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Abstract—The performance of the noncoherent differential
chaos-shift-keying (DCSK) communication system over a mul-
tipath fading channel with delay spread is evaluated. Analytical
expressions of the bit error rates are derived under the assump-
tion of an independent Rayleigh fading two-ray channel model.
Analytical and simulated results are presented and compared. The
multipath performance of the DCSK system is also compared with
that of the coherent CSK system as well as conventional generic
waveform communication schemes.

Index Terms—Chaos communications, delay spread, differential
chaos shift keying (DCSK), multipath Rayleigh fading channel.

I. INTRODUCTION

EING wideband, chaotic signals are well suited for
B spread-spectrum communications [1]-[7]. Among the
digital schemes proposed, chaos shift keying (CSK) and differ-
ential CSK (DCSK) have been most widely studied [8]-[11].
The former was originally proposed for a coherent implemen-
tation [3], where synchronized replicas of the chaotic basis
functions are required at the receiver. However, this require-
ment has not yet been proven practical. The DCSK scheme, on
the other hand, represents a more robust noncoherent scheme
[4], in which the exact knowledge of the chaotic basis functions
is not needed in the receiver. Instead, the two signal samples
are correlated and the correlation result is compared with a
threshold. Moroever, chaos can also be applied at the coding
level, as in the chaos-based direct-sequence code-division-mul-
tiple-access (DS-CDMA) schemes studied by Mazzini et al.
[5], Rovatti et al. [6], and Chen et al. [7]. In this case, since
coherent communication is still applicable in the conventional
sense at the waveform communication level [12], performance
comparable to conventional systems can be achieved, and if
further optimization at the coding level is possible with chaos,
as demonstrated by Mazzini et al. [5], Rovatti et al. [6], im-
provement over existing DS-CDMA systems is also possible.
In short, at the waveform level, all coherent schemes are im-
practical but their performances have benchmarking values;
noncoherent schemes are more practical but their performances
are inferior to conventional coherent systems.
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The performance of chaos-based digital communication sys-
tems under an additive white Gaussian noise (AWGN) envi-
ronment has been thoroughly studied [9]-[11]. In wireless
communications, however, the reflecting objects and scatterers
in a wireless channel dissipate the signal energy, leading to
multiple versions of the transmitted signal arriving at the re-
ceiver with different amplitudes, phases, and time delays [13],
[14]. These multipath waves combine at the receiver, causing
the received signal to vary greatly in amplitude and phase. Such
multipath fading limits the performance in wireless applications.
It is generally known that spread-spectrum systems perform
significantly better than narrowband systems in a multipath
environment. Since chaos-based systems are spread-spectrum
systems, their performance in multipath environments should
be an important practical consideration.

The multipath performance analysis and data for chaos-based
communication systems at the waveform level are generally
unavailable. The earliest study of multipath performance
of chaos-based communication systems was performed by
Kolumban and Kis [15], [16] for the frequency-modulated
DCSK (FM-DCSK) system. Their study was simulation based
and each path in the two-ray channel model was assumed
an ideal constant gain value. In practice, however, each path
suffers from random fading, which should be duly incorporated
in the channel model [14]. Recently, Mandal and Banerjee [17]
analyzed the performance of the DCSK system over a channel
with Rayleigh fading or Ricean fading. However, the multipath
time delay has not been considered. In a spread-spectrum com-
munication system such as DCSK, it is necessary to model the
effects of multipath delay spread as well as fading. Furthermore,
Mazzini et al. [18] reported a thorough study of the multipath
performance of the chaos-based DS-CDMA scheme. As their
system uses chaos at the code-spreading level, their results are
not generally applicable to waveform communication systems
using chaotic signals [12].

Our purpose here is to evaluate the performance of the DCSK
system in a multipath fading channel, incorporating multipath
fading for each path and the effects of delay spread. The re-
sults will be compared with the benchmark data obtained ear-
lier for the coherent CSK system [19], and those of conventional
generic waveform communication schemes.

II. SYSTEM MODEL

We begin with a formal description of the system to be studied
in this paper. Fig. 1 shows the block diagram of the DCSK com-
munication system. The /th transmitted symbol is denoted by
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Fig. 2. Two-ray Rayleigh fading channel model.

b;, which is either +1 or —1, and we assume that +1 and —1
occur with equal probabilities. During the /th symbol duration,
the transmitted signal sy, is

e k=20-1)f+1,....@2-1)F
T \bimig, k=@ -1)3+1,...,28

where 2( is the spreading factor.

In spread-spectrum wireless communication systems, a
commonly used channel model is the two-ray Rayleigh fading
channel model [14]. Fig. 2 shows a block diagram of such a
channel model. Using the discrete-time baseband equivalent
model, the output of the channel is represented as

output = 15k + Q2Sk—r 2)

where «; and as are independent and Rayleigh distributed
random variables, 7 is the time delay between two rays, and

Sk—r
blfldik,g,-r, k= 2(l - ].),8 + 1, e ,2(l - 1)/3 + 7
) Th—r, k—2(1—1)ﬂ+7+1,...,(21—1)[3’
I 7 =@ -1)p+1,...,20-1)8+T
blll?k_ﬁ_.,—, (2[ — 1),[3 +74+1,...,20.

In the receiver, a correlation-based detection is used, as shown
in Fig. 1. The signal received by the receiver (i.e., input to the
correlator) is given by

TE = @18k + d2Sp—r + &k 3)

where &, is AWGN with mean equal to zero and variance N /2.
Considering the [th symbol, the decision variable is the output
of the correlator, which is given by

(21-1)8+7
o= Z (ubizp—pg + coxp_r + &)
k=(21—1)3+1
X (1Z—p + aobi—12Zp—25-7 + &k—p)
218

>

k=(21—1) 34741
X (@1Zp—p + a2Zp_p—r + Ep—p)- “4)

(bizp—p + cobizp_pg_r + &)

Then, the /th decoded symbol is determined according to the
following rule:
~ {+1, ife; >0
b = 1

if g < 0. )

N
[ channel T
P &

g 0 o] B
k=GIpH I :l

o

In the next section, we will derive the approximated bit error
rates (BERs) of the DCSK system over the two-ray Rayleigh
fading channel, as defined in the foregoing.

III. ANALYSIS OF BIT ERROR PERFORMANCE

In the following analysis, we assume that the multipath time
delay is much shorter than the bit duration, i.e., 0 < 7 < 20.
With such an assumption, the intersymbol interference (IS]) is
negligible compared with the interference within each symbol
due to multipath time delay. Also, (4) may be approximated as

218

[ E

k=(21-1)8+1

(aabizp—p + aobizp_p_r + &)

X (@1Tk—g + @2Tp—g—r + €x—p). (6)

For large $ and a given chaotic map (e.g., logistic map), we have

213

>

k=(21-1)8+1

Tp—BT—B—1 ~ 0. (7)

Thus, ¢; may be simplified as

23 213
= Z a%blazi,ﬁ + Z a%blxzfﬁ,T
k=(21-1)8+1 k=(21-1)8+1
23
+ Z (anzp_p + aorr_g—r)(&k + biék—p)
k=(20—1)8+1
23
+ Z Enéi—p
k=(20-1)3+1
=A+B+C (®)
where
218 218
A= Z a%bla:%_ﬁ + Z a%bl:v%_ﬂ_T
k=(20—1)8+1 k=(20—1)8+1
23
B = Z (1mh—p + a2xp_p—7)(Ek + 0iér—p)
k=(21—1)3+1
213
C= Z Erér—s-
k=(21-1)8+1

Assuming “+41” is transmitted (i.e., b; =
statistics are easily obtained:
E{A|(ar,az,b; = +1)} = (af + a3) B E {23}
E{B|(a1,az,b = +1)} = E{C | (a1, a2,b = +1)} = 0

+1), the following
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var{A| (a1, a2, by = +1)} = (af + a3) Bvar {2} }
var{B | (a1, az,b; = +1)} = (af + o3) BE {z}} Ny
1
var{C'| (a1, a2,b; = +1)} = ZﬁNg
cov{A, B |(a1,as,b; = +1)} = cov{B, C| (a1, as,b; = +1)}

=cov{4,C|(a1,az,b = +1)}
=0
where -] and var| -] represent the expectation and variance
operators, respectively, and cov[X, Y] denotes the covariance
of X and Y. Then, we have
E{ci| (o1, a2,b; = +1)} = B (af + 03) E {3}
var{c; | (a1, as, by = +1)} = B (af + a3) var {27}
+ B (af + a3) E{z3} No
1
+ ZﬂNg.

€))

The case of sending a symbol of “—1” may be computed in a
likewise fashion, i.e.,

Efc|(a1,a2,bp = —1)} = —F{e¢| (a1, a0,b; = +1)}  (11)
var{e | (a1, a2,bp = =1)} = var{e; | (a1, a2, by = +1)}.

Using (9) and (10), and assuming that ¢; follows a normal dis-
tribution under the given conditions, the conditional BER may
be computed as

1
BER(aq, a9) = gProb (0 < 0| (a1, an,b; = +1))
1
+ iProb (c1 > 0| (a1, a9,b; = —1))

= lerfc E{ci| (o1, a2,b; = +1)}
2 V2var{c;| (a1, a0, by = +1)}
1erfc < 2 (ail + 0/2;) var {aj%}
’ (o +a3)" B 2 {a}}
4Ny

28N¢
T2 2
(el +a3) By (aF +a3)° E?

=

13)

where Ej, is the bit energy and is represented by
By =20 B{(x1)*}

and erfc( - ), the complementary error function, is defined as

9 foo

(14)

erfe(v)) = 7 e N dA. (15)
P
If the logistic map is used, we have
1 1
var {z}} = g and E{z}} = 3 (16)
1 44 gh
BER(a1, a2) = - erfe M
2\ (@3 + a3
-1
N 4N, 26NZ :
(i +a3) By (a2 4+ a3)” E?
a7

(10) flw) = 1

12)
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For large (3, the first term within the bracket in (17) may be
neglected. Thus, the conditional BER may be simplified as

1 4 28\
e ((+2) ")
1 4 B\~
—§erfc<[%<1+2—%>} )

= BER(7)
where v, = (Ey/No)(af + 3) = 71 + 2. 11 = (Ep/No)ai,
and 72 = (Ey/Np)aj. Denoting 71 = E{n} =
(Ey/No) E{af} and 7 = E{yn} = (E/No)E{a3},
the probability density function of 7, becomes

E{at} = E{aj}

(e —e/2), E{at} # E{a3},
(19)

BER(al, 042)

Wl

(13)

,j/_ge_"/b/"717
1

Y1 — 72

Finally, the BER can be obtained by averaging the conditional
BER, i.e.,
BER = / BER(’}/b)f(’yb)d’yb. (20)
Jo
This formula will be used in the next section for evaluating

the bit error performance of the system under different channel
conditions.

IV. RESULTS

We consider three cases corresponding to different path gain
ratios and a fixed path delay.
Case I: The two paths have identical average power gain. In this
case, the average power gain in each path is 0.5, i.e.,

E{(01)?) = B{(2)"} = 5.

Case II: The average power gain of the second path is 3 dB
below that of the first path. In this case, the average powers of
the two paths are

(o)} = -

Case III: The average power gain of the second path is 10 dB
below that of the first path. In this case, the average powers of
the two paths are

2n

and E{(a2)?} = % (22)

B} = 1 and Bf(02)’} @3)

11

Numerical calculation of the BERs and computer simulation
of the BERs are performed. Fig. 3 shows the effect of 3 for
E,/Ny = 25 dB and 7 = 2. In general, BER increases with
3 since for a fixed Fj, /Ny, the noise power increases with 3
and the degradation due to the increased noise power will over-
whelm any gain in symbol detection that might have resulted
when [ is large. In Fig. 4, the calculated and simulated BERs
are plotted for § = 50. We see that the approximated BERs
agree well with the simulation results. The effect of 7 on the
BER performance is shown in Fig. 3, in which E;, /Ny = 25 dB,
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— case |, simulated results
O case |, numerical results
case |l, simulated results
O case Il, numerical results
— - case lll, simulated results
A case I, numerical results
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Fig. 3. BER performance of the DCSK system over a two-ray Rayleigh fading
channel (BER versus 3) with E;, /N, = 25dB and 7 = 2.

— case |, simulated results
O case |, numerical results
case Il, simulated results
O case ll, numerical results
— case lll, simulated results
A case lll,numerical results
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Fig.4. BER performance of the DCSK system over a two-ray Rayleigh fading
channel, with 3 = 50 and 7 = 2.

and § = 50. Here, when 7 is large, the numerical results do
not agree with the simulated ones, since in the derivation of the
BER, the multipath time delay is assumed to be much less than
the bit duration (7 < 2(3) and hence ISI can be neglected. Under
this assumption, the numerical BER result is independent of 7.
However, in the simulations, ISI is present and it increases with
7. Thus, as 7 increases, ISI increases and the simulated BER
deteriorates. Fortunately, in most practical applications, the con-
dition 7 < 20 holds, such that neglecting the ISI is justifiable
[15].

A. Comparison With Coherent CSK Systems

As the DCSK system uses chaotic signals at the waveform
communication level,! performance comparison should be made
appropriately with generic waveform communication systems
[12]. The coherent CSK system, being a generic form of systems

IBeing fundamentally different from the DCSK system, the chaos-based
DS-CDMA system applies chaos at the code-spreading level [5], [6], [18], and
may still employ a conventional coherent system at the waveform level. Its
performance is thus not directly relevant to this study.
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Fig.5. BER performance of the DCSK system over a two-ray Rayleigh fading
channel (BER versus 7) with E, /Ny, = 25 dB 3 = 50.
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Fig. 6. Simulated results of the BER performance of the coherent CSK and
noncoherent DCSK systems.

at the waveform level, may serve as a benchmark system for
comparison (see Xia et al. [19]).

Fig. 6 shows the simulated results of the BER performance
of the coherent CSK as well as the noncoherent DCSK over the
AWGN channel and the two-ray Rayleigh fading channel. In
the two-ray Rayleigh fading case, we assume that the average
power gain of the second path is 3 dB below that of the first path.
Under an AWGN channel, the coherent CSK system performs
much better compared with DCSK. For example, at a BER of
103, the DCSK system is about 8 dB worse than the coherent
CSK system. In a two-ray fading environment, the performance
of the coherent CSK system degrades dramatically [19], but for
the noncoherent DCSK, the performance degradation is less se-
vere. Thus, the advantage of the coherent CSK system over the
DCSK system diminishes. At a BER of 10~2, the DCSK system
actually outperforms the coherent CSK system. The same obser-
vation is made when Ej, /Ny is large (say >21 dB). However,
when a Rake receiver is employed in the coherent CSK system
under a two-ray fading channel, the BER performance is sig-
nificantly improved because the Rake receiver can combine the
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Fig. 7. Simulated results of the BER performance of coherent BPSK,
noncoherent DPSK and noncoherent DCSK systems over a two-ray Rayleigh
fading channel. Case 1: Atw,. = (2n 4 1)m; case 2: Atw. = 2n.

energies from the incoming rays, enhancing the signal-to-noise
ratio of the signal before detection.

B. Comparison With Conventional Communication Systems

For further benchmark comparisons, we consider the conven-
tional coherent binary phase-shift-keying (BPSK) and differen-
tial PSK (DPSK) systems. Both systems are generic waveform
communication systems. In particular, the DPSK system em-
ploys a noncoherent differential detection scheme similar to the
DCSK system.

The multipath performance of these systems depends on
the relationship between the time delay A7 and the carrier
frequency w,. [16]. Clearly, the worst case occurs when the
signals from the two paths are out of phase, i.e.,

Atw. = (2n + 1), n=0,1,2,3,....

’

(case 1) (24)

On the contrary, the best case occurs when the signals from the
two paths are in phase, i.e.,

(case2)  (25)

ATw,. = 2nm,

The results of these two cases are shown and compared with the
DCSK case in Fig. 7. Here, we assume that the average power
gain of the second path is 3 dB below that of the first path. The
figure shows that the conventional narrowband communication
systems are not suitable for the multipath fading environment
since the in-phase condition is normally not met. Moreover, the
multipath performances of the noncoherent DCSK system for
both cases (and actually for the case of any arbitrary phase angle
difference of the signals from the two paths) are identical.

V. CONCLUSION

The multipath performance of the noncoherent DCSK system
based on a two-ray Rayleigh fading model is studied. The CSK

system and two conventional communication systems are com-
pared, as they are generic waveform communication systems
and hence can provide relative indicators of how well or badly
the DCSK system performs in a multipath environment with re-
spect to the theoretical chaos-based coherent case and the con-
ventional coherent and noncoherent cases.
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