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Abstract—Reconfigurable intelligent surface (RIS) has recently
gained significant interest as an emerging technology for future
wireless networks thanks to its potential for improving the
coverage probability in challenging propagation environments.
This paper studies an RIS-assisted propagation environment,
where a source transmits data to a destination in the presence
of a weak direct link. We analyze and compare RIS designs
based on long-term and short-term channel statistics in terms
of coverage probability and ergodic rate. For the considered
optimization designs, we derive closed-form expressions for the
coverage probability and ergodic rate, which explicitly unveil the
impact of both the propagation environment and the RIS on the
system performance. Besides the optimization of the RIS phase
profile, we formulate an RIS placement optimization problem
with the aim of maximizing the coverage probability by relying
only on partial channel state information. An efficient algorithm
is proposed based on the gradient ascent method. Simulation
results are illustrated in order to corroborate the analytical
framework and findings. The proposed RIS phase profile is
shown to outperform several heuristic benchmarks in terms of
outage probability and ergodic rate. In addition, the proposed
RIS placement strategy provides an extra degree of freedom that
remarkably improves system performance.

Index Terms—Reconfigurable intelligent surface, coverage
probability, ergodic rate, gradient ascent method.

I. INTRODUCTION

Although fifth-generation (5G) networks are under deploy-
ment worldwide, the massive growth of the number of dif-
ferent users/devices and data traffic poses major challenges
for beyond 5G or sixth-generation (6G) networks [2], [3].
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Specifically, the number of mobile devices is estimated to
reach 25 billions by 2025 [4] and the requested peak data rate
per link may exceed 100 Gbps by 2030 [3]. Dealing with such
challenging requirements in harsh propagation environments
subject to the presence of several blocking objects (obstacles)
and deep fading is still a challenging task to solve for wireless
engineers and researchers. A major challenge in 5G and
beyond networks lies in improving the data rate and the
coverage probability in a cost-effective, energy-sustainable,
and economically viable manner. This is why mobile operators
resort to different network nodes to offer blanket coverage in
their deployments [5]. Within the third generation partnership
program (3GPP), for example, different new network nodes
are currently being discussed, including the integrated access
and backhaul (IAB) node, the network-controlled repeater
node, the reconfigurable intelligent surface (RIS) node, and the
smart skin node [6]. Recently, RISs have gained considerable
attention from academia and industry due to their ability of
controlling the propagation characteristics of wireless envi-
ronments via passive scattering elements integrated with low-
cost and low-power electronics [7]–[11]. For example, the
authors of [7] studied the statistics of the signal-to-noise ratio
(SNR) when the number of RIS elements grows large. The
minimization of the total transmit power at a multiple antenna
access point (AP) in multiple-input single-output (MISO) RIS-
assisted wireless systems was investigated in [8], by jointly
optimizing the transmit beamforming at the AP and the phase
profile at the RIS. The authors of [9] studied a single-user
multiple-input multiple-output (MIMO) system with the help
of a single RIS and optimized it by considering the overhead
for channel estimation and feedback. The deployment of an
RIS in cognitive radio systems was studied in [10], where
the spectrum is shared between the primary and secondary
users. With the exception of [7], which relies on large-scale
analysis, these research works are focused on optimization
algorithms and do not provide any closed-form expressions for
the distribution of the signal-to-noise ratio (SNR) and ergodic
rate of RIS-aided networks.

The complex nature of wireless environments results in
propagation channels that are characterized by small-scale, i.e.,
short-term, and large-scale, i.e., long-term, fading. An RIS
aims to shape the electromagnetic waves in complex wire-
less environments by appropriately optimizing the reflection
coefficients of its constitutive elements (i.e., the unit cells)
[12]. Due to the small-scale and large-scale dynamics that
characterize complex wireless channels, the phase shifts of
the RIS elements can be optimized based on different time
scales [13], [14]. The vast majority of research works in the
literature have considered the optimization of the RIS phase
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profile based on instantaneous channel state information (CSI)
[8], [9], [15]–[18] and references therein for application to sub-
6 gigahertz and terahertz frequency bands. Interested readers
are referred to [19, Sec. III-B] for an extensive overview
of optimizing RISs based on different levels of CSI. The
optimization criterion based on instantaneous CSI operates
by adjusting the phase shifts of the RIS elements based on
the channel’s small-scale dynamics. Therefore, it results in
the best achievable performance at the price of a significant
channel estimation overhead [9], [11], [20], [21]. For these
reasons, this optimization criterion may not be applicable
in scenarios that are characterized by a short coherent time
since the optimal phase shifts of the RIS elements need to
be updated frequently in order to adapt to the rapid changes
that characterize the dynamics of small-scale fading [19],
[22]. This, in fact, may not be possible if the number of
RIS elements and/or the number of users is large since the
associated channel estimation overhead may result in very few
resources available for communication [23]–[27].

In contrast to these aforementioned research works that
assume the availability of instantaneous CSI, another option
for optimizing the phase shifts of the RIS elements is based
on leveraging only statistical CSI, i.e., the large-scale char-
acteristics of the wireless channel [23]–[26], [26]–[30] that
vary at a much longer time scale. Optimization criteria based
on long-term CSI need to be updated less frequently, and this
reduces the channel estimation overhead [31]. In most research
works, however, the channel statistics are analyzed numeri-
cally [32], which are difficult to use for system optimization
[33]. More recently, some research works, such as [13], [25],
have obtained closed-form expressions for the ergodic channel
rates of RIS-aided Massive MIMO communications when the
base station is equipped with many antennas. These research
works are based on a lower bound for the rate that may not be
tight in scenarios where channel hardening does not hold [20].
Even though some research works have recently proposed and
analyzed the design of RISs based on long-term or statistical
CSI, to the best of our knowledge, no previous work has pro-
posed an analytical framework to comprehensively analyze and
compare the achievable performance of RIS-assisted wireless
systems based on short-term and long-term CSI.

In addition to the impact of CSI on the optimal design
of RISs, another major open research issue is the optimal
deployment of RISs in wireless networks, so as to achieve
the best performance. For example, the optimal deployment of
RISs is extensively discussed in [34]. In the far field, RISs are
usually deployed close to the transmitter or the receiver since
this minimizes the path-loss function [12]. If the receivers are
not static, locating the RISs close to the transmitter is often
convenient to ensure that the transmission distance of one of
the two transmission links is minimized [35]. Recently, hybrid
deployments with RISs located close to the transmitters and
the receivers have been proposed by leveraging the secondary
reflections from multiple deployed RISs [36], [37]. To the best
of our knowledge, a comprehensive analysis of the optimal
deployment of RISs under different levels of CSI has not
been reported in the open technical literature. In this paper,
we analyze this important research problem.

Motivated by these considerations, we consider the deploy-
ment of an RIS in the coverage area of a source and a
destination, and compare the system performance under phase
shift designs based on different time scales, i.e., levels of
CSI, and study the optimal placement of the RIS for the
different options. Specifically, the main contributions made by
this paper are summarized as follows:
• We introduce a novel analytical framework for evaluating

the performance of RIS-aided channels in which the phase
profile and the location of the RIS are optimized. Two
different phase shift design criteria are considered: The
first, referred to as the short-term phase shift design,
exploits CSI and offers the best performance at the cost of
a higher computational complexity. The second, referred
to as the long-term phase shift design, exploits only the
channel statistics to optimize the phase shifts.

• We derive closed-form expressions for the coverage prob-
ability and ergodic channel rate for the long-term or short-
term phase shift design, by using the moment matching
technique. Although the statistical parameters behave
differently when the number of RIS elements is finite,
we mathematically show that the coverage probability
approaches unity in the limiting regime of an infinite
number of RIS elements.

• We formulate and solve a coverage probability maximiza-
tion problem as a function of the RIS location subject to
a given phase shift design. The gradient ascent method is
utilized as a low-cost solution to solve the optimization
problem and to overcome its inherent non-convexity.

• Numerical results demonstrate the coverage improvement
offered by deploying RISs in wireless networks. For a
large number of phase shifts, the long-term phase shift
design provides a coverage probability and an ergodic
channel rate that are close to the optimal values ob-
tained by relying on instantaneous CSI. Moreover, the
optimization of the location of the RIS is shown to offer
a significant performance improvement.

Notation: Upper and lower bold symbols denote matrices and
vectors, respectively. The superscripts (·)𝐻 and (·)𝑇 denote the
Hermitian and transpose operations. E{·} and Var{·} denote
the expectation and the variance of a random variable. CN(·, ·)
denotes a circularly symmetric complex Gaussian distribu-
tion. The upper incomplete Gamma function and the Gamma
function are denoted by Γ(𝑚, 𝑛) =

∫ ∞
𝑛
𝑡𝑚−1 exp(−𝑡)𝑑𝑡 and

Γ(𝑥) =
∫ ∞

0 𝑡𝑥−1 exp(−𝑡)𝑑𝑡, respectively. The generalized hy-
pergeometric function is denoted by 𝑝𝐹𝑞 (·, ·, ·) with 1𝐹1 (·, ·, ·),
i.e., 𝑝 = 𝑞 = 1 denoting the confluent hypergeometric
function of the first kind, and the hypergeometric function
2𝐹2 (·, ·, ·), i.e., 𝑝 = 𝑞 = 2. The notation 𝑓 (𝑥) ≍ 𝑔(𝑥) means
that two real functions 𝑓 (𝑥) and 𝑔(𝑥) fulfill the condition
lim𝑥→∞ 𝑓 (𝑥)/𝑔(𝑥) = 1. The first-order derivative of the
function 𝑓 (𝑥) is denoted as

.
𝑓 (𝑥).

II. SYSTEM MODEL

We consider an RIS-assisted communication system where
a single-antenna source transmits data to a single-antenna
destination. We assume a quasi-static fading model where the
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channel gains are static and frequency flat in each time slot.
The communication link from the source to the destination
is assumed to be weak, and therefore it is enhanced by the
assistance of an RIS equipped with 𝑀 tunable reflecting
elements. The phase shift matrix ΦΦΦ ∈ C𝑀×𝑀 is denoted by
ΦΦΦ = diag

(
[𝑒 𝑗 \1 , . . . , 𝑒 𝑗 \𝑀 ]𝑇

)
, where \𝑚 ∈ [−𝜋, 𝜋] is the phase

shift of the 𝑚-th RIS element.

A. Channel Model

The channel of the direct link between the source and the
destination is denoted by ℎsd ∈ C. The corresponding indirect
link comprises the channel between the source and the RIS,
denoted by hsr ∈ C𝑀 , and the channel between the RIS and the
destination, denoted by hrd ∈ C𝑀 . The channel between the
source and the destination is assumed not to have a dominant
path (i.e., a line-of-sight component), while the source-RIS
and RIS-destination channels are characterized by line-of-sight
and non-line-of-sight components. Specifically, the channels
are modeled as1

ℎsd =
√︁
𝛽sd𝑔sd and h𝛼 = h̄𝛼 + g𝛼, (1)

where 𝑔sd ∼ CN(0, 1) is the small-scale fading coefficient
of the direct link between the source and the destination;
and g𝛼 ∼ CN(0, (𝛽𝛼/(^𝛼 + 1))I𝑀 ) with 𝛼 ∈ {sr, rd} are
the vectors of the small-scale fading coefficients of the RIS-
aided indirect links; 𝛽sd and 𝛽𝛼 are the large-scale fading
coefficients; ^𝛼 are the Rician factors with ^𝛼 > 0. The
deterministic LoS channel vectors h̄𝛼 ∈ C𝑀 are modelled as

h̄𝛼 =

√︂
^𝛼𝛽𝛼

^𝛼 + 1

[
𝑒 𝑗k(𝜓𝛼 ,𝜙𝛼 )𝑇u1 , . . . , 𝑒 𝑗k(𝜓𝛼 ,𝜙𝛼 )𝑇u𝑀

]𝑇
, (2)

where 𝜓𝛼 and 𝜙𝛼 are the azimuth and elevation angles of
departure (AoD) from the source as seen by the RIS. Since
the RIS is a planar array (i.e., a surface), the wave vectors
k(𝜓𝛼, 𝜙𝛼) is defined as

k(𝜓𝛼, 𝜙𝛼) =
2𝜋
_
[cos(𝜓𝛼) cos(𝜙𝛼), sin(𝜓𝛼) cos(𝜙𝛼), sin(𝜓𝛼)]𝑇 ,

(3)
where _ is the signal wavelength. In (2), furthermore, the
indexing vector u𝑚 is defined as u𝑚 = [0, mod(𝑚 −
1, 𝑁𝐻 ), ⌊(𝑚 − 1)/𝑁𝐻⌋]𝑇 . Due to the presence of LoS and
NLoS components, i.e., h̄𝛼 and g𝛼, respectively, in RIS-aided
links, the analytical performance evaluation of the considered
system model is not straightforward.

B. Data Transmission and Achievable Rate

The source is assumed to transmit a data symbol 𝑥 subject
to the unit-power constraint E{|𝑥 |2} = 1. Thus, the received
signal 𝑦 ∈ C at the destination is

𝑦 =
√
𝑝(ℎsd + h𝐻

srΦΦΦhrd)𝑥 + 𝑤, (4)

where 𝑝 is the transmit power allocated to the data symbol
𝑥; and 𝑤 is the additive noise, which is distributed as 𝑤 ∼
CN(0, 𝜎2) with 𝜎2 being the noise variance.

1The line-of-sight and non-line-of-sight components of the channels are
determined by the transmission distance, the shadowing, and the multipath
propagation in a general wireless environment [38].

Conditioned on the RIS phase shift matrix, we provide
the second and fourth moments of the indirect link, i.e., the
link from the source to the destination through the RIS, in
Theorem 1.

Theorem 1. For a given phase shift matrix ΦΦΦ, the indirect
link from the source to the destination through the RIS has
the following second and fourth moments:

E{|h𝐻
srΦΦΦhrd |2} = 𝛿, (5)

E{|h𝐻
srΦΦΦhrd |4} = 𝛿2 + �̃�, (6)

where 𝛿 = |�̄� |2+𝑀` ˜̂, �̄� = h̄𝐻
srΦΦΦh̄rd, ` = 𝛽sr𝛽rd/((^sr+1) (^rd+

1)), ˜̂= ^sr + ^rd + 1, ˆ̂ = 1 + 2^sr + 2^rd, and �̃� = 2𝑀 |�̄� |2` ˜̂ +
𝑀2`2 ˜̂2 + 2𝑀`2 ˆ̂ + 8|�̄� |2`.

Proof. See Appendix B. □

The analytical expressions in (5) and (6) depend on the
LoS and NLoS channels and unveil that the second and fourth
moments scale with 𝑀 and 𝑀2, respectively. Next, Theorem 1
will be utilized to facilitate the performance evaluation of RIS-
aided channels.

The phase-shift matrix ΦΦΦ is usually optimized based on
different levels of CSI [21]. In this paper, we focus our
attention on two design criteria:
• Long-term phase-shift design: The phase shifts of the

RIS elements are optimized based on statistical CSI.
Specifically, the optimal phase shift matrix is obtained
by maximizing the average SNR at the destination. For
this design criterion, the phase shift matrix is denoted by
ΦΦΦlt = diag

(
[𝑒 𝑗 \ lt

1 , . . . , 𝑒 𝑗 \
lt
𝑀 ]𝑇

)
, where −𝜋 ≤ \ lt

𝑚 ≤ 𝜋 is the
phase shift of the 𝑚-th element of the RIS. In this case, in
simple terms, the optimization of the RIS depends on the
large-scale fading coefficients and the LoS components
of the channel.

• Short-term phase-shift design: The phase shifts of the
RIS elements are optimized based on instantaneous CSI,
which encompasses large-scale and small-scale fading
statistics. For this design criterion, the phase shift matrix
is denoted by ΦΦΦst = diag

(
[𝑒 𝑗 \st

1 , . . . , 𝑒 𝑗 \
st
𝑀 ]𝑇

)
, where

−𝜋 ≤ \st
𝑚 ≤ 𝜋 is the phase shift of the 𝑚-th element

of the RIS.
The short-term phase-shift design corresponds to the best
achievable performance. However, it entails the largest channel
estimation overhead. Therefore, it is usually not an effective
approach if the number of RIS elements and/or the number of
users is large. Conditioned on the phase shift matrix and the
CSI, the rate is formulated as

𝑅 = log2 (1 + 𝛾) [b/s/Hz], (7)

where the SNR, denoted by 𝛾, is

𝛾 =

{
a |ℎsd + h𝐻

srΦΦΦ
lthrd |2, long-term, (8a)

a |ℎsd + h𝐻
srΦΦΦ

sthrd |2, short-term. (8b)

with a = 𝑝/𝜎2. In the following lemma, we provide closed-
form expressions for the RIS phase-shift matrix that corre-
spond to the long-term and short-term design criteria, and that
maximize the SNR at the destination.
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Lemma 1. Consider the long-term phase shift design crite-
rion. If the phase of the 𝑚-th RIS element is set as follows

\
opt,lt
𝑚 = − arg( [h̄∗sr]𝑚) − arg( [h̄rd]𝑚), (9)

where [h̄∗sr]𝑚 and [h̄rd]𝑚 are the 𝑚-th elements of the LoS
components h̄∗sr and h̄rd, respectively, then the average received
SNR is maximized.

Consider the short-term phase shift design criterion. If the
phase of the 𝑚-th RIS element is set as follows

\
opt,st
𝑚 = arg(ℎsd) − arg( [h∗sr]𝑚) − arg( [hrd]𝑚),∀𝑚, (10)

where [h∗sr]𝑚 and [hrd]𝑚 are the 𝑚-th elements of the RIS-
aided channels h∗sr and hrd, respectively, then the instantaneous
received SNR is maximized.

Proof. See Appendix C. □

The key contribution of Lemma 1 lies in the closed-form
expressions for the optimal phase shift designs based on
different levels of CSI. Specifically, the short-term and long-
term phase shift designs in (9) and (10) are computed based
on different time scales, but they are both aimed at boosting
the strength of the received signal. Based on the optimal phase
shift designs in Lemma 1, the corresponding optimal rates are
given as

𝑅opt = log2 (1 + 𝛾opt) [b/s/Hz], (11)

where the optimal SNR 𝛾opt is

𝛾opt =


a |ℎsd + h𝐻

srΦΦΦ
opt,lthrd |2, long-term, (12a)

a

(
|ℎsd | +

𝑀∑︁
𝑚=1
| [hsr]𝑚 | | [hrd]𝑚 |

)2

, short-term, (12b)

where the optimal long-term phase-shift matrix ΦΦΦopt,lt is

ΦΦΦopt,lt = diag
(
[𝑒 𝑗 \

opt,lt
1 , . . . , 𝑒 𝑗 \

opt,lt
𝑀 ]𝑇

)
∈ C𝑀×𝑀 , (13)

and [hsr]𝑚 and [hrd]𝑚 are the 𝑚-th element of the cascaded
channels hsr and hrd, respectively.

The short-term phase shift design is, in general, an upper
bound for the long-term phase shift design. In analytical terms,
in fact, we have the following property

log2 (1 + a |ℎsd + h𝐻
srΦΦΦ

opt,lthrd |2)
(𝑎)
≤ max
{ \st

𝑚 }
log2 (1 + 𝛾st

𝑛 )

(𝑏)
= log2 (1 + a |ℎsd + h𝐻

srΦΦΦ
opt,sthrd |2),

(14)

where (𝑎) and (𝑏) follow by definition of short-term and long-
term phase shift optimization.2

Remark 1. The long-term and short-term phase shift designs
are investigated in this paper based on either partial or
full levels of CSI. To be specific, channel statistics are only
the information required to optimize the long-term phase
shift coefficients that can be applied for multiple coherence
intervals, where the large-scale fading information remains
unchanged. We further compare this phase shift design with
an upper bound, which relies on the instantaneous CSI.

2Regarding channel acquisition, channel statistics can be obtained by av-
eraging many different channel measurements. Meanwhile, channel estimates
can be obtained by a pilot training phase with a tolerable accuracy depending
on the coherence time and the transmit power allocated to the pilot signals.

III. PERFORMANCE EVALUATION

In this section, we compute closed-form expressions for the
coverage probability and ergodic rate by assuming long-term
and short-term phase shift designs.

A. Coverage Probability

Based on the rate in (7), the coverage probability for a given
target rate b [b/s/Hz] is defined as

𝑃cov = 1 − Pr(𝑅 < b), (15)

where Pr(·) denotes the probability of an event and 𝑅 is the
rate based on either the long-term or short-term phase-shift
designs, i.e., 𝑅 ∈ {𝑅lt, 𝑅st}. By denoting 𝑧 = 𝜎2 (2b − 1), the
coverage probability can be formulated in terms of the SNR,
as

𝑃cov = 1 − Pr(𝛾 < 𝑧), (16)

with 𝛾 ∈ {𝛾lt, 𝛾st}. Approximated closed-form expressions
for (16) that correspond to the long-term and short-term
phase shift designs in (9) and (10) are given in Theorem
2 and Theorem 3, respectively. The analytical frameworks
in Theorem 2 and Theorem 3 are obtained by utilizing the
moment matching approach.3

Theorem 2. Consider the long-term phase-shift design. An
approximated closed-form expression for the coverage proba-
bility in (16) is given by

𝑃lt
cov ≈ Γ

(
𝑘 lt, 𝑧/𝑤lt

)
/Γ(𝑘 lt), (17)

where the shape parameter 𝑘 lt and the scale parameter 𝑤lt

are

𝑘 lt =
(𝛽sd + 𝑜1 + 𝛽sr𝛽rd)2

𝛽2
sd + 𝑜2 + 2𝛽sd𝑜1

, (18)

𝑤lt =
a𝛽2

sd + a𝑜2 + 2a𝛽sd𝑜1

𝛽sd + 𝑜1𝛽sr𝛽rd
, (19)

and 𝑜1 and 𝑜2 are defined as

𝑜1 = `(𝑀2^sr^rd + ˜̂𝑀), (20)

𝑜2 = `2
(
𝑀2^sr^rd (2𝑀 ˜̂ + 8) + 𝑀2 ˜̂2 + 2𝑀 ˆ̂

)
, (21)

with `, ˜̂, and ˆ̂ given in Theorem 1.

Proof. See Appendix D. □

Even though the SNR expressions in (12a) and (12b) do
not follow a common distribution, we attain an approximated
closed-form expression of the coverage probability by using
the moment matching technique and by approximating the
received SNR with a Gamma distribution. From the formulas,
we observe the array gain provided by the RIS in the terms
𝑜1 and 𝑜2, which scale as 𝑀2 and 𝑀3 thanks to the optimal
phase shift design, respectively.

3The generalization of the proposed approach to multi-user scenarios is
not straightforward and may require additional assumptions to derive closed-
form expressions, for example treating the multi-user interference as Gaussian
noise. Under this approximation, the moment-matching method can be applied
to derive closed-form expressions of the coverage probability and ergodic rate.
This analysis is postponed to future work.
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Theorem 3. Consider the short-term phase shift design. An
approximated closed-form expression for the coverage proba-
bility in (16) is given by

𝑃st
cov ≈ Γ

(
𝑘st, 𝑧/𝑤st) /Γ(𝑘st), (22)

where the shape parameter 𝑘st and the scale parameter 𝑤st

are

𝑘st =
𝑘𝑐 (𝑘𝑐 + 1)
2 (2𝑘𝑐 + 3) , 𝑤

st = 2a𝑤2
𝑐 (2𝑘𝑐 + 3). (23)

with 𝑘𝑐 =
(𝑐1+𝑐2 )2
𝑐3+𝑐4

, 𝑤𝑐 =
𝑐3+𝑐4
𝑐1+𝑐2

, and 𝑐1, 𝑐2, 𝑐3, 𝑐4 are defined
as

𝑐1 =
1
2
√︁
𝜋𝛽sd, 𝑐2 =

𝜋

4
𝑀
√
`𝑡sr𝑡rd, (24)

𝑐3 =
4 − 𝜋

4
𝛽sd, 𝑐4 = 𝑀` (1 + ^sr) (1 + ^rd) −

𝑀𝜋2

16
`𝑡2sr𝑡

2
rd,

(25)

and 𝑡sr = 1𝐹1 (−0.5, 1,−^sr), 𝑡rd = 1𝐹1 (−0.5, 1,−^rd).
Proof. See Appendix E. □

The coverage probability in (17) for the long-term phase-
shift design and in (22) for the short-term phase-shift design
provide simple but effective closed-form expressions for evalu-
ating the performance of RIS-assisted communications without
the need of resorting to Monte Carlo simulations or complex
analytical frameworks. Even though the two approximate
closed-form expressions of the coverage probability have a
similar structure, the shape and scale parameters are different.
For example, let us consider the case study when the number of
RIS elements is usually sufficiently large. Then, the obtained
analytical expressions can be further simplified. Specifically,
ignoring the non-dominant terms in (17) and (22), the shape
parameters tend to

𝑘 lt ≍
𝑜2

1
𝑜2 + 2𝛽sd𝑜1

, 𝑘st ≍ 𝑘𝑐 (𝑘𝑐 + 1)
2(2𝑘𝑐 + 3) , (26)

which grows with the number of RIS elements. If 𝑀 → ∞,
in addition, we obtain 𝑘 lt, 𝑘st → ∞. Furthermore, the scale
parameters tend to

𝑤lt ≍
as𝑜3 + 2as𝛽s1d𝑜1

𝑜1𝛽s1r𝛽rd
, 𝑤st ≍ 2a𝑠𝑤2

𝐶 (2𝑘𝐶 + 3). (27)

If 𝑀 → ∞, we obtain 𝑤lt, 𝑤st → ∞. Thus, for both phase
shift designs, the shape and scale parameters are unbounded
from above, as the number of RIS elements goes large. By
rewriting the upper incomplete Gamma function in a series
expression, the coverage probability in (17) is simplified to

𝑃cov
(𝑎)
= 1− (𝑧/𝑤

x)𝑘x

𝑘xΓ(𝑘x)

∞∑︁
𝑡=0

(−𝑧/𝑤x)𝑡
(𝑘x + 𝑡)𝑡!

(𝑏)
≍ 1− (𝑧/𝑤

x)𝑘x

(𝑘x)2Γ(𝑘x)
, (28)

where x ∈ {lt, st}. In (28), (𝑎) is obtained by utilizing the
definition of upper incomplete Gamma function; (𝑏) follows
because 1/𝑤x → 0 as 𝑀 → ∞ and therefore the addends
for 𝑡 ≥ 1 can be ignored. Based on the shape and scale
parameters in (26) and (27), the approximation in (28) unveils
the coverage probability tends to 1 as 𝑀 → ∞, for both the
short-term and long-term phase shift designs. This implies that,
if the number of RIS elements is large enough, an RIS is
capable of offering good coverage.

B. Ergodic Rate

The channel rate in (11) with the optimal SNR in (12a)
and (12b) depends on the small-scale and large- scale fading
coefficients. Consequently, the channel rate by averaging out
the small-scale fading is as follows:

�̄�x = E{log2 (1 + 𝛾x)}, [b/s/Hz]. (29)

A closed-form expression for (29) is given in Lemma 2, by us-
ing again the moment-marching approach and approximating
the received SNR with a Gamma distribution.

Lemma 2. The ergodic channel capacity in (29) can be
formulated in the closed-form expression as follows:

�̄�x ≈ 1
Γ (𝑘x) ln (2)𝐺

3,1
2,3

(
1
𝑤x

���� 0, 1
0, 0, 𝑘x

)
, (30)

where 𝐺
𝑚,𝑛
𝑝,𝑞

(
𝑧

��� 𝑎1, . . . , 𝑎𝑞
𝑏1, . . . , 𝑏𝑝

)
is the Meijer-G function, and,

similar to Theorems 2 and 3, 𝑘x and 𝑤x are the shape and
scale parameters of the approximating Gamma distribution,
respectively.

Proof: The proof is similar to the proof in [39], but it is
adapted to the channel model considered in this paper.

Differently from [39], Lemma 2 can be applied to all phase
shift designs, which include the short-term and long-term
phase shift designs of interest in this paper. The analytical
expressions for 𝑘 and 𝑤 that correspond to the latter phase
shift designs are the same as in Theorem 2.

IV. RIS PLACEMENT OPTIMIZATION

From the obtained closed-form expression of the coverage
probability, this section formulates and solves the coverage
probability maximization problem as a function of the location
of the RIS, based on the Lagrangian function and the gradient
ascent method.4

A. Problem Formulation

Besides the optimization of the phase shifts of the RIS, it
is possible, in many cases, to optimize the location of the
RIS as well. This may be case of cellular networks, where
the locations of the RIS may be optimized [40], or when the
RIS may be placed on a moving object [41]. For example, the
RIS location can be optimized via a specific utility metric to
enhance spectral and energy efficiency or coverage. To this
end, we denote the RIS coordinates as (𝑥r, 𝑦r, 𝑧r), and we
impose some constraints on the feasible locations of the RIS

𝑥r,min ≤ 𝑥r ≤ 𝑥r,max, 𝑦r,min ≤ 𝑦r ≤ 𝑦r,max, 𝑧r,min ≤ 𝑧r ≤ 𝑧r,max,
(31)

where (𝑥r,min, 𝑦r,min, 𝑧r,min) and (𝑥r,max, 𝑦r,max, 𝑧r,max) denote
the range of locations in which the RIS can be deployed. In
an outdoor environment, for example, the RIS may be located
only on buildings or even only on a small portion of the

4A similar approach may be utilized to optimize the ergodic rate as a
function of the position of the RIS.
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available buildings. Given the RIS location, the distances from
the source to the destination through the RIS are

𝑑sr =

√︃
(𝑥r − 𝑥s)2 + (𝑦r − 𝑦s)2 + (𝑧r − 𝑧s)2, (32)

𝑑rd =

√︃
(𝑥r − 𝑥d)2 + (𝑦r − 𝑦d)2 + (𝑧r − 𝑧d)2, (33)

where (𝑥s, 𝑦s, 𝑧s) and (𝑥d, 𝑦d, 𝑧d) are the locations of the source
and the destination, respectively. Also, the large-scale fading
coefficients can be formulated in terms of the propagation
distances as

𝛽sr = 𝐾0𝑑
−[sr
sr and 𝛽rd = 𝐾0𝑑

−[rd
rd , (34)

where 𝐾0 is the path loss in [dB] at the reference distance
of 1 m; and [sr and [rd are the path loss exponents. The RIS
placement optimization problem can be formulated as follows:

maximize
{𝑥r ,𝑦r ,𝑧r }

𝑃cov (𝑥r, 𝑦r, 𝑧r)

subject to 𝑥r,min ≤ 𝑥r ≤ 𝑥r,max,

𝑦r,min ≤ 𝑦r ≤ 𝑦r,max,

𝑧r,min ≤ 𝑧r ≤ 𝑧r,max,

(35)

which maximizes the coverage probability by considering the
RIS location (𝑥r, 𝑦r, 𝑧r) as the optimization variables. Since
the optimization problem in (35) is non-convex, the global
optimum is extremely difficult to obtain in general even though
it may be found through an exhaustive search [40].5

B. Solution to the RIS Placement Optimization Problem

For the sake of compactness, we use the notation 𝜚r ∈ R
with R = {𝑥r, 𝑦r, 𝑧r}. We propose to obtain a low-complexity
solution by formulating the partial Lagrangian function of the
problem in (35) as

L({𝜚r}) = 𝑃cov ({𝜚r}). (36)

In general, the Rician factors 𝐾s1r and 𝐾rd depend on the
locations of the RIS as well, i.e., the link distances. However,
their variations are usually smaller as compared with the large-
scale fading coefficients [42]. For simplicity, therefore, we
assume that they are independent of the location of the RIS.
Under this assumption, an approximated expression of the
first-order derivative of the Lagrangian function is given in
Theorem 4.

Theorem 4. If the Rician factors are assumed approximately
independent of the RIS location, the first-order derivative of
L({𝜚r}) with respect to 𝜚r is

.
L({𝜚r}) =

𝜕L({𝜚r})
𝜕𝜚r

≈
.
𝑃cov ({𝜚r}), (37)

where
.
𝑃cov ({𝜚r}) is the first-order derivative of the coverage

probability 𝑃cov ({𝜚r}) with respect to 𝜚r and conditioned on

5Even though global optimization toolboxes may be available, they cannot,
in general, guarantee to obtain the global optimum of the considered coverage
probability maximization problem due to the non-convexity of the objective
function and mathematical difficulty of computing the first-order and second-
order derivative of the partial Lagrangian function with respect to the location
of the RIS. In addition, these methods entail a prohibitive computational
complexity, in general.

the Rician factors. In particular,
.
𝑃cov ({𝜚r}) can be formulated

as
.
𝑃cov (𝜚r) =

.
𝑁 (𝜚r) 𝐷 (𝜚r) − 𝑁 (𝜚r)

.
𝐷 (𝜚r)

𝐷2 (𝜚r)
, (38)

where 𝑁 (𝜚r) and 𝐷 (𝜚r) are given by

𝑁 (𝜚r) =
{
Γ(𝑘st, 𝑧/𝑤st), short-term,
Γ(𝑘 lt, 𝑧/𝑤lt), long-term,

, (39)

𝐷 (𝜚r) =
{
Γ(𝑘st), short-term,
Γ(𝑘 lt), long-term,

(40)

and
.
𝑁 (𝜚r) and

.
𝐷 (𝜚r) are the first-order derivative of 𝑁 (𝜚r)

and 𝐷 (𝜚r), respectively, which are defined in Appendices F
and G for the short-term and long-term phase shift design,
respectively.

Given an initial value 𝑥
(0)
r , 𝑦

(0)
r , and 𝑧

(0)
r in the feasible

set of locations of the RIS, one can find a good sub-optimal
solution to problem (35) by utilizing the gradient ascent
method. In the 𝑛-th iteration, the location of the RIS is updated
as

𝜚
(𝑛)
r ← 𝜚

(𝑛−1)
r + `

.
L({𝜚r})

��
𝜚r=𝜚

(𝑛−1)
r

,∀𝜚r ∈ R, (41)

where the step size ` > 0 is sufficiently large in the direction
of the steepest ascent. Because of the constraints on feasible
set of locations of the RIS in (35), the location of the RIS is
updated by checking the limiting values as follows:

𝜚
(𝑛)
r ← min

(
max

(
𝜚
(𝑛)
r , 𝜚r,min

)
, 𝜚r,max

)
,∀𝜚r ∈ R, (42)

where 𝜚r,min ∈ Rmin = {𝑥r,min, 𝑦r,min, 𝑧r,min} and 𝜚r,max ∈
Rmax = {𝑥r,max, 𝑦r,max, 𝑧r,max}. Recalling that the approxima-
tion in (37) is derived by assuming that the Rician factors are
independent of the location at the 𝑛-th iteration, they can be
updated as

^
(𝑛)
𝛼 = 𝑓

(
𝑥
(𝑛)
r , 𝑦

(𝑛)
r , 𝑧

(𝑛)
r

)
. (43)

The update in (42) is repeated until the RIS location converges
to a sub-optimal solution. The convergence criterion of the
proposed RIS placement algorithm is based on evaluating the
small variation of two consecutive iterations as���𝑥 (𝑛)r − 𝑥 (𝑛−1)

r

���2 + ���𝑦 (𝑛)r − 𝑦 (𝑛−1)
r

���2 + ���𝑧 (𝑛)r − 𝑧 (𝑛−1)
r

���2 ≤ 𝜖, (44)

where 𝜖 > 0 is a given accuracy constant. Once the conver-
gence is achieved at the 𝑛-th iteration, a sub-optimal solution
is given by

𝑥∗r = 𝑥
(𝑛)
r , 𝑥∗r = 𝑥

(𝑛)
r , and 𝑧∗r = 𝑧

(𝑛)
r , (45)

with the corresponding coverage probability 𝑃cov ({𝜚∗r }) and
𝜚∗r ∈ R∗ = {𝑥∗r , 𝑦∗r , 𝑧∗r }. The proposed iterative approach is
summarized in Algorithm 1.6 As far as the computational
complexity is concerned, the highest cost of each iteration
of Algorithm 1 is the evaluation of the first-order derivative.
L({𝜚r}), denoted by 𝑓 . Then, the computational complexity of
Algorithm 1 is in the order of O(𝑁 𝑓 ), where 𝑁 is the number

6The convergence of Algorithm 1 is established based on the methodology
inherent in the gradient ascent method [43].
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Algorithm 1 Sub-optimal solution to problem (35) by utilizing
the gradient ascent method
Input: The reference path loss 𝐾0; the source coordinate
(𝑥s, 𝑦s, 𝑧s); the destination coordinate (𝑥d, 𝑦d, 𝑧d); the initial
coordinate of the RIS (𝑥 (0)r , 𝑦

(0)
r , 𝑧

(0)
r ); the large-scale fading

coefficients 𝛽sd, 𝛽 (0)sr , 𝛽 (0)rd ; the transmit power 𝑝; and the noise
variance 𝜎2.

1. Set 𝑛 = 0 and the initial values {𝜚 (0)r } =
{
𝑥
(0)
r , 𝑦

(0)
r , 𝑧

(0)
r

}
.

2. Compute the first-order derivative of L({𝜚r}) with re-
spect to 𝜚r at the coordinates 𝑥 (𝑛)r , 𝑦 (𝑛)r , and 𝑧 (𝑛)r by (37).

3. Update the coordinates {𝜚 (𝑛)r } of the RIS by the gradient
ascent method in (41).

4. Update the coordinates {𝜚 (𝑛)r } of the RIS by checking
the boundary conditions in (42).

5. Update the Rician factors by utilizing (43).
6. Verify the convergence criterion: If (44) is satisfied →

set the sub-optimal solution as in (45). Otherwise, set
𝑛 = 𝑛 + 1 and repeat steps 2 − 4.

Output: The location of the RIS (𝑥∗r , 𝑦∗r , 𝑧∗r ).

Fig. 1. Coverage probability versus the target rate [b/s/Hz] with 𝑀 = 64,
(𝑥r , 𝑦r , 𝑧r ) = (27, 25, 25) [m], (𝑥d, 𝑦d, 𝑧d ) = (180, 100, 25) [m], and 𝑝 =

20 [dBm].

of iterations needed to reach a fixed-point solution. By utilizing
numerical evaluations, we observe that 𝑁 is in an order of hun-
dreds of iterations. Instead of Algorithm 1, we may use a grid-
search approach. If we denote the number of points of the grid
as 𝑁𝑥 , 𝑁𝑦 , and 𝑁𝑧 for the three dimensions, the computational
complexity of a grid-based exhaustive search is in the order of
O(𝑁𝑥𝑁𝑦𝑁𝑧 𝑓 ), where 𝑓 is the cost for evaluating the coverage
probability. For example, setting 𝑁𝑥 = 𝑁𝑦 = 𝑁𝑧 = 100, the
exhaustive search has a computational complexity in the order
of 106, which is impractical. Hence, Algorithm 1 has much
lower computational complexity and is more practical than a
grid-based exhaustive search approach.

V. NUMERICAL RESULTS

In this section, the proposed analytical and optimization
frameworks are validated by Monte Carlo simulations. The
source is located at the origin. The direct link between the
source and the destination is assumed to be weak and the
channel gain 𝛽sd [dB] is 𝛽sd = −33.1 − 3.5 log10 (𝑑sd/1 m).

Fig. 2. Cumulative distribution function of the ergodic channel rate [b/s/Hz]
with 𝑀 = 64, (𝑥r , 𝑦r , 𝑧r ) = (27, 25, 25) [m], 𝑝 = 20 [dBm], and the
destination location: 100 [m] ≤ 𝑥d ≤ 180 [m], 50 [m] ≤ 𝑥d ≤ 100 [m],
𝑧d = 15 [m].

(a)

(b)
Fig. 3. System performance versus the number of RIS elements with
(𝑥r , 𝑦r , 𝑧r ) = (27, 25, 25) [m], 𝑝 = 20 [dBm], and the destination location:
100 [m] ≤ 𝑥d ≤ 180 [m], 50 [m] ≤ 𝑦d ≤ 100 [m], 𝑧d = 15 [m]: (𝑎) The
average coverage probability and (𝑏) the ergodic channel rate.

For the indirect link, the channel gains 𝛽𝛼 [dB] are 𝛽𝛼 =

−25.5− 2.4 log10 (𝑑𝛼/1 m), where 𝑑𝛼 is the distance between
the source and the receiver, i.e., the RIS if 𝛼 = sr and
the destination if 𝛼 = rd. The Rician factors are equal to
^𝛼 = 101.3−0.003𝑑𝛼 [42]. The transmit power is 20 mW, and
the system bandwidth is 20 MHz. The carrier frequency is
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(a)

(b)
Fig. 4. System performance versus the number of RIS elements with
(𝑥r , 𝑦r , 𝑧r ) = (27, 25, 25) [m], 𝑝 = 20 [dBm], and the destination location:
40 [m] ≤ 𝑥d ≤ 55 [m], 10 [m] ≤ 𝑦d ≤ 25 [m], 𝑧d = 15 [m]: (𝑎) The average
coverage probability and (𝑏) the ergodic channel rate.

1.8 GHz, and the noise power is −94 dBm, corresponding to
a noise figure of 10 dB. We consider the following phase shift
designs for comparison:

𝑖) The long-term phase shift design optimizes the average
received SNR as formulated in (9). This phase shift design
is denoted as “Long-term” in the figures.

𝑖𝑖) The short-term phase shift design optimizes the instanta-
neous SNR as formulated in (10). This phase shift design
is denoted as “Short-term” in the figures.

𝑖𝑖𝑖) The equal phase shift design where the phase shifts are
all equal to each other. This phase shift design is denoted
as “Equal phase” in the figures.

𝑖𝑣) The random phase shift design where arbitrary values in
the range [−𝜋, 𝜋] are considered. This phase shift design
is denoted as “Random phase” in the figures.

In Fig. 1, we compare the closed-form expression of the
coverage probability by using (17) in Theorem 2 and (22) in
Theorem 3 against Monte Carlo simulations by using (15). The
good match between the analytical results and the numerical
simulations confirms the accuracy of the proposed analytical
framework. The proposed phase shift designs offer a coverage
probability significantly higher than the considered benchmark

Fig. 5. Coverage probability and ergodic channel rate [b/s/Hz] with respect
to the number of iterations of Algorithm 1 with 𝑀 = 64, 𝑝 = 20 [dBm], and
(𝑥d, 𝑦d, 𝑧d ) = (180, 100, 15) [m]. The optimal RIS position is (𝑥∗𝑟 , 𝑦∗𝑟 , 𝑧∗𝑟 ) =
(20, 10, 5) [m] and (𝑥∗𝑟 , 𝑦∗𝑟 , 𝑧∗𝑟 ) = (20, 13.36, 11.81) [m] corresponding the
long-term and short-term phase shift design, respectively.

Fig. 6. Coverage probability and ergodic channel rate [b/s/Hz] with respect
to the number of iterations of Algorithm 1 with 𝑀 = 256, 𝑝 = 9 [dBm], and
(𝑥d, 𝑦d, 𝑧d ) = (180, 100, 15) [m]. The optimal RIS position is (𝑥∗𝑟 , 𝑦∗𝑟 , 𝑧∗𝑟 ) =
(21.56, 19.03, 17.84) [m] and (𝑥∗𝑟 , 𝑦∗𝑟 , 𝑧∗𝑟 ) = (24.50, 22.13, 21.41) [m]
corresponding the long-term and short-term phase shift design, respectively.

schemes for a given set of instantaneous channel coefficients.
For instance, the random and equal phase shift designs give
a coverage probability of about 0.2 if the target rate is 2
[b/s/Hz]. On the other hand, the long-term phase shift design
has a coverage probability of about 0.6 for the considered
target rate, which is 3× better than the baselines. By exploiting
instantaneous CSI, the short-term phase shift design can offer
full coverage probability at the target rate of 2 [b/s/Hz].

The cumulative distribution function (CDF) of the ergodic
rate for different user locations is shown in Fig. 2. The random
phase shift design and a system without the presence of the
RIS provide an ergodic channel rate of 1.75 [b/s/Hz] on
average. The long-term phase shift design increases the ergodic
rate by a factor 1.97× with respect to the two baselines, which
is 3.46 [b/s/Hz]. Meanwhile, the short-term phase shift design
gives the best performance with a rate of 4.49 [b/s/Hz], which
is 1.3× higher than the long-term phase shift design. Assuming
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a coverage target of 0.95, the long-term and short-term phase-
shift designs offer a 2.49× and 3.42× gain compared to the
benchmark schemes, respectively.

In Fig. 3(𝑎), we utilize the analytical framework in Theo-
rems 2 and 3 to evaluate the coverage probability as a function
of the number of RIS elements and for different designs of
the phase shifts. The phase shift designs based on short-
term and long-term CSI offer significant gains compared to
the equal and random phase shift designs. The gains become
significantly larger by increasing the number of RIS elements.
Specifically, the short-term phase shift design provides a 1.37×
gain with respect to the random phase-shift design if the RIS
is equipped with 16 RIS elements. The gain is 2.49× for 400
RIS elements. In addition, the gap between the short-term and
long-term phase shifts design reduces as the number of RIS
elements increases. In Fig. 3(𝑏), we display the ergodic rate
[b/s/Hz] in (30). We evince that the deployment of an RIS
results in a substantial increase of the ergodic rate, as opposed
to surfaces that operate as random scatterers and are not smart
and reconfigurable. Notably, the long-term phase shift design
provides an ergodic rate close to the short-term phase shift
design and approaches it if the number of RIS elements is
sufficiently large. If the RIS elements increase from 16 to
400, the gap between the short-term and long-term phase shift
designs reduces from 1.38× to 1.04×.

In Fig. 4, the system performance is evaluated when the lo-
cation of the destination is uniformly distributed in a narrower
range compared with the setting considered in the previous
figures. In this case, we see that the random and equal phase-
shift designs outperform the case study without RIS. Further-
more, the results in Fig. 4 confirm that the phase shift design
based on statistical CSI provides system performance close to
the optimal solution obtained by exploiting instantaneous CSI,
especially when the large number of RIS elements is large.

In Figs. 5 and 6, we illustrate the coverage probability
as a function of the iterations of Algorithm 1. The initial
location of the RIS

(
𝑥
(0)
r , 𝑦

(0)
r , 𝑧

(0)
r

)
is selected as in Figs.1–3,

(𝑥r,min, 𝑦r,min, 𝑧r,min) = (20, 10, 5) [m], (𝑥r,max, 𝑦r,max, 𝑧r,max) =
(30, 40, 35) [m], and the step size is ` = 0.9. We observe
a remarkable enhancement of the coverage probability by
appropriately deploying the RIS. In Fig. 5, assuming 𝑀 = 64,
𝑝 = 20 [dBm], the short-term phase shift design improves
the coverage probability from 0.59 if the RIS is located
in (𝑥 (0)r , 𝑦

(0)
r , 𝑧

(0)
r ) = (27, 25, 25) [m] to 1.0 if the RIS

is deployed in the location returned by Algorithm 1, i.e.,
(𝑥∗r , 𝑦∗r , 𝑧∗r ) = (20, 13.36, 11.81). It corresponds to a 1.69×
improvement of the coverage probability. For the long-term
phase shift design, Algorithm 1 returns an RIS location at
the coordinates (𝑥∗r , 𝑦∗r , 𝑧∗r ) = (20, 10, 5) and offers a 6.71×
improvement in the coverage probability compared with the
initial point. Besides, Algorithm 1 applied to the short-term
phase shift design converges faster as compared to when it
is applied to the long-term phase shift design, especially if
the number of RIS elements is large. Interestingly, the results
demonstrate that maximizing the coverage probability with
respect to the optimal location significantly boosts the ergodic
channel rate as well. Compared to Fig. 5, the number of RIS
elements increases by 4× and the transmit power reduces by

(a)

(b)
Fig. 7. Average coverage probability with different locations of the RIS
where 0 [m] ≤ 𝑥𝑟 ≤ 280 [m], −10 [m] ≤ 𝑦𝑟 ≤ 0 [m], and 𝑧𝑟 = 15 [m].
The destination location: 100 [m] ≤ 𝑥d ≤ 180 [m], 50 [m] ≤ 𝑦d ≤ 100 [m],
𝑧d = 15 [m]: (𝑎) Long-term phase design and (𝑏) Short-term phase shift
design.

approximately 2.2× in Fig. 6. Different initial RIS locations
may result in different solutions due to the inherent non-
convexity. However, thanks to the gradient ascent, Algorithm 1
potentially obtains a good sub-optimal solution. In this paper,
we observe that optimizing the RIS location can significantly
improve the coverage probability. The obtained RIS placement
solution can also improve the ergodic rate. A heuristic method
to obtain a good initialization should be left for future work.

In Fig. 7, we show the average coverage probability as a
function of the RIS location. We observe that the RIS should
be located near the source or the destination to obtain a good
coverage probability. A low coverage probability is, on the
other hand, obtained if the RIS is located around the center of
the considered area. The observations provide heuristic strate-
gies to locate the RIS and achieve higher coverage probability.
However, the optimal location can only be obtained by solving
the problem in (35).

VI. CONCLUSION

This paper has investigated the coverage probability and the
ergodic rate of an RIS-assisted link for different phase shift
designs depending on the level of CSI that is exploited for
optimizing the RIS. Although a long-term phase shift design
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based on long-term CSI is suboptimal compared with the op-
timal phase shift design based on instantaneous CSI, we have
shown that the performance gap decreases as the number of
RIS elements increases. Moreover, we have formulated an RIS
placement optimization problem that maximizes the coverage
probability. A sub-optimal solution with low computational
complexity has been proposed by applying the gradient ascent
method. Numerical results have shown that, together with
the phase shift design, the RIS placement is a potential
research direction for improving the system performance. The
generalization of this research work includes the analysis
and optimization of sources and destinations equipped with
multiple antennas.

APPENDIX

A. Useful Lemmas

This section presents a useful lemma used for performance
analysis.

Lemma 3. [44, Lemma 5] For a random vector x ∈ C𝑀

distributed as CN(0,R) with R ∈ C𝑀×𝑀 and two given
deterministic matrices U,V ∈ C𝑀×𝑀 , it holds that

E{x𝐻Uxx𝐻Vx} = tr(RURV) + tr(RU)tr(RV). (46)

If V = U𝐻 , then (46) becomes E{|x𝐻Ux|2} = tr(RURU𝐻 ) +
|tr(RU) |2.

B. Proof of Theorem 1

By exploiting the channel formulation in (1), the second
expectation in (66) is computed as

E
{
h𝐻

srΦΦΦhrd |2
}
= E

{
(h̄𝐻

sr + g𝐻
sr )ΦΦΦ(h̄rd + grd) |2

}
(𝑎)
= |�̄� |2 + E

{
|h̄𝐻

srΦΦΦgrd |2
}
+ E

{
|g𝐻

srΦΦΦh̄rd |2
}
+ E

{
|g𝐻

srΦΦΦgrd |2
}

(𝑏)
= |�̄� |2 + 𝛽rd

^rd + 1
∥h̄sr∥2 +

𝛽sr
𝐾sr + 1

∥h̄rd∥2 +
𝑀𝛽sr𝛽rd

(^sr + 1) (^rd + 1)
= |�̄� |2 + 𝑀`𝛽sr𝛽rd ˜̂.

(47)

where (𝑎) is obtained by the independence of the cascaded
channels and (𝑏) is due to the distributions of the NLoS
channels. By utilizing the definition of cascaded channels, the
fourth moment in (6) is recast as

E
{
|h𝐻

srΦΦΦhrd |4
}
= E

{
(h̄𝐻

sr + g𝐻
sr )ΦΦΦ(h̄rd + grd) |4

}
= E


��������h̄𝐻

srΦΦΦh̄rd︸   ︷︷   ︸
≜ �̄�

+ h̄𝐻
srΦΦΦgrd︸   ︷︷   ︸
≜𝛼2

+ g𝐻
srΦΦΦh̄rd︸   ︷︷   ︸
≜𝛼3

+ g𝐻
srΦΦΦgrd︸   ︷︷   ︸
≜𝛼4

��������
4 .

(48)

Denoting 𝐴 = 𝛼2 + 𝛼3 + 𝛼4, (48) is equivalent to

E
{
|h𝐻

srΦΦΦhrd |4
}
= E{|(�̄� + 𝐴) (�̄�∗ + 𝐴∗) |2}

= E{| |�̄� |2 + �̄�∗𝐴 + 𝐴∗�̄� + |𝐴|2 |2}
= |�̄� |4 + 4|�̄� |2E{|𝐴|2} + 2�̄�E{𝐴∗ |𝐴|2} + 2�̄�∗E{𝐴|𝐴|2}
+ E{|𝐴|4}.

(49)

We note that |𝐴|2 can be rewritten as follows:

|𝐴|2 = (𝛼2 + 𝛼3 + 𝛼4) (𝛼∗2 + 𝛼
∗
3 + 𝛼

∗
4) = |𝛼2 |2 + |𝛼3 |2+

|𝛼4 |2 + 𝛼2𝛼
∗
3 + 𝛼2𝛼

∗
4 + 𝛼

∗
2𝛼3 + 𝛼3𝛼

∗
4 + 𝛼

∗
2𝛼4 + 𝛼∗3𝛼4,

(50)

and therefore E{|𝐴|2} is reformulated as

E{|𝐴|2} = E{|𝛼2
2 |} + E{|𝛼

2
3 |} + E{|𝛼

2
4 |}, (51)

where the missing expectations are equal to zero. Since gsr
and grd are circularly symmetric complex Gaussian vectors
with zero mean, we obtain

E{|𝛼2 |2} = h̄𝐻
srΦΦΦE{grdg𝐻

rd }ΦΦΦ
𝐻 h̄sr =

𝛽rd
^rd + 1

∥h̄sr∥2 = 𝑀`𝑛^sr,

(52)

E{|𝛼3 |2} = h̄𝐻
rdΦΦΦE{gsrg𝐻

sr }ΦΦΦ𝐻 h̄rd =
𝛽sr

^sr + 1
∥h̄rd∥2 = 𝑀`^rd,

(53)

by utilizing the identity tr(XY) = tr(YX), E{|𝛼4 |2} can be
computed as follows

E{|𝛼4 |2}
(𝑎)
= E

{
g𝐻

s1rΦΦΦE{grdg𝐻
rd }ΦΦΦ

𝐻gs1r
}
= 𝑀`, (54)

where (𝑎) is obtained since the cascaded channels are indepen-
dent. By plugging (52)–(54) into (51) and doing some algebra,
we obtain the closed form expression of E{|𝐴|2} as

E{|𝐴|2} = 𝑀` ˜̂. (55)

The expectation E{𝐴∗ |𝐴|2} in (49) can be simplified by
utilizing the definition of 𝐴 and (50) as

E{𝐴∗ |𝐴|2} (𝑎)= 2E{𝛼∗2𝛼
∗
3𝛼4} = 2E{g𝐻

rdΦΦΦ
𝐻 h̄srh̄𝐻

rdΦΦΦ
𝐻gsrg𝐻

srΦΦΦgrd}

=
2𝛽sr𝛽rdtr(ΦΦΦ𝐻 h̄srh̄𝐻

rd )
(^sr + 1) (^rd + 1) = 2`�̄�∗,

(56)

where (𝑎) is obtained from the products of uncorrelated
random variables. Similarly, the expectation E{𝐴|𝐴|2} in (49)
is simplified as

E{𝐴|𝐴|2} = 2E{𝛼2𝛼3𝛼
∗
4} = 2E{h̄𝐻

srΦΦΦgrdg𝐻
srΦΦΦh̄rdg𝐻

rdΦΦΦ
𝐻gsr}

(𝑎)
= E{g𝐻

srΦΦΦh̄rdh̄𝐻
srΦΦΦgrdg𝐻

rdΦΦΦ
𝐻gsr} =

2𝛽sr𝛽rdtr(ΦΦΦh̄rdh̄𝐻
sr )

(^sr + 1) (^rd + 1) = 2`�̄�,

(57)

where (𝑎) is obtained by using the commutative property
two random variables 𝑋 and 𝑌 , i.e., E{𝑋𝑌 } = E{𝑌𝑋}. The
expectation E{|𝐴|4} in (49) is simplified as

E{|𝐴|4} =E{|𝛼2 |4} + E{|𝛼3 |4} + E{|𝛼4 |4} + 4E{|𝛼2 |2 |𝛼3 |2}
+ 4E{|𝛼2 |2 |𝛼4 |2} + 4E{|𝛼3 |2 |𝛼4 |2},

(58)

where the missing expectations are equal to zero. The first
expectation E{|𝛼2 |4} in (58) is computed in a closed-form
expression as

E{|𝛼2 |4} = E{|h̄𝐻
srΦΦΦgrd |4} = E{|g𝐻

rdΦΦΦ
𝐻 h̄srh̄𝐻

srΦΦΦgrd |2}
= 2𝑀2`2𝐾2

sr,
(59)
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where (𝑎) follows from Lemma 3. Similarly, the expectation
E{|𝛼3 |4} in (58) is computed in a closed-form expression as

E{|𝛼3 |4} = E{|g𝐻
s1rΦΦΦh̄rdh̄𝐻

rdΦΦΦ
𝐻gs1r |2} = 2𝑀2`2𝐾2

rd. (60)

The third expectation E{|𝛼3 |4} in (58) is simplified as

E{|𝛼4 |4} = E
{
|g𝐻

srΦΦΦgrd |4
}
= E

∥ΦΦΦgrd∥4
�����g𝐻

srΦΦΦgrd

∥ΦΦΦgrd∥
g𝐻

rdΦΦΦ
𝐻gsr

∥ΦΦΦgrd∥

�����2 .
(61)

By introducing the random variable 𝑧 = g𝐻
srΦΦΦgrd/∥ΦΦΦgrd∥ with

𝑧 ∼ CN(0, 𝛽sr/(^sr + 1)), we see that (61) is equivalent to

E{|𝛼4 |4} = E
{
∥ΦΦΦgrd∥4 |𝑧 |4

} (𝑎)
= E

{
∥ΦΦΦgrd∥4

}
E{|𝑧 |4}

= 2(𝑀2 + 𝑀)`2,
(62)

where (𝑎) is obtained by the independence of ΦΦΦgrd and 𝑧,
and the fourth moments of the circularly symmetric Gaussian
variables with zero means in (62) is computed by utilizing
Lemma 3. Buy applying the results in (52), the forth expecta-
tion in (58) is simplified as follows

E{|𝛼2 |2 |𝛼3 |2}
(𝑎)
= E{|𝛼2 |2}E{|𝛼3 |2} = 𝑀2`2^sr^rd, (63)

where (𝑎) follows since the cascaded channels are indepen-
dent. The fifth expectation in (58) can be simplified as follows

E{|𝛼2 |2 |𝛼4 |2} = E{g𝐻
rdΦΦΦ

𝐻 h̄srh̄𝐻
srΦΦΦgrdg𝐻

rdΦΦΦ
𝐻gsrg𝐻

srΦΦΦgrd}
(𝑎)
=

𝛽2
rd

(^rd + 1)2
tr(ΦΦΦ𝐻 h̄srh̄𝐻

srΦΦΦΦΦΦ
𝐻E{gsrg𝐻

sr }ΦΦΦ)+

𝛽2
rd

(^rd + 1)2
tr(ΦΦΦ𝐻 h̄srh̄𝐻

srΦΦΦ)tr(ΦΦΦ𝐻E{gsrg𝐻
sr }ΦΦΦ)

(𝑏)
= (𝑀2 + 𝑀)`2^sr,

(64)

where (𝑎) is obtained by using Lemma 3 and (𝑏) follows from
the identity ΦΦΦΦΦΦ𝐻 = I𝑀 . The last expectation in (58) is derived
as follows

E{|𝛼3 |2 |𝛼4 |2} = E{|𝛼3 |2}E{|𝛼4 |2} = (𝑀2 + 𝑀)`2𝐾rd (65)

Plugging (52), (53), and (54) into (62) and with some algebraic
manipulations, we prove the theorem.

C. Proof of Lemma 1

We first consider the long-term phase shift design. By
exploiting the definition of the SNR in (8a), we compute the
mean of 𝛾lt as follows:

E{𝛾lt} = aE
{
|ℎsd |2

}
+ aE

{
|h𝐻

srΦΦΦ
lthrd |2

}
, (66)

thanks to the independence of the direct link and the cascaded
channels. Since the direct link follows a Rayleigh distribu-
tion, the first expectation in (66) is computed in closed-form
expression as

E{|ℎsd |2} = 𝛽sd, (67)

while the second expectation is computed as in (5). Plugging
(67) and (5) into (66), we obtain the closed-form expression
of the mean of the SNR as

E{𝛾lt} = a(𝛽sd + 𝛿). (68)

From (68), the long-term phase shift design to maximize
the average received SNR is obtained from the following
optimization problem

maximize
ΦΦΦlt

|�̄� |2

subject to − 𝜋 ≤ \ lt
𝑚 ≤ 𝜋,∀𝑚,

(69)

where |�̄� |2 is given in Theorem 1. Decomposing the LoS
components into the magnitude and phase as

[h̄∗sr]𝑚 = | [h̄∗sr]𝑚 |𝑒 𝑗 arg( [h̄∗sr ]𝑚 ) ,∀𝑚, (70)

[h̄rd]𝑚 = | [h̄rd]𝑚 |𝑒 𝑗 arg( [h̄rd ]𝑚 ) ,∀𝑚, (71)

|�̄� |2 is reformulated as

|�̄� |2 =

���∑︁𝑀

𝑚=1
| [h̄rd]𝑚 | | [h̄∗sr]𝑚 |𝑒 𝑗 (arg( [h̄∗sr ]𝑚 )+arg( [h̄rd ]𝑚 )+\ lt

𝑚 )
���2 .
(72)

Next, let us denote \̃ lt
𝑚 = arg( [h̄∗sr]𝑚) + arg( [h̄rd]𝑚) + \ lt

𝑚,∀𝑚,
and introduce the two vectors a ∈ C𝑀 and b ∈ C𝑀 as follows

a =

[√︃
| [h̄rd]1 | | [h̄∗sr]1 |, . . . ,

√︃
| [h̄rd]𝑚 | | [h̄∗sr]𝑀 |

]𝑇
, (73)

b =

[√︃
| [h̄rd]1 | | [h̄∗sr]1 |𝑒 𝑗 \̃

lt
1 , . . . ,

√︃
| [h̄rd]𝑚 | | [h̄∗sr]𝑀 |𝑒 𝑗 \̃

lt
𝑀

]𝑇
.

(74)

Then, (72) can be rewritten in the equivalent form as follows

|�̄� |2 = |a𝐻b|2
(𝑎)
≤ ∥a∥2∥b∥2 =

(∑︁𝑀

𝑚=1
| [h̄rd]𝑚 | | [h̄∗sr]𝑚 |

)2
,

(75)
where (𝑎) is obtained by utilizing Cauchy-Schwarz’s inequal-
ity, where the equality holds if the two vectors a and b are
parallel to each other. For all the phase shifts \̃ lt

𝑚, it holds that

\̃ lt
𝑚 = 0⇔ \ lt

𝑚 + arg( [h̄∗sr]𝑚) + arg( [h̄rd]𝑚) = 0, (76)

and therefore, the optimal long-term phase shift design is given
in (9).

In a similar manner, for the short-term design, let us de-
compose the complex channel coefficients into their modulus
and phase as follows

|ℎsd + h𝐻
srΦΦΦ

sthrd |2 =

���|ℎsd |𝑒 𝑗 arg(ℎsd )+∑︁𝑀

𝑚=1
[h∗sr]𝑚 [hrd]𝑚𝑒 𝑗 (arg(\ lt

𝑚 )+arg( [h∗sr ]𝑚 )+arg( [hrd ]𝑚 )
���2 . (77)

Let us introduce the two vectors ã ∈ C𝑀+1 and b̃ ∈ C𝑀+1 as
follows

ã =

[√︁
|ℎsd |,

√︁
[h∗sr]1 [hrd]1, . . . ,

√︁
[h∗sr]𝑀 [hrd]𝑀

]𝑇
, (78)

b̃ =

[√︁
|ℎsd |𝑒 𝑗 arg(ℎsd ) ,

√︁
[h∗sr]1 [hrd]1𝑒 𝑗 arg( \̂ lt

1 ) , . . . ,√︁
[h∗sr]𝑀 [hrd]𝑀𝑒 𝑗 arg( \̂ lt

𝑀
)
]𝑇
, (79)

where arg(\̂ lt
𝑚) = arg(\ lt

𝑚) + arg( [h∗sr]𝑚) + arg( [hrd]𝑚),∀𝑚.
Accordingly, (77) can be reformulated in the equivalent form
as follows

|ℎsd + h𝐻
srΦΦΦ

sthrd |2 = |ã𝐻 b̃|2
(𝑎)
≤ ∥ã∥2∥b̃∥2

=

(
|ℎsd | +

∑︁𝑀

𝑚=1
| [h̄rd]𝑚 | | [h̄∗sr]𝑚 |

)2
,

(80)
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where (𝑎) is attained by using Cauchy-Schwarz’s inequality,
where the equality holds if ã and b̃ are parallel to each other,
i.e.,

arg(ℎsd) = arg(\ lt
𝑚) + arg( [h∗sr]𝑚) + arg( [hrd]𝑚). (81)

Therefore, the optimal short-term phase shift design is ob-
tained as in (10) and we complete the proof.

D. Proof of Theorem 2

The average received SNR for the long-term phase shift
design is given in (68). Denoting 𝑎 =

√
aℎsd and 𝑏 =√

ah𝐻
srΦΦΦ

lthrd, we recast the second moment of the SNR as
follows

E{|𝛾lt |2} = E
{��|𝑎 |2 + 𝑎∗𝑏 + 𝑎𝑏∗ + |𝑏 |2��2}

= E{|𝑎 |4} + E{|𝑏 |4} + 4E{|𝑎 |2 |𝑏 |2}.
(82)

By exploiting Lemma 3, we tackle the first expectation in (82)
as follows:

E{|𝑎 |4} = a2E{|ℎsd |4} = 2a2𝛽2
sd. (83)

From the result in (6), the second expectation in (82) is
computed in closed-form expression as follows:

E{|𝑏 |4} = a2 (𝛿2 + 2𝑀 |�̄� |2`𝐾 + 𝑀2`2 ˜̂2 + 2𝑀`2 ˆ̂ + 8|�̄� |2`).
(84)

Next, the fourth expectation in (82) is computed in closed-
form expression as follows

E{|𝑎 |2 |𝑏 |2} = a2E{|ℎsd |2}E
{
h𝐻

srΦΦΦ
lthrd |2

}
= a2𝛽sd𝛿, (85)

where (𝑎) is obtained by the independence between the direct
and indirect links; (𝑏) follows from (47). Combing (68) and
(82) together with the identity Var{𝑋} = E{|𝑋 |2} − |E{𝑋}|2,
we obtain

Var{𝛾lt} = a2𝛽2
sd + a

2�̃� + 2a2𝛽sd𝛿. (86)

From the mean in (66) and the variance in (86), we match
the received SNR, 𝛾lt, to a Gamma distribution and obtain the
result as shown in the theorem.

E. Proof of Theorem 3

In this section, we compute the coverage probability for
the short-term phase shift design using the double-matching
method. We start with some properties of the Rice distribution.
Particularly, the mean and variance of each channel gain
| [hsr]𝑚 |, which follows by Rice distribution, are given by

E {| [hsr]𝑚 |} =
1
2

√︂
𝜋𝛽sr
^sr + 1

𝑡sr, (87)

Var {| [hsr]𝑚 |} =
𝛽sr

^sr + 1

(
1 + ^sr −

𝜋

4
𝑡2sr

)
. (88)

With the presence of the RIS, the mean and variance of 𝐵𝑚 =

| [hsr]𝑚 | [hrd]𝑚 | is then computed as follows

E{𝐵𝑚} =
𝜋

4
√
`𝑡sr𝑡rd, (89)

Var {𝐵𝑚} =`
(
(1 + ^sr) (1 + ^rd) −

𝜋2

16
𝑡2sr𝑡

2
rd

)
. (90)

Also, the mean and variance of the random variable 𝐶 = |ℎsd |+∑𝑀
𝑚=1 | [hsr]𝑚 | | [hrd]𝑚 | are given as follows

E{𝐶} = 1
2
√︁
𝜋𝛽sd +

∑︁𝑀

𝑚=1
E {𝐵𝑚} , (91)

Var{𝐶} = 4 − 𝜋
4

𝛽sd +
∑︁𝑀

𝑚=1
Var {𝐵𝑚} (92)

Given the mean and variance of 𝐶, we apply the first-moment
matching. More precisely, we match the random variable 𝐶 to
a Gamma distribution as follows

𝑘𝐶 =
|E{𝐶}|2

Var {𝐶} and 𝑤𝐶 =
Var {𝐶}
E {𝐶} , (93)

for which the solutions to 𝑘𝐶 and 𝑤𝐶 are obtained in the
theorem. Next, the mean and variance of the SNR 𝛾st is
computed as follows

E
{
𝛾st} = aE

{
𝐶2} = a𝑤2

𝑐𝑘𝑐 (𝑘𝑐 + 1) , (94)

Var
{
𝛾st} = a2

(
E

{
𝐶4} − ��E {

𝐶2}��2)
= 2a2𝑤4

𝑐𝑘𝑐 (𝑘𝑐 + 1) (2𝑘𝑐 + 3) , (95)

where E {𝐶𝑚} = 𝑤𝑚
𝑐 Γ (𝑚+𝑘𝑐 )
Γ (𝑘𝑐 ) . Having obtained the mean and

variance of 𝛾st, we apply the second matching as follows

𝑘st =

��E {
𝛾st}��2

Var
{
𝛾st

} , 𝑤st =
Var

{
𝛾st}

E
{
𝛾st

} . (96)

By matching 𝛾st to a Gamma distribution with the shape and
scale parameters in (96), we obtain the coverage probability
as shown in the theorem.

F. The Derivation of (38) with the Short-Term Phase Shift
Design

The first derivative of the coverage probability with respect
to the coordinate 𝜚r of the RIS is provided as follows:

𝑃st
cov (𝜚r) =

𝑁 (𝜚r)
𝐷 (𝜚r)

=

.
𝑁 (𝜚r) 𝐷 (𝜚r) − 𝑁 (𝜚r)

.
𝐷 (𝜚r)

𝐷2 (𝜚r)
, (97)

where
.
𝑁 (𝜚r) is computed by using the formulation in (39)

and the upper incomplete Gamma function as follows

.
𝑁 (𝜚r) =

𝜕Γ
(
𝑘st (𝜚r) , 𝑢 (𝜚r)

)
𝜕𝜚r

(𝑎)
= − .

𝑢 (𝜚r) 𝑢(𝜚r)𝑘
st ( 𝜚r )−1×

exp(−𝑢(𝜚r)) +
.
𝑘st (𝜚r)

∫ ∞

𝑡=𝑢( 𝜚r )
𝑡𝑘

st ( 𝜚r )−1 log (𝑡) exp (−𝑡) 𝑑𝑡

= − .
𝑢 (𝜚r) 𝐼1 (𝜚r) +

.
𝑘st
𝑛 (𝜚r) 𝐼2 (𝜚r),

(98)

where 𝑢(𝜚r) = 𝑧/𝑤st (𝜚r), so its first-order derivative with
respect to 𝜚r is .

𝑢(𝜚r) = −𝑧(𝑤st (𝜚r))−2 .
𝑤st (𝜚r). Moreover, the

functions 𝐼1 (𝜚r) and 𝐼2 (𝜚r) are formulated as

𝐼1 (𝜚r) = 𝑢(𝜚r)𝑘
st ( 𝜚r )−1 exp(−𝑢(𝜚r))

𝐼2 (𝜚r) = Γ

(
𝑘st
𝑛 (𝜚r) , 𝑢 (𝜚r)

)
log (𝑢 (𝜚r)) + Γ (𝑘 (𝜚r)) ×

(− log (𝑢 (𝜚r)) + 𝜓 (𝑘 (𝜚r))) + 𝑢(𝜚r)𝑘
st
𝑛 ( 𝜚r )

(
𝑘st (𝜚r)

)−2
×

2𝐹2

(
𝑘st (𝜚r) , 𝑘st (𝜚r) , 1 + 𝑘st (𝜚r) , 1 + 𝑘st (𝜚r) ,−𝑢 (𝜚r)

)
(99)
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In (98), (𝑎) is obtained by using Leibniz’s integral rule for the
upper incomplete Gamma function. For further processing, let
us reformulate 𝑤st (𝜚r) and 𝑘st (𝜚r) as

𝑤st (𝜚r) =
2a𝑙2 (𝜚r)
𝑙1 (ar)

, 𝑘st
𝑛 (𝜚r) =

𝑙21 (𝜚r)
2𝑙2 (𝜚r)

, (100)

where 𝑙1 (𝜚r) and 𝑙2 (𝜚r) are given as

𝑙1 (𝜚r) = 𝑤2
𝑐 (𝜚r)𝑘𝑐 (𝜚r) (1 + 𝑘𝑐 (𝜚r)), (101)

𝑙2 (𝜚r) = 𝑤4
𝑐 (𝜚r)𝑘𝑐 (𝜚r) (𝑘𝑐 (𝜚r) + 1) (2𝑘𝑐 (𝜚r) + 3). (102)

The first derivative of 𝑤st (𝜚r) and 𝑘st (𝜚r) with respect to 𝜚r
are computed as

.
𝑤st (𝜚r) =(a𝑙1 (𝜚r))−2

(
2a3 .

𝑙2 (𝜚r)𝑙1 (𝜚r) − 2a3𝑙2 (𝜚r)
.
𝑙1 (𝜚r)

)
,

(103)
.
𝑘st (𝜚r) =

(
2a2𝑙2 (𝜚r)

)−2 (
4a4𝑙1 (𝜚r)

.
𝑙1 (𝜚r)𝑙2 (𝜚r)

−2a4 .
𝑙2 (𝜚r)𝑙21 (𝜚r)

)
, (104)

where
.
𝑙1 (𝜚r) and

.
𝑙2 (𝜚r) are the first derivative of 𝑙1 (𝜚r) and

𝑙2 (𝜚r) with respect to 𝜚r, which are computed as follows
.
𝑙1 (𝜚r) =2𝑤𝑐 (𝜚r)

.
𝑤𝑐 (𝜚r)𝑘𝑐 (𝜚r) (1 + 𝑘𝑐 (𝜚r)) +

𝑤2
𝑐 (𝜚r) (1 + 2𝑘𝑐 (𝜚r))

.
𝑘𝑐 (𝜚r) , (105)

.
𝑙2 (𝜚r) =4𝑤3

𝑐 (𝜚r)
.
𝑤𝑐 (𝜚r) 𝑘𝑐 (𝜚r) (𝑘𝑐 (𝑥) + 1) (2𝑘𝑐 (𝜚r) + 3)

+ 𝑤4
𝑐 (𝜚r)

(
6(𝑘𝑐 (𝜚r))2 + 10𝑘𝑐 (𝜚r) + 3

) .
𝑘𝑐 (𝜚r) ,

(106)

where .
𝑤𝑐 (𝜚r) and

.
𝑘𝑐 (𝜚r) are the first derivative of the scale

and shape parameters 𝑤𝑐 (𝜚r) and 𝑘𝑐 (𝜚r) with respect to 𝜚r,
respectively, and defined as follows

.
𝑤𝑐 (𝜚r) =

.
𝑡 (𝜚r)𝐼3 (𝜚r)(

𝑐1 + 𝑐2
√︁
𝑡 (𝜚r)

)2 ,
.
𝑘𝑐 (𝜚r) =

.
𝑡 (𝜚r) 𝐼4 (𝜚r)
(𝑐3 + 𝑐4𝑡 (𝜚r))2

,

(107)

where 𝑐2 = 𝑐2
√︁
𝑡 (𝜚r) and 𝑐4 = 𝑐4𝑡 (𝜚r). Besides, the supple-

mentary parameters 𝑡 (𝜚r),
.
𝑡 (𝜚r), 𝐼3, and 𝐼4 are given as follows

𝐼3 (𝜚r) =𝑐4

(
𝑐1 + 𝑐2

√︁
𝑡 (𝜚r)

)
− 0.5𝑡−0.5 (𝜚r) (𝑐3 + 𝑐4𝑡 (𝜚r)) 𝑐2,

(108)

𝐼4 (𝜚r) =
(
𝑐1 + 𝑐2

√︁
𝑡 (𝜚r)

) (
𝑐2𝑡
−1/2 (𝜚r) (𝑐3 + 𝑐4𝑡 (𝜚r))

−𝑐4

(
𝑐1 + 𝑐2

√︁
𝑡 (𝜚r)

))
, (109)

𝑡 (𝜚r) =𝛽s1r (𝜚r) 𝛽rd (𝜚r) , (110)
.
𝑡 (𝜚r) =

.
𝛽s1r (𝜚r) 𝛽rd (𝜚r) + 𝛽s1r (𝜚r)

.
𝛽rd (𝜚r) , (111)

𝛽sr (𝜚r) =𝐾0

(
(𝑥r − 𝑥s)2 + (𝑦r − 𝑦s)2 + (𝑧r − 𝑧s)2

)−[sr/2
,

(112)
.
𝛽sr (𝜚r) = − [sr𝐾0 (𝜚r − 𝑣s)

(
(𝑥r − 𝑥s)2 + (𝑦r − 𝑦s)2+

(𝑧r − 𝑧s)2
)−[sr/2−1

, (113)

𝛽rd (𝜚r) =𝐾0

(
(𝑥r − 𝑥d)2 + (𝑦r − 𝑦d)2 + (𝑧r − 𝑧d)2

)−[rd/2
,

(114)
.
𝛽rd (𝜚r) = − [rd𝐾0 (𝜚r − 𝛼d)

(
(𝑥r − 𝑥d)2 + (𝑦r − 𝑦d)2+

(𝑧r − 𝑧d)2
)−[rd/2−1

, (115)

where 𝛼d ∈ {𝑥d, 𝑦d, 𝑧d}. In a similar manner, the derivative of
𝐷 (𝜚r) = Γ

(
𝑘st (𝜚r)

)
in the numerator of (38) with respect to

𝜚r is computed as follows:
.
𝐷 (𝜚r) =

.
𝑘st (𝜚r) Γ

(
𝑘st (𝜚r)

)
𝜓

(
𝑘st (𝜚r)

)
, (116)

where 𝜓(𝑘 (𝑥)) is the polygamma function of the first order.

G. The Derivation of (38) with the Long-Term Phase Shift
Design

The proof follows similar steps as for the short-term phase
shift design. Specifically, the first-order derivative of the
coverage probability with respect to 𝜚r is given in (38) with.
𝑁 (𝜚r) and

.
𝐷 (𝜚r) defined in (39) that have the same structure

as the short-term phase shift design, except for the scale and
shape parameters. Let us therefore compute the derivative of
𝑤lt
𝑛 (𝜚r) and 𝑘 lt (𝜚r) as a function of the RIS coordinates. To

this end, we first reformulate the shape and scale parameters
in (18) and (19) to the corresponding equivalent forms

𝑘 lt
𝑛 (𝜚r) = Nu2 (𝜚r)/De(𝜚r), 𝑤lt (𝜚r) = De(𝜚r)/Nu(𝜚r), (117)

where the following definitions hold for Nu(𝜚r) and De(𝜚r)
as follows

Nu(𝜚r) = a𝛽sd + a𝑜1𝛽sr (𝜚r)𝛽rd (𝜚r), (118)

De(𝜚r) = a2𝛽2
sd + a

2𝑜2𝛽
2
sr (𝜚r)𝛽2

rd (𝜚r) + 2a2𝛽sd𝑜1𝛽sr (𝜚r)𝛽rd (𝜚r),
(119)

with 𝑜1 = 𝑜2𝛽s1r (𝜚r)𝛽rd (𝜚r) and 𝑜2 = 𝑜2𝛽
2
sr (𝜚r)𝛽2

rd (𝜚r). The
first-order derivative of the shape and scale parameters with
respect to 𝜚r are then computed as follows
.
𝑘 lt (𝜚r) = De(𝜚r)−2

(
2Nu(𝜚r)

.
Nu(𝜚r)De(𝜚r) − Nu2 (𝜚r)

.
De(𝜚r)

)
,

(120)
.
𝑤lt
𝑛 (𝜚r) = Nu−2 (𝜚r)

( .
De(𝜚r)Nu(𝜚r) − De(𝜚r)

.
Nu(𝜚r)

)
,

(121)
.

Nu(𝜚r) = a𝑜1
.
𝑡 (𝜚r), (122)

.
De(𝜚r) = 2a2𝑜2𝑡 (𝜚r)

.
𝑡 (𝜚r) + 2a2𝛽sd𝑜1

.
𝑡 (𝜚r), (123)

where
.
𝑡 (𝑣r,𝑛) is provided in (107) and we complete the proof.
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