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Abstract—In this paper, we approximate the hidden Markov
model of chaotic-map truly random number generators (TRNG$
and describe its fundamental limits based on the approximat ANy
entropy-rate of the underlying bit-generation process. Wedemon-
strate that entropy-rate plays a key role in the performanceand
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robustness of chaotic-map TRNGs, which must be taken into 0 < "
account in the circuit design optimization. We further derive

optimality conditions for post-processing units that extact truly Y akhibl’ £
random bits from a raw-RNG. 0 1

X
Index Terms—Truly Random Number Generator (TRNG); Fig. 1. The Bernoulli shift map.

Information Theory; Chaos; Hidden Markov Process (HMP).
necessitates the utilization of a post-processing unittfier
. INTRODUCTION recovery of the randomness in the bit sequence generated by
HAOS is the long-term non-predictive behavior observesl given raw-RNG so as to obtain a TRNG (¢f.[11].][12]).
in certain nonlinear dynamical systems due to the sensi-in [9], the authors presented a mathematical analysis
tivity of the output trajectory to the initial conditionslthough of piece-wise affine map-based raw-RNGs using a Markov
chaotic systems are deterministic and can be described usifodel. In this paper, we describe the shortcomings of the
simple differential equations, their output trajectorynaanly analysis in [[9] and present a more comprehensive analysis.
be determined given thexact initial state of the system. As Our contributions are as follows:
in practice the initial state of the system is only known with | \ne derive the approximate entropy-rate of the hidden
uncertainty due to the random environmental noise, the per-  parkov process underlying chaotic-map raw-RNGs to
turbations grow exponentially leading to unpredictapifit]. determine their fundamental limits.

One natural application for the unpredictability in chaoti | \ve demonstrate the effectiveness of the entropy-rate in
systems is in random number generators (RNGs). A RNG  jqestigating the robustness of chaotic-map raw-RNGs.
requires anever-ending source of entropy (randomness), which | \we derive necessary (though not sufficient) conditions
can be supplied by the inherent natural noise in the anafeg i ha¢ an ideal post processing unit should fulfill to extract

cuitry [2]-[5]. One of the most prominent solutions for ramal truly random bits from a raw-RNG.
number generation is based on the chaotic mapsl(cf. [6]-[9])
A chaotic-map RNG operates based on the amplification of Il. BACKGROUND REVIEW

the inherent noise in a chaotic map function by feeding the p giscrete-time (chaotic) map is defined using a transforma-
output back into the map in each time step [9]. Then, the mggy, function M (z) : (0,1) — (0,1). The output of the map
output is transformed into a binary random variable usingfgnction from the previous time-step is fed back as the imgut
bit generation function. Chaotic-map RNGs are fast andyeasjhe current time-step. That is, = M(z,_1) = M"(z0),
integrable, and hence, interesting in practice. where Mi(zg) 2 M(Mi~Y(zo)), n is the time stepz is

An ideal chaotic-map RNG should be capable of generatinge initial state of the system, and, is the state of the
a truly random bit sequence, which consists ofdependent system at timen, and clearly, the sequender,} forms a
andequiprobable output symbols (bits). Truly random numbefjarkoy processi[1]. Let,(-) denote the probability density
generators (TRNGs) are required in public key cryptograpfynction (PDF) of the map output at time Due to the Markov
as well as digital signature schemes as essential tools fppperty, the probability distribution at timeis related to that
data protection/[10]. On the other hand, due to the processtime (n — 1) through the linear Frobenius-Perron operator
variations, there is an inevitable correlation in the gatet p ¢ given by f,(z) = Pf._1(z). If the initial state of
output bits in a practical RNG (hereafter called raw-RNGjyis deterministic system (i.ezo) does not follow a PDF of
An important question is how robust the map function is t8,ynded variation (e.g., ixactly known), the output behavior
implementation non-idealities and how could the robusthes can be predicted [13]. Howevef, () is of bounded variation
measured. The degraded performance due to the correlatige$, result of random perturbations, and hence the corrdspon
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Fig. 2. (a) The example map. (b) Steady-state probabiliyriBution. (c) Conditional entropy.

derivative of M (x). We assume that/(z) is continuous and robustness of the map to implementation variations for a
differentiable except in finitely many points. The discrétee general chaotic map.
system defined above exhibits chaotic behaviox if 0.

Next, we briefly review the Bernoulli shift map (shown in  !ll. STATISTICAL PROPERTIES OFBIT-GENERATION
Fig.[d), which is a piecewise-affine function given by In this section, we theoretically formulate the bit-geniera
9 0<a<l process from a general discrete-time chaotic map.ét)
Meer(z) = { 9r—1 Lep<i (1) denote the number of solutions to the equatidifu) = =.
2

_ Further, letu, us, ..., un(,) be the N(x) solutions. For ex-
The Lyapunov exponent of the map is equalltd2). The ample, it is seen that in the Bernoulli map we haVeér) = 2
Frobenius-Perron operatd? is implicitly given by f.(z) = for all z € (0,1) except at the break-points. The Frobenius-

Pfo1(x) = 5{fa1 (%) + a1 (5 + %)} It is straightfor- perron operator for the chaotic map is then expressed as
ward to show thatfoo(z) = 1 is a solution t0fec = Pfoc,  f,(2) = Pfy_y(z) = V@ \M/—}u»”fn—l(“i)-
and hence, the steady-state probability distribution foe t |n order to clarify the discussions, we consider the fairly
Bernoulli map is uniform ovef0, 1). general example map function shown in Hig. P(a). Note that,
A random number generator that operates based on a chagggever, the framework is generic and is applicable to any
map can be defined using the p@it, B) whereM : (0,1) =  chaotic map. The example map functiddey is given by
(0,1) is the map function and : (0,1) — {0,1} is the bit- 1/, () = log,(1 + 32) — |log,(1 + 3z)|. Further, let the
generation function. Let the output binary sequence betéeinopit generation function for the example map be chosen to be
by {zn}, wherez, £ B(z,_1). We assume that the initial , — Bex(n-1) = |@n_1 + 2]. Thus, 2, = 1 (2, = 0)
state of the system follows the steady-state distribui@n, \yhenever the input iz, > % (zn < %)’ as shown by the
X, follows f.. [ Consequently, the output sequerice,} of  vertical dashed line in Fig- 2(a). It is easily seen thatehae
the raw-RNG forms a stationary Markov process. Further, @gactly two solutions taV/ (u) = z for all z in the example
the user does not have access to the state seqfeng®f the  map (except at the break-points). Note that this need not be
chaotic map, the sequen¢e, } by definition forms a hidden the case in a general map. For example; at 0.4, the steady-
Markov process[[14],L[15]. A hidden Markov process is atate distribution is dependent on the steady-state folisinin
random process whose outcomes are functions of a Mark@vpointsu; andu, as shown in the figure. The solution to
process. the steady-state probability distribution for the exammiap
For the case of the Bernoulli shift map, a raw-RNG will bgs j|justrated in Fig[ 2(8).

formed using the pairMzger, Bger), WhereBger is defined as Let the setS, (z") C (0,1) be defined as follows.

2 = Boar(tn1) 2 |n1 + =), @) Blao) = 2
2 B(Il) = Z9
where | 2| denotes the greatest integer less than or equal to Sn(2™) £ < o . ; (3
z. In other words, the output is, = 0 if z,—; < 1/2 and :
zn = 1if 2,1 > 1/2. It is straightforward to verify that B(zn-1) = zn

the bits generated from the Bernoulli shift map raw-RNG asgherez; for all 0 < j < n—1 denotes the state of the system

independent and equallyor 1 and henceruly random, i.e., at timej. In other words,S,,(z") is the set of all initial points

we can show thaP|[z,|z" '] = P[z,] = 1/ xo for which the firstn generated bits are the bit sequence
In [9], the authors presented a mathematical analysis ¢f. Thus, givens,, (z") , we determine the probability of the

piece-wise affine map-based raw-RNGs using a Markov modgjent that the sequenc# is generated, as given by

and applied it to a variant of the Bernoulli shift map. Since

the hidden Markov bit-generation process does not gegerall P[2"] = / foo(x)dz. (4)

yield to a Markov process, the model inl [9] is not capable z€5n(2")

of explaining the bit-generation process and investigatire As a special casey;(z1) = {zo|B(xo) = z1} is the set of
1in this paper we use the upper case letter to denote a randoalesand al points In- the -map that genera_tg the OUtpUt-zblt(elther-

the lower case letter to denote a realization of the randorahla. 0 or ,1)' This is .mdeEd the definition of the blt-ggnerat|on
2For anyi < j, we definez? 2 (z;, 2141 ..., 2,) as the sequence of all function. Accordingly, we can calculate the probabilitytbé

binary outputs from time to time j. We further denote:? £ 2J. event thatz; is generated byP[z] = 2E€S (21) foo(z)de.



This calculation leads to obtaining the widely used measunéthe post-processing unit can take+ 1) discrete values of
for the randomness of a binary sequence, i.e., the hias {O, %, R 1} based on the value df(n).

b £ |P[0] — 3| = |P[1] - 3|. The bias is a measure of the

closeness of the average numben &fin the sequence to the Definition 1 A post-processing function P,, is asymptotically
desired value of}. In the case where the generated bits itruly random if lim,,_,c + H(T*) = 1.

k
the output sequence are known to be independbéas,is the N ) o
only determining factor for the randomness of the sequend@iuitively, a truly random post-processing unit is onettha

whereas a zero bias & 0) indicates that the binary sequenc&Symptotically for large: turns the input sequence to a nearly
is in fact truly random. On the other hand, as we shall s&&!y random (independent and equiprobable) bit sequence.
shortly, the hidden Markov process defined here to investiga Next, we will present our main results that will be used to
process variations oftentimes entails correlation betwibe determine the necessary but not sufficient condition foalide
bits in the sequence, i.e., the knowledgepfwill provide Performance evaluation of the chaotic-map TRNGs.

partial information about whether; is 0 or 1 for all ¢ < j. Theorem 1 If the post-processing function P, is asymptoti-

To clarify, we :_;lgain consider the example map in @Z(MW truly random, then we must have R(P) < H.
Here, by definition ofBe,, we haveS;(0) = (0, %), and L
S1(1) = (%,1). Accordingly, we can determinB[0] = 0.14 Proof: We present a proof by contradiction. Assume that
P[1] = 0.86, and the bias to bé — 0.36. This indicates that £(P) > H. A];ccording to the data processing theorem| [16],
the generated bit sequence cannot be truly random. we haveH (T™) < H(Z"). Hence,

As described above, we need to determsip¢z") in order .1 & .1 o H
to calculateP[z"]. We have nh_{ﬂo EH(T ) < nh_{{.lo EH(Z )= R(P) <L (8

xo € S1(21) ) where the equality is due to the fact that, by definition,
71 € Sp_1(28) 7 limp, 00 £ = R(P) andlim, o 2H(Z") = H. [ ]
Theorem[IL states that unless we do masely decrease
the rate by a factof/, we cannot turn the output bits of the
raw-RNG to a truly random sequence. Again, considering the
example map in Fig. 2(p), the entropy-rate can be shown to

be ~ 0.57 (Fig.[2(c)), i.e., the rate of a truly random post-
IV. FUNDAMENTAL PERFORMANCELIMITS processing unit is smaller thans7.

xg € Sp(2") = {

wherexz; = M(z0). Thus, S, is obtained recursively using
S,—1 and S; assuming thatS,,_;(z""!) is known for all
possible2”~! binary sequences of length— 1.

In this section, we derive the entropy-rate of the bit.-rheorem 2 For any R < H, there exists an asymptotically
generation process and analyze the fundamental perfoemanc o

limits of TRNGs. As a chaotic-map raw-RNG is governed by aUIy random post-processing function 7, with E(P) = K.
hidden Markov process, no closed form solution exists fer th ~ Proof: It suffices to demonstrate that a truly random post-
entropy-rate in general [14]. Thus, an approximate safuigo Processing with asymptotic rafé exists. Then, any rat& <
needed. Let the entropy of the sequentebe defined ag[16] H is also achieved by simply discardirg of the bits in the
sequences of lengthH. To show that rated is achievable,
H(Z") = Z P[z"]log, (L) ) (6) We build upon the idea of universal source coding and the
P[2"] asymptotic equipartition property [16]. For any- 0, let AE”)
N denote thetypical set with respect toP[Z"], i.e., [16]
Let H(Z,|Z"~') denote the conditional entropy of the ran-
dom symbolZ,, given the latest — 1 symbols (i.e..Zz" ). A = {z" € {0,1}" |27+ < p[zn] < 27n(H-9) } :
That is H(Z,|Z"Y) = H(Z") — H(Z"') [18]. It is . _ . _
straightforward to show that/(Z,,|Z"~') is a monotonically Then, using the Shannon-McMillan-Breiman theorém [17], it

decreasing function of, and henceH (Z,|Z"~1) converges is shown thatP[Z" € A > 1 e (E?f sufficiently large
to a fixed valueH called theentropy-rate of the generated n, We also have(l — €)2n(=9) < |A™| < 2n(H+e) [16].

zme{0,1}m

binary sequence as given ky [16] In other words, any sequence of lengthwith probability at
1 least (1 — ¢), is contained in the typical set and the size of
H=2 lim H(Z,|Zz" 1) = lim EH(Z"). (7) the typical set is no larger that(#+9). Let k = log |A"™)|.

) ) _Label all sequences™ ¢ AE") with binary sequence#(z")
Note that sincg 2, } comes from a hidden Markov process inyt jength 1 bits. Denoted* as the all-zero sequence of length

the case of chaotic-map raw-RNGs, the rate of convergencek(_)f-rhen' let the post-processing functi®y (-) be defined by
H(Z,|Z"~1) to the entropy-raté] is exponential im, where

the exponent is proportional to the Lyapunov expongrdf Pu(z") = { th(zm) if 27 € Agn) ©
the underlying chaotic map [14]. " 0¥ otherwise ’

Let P : .{0’1} — {0,1} qle_note adeterm|n|st|c_ Definel .~ as the indicator of the typical set such thiat = 1
post-processing function such that it inputs a random l;unai e A™ andIL. — 0 otherwise By the properties of
sequence™ and outputs another random sequence denoted A [1:\ h : &1 (TH > H(T* H Eurth
t = P, (z"). Further, letR(P) 2 lim,_,., “ denote the ropy [16], we have(1%) = H(T"[L.»). Further,

post-processing rate. Please note that foriarthe output rate H (T*|1,.) = H(T*[In=1)P(I,n=1]+H (T*|1,.=0)PL,.=0],
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Fig. 3. The solid blue curves correspond to the decreasea ®ernoulli shift map. The dashed red curves corresponhetddiled tent map. (a) Decreased

slope Bernoulli shift map functionMpec-gemoui{z) (solid blue curve) and tailed tent map functioMailed-Ten{) (dashed red curve). (b) Steady-state
probability distribution. (c) Conditional entropy.

which is equal tok x (1 —¢) +0 x ¢ = k(1 — €), and hence suffer from the saturation problem, where the output can be
%H(T’“) > (1—¢). The post-processing rate is asymptoticallgaturated in the corner points due to implementation variaf
R(P) = limp o0 1og\21£")| > H — ¢. Since, the above results@nd the output sequence will be all-zeros or all-onés [5].

hold for all e > 0, we can choose to let— 0, and we obtain I [6], the authors presented a decreased slope Bernoulli
LH(T*) — 1 andR(P) — H. Therefore, the post-processingnaP that makes the c.haotlc map robust by dgcreasmg the
function?,(-) in (d) is asymptotically truly random (accordingSlope. The map function for the slope df5 is shown

to Definition[1) with ratefl as desired. m Dy the solid blue curve in Fig._3(a). As can be seen in
Figure [3(b) (solid blue curve), the steady-state prob@bili

Definition 2 A post-processing function 7,, is asymptotically  gjstribution is not uniform. If the bit-generation funatids

optimal if we have lim,, o + H(T*) =1 and R(P) = H. Bpec-semout(z) = | + 1], because of the symmetry of the

map and the steady-state distribution the output bit sexpien

Yill be unbiased. Figurg 3(c) (solid blue curve) demonssat

processing is highest possible, i.eptimal-rate. According € entropy-rate of the binary sequence output of the deecea

to Theoreni®, an asymptotically optimal post-processirig u|§Iope Bernoulli shift map. As can be seen, despite the uabias
output, the entropy rate i& ~ 0.84.

exists, however, it remains an open problem to provide one. :
Although the entropy calculation entails exponential com- Next, we study the tailed tent map that also resolves the

plexity in the sequence length, the convergence to thes:_:lturation probleni[18], as shov_vn t_)y the dashed red curve in
entropy-rate is also exponential with where the exponent Fig.[3(a). The steady-state distribution has been proveseto

is proportional to the Lyapunov exponent of the map. Thydliform for all tail parameters, as also confirmed in [Fig.J3(b
far, we have used this method for calculating the entropg-rd ©' the sake of comparison, we chose the tail parameter for
of several practical maps and their non-ideal versions ggho/Nich the Lyapunov exponent of the map is equal to the
Lyapunov exponents are similar to the original map). In tHéecreased slope Bernoulli map. The tailed tent map along
experiments, we have never observed the need to consifip the bit-generation functioBraied-ten(z) = [ + 3] can

lengths beyond = 10 for which the entropy calculation takes'€SUlt in @ random number generator. First thing to note is
less than a second using MATLAB on a typical PC. that the output bit stream is unbiased due to the uniform

Note that it is also possible to approximatestimate the steady-state distribution. However, the conditional epyr

entropy by observing a sufficiently long sequence from a ra\ggnverges to a value df =~ 0.72 for the chosen tail parameter

RNG regardless of whether the map function is known or n tig')' Hence, despite the uniform steady-stateibision

(as it is done in many randomness test suites) [17]. Howev P,d unbiased bit sequence, th_e performance is even worse tha
e decreased slope Bernoulli map.

when the map is known, our method of calculation offe
two advantages. First, it is significantly faster sincereation
requires processing of about one million generated raw bfs Investigating the Robustness to Process Variations
to be able to give similar predictions as our calculation for Qur results suggest that the entropy-rate (which is a measur
n = 10. Second, the result of the approximate entropy test truly randomness) can be used in the system-level as well
is probabilistic, i.e., if a sequence passes the test thereak circuit-level optimization of chaotic-map raw-RNGsofa
no guarantee that the generator is truly random whereasvigh other measures, such as speed, power consumption, etc)
sequence with unit entropy-rate is guaranteed truly randonTo better illustrate this, we consider an example using the
zigzag map based TRNGI[8], which is a modified version of
V. SIGNIFICANCE OF THERESULTS the tent map, as shown in F(g. 4(a). In order to investigate th
A. Robusiness/Randomness Trade-off robustness of the zigzag map to the variations, we obtained
To proceed, we utilize the developed methodology fdr,000 Monte Carlo sample maps from the implementation
the performance evaluation of two practical robust chaotia [8]. We further obtained the profile of the entropy-rate of
maps based on the Bernoulli map and the tent map. Tehé output bit sequence for the Monte Carlo samples, shown
map is a chaotic map with very similar characteristics tm Fig.[4(b). The mean of the entropy is 0.97 bits per source
those of the Bernoulli map presented in Set. Il. The circisymbol suggesting that this raw-RNG is relatively robust to
implementations of both the Bernoulli map and the tent magocess variations. To confirm this, we also tested the dutpu

Please note that, among the asymptoticalyly random
post-processing units, it is desirable that the rate of -po
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in the output stream that are easy to spot using standard
randomness tests (e.g., NIST 800-22). On the other hand,
although [12],[19] do not satisfy the rate reduction coiodit

they produce output streams that pass randomness test. suite

>
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VI. CONCLUSION
In this paper, we derived the approximate entropy-rate®f th
hidden Markov process underlying chaotic-map TRNGs. We
concluded thatinbiasedness of the generated bits and theuni-
formity of steady-state distribution of the chaotic map are not
good measures for the performance evaluation of the TRNG.
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Fig. 4. (a) Zigzag map. (b) The profile of entropy-rate forQDOMonte
Carlo samples from the zigzag map.

0.95 1

bit streams for all the Monte-Carlo samples against NIST-8otnstead, we proved that thentropy-rate is the fundamental

22 randomness test suite. Our simulations showed that mggsformance limit of the the bit-generation process from an
than 99% of the maps generated sequences that passed alff@tic-map TRNG and can replace costly NIST 800-22 tests
randomness tests (consistent with the very high entrofs)-raWhenever the map function is known.

Please note that NIST 800-22 tests are computationally very
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a sequence of 20,000 bits must be generated from the Monte
Carlo sample map before the test can be run. On the other
hand, given the map function, the entropy-rate calculatiof]
takes less than a second and can provide similar predictiong)

C. Practical Post-processing Units 3]

Due to imperfections in practice, the output bits of a raw-
RNG are almost always correlated, which calls for the post-
processing. Von-Neumann is a widely used post-processing
algorithm [11]. In Von-Neumann algorithm, the sequence
is divided into the blocks of length two. Theril and |5
10 are mapped td) and 1, respectively, while00 and 11
are discarded.Thus, the Von-Neumann post-processingsratel®]
readily derived to beRvon-neumann = 3(P[01] + P[10]). If
a truly random bit sequence is fed into the Von-Neumanir]
algorithm, the output rate is onlj, and hence, the Von-
Neumann post-processing is not optimal-rate. For the ekamp[s]
map of Fig[2(d), we hav®[01] ~ 0.11 and P[10] =~ 0.11.
Thus, the output sequence of Von-Neumann post—processingt%
is nearly unbiased while the post-processing rate ~ 0.11 [
is much less than the entropy-rate Bf =~ 0.57. Finally, the
Von-Neumann algorithm does not generate truly random bi[tlsO
unless the outputs of the raw-RNG arelependent.

Next, we also consider two other post-processing units by
Addabboet. al. [12] and Poliet. al. [19]. Both papers provide [11]
a post-processing unit that results in the generation efthdt [12]
pass randomness statistical tests wher: 1. In both designs,
the post-processing rate is equal to one, 2= 1. Therefore,
according to Theorefd 1, this post-processing in esseau®t [13]
generate a truly random sequence unless the raw-RNGJlig
a TRNG in the first place. On other other hand, when tﬂe
raw-RNG is very close to being truly random, the outp ]
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