faster in terms of overall computation time in comparison to the other two coded
approaches for different number of straggler workers. This is because that our method has a

smaller recovery threshold for the same matrix partitioning and can tolerate more straggler
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Table 3: Comparison among three coded approaches in terms of worker computation time, decoding time for N = 18 and the fixed matrix

partition (m = 1,p = 8), where evaluation points are selected as the 18-dimensional Chebyshev points.

MatDot Code [12] OrthMatDot Code [|13]] FP Code
No. of Stragglers s 3 3 10
Worker Computation Complexity O (2.7 x 10'") O (1.35 x 10'") O (2.7 x 10')
Worker Computation Time(sec.) 7.78 4.57 7.77
Decoding Complexity O (2.16 x 10%) O (3.24 x 10'7) O (1.15 x 10%)
Decoding Time(sec.) 1.80 12.86 4.55 = 1.10 + 3.55"

*Decoding time in FP code consists of two parts: multiplication (1.10 sec.) and addition (3.55 sec.).

N
w
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—e— FPC
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L
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Overall Computation Times (sec.)
w

Number of straggler workers s

Fig. 1: Comparison among three coded approaches in terms of overall computation time for different number of straggler nodes s. The
computing system has 18 worker nodes and the input matrix A is evenly divided into 8 column blocks and AT is evenly divided into
8 row blocks, so Rpp = 8, and the recovery threshold of both MatDot codes and OrthMatDot codes is 15. The straggler workers are

simulated in such a way so that they have one-fifth of the speed of the non-straggling workers.

nodes as shown in Table [1l

Numerical Stability: We know that the condition number of the associated decoding matrix
is an important metric to measure the numerical stability of a linear computing strategy for
CDMM, where the condition number of a matrix is defined by the ratio of maximum and
minimum singular values. Compared with OrthMatDot codes in Fig. 2] both our codes and
MatDot codes have very high worst condition number, which implies they are numerically
instable for fixed s and different p. Here evaluation points in OrthMatDot codes and MatDot

codes are the corresponding Chebyshev points, and evaluation points in our codes are given in
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the following manner: we randomly choose the evaluation points from the interval (—1,1) and
compute the worst condition number for 20 times, then choose those that have the minimum
worst condition number. Due to the numerical instability of FP codes, it will be a future work

to design an FP code which is numerically more stable.

Number of Stragglers s=1 Number of Stragglers s=2

1023 4
—— FPC

MatDot
OrthMatDot

—— FPC
MatDot
OrthMatDot

1020 4 102 +

=4
2
=
]

104 4 1015 4

1011 4
1011 4

o
®
L

o
2
L

=)
G
s
Worst Uondition Number

Worst vondition Number

o
w
L
o
©
L

0 10 20 30 40 50 0 10 20 30 40 50
Partitioning Factor p Partitioning Factor p

Fig. 2: Comparison among three coded approaches in terms of worst condition number for m = 1, different partitioning parameter p and

fixed number of straggler nodes (s = 1,2).

VI. CONCLUSION

In this paper, we investigate the distributed matrix multiplication problem of computing AA"
using N worker nodes with parameters m and p. We first design a linear computation strategy
for general m > 1,p > 1, i.e., folded polynomial code over [F, which has a recovery threshold

ﬁ for x € N. Then we derive

Ryp — (m;rl) + (pfl)(2m2*m2+1)+x(M)x(p)’ where y(z) =

a lower bound R} .. > min{N,mp} on the recovery threshold for all linear computation
strategies over R. In particular, our code for m = 1 is explicitly constructed and has a recovery
threshold p, achieving the lower bound. For general partitioning parameters m > 2, our strategy
is constructed over a large underlying field. Therefore, it is an interesting problem to construct
folded polynomial codes for general m > 2 over a small field. Besides, the folded polynomial
code over R is not numerically stable for larger number of worker nodes. A future work is to

design a numerically stable scheme with the same recovery threshold as FP codes over R.
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APPENDIX A

PROOF OF LEMMA[]

To complete the proof of Lemma [5] we first prove the following claim.
Claim: If polynomials in G = {g;(z) € F[z| : deg(g;(x)) < m,i € [1 : s]} are linearly
independent over IF and |F| > n, then there exist s elements [' = {§; : j € [1: s]} in F such
that det M(G,T") # 0.

Proof: This claim is proved by induction on s. For s = 1, it is obviously true. Now let s > 1
and suppose that the claim is true for s — 1. By the induction hypothesis, there are s — 1 elements
I'' ={pB; :j€[l:s—1]}in F such that det M(G \ {gs(x)},I'1) # 0. Then we prove that
there exist an element 3, € F such that det M(G, Ty U {8;s}) # 0. Otherwise, for every a € F,
det M(G,T'; U{a}) = 0. Expand by the last column, det M(G, Ty U{a}) =>"7_  cigi(a) =0
for all @ € F, where ¢; = (—1)*"det M(G \ {g:(x)},I'1) for i € [1 : s]. Combining with
IF| > n, >.._, ¢;gi(x) = 0. Note that ¢, = det M(G \ {gs(x)},I'1) # 0, which implies that
polynomials in G are linearly dependent over [F, a contradiction. [ ]

Proof of Lemma [5; In order to uniquely determine a;;’s, it is sufficient to show that the
matrix M(G;, X)) is invertable over F, j € [1 : 2], for each k;-subset X; of {a; : i € [1: N|}.
Set
Gz, wa, -+ an) = [ detM(G,Th)- J] detM(Gy,T).

r1CO pCQ,
|T'1|=Fk1 |T2|=k2

Combined the fact that g, ;(z), - - - ,g, ; () are linearly independent in F<,,[z] for each j € [1 : 2]
and the above Claim, we conclude that det M(G;,I';) is a nonzero polynomial for each k;-
subset I'; of {z; : ¢ € [1 : NJ|} and the degree of each variable in det M(G;,I';) is at most
n, which implies that G(z1, x5, -+ ,xy) is also a nonzero polynomial in F[zq,xq, - zn].
Moreover, the variable z; actually appears in (,ﬁ )+ (,i\; ) factors of G(z1,- -+ ,zy) for each

i € [1: NJ, hence the degree of each variable in G(zy,zo, - ,xy) is at most 25:1 (fjj)n
By Theorem @ and |F| > 232':1 (7 ~1)n, there are N points {c; : i € [L : N]} in F such that

G(ag, e, ,an) # 0. [ |
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APPENDIX B

PROOF OF LEMMA [8]

Proof: Note that when p = 1, Q; = Q, = (), the statements in Lemma [§| clearly hold.
W.L.O.G., we assume p > 2 in the following proof.
For convenience, we first define two maps 01,05 from [0 : m —1] x[0:m—1] x[0:p—1] to

N by o1(k,s,t) =smp+kp+p— 1+t and os(k,s,t) = kmp+ sp+p— 1 —t, one can easily
verify o1, 09 are injective. Then g,(f;t(x) can be written as g,(fzt(x) = go1(kst) 4 (—1)i-1goa(kst),
According to the definition of ¢, one can obtain oy (k, s,t) = oa2(p(k, s,t)).

(i) Equations (12)) and (13) can be directly verified by a simple calculation. Next we show that
for j € [1:2] and (a,b) € D\{(— — 1, %)}, the polynomials {gkst( )i (kys,t) € Vap \{(m—
1,a,b)}} are linearly independent over F. For j € [1 : 2], suppose > -7 * cl-géi)(mim’b)(:v) =0
for some c; € [F. Then

2m—3

0= Z C"g((ﬁjl)m 1ab )
2m—3 ) )
= 3 (@@ mted) 4 (1)im1gea(s m—La0)
=1

2m—4 ) .
= Cl(_l)j_lxal(m_lia7b) -+ Z (C’i + (_]_)j_lci+1)l-(71(¢1(m_17a~,b)) + C2m73x01(¢' (m_17a7b))’
Since o is injective, monomials in the above equation are different, which implies that these
coefficients are all zero, that is, ¢; = 0 for all 7 € [1: 2m — 3], j € {1,2}. Hence, for j € [1 : 2],
dim Span({gg’t(x) D (k,s,t) € Vap}) = 2m — 3.
(ii) For j € [1 : 2], suppose 37", clgg)(m 1,z _1,2y(x) = 0 for some ¢; € IF. Similar to the proof

of (i), we rewrite the above equation as a linear combination of some different monomials, i.e.,

3
1\3

g

ng¢z(m 1,m 1 127)($)

O

1=

3
w

(e + (=17 i)z @=L 1) 4 (e o 4 (—1)7 7 Leg)an @ P LE LB
i=0

Hence, ¢; = (—1)¢;yy fori € [0 : m — 3] and ¢,,_o = (—1)co. That is, ¢; = (—1)¥¢q for
all i € [1:m —2] and ¢g = (—1)™"1 = (—1)/¢y since m is even. Then, when j = 2 or
char[F = 2, one can find that ¢; = ¢ for all ¢ € [0 : m — 2]. When j = 1 and char[F # 2, it has
2¢g = 0, which implies that ¢; = 0 for all i € [0 : m — 2]|. Thus, dim Span{g,(i;t(x) :(kys,t) €
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Ym_1»} =m—1-0dy(charF), and dim Span{g,(j;t(x) : (k,s,t) € Ym 1 p} = m—2. Moreover,
when charF = 2, equation (14)) can be obtained by setting ¢y = 1.

(iii) For convenience, given a polynomial g(z) = > I ;ja;2’, denoting Supp(g(z)) = {z" :
a; # 0,7 € [0 : n]} the support of g(x). Since chains Y, for (s,t) € DU{(0,0)} are all disjoint,
one can find that for (sq,%1) # (s2,t2) € DU {(0,0)}, {Supp(g,(jit( )t (kys,t) € Vo, b N
{Supp(gf),(x)) : (k,s,t) € Vi } = 0. Hence, Span() = B pepuon Span{gk;x ) :
(k,s,t) € VYop}. Similar as proof of (i), one can easily check that all polynomials {gk st( )
(k,s,t) € Yoo} are linearly independent over F, so dim Span({gkﬁ’t( z) : (k,s,t) € Yoo}) =
Vool = (2m — 1)(p — 1). Combining (i) and (ii),

dimSpan(1) = [Yool + x(m)x(p)(m — 1 — da(charF)) + > ([ Vsl — 1)
(s,t)eD\{Z—-1,5}
(p—1)(2m* —m + 1) + x(m)x(p)(1 — 265 (charF))
2 b
dim Span(22) = [Vool + x(m)x(p)(m —2) + > | Vs 1l
(s,t)eD\{Z—-1,5}

(p—1)(@2m* —m+1) — x(m)x(p)
. .

APPENDIX C

PROOF OF LEMMA

Proof: Suppose Q) = {171} U {z/ 1t 4 291t ot € [1:j— 1]} and TV = {p; :
i € [1:4]} for j € [2:n]. Then, Q™ = Q and T™ = T. Let F(z) = det M(2, T U {z} \
{Bn}). Then, deg F'(z) = 2n — 2, and the lead coefficient of F(z) is L.c.(F(z)) = [[/=] B: -
det M(Q—D), D=1
W.L.O.G., we may assume that 0 ¢ {3, B2, - , Bn_1}. According to the definition of F'(z),
det M(2,T) = F(8,) and F(8; 1) = 87 *" P F(8;) = 0 fori € [l : n—1], that is, z — 5; | F ()
and x3; — 1| F(x) for i € [1 : n — 1]. Combining with 32 # 1, then (z — 3;)(zf; — 1) =
lem(z—B;,x0;—1) | F(x). Since p1, B2, - , Bn—1 are distinct in IF, we have ged((z— 1) (x5 —
1), -+, (x = B) (2B, — 1)) = 1. Then []'= (z — B;)(xB:; — 1)|F(z), which implies that

H z = B)(xp; — 1), 1)
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where ((z) € F[z] is a polynomial. Considering the degree of both sides of equation (21)), we
have deg/(x) = 0, i.e.,, {(x) = { is some non-zero constant in F. Moreover, both sides of

equation (21]) have the same lead coefficient, namely,

n—1 n—1
- Le(JJ(e = B) (s — 1) = [] 6 - det M(QD, 101,
=1 i=1

s0 ¢ = Le.(F(x))- [0S 671 = det M(Q(~D, T(*=D). By equation 21), det M(Q,T) = F(3,) =
det M(Q=D T=) . T[T (8, — Bi)(Bnfi — 1). By recursively using such equation, it leads to
det M(Q,T') = [T1<icjcn(B5 — Bi) (B8 — 1). u

APPENDIX D

PROOF OF LEMMA

Proof: Suppose QU = {z7*t — 237t . ¢t € [1 : 4]} and TV = {B; : i € [1 : j]} for
j € [1:n]. Then QM = Q and T™ = T'. Let G(x) = det M(Q,T" U {z} \ {5.}), hence
deg G(z) = 2n,l.c.(G(2)) = [115 Bi - det M(Q =D T(n=1)),

W.L.O.G., we may assume that 0 ¢ {(, 52, -+, Bn_1}. According to the definition of G(x),
one can easily verify that G(87") = 8;*"2G(8) = 0 for 1 < i < n — 1. Hence, for
1<i<n-1,2—08 | G(z) and z5; — 1 | G(x). Moreover, when z? = 1, the last row of
M(Q,TU{z}\ {B,}) is a zero vector, that is, z* — 1 | G(z). Since 3;8; # 1 for 1 < 4,5 <n
and 3; # B; for 1 <i < j <mn, ged(@® —1,(x — B1)(xBr — 1), -+, (x — Bu) (2B, — 1)) = 1,
which implies that (22 — 1) - [/, (z — 8;)(x8i—)|G(z). Hence

1

G(x) =L(x) - (2* = 1) - | (@ = Bi) (26 = 1), (22)
=1
where ((z) € F[z]. Considering the both sides of equation (22), it has deg ¢(z) = 0 and {(z) -
Le.(TT (2= B) (28—-1)) = [0 Bi-det M(Q=1 T(=D) that is, £(z) = det M(Q"~1 T(»=1),

Then, det M(QM™, T™) = det M(Q"D, TC=1) . (82 — 1) - [['=] (Ba — Bi)(Bufi — 1). By

recursively using such equation, we get det M(2,T") = H:‘:l(Bf—l)-ngiqgn(ﬁj—ﬁi)(ﬁjﬂi—l).
|

3
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