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How Practical Phase-shift Errors Affect

Beamforming of Reconfigurable Intelligent

Surface?
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Abstract

Reconfigurable intelligent surface (RIS) is a new technique that is able to manipulate the wireless

environment smartly and has been exploited for assisting the wireless communications, especially at

high frequency band. However, it suffers from hardware impairments (HWIs) in practical designs, which

inevitably degrades its performance and thus limits its full potential. To address this practical issue, we

first propose a new RIS reflection model involving phase-shift errors, which is then verified by the

measurement results from field trials. With this beamforming model, various phase-shift errors caused

by different HWIs can be analyzed. The phase-shift errors are classified into three categories: (1) globally

independent and identically distributed errors, (2) grouped independent and identically distributed errors

and (3) grouped fixed errors. The impact of typical HWIs, including frequency mismatch, PIN diode

failures and panel deformation, on RIS beamforming ability are studied with the theoretical model and

are compared with numerical results. The impact of frequency mismatch are discussed separately for

narrow-band and wide-band beamforming. Finally, useful insights and guidelines on the RIS design and

its deployment are highlighted for practical wireless sytsems.
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I. INTRODUCTION

Equiped with a large number of specially designed passive elements in the size of sub-

wavelength, reconfigurable intelligent surface (RIS) has been recognized as a potential key

technique for future wireless communications (e.g. [1]–[4]). By tuning the state of each element,

a RIS is able to manipulate the electromagnetic (EM) wave impinging upon it. Different states

of the element, controlled by positive intrinsic negative (PIN) diode, varactor diode, liquid

crystal, micro-electro-mechanical system (MEMS) or other electronic components (e.g. [5]–

[7]), correspond to specific changes to the phase, amplitude, polarization or frequency of the

incident EM wave. Phase shiftting is one of the most popular manipulation for a reflective or

transmissive RIS. With specific phase-shift state arrangement for the element array, the RIS is

able to reshape the wave front of the incident EM signal and create an anomalous reflection [8]

and hence is capable of providing a programmable wireless environment smartly and bring in

new communication paradigm [9], [10].

There have been vast studies on system design and optimization for the RIS-assisted wireless

communications and perfect hardware condition was usually assumed for the RIS (e.g. [11]–

[13]). However, design defect and fabrication errors are often unavoidable, especially for the RIS

working at high frequency band. The higher the working frequency, the smaller the element size.

For example, a 0.5m ×0.5m squared RIS for 30 GHz band consists of about 10,000 elements if

the element size is half-wave length (≈ 5 mm). A bias of the metallic patch on an element may

be as thin as a single hair and accurate etching or printing is required. In order to balance the

fabrication precision and cost, minor errors may be allowed in fabrication stage. On the other

hand, RIS panel deformation may occur during the assembling, packaging and transportation.

After the RIS installation, thermal expansion and contraction also leads to the accumulation of

interior stresses and cause panel deformation. Moreover, the electronic components, such as PIN

diodes, embedded in the element may be out of work gradually. Consequently, there are various

adverse factors which degrade the performance of a RIS within the life cycle.

The adverse factors related to the hardware of the MIMO system, such as component non-

linearity, I/Q imbalance, quantization error and phase noise, were referred to as hardware im-

pairments (HWIs) and had been recognized as problems that would deteriorate the system
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performance (e.g. [14]–[17] and references therein). As a passive array, RIS has similar HWIs

which undoubtedly leads to performance degradation. The HWIs of large intelligent surface

(LIS) were modeled as a Gaussian process in [18], [19] and the impact was investigated with

respect to system capacity and interference. The Gaussian process model was also adopted in

[20] for representing the HWIs at transceivers to address the impact on the RIS-assisted system.

Secrecy performance analysis for RIS-assisted communications under HWIs of transceivers can

also be found in [21]. Under the assumption of HWIs, a jointly design of active and passive

beamforming for secure RIS-assisted MISO system was proposed in [22]. More discussions on

the impact of HWIs on RIS-assisted communication systems can also be found in [23]–[25].

Many of these researches only took into account the HWIs at transceivers while the RIS was

assumed in perfect condition. Furthermore, the HWIs in the above works were simply modeled

as random noises to the received signal. Such simplified models are far too general and are

in lack of quantitative connection to HWIs. How much will the noise level be raised up for

a specific HWI (for example, antenna position error in [18]), or conversely, which error range

should the HWIs be confined in in order to guarantee a specific system quality of service?

As to the quantitative analysis of RIS HWIs, the phase-shift error due to quantization is

one of the most widely discussed topic. The achievable rate of RIS-assisted single user system

under limited phase-shift was discussed in [26] and they found that the required number of

discrete phase-shift for certain data rate was in inverse to the number of RIS elements. A hybrid

beamforming scheme was proposed for the RIS-assisted multi-user downlink scenario under the

constraint of limited discrete phase shifts in [27] and the improvement of the sum rate with

respect to the number of discrete phase-shifts and RIS size was investigated. Instead of data

rate, the diversity of the RIS-assisted communication system was studied in [28] and the authors

concluded that 3 discrete phase-shifts are required to achieve full diversity order. Theoretical

beamforming gain loss due to phase quantization was derived in [29] and optimization algorithm

for RIS beamforming was proposed. Other analysis on phase-shift quantization errors can also

be found in [30]–[33].

Phase-shift errors due to HWIs rather than quantization were modeled as Von Mises random

variables in [34] and they found that the transmission through an RIS with a large number of

reflecting elements resembled a direct channel with Nakagami scalar fading. Similar phase-shift

error model was applied in [35] for system outage probability analysis. The above researches had

pointed out that the phase-shift errors will definitely deteriorate the system performance, yet we
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may still wonder that, behind the performance deterioration, what have happened to the reflection

beam under the HWIs and how has the reflection energy been redistributed. Unfortunately, the

aforementioned papers do not shed light on the answer. If we have to tolerate the HWIs to some

extent, to what extent is the HWIs acceptable for an RIS?

For the RIS with reconfigurable phase-shift state on each element, the HWIs end up acting

as phase-shift errors. To the best of our knowledge, the impact of typical HWI on RIS, such as

RIS panel deformation and PIN diode failures, have not been reported, yet is closely related to

the deployment and maintenance of RIS. On the other hand, the phase-shift errors were modeled

as globally independent and identically distributed (i.i.d) variables in most studies. That is, the

phase-shift error of each RIS element is represented by the same statistical model. However,

different state of the RIS element is fulfilled by distinct patch or circuit configuration and thus

a globally identical distribution may not be an appropriate model for the phase-shift error of the

RIS element.

Motivated by the above considerations, the impact of practical phase-shift errors caused by

various HWIs on the RIS beamforming are investigated in this paper. Unlike some of the previous

studies that treated the HWIs as noise terms in channel models, the HWIs are mapped to phase-

shift errors in a beamforming model quantitatively. The main contributions of this paper are

summarized as follows.

• A RIS beamforming model is proposed and verified with field test. The analytical beam-

forming gain loss is derived based on this model. Unlike some previous studies, we assume

that the elements on a RIS can be divided into different groups regarding the phase-shift

error distributions. An inner match factor ξ and a cross match factor ζ are introduced for

the gain loss evaluation. We further prove that the gain loss is independent of the incident

angle of the EM wave for randomly distributed phase-shift errors.

• We sort the practical phase-shift errors due to HWIs into three categories: (1) globally i.i.d

errors, (2) grouped i.i.d errors and (3) grouped fixed errors, and we find that the beamforming

gain loss due to phase-shift errors of the first category is determined by the inner match

factor while the latter two categories rely on both the inner and cross match factors. The

analytical expressions of the inner and cross match factors for typical error distributions are

also derived for the study of practical cases.

• Practical phase-shift error examples caused by HWIs, including frequency mismatch (both

narrow and wide band cases), PIN diode failures and RIS panel deformation are analyzed
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analytically and numerically. With these analyses, ready-for-use instructions for RIS design,

fabrication, deployment and maintenance are provided.

The rest of this paper is organized as follows. A RIS beamforming model is established and

verified with experimental data in Section II. With the beamforming model, theoretical gain loss

due to grouped phase-shift errors are derived. In Section III, globally i.i.d phase-shift errors,

grouped i.i.d phase-shift errors and grouped fixed phase-shift errors are investigated individually

and practical phase-shift errors due to HWIs are discussed. Finally, suggestions regarding RIS

application in communication systems are concluded in Section IV.

Notations: Scalars are denoted by italic letters, vectors and matrices are denoted by bold-

face lower-case and upper-case letters, respectively. A uniform distribution in the range [a, b]

is represented by U(a, b) and a normal distribution with mean µ and standard varience σ are

denoted by N (µ, σ). A truncated normal distribution that truncates a normal distribution N (µ, σ)

in the range [a, b] is denoted by Nt(µ, σ, a, b). The expectation of a random variable x is denoted

by E(x).

II. REFLECTION MODEL OF RIS

x (φ=0 deg)

y

z (θ=0 deg)

θr

x (φ=0 deg)

y

z (θ=0 deg)

φr

dr
dt

θt
φt

θ

φ
R

(a) (b)

U(θ,φ)

Fig. 1. Local coordinates system for (a) an RIS and (b) an RIS element.

As shown in Fig. 1a, local spherical and Cartesian coordinates with the origin locating at

the center of the RIS are adopted in this paper. The location of a certain observation point can

be represented by the local spherical coordinates (d, θ, ϕ), where d, θ and ϕ are the distance

from the observation point to the origin, the elevation angle and the azimuth, respectively. The

RIS lies in the x-o-y plane, consisting of N = Nx ×Ny elements with element spacing dx and

dy in x- and y-direction. The locations of the BS and UE are denoted as rt = (dt, θt, ϕt) and
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r′ = (dr, θr, ϕr), respectively. When a single element on a RIS is of interest, a local coordinates

system as shown in Fig. 1b is applied. The incident or reflection angle at an RIS element is

determined by the elevation angle and azimuth (θ, ϕ) in the local coordinates system.

A. Beamforming Model

For a reflective RIS, the reflected energy is confined to the front hemisphere towards the

positive z-axis , i.e., θ ∈ [0, π
2
], as shown in Fig. 1b. Assuming that the total power of the EM

wave reflected by a single RIS element is P , then the total power holds when the EM wave

propagates to a hemispherical surface with radius R, according to the law of energy conservation,

which reads

P = R2

∫ 2π

0

∫ π
2

0

U(θ, ϕ) sin θdθdϕ, (1)

where U(θ, ϕ) is the power density on the hemispherical surface. The power density can be

further written as

U(θ, ϕ) = UmF (θ, ϕ), (2)

where Um denotes the maximum power density on the surface whereas F (θ, ϕ) depicts the

reflection pattern of the RIS element. According to (1) and (2), Um can be determined and the

power density can be expressed as

U(θ, ϕ) =
PF (θ, ϕ)

R2ΩA

=
PFn(θ, ϕ)

R2
, (3)

where ΩA is the beam solid angle as defined in [36],

ΩA =

∫ 2π

0

∫ π
2

0

F (θ, ϕ) sin θdθdϕ, (4)

and Fn(θ, ϕ) = F (θ, ϕ)/ΩA is the power-normalized pattern. For an isotropic RIS element, i.e.,

F (θ, ϕ) = 1, the incident EM wave is reflected uniformly towards all directions and the power

density is a constant on the hemispherical surface, U(θ, ϕ) = Um = P/(2πR2).

As a passive node in the communication system, the RIS does not transmit signal itself but

reflects the EM wave impinge upon it from the BS. For a BS locating at rt and a RIS element

locating at r, if the BS has a single antenna whose power-normalized pattern is Fn,tx(θ, ϕ), the

power received by the RIS element Pr is related to the transmitted power Pt at the BS as

Pr = Se
PtFn,tx(θ

tx, ϕtx)F (θinc, ϕinc)

|r− rt|2
, (5)
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where (θtx, ϕtx) and (θinc, ϕinc) represent the angle of departure at the BS and the angle of arrival

at the RIS element and Se = dxdy is the area of the RIS element. Additionally, the phase delay

of the EM wave from the BS to the RIS element can be calculated as φinc = k|r − rt|, where

k = 2π/λ is the wave number, λ being the wave length. Finally, the complex amplitude of the

EM signal reflected by the `-th element on the RIS at an observation point r′ can be written as

A`(r
′) =

√
Pr,`Fn(θ`, ϕ`)

|r` − r′|
Γ`e

j(φinc
` +k|r`−r′|), (6)

where Γ` = |Γ`|ejφ` is the complex reflection coefficient of the RIS element , φ` being the phase-

shift imposed by the RIS element to the EM signal. The reflection angle (θ`, ϕ`) is determined

by the spatial vector (r` − r′) in the local coordinates of the RIS.

In most cases, the RIS is utilized to enhance signal coverage or tackle the blockage and it is

usually deployed far from the BS, hence the BS can be regarded as a point source and (6) can

be applied. Note that the signal amplitude A` in (6) is not the exact amplitude of the electric or

magnetic field and the transform between the signal amplitude and electric field amplitude can

be found in [37]. If a UE equipped with an isotropic antenna is placed at the observation point,

the received power at the UE reflected by a RIS with N elements can then be expressed as

P (r′) = S
∣∣∣ N∑
`=1

A`(r
′)
∣∣∣2 = S

∣∣∣ N∑
`=1

√
Pr,`Fn(θ`, ϕ`)

|r` − r′|
Γ`e

j(φinc
` +k|r`−r′|+φ`)

∣∣∣2, (7)

where S is the effective aperture of the UE antenna. Obviously, the maximum received power

can be obtained if φinc
` + k|r` − r′|+ φ` = φc for ` = 1, 2, · · · , N , where φc is a constant phase

which can be simply set to be zero. The optimal phase-shift for the `-th RIS element can then

be written as

φ∗` = −φinc` − k|r` − r′|+ φc. (8)

Equation (8) is a general near-field solution, but when the receiver locates in the far-field zone

of an antenna array, i.e. |r′| > 2D2/λ, where D is the largest dimension of the array, a plane

wave approximation can be made. Let (θi, ϕi) and (θr, ϕr) be the incident and reflection angle,

respectively, and assume that the RIS element is numbered starting from the lower left corner

to the upper right corner in Fig. 1a, then the optimal phase-shift for the element at the n-th row

and m-th column is

φ∗nm = −k[(Nx −m)cx + (Ny − n)cy], (9)

where cx = dx(sin θi cosϕi + sin θr cosϕr), cy = dy(sin θi sinϕi + sin θr sinϕr).
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Ideally, if the phase-shift of each element on the RIS is tuned according to (8) to form a

precoding matrix, a perfect beamforming is achieved. However, due to the limitation of the

hardware, the phase-shift at each element may not be switched to the optimal one. Instead, a

set of discrete phase-shifts is available and the one that is most close to the optimal phase-shift

is chosen for the beamforming.

With the beamforming model (7), the distribution of the reflected power on a given hemispher-

ical surface corresponding to certain precoding matrix can be calculated. When the distribution

of the reflected power on the hemispherical surface is obtain, it forms a 3D beam pattern which

shows the exact direction of the reflection beam. Sometimes, the width and gain of the reflection

beam is of concern, then we will only gather the reflected power along one of the orthodrome

on the hemispherical surface to form a 2D beam pattern. The 2D and 3D beam patterns are

referred to as numerical results in this paper and will be applied for phase-shift error analysis

in the sequel of this paper.

To verify the effectiveness of our proposed beamforming model, an experimental test is carried

out. Fig. 2a illustrates the indoor test system and Fig. 2b is the on-site photos during the test. A

high-frequency active antenna unit (AAU) is placed at the centerline of a corridor while a RIS

is set up near the door of an empty room. The RIS, developed by ZTE, consists of 64×64 4-bit

and dual-polarized elements with the element size of 5 mm×5 mm (Fig. 2b). A dedicated UE

moves in the empty room along a circular trail for recording the signal. The AAU, RIS and UE

are at the same height and the working frequency is 27.03708 GHz. The target reflection beam

is set at θr = 48◦, ϕr = 180◦. In order to perform numerical simulation for this test, the received

power at the RIS element Pr is measured as the reference signal receiving power (RSRP) at

the surface of the RIS using the same UE, which is about -63 dBm in the test. The reflection

amplitude of the RIS elements is 0.9, which is obtained from the full-wave EM simulation. It

is difficult to measure the exact reflection pattern of a RIS element in practice and two typical

patterns, F (θ, ϕ) = 1 and F (θ, ϕ) = cos2 θ, are chosen for the simulation.

The measured data in Fig. 2c shows a narrow beam centered at θ = 48.3◦ and several “side

lobes” also appear within the observation range. By moving the wave-absorbing board along

the corridor, we find out that these “side lobes” are in fact multi-path signals reflected by the

RIS. The minor fluctuation of the moving speed of the UE should account for the 0.3◦ offset

of the target beam and the slight mismatch of the beamwidth between the measured data and

the simulation results. The cos2 θ pattern shows a higher gain (about 3 dB) at θ = 48◦ than the
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Fig. 2. (a) Illustration of the frequency mismatch in wideband system; (b) beamforming loss at different frequency when a

precoding matrix designed for the central frequency is applied and (c) measured RSRP versus simulation result.

measured data while the isotropic one matches better, but it is not necessarily that the isotropic

model fits the reflection pattern of the RIS element better since the gain deviation may result from

the imperfection of the RIS or the inaccurate measurement of the RSRP. As to a beamforming

model, the match of the beamwidth with the measured data is far more important than the power

gain alignment. Hence, the comparison has verified that our reflection model is accurate enough

for further numerical analysis.

B. Phase-shift Error Model

Assume that the elements of a RIS can be divided into V groups with the v-th group having

Nv elements, v = 1, 2, · · · , V , and N =
∑V

v=1 Nv, and that the phase-shift errors of the RIS

elements within the same group can be modeled as i.i.d variables. By defining the phase-shift
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error of the `-th element in the v-th group ∆φv` as the difference between the actual phase-shift

φv` of the element and the optimal phase-shift φ∗v` determined by (8),

∆φv` = φv` − φ∗v`, (10)

the received power in (7) can be rewritten as

P (r′) = S

∣∣∣∣∣
V∑
v=1

Nv∑
`=1

αv`e
j∆φv`

∣∣∣∣∣
2

, (11)

where

αv` =

√
Pr,v`Fn(θv`, ϕv`)

|rv` − r′|
|Γv`|ej(φ

inc
v` +k|rv`−r′|+φ∗v`) (12)

is the amplitude attenuation factor in free space. The received power at the target direction is of

interest in the subsequent discussion and the parameter r′ in P (r′) will be omitted for simplicity,

unless otherwise noted.

In this paper, we focus on studying the effectiveness of an RIS between the transmitter and

receiver, as also shown in our simulation setup in Fig. 3. Thus, we consider far-field propagation

for RIS involved links. Within the far-field region, the following approximation can be made,

|rv` − r′| ≈ |r′|+ D
2

sin θr [38], θv` ≈ θr, ϕv` ≈ ϕr, φinc
v` ≈ φinc

c and Pr,v` ≈ Pr,c, where φinc
c and

Pr,c are the incident phase and the received power at the central RIS element and (θr, ϕr) is the

reflection angle with respect to the center of the RIS. Assuming that the reflection amplitude is

a constant |Γ| for all elements, the amplitude attenuation factor then becomes

αv` =

√
Pr,cFn(θr′ , ϕr′)

|r′|+ D
2

sin θr
|Γ|ejφc = α, (13)

where α is a complex constant for a given direction (θr, ϕr). There are cases that the UE may

appear in the near-field region when the RIS is extremely large [39]. However, the impact of

the practical phase-shift errors on the beamforming gain may be alleviated due to the relatively

low path loss in near-field region and hence the near-field cases are not discussed in this paper.

By applying the far-field approximation (13), the expectation of (11) becomes

E[P ] =E

[
S
∣∣∣ V∑
v=1

Nv∑
`=1

αej∆φv`
∣∣∣2]

=S|α|2E

[∣∣∣ V∑
v=1

Nv∑
`=1

cos(∆φv`) + j

V∑
v=1

Nv∑
`=1

sin(∆φv`)
∣∣∣2]

=S|α|2
[
N +

V∑
v=1

Nv∑
`=1

Nv∑
m6=`

ξ`mv +
V∑
v=1

V∑
u6=v

Nv∑
`=1

Nu∑
m=1

ζ`mvu

]
,

(14)
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where ξ`mv = E[cos(∆φv`−∆φvm)] and ζ`mvu = E[cos(∆φv`−∆φum)]. Since the phase-shift errors

of the elements in the same group are i.i.d variables, i.e., E[∆φv`] = E[∆φvm], the expectation

E[cos(∆φv`−∆φvm)] has the same value for any (`,m) pair as long as ` 6= m, and so does the

expectation E[cos(∆φv` −∆φum)]. Hence, we can drop the superscript `m in ξ`mv and ζ`mvu and

name ξv the inner match factor of group v and ζvu the cross match factor between the v-th and

u-th groups. Equation (14) now can be simplified as

E[P ] = S|α|2
[
N +

V∑
v=1

Nv(Nv − 1)ξv +
V∑
v=1

V∑
u6=v

NvNuζvu

]
, (15)

with ξv = E[cos ∆φv]
2 + E[sin ∆φv]

2

ζvu = E[cos ∆φv]E[cos ∆φu] + E[sin ∆φv]E[sin ∆φu],
(16)

where ∆φv and ∆φu represent the phase-shift error distribution of the v-th and u-th group,

respectively. By applying (15), phase-shift errors caused by various HWI can be investigated

from the beamforming point of view.

Proposition 1. The beamforming gain loss due to the phase-shift errors of the RIS elements

can be determined as

δ =
1

N2

[
N +

V∑
v=1

Nv(Nv − 1)ξv +
V∑
v=1

V∑
u6=v

NvNuζvu

]
, (17)

and it is independent of the incident angle of the EM wave if the phase-shift errors are randomly

distributed.

Proof: If there is no phase-shift error on the RIS elements, then ξv = ζvu = 1 for v, u ∈

{1, 2, · · · , V }, which means that the phase delays of the signals reflected by each RIS element

are perfectly matched at UE and the maximum power is received, which is

Pmax = S|α|2
[
N +

V∑
v=1

Nv(Nv − 1) +
V∑
v=1

V∑
u6=v

NvNu

]
= SN2|α|2. (18)

According to (15) and (18), the ratio between E[P ] and Pmax yields (17). This ratio depicts the

gain loss caused by phase-shift errors compared to the optimal beamforming gain. It is clear

that δ is relevant to the number of elements and the distribution of the phase-shift errors in each

group, but is independent of the incident angle of the EM wave since the incident angle only

affects α but it is canceled out in (17).
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With this proposition, the path loss model between the BS and the RIS in (5) can be simply

replaced by a given incident power in the numerical simulations when the gain loss due to

phase-shift errors is of concern. According to (16), we have ξv ≤ 1, ζvu ≤ 1, the dB value of

δ is then non-positive and it represents directly the beamforming gain loss. Hence, δ will be

adopted as the key indicator for analyzing the impact of the practical phase-shift errors and its

dB value is preferred in the following discussion.

III. IMPACT OF PHASE-SHIFT ERRORS

A. Globally i.i.d Phase-shift Errors

The phase-shift errors of the RIS elements satisfying the same random distribution, i.e.,

globally i.i.d phase-shift errors, is a special case of (15). It has been stressed in some papers as

listed in Section I and we would like to further probe into this case.

Proposition 2. The power gain loss due to globally i.i.d phase-shift error is determined by

the the inner match factor ξ1 when N � 1.

Proof: For the globally i.i.d case, V = 1, then (15) is reduced to a simpler form,

E[P ] = S|α|2[N +N(N − 1)ξ1]. (19)

Clearly, the ratio between E[P ] and Pmax is ξ1 if N � 1, according to (18) and (19), which

completes the proof.

There are two typical phase-shift error distributions, (1) uniformly distributed and (2) trun-

cated normally distributed errors on RIS elements. The former is usually a consequence of the

quantization of the phase-shift or the use of group control, i.e., a group of RIS elements is

connected to a single input. The latter is mainly caused by fabrication errors, especially when

all the elements of a RIS are fabricated in the same assemble line, following the same production

procedure and quality control. A more general case is that the real distribution of the phase-shift

errors is the mixture of two or more independent distributions.

Remark 1. If the phase-shift errors are uniformly distributed in [β1, β2], i.e., ∆φ ∼ U(β1, β2),

we have

ξ1(∆φ) =
2[1− cos(β2 − β1)]

(β2 − β1)2
. (20)

Equation (20) is obtained by the integral
∫ β2

β1

∫ β2

β1

cos(x1−x2)
β2−β1

dx1dx2. It is clear that ξ1(∆φ) depends

on the absolute error interval (β2−β1), rather than the exact error boundaries β1 and β2. That is,
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for a uniform distribution ∆φ ∼ U(β1+η, β2+η), ξ1(∆φ) has the same value for any η ∈ R. The

offset η makes no difference to the beamforming gain, which can be easily proved as following,∣∣∣ N∑
`=1

α`e
j(∆φ`+η)

∣∣∣ =
∣∣∣ejη N∑

`=1

α`e
j∆φ`

∣∣∣ =
∣∣∣ N∑
`=1

α`e
j∆φ`

∣∣∣. (21)

Consequently, ∆φ ∼ U(β1, β2) is equivalent to a zero-mean distribution ∆φ ∼ U(−β2−β1

2
, β2−β1

2
)

with respect to the beamforming gain.

Remark 2. If the phase-shift errors satisfy a truncated normal distribution with mean value

µ, standard deviation σ and truncation interval [µ−ψ, µ+ψ], ∆φ ∼ Nt(µ, σ, µ−ψ, µ+ψ), we

have

ξ1(∆φ) = e−σ
2

[
erf
(
ψ−jσ2
√

2σ

)
+ erf

(
ψ+jσ2
√

2σ

)
2erf

(
ψ√
2σ

) ]2

, (22)

where erf(z) = 2/
√
π
∫ z

0
e−t

2
dt is the error function. It can be found that ξ1(∆φ) relies on the

error deviation σ and the absolute truncation interval [−ψ,ψ] centered at µ but is independent

of µ. The mean value µ can as well be treated as a common offset, the same as η in (21), and

thus ∆φ ∼ Nt(µ, σ, µ− ψ, µ+ ψ) is equivalent to ∆φ ∼ Nt(0, σ,−ψ, ψ) in this case.
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Fig. 3. (a) PDF examples of uniform distribution and truncated normal distribution. (b) Power gain loss expectation under

uniform and truncated normal distributions. The green dashed line marks the -3 dB level.

Examples of the probability density function (PDF) of uniform distribution and truncated nor-

mal distribution are shown in Fig. 3a. The truncation interval of the truncated normal distribution

is chosen to be the 3-sigma region [−3σ, 3σ]. Fig. 3b shows the beamforming gain loss δ of

uniform distribution and truncated normal distribution versus the error range. Clearly, δ drops

quickly when the error range is larger than [−π
4
, π

4
] for the uniform distribution while it declines

slower for the truncated normal distribution. A 3 dB loss is witnessed when the phase-shift errors

satisfy ∆φ ∼ U(−79◦, 79◦) or ∆φ ∼ Nt(0, 48◦,−144◦, 144◦). The good news is that when the
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phase-shift error is confined in a small range, feeble gain loss is expected. For example, when

the errors are limited in [−π
6
,π
6
], the losses are 0.40 dB and 0.13 dB for a uniform distribution

and a truncated normal distribution, respectively. When ∆φ ∼ U(−π
2
, π

2
), it is equivalent to a

1-bit phase-shift quantization and ξ1 = 4
π2 ≈ 3.9 dB, the same as in [29].

(a) = 0

1-bit precoding
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Fig. 4. The 3D patterns on the hemispherical surface (a) and the 2D beam patterns under uniformly distributed errors (b) and

truncated normally distributed errors (c). Note that the 3D patterns on the hemispherical surface have been projected onto the

x-o-y plane and the same color scale is applied.

Fig. 4 shows the numerical results of different error distributions with simulation parameters

listed in Table I. The power level of the side lobes goes up notably under phase-shift errors

as indicated in Fig. 4a. The yellow dashed line in the upper left contour in Fig. 4a marks the

orthodrome that the 2D pattern locates. As expected, no evident power gain reduction is observed

at the target direction when the randomly distributed phase-shift errors are confined in the range

[−π
6
,π
6
] for either uniform distribution or truncated normal distribution (the dashed orange line

in Fig. 4b and Fig. 4c) while no main lobe appears at the target direction when the phase-shift

errors uniformly distributed in [−π,π] (the dashed red line in Fig. 4b). Although it has been

mentioned that the 1-bit precoding is equivalent to the phase-shift errors distributed in [−π
2
, π

2
]

uniformly with respect to the power gain at the UE, the 3D beam patterns are totally different
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TABLE I

PARAMETERS FOR THE SIMULATION IN FIG. 4

Parameter Value

Carrier frequency 27.03708 GHz

Array size Nx = Ny = 32

Element size dx = dy = 0.5λ

Location of BS dt = 100m, θt = 20◦, ϕt = 174◦

Location of UE dr = 10m, θr = 36◦, ϕr = 340◦

Incident power at RIS elements 0 dBm

Reflection amplitude |Γ| = 1.0

Element reflection pattern F (θ, ϕ) = 1 (isotropic)

Effective receiving aperture S = dx ∗ dy

for these two cases. The former gives rise to a grating lobe at a different direction while the

latter spreads the power onto the whole hemispherical surface, as shown in Fig. 4a. The increase

of power level of the side lobes due to phase-shift errors may raise up the interference level to

other users.

When a RIS encounters more than one adverse condition during the fabrication or deployment,

the total phase-shift error of an element is the superposition of the errors aroused by each of

these adverse conditions. For example, if uniformly distributed phase-shift errors in the range

[β1, β2] are brought in in the fabrication stage of a 1-bit RIS, the phase-shift error consists of two

distributions, ∆φ1 ∼ U(−π
2
, π

2
) and ∆φ2 ∼ U(β1, β2). Similarly, if the fabrication error satisfies

a truncated normal distribution, the total phase-shift error on each element then consists of both

uniformly distributed and truncated normally distributed components.

Proposition 3. For a group of RIS elements having hybrid phase-shift errors, if

• the phase-shift error is composed of n error components, ∆φ =
∑n

i=1 ∆φi,

• ∆φi satisfies a random distribution Di defined in (ai, bi) and the PDF of Di is symmetric

with respect to ∆φi = (ai + bi)/2 for i = 1, 2, · · · , n,

then the following relation holds

ξ1(∆φ) =
n∏
i=1

ξ1(∆φi). (23)

Proof: Detailed proof is provided in Appendix.
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ζvu =



cos(β1 − γ1) + cos(β2 − γ2)− cos(β1 − γ2)− cos(β2 − γ1)

(β2 − β1)(γ2 − γ1)
,

∆φv ∼ U(β1, β2),∆φu ∼ U(γ1, γ2);

sin(β1 − µ)− sin(β2 − µ)

(β1 − β2)e−
1
2
σ2

erf
(
ψ−jσ2
√

2σ

)
+ erf

(
ψ+jσ2
√

2σ

)
2erf

(
ψ√
2σ

) ,

∆φv ∼ U(β1, β2),∆φu ∼ Nt(µ, σ, µ− ψ, µ+ ψ);

cos(µ1 − µ2)

e
1
2

(σ2
1+σ2

2)

[
erf
(
ψ1−jσ2

1√
2σ1

)
+ erf

(
ψ1+jσ2

1√
2σ1

)] [
erf
(
ψ2−jσ2

2√
2σ2

)
+ erf

(
ψ2+σ2

2√
2σ2

)]
4erf

(
a√
2σ1

)
erf
(

ψ2√
2σ2

) ,

∆φv ∼ Nt(µ1, σ1, µ1 − ψ1, µ1 + ψ1),∆φu ∼ Nt(µ2, σ2, µ2 − ψ2, µ2 + ψ2).

(24)

B. Grouped Random Phase-shift Errors

As is discussed previously, randomly distributed phase-shift errors may be introduced during

fabrication and different error types may emerge on different group of elements. Such situation

may occur when a metasurface consists of different types of elements or when the state of

the RIS elements can be reconfigured. An example is the dog-bone shaped metallic unit cells

designed in [43] for forming refraction metasurfaces. Since the shape of the patch differs from

each other, different phase-shift errors may emerge due to fabrication error. Another example

is the 2-bit element proposed in [42], where the phase-shift state of the element is determined

by the combination of the ON/OFF state of different PIN diodes and thus the phase-shift errors

may differ in different element states.

The calculation of cross match factor ζvu becomes complicated when phase-shift error dis-

tributions differ among element groups, but we can still obtain the analytical expressions by

commercial software, such as Mathematica, as given in (24). Carrier frequency mismatch and

PIN diode failure are common issues in RIS application and grouped i.i.d phase-shift errors

occur in both issues. The beamforming gain loss of these two issues will be discussed by means

of the phase-shift error model (14) in this section.

1) Carrier Frequency Mismatch: Usually, the RIS element has finite reconfigurable states

with each state corresponding to a specific phase-shift and the phase-shift of a certain state

varies with the frequency of the impinging EM waves. For example, the 1-bit RIS element
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Fig. 5. Diagram of the phase-shift error distributions of a 1-bit RIS element.

proposed in [40] has phase-shift difference between the two states ranging from 135◦ to 200◦

in the frequency band 8.1 GHZ to 12.7 GHz. Assuming that a 1-bit RIS element working at

a certain frequency has phase-shifts ψ1 at State 1 and ψ2 at State 2 (Fig. 5), then the state of

an element in the beamforming are chosen according to the optimal phase-shift determined by

(8). State 1 is chosen when the optimal phase-shift locates in Zone 1 and State 2 is chosen

otherwise. Accordingly, the phase-shift errors at the two states satisfy ∆φ1 ∼ U(∆ψ
2
− π, ∆ψ

2
)

and ∆φ2 ∼ U(−∆ψ
2
, π − ∆ψ

2
) with ∆ψ = ψ2 − ψ1, which yields

δ =
1

N2

(
N2

1 ξ1 +N2
2 ξ2 + 2N1N2ζ12

)
. (25)

Remark 3. Statistically, N1 = N2 = N
2

provided that N is sufficient large. By applying (20)

and (24), we have ξ1 = ξ2 = 4
π2 and ζ12 = − 4

π2 cos(∆ψ), then (25) becomes

δ =
2

π2
[1− cos(∆ψ)] , (26)

which depicts the beamforming gain loss for a 1-bit RIS with elements having phase-shift

difference ∆ψ between the 2 states. A maximum value 4
π2 is achieved in (26) when ∆ψ = π,

which indicates that the optimal phase-shift difference between the two states of a 1-bit element

is π. In other words, the optimal working frequency of a 1-bit RIS is the frequency with which

the phase-shift difference is π between the two states. The reason is straightforward, as the

π difference between the two phase-shift partitions the 2π period into two equal portions and

minimizes the maximum phase-shift error to ±π
2

for both states. Similarly, the optimal phase-

shift set for a q-bit RIS element should has the phase-shift difference 2π
2q

between the adjacent

states. If the carrier frequency is not at the optimal frequency band, there is beamforming gain

loss.
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Fig. 6. (a) Theoretical beamforming gain loss versus phase difference for 1-bit RIS. (b) Simulation result of 2D beam patterns

with different 1-bit phase-shift set. The legend labels denote the 2 discrete phase-shifts in degree.

The beamforming gain loss of a 1-bit RIS with different ∆ψ are plotted in Fig. 6a. The gain

only drops about 1.3 dB when the phase-shift difference ∆ψ deviates 60◦ from the optimal one

(180◦), i.e., ∆ψ ∈ [120◦, 240◦], which is a relatively large range and may ease the design of the

RIS element. However, the total gain loss rises sharply if ∆ψ keep deviating from 180◦ and a 10

dB drop is observed when ∆ψ shrinks to 60◦ or expands to 300◦. Fig. 6b shows the numerical

result of a 1-bit RIS with various ∆ψ under the parameters listed in Table I, which also verifies

that the beamforming gain drops gradually with the shrink of the phase-shift difference between

the two states of the 1-bit RIS element. The simulated gain loss at the target direction is lower

than the theoretical value 10 dB when ∆ψ = 60◦ and the reason may be that the 32×32 element

array is not large enough.

We need to further emphasize that the beamforming gain loss in Fig. 6a is obtained under the

assumption that the phase-shifts of the two states of the RIS element are known and the phase-

shift matrix is designed based on these phase-shifts. However, if the actual phase-shift difference

is unknown and the phase-shift matrix is designed based on the optimal one (∆ψ = π), larger

power gain loss will be expected as the error range is unintentionally enlarged. On the other

hand, if the RIS is utilized for wide-band communications, i.e. a single frequency precoding

matrix for all sub-carriers, the beamforming gain loss will be further increased(e.g. [41]) and

this gain loss in fact involves in another type of phase-shift errors which will be discussed in

Section III-C.

2) PIN Diode Failure: For the RIS with discrete phase-shift controlled by PIN diodes, the

failure of PIN diode may occur gradually after a long period of deployment and result in

undesired change to the element state, which is a serious issue to the RIS-assisted communication
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TABLE II

ELEMENT GROUPS IN A RIS WITH PIN DIODE FAILURES

Group No. Element type Number of elements Error distribution

1
Elements switched to State 1 as expected for beamforming

and elements at State 1 permanently due to PIN failure
N1 = 1

2
(1− p2)N ∆φ1 ∼ U(−∆ψ

2
, π − ∆ψ

2
)

2
Elements switched to State 2 as expected for beamforming

and elements at State 2 permanently due to PIN failure
N2 = 1

2
(1− p1)N ∆φ2 ∼ U( ∆ψ

2
− π, ∆ψ

2
)

3
Elements at State 1 permanently due to PIN failure but

State 2 is expected for beamforming
N3 = 1

2
p1N ∆φ3 ∼ U( ∆ψ

2
, ∆ψ

2
+ π)

4
Elements at State 2 permanently due to PIN failure but

State 1 is expected for beamforming
N4 = 1

2
p2N ∆φ4 ∼ U(−∆ψ

2
− π,−∆ψ

2
)

systems. There are usually two types of PIN diode failure, open circuit and short circuit, which

lead to permanent OFF and ON states and give rise to the open-circuit and short-circuit phase-

shift errors, respectively. Take the 2-bit RIS element proposed in [42] for example, configuration

2 will switch to configuration 1 if PIN 1 is short-circuit and PIN 2 is open-circuit (Table 1 in

[42]).

It should be pointed out that an element with a PIN diode having open-circuit failure is still

functional if the element state required for the beamforming is the open-circuit state, and so does

the element with PIN diode having short-circuit failure. Statistically, half of the elements with

PIN diode failure can still work properly for beamforming. For a 1-bit RIS with N elements, let

p1 and p2 respectively be the ratio of the elements switched to State 1 and 2 permanently due

to PIN diode failures, where 0 ≤ p1 ≤ 1, 0 ≤ p2 ≤ 1, and p1 + p2 ≤ 1, then the RIS elements

can be divided into four groups as in Table II. The number of elements in each group can be

estimated statistically and the phase-shift error distribution of each group can be determined

according to Fig. 5.

Remark 4. For the 4 groups of elements, we obtain

δ =
1

N2

[
4∑
v=1

N2
v ξv + 2

4∑
v=1

4∑
u=v+1

NvNuζvu

]
. (27)

The inner match factor and cross match factor can be determined by (20) and (24), which are

ξ1 = ξ2 = ξ3 = ξ4 = −ζ14 = −ζ23 = 4
π2 , ζ13 = ζ24 = −ζ12 = −ζ34 = 4 cos ∆ψ

π2 . Then, the

beamforming gain loss of 1-bit RIS with PIN diode failure becomes

δ =
1

π2

(
t21 + t22 − 2t1t2 cos ∆ψ

)
, (28)
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where t1 = 1 − 2p1 and t2 = 1 − 2p2. The ratio δ reduces to (26) if p1 = p2 = 0. Since the

beamforming gain loss of optimal 1-bit quantization is 4
π2 , let ∆ψ = π, we obtain the pure

beamforming gain loss caused by PIN diode failures, which is δ = (1− p1 − p2)2. As is shown

in Fig. 7, the gain loss depends on the total ratio p1 + p2 and the loss is less than 3 dB if

p1 + p2 < 0.29.
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Fig. 7. (a) Power gain loss contour with PIN diode failures. (b) Power gain loss profiles.
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Fig. 8. (a) Illustrations of PIN diode status where the dark red and blue patches stand for the open-circuit and short-circuit

failures while the gray patches are the functional elements, and (b) simulated the beam pattern with PIN diode failures. An

animated version of this figure is available in the supplimentary material.

The simulation result in Fig. 8 reveals the change of the main lobe under different PIN diode

failure proportions. The peak gain of the main lobe with 30% PIN diode failure is about 2.9 dB

lower than that without failure, which is close to the theoretical value. When 80% of the PIN

diodes are out of work, the reflection energy almost diffuses and the RIS is nothing but a rough

surface.

If real-time beam tracking is required for a RIS, the PIN diodes embedded is going to be

switched heavily between ON and OFF states and the lifespan of a RIS can be evaluated with the
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proposed phase-shift error model. The 1-bit example is presented in this subsection but RIS with

higher quantization level can be analyzed once the phase-shift errors with PIN diode failures are

determined.

C. Grouped Fixed Phase-shift Errors

The impact of randomly distributed phase-shift errors are discussed in previous sections but

there are cases that a RIS is accompany by fixed phase-shift errors. The impact of two types of

fixed phase-shift errors is to be analyzed in this section. The first type of fixed phase-shift error

is introduced by the unwanted deformation of RIS panel and the second type usually occurs in

wideband system.

x

y
z

(a)

θt

θr

h

(b)

Fig. 9. (a) RIS panel with sine shaped deformation in x-direction; (b) path-difference due to element displacement in vertical

direction. The coordinate in z-direction is scaled up in order to magnify the displacement in z-direction.

1) RIS Panel Deformation: As illustrated in Fig. 9a, a RIS panel is distorted into a sine-shaped

surface due to interior stresses at x-direction. The deformation leads to different displacements

to the RIS elements in z-direction which give rise to extra path difference to the incident and

reflection wave between the adjacent elements (Fig. 9b). Finally, the path differences among

the RIS element give rise to a wave-front misalignment in the target direction and degrades the

beamforming gain. In fact, there is also displacement in x-direction but is negligible compared

with that in z-direction. The panel deformation caused by interior or exterior stresses is usually in

regular shapes, such as sine-shaped, spherical or ellipsoidal surfaces (either concave or convex).

When the RIS panel is formed by several sub-panels, V-shaped or step-shaped deformations may

also occur when the panels are not in the same height in assembling. Nevertheless, the elements

can be divided into groups with the elements in the same groups having the same displacement.

Remark 5. If the incident and reflection beams are in the same plane, the phase-shift error of

the v-th group elements due to panel deformation can be calculated as ∆φv = kh(cos θi+cos θr)
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according to Fig. 9b. Since the phase-shift error are fixed and identical within each group, then

ξv = 1, ζvu = cos(∆φv −∆φu). Inserting these values to (15) yields

δ =
1

N2

[
V∑
v=1

N2
v + 2

V∑
v=1

V∑
u=v+1

NvNu cos(∆φv −∆φu)

]
. (29)

The beamforming gain loss of a RIS with panel deformation in any shape can now be evaluated

explicitly by applying (29).

The sine-shaped deformation in Fig. 9a is a quite special case in which the elements in the

same column have the same displacement in z-direction and thus the RIS elements can be divided

into Nx groups with each group having Ny elements. For this case, (29) can be simplified as

δ =
1

Nx

+
2

N2
x

Nx∑
v=1

Nx∑
u=v+1

cos(∆φv −∆φu). (30)

As long as the displacement of the element in each column can be determined, the beamforming

gain loss can be estimated with (30).
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Fig. 10. Theoretical gain loss versus maximum displacement hmax for (a) full 2 π period sine-shaped deformation (Type A)

and (b) half-period sine-shaped deformation (Type B) with θt = 20◦, ϕt = 0◦ and θr = 36◦, ϕr = 180◦.

The theoretical bemforming gain losses of two typical types (Type A and B) of deformations

plotted in Fig. 10 show obvious periodicity versus the maximum element displacement hmax

and the 2π period of the phase accounts for this periodicity. Consequently, a larger deformation

does not necessarily result in a higher power gain loss. For example, a despairing gain loss is

observed at hmax = 0.22λ while it bounces back to about -8 dB when hmax is increased to

0.35λ for Type A deformation in Fig. 10a. However, the overall trend of the beamforming gain

is going down with the increase of hmax.

We are curious that how the reflected power has been redistributed under such RIS deforma-

tions and thus numerical simulations for Type A deformation are conducted and the results are

shown in Fig. 11 and 12. In Fig. 11, it can be found that RIS deformation may lead to a shift,
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Fig. 11. Simulation results of 2D beam patterns by RIS with sine-shaped deformation with different array sizes.

spread or split to the main lobe. When hmax = 0.22λ, the main lobe splits right at the target

direction (θr = 36◦) for Nx = Ny =128 while it split in close proximity to the target direction

for Nx = Ny =32, and horrible gain drops are experienced. As to hmax = 0.35λ, however, the

beam does not split in the vicinity of the target direction and the gain loss is relatively mild. The

gain loss exceeds 3 dB when hmax > 0.1λ for Type A deformation and hmax > 0.2λ for Type B

deformation, which sets quite a rigorous deformation limit for high-frequency RIS fabrication.

For example, hmax should not be greater than 1 mm for a RIS at 30 GHz so that the power gain

loss is less than 3 dB, which can be easily achieved in fabrication but may be hard to maintain

after a long time of deployment. Fig. 12, on the other hand, indicates that larger hmax gives

rise to severer beam spread and larger RIS has narrower beam spread as the displacement in

z-direction between adjectent RIS elements are smaller for the same hmax.

N
x=

N
y=

32

hmax=0 hmax=0.22 hmax=0.35

N
x=

N
y=

12
8

Fig. 12. Power distribution over the sphere at |r|=100 m. The upper and lower rows are simulated with 32×32 and 128×128

reflecting elements, respectively.

According to Fig. 10 - 12, it can be inferred that the impact of the RIS deformation on
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beamforming gain is more serious than the previously analyzed randomly distributed phase-

shift errors. RIS deformations caused by environmental factors, such as temperature change, are

common after deployment and these deformations may be visually tiny (for example, 1 mm) but

is going to degrade the beamforming gain significantly.

2) Wideband System Beamforming: Unlike the digital precoding at baseband, a RIS cannot

provide individual phase-shift matrix for each sub-carrier and the phase-shifts for the RIS

elements are usually designed for the central frequency νc, i.e., φ∗` = −kc(|rt−r`|+ |r′−r`|)+φc

for the `-th element, but the ideal phase-shift for the i-th sub-carrier centered at νi should be

φ∗` = −ki(|rt−r`|+ |r′−r`|)+φc, where kc = 2πνc
c

and ki = 2πνi
c

with c being the speed of light.

For a wideband communication system, as a result, there are fixed phase-shift errors at the RIS el-

ements among the sub-carriers away from the central frequency, ∆φ` = −∆ki(|rt−r`|+|r′−r`|),

where ∆ki = kc − ki. Considering the far-field precoding (9), the phase-shift error of the RIS

element at the n-th row and m-th column for the i-th subcarrier becomes

∆φi,mn = −∆ki[(Ny − n)cy + (Nx −m)cx]. (31)

There is a fixed phase-shift error increment between the adjacent elements along x- and y-

direction which makes the frequency mismatch resemble a panel rotation or deformation as

illustrated in Fig. 13a. Such rotation or deformation does not reshape of the reflection beam but

shift the beam direction.

Remark 6. Since the phase-shift error is fixed for each element, the beamforming gain of the

i-th sub-carrier becomes

Pi =S|α|2
∣∣∣∣∣
Nx∑
m=1

Ny∑
n=1

ej∆φi,mn

∣∣∣∣∣
2

=S|α|2
∣∣∣∣∣e−j∆ki[(Nx−1)cx+(Ny−1)cy ]

(
1− ej∆kiNxcx

) (
1− ej∆kiNycy

)
(1− ej∆kicx) (1− ej∆kicy)

∣∣∣∣∣ ,
(32)

When νi = νc, ∆ki = 0 and the fraction term in (32) has a limit NxNy = N2. Finally, the

beamforming gain loss for the i-th sub-carrier becomes

δi =
1

N2

∣∣∣∣∣e−j∆ki[(Nx−1)cx+(Ny−1)cy ]

(
1− ejNxci

) (
1− ejNydi

)
(1− ejci) (1− ejdi)

∣∣∣∣∣
2

. (33)

Let the frequency band of the wideband signal be [ν1, ν2], then the total beamforming loss can be

calculated as δ =
∑
piδi, where 0 ≤ pi ≤ 1 is the allocated power portion to the i-th subcarrier.
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Fig. 13. (a) Illustration of the impact of frequency mismatch in wideband system; (b) beamforming gain loss at different

frequency when the precoding matrix is designed for the central frequency, 30 GHz. Normal incidence is assumed.

Obviously, the gain loss due to frequency mismatch in wideband system is not only relevant

to the incident and reflection angles but also the number of RIS elements in x- and y-direction.

Fig. 13b illustrates the relevance clearly: (i) the more the subcarrier deviates from the central

frequency, the greater the loss, (ii) the larger the θr, the greater the loss, and (iii) the larger

the element array, the greater the loss. The first two observations can be explained as larger

frequency deviation and larger reflection elevation angle lead to larger fixed phase-shift error

according to (31), corresponding to larger rotation angle in Fig. 13a, which makes the reflection

beam further deviate from the target direction. As to the third observation, it is a consequence

of the narrower beam with larger array.

D. Summary

The impacts of various phase-shift errors to the RIS beamforming gain have been analyzed

quantitatively based on the beamforming model with phase-shift errors (14) in this section. Exact

gain losses of several practical cases are derived and some of these cases are also verified with

numerical results, which offer clearer views of the redistribution of the reflection energy under

phase-shift errors. Finally, we summarize the above analysis with Table III.

The globally i.i.d error model was widely adopted in early studies and we extends the analysis

to the hybrid phase-shift errors. The grouped i.i.d error model is a better model in practical RIS

application as the RIS elements exhibit different phase-shift errors distribution at different state

or in different working frequency. The grouped fixed phase-shift error model deals with another
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tough condition in RIS application that gives rise to deterministic phase-shift errors rather than

randomly distributed errors.

IV. CONCLUSION

A comprehensive investigation on the impact of phase-shift errors on the beamforming ability

of RIS is presented in this paper. With an improved beamforming model, the impact of the

phase-shift errors are analyzed under three categories: (1) globally i.i.d errors, (2) grouped i.i.d

errors and (3) grouped fixed errors. Typical phase-shift errors, including quantization errors, fre-

quency mismatch, PIN diode failure, fabrication errors and RIS panel deformation, are discussed.

Although this paper focuses on the beamforming of the RIS, the phase-shift error model is also

applicable to other passive or active phased arrays. With the theoretical and numerical analyses

presented in Section III, the following conclusions can be drew.

• Randomly distributed phase-shift errors, whether globally or grouped i.i.d, have moderate

impact on the RIS beamforming. For one thing, the randomness lowers the deviation of

the phase-shift errors and mitigates the impact on the beamforming gain. For another, high

precision assemble lines are able to confine the fabrication errors to an acceptable range.

• If the phase-shift errors satisfy a random distribution that is composed of multiple uniformly

distributed or truncated normally distributed variables, the total gain loss is the multiplication

of the gain loss by each of these components. Hence, the power gain loss of a 1-bit RIS

may be higher than the theoretical value, 3.9 dB, when there are fabrication errors.

TABLE III

PHASE-SHIFT ERRORS OF RIS

Error type Globally i.i.d errors Grouped i.i.d errors Grouped fixed errors

Cause quantization, fabrication errors fabrication errors, hardware failures
fabrication and assembling errors,

environmental factor

Model S
∣∣∑N

`=1 α`e
j∆φ`

∣∣2 S
∣∣∑V

v=1

∑Nv
`=1 αv`e

j∆φv`
∣∣2 S

∣∣∑V
v=1

∑Nv
`=1 αv`e

j∆φv
∣∣2

Typical distribution U(β1, β2),Nt(µ, σ, µ− ψ, µ+ ψ) U(β1, β2),Nt(µ, σ, µ− ψ, µ+ ψ) −

Examples n-bit quantization
n-bit quantization +

Nt(0, σ,−ψ,ψ)

frequency mismatch

(narrow band)
PIN diode failures sine-shaped deformation

frequency mismatch

(wide band)

Gain loss
2
[
1−cos

(
2π

2n+1

)]
(

2π
2n+1

)2
e−σ

2 2
[
1−cos

(
2π

2n+1

)]
(

2π
2n+1

)2[ erf
(
ψ−jσ2√

2σ

)
+erf

(
ψ+jσ2√

2σ

)
2erf
(

ψ√
2σ

) ]2
2
π2 [1− cos(∆ψ)]

(1-bit)

(1− p1 − p2)2

(1-bit)

1
Nx

+ 2
N2
x

∑Nx
v=1

∑Nx
u=v+1

cos(∆φv −∆φu)

1
N2

∣∣∣e−j∆ki[(Nx−1)cx+(Ny−1)cy ]

(1−ejNxai)(1−ejNybi)
(1−ejai)(1−ejbi)

∣∣∣2
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• There will be gain loss when the RIS is not utilized at the designed frequency and the

phase-shift error model can be applied for evaluation of the applicable frequency band

according to the phase response curve versus frequency at different states. The theoretical

gain loss of the 1-bit RIS due to frequency mismatch indicates that the RIS may have a

wider frequency band than we thought and the criteria for RIS design may be eased, but

this is correct only when the RIS is applied for narrow band communications.

• PIN diode failures on a RIS also give rise to uniformly distributed phase-shift errors. When

30% of the PIN diodes are out of order, a 3 dB loss is expected for a 1-bit RIS. Auto

detection of the PIN diode failure for a commercial RIS production may be required so

that the condition of the RIS can be evaluated on demand after deployment.

• RIS panel deformation may be a big issue for RIS deployment as it may leads to significant

beamforming gain loss, especially in high frequency band. Special backboards are in need

for supporting the element array and to keep the flatness of the panel and special technique

can be applied for releasing the accumulated interior stresses in the RIS panel.

• RIS-assisted wideband communication is challenging due to the analog precoding. The

quantitative analysis has shown severe beamforming gain loss, especially for the subcarriers

on the fringe of the frequency band. New precoding algorithm or new RIS design paradigm

may help solve the problem in wideband application.

APPENDIX

PROOF OF THE INNER MATCH FACTOR ξ1 FOR HYBRID PHASE-SHIFT ERRORS

For a group of RIS elements having i.i.d phase-shift errors which satisfy a specific random

distribution ∆φ ∼ D(∆φ) with PDF p(∆φ) defined in [a, b], it makes no difference to the RIS

beamforming gain if the phase-shift errors is shifted by −a+b
2

, i.e., ∆φs = ∆φ− a+b
2

, according

to (21). The inner match factor ξ can then be calculated as

ξ = E[cos(∆φs)]2 + E[sin(∆φs)]2, (34)

with 
E[cos(∆φs)] =

∫ t

−t
p(∆φ+

a+ b

2
) cos ∆φd∆φ,

E[sin(∆φs)] =

∫ t

−t
p(∆φ+

a+ b

2
) sin ∆φd∆φ.

(35)

where t = b−a
2

. If p(∆φ) is symmetric about ∆φ = a+b
2

, then p(∆φ + a+b
2

) is an even function

over (−t, t). Since sine function is odd, E[sin ∆φs] = 0, which leads to ξ = E[cos ∆φs]2.
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Next, let us assume that,

• the phase-shift error ∆φ consists of n components, ∆φ =
∑n

i=1 ∆φi, where each of these

components satisfies a random distribution ∆φi ∼ Di(∆φi) with PDF pi(∆φ
i) defined in

∆φi ∈ (ai, bi),

• pi(∆φ
i) is symmetric about ∆φi = ai+bi

2
for i = 1, 2, · · · , n.

We can perform the shift ∆φsi = ∆φi− ai+bi
2

to each of the component so that the distributions

of each error component are centered at ∆φ = 0. By applying the trigonometric formula cos(x+

y) = cos x cos y − sinx sin y to cos
∑n

i=1 ∆φsi iteratively, we have

cos
n∑
i=1

∆φsi =
n∏
i=1

cos ∆φsi +R, (36)

where

R =
∑∏ cos ∆φsi︸ ︷︷ ︸

n1 terms

∏
sin ∆φsj︸ ︷︷ ︸
n2 terms

 , i 6= j, n1 + n2 = n, (37)

is a summation of polynomials consisting of cosine and sine functions, each of which contains

at least one sine function. Owing to the fact that sine function is odd while cosine function

and the PDF pi are even over (− bi−ai
2
, bi−ai

2
), we obtain E[R] = 0. Similarly, sin

∑n
i=1 ∆φsi

can be expended by applying the trigonometric formula sin(x + y) = sinx cos y + cos x sin y

iteratively and a summation of polynomials consisting of cosine and sine functions can be

obtained and each of these polynomials contains at least one sine function. Consequently, we

have E[sin
∑n

i=1 ∆φsi] = 0. Finally, the inner match factor ξ can be calculated as

ξ ={E[cos
n∑
i=1

∆φsi]}2 + {E[sin
n∑
i=1

∆φsi]}2 =
n∏
i=1

{E[cos ∆φsi]}2 =
n∏
i=1

ξ(∆φi). (38)
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