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Coded Caching Schemes for Two-dimensional

Caching-aided Ultra-Dense Networks
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Abstract

Coded caching technique is an efficient approach to reduce the transmission load in networks and
has been studied in heterogeneous network settings in recent years. In this paper, we consider a new
widespread caching system called (K, K2, U, r, M, N) two-dimensional (2D) caching-aided ultra-dense
network (UDN) with a server containing N files, K; {5 cache nodes arranged neatly on a grid with K
rows and K» columns, and U cache-less users randomly distributed around cache nodes. Each cache
node can cache at most M < N files and has a certain service region by Euclidean distance. The
server connects to users through an error-free shared link and the users in the service region of a cache
node can freely retrieve all cached contents of this cache node. We aim to design a coded caching
scheme for 2D caching-aided UDN systems to reduce the transmission load in the worst case while
meeting all possible users’ demands. First, we divide all possible users into four classes according to
their geographical locations. Then our first order optimal scheme is proposed based on the Maddah-Ali
and Niesen scheme. Furthermore, by compressing the transmitted signals of our first scheme based on
Maximum Distance Separable (MDS) code, we obtain an improved order optimal scheme with a smaller

transmission load.

Index Terms

Coded caching scheme, two-dimensional ultra-dense network system, multi-access.

I. INTRODUCTION

Driven by the dramatic increase in intelligent devices and fast development of application

services such as autonomous driving, ultra-high-definition video broadcasting, and the Internet
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of things, mobile data traffic witnesses unprecedented growth which will saturate the network
capacity. To address this challenge, caching is regarded as an effective approach to reduce peak
traffic time by prefetching popular content into memories during the off-traffic time.

Recently, coded caching scheme has been proposed by Maddah-Ali and Niesen (referred as
to the MN scheme) for the (K, M, N) cache-aided broadcast network where a single-antenna
server has a library of N equal-sized files and broadcasts to /K users each of cache size M files
through an error-free shared link in [[1]. The MN scheme applies coding techniques to create
multicast opportunities to further reduce the transmission pressure during the peak-traffic time.
A coded caching scheme contains a placement phase during the off-peak time and a delivery
phase during the peak-traffic time. In the placement phase, the server places some contents
to each user’s cache without knowledge of the users’ future demands. In the delivery phase,
each user requests one arbitrary file and the server broadcasts coded signals such that each user
can recover its desired file. The worst-case load over all possible demands is defined as the
transmission load, that is, the number of files that must be communicated so that any demands
can be satisfied. It was proved in [2] that the MN scheme achieves the optimal transmission
load within a multiplicative gap of at most 2 when N > K. In addition, under the constraint
of uncoded cache placement (i.e., each user directly caches a subset of the library bits) the MN
scheme was proved to be optimal in [3], [4] when N > K. So the MN scheme has been widely
used in different topological networks such as device-to-device networks in [5], combination
networks in [6], [7]], hierarchical networks in [&]], etc.

Ultra-dense network (UDN) is another key technology to cope with the unprecedented growth
of mobile data traffic, and is widely applied in modern cellular systems [9], [10]. By densely
deploying multiple access points (e.g., pico-cell base stations and femto-cell access points) to
offload data traffic of the macro base stations (MBSs), UDN can significantly improve the
system throughput per area. Recent works have proposed to equip access points with cache
spaces (referred as to cache nodes), and applied coded caching techniques into UDN to improve
the spectral efficiency and reduce communication latency [11]-[27]. In [12], the authors first
proposed a (K, L, M, N) one-dimensional multi-access coded caching (1D MACC) scheme for
UDN where there are K cache nodes each of a cache size of M files, while each of the K users
is cache-less and can access L neighboring cache nodes in a cyclic wrap-around fashion. Some
other works considered different accessing topologies for UDN. For example, [22] investigated

a combination accessing topology where there are exactly (IL() users, each of which accesses a



unique cache node set of size L. [24]] considered all the possible accessing topologies where there
are exactly Zﬁzo ([}f ) users, each of which accesses a unique cache node set of size 0 < h < L.
There are some works extending the 1D MACC to two-dimensional (2D) MACC [11]], [26].
In particular, the authors in [26] considered (K7, K3, L, M, N) 2D caching-aided UDN where
K, x Ky cache nodes with a cache size of M files are placed in a rectangular grid with K,
rows and K5 columns, and K x K, cache-less users are placed regularly on the same grid such
that each user is in the proximity of a square of L X L neighboring cache nodes (the distance
is defined in a cyclic wrap-around fashion). It is worth noting that all the above works assume
that each user is served by the same number of cache nodes, ignoring the fact that the number
could vary depending on users’ geographical locations. To address this issue, we propose a coded
caching scheme for more practical 2D caching-aided UDN system where the users can associate
with various numbers of cache nodes according to the facility locations.

In this paper, we focus on a (K7, Ky, U,r, M, N) 2D caching-aided UDN (see Fig. , which
includes a server (e.g., MBS) containing N files of equal size, K;K, cache nodes arranged
in a grid of K; rows and K, columns each of which caches M files where 0 < M < N
(same as in [26]]), and U mobile devices each of which is randomly distributed around cache
nodes (different from the prior works). We assume that the server connects to U users through
an error-free shared link, the distance between any two consecutive cache nodes is a unit in

horizontal and vertical directions, the service radius of each cache node is the real number r

V2

5= < r <1, and user devices access the cache node within modular Euclidean distance

where
(see Definition [I) » in cyclic wrap-around topology K; and K, respectively. Similar to prior
works [11]], [20]-[22]], [24], [26] that ignored the transmission between the cache nodes and
users, our goal is to reduce the transmission load between the server and cache nodes. The main
contributions are summarized as follows.

« According to the service radius of each cache node, we show that all the possible users can
be divided into four classes. Based on these classes, we design a coded caching scheme,
referred as to Scheme A, for (K, K, U,r, M, N) 2D caching-aided UDN with U = 3K K>,
8K1Ks and TK K, if r = \/75, % < r < 1 and r = 1 respectively, each of which achieves
the optimal transmission load within a multiplicative gap of at most 48, i.e., Scheme A is
order optimal. In addition, it is worth noting that Scheme A can be used to the case for

any number of users.

« Since some users could access multiple cache nodes, their contents in the transmitted signals



can be retrieved by these users. In order to reduce some redundancy distributed in the
transmitted signals of Scheme A, we proposed a coded caching scheme, namely Scheme
B, based on the Maximum Distance Separable (MDS) code, which can obtain a smaller

transmission load compared to Scheme A.

The rest of this paper is organized as follows. Section [llj reviews the original shared-link coded
caching model and our proposed 2D caching-aided UDN system. Section |[II| introduces Scheme
A for the proposed system and its theoretic performance analysis. Section [[V] proposes a Scheme
B based on Scheme A. Finally, the conclusion is given in Section

First the following notations are used in this paper unless otherwise stated. Bold lower case
letter and curlicue font will be used to denote vector and set respectively. | - | is used to represent
the cardinality of set or the length of vector. For any positive integers a,b with a < b, and
non-negative set K, [a : b) = {a,a+1,....b—1}, [a: 8] = {a,a+1,...,b— 1,0}, (}) ={V C
K | [V] =t}, ie. (}) is the collection of all t-sized subsets of K. < a >,= mod(a, ¢) denotes

t

the least non-negative residue of a modulo q.

II. SHARED-LINK CACHING SYSTEM AND 2D CACHING-AIDED UDN SYSTEM

In this section, we introduce the original shared-link caching system and its related MN coded

caching scheme, and 2D caching-aided UDN system respectively.

A. Shared-link Caching System and MN Scheme

In a (K, M,N) shared-link coded caching system [1]], a server containing N files W =
{Wo, W1, ..., Wy_1} with equal length connects through an error-free shared link to K users
{Uo,Uy,...,Ug 1} where K < N, and each user has a cache device which can store up M
files with 0 < M < N. An F-division (K, M, N) coded caching scheme contains two phases.

« Placement phase: Each file is divided into F' packets with equal size, and then each user

Uy where k£ € [0 : K) caches some packets of each file, which is limited by its cache size
Let Zy, denote the cache contents at user Uy, which is assumed to be known to the
server. Notice that the placement phase is done without knowledge of later requests.

o Delivery phase: Each user randomly requests a file from the server. The requested file

by user Uy is represented by Wy, , and the request vector by all users is denoted by

'In this paper, we only consider the uncoded cache placement.



d = (dy,,du,,---,du,_,). According to the cached contents and request vector, the server
broadcasts Sq coded packets to all users such that each user’s request is satisfied.
In such system, the number of worst-case transmitted files (a.k.a. transmission load) for all

possible requests is expected to be as small as possible, which is defined as
= max -—. (1)

In [[1], Maddah-Ali and Niesen proposed a caching scheme for the (K, M, N) coded caching
system under the assumption that the files can be arbitrarily subdivided. Algorithm |I| depicts the

(K]\Z{/N)—MN scheme where M /N € {0,1/K,2/K,--- ,1}. It was shown in [[1] that, the scheme

is feasible and each user can successfully recover its requested file at a load

_ M _
KO=N) K=t oy oMok @)

R — —

For general 0 < M/N < 1, the lower convex envelop of the following memory-load tradeoff

corner point is achievable by the MN scheme.

Algorithm 1 The MN Coded Caching Scheme [1]]

1t KM

2: procedure PLACEMENT(Wy, -+, Wix_1)

3: for n € [0, V) do

4: Split W, into {W,, 7 | T € ([O:tK))} of equal packets
5: end for

6: for k€ [0: K) do

7. Ch + (Wor | ne0,N), T e ("N, keT}

8: end for

9: end procedure
10: procedure DELIVERY(Wy, - -+, Wi_1,dy,, - ,du,_,)
11 Server sends {Xs = OresWay, s\(ky | S € ([(t):ﬁ))}
12: end procedure

For clarity, we give an example from [1] to illustrate the scheme.

Example 1. When N = K = 3 and M = 1, there are three files W, W;, W, and three users
Uy, Uy, U, which the cache size is M = 1 file. By Algorithm [I} we have ¢ = £ =1 and
obtain following (K, M, N) = (3,1,3) MN scheme.



« Placement phase: Each file is divided into F' = (It( ) = 3 packets with equal size, 1.e., Wy =
{Wo 101, Wo, 013 Wo oy b Wi = {Wi g0y, Wi 13, Wagoy b and Wo = {Ws 0y, Wo 1y, Wa 23 }-
Then by Line 7 of Algorithm [1] the users cache Zy, = {Wo 105, Wi 03, Woor }» Zuy =
{Wo,q13, Wiy, Wa iy} and Zy, = {Wo g2y, Wi 23, Wo 23 } respectively. Clearly the cache
content of each user is exactly one file.

« Delivery phase: Assume that the request vector d = (0, 1,2). Then the server sends the

K

following S = (t 1

) = 3 coded packets for all users,

X013 = Wo (1 EB Wioy, X021 = Wo 2 EB Wa 0y, X2y = Wiy EB W (13-

The user Uy can recover the requested file 1, according to its own cached content Zy, and
the two broadcast messages X 1y, X{0,23. Similarly, the users U; and U, can also recover
the requested files according to Zy,, X{o,13, X{1,2) and Zy,, X2}, X{1,2) respectively. So

we can get the transmission load of this scheme is R = % = % =1

B. The 2D Cache-aided UDN System

In a (Ky, K5, U,r,M,N) 2D caching-aided UDN system in Fig. |1} there is a single server

Server [ ] Cache node

. Type | users: access one cache node

D Type Il users: access two cache nodes

O Type Ill users: access three cache nodes

. Type IV users: access four cache nodes

Cache node service scope

Fig. 1: The (K, K5, U,r, M, N) 2D caching-aided UDN system with ‘/75 <r<1land K; =
K2 = 3

containing N files with equal size, denoted as W = {W, ..., Wx_1}, K1 K, cache nodes Cy, ,
where (k1,k2) € K=[0: K;)x[0: K3) and K, Ky > 3 orderly arranged in a rectangular array



of K; rows and K, columns, each of which caches M files where 0 < M < N, and U users
where U < N randomly distributed around cache nodes. We assume that the server connects to
K, K5 cache nodes through an error-free shared link, the distance between any two consecutive
cache nodes is one unit in the horizontal and vertical directions. Then the distance between two
consecutive cache nodes is v/2 in a diagonal direction. In order to make that any located user
can be served at least one cache node, we assume that the service radius of each cache node
is r where ‘/75 < r < 1. Then users access the cache node within modular Euclidean distance

r under K; and K in cyclic wrap-around topology, where the modular Euclidean distance is

defined as follows.

Definition 1 (Modular Euclidean Distance). For any integers 0 < k1, k] < K; and 0 < ko, k), <

K5, the modular Euclidean distance under K; and K, respectively is defined as

dicy iy (k1 bz), (K1 K9)) = v/ (diey (R, K9))? + (dicy (R, 5))?

Here for any integers 0 < k < k' < K, dg(k, k') = min{k' — k, k — k' + K }.

For any possible subset C C I, let \¢ represents the number of users each of which can
access all the cache nodes labeled by C. In this paper we focus on designing the scheme for
a (K, Ks,U,r, M, N) 2D caching-aided UDN system with A = 1 for all the possible subset
C C K. For the case |A¢c| > 1, there exist multiple users accessing the same set of cache nodes,
i.e., receiving the same signals, these two users can not generate any multicast opportunities.
Hence we can use the same delivery strategies A times by adding some virtual users where \ is
the maximum value among the values of A¢ for all the possible subset C C K. So it is sufficient
to design the scheme for the case \¢ = 1 for all the possible subset C C K. In this way, we use
the index set {(k1, k2)|(k1,k2) € C} to represent the user served exclusively by the servers in

cache nodes labeled by C.

Lemma 1. In this coded caching system, we only need to design the transmission scheme for

the following number of users.
3K Ky, if r="2,
U= 8K1K2, if 3
7K1K2, if r=1.

[S

2 or<l,

—

The detailed explanation can be found in [lII-Al



An F-division (K4, K, U, r, M, N) 2D caching-aided UDN scheme consists of the following

two phases.

« Placement phase: Each file is divided into F' packets with equal size, each cache node Cy, 1,
where (k1, ko) € K directly caches some packets of each file, which is limited by its cache
size M and the cached contents in cache node denoted by Zc, , . Each user retrieves the
cached contents from one or more connected cache nodes. In this phase, the server has no
knowledge of later users’ requests.

o Delivery phase: Each user randomly requests a file. According to the users’ requests and
the contents retrieved by users, the server transmits coded packets with the size of at most

R files to users such that each user can recover the requested file.

Definition 2 (Optimality load). The pair (M, R) is achievable, for any real number ¢ > 0 there
exists a caching scheme such that every user is able to reconstruct its requested file with a

probability of error less than e. The load tradeoff is defined as

R*(K,M,N) £ inf{R | (M, R) is achievable}.

We aim to design a coded caching scheme with transmission load defined in (1) as small as

possible.

III. SCHEME A FOR 2D CACHING-AIDED UDN SYSTEM

In this section according to the service region, we first show that all the possible users of a
(K1, Ky, U, r, M, N) 2D caching-aided UDN system can be divided into four classes. Then based
on these four classes, we propose our first order optimal coded caching scheme, i.e., Scheme A.

Finally, some numerical performances are proposed.

A. The Classification of User

We consider a 2D caching-aided UDN system under Cartesian coordinate system, where each
(k1, ko) € K is presented as the cache node in the kith row and ksth column. For instance, when
K, = K, = 3, the vector (0, 0) represents the cache node Cy in Fig. [I} Then each user located
in the service region of cache node Cy, », can be denoted by Uy, 4 1,4+, Where z,y € R satisfy
\/m < r. In addition, the user Uy, 4, 1,4 18 also in the service region of another cached

node Cy; , if and only if the following inequality holds,

dK1,K2((k1 +, k2 + y>’ (ki, ké)) - \/(dKl (kl +, ko)? + (dKz(kQ + Y, ké))2 <r. (3)



Recall that for any two integers k, k' and any positive K with 0 < k < k' < K, their modular
Euclidean distance under K, dg(k, k') = min{k' — k, k — k' + K}.
When ‘/75 < r < 1, each user Uy, 1,4+, Where z,y € R satisfying /22 +y? < r and

(k1,k2) € K can access some cache nodes from the nine possible cache nodes

C<k1_1>K17<k2_1>K27 C<k1_1>K17k27 C<k1_1>K17<k2+1>K27
Ck1:<k2*1>K27 Ckl,k27 Ck17<k2+1>1{2’
C<k1+1>Kl,<k‘2—1>K27 C<k’1+1>K1,k‘27 C<k‘1+1>K17<k’2+1>K2'

From (3)), we define the distances from user Uy, ., 1,1, to the above nine cache nodes as follows.

6_1’_1(ZL‘, y) = dKl,KQ((kl +, k2 + y), (kl - 1’ k2 - 1)) = \/(1 + x)g + (1 + y)27

e—l,o(xay) édKl,Kz((kl+xak2+y)7 kl - 17k2)) = (1+$)2+y2a

e 11(z,y) & dr, (ki + 2, ke +y), (k1 — Lk +1)) = /(1 +2)2+ (1 —y)2,
co—1(2,y) & di i, (b1 + 2, k2 +9), (ki ke — 1)) = /a2 + (1+y)?,
e00(,y) £ dgy i, (k1 + 2, ke + y), (K1, k2)) =12 + 2, 4)
eon(,y) 2 di, o (b + 2,k +y), (ki ko + 1)) =22+ (1—y)?,

er-1(2,y) 2 dic ey (b1 + 2, ks +y), (ki + 1 ke — 1)) = V(1 - 2)2 + (1 +y)%,

el,O(xay) édKl,Kz((kl+xak2+y)7(k1+17k2)) - (1—:1:)2+y2,

e1(z,y) 2 diy (ki + 2, ke +y), (ki + Lk + 1)) = /(1 —2)2 + (1 — y)%
By checking the values in (@) each of which is less than or equal to r, we can divide all the
possible users in a (K1, Ko, U, 7, M, N) 2D caching-aided UDN system into the following four
types. For detailed proof, please see Appendix [A]

o Type I: Each user can access exactly one cache node. Tn this case, all the users can be

represented by
Ly = {Usy 1, = {(k1 k2)} | (K ko) € K} (5)

o Type II: Each user can access exactly two different cache nodes. In addition, all the users

of Type II can be divided into two sub-types and represented by

L, = {Ll,?l‘,jz = {(k1, ka), (k1, < ko + 1 >1,)} | (k1,k2) € K}, (6a)

£H_2 = {Z/{I?;ki = {(/{51, k’g), (< ]{31 +1 Ky kﬁg)} | (k’l,k‘g) € ’C} . (6b)



o Type III: Each user can access exactly three different cache nodes. In addition, all the users

of Type III can be divided into the four sub-types and represented by

EHI-] = {Z/{I?II;{:; = {(kl,kg), (k?l, < k?g +1 >K2); (< k?l +1 >K1,k2)} |<k?1,k72) - IC}, (73)
ACIH_Z = {M,?lljff = {(k’l,k’g), (< k‘l +1 >K1,k’2), (< k’l +1 S, < k‘z +1 >K2)} |(k’1,k’2) € ,C} ,
(7b)

5111_3 = {MI?II;QS = {(k’l,k’g), (k’l, < k’z +1 >K2)7 (< k’l +1 >k, < k‘z +1 >K2)} |(k’1,k’2) € ,C} ,
(7¢)

Lua = {U 0 = {(k1 ka), (b, < ko — 1 >k,), (< by — 1>k, ko)) | (k1 k) € K}
(7d)
o Type I'V: Each user can access four different cache nodes. In addition, all the users of Type

IV can be represented by

Ly = {U) 1, = {(k1, ko), (< by + 1>k ko), (b, < ko + 1 >5,), (< ki + 1 >k,
<l€2+1>K2>)} | (kl,]{fz)EIC}. (8)

From the discussion in Appendix |Al, when \/75 < r < 1, the set of user in a (K1, Ky, U, M, N)
2D caching-aided UDN system is

L= L U L U Lo U L U Lo U L3 U L4 U Liy. )

That is, there are K K, users of Type I, 2K, K5 users of Type II, 4K K5 users of Type III and
K1 K, users of Type IV. Then the total number of users U = 8K K5 in (K, Ko, U, 7, M, N)
2D caching-aided UDN system when ‘/75 <r<l

By Appendix |A} the cases for r = 72 and 1 can be directly obtained as follows.

Remark 1. We introduce the two special cases of each cache node radius r = \/75 and r =1 1in

(K1, Ky, U,r, M, N) 2D caching-aided UDN system.
o When cache node radius r = ‘/75, by Appendix @ the equations have no solution in (43)),
“4), @5), and (@7), then there are no users access 3 or 4 cache nodes, i.e., the users
of Type III and Type IV do not exist in the system model. Thus, the user set is

£=LilJLu |JLuo (10)

which contains K7 K, Type I and 2K; K5 Type II users, i.e., U = 3K K.



o When cache node radius r» = 1, and Appendix |Al the equations have no solution in (40),
then there is no user accessing exactly one cache node, i.e., the users of Type I do not exist

in the system model. Therefore, the user set is

£ =L\ JLuwaJLma | Lz Luns | Lons | Liv- (1)
That is, there are 2K, Ko Type II users, 4K; Ko Type III users and K4 K5 Type IV users,

i.e., U= 7K1K2.

Example 2. Let us see the (K7, K>, U,r, M,N) = (3,3,72,7,16,72) 2D caching-aided UDN
system with g < r < 1 listed in Fig. |1} From (3), (6), (7) and (8)), all users can be obtained as

follows.

e From (5) the user set of Type I in the blue regions of Fig. [I]is
Ly = {U(I),O = {0, 0}, u(I],l ={0,1}, ué,2 ={0,2}, U%,o = {1,0}, U{J = {1,1},
u{g = {172}7 uzl,o = {2,0}7 ué,l = {27 1}7 u%,? = {272}} .
e From (6) the user sets of Type II in the green regions of Fig. [I] are
Type I1: L = (U5 = {(0,0). 0.}, U5 = {(0.1).(0.2)}. Ul = {(0.2).(0,0)},
Uy =1{(1.0), (1,1}, Ul ={(1.1),(1,2)}, Uiy ={(1.2),(1,0)},

Uy =1{(2,0),(2, 1}, Ui =1{(2,1),(2,2)}, Us5 ={(2,2),(2,0)}};

Type I1-2: L = {Uyy = {(0,0), (1,00}, Ui’ = {(0,1), (L)}, Usz ={(0,2),(1,2)},
Uiy ={(1,0), (2,00}, Uy ={(1,1).(2, D}, Uy ={(1,2).(2,2)},
Uyy =1(2,0),(0,0)}, U = {(2,1),(0,1)}, Uy ={(2,2),(0,2)}}.
e From (7) the user sets of Type III in the yellow regions of Fig. [I] are
Type II-1: Ly = {Uys" = {(0,0),(0,1), (1,0)}, Uyt = {(0,1),(0,2),(1,1)},
Ups ={(0,2),(0,0),(1,2)}, Uis' ={(1,0),(1,1),(2,0)},
Uyt =1{(1,1),(1,2),(2, 1)}, Uz ={(1,2),(1,0),(2,2)},
Upg =1{(2,0),(2,1),(0,0)}, Upy" ={(2,1),(2,2),(0,1)},

U;I,IQ_I = (2’ 2)7 (27 0)7 (O’ 2)}} )



Type II-2: Ly = {Uys> = {(0,0), (1,0), (1, 1)}, Uy = {(0,1),(1,1),(1,2)}
Ups” = {(0,2), (1,2), (1,0)}, Ui's* = {(1,0),(2,0),(2, 1)},
Uiy ={(1,1),(2,1),(2,2)}, U5 ={(1,2),(2,2),(2,0)},
Uys” = 1{(2,0),(0,0), (0, 1)}, Up* = {(2,1),(0,1),(0,2)},
Uys® = {(2,2),(0,2),(0,0)} } ;
Type HI-3: Lz = {Uys> = {(0,0),(0,1), (1, 1)}, Uy = {(0,1),(0,2), (1,2)},
Ups' ={(0,2),(0,0),(1,0)}, U5’ ={(1,0),(1,1), (2, 1)},
Ui =1{(1,1),(1,2),(2,2)}, Uiy" = {(1,2).(1,0),(2,0)}
Uyy® = {(2,0),(2,1), (0, 1)}, Uy = {(2,1).(2,2),(0,2)}
Uys' ={(2,2),(2,0),(0,0)} } ;
Type II-4: Ly = {Uyg" = {(0,0),(0,2),(2,0)}, Uy = {(0,1),(0,0),(2,1)}
Ups' =1{(0,2),(0,1),(2,2)}, Uys* = {(1,0),(1,2),(0,0)}
Uiyt ={(1,1),(1,0),(0,1)}, Uys* = {(1,2).(1,1),(0,2)}
Uys' =1{(2,0),(2,2),(1,0)}, U1* ={(2,1),(2,0), (1, 1)},
Uys' =1{(2,2),(2.1),(1,2)}}.

e From the user set of Type IV in the red regions of are

Type IV: Ly = {u(l),\() ={(0,0),(0,1),(1,0), (1, 1)}, ué?/l ={(0,1),(0,2),(1,1),(1,2)},

Ups ={(0,2),(0,0),(1,2), (1,0)}, Uy = {(1,0),(1,1),(2,0), (2, 1)}
Uy ={(1,1),(1,2),(2,1),(2,2)}, Uy ={(1,2),(1,0),(2,2),(2,0)}
Upo = {(2,0),(2,1),(0,0), (0, )}, Uy’ = {(2,1),(2,2),(0,1),(0,2)},
Uy ={(2.2),(2,0),(0,2),(0,0)} }.

By Remark (1} if r = ‘/75, the users consist of £y and Ly, Ly.o; if » = 1, the users consist of

L1, Loy Lurt, Loz, L, Lia and Lyy.



B. The First Coded Caching Scheme

Based on the four types of users introduced in the above subsection, we can obtain our
first coded caching Scheme A for a (K, Ky, U,r, M, N) 2D caching-aided UDN system by
using (K K5, M, N) MN scheme. Specifically we use the placement strategy for users in
(K1K5, M, N) MN scheme to cache nodes, then use the delivery strategy of (K;Ksy, M, N)
MN scheme to each sub-type of users. So Scheme A can be obtained as follows by Algorithm

« The placement phase: By Lines 1-5 of Algorithm |1} each file is split into F' = (1)

packets where ¢ = £1L2M € [0, K1 K>] and each packet is labeled by 7 € (’tC

K =10:K;) x[0: K,). By Lines 6-9 of Algorithm [I| each cache node Cy, 5, where
(k1,k2) € K caches the packet W, - only if (k;,k2) € T, so the cache contents cached by

) where

cache node Cy, j, are

K
zk%bzz{WQf‘(h,@)e7ﬁ7¥z(t),ne[0:N)}. (12)
From (5)), (6), and (8), each user Uy, 1, € L can retrieve the following packets
K
2y = {Wn,T ’ Uk, ks ﬂT% 0, T <t)’n e [0, N)} , (13)

Then we can count that each user of Type I, Type II, Type III and Type IV retrieves

(K1K2—1)’ (Kle) _ (K1K2—2)’ (KlKQ) _ (K11§2—3) and (Kle) _ (K1K2—4

-1 ¢ ' p ’ . ) different packets

of each file respectively. Hence the ratios of the retrieved contents by each user of Type I,

Type II, Type III, and Type IV are respectively
K1 Ko—
M () t

A= N (KltKQ) T KKy
- % B (Klth) . (K11§2_2) o (K1K2 — t)(KlKQ —t— 1)
TN KKK, — 1)

My (0 = () (KK — (K Ky — t— 1)K Ky —t —2)
A3 = - KiK. =1- ,
N ( lt 2) K1K2(K1K2 - 1)<K1K2 - 2)
R e

K1k
N (")

(KGiKy —t)(K Ky —t—1)(K Ky —t —2)(K Ky —t— 3)
K Ko(K Ky — 1)(K Ky — 2)(K Ky — 3) '
o The delivery phase: Each user randomly requests a file from the server. Then for each

—1—

(14)

sub-type of users, we use the delivery strategy in Lines 10-12 of Algorithm |I| to send all

the (ﬁﬁ?) coded signals to the users.



From (2)), the transmission load is % for each sub-type. Then, we use the above trans-
mission strategies for each sub-type of user according to (9), (I0) and (1)), the following result

can be obtained.

Theorem 1 (Scheme A). For any positive integers K, K5, M and N where K, Ky > 3 and
K1KoM/N € [0 @ K K5, there exists a coded caching scheme for (K, Ko, U,r, M, N) 2D

caching-aided UDN system with transmission load

3. ket if =2
Ry=q 8. Ukt if 2<r<l,
7. ket if =1

Moreover, if K1 K5 — 0o, we have

3-N (1A =2
Ry g 8- N (1-My  jf 2oy, (15)
7-2 (1=, i r=1

U

Remark 2 (The optimal delivery strategy for the users of Type I). In Type I, each user accesses
exactly the cache node. This implies that each user takes a unique cache node as its own memory.
In addition, the delivery strategy is the same as that of the MN scheme too. So Scheme A for
the users in Type I is equivalent to the (KK, M, M) MN scheme. It is well known that the
MN scheme has the minimum transmission load under uncoded placement when KK, < N.

Hence Scheme A for the users in Type I also has the minimum transmission load.

C. Performance Analyses

In fact, our scheme can be regarded as a special scheme with heterogenous memory sizes
for the shared-link caching system. In a (K, M, N) shared-link coded caching system, let user
k € [0 : K) has a memory with size M. Without loss of generality, we assume that M, <
M, < ... < Mg_4. In the following we will discuss the performance of our scheme compared

with the order-optimal scheme proposed in [28|] which is listed as follows.



Lemma 2 (Order optimality of scheme in [28]). There exists an order optimal scheme for a

(K, M, N) shared-link coded caching system with transmission load

which is in a multiplicative gap of at most 6, i.e.,

Rp
R*(K, M,N)

Now let consider our Scheme A in (K, Ko, U,r, M, N) 2D caching-aided UDN system

where ‘/75 < r < 1. From (14), there are 8K K, users. We can regard our Scheme A as a

(8K1 K5, M, N) shared link coded caching scheme where

< 6. (16)

M = { My, My,..., My, My, My,..., My, My, Mu,..., My, My, My,..., My}

Vv vV vV '
K1 K2 users of Type I 2K71 K> users of Type . 4K7 K2 users of Type III K1 K> users of Type IV

- {MO>M17 ey MKlKQ—l}'

Here MI = )\1N, MH = /\QN, MIII = )\3N and MIV = /\4N where /\1, AQ, A3, )\4 are defined in

(I4). By Lemma [2] we have a scheme with the transmission load

we % [0-)

i=0 §=0

+ (1 o )\I)K1K2(1 o >\2>2K1K2 (/\lg o 1) [1 . (1 . )\3)4K1K2}

1
F (1= AR (1 — \y)2K0 K (1 )1 (A— - 1) [1— (1= Ap)ff2]
4

1
~ (A— — 1) , (K1 Ky — 400). (17)
1
Then from (13) and we have
Ba ~ 8.
Rp
In addition, from we have
Ra 6RA

< < .
REMN) = Ry =% (18)

Similar to the above discussion, the following results can be obtained directly.

R i V2
WMSI& lfT—T,

R .
WM§42, lfT:].,



where

!
M :{MlaMla"wMLa MII)MH""?MH}’a
' vV
K1 K> users of Type I 2K71 K> users of Type 11
"
M = {Mll? MII7 LR Mly Mllla Mllb ctt Mll}a MIV> MIV7 cey MI\L}
Vv Vv Vv
2K1 K> users of Type I 4K K2 users of Type III K1 Ko users of Type IV

From (I8)) and (19), the proposed Scheme A is order optimal.

IV. IMPROVE SCHEME B BY REDUCING THE REDUNDANCY IN SCHEME A

In this section, we investigate the redundant transmissions in the delivery phase of Scheme
A for the users of Type II, Type III and Type IV respectively, and then obtain the following

Scheme B which further reduces the amount of transmission overhead of Scheme A.

A. Research Motivation

Let us consider the delivery strategy of Scheme A in Section [[II} Then the following investi-

gations can be obtained. In Type II, each user can access two different cache nodes. In this case,

BT = () BT = ()

coded signals, and A = ( '

we claim that there are hl' = (
modified coded signals in Line 11 of Algorithm |l| which can be retrieved by each user from its
accessing cache nodes. So there are
BT By = <K1K2—1) B <K1K2—3> 20)
t t
coded signals (or modified coded) which can are retrieved by user U\ Kot
Let’s explain the above statement. First, we consider the users in Type II-1. For any integer
pair (ky, ko) € K, user U'h, = {(k1, k2), (k1, < ko + 1 >k,)} can access cache nodes C, p,

and Cp, <ky+1>,, and user u,g—}<k2+1>K2 = {(k1,< ka+1 >x,), (k1,< ka+2 >k,)} can access
: : II-1
cache nodes Cy, <k,41> K and Cy, <p,y2> Ky Let us consider the delivery strategy for users L[kh,@

and Z,{/,lel—’l< kot 15, of Scheme A by Lines 10-12 of Algorithm

K

;) satisfying

« First we consider the value of Al by counting the number of ¢-subset 7; € (

the conditions
(kl,kg) §é7-1, and (k’l,<k2+1>[{2> 67‘1. (21)

Let S; = {(k1,k2)} UTi. From and ([3), we have (S \ {(k{,k5)}) MUK, # 0

where (K7, k3) € Si, then the transmitted coded signal Xs, = @ 1y es, Wawy, |, 51\((k5 09}
1r2



can be retrieved by user L[,?l"lkg, i.e., the packets decoded from Xg, can be retrieved by

user Uy}, through cache nodes Cy,x, and Ci, <k,15,,. We can check that there are

Pt = (FF271) — (F%272) such subsets 7;. So there are Al such coded signals in Line 11

of Algorithm (1| which can be retrieved by user U,?l'},@ from its accessing cache nodes.

K

) ) satisfying

o Then we consider the value of hll by counting the number of ¢-subset 75 € (

the conditions
(k’l,kg) ¢ 75, (k’l, < ]{?2 + 1 >K2) ¢ 75, and (kl, < k’Q + 2 >K2> € 75 (22)

Let S = {(k1,< ko + 1 >g,)}J7T2. From (6a) and (13), we have (Sy \ {(k1,k5)}) N
U i () where (K1, k%) € Sa, then the transmitted coded signal Xs, = @(k’l )

k1,<ka+1>g
WdII-l

Upr 41

172

- 11-1
can be retrieved by user L{k17<k2+1>K2 through cache nodes Cy, <k, 11>, and Cp, <pyt25, -

€Sy

So\{(¥,.k)} can be retrieved by UL, 154, 1-€ the packets contained in X,

Then the server only needs to send the following modified coded signal Xg = Xs, —

Wa = @(k/l,ké)ESg\{(kl,<k2+1>K 0 Wa i S\{(k k)3 From (I3), we can check
k1, <kg+1> g, 2 Kk

that user 4;"}, can also retrieve all the packets in X§, since it can retrieve all the packets
labeled by S\ {(k], k) } where (ki, k}) # (k1, < ko +1 >k,). We can check that there are

h121 _ (K1K2—2) _ <K1K2—3

. . ) such subsets 75. So there are hll such modified coded signals

in Line 11 of Algorithm (1| which can be retrieved by user ;") from its accessing cache

nodes.

Finally, we claim that S; # S, holds since (ki, ko) € Sy and (ky, k2) ¢ S,. So there are

exactly h"" = hy' + hi coded (or modified coded) signals which can be retrieved by user 4. .

Similarly, for each Type II-2 user U5, = {(k1, k2), (< ki+1 >k, ko) } and user U0 1o 4,

={(< k1 + 1>k, ks), (< k1 +2 >k, ko) }, by studying the cache contents in the cache nodes

112 :
Chy ke, and Copyi15, k, accessed by user U5 and the cache contents in the cache nodes

11-2 m__
C<k1+1>K1 ko and C<k1+2>K17k2 accessed by user L{<k1+1>K1 Ky there are also hj = (

()

K11§2—1) .

K1K272) o (K1]§273)

coded signals and hY = (%'

modified coded signals which can be
retrieved by user 143, from its accessing cache nodes.

Similar to the discussion of Type II, according to the packets retrieved by the users in Type 111
and Type IV and the modified transmitted coded signals of Scheme A, the following statement can

be obtained. There are At = (F15271) — (F15275) coded signals and ALY = (F15272) — (Fakamt)
K1K2—3) _ (K1K2—5
t t

modified coded signals, h} = ( ) modified coded signals in Line 11 of



Algorithm 1| which can be retrieved by each user of Type IIl. And then there are

2 . 5 R

KKy —1 K Ky — 17
hIH — hIII hHI hIII — 142 o 142 23
"+ hy' o+ Ry Z( ; > ; (23)

i=1 =4

coded signals (or modified coded) which are retrieved by each user of Type III. There are

hY = (P51 — (F1527%) coded signals and by = (%1%27%) — (F1527%) modified coded signals,

hyY = (FEe=3) — (FaF270) modified coded signals, hlY = ("1527) — (F15277) modified coded

signals in Line 11 of Algorithm [I] which can be retrieved by each user of Type IV. And then

there are

3 . 7 .

KKy —1 K Ky — 7
hIV _ hIV hIV hIV hIV — 1432 _ 142 24
Y by Ry Ry Z:; . 2225 . (24)

coded signals (or modified coded) which are retrieved by each Type III user.

The detailed computations of A, A AN and ALY, ALY, KYY, KLY for Type III user and Type
IV can be found in Appendix [B] and [C| respectively.

In fact, we can use a maximum distance separable (MDS) code to reduce the redundant coded
(and modified) signals whose sizes are listed in (20)), (23]) and (24) respectively for each user of

Type II, Type III and Type IV. For instance, by a [(Iif?), (Iijﬁ?) — hn]q MDS code with some

Kle)

\11’) — h"" coded signals for the the users

prime power ¢, the server only needs to transmit (

K1 K>

in Type II-1. So we encode the ( ) transmitted coded signals for the the users in Type II-2,

t+1
Type III-1, Type II1-2, Type 1II-3, Type III-4, Type IV respectively by [([ijﬁ?), (Iiﬁz) - hn]q
MDS code, [(“15?), (%}}?) — k"] MDS code and [(“}?), (}}?) — Y] MDS code with

some prime power q. Then when ? < r <1, the total reduction of transmitted coded signals

in Scheme A can be obtained respectively.

by 2™, if r =42,
2R 4+ 4R 4 pIV, if Y2 <<,

From (I5) and the above equation, we can calculate the transmission load of Scheme B, as

follows.



e When r = 72 the transmission load is

B 35S — H B 3(K1K2) _ 2(K1f§2—1) + 2(K11§2—3)

RB — t+1
F ()
() (90 ()
- (")
B (K Ky —t) (K Ky —t—1) n K Ky —t n 2(K 1Ky —t) (K1 Ky —t—1)
KiKy(t+1) KKy KKy (K Ky —1)
. KiKy—t—2
K Ky —2
—3(1—%) (1—%— ! ) ! +(1——>+2(1——)
N N N KiK,) ¥+ e N N
1-¥=mx)l- ¥ &x)
(1 B K11K2)( B K12K2)
N M\’ M M\?
o« When @ < r < 1, the transmission load is
Ry = 88; H
85 — 7 (M) () () 4T 5 ()
- (")
t
(900 4 ()
(1)
t
(U () 5 s (R () g5 )
- (")
t
(900 4 (St

(")

8(K1Ky —t)(K Ky —t—1)) K1 Ky—t 5(K Ky—t)(KiKy—t—1)
K Ko(t+ 1) KK, (K Ky) (K Ky —1)
(K1 Ky — t) (K1 Ky —t — 1)(K Ky — t — 2)
(K1 Ky) (K1 Ky — 1)(K Ky — 2)
AEK Ky — ) (K Ky —t —1)(K Ky — t — 2)(K Ky —t — 3)
(K1 K) (K Ky — 1)(K 1 Ky — 2)(K Ky — 3)
5(K1Ky — ) (K Ky —t —1)(K1 Ky —t — 2)(K Ky —t — 3)(K Ky — t — 4)

+

(K1 K) (K Ky — 1)(K Ky — 2)(K K — 3)(K 1 Ks — 4)
(K1Ky — (K Ky — t — 1)K Ky — t — 2) (K Ky — t — 3) (K1 Ky — t — 4)
(K1 Ko) (K Ky — 1)(K Ky — 2)(K Ky — 3)(K K — 4)




KKy —t—5
KKy —5
(KGiKy —t)(K Ky —t—1)(K Ky —t —2)(K 1 Ky —t —3) (K 1 Ky —t —4)

(K1 Ko) (K1 Ko — 1)(K 1 K3 — 2)(K1 Ko — 3)(K 1 K5 — 4)
(K1 Ky —t —5)(K Ky — t — 6)
(K Ky —5)(K. Ky — 6)

—s(1- M) (oM L (-
B N N KK,) M4 1 N

Ki1K>
4 (1 B %)(1 o % KllKg)(l o % K12K2)
1 2
(1 - Kle)(l T Ki1Ks
+ 4<1 - %Xl - % - KIKQ)( - % - K12K2)( - % - KISKQ)
(1 - K1K2)<1 - K1K2>( - KISKQ)
M 1 M 2 M 3 M 4
i 5(1 — W)(l - N K1K2)(1 - N KlKg)(l - N K1K2)(1 ~ N K1K2)
( K, KQ)( KlKg)(l - K13K2 ( - K14K2)
+ (1 - %)(1 - % K1K2)(1 % - K12K2)(1 - % - KIKQ)(l - K14K2)
( Kle)( K1K2>( K1K2)( K1K2)
1 - % o K15K2
1— 5 _
K1Ks
M M M
(1 - _)(1 - N K11K2)(1 - N K12K2)(1 - N K13K2)(1 - N K14K2)

4
<1 - KllKg)(l - K12K2>(1 - K13K2 (1 - K1K2)

-4 - - ¥ - %)

N K1 K> N K1 Ko

(1 - K15K2)(1 - K16K2)

= (5-0) (=) 2 (- 8) (- R) 5 05

(KlKQ — OO)

e When r = 1, the transmission load is
7S —H
F
7(K1f§2) _ 7(K1K2—1) _ 5(K1K2—2) + (K1K2 ) +4(K1K2 ) + 5(K1K2 5)
_ t+ t t

- (")

Rg =

(K1K2—6) 4 (K1K2—7)
t (KlKQ) t
t

+

20
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T = 5 + (S9075) () 4 5 (9K 4 (06

- (F7)
(")
+ TmRRy
(")
TG Ky = t)(K Ky —t— 1)) 5(K Ky — 1) (K Ky —t — 1)
- K Kyt +1) B (K1 K5) (K Ky — 1)

(K1 Ky — t)(K Ky — t — 1) (K1 Ky — t — 2)
(K1 K2) (K1 Ky — 1)(K K3 — 2)
AK Ky — ) (K1 Ky —t — 1)(K 1Ko — t — 2)(K Ky —t — 3)
(K1 Ko) (K1 Ko — 1)(K 1 K5 — 2) (K1 Ko — 3)
5K Ky — ) (K1 Ky —t — 1)(K Ky — t — 2)(K Ky — t — 3)(K1 Ky — t — 4)
(K1 K2) (K1 Ky — 1)(K Ky — 2) (K1 Ky — 3)(K K5 — 4)
(K1 Ky — t)(K Ky — t — 1) (K1 Ky — t — 2)(K1 Ky — t — 3)(K 1Ky — t — 4)
(K1 Ko) (K1 Ky — 1)(K 1 K3 — 2)(K1 Ky — 3)(K K5 — 4)
KiKy—t—5
K Ky —5
(K Ky — )(K1 Ky — t — 1) (K Ky — t — 2)(K Ky — t — 3)(K Ky — t — 4)
(K1 Ko) (K1 Ko — 1)(K 1 K3 — 2)(K1 Ko — 3)(K 1 Ko — 4)
(K1 Ky —t — 5)(K Ky — t — 6)
(K Ky —5)(K . Ky — 6)

_7(y_%)(1_ﬁ{_ 1 > 1 _a1_%xy_%_K}J
N N Kk % T K11K2 L= K11K2

(1 - _)(1 - N K1K2)(1 - % - KIQKQ)
(1_ K1K2)<1 K12K2)

4(1 - %)(1 - M - KllKg)(l - % - K12K2)(1 - % - K13K2)

* (1 - KlKQ)( - K12K2>( - ﬁ)
+5(1_%)( _%_KllKg)(l_%_Kng)( _%_K}SKQ)( _%_K14K2)
( K1K2>( KlKg)(l K1K2)(1 K14K2)
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N KlKg

1= K1K2
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(1 )1 - 21— w50 - 55
) (1- % B K15K2)(1 B % B K16K2)

1- %) - 55




22

< (rh-0) (1=5) o (1-3) e (- 3) + 2 (-
(K1Ky — 00).

With the scheme described above, we achieve the transmission load in the following Theorem.

Theorem 2 (Scheme B). For any positive integers Ky, Ky, M, N and t = K{K;M/N €
[0, K1 K5] where K, Ky > 3, there exists a coded caching scheme for (K, Ko, U,r, M, N) 2D
caching-aided UDN system with the load

(S () () if = L2
(K1K2> ) 2
8<Klfi21 1)_,’_2 (K1K2 ) 6(K1}§272)+(K1IiQ73>+3(K11§274)+4(K11§275)
Rp = (<i79) , if ‘/75 <r<l,
T £ () () (M)
K1 Ko s if r=1.
\ ("12)
Moreover, if K1K9 — 0o, we have
(o N M2 M M3 e B
Sy (l-F) +(1-%F)+2(1-%F)", if r=-3,
7
Ry ~ +4

(8% —6) (1= %) +3(1-%)
(75 -6 (1-F) +3(1-% 2

(25)

Remark 3. Form (15 and (25]), we can obtain the ratio of the transmission load of Scheme B to

the transmission load of Scheme A for the memory ratio of cache node M when KKy — 00,

N
(g (0-97-), -4
Rg M ([ (8N M M [V A
Ba )W (5 -0 (=% +30-5)"+4(-%) +Z%(1_N) ,if P <r <1,
A =
1 2 i .
B (-0 -9 +30- 2 +a0- '+ 2 -9 i1

B. Numerical Results

In this subsection, we compare the performance of Scheme A, Scheme B, and the conventional
uncoded caching scheme Note that the transmission load of uncoded caching scheme for the
(K, M, N) shared-link broadcast system is K (1 — —) [1]. For the (K, Ky, U,r, M,N) 2D
caching-aided UDN system with % < r < 1, the uncoded scheme is equivalent to using the un-

coded caching scheme subsequently four shared-link broadcast systems respectively. Specifically,
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from (9)) and (14), each Type I user accesses a cache node and retrieves M files, it is equivalent
to using a (K7 Ky, Mj, N) uncoded caching scheme with transmission load R = K7 Ks(1 — A\q);
Each Type 1II user accesses two cache nodes and retrieves My, files, it is equivalent to using a
(2K, K3, My, N) uncoded caching scheme with transmission load R = 2K;K5(1 — As); Each
Type III user accesses three cache nodes and retrieves My files, it is equivalent to using a
(4K, Ky, My, N) uncoded caching scheme with transmission load R = 4K K,(1 — A3); Each
Type IV user accesses four cache nodes and retrieves My files, it is equivalent to using a
(K1Kj, My, N) uncoded caching scheme with transmission load R = K7 K5(1 — \4). Thus, the
total transmission load of the conventional uncoded caching scheme is

Re = K1 Ko(1 — A\p) + 2K Ko(1 — Ao) + 4K Ko(1 — A3) + K1 Ko(1 — Ay).

Fig. compares the transmission load of the three schemes versus the cache node memory
ratio M /N when ‘/75 <r<l1, Ki =Ky =6, U =288 and N = 288. It can be seen that the
transmission load of the uncoded caching scheme is much greater than that of Scheme A and
Scheme B. In addition, we can also see that the transmission load of Scheme B has a certain
extent reduction based on Scheme A. In Fig. 2(b)] we compare the transmission load of the
three schemes when the number of cache nodes increases when VTE <r<1and % = % Notice
that the increase of cache nodes will lead to the increase of files and users in our hypothetical
2D caching-aided UDN system, i.e., the number of users increases with the number of cache
nodes in Fig. [2(b)] It can be seen that the transmission load of the conventional uncoded caching
scheme linearly increases the number of /7 K5, while our proposed schemes demonstrate more
robust behavior against the variation of K K,. Besides, there is a clear gap between Scheme B
and Scheme A, and both Scheme A and Scheme B are approaching constant values when K3 Ky

is sufficiently large.

C. Example For Theorem 2]

In this subsection, we also use Example [2] with the parameters K; = K, = 3, K1 K, = 9,
M =16, N =72 and U = 72 to further explain the redundant transmitted coded signals and
the modified transmitted coded signals of our Scheme B. Clearly, we have ¢t = w =2. We
can obtain a (3,3,72,r,16,72) 2D caching-aided UDN scheme by the (9, 16,72) MN scheme
and three MDS codes where g <r<l.

Placement phase: By Lines 1-5 of Algorithm 1] each file W,, where n € [0 : 9) is divided into
(5) = 36 packets, and each packet is labeled by 2-subset T~ € (1;:) where I = [0:3) x [0: 3),
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Fig. 2: Comparison of schemes for the (K, Ky, U, r, M, N) 2D caching-aided UDN system.

then from (T2) each cache node directly caches 4F F'= £ x 36 = 8 packets of each file. Each user

can retrieve packets from its accessible cache node(s) from (13). Here we only list the details

of the Type II-1 user Uyy = {(0,0),(0,1)}, Type II-1 user Ug's' = {(0,0),(0,1),(1,0)} and

Type IV user Uy, = {(0,0),(0,1),(1,0),(1,1)}, because other users in each type are similar.

From (13), users Uy, Uy's' and U, can obtain the following packets respectively.

Zupy = IWa 10,0),0,01 Wa10,0),02)3 Wag0,0),(1,0)} W 100,000,001 Wag0,0),(1.2)3 Wal1(0,0),2,0)}
Wi 100,203 Wa{0,0),22)3 Wi 100,023 Wa0,10),0,03 Wat00,0,00 Wa{0,1),0,2)}

W 101,203 Wago,0,@2101 Wa01),22) Where n € [0:9), (26)

Zymr = {Wh 500,003 Wn00,021 Wni00.0.01 Wa 00,000 Wai00.0.21 Wai00.00}
W 10,0, Wat0,0),2.2) 1 Wa,100,1),00,2)1 Wa{(0,1),(1,00}s Wag0,0),,03 Wa 1(0,1),1,2)}»
Wa 00,201 Wato00),201 Wai01).22)1 Wni02),000 Waiwo0.001 Wai10),0,2)

W 1(1,00,2.001 Wa 1,00, Waa,0),2,21} where n € [0:9), (27)

2y, = Wa10,0),0,0)1 Wa10,0),0.2)1 Wai£0,0,(1,001 Wa 10,001,003 Waig(0,0),(1,2)3> Wa.1(0,0),(2,0)}
W 100,002,031 Wa{0,00,2,2)1 Waot0,0),00,2)1 Wa,100,1),1,001 Wa£(0,0),1,1)3 Wa{(0,1),1,2)}»

Wh 00,201 Wat0,1),211 Wa 01,223 Wni0,2),0.00 Waia,0,0,01 Wa11,0),0,2)}»
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W 11,002,001 Wa1,0),2.0)1 Wat1.0).22)1 W 0.2),0.00 Waia,1),0.21 Wa {1,200}
W t1),201 Wata,1),2,2)1 } where n € [0:9). (28)

Delivery phase: Assume that each user randomly request one file. According to the Lines 10-12

of Algorithm the server sends S = (g) = 84 coded signals Xs where S € (’;) for Type 1

user. Let us see user Ugy , Up' and UgY, to show the redundancy in Scheme A.

Let us introduce the A} and hj coded (and modified coded) signals for user U, of Type II-1.
« Firstly, we count the value of A and find the Al coded signals. We can obtain the following

2-subsets 71,
{(0,1),(0,2)}, {(0,1),(1,0)}, {(0,1),(1,1)},{(0,1),(1,2)},
{(0,1),(2,0)}, {(0,1),(2,1)}, {(0,1),(2,2)},
satisfying condition (), i.e., (0,0) ¢ 7, and (0,1) € 7;. So we have hll = (F15271) —
(F15272) = (°71) = (°,%) = 28 — 21 = 7. Let us first consider 7; = {(0,1), (0,2)}. From
(26)), the packets in coded signal
X037 = X40.0,01,02) = Wa u 10.0).02)) nEP W 441:((00).02) @Wduul {(0,0),(0,1)}
can be retrieved by user Z/{(I)fbl through its connected cache nodes Cy, and Cy ;. Similarly
we can check that user U(I)fbl can retrieve all the packets in the following coded signals
X{(0.0),0.1),0.2)}: X{(0,0),(0,1),(1.0)} X{(0,0),00,1),(1,1)}» X{(0,0),(0,1),(1,2)}
X{(0,0),0,200} X{(0,0),0,1),2,)} X{(0,0),(0,1),(22)} - (29)

« Now let us count the value of Y and find the 2. (modified) coded signals. We can obtain

all the following 2-subsets 7,

{(0,2), (1,0)}, {(0,2), (1, 1)},{(0,2), (1,2)},{(0,2), (2,0)}, {(0,2), (2, )}, {(0,2), (2, 2)},
satisfying condition (22), i.e., (0,0) ¢ T3, (0,1) ¢ 75 and (0,2) € 7. So we have

hYl = (Klf%_z) — (Klff_?’) = (9;2) — (9;3) = 21 — 15 = 6. Let us first consider

T ={(0,2),(1,0)}. The packets in coded signal

Xioun = X{o1.02,001 = Wa (02,0100} @Wdunl {(0,1),(1.0)} @Wdunl {(0,1),(0,2)}
can be retrieved by user 4y through its connected cache nodes Co; and Co, then the

server only needs to send the following modified coded signal

X*/{(O,l),(072),(1,0) = X{(071)7(072)7(170)}_Wdu(l)l-ll7{(012)7(170)} = Wdu(l)l-Zlv{(071)7(170)} @ Wduil-év{(ovl)V(OaQ)}‘
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11-1 ; : / :
Furthermore from (26)), user Uy, can retrieve all the packets in X {(0,1),(0,2),(1,0)} from its

connected cache node Cy ;. Similarly we can check that user gy can retrieve all the packets

in modified coded signals
/ ! !
X{(0.1,02).0.001 X{(0.0).02),1.0)} X{(0.1),02).(1.2)}>
/ / !
X{(0,1,002).20) X{(0..002).2.1}> X{(0,1),(0.2).(22)}

which are generated by the following coded signals respectively

X{(0,1),00,2),(1,00} X{(0,1),(0,2),(1,1)}s X{(0,1),(0,2),(1,2)}»

X{(0,1),00,2,20} X{(0,1,(0.2),2.1)} X{(0,1),(0,2),(2,2)}- (30)

Obviously, the Al coded signals in are different from the 1Y coded signals in (30). So there

are exactly h'! = Al + Al = 13 coded (or modified coded) signals which can be retrieved by

user U

Let us introduce the A", hY' and hY' coded (and modified coded) signals for user ;" of

III-1.

« Firstly, we count the value of 2" and find the ' coded signals. We can obtain the following

2-subsets 71,

{(0,1),(0,2)}, {(0,1),(1,0)}, {(0,1),(1, 1)}, {(0,1),(1,2)}, {(0,1),(2,0)},
{(0,1),(2, 1)}, {(0,1),(2,2)}, {(0,2),(1,0)}, {(1,0), (1, 1)}, {(1,0),(1,2)},
{(1,0),(2,0)}, {(1,0),(2,1)}, {(1,0),(2,2)},

satisfying condition @), i.e., (0,0) ¢ 77 and {(0,1),(1,0)} (75 # 0. So we have A =

(Freh)y — () = (000 = (%%) = 28 — 15 = 13. Let us first consider 7; =

{(0,1),(0,2)}. From (27), the packets in coded signal

Xiopun = X{0.0,00,02) = Wi {0..02) . W, 40.0).0.2)} . W, £0.0),0,1))

can be retrieved by user 15" through its connected cache nodes Co and C;. Similarly

we can check that user 5" can also retrieve all the packets in the following coded signals
X{(0,0),00.0),02)}> X{(0,0),(0,1),(1,00}» X{(0,0),0,1).(1,1)}> X{(0,0),(0,1),(12)}» X{(0,0),(0,1).(2.0)}
X{(0,0),00.0),21)}> X{(0,0),(0,1),2:2)}» X{(0,0),0.2),(1,0)}> X{(0,0),(1,0),(1,1)}» X {(0,0),(1,0),(1.2)}

X{(0,0),(1,0),2,0)} > X{(0,0),(1,0),(2,1)}> X{(0,0),(1,0),(2,2)} - (€29)
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Then we count the value of A)' and find the A (modified) coded signals. We can obtain

the following 2-subsets 75,

{(0,2),(1,0)}, {(0,2),(1,1)}, {(0,2),(1,2)}, {(0,2),(2,0)},
{(0,2),(2, 1)}, {(0,2),(2,2)}, {(1,1),(1,2)}, {(1,1),(1,2)},
{(1L,1), (2,00}, {(1,1),(2, D}, {(1,1),(2.2)},

satisfying condition (30), i.e., (0,0) ¢ 75, (0,1) ¢ 75 and {(0,2), (1, 1)} (T2 # 0. So we

have hit = (F1f272) — (Fuke=d) — (9%) — (°7%) = 21 — 10 = 11. Let us first consider

T ={(0,2),(1,0)}. The packets in coded signal

Xonyun = X{01,02.003 = Wi 102,00} . W 40.1).(10)} &P W, 40,02}
can be retrieved by user U(I)fll‘l through its connected cache nodes Cy; and C, then the

server only needs to send the following modified coded signal

X{(0,1),02),1.0} = X40.02,1.03 = Waut 102,003 = Weny {00,100} . W,y 40,02}

111 . . ' .
From (27)), user Z/{Q0 can retrieve all the packets in X {(0,1),(0,2),(1,0)} from the its connected

cache node Co,;. Similarly we can check that user U ! can also retrieve all the packets in
the following modified coded signals
1 / / !
X{(0,0),02,1,01 X{0,1),0.2,(,1)} X{(0,1,002),(1,2} X{(0,1),0,2),(20)}
! / / !
X{0.0,02,@101 X{01),02),22} X{0.1,1,1),0,2)} X{(0,1),(1,1),(12)}>
! ! !
X{0,1),1,0),201 X{0,1,,1),@D} X{(0,1),(1,1),22)}

which are generated by the following coded signals respectively

X{(0,1),00,2,(1,0)} X{(0,1,(0,2),(1,1)}s X{(0,1),(0,2),(1,2)}> X{(0,1),(0,2),(2,0)}
X{(0,1),002),21)} X{(0,1,(0,2),(2:2)}s X{L(0,1),(1,1),(1,2)}> X{(0,1),(1,1),(1,2)}
X{0,0),(1,1,201 X{0,1,(1,1),2.1D}s X{(0,1),(1,1),(2,2)}- (32)

We count the value of hY' and find the hY' coded signals. We can obtain the following

2-subsets 73,

{(0,2), (L, D}, {(1,1),(1,2)}, {11, (2,0}, {(1,1), (2,1}, {(1,1),(2,2)},
{(0,2),(2,0)}, {(1,2),(2,0)}, {(2,0),(2,1)}, {(2,0),(2,2)}.
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satisfying condition (52), i.e., (0,0) ¢ T3, (0,1) & T2, (1,0) ¢ T3 and {(1,1),(2,0)} N Ts #
0. So we have Al = (F1527%) — (Fuke=9) — (973} — (97°) = 15 — 6 = 9. Let us first

t 2 2

consider 73 = {(0,2), (1,1)}. The packets in coded signal

Xwoput = X(02,0.0,0.01 = Wam {00,010} . W,y £02,(11)) . W, a 402,10}

can be retrieved by user L[{I})‘ ! through its connected cache nodes C; and C, ;, then the

server only needs to send the following modified coded signal
X{02,00.00) = X(02,0.0,00 W (02,000 = W {00,003 D Wy 102),0.0)}-
From @7), user Uyy;' can retrieve all the packets in X[, (1) 11y from its connected
cache node C, . Similarly we can check that user U ! can retrieve all the packets in the
following modified coded signals
/ / / !/ /
X02,00.000 X02,00,00 X{0,0.00.020 X{00,00,200 X{(10,01,21)
/ / !/ /
Xao,an.ear X100,02.000 X(00.co.enp Xino,eo.e2)

which are generated by the following coded signals respectively

X{(072)7(170)7(171)}7 X{(072)7(170)=(270)}’ X{(170)=(171)7(172)}7 X{(170)7(171)7(270)}’ X{(170)7(171)=(271)}’

X{(1,0,(1,1,22)1 X{(1,0,(1,2),20} X{(1,0),(2.0),21)} X{(1,0),2,0),2,2)}- (33)

Obviously, the 2!, A and A" coded signals in (3T), (32) and (33) are different from each other.
So there are exactly A'™ = ' + AT 4+ AT = 33 coded (or modified coded) signals which can

be retrieved by user UG

Let us introduce the hYY, hyY, hy’ and h}’ coded (and modified coded) signals for user Uy

of Type IV.

« Firstly, we count the value of 2!V and find the 1!V coded signals. We can obtain the following

2-subsets 77,

{(0,1),(0,2)}, {(0,1),(1,0)}, {(0,1), (1, )}, {(0,1),(1,2)}, {(0,1),(2,0)},
{(0,1), (2, )}, {(0,1),(2,2)}, {(0,2),(1,0)}, {(0,2), (1, 1)}, {(1,0), (1, )},
{(1,0),(1,2)}, {(1,0),(2,0)}, {(1,0),(2, 1}, {(1,0),(2,2)}, {(1,1),(1,2)},
{(1,1),(2,0)}, {(1,1), (2D}, {(1,1),(2,2)},
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satisfying condition (54)), i.e., (0,0) ¢ 77 and {(0,1),(1,0),(1,1)} (71 # 0. So we have

hY = (Kl?_l) - (K11§2_4) = (9;1) — (9;4) = 28 — 10 = 18. Let us first consider

71 ={(0,1),(0,2)}. From (28)), the packets in coded signal

Xoopur = Xiwo.0n.02) = Wan (01).02) . Wi 100),02)) o, Wi (00,01}

can be retrieved by user Z/{(% through its connected cache nodes Cy g and Cy ;. Similarly we

can check that user Z/l[% can retrieve all the packets in the following coded signals
X{(0.0.01,02)3 X{(0,0),0.)..0}> X{(0.0),0.1),1.1} X{(0,0),00.1).(12)}s X{(00),(0.1).(20)}>
X(0.0.01.@0} X{00).0.1.22} X{0.0).02).0.0} X{00.02.0.10} X{00).0.0.01}
X{(0.0.00.02)} X{0,0).0.0.20}> X{(0.0).(10).2D} X{0.0.0.0.22)} X{(00).1.).0.2)}>
X{(0.0.0.0,201 X{00),0.1.21} X{(00).(1.1),22)} (34)

Then we count the value of 2L and find the AL coded signals. We can obtain the following

2-subsets 7,

{(0,2),(1,0)}, {(0,2),(1,1)}, {(0,2),(1,2)}, {(0,2),(2,0)}, {(0,2),(2, 1)},

{(0,2),(2,2)}, {(1,0),(1, D}, {(1,0),(1,2)}, {(1,1),(1,2)}, {(1,1),(2,0)},

{(LD), 2,1} {(1,1),2,2)}, {(1,2),2,0}, {(1,2),(2 1)}, {(1,2),(2,2)},
satisfying condition (53), i.e., (0,0) & T3, (0,1) ¢ 75 and {(0,2), (1,1), (1,2)} N 7Tz # 0.

So we have ALY = (%1527%) — (F1F279) = (972) — (°0°) = 21—6 = 15. Let us first consider

T ={(0,2),(1,0)}. The packets in coded signal

)({(071)}LJ772 = X{(071)7(072)7(170)} = Wdu(I)V17{(072)7(170)} @ Wdué\’2v{(071)7(170)} @ Wdu{VO7{(071)7(072)}

can retrieved by user L{(I)Yl through its connected cache nodes Cy; and C, then the server

only needs to send the following modified coded signal

X{oa. 02,001 = X(00.02.00 = Waw (02,001 = Wiy 100,003 BWa (00,02
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From (28), user U, can retrieve all the packets in X £(071),(0’2)’(170)} from its connected cache
node Cy ;. Similarly we can check that user Z/l[% can retrieve all the packets in the following
modified coded signals
Xio0.02.001 X{on.02.000 X{on,02,020 X{0n02.200 X002,
Xion,02.221 X{on,00.001 X{00,00.020 X{o0,00021 X{0.0,0.0.201
Xion.aneor Xjonane2r Xjona.ecor Xjona.eny Xona.e)

)

which are generated by the following coded signals respectively

X{(0,1),002),(1,00} X{(0,1),(0,2),(1,1)}s X{(0,1),(02),(1,2)}> X{(0,1),0,2),(2.0)}> X{(0,1),(02),(2,1)}»
X{(0,1),002),22)} X{(0,1),(1,0),(1,1)}s X{(0,1),(1,0),(1,2)}> X{(0,1),(1,1),(1,2)}s X{(0,1),(1,1),(2,0)}»

X{0,0,1,0,201 X{0,1,(1,1),22)} X{(0,1),(1,2),20)} X{(0,1),(1,2,21)}> X{(0,1),(1,2),(2:2)}-
(35)

Next, we count the value of 1}’ and find the A}’ coded signals. We can get the following

2-subsets 73,

{(0,2), (1,1)}, {(0,2),(2,0)}, {(0,2),(2,1)}, {(1,1),(1,2)},
{(1,1),(2,0)}, {(1,1),(2, 1)}, {(1,1),(2,2)}, {(1,2),(2,0)},
{(1,2),(2, 1)}, {(2,0),(2, 1)}, {(2,0),(2,2)}, {(2,1),(2,2)},

satisfying condition (38, i.c., (0,0) & Tz, (0,1) & T, (1,0) ¢ T3 and {(1, 1), (2,0), (2, 1)}

Ts # 0. So we have hYY = (%17279) — (FuBe=0) — (979) _ (970) = 15 — 3 = 12. Let us

t

first consider T3 = {(0,2), (1,1)}. The packets in coded signal

)({(170)}LJ7—3 - X{(072)7(170)1(171)} - Wdu(I)V27{(110)7(171)} @ Wduivov{(OQ)v(lvl)} @ WdM{Vlv{(OVQ)v(LO)}

can be retrieved by user L[{X) through its connected cache nodes C;, and C, ;, then the

server only needs to send the following modified coded signal

X{02),1,0,1,1} = Xi02,00.0.03 = Wan 102,003 = Waee (000,008 Wa (02,00



31

From (28), user U3, can retrieve all the packets in X/ {(0,2),(1,0),(1,1)} from its connected cache
node C; o. Similarly we can check that user U}, o can retrieve all the packets in the following
modified coded signals
/
X{o2.00.001 X{©2.00.c01 X{02.00.@00 X{(10.01.02)
/ / / !/
Xio.0n.op X{ao.an.cop Xeo.an.e2y X(0.02.20)
/ / / /
X10.02.201 X(10.20.e01 X{(10.20.22) X{(10),@1).22)

which are generated by the following coded signals respectively

X{(02),(1,0,(1,0} X{(0,2),(1,0),(2.0)} X{(0,2),(1,0),2 1)} X{(1,0),(1,1),(1,2)}
X{(1,0,(1,1,20} X{(1,0,(1,1),2D} X{(1,0),(1,1,22)} X{(1,0),(1,2),(2.0)}
X{(1,0,(1,2,201 X{(1,0,2,0),2.1D} X{(1,0),(20),2.2)} X{(1,0),2,1),(2.2)}- (36)

Finally, we count the value of 1!V and find the hY coded signals. We can obtain the following

2-subsets 74,

{(0,2),(1,2)}, {(0,2),(2,1)}, {(0,2),(2,2)}, {(1,2),(2,0)}, {(1,2),(2, 1)},

{(1,2),(2,2)}, {(2,0),(2, 1)}, {(2,0),(2,2)}, {(2,1),(2,2)},
satisfying condition (57), i.e., (0,0) ¢ T4, (0,1) ¢ T4 (1,0) ¢ Ti, (1,1) ¢ T4 and
{(1,2),(2,1),(2,2)} N Ta # 0. So we have hlY = (F1527) — (Fle7) = (%) — (°)7) =
10 — 1 =9. Let us first consider 73 = {(0,2), (1,2)}. The packets in coded signal
Xianun = Xqo2.00,02) = Wd v AL (12}@dev £0.2),( 12)}@Wduw {(0,2),(1,1)}
can be retrieved by user Z/{{Vl through its connected cache nodes C;; and C, ,, then the
server only needs to send the following modified coded signal
X~/{(O,2),(1,1),(1,2)} = X{(O’2)7(1’1)7(1’2)}_WdZ/{{VI7{(0’2)7(1’2)} = WduéVQv{(Ll)?(va)} @ Wdu{V2v{(072)7(111)}.
From (28), user U}, can retrieve all the packets in X[ ;1) 1.2)) ffom the its connected
cache node C; ;. Slmllarly we can check that user Z/I(% can retrieve all the packets in modified
coded signals

/ / !/ / /
Xo2.00.021 Xo2.0n.e00 Xeaanear Xane2.eor Xanoe.eny

! / ! !
X{1,02,221 X{00),@0,@Dh X{1,1,20,22)) X{(11),21),22)}
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which are generated by the following coded signals respectively

X{(02),1,1,1,2)} X{(0,2),(1,1),2D} X{(0,2),(1,1,22)} X{(1,1),(1,2),20}> X{(1,1),(1,2),21)}
X{1,0,1,2,221 X{(1,1,20,@D} X{(1,1),20,22} X{(1,1),21),22)}- (37)

Obviously, the 1}V, hYY, hYY and hYY coded signals in (34), (33)), and are different
from each other. So there are exactly h'Y = hlY + hY + hYY + b)Y = 54 coded (or modified
coded) signals which can be retrieved by user Y.

Next, let us consider the transmission load of our two schemes when the value of r is in

different ranges.

o When ‘/75 < r < 1, there are 8 sub-types of users in 2D caching-aided UDN system. From
above description, we have H = 2h" + 4™ + BV = 2 x 13 + 4 x 33 + 54 = 212. We
use a (84,71) MDS code, a (84,51) MDS code and a (84,30) MDS code for the 84 coded
signals sent to Type II, Type III and Type IV users respectively, the server only sends

8 x84 — H =672 — 212 = 460 coded signals for all the users. Then the transmission load

460
36

load Ry = %23 = 18.67 of Scheme A.

of our Scheme B is Rg = = 12.78 which is 0.68 times smaller than the transmission

e Whenr = ‘[ , there are only Type I user and Type II user, total of 3 sub-types of users in 2D
caching-aided UDN system. From the above description, we have H = 2h1 = 2 x 13 = 26.
We use a (84,71) MDS code for the 84 coded signals sent to Type II user, the server only

sends 3 x 84 — H = 252 — 26 = 226 coded signals for all the users. Then the transmission

226

56 — 6.28 which is smaller than the transmission load

load of our Scheme B is Ry =
Ry = 3*84 = 7 of Scheme A.

e When r = 1, there are Type II user, Type IIl user and Type IV user, in total 7 sub-
types of users in 2D caching-aided UDN system. From above description, we have H =
2R + AR + BV =2 x 134+ 4 x 33 + 54 = 212. We use a (84,71) MDS code, a (84,51)
MDS code and a (84,30) MDS code for the 84 coded signals sent to Type II, Type III and
Type IV users respectively, the server only sends 7 x 84 — H = 588 — 212 = 376 coded
signals for all the users. Then the transmission load of our Scheme B is Rg = 460 =10.44

which is 0.64 times smaller than the transmission load R = 3% = 16.33 of Scheme A.
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V. CONCLUSION

In this paper, we investigated the 2D caching-aided UDN system. We first showed that all the
possible users can be divided into four classes. Based on this classification, Scheme A is obtained
by means of the placement strategy and delivery strategy of the MN scheme. By theoretical
analysis, we showed that Scheme A is order optimal. To further delete the redundancy distributed
in the transmitted signals of Scheme A, Scheme B which has a smaller transmission load was
obtained. Finally, the numerical analysis shows that our schemes have significant advantages

over the conventional uncoded scheme for the caching-aided UDN system.
APPENDIX A

THE DETAILED PROOF OF THE USER’S TYPES

According to Cartesian coordinate system, we can easily check that the range of any cache
node Cy, », where k; € [0: K), ko € [0: K5) can be divided into the following four symmetric

ranges.

{1+ 2.k +2) | Va2 +12 <1z >0,y >0},
{(ky + 2, ks +2) | Va2 + 12 <r x>0y <0},
{((ky + 2, ky +2) | Va2 + 2 <rx <0,y >0},
{(ky +a, ko) | Va2 +y2 <raz <0,y <0}

So it is sufficient to consider one of the above four ranges for the whole service range of a

(38)

cache node. Now let us consider the first range which is composed of the cache nodes Cy, x,,

Chy ky+1> Chyt1k, and Cg, 41 k,41. From (@), we only need
6070(‘%’ y) = d(k1+:p,k2+y),(k1,k2) =V $2 + y2,
60,1(1‘7 y) = d(k1+x,k2+y),(k1,k2+1) =22+ (1 — y)Q,

€10(T,Y) = dikytakoty) (kit1ke) = V(1 —2)2+ 9%

(39)

€1,1(2,Y) = diky+ako+y), (k1 +1 k1) = V(1 —2)2+ (1 -y)%
According to the values of ego(z,y), eo1(z,v), e10(z,y), e11(z,y) in (39) and ? <r <1, the
users can be divided into the following four types.

o Type I: There exist some pairs (z,y) € R? satisfying all of the equations
eoo(z,y) = Vat+y* <, eor(r,y) = Vi +(1—-y)? >,
ero(z,y) = V(1 —x)?+ 2 >r, ena(z,y) =1 —2)2+(1-y)?>r

(40)
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For instance z = y = 1—57“ is the solution of the above equation (0). In this case, the user
Uk, +2.ko+y Where the pair (x,y) satisfies (0) can only access cache node Cy, x,, the user
accessing cache node Cy, j, is denoted by U{(ky, k2)}. Similarly, we can also denote all
users in the four symmetric ranges in (38)), and thus the Type I user can be represented in
Type II: There exist some pairs (z,y) € R? satisfying all of the equations

eoo(z,y) = Var+y? <, eon(r,y) =2+ (1—y)? <,

ero(z,y) =1 —2)2+y2>r e(z,y) = \/(1 -+ (1—-y?2>r

(41)

For instance when (z,y) = (0, 1), the above equations in hold. The user Uy, 44 ky+y
where the pair (z, y) satisfies (41)) can exactly access the cache nodes Cy, x, and Cy, <k, 41> Ky
we denote the user accessing cache nodes Cy, x, and Cp, <k, 415, by U{(k1, ko), (k1, <
ks +1 >g,)}. Similarly, we can also denote all the users in the four symmetric ranges
in (38), and thus the Type II-1 user accessing two consecutive cache nodes Cy, , and
Chy <hot1> K in the horizontal direction can be summarized as (6a).

Similar to (#1), there also exist some pairs (z,y) € R? satisfying all of the equations

eoo(z,y) = Va2 +y* <, eon(z,y) =Vt + (1 —y)? >,

ero(z,y) =1 —2)2+y2<r, e(z,y) = \/(1 —x)?24+(1—-y?2>r

(42)

For instance when (z,y) = (3,0), the above equations hold respectively. Similar to
the Type II-1 user introduction, the Type II-2 user accessing two consecutive cache nodes
Chy ok, and Cpy 15, 5, 1 vertical direction are denoted by (6b).

Type III: There exists some pairs (z,y) € R? satisfying all of the equations

eoo(x,y) = Vat+y? <, eon(r,y) =Vt + (1 —y)? <,

ero(z,y) = V(1 —a)+y2 <r, ena(zy) = V(1 —2)? +(1-y)?>r

For instance when (z,y) = (1 —4/r2 — 1,1 —/r? — 1), the above equations in (#3) hold.

The user Uy, 1, x,+, Where the pair (x,y) satisfies (43]) can exactly access the cache nodes

(43)

Chi ks Cabrtisr, ko aDd Ciy chyt1> ., We denote the user accessing Cpy gy Cakyt1> 4, ko
and Ck1,<k2+1>K2 by U{(k’l, k’g), << k141 >Kis /{Zg), (lﬁ, < ky+1 >K2)}- S1m11arly, we can
also denote all the users in the four symmetric ranges in (38)), and thus the Type III-1 user

accessing three cache nodes Cy, k,, Capy 4155, ko and Cyy <k, 115, are represented as (/a).
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Similar to (@#3), there also exists some pairs (z,y) € R? satisfying all of the equations

eoo(z,y) = Vat+y? <, eon(®,y) = Vat+ (1 —y)? >,

evo(z,y) = V(1 —a)+y2 <r, ena(zy) = V(1 -2+ (1-y)?<r

For instance, when (z,y) = (1/r?> — 1,1 — /72 — 1), the above equations in (#4) hold.

Similar to the Type III-1 user introduction, the Type III-2 user accessing three cache nodes

(44)

Chy ks Cbyt1>i, ko @0 Copy i1y <kyt1>g, are represented as (7b).
Similar to (#3) and @4), there also exists some pairs (x,y) € R? satisfying all of the

equations
eoo(T,y) = Vat+y? <, eo1(z,y) = Vat+(1—y)* <,

ero(z,y) =1 —2)2+y2>r e (z,y) = VId—z)?2+(1—-y2<r

(45)

For instance, when (z,y) = (1 — \/ r2 -1 \/ r? — 1), the above equations in (@3) hold.

4

Similar to the above introduction, the Type III-3 user accessing three cache nodes C, ,,
Ck1,<k2+1>K2 and C<k1+1>K1,<k2+1>K2 are represented as (7c).

Since the type of user in the first range is symmetrical with that in the fourth range from
(38), the Type III-4 user in the fourth range are also symmetrical with the Type III-1 user
in the first range, then the Type III-4 user located at cache node Cy, i, serving rang can be
represented in the fourth range. In the fourth range which is composed of the cache nodes
Chi ks Chy,<ha—151,0 Cbr—155, ko AN Cchy 154 k1>, Where ki € [0: Ky), kg € [0 :
K3), according to the values of ego(z,y), €o—1(x,y), e_10(z,y) and e_1 _1(x,y) in @),

there exists some pairs (x,y) € R? satisfying all of the equations

coo(r,y) = Va2 +y? <, eo—1(,y) = VvVt + (1 +y)? <,

671,0<$,y) = (1 + I)Z + y2 < r, 671771<l’,y) = \/(1 + ':C)2 + (1 + y>2 >

For instance, when (z,y) = (=1 + 4/r>—1,—1+ (/r? — 1), the above equations in

hold.The user Uy, 1, k,+, Where the pair (z,y) satisfies can exactly access the

(46)

cache nodes C, x,, Ck17<k2,1>K2 and C<k171>K1 ko» We denote the user accessing Cy, i,,
Chi <ha—1>r5, a0d Copy1npe ky bY U{(k1, k2), (k1, < ko — 1 >p), (< k1t — 1 >p,, ko) }
Similarly, we can also denote all the users in the four symmetric ranges in (38]), and thus type

II1-4 user accessing three cache nodes Cy, 1,, Ci; <ky—1> Ko and Cog, 1> Ky ko AT€ represented

as ((7d).
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o Type IV: There exists some pairs (z,y) € R? satisfying all of the equations
eoo(r,y) = Vat+y* <, eo(z,y) = Va*+(1—y)* <r,

ero(t,y) = V(1 —a)? +y2 <7, ennlr,y) = V(1 —2)* + (1 - y)?

For instance, when z = y =

(47)

D=

, the above equations in hold. In this case, the user

~—

Uk, +2 k,+y Where the pair (z,y) satisfies (47) can exactly access four cache nodes C, ,,
Cakyt1>x, k> Chy<hat1sg, and Copyt15 g <kyt1>y,» and is denoted by U(ky, k2), (< ki +
1 >k ko), (k, < ko +1 >k,), (< k1 + 1 >k, < k2 + 1 >g,). Similarly, we can also
denote all the users in the four symmetric ranges in (38)), and thus the Type IV user can be

represented as ().

APPENDIX B

THE PROOF OF THE CODED SIGNALS AND MODIFIED CODED SIGNALS FOR TYPE III USER

Let us consider the users in Type III-1 first. For any integer pair (k1, k2) € K, the following
statements can be obtained by the accessing topology.
o User U = {(k1, ko), (k1, < k2 + 1 >k,), (< k1 + 1 >k, ka)} can access cache nodes
Chyhas Chi,chat1sr, aNd Copipis e kol
. Userl/{,glikﬁbk = {(k1, < ko+1>g,), (1, < ka+2 >g,), (< k1 +1 >k, < ko +1 >x,)}
can access cache nodes Cp, <k, +1>1,> Chy <hotos, AN Copipis e <hotisg,s
. Userugk11+1>Kl by = WS k1L >g ko), (S kil >k, < ke+l >k,), (K ki+2 >k, ko) }
can access cache nodes C<k51+1>K1 ko> C<k1+1>K1,<k2+1>K2 and C<k1+2>K1,k2.
Let us see the delivery strategy for the users U, , U, and Y2} Rt 15, b, OF Scheme

kr,<ko 1> i,
A by Line 11 of Algorithm [I]

K

o Let us consider the value of h!" by counting the number of ¢-subset 77 € (',

) satisfying

the conditions
(k1. ko) ¢ T, and (U, \ {(k1, k2)})
={(k1,< k2 + 1>1,), (< k1 + 1 >5,, k) } [ T1 # 0. (48)

Let Sy = {(k1, k2)} U Ti. From (7a) and (T3)), we have (S;\ {(k], k%) }) UL, # 0 where
(k1, k%) € S1. Then the transmitted coded signal Xs, = @(k’l wyyes, W

NG
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be retrieved by user U4, i.e., the packets in X, can be retrieved by user /" through

cache nodes Cy, 1., Ck17<k2+1>K2 and C<k1+1>K17k2. We can check that there are

B = (Klk;f - 1) - <K1Kf - 3) (49)

such subsets 7;. So there are h!! such transmitted coded signals in Line 11 of Algorithm

which can be retrieved by user Uy} .

K

Let us consider the value of h}' by counting the number of ¢-subset 75 € (')

) satisfying

the conditions

(kl,kQ) ¢7§, <k1,< k2+1>K2) ¢7§ and
(ulgl,_1<k2+1>;<2 \ {(kla <hs+1 >K2)}) = {(kh <ky+2 >K2)7

(<ki+ 1>k, <k +1>K)} T #0. (50)

Let So = {(k1,< ko + 1 >g,)} U T2. From (7a) and (I3), we have (So \ {(k},%5)}) N

Ui cry15,, 7 0 where (k7 k3) € S, then the transmitted coded signal Xs, = D 11)es,

1.e., the packets in Xgs, can

: 11I-1
dell;ll S0 can be retrieved by user uk1,<k2+1>K2’

L2 1I-1

be retrieved by user Z/{,i through cache nodes Ck1,<k2+1>K2, Ck17<k2+2>K2 and

1,<ke+1>k,

Coki+1>k,,<ks+1>x,- Then the server only needs to send the following modified coded

. ; B .
signal X82 = Xs, WduIII-l T2 = EB(k’l,ké)e(Sg\(kl,<k2+1>K )) Wdum.l S2\{(k7,k5)} We
k1, <ky+1> g, 2 k! kb

can check that user L{,illl;,iQ can retrieve all the packets in X, since it can retrieve all the

packets labeled by Sy \ {(k], k%) } where (K}, k5) # (k1, < ke + 1 >g,) from (13). We can
check that there are
p <K1K2—2) B <K1K2—4) 51)
t t
such subsets 75. So there are hJ' such transmitted modified coded signals in Line 11 of

Algorithm [1| which can be retrieved by user U™}

1,k2°

K

Let us consider the value of A5 by counting the number of ¢-subset T3 € ( h

) satisfying
the conditions
<k17k2) ¢ 757 (klv < k? + 1 >K2) ¢ 737 (< kl + 1 >K1ak2) g 7?’) and
Uit i15m e VIS B+ 1> 500 R0)}) = {(< ki +2 >, ko),

(<ki+1>k,<k+1>g) T #0. (52)
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Let S3 = {(< k1 + 1 >k, k2)} T3 From (7a) and (13), we have (S3 \ {(k1,k5)}) N
Z/IEEJFDKIJQ # () where (ki,k}) € Ss, then transmitted coded signal Xs, = ®(k'1,k'2)€$3

Wi s\ (k) ky)y can be retrieved by user U} i.e., the packers in X, can be
[ S\{(KS,

<k1+1>g k2’
172
: 1I-1
retrieved by user Z/{<k1+1>K1 &, through cache nodes Coy, 15, kys Cakitis g, ,<hat1>g, and

Ccki+2>k, .ko- Then the server only needs to send the following modified coded signal

Xs, = Xsy = Wa T = @(k/l,kg)e(sg\{(<k1+1>,< k) W Sa\((k) ky)y- We can
<k1+1>fy k2 ! K kb

check that user ;' can retrieve all the packets in X, since it can retrieve all the packets

labeled by Ss \ {(k}, &%)} where (K}, kb)) # (< ki + 1 >k, ko) from (I3). We can check

that there are

Pl — <K1Kt2 - 3) B <K1K; - 5) (53)

such subsets 73. So there are hY' such transmitted modified coded signals in Line 11 of
Algorithm [I| which can be retrieved by user . .
Finally, by the assumptions (ki, k2) € S1, (k1, ko) ¢ So, (k1,ke) ¢ Ss, (k1, < ko +1 >g,) € Sa,
and (ki, < ko +1 >g,) ¢ S3, we can verify S} # Sp, §1 # S3 and Sy # Ss. So there are exactly
A = "+ hy" + hY' coded (or modified coded) signals which can be retrieved by user Uy .
Similar to the discussion of Type III-1, for the users in Type 1II-2, Type III-3, Type 11I-4, we
can also derive the values of K in (#9), A in (5T) and A in (33) by discussing the following

three classes of users

111-2 1II1-2 111-2

{uk'lka’ u<k1+1>K1 k2o u<k1+1>K17<k2+1>K2} ’
111-3 111-3 111-3

{ukl,kw Z/{k17<k?2+1>K27 u<k1+1>K1,<k2+1>K2} )
111-4 111-4 111-4

{ukl,k27 u<k1—1>K1,k27 u<k1—1>K1,<k2—1>K2 }

respectively.

APPENDIX C
THE PROOF OF THE CODED SIGNALS AND MODIFIED CODED SIGNALS FOR TYPE IV USER
Let us consider the users in Type IV. For any integer pair (k1, ko) € K, the following statements
can be obtained by the accessing topology.
e« User u,g},w = (]{31, k?Q), (l{il, <ky+1 >K2), << ki +1 >k, ]{52), << ki +1 >k, < ko +

1 >, )} can access cache nodes Cy, x,, Chi <kot1>50y> Cbrt15 5, ko A0 Cohy 15 <kt 5
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. Usefuif,<k2+1>K2 = {(k1, < ko+1 >g,), (k1, < ka+2 >g,), (< ki+1 >k, < ko+1 >f,),
(< k1 4+ 1 >k, < ks +2 >g,)} can access cache nodes Chy <kat1>5,> Chi<hatas s
Cakit1>r, <hat1>r, AN Copyp1s e <hovas i,

. Useru<kl+1>K b = UK B+l >5 k), (K kil >k, < ket 1 >k,), (< k142 >k, k),
(< k142 >k, < ky+1>g,)} can access cache nodes Cop, 415, kss Cahyt1> s, <hot1>1, 0
Cakrtos iy ke AN Copygos o chat1sg, s

. Useru1k1+1>Klﬁ<k2+1>K ={(<ki+1>k,<k+1>g), (Kki+1>g,< ke+2>k,),
(<ki+2>k,<ki+1>g) (< ki +2 >k,< ko +2 >g,)} can access cache nodes
Catrt1> iy s <hat 151, 0 Cbrb1s ) ,<hat2> 10y Cabrtas iy <hat1>r, AN Copypos i k2>, -

Let us see the delivery strategy for the users U, .. Uy ;. ISP ULy, >k, ko and

L{<k1+1>K17<,€2+1> of Scheme A by Line 11 of Algorlthm l

« Firstly, we consider the value of AlY by counting the number of ¢-subset 7; € (’f) satisfying

the conditions

(k1,ks) & T, and Uy, \ {(k1, k2)}) = {(k1, < k2 + 1 >,),

(<hi+1>k, k), (S b+ 1>k, <k +1>g,) )71 #0. (54)

Let S = {(k1, k2)} U T1. From @) and (T3), we have (S1\ {(k},k3)}) N UL 1., 7# O where

(k7. k}) € S1, then the transmitted coded signal Xg, = @(k/l,kg)esl Wduk’l,k’z SIV{(K, )} can
be retrieved by user L[kl k> 1-€., the packets decoded from Xs, can be retrieved by user
Z/{kl k, through cache nodes Cp, ks Cry,<hyt1> 1, Ctyt15 1, ko AN Capy 15 <hiyt1> 4, - WE
K1Ka—1 K1 Ko—4
( ' t2 ) - ( s

can check that there are hlY = .

) such subsets 77, so there are hlY such
transmitted signals in Line 11 of Algorithm (1| which can be retrieved by user L[kl ko
« Now we discuss the value hlY by counting the number of ¢-subset 75 € (’f) satisfying the

conditions

(k1. ks) & Ta, (k1 <ka+1>g,)¢ 7T and
(Ui <hagtis, \ AR <k +1>55)3) = {(kr, < ko + 2 >x,),
(<ki+1>k,<h+1>g) (<kh+1>k,<k+2>)H #0595

Let So = {(k1,< ko + 1 >k,)}J 7Tz From () and (13), we have (S \ {(k},%k5)}) N

uy <hot1>r, 7 O Where (ky, k5) € S, then the transmitted coded signal Xs, = @ iy )es,

W, a, “ S2\{(¥, k) can be retrieved by user Z/lk1 <hytl>g, i.e., the packets contained in Xg,
1
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: v
can be retrieved by user L{k17<k2+1>K2 through cache nodes Cp, <y+1>,5 Chy<hot2>, s

C<k1+1>K1,<k2+1>K2 and C<k1+1>1<1,<k2+2>;<2- Then the server only needs to send the mod-

ified coded signal XgQ = Xs, — Wduw = @(k,l7%)6(52\{(]“7<k2+1>K2)})

ki,<kg+1>p

Wduly SR We can check that user Z/{,?f », can retrieve all the packets in X, since it
can retrieve all the packets labeled by (S \ {(k], k5)}) where (k, kb)) # (k1, < k2 +1 >k,)
from (T3). We can check that there are hlY = (*15272) — (%15275) guch subset 75, so there
are hYY such transmitted signals in Line 11 of Algorithm [1| which can be retrieved by user

vV
uk17k2 :

Next, we consider the value hY' by counting the number of ¢-subset 73 € (If) satisfying

the conditions
(/{31,/{32> ¢ 75, (1{51,< k?Q +1 >K2) ¢ 75, (< kl +1 >K17k2> ¢ 7?),, and
Ui st VS R+ 1 >0 k0)}) = {(< ki +2 >k, k),

(<ki+1>k, <k +1>K) (<k +2>K, <k +1>g)} )T # 0. (56)

Let S5 = {(< k1 + 1 >k, ko) } UTs. From (8) and (13), we have (S; \ {(k},%k5)}) N

IV . .
Uy 155, by 7 () where (k1, k%) € Ss, then the transmitted coded signal Xs, = D i wyes,
Way  so\((w ky)} can be retrieved by user ULy, 1>, ko i.e., the packets contained in Xg,
2

k}l k/
1
: I\
can be retrieved by user Z/{<,€1+1>K1 i, through cache nodes Cg, 115, kos Caky 15, <kt 151, 5

C<k1+2>K2,k2 and Cg, 42> Ky <k 1>k, - Then the server only needs to send the modified
: ;o B -
coded signal X5 = X, Wdalv Tz = @(k’l,ké)e(83\{(<k1+1>;<1 k2)}) Wduw S3\{ (k] k5)}
<k1+1>p, k2 LA
We can check that user U, can retrieve all the packets in X, since it can retrieve all

packets labeled by (S3 \ {(k},k%)}) where (K}, k) # (< k1 + 1 >k, ko) from (I3). We

K1K2—3) _ (K1K2—6

can check that there are hYY = ( . '

) such subsets T3, so there are hYY such

transmitted signals in Line 11 of Algorithm (1| which can be retrieved by user L[,X,Q.

K

) ) satisfying

Finally, we consider the value k)Y by counting the number of ¢-subset 7, € (

the conditions

(kla kQ) ¢ 717 (kla < k2 + 1 >K2) ¢ 7:17 (< kl + 1 >K17 k2> ¢ 7:17
<< kl + 1 >K1’ < k:2 + 1 >K2) g 721 and (ul<\2:1+1>[(1,<k2+1>}(2\
{(<ki+1>k,<ks+1>)}) ={(< ki +1>k,< ko +2>f,),

(ki +2>5, <k +1>g) (<Kk+2>k, <k +2>)H T2 #0.  (67)
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Let S, = {(< k1 + 1 >k, < ko + 1 >g,)}J 74 From and (13), we have (Sy\
{(kL,ED) DN UL\;C1+1>K17<,€2+1>K2 # 0 where (ki,k}) € S, then the transmitted coded
signal Xs, = @ ryes, Way  si\((k.ky)) CaN be retrieve by user UL

' K ’

<k‘1+1>K1 7<k2+1>K2 ’
i.e., the packets contained in X, can be retrieve by user UL}, 1. 4,415, by cache nodes
1’ 2

C<k‘1+1>K1 <kot+1>K, 0 C<k’1+1>}(1 <k +2>p, 0 C</€1+2>K1 <k +1>k, and C<k1+2>K1 <ko+2>p, ¢ Then

the server only needs to send the modified coded signal X5, = Xs,—Wy . Ta
Z’{<Ic1+1>K1 ,<k2+1>K2

= @(kfl,kg)e(s4\{(<k1+1>K1,<k2+1>K2)}) WduLV/ SRR} We can check that user U ;. can
retrieve all the packets in X5, since it can retrieve all the packets labeled by (Sy\{(k1.%5)})

where (K1, k) # (< k1 +1 >k, < ko + 1 >g,) from (I3). We can check that there are

hi\/ — (K1K274) . (K1K277

: . ) such subsets 74, so there are hflv such transmitted signals in

Line 11 of Algorithm (1| which can be retrieved by user ;Y .

Finally, by the assumptions (ky, k2) € Si, (k1,k2) & Sa, (k1,ka) ¢ Ss, (K1, k2) € Say (K1, <
ko +1>k,) €8s, (k1,<ko+1>k,) ¢Ss, (k1,<ko+1>k,) &Sy, (ki +1>k,k) €8s,
and (< k1 + 1 >k, ko) ¢ Sy, we can verify S; # Sa, S1 # S3, St # Si, So # S3, So # Sy, and
S; # Sy. So there are exactly A" = Y + hYY + hY + b} coded (or modified coded) signals

which can be retrieved by user U}, .
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