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Protocol-Based Control for Semi-Markov Jump
Systems With Dynamic Quantization

Jiangming Xu, Jun Cheng , Huaicheng Yan , Member, IEEE, Ju H. Park , Senior Member, IEEE,
and Wenhai Qi , Senior Member, IEEE

Abstract—This brief is devoted to protocol-based control
method design for semi-Markov switching systems with dynamic
quantization. Essential different from the semi-Markov process
with arbitrary switchings, by proposing a novel semi-Markov
process subjected to a deterministic switching signal, a gener-
alized framework of semi-Markov switching systems is set up.
With respect to the quantization range of the dynamic quan-
tizer, an improved event-triggered protocol associated with the
quantizer parameter is proposed. On account of mode-dependent
Lyapunov theory, sufficient conditions are established to ensure
the stochastic finite-time boundedness of the resulting system. In
the end, a tunnel diode circuit model shows the practicability
and effectiveness of the presented method.

Index Terms—Semi-Markov process, event-triggered protocol,
quantization effect, switching signal.

I. INTRODUCTION

AS TYPICAL hybrid systems, Markov jump systems
(MJSs) have a wide range of applications in various

areas, which are composed of a series of modes and subsys-
tems. In reality, MJSs are capable of characterizing dynamics
with unexpected variations, external perturbations, etc [1].
To be specific, in light of the assumption that sojourn-time
(ST) obeys exponential distribution, the time-invariant tran-
sition rates have been well exploited in MJSs [2], [3]. As
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indicated in [4], it is more general to explore non-exponential
distribution in depicting the ST, namely, semi-Markov pro-
cess (SMP), and the corresponding system is called semi-
MJS (SJSS) [5]. Owing to their distinguishing ability, the
ST-independent transition rates/probabilities are time-varying,
which are essentially different from the reporting MSSs sub-
ject to time-invariant transition rates/probabilities. On the other
hand, SMP in the afore-discussed controllers/filters design
is pre-supposed to be described by arbitrary switchings. As
pointed out in [6], SMP with arbitrary switchings may increase
the conservativeness of derived results, and such drawbacks
can be well tackled by a deterministic switching signal (DSS).
It is noteworthy that SMP subject to DSS has not attracted
suitable attention due probably to its inherent difficulty.

For a resource-saving network with massive packets
exchange, quantization is frequently occurred in the control
community [7], [8]. In view of packets should be quantized
before accessing the communication channels, the quanti-
zation errors should be taken into consideration since they
affect the control performance. To date, many efficient quan-
tization techniques have been studied in the principle of
easy-to-implement, see, uniform case, logarithmic case, etc.
These techniques are so-called static quantization strategies.
Comparably, the dynamic quantization mechanism has dis-
tinguishing flexibility by introducing dynamic parameters [9].
In contrast to the fruitful achievements of static quantization
strategies, the dynamic case has not gained enough research
interest, which motivates the present study.

On another research front, massive packets transmitted via
the shared channels may result in many undesired issues, such
as data dropouts, time delays, and packet collisions. As such,
event-triggered protocol (ETP) has been verified to be an effi-
cient tool in dealing above shortcomings [10]. Apart from
the existing time-triggered scheme, the packets will not be
transferred to the actuator unless the preset conditions are
met. Added by its merits, several types of ETPs have been
presented, including static ETP [11], and dynamic ETP [12],
[13], etc. Notice that all these protocols are based on the
current and last transferred information in triggering crite-
ria, which omit the particularity of the quantization effect
in constructing ETP scheduling. Up to now, little research
interest has been devoted to ETP involving the quantization
effect. Thus, it would be an interesting issue to investigate the
improved ETP by utilizing a dynamic quantization strategy.

On the basis of the above observation, the finite-time asyn-
chronous control method for SMJS with dynamic quantization
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TABLE I
THE PARAMETER DEFINITIONS

and improved ETP (IETP) is explored. The key contributions
are generalized as follows: (1) A generalized framework of
SMJS is constructed, in which the variation of SMP is regu-
lated by a higher-level DSS, and the average residence time
strategy improves the stability analysis of SMJS. Clearly,
the time-varying transition rates are jointly described by the
switching signal and SMP. (2) Considering the dynamic quan-
tization effect rather than traditional system states, an IETP
is effectively scheduled, which is capable of speeding up the
convergence rate since the introduction of adjustable quantiza-
tion parameters. (3) Based on the hidden semi-Markov model,
an asynchronous control method associated with the dynamic
quantization effect is designed. By means of Lyapunov the-
ory, sufficient criteria are achieved to ensure the stochastic
finite-time boundedness (SFTB) of the resulting systems.

Organization: Section II formulates the problem descrip-
tion of SMJS and IETP. Section III provides the main results.
Section IV presents the simulation results. Section V draws a
conclusion.

Notations: Pr{·} signifies the occurrence probability. Z �
symbolizes the transpose of the matrix Z . Rnx stands for the
nx-dimensional Euclidean space. diag{·} means the diagonal
matrix. λmin(·)/λmax(·) symbols the minimal/maximal eigen-
value. ‖ · ‖ refers to Euclidean vector norm. E{·} signifies the
expectation. N describes the set of nonnegative integers.

II. PROBLEM FORMULATIONS

A. Semi-Markov Jump System

Consider the continuous-time SMJS in the following form

ẋ(t) = A(r(t))x(t) + B(r(t))u(t) + C(r(t))w(t), (1)

where x(t) ∈ R
nx , u(t) ∈ R

nu , and w(t) ∈ L2[0,∞) signify
the state, control input and disturbance input, respectively. The
stochastic process {r(t), t ≥ 0} ∈ M = {1, 2, . . . , M} rep-
resents a continuous time semi-Markov process (SMP). Let
N(t) = sup{k : tk ≤ t}, and r(t) = RN(t), where the parame-
ter definitions are provided in Table I, and {(Rk, tk)} is called
the renewal process. The parameter {θ(t), t > 0} ∈ N =
{1, 2, . . . , N} describes a DSS. In this regard, the correspond-
ing transition probability of renewal process subject to DSS
θ(t) can be described as

Pr{Rk+1 = q | Rk = p, θ(t) = ð} =
{

δðpq, p �= q
0, p = q

Additionally, inspired by the work of [5], the TR matrix can
be inferred as �ð(h) = [πð

pq(h)]M×M with TR

Pr{r(t + σ) = q | r(t) = p, θ(t) = ð}

=

⎧⎪⎪⎨
⎪⎪⎩

Pr{Tk+1 ≤ h + σ,Rk+1 = q | Tk+1 > h,

Rk = p, θ(t) = ð} = πð
pq(h)σ + o(σ ), p �= q

Pr{Tk+1 > h + σ,Rk+1 = q | Tk+1 > h,

Rk = p, θ(t) = ð} = 1 + πð
pq(h)σ + o(σ ), p = q

(2)

where limσ→0 = o(σ )/σ = 0, and the cumulative distribution
function (CDF) Gp = Pr{Tk+1 < h|r(tk) = p, θ(t) = ð}. For
p �= q, πð

pq(h) ≥ 0 signifies the mode transfer rate, it yields

πð
pq(h) = limσ→0

Pr{r(t+σ)=q|r(t)=p,θ(t)=ð}
σ

= δðpq
χp(h)

1−Gp(h)
, p �=

q and πð
pp(h) = −∑M

q=1,q �=p πð
pq(h) < 0.

Remark 1: Notably, the ST plays a crucial role in describ-
ing the dynamic behavior of MSSs, and conventional ST
subjected to exponential distribution renders the restriction of
widespread applications. Lately, SMPs have been introduced
to deal with the afore-discussed limitation, in which ST obeys
generalized distributions (i.e., Weibull, Bayes). Nevertheless,
on the basis of SMP with arbitrary switching, the control laws
may increase the conservativeness of the systems. As a result,
SMP associated with a deterministic signal {θ(t), t ≥ 0} rather
than an arbitrary signal is proposed in this brief, the time-
varying transition rates can be described in a more general
form, which contains the existing Markov process and SMP
as special cases.

B. Dynamic Quantizer

Concerning the limited capacity of network bandwidth, it
is essential to consider the quantized signals over the digital
processing. As such, a generalized dynamic quantizer is for-
warded in this brief. It is assumed that there exist range and
sensitivity scalars M > 0 and 	 > 0 such that

q(x(t), μ(t)) = 0, if |x(t)| ≤ 	μ(t), (3)

|q(x(t), μ(t)) − x(t)| ≤ 	μ(t), if 	μ(t) ≤ |x(t)| ≤ Mμ(t), (4)

|q(x(t), μ(t))| ≥ (M − 	)μ(t), if |x(t)| ≥ Mμ(t). (5)

From one-parameter family of quantizer, it holds that

q(x(t), μ(t)) = μ(t)q

(
x(t)

μ(t)

)
. (6)

For better analysis the quantification purpose, we define

μ(t) =
√

θ

M
|x(t)|, (7)

where μ(t) > 0 signifies a dynamic quantizer parameter.

C. Improved Event-Triggered Protocol

To save network burden and maintain the control
performance, the ETP has been established to arrange the data
transmission. By means of ETP, one can effectively judge
whether to release the data to networked channels. Before
presenting the IETP, let’s recall the ETP given in [14], [15]:

tk+1h = tkh + min
l∈N

{
lh | e�(tkh + lh)
e(tkh + lh)

≥ ρx�(tkh + lh)
x(tkh + lh)
}
, (8)

where e(tkh+lh) = x(tkh+lh)−x(tkh), and matrix 
 > 0. ρ ∈
(0, 1) is a preset threshold scalar, h, and tkh are the sampling
interval, and the latest released instant, respectively.

In this brief, apart from the ETP (8), the quantization
information is involved in the IETP, and the next released time
instant is determined by

tk+1h = tkh + min
l∈N

{
lh | q�(e(tkh + lh), μ(tkh + lh))
p
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× q(e(tkh + lh), μ(tkh + lh))

≥ ρμ�(tkh + lh)
pμ(tkh + lh)
}
, (9)

where matrix 
p > 0 is mode-dependent, and q(e(tkh +
lh), μ(tkh+lh)) = q(x(tkh+lh), μ(tkh+lh))−q(x(tkh), μ(tkh)).
Besides, the time interval of two adjacent instant is described
as [tkh + ηk, tk+1h + ηk+1) = ⋃d

I Il, where Il = [tkh + lh +
ηk+l, tkh + lh + h + ηk+l+1], d = tk+1 − tk − 1. In addition, let
η(t) = t− tkh− lh for all t ∈ Il, it yields η(t) ∈ [η1, η2], where
η1 and η2 mean the lower and upper bounds of t − tkh − lh.
Summarized the above-observation, a controller is devised as

u(t) = Kϕ(t)q(x(tkh), μ(tkh)), (10)

where Kϕ(t) stands for the control gain to be solved. A homo-
geneous Markov process, ϕ(t) ∈ S = {1, 2, . . . , S}, is built
via a conditional probability matrix � = [�ps]M×S:

Pr{ϕ(t) = s | r(t) = p} = �ps, (11)

where �ps ∈ [0, 1], and
∑S

s=1 �ps = 1.
Remark 2: Essential different from the existing ETPs, by

resorting to the dynamically quantified parameter μ(t), a novel
IETP is scheduled to arrange the transmission of the packets
efficiently. As such, more information can be applied based
on IETP (9), which renders higher freedom in analysis con-
trol performance. Compared with ETPs (8), fewer packets will
be released while maintaining the desired control performance.
With this property, one can achieve fewer triggering times and
further alleviate the communication burden to fulfill the prac-
tical industrial requirements. Such a point will be verified in
the simulation section.

Remark 3: The dynamic quantization scheme in this brief is
capable of reducing the frequency of packet exchange. In con-
trast to the static case (i.e., logarithmic quantization, uniform
quantization), the dynamic quantization scheme has impressive
flexibility since the presence of several adjustable parameters.

For brevity, let ϕ(t) = s, and r(t) = p. From (1) and (10),
the closed-loop SMJS is established as

ẋ(t) = Apx(t) + BpKs(q(x(t − η(t)), μ(t))

− q(e(tkh + lh), μ(tkh + lh))) + Cpw(t). (12)

Definition 1 [16]: For switching signals θ(t), if there exist
real numbers N0 > 0 and τa > 0, such that the number of
switches on interval (τ1, τ2] meets Nθ (τ2, τ1) ≤ (τ2 −τ1)/τa +
N0, τa is average residence time, and N0 is the chatter bound.

Definition 2 [17]: For the bounded disturbance
W[t1,t2] � {w�(t)w(t) ≤ d2,∀t ∈ [t1, t2]}, SMJS (12) is
called SFTB with respect to (w.r.t.) (c1, c2, Tf ,R, d) such
that sup−η2<θ<0 E{x�(θ)Rx(θ), ẋ�(θ)Rẋ(θ)} ≤ c1 =⇒
E{x�(t)Rx(t)} ≤ c2, where scalars Tf > 0, c1 > 0, c2 > 0,
and matrix R > 0.

Lemma 1: [18] For any t0 ≤ t ≤ t1, and continuous and
summable functions ν(t), ζ(t), and η(t), if ν̇(t) ≤ ζ(t)ν(t) +
η(t) holds, one can derive that ν(t) ≤ ν(t0) exp(

∫ t
t0

ζ(r)dr) +∫ t
t0

η(s) exp(
∫ t

s ζ(r)dr)ds.

III. MAIN RESULTS

Theorem 1: For given scalars η1, η2 > 0, d > 0, a > 0,
b > 0, ρ > 0, θ > 0, the closed-loop SMJS (12) is SFTB
w.r.t. (c1, c2, Tf ,R, d), if there exist matrices Pð

p > 0, M > 0,
Rς > 0, Qς > 0, (ς = 1, 2), 
p > 0, and any matrix Z, for
any ð ∈ N , p, q ∈ M, s ∈ S , such that

�pmð =
[

�ı
pmð

�
j

pmð

∗ ��
pm

]
< 0, (13)

Pð
p ≤ μPβ

p , (ð �= β) (14)

c2κ2 > c1e−btκ
Tf
τa κ1 + d2κ

Tf
τa , (15)

τa > τ ∗
a = Tf ln κ

ln (c2κ2) − ln(e−bTf κ1c1 + d2)
, (16)

where �ı
pmð

=
[

�1
pm �7

pm

∗ �8
pm

]
, �

j

pmð
=[

e−bη1 R1 0 �2
pm �3

pm ZCP

e−bη2 R2 e−bη2 R2 a�7
pm 0 0

]
, ��

pm = diag{�4
pm, �5

pm,

�6
pm,−
p,−I}, �1

pm = ∑M
q=1 π̄ð

pqPð
q + Q1 +

Q2 + Pð
p − e−bη1 R1 − θ

M2 	�
p	 + He{ZAp},
�2

pm = Pð
p −Z+aA�

p Z�, �3
pm =

√
θ

M 	�
p −∑S
s=1 �psZBpKs,

�4
pm = −e−bη1 Q1 − e−bη1 R1, �5

pm = −e−bη2 Q2 − e−bη2 R2,

�6
pm = −Z − Z� + η2

1R1 + η2
12R2, �7

pm = ∑S
s=1 �psZBpKs,

�8
pm = −2e−bη2 R2 + θ

M2 ρ
p, π̄ð
pq = E{πð

pq(h)} =∫ ∞
0 πð

pq(h)χp(h)dh, η12 = η2 − η1. κ = κ1/κ2,
κ1 = κ11 + κ12 + κ13, κ2 = κ21 + κ22, κ11 =
λmax{R− 1

2 Pð
pR− 1

2 }, κ12 = ∑2
ς=1

1−e−bης

b λmax{R− 1
2 QςR− 1

2 },
κ13 = λmax{R− 1

2 R1R− 1
2 } η1(bη1−1+e−bη1 )

b2 +
λmax{R− 1

2 R2R− 1
2 } η12(bη12−η12−e−bη1+e−bη2 )

b2 , κ21 =
λmin{R− 1

2 Pð
pR− 1

2 }, κ22 = ∑2
ς=1 λmin{R− 1

2 QςR− 1
2 } 1−e−bης

b .
Proof: The Lyapunov function is chosen as

V(x(t), r(t), θ(t)) =
3∑

s=1

Vs(x(t), r(t), θ(t)), (17)

where V1(x(t), r(t), θ(t)) = x�(t)Pθ(t)
r(t) x(t), V2(x(t), r(t), θ(t))

= ∫ t
t−η1

eb(s−t)x�(s)Q1x(t)ds+∫ t
t−η2

eb(s−t)x�(s)Q2x(t)ds, and

V3(x(t), r(t), θ(t)) = η1
∫ 0
−η1

∫ t
t+s eb(θ−t)ẋ�(θ)R1ẋ(θ)dθds +

η12
∫ −η1
−η2

∫ t
t+s eb(θ−t)ẋ�(θ)R2ẋ(θ)dθds.

On the basis of the probability density function and the
infinitesimal operator, the expectations of derivation about
V(x(t), r(t), θ(t)) carries out

E{LV1(x(t), r(t), θ(t))}
= lim

σ→0

1

σ

[
E
{ ∑

q �=p

Pr{Tk+1 ≤ h + σ,Rk+1 = q | Tk+1 > h,

Rk = p, θ(t) = ð}x�(t + σ)Pð
q x(t + σ) + Pr{Tk+1 > h

+σ | Tk+1 > h,Rk = p, θ(t) = ð}x�(t + σ)Pð
p x(t + σ)

}

− x�(t)Pð
p x(t)

]

= x�(t)

⎛
⎝ S∑

q=1

π̄ð
pqPð

q

⎞
⎠x(t) + He

{
ẋ�(t)Pð

p x�(t)
}
, (18)
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E{LV2(x(t), r(t), θ(t))}
= −bV2(t) + x�(t)(Q1 + Q2)x(t) − e−bη1 x�(t − η1)

× Q1x(t − η1) − e−bη2 x�(t − η2)Q1x(t − η2), (19)

E{LV3(x(t), r(t), θ(t))}
≤ −bV3(t) + ẋ�(t)

(
η2

1R1 + η2
12R2

)
ẋ(t)

− e−bη1 xt�
t−η1

R1xt
t−η1

− e−bη2 xt−η(t)
t−η2

�
R2xt−η(t)

t−η2

− e−bη2 xt−η1
t−η(t)

�
R2xt−η1

t−η(t), (20)

where xt
t−η1

= x(t)−x(t−η1), xt−η(t)
t−η2

= x(t−η(t))−x(t−η2),
and xt−η1

t−η(t) = x(t − η1) − x(t − η(t)).
Recalling (12), for any matrix Z, it holds that

0 = 2(x�(t) + aẋ�(t))Z · [ − ẋ(t) + Apx(t) + Cpw(t) + BpKs

× [q(x(t − η(t)), μ(t)) − q(e(tkh + lh), μ(tkh + lh))]]. (21)

From the quantizer (·) given in (4), one can get that

q(x(t), μ(t)) = μ(t)

∣∣∣∣q(
x(t)

μ(t)
) − x(t)

μ(t)

∣∣∣∣ + x(t)

≤ μ(t)	 + x(t). (22)

Combining (9) and (17)-(22), it yields

E{LV(x(t), r(t), θ(t))}
≤ −bV(x(t), r(t), θ(t)) + ξ�(t)�psξ(t) + w�(t)w(t), (23)

where ξ(t) = [x(t) x(t − η(t)) x(t − η1) x(t − η2) ẋ(t) e(t −
η(t)) w(t)]�. It follows from (13) that �ps < 0, which equiv-
alents LV(x(t), r(t), θ(t)) < −bV(x(t), r(t), θ(t))+w�(t)w(t).
On account of Lemma 1, for any t ∈ [tk, tk + 1], it follows
from (23) that

E{V(x(t), r(t), θ(t))} < −eb(t−tk)E{V(x(tk), r(tk), θ(tk))}
+

∫ t

tk
e−b(t−s)w�(s)w(s)ds. (24)

According to the condition (14), for the switching interval
tk−1, one derives the following formula

E{V(x(tk), r(tk), θ(tk))} < κE{V(x(t−k ), r(t−k ), θ(t−k ))}. (25)

Then, combining (24) and (25) gives

E{V(x(t), r(t), θ(t))} ≤ c1e−btκ
Tf
τa κ1 + κ

Tf
τa d2. (26)

According to (17) and (26), the following result holds

E{x�(t)Rx(t)} ≤ c1e−bTf κ
Tf
τa κ1 + κ

Tf
τa d2/κ2. (27)

On the basis of (15), it yields E{x�(t)Rx(t)} < c2. Thus,
applying Definition 2, it can be concluded that SMJS (12) is
SFTB, which completes the proof.

On the basis of Theorem 1, the control gains will be
designed in Theorem 2.

Theorem 2: For given scalars η1, η2 > 0, d > 0, a > 0,
b > 0, ρ > 0, and θ > 0, the closed-loop SMJS (12) is
SFTB w.r.t. (c1, c2, Tf ,R, d), if there exist matrices P̄ð

p > 0,

M > 0, R̄ς > 0, Q̄ς > 0, (ς = 1, 2), 
̄p > 0, and compatible-
dimensional matrix Z̄, for any ð ∈ N , p, q ∈ M, s ∈ S , such
that (14)-(16) hold, and

�̂pmð =
[

�̂ı
pmð

�̂
j

pmð

∗ �̂�
pm

]
< 0, (28)

where �̂ı
pmð

=
[

�̂1
pm �̂7

pm

∗ �̂8
pm

]
, �̂

j

pmð
=[

e−bη1 R̄1 0 �̂2
pm �̂3

pm Z̄CP

√
θ

M 	� �1
m

e−bη2 R̄2 e−bη2 R̄2 a�̂7
pm 0 0 0 0

]
, �̂�

pm =
diag {�̂4

pm, �̂5
pm, �̂6

pm,−
̄p,−I,−
̄p,�m}, �̂1
pm =

π̄ð
ppP̄ð

p + Q̄1 + Q̄2 + P̄ð
p − e−bη1 R̄1 + He{Z̄Ap},

�̂2
pm = P̄ð

p − Z̄ + aA�
p Z̄�, �̂3

pm =
√

θ
M 	�
̄p − ∑S

s=1 �psBpK̄s,
�̂4

pm = −e−bη1 Q̄1 − e−bη1 R̄1, �̂5
pm = −e−bη2 Q̄2 − e−bη2 R̄2,

�̂6
pm = −Z̄ − Z̄� + η2

1R̄1 + η2
12R̄2, �̂7

pm = ∑S
s=1

�psBpK̄s, �̂8
pm = −2e−bη2 R̂2 + θ

M2 ρ
̂p, �m =
−diag{Pð

1 , Pð
2 , . . . , Pð

p−1, Pð
p+1, . . . , Pð

M}, �1
m = Z̄[

√
π̄ð

p1

Pð
1 · · ·

√
π̄ð

p(p−1)P
ð
p−1

√
π̄ð

p(p+1)P
ð
p+1 · · ·

√
π̄ð

pMPð
M].

Furthermore, the controller gains are devised as

K̄s = KsZ
−1. (29)

Proof: Let Z̄ = Z−1, Q̄ς = Z−1Qς Z−1, R̄ς = Z−1RςZ−1,
(ς = 1, 2), 
̄p = Z−1
pZ−1, P̄ð

p = Z−1Pð
p Z−1. Pre- and post-

multiplying (13) with diag{Z̄, Z̄, Z̄, Z̄, Z̄, Z̄, I}, which yields
�̂pmð < 0. This ends the proof.

IV. ILLUSTRATIVE EXAMPLE

In the section, a tunnel diode circuit model (TDCM) is
employed to verify the feasibility of the proposed method-
ology. As signified in [19], the dynamic equation of TDCM
is described as{

CV̇c(t) = − 1
Rl

Vc(t) − 1
Rd

Vc(t) + il(t),
Li̇l(t) = −Vc(t) − Reil(t) + Vs(t) + u(t) + w(t),

(30)

where C = 0.1F signifies the capacitance, L = 2mH represents
the inductance, Rd = 1

0.002+0.01V2
d (t)

, and Vs(t) = 0.5Vc(t). In

this example, the values of resistances Re and Rl vary with
the complex environment, and three different sets of values
are considered: (1) Rl1 = 220
, Re1 = 1
; (2) Rl2 = 180
,
Re2 = 2
; (3) Rl3 = 150
, Re3 = 3
. Let x1(t) = Vc(t),
x2(t) = il(t), and set M = 3, N = 2, S = 3.

In this example, the ST of the SMP is supposed to obey the
Weibull distribution. As such, the transition rate function is
expressed as πð

pq(h) = δðpq
k
ck hk−1, whose distribution density

function is inferred as χp(h) = k
ck hk−1e−( h

c )k
. By considering

the switching signal θ(t), one has δ1
pq =

[
0 0.3 0.7

0.4 0 0.6
0.5 0.5 0

]
and

δ2
pq =

[
0 0.4 0.6

0.5 0 0.5
0.2 0.8 0

]
.

Without loss of generality, when p = 1, one selects c = 1
and k = 2. When p = 2, one chooses c = 1, k = 3. When
p = 3, one sets c = 1 and k = 4. According to the above
description, the transition rate matrices can be obtained as

�1(h) =
[ −2h 0.6h 1.4h

1.2h2 −3h2 1.8h2

2h3 2h3 −4h3

]
, �2(h) =

[ −2h 0.8h 1.2h
1.5h2 −3h2 1.5h2

0.8h3 3.2h3 −4h3

]
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Fig. 1. Simulation results of (9).

Fig. 2. Simulation results of (8).

Besides, the conditional probability matrix � is set to be
� = [0.3 0.3 0.4; 0.4 0.2 0.4; 0.2 0.5 0.3]. Other parameters
are set as b = 0.07, η1 = 1, η2 = 5, d = 0.7, ρ = 0.4,
c1 = 0.05, c2 = 1, R = I, κ = 3, θ = 3.3456, 	 = 0.7,
and M = 50. By solving the conditions of Theorem 2, the
controller gains are devised as K1 = [2.5341 − 0.3790]�,
K2 = [0.8042 − 0.0151]�, and K3 = [ − 3.3755 0.7261]�.

For given external disturbance w(t) =
√

2
5 cos(3.14t) and

select the initial states x0(t) = [ − 0.1 − 0.1]�, the simulation
results performed are plotted in Figs. 1–2. Under the frame-
work of IETP, the triggering instants and release intervals,
trajectories of dynamic state x(t), and evolution of x�(t)Rx(t)
are depicted in Fig. 1. The averaged response of x�(t)Rx(t)
not exceed c2 within a preset finite-time.

Aim to examine the merits of the IETP on the dynamic
performance, Fig. 2 is provided for the simulation compari-
son, which reveals the triggering instants and release intervals,
trajectories of dynamic state x(t), and evolution of x�(t)Rx(t).
As observed from Figs. 1–2, by means of IETP schedul-
ing, faster convergence is achieved, and much better control
performance can be expected. Meanwhile, for analysis clar-
ity, we define the triggering rate TR = triggering times

the number of sampled-data .
In the proposed IETP (9), the triggering rate is calculated as
24.98%. However, based on the ETP (8), the triggering rate
is computed as 47.11%. The benefit of the proposed IETP,
fewer packets are transmitted along with a small triggering
rate. These simulation results confirm the effectiveness and
superiority of the IETP and controller design strategy.

V. CONCLUSION

In this brief, the SFTB of SMJS has studied by an
quantization-dependent ETP. A novel SMP subjected to a DSS
has been constructed to describe the generalized framework of

SMJS, and an IETP associated with the quantizer parameter
has been proposed. Finally, a TDCM has been applied to illus-
trate the practicability of the proposed method. Besides, the
extension of the attained results to multi-agent will be our
future research topic [20], [21].
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event-triggered stabilization of nonlinear systems,” IEEE Trans. Autom.
Control, vol. 60, no. 4, pp. 982–996, Apr. 2015.

[15] C. Peng, J. Li, and M. Fei, “Resilient event-triggering H∞ load
frequency control for multi-area power systems with energy-limited
DoS attacks,” IEEE Trans. Power Syst., vol. 32, no. 5, pp. 4110–4118,
Sep. 2017.

[16] J. P. Hespanha, “Uniform stability of switched linear systems: Extensions
of LaSalle’s invariance principle,” IEEE Trans. Autom. Control, vol. 49,
no. 4, pp. 470–482, Apr. 2004.

[17] J. Song, Y. Niu, and Y. Zou, “Finite-time Stabilization via sliding mode
control,” IEEE Trans. Autom. Control, vol. 62, no. 3, pp. 1478–1483,
Mar. 2017.

[18] R. T’Emam, Infinite-Dimensional Dynamical Systems in Mechanics and
Physics. New York, NY, USA: World, 2000.

[19] F. Li, S. Xu, and H. Shen, “Fuzzy-model-based H∞ control for Markov
jump nonlinear slow sampling singularly perturbed systems with partial
information,” IEEE Trans. Fuzzy Syst., vol. 27, no. 10, pp. 1952–1962,
Oct. 2019.

[20] M. Lv, W. Yu, J. Cao, and S. Baldi, “A separation-based methodol-
ogy to consensus tracking of switched high-order nonlinear multiagent
systems,” IEEE Trans. Neural Netw. Learn. Syst., early access, Apr. 14,
2021, doi: 10.1109/TNNLS.2021.3070824.

[21] M. Lv, B. De Schutter, C. Shi, and S. Baldi, “Logic-based dis-
tributed switching control for agents in power-chained form with
multiple unknown control directions,” Automatica, vol. 137, Mar. 2022,
Art. no. 110143.

http://dx.doi.org/10.1109/TSMC.2021.3139386
http://dx.doi.org/10.1109/TNNLS.2021.3070824


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Helvetica
    /Helvetica-Bold
    /HelveticaBolditalic-BoldOblique
    /Helvetica-BoldOblique
    /Helvetica-Condensed-Bold
    /Helvetica-LightOblique
    /HelveticaNeue-Bold
    /HelveticaNeue-BoldItalic
    /HelveticaNeue-Condensed
    /HelveticaNeue-CondensedObl
    /HelveticaNeue-Italic
    /HelveticaNeueLightcon-LightCond
    /HelveticaNeue-MediumCond
    /HelveticaNeue-MediumCondObl
    /HelveticaNeue-Roman
    /HelveticaNeue-ThinCond
    /Helvetica-Oblique
    /HelvetisADF-Bold
    /HelvetisADF-BoldItalic
    /HelvetisADFCd-Bold
    /HelvetisADFCd-BoldItalic
    /HelvetisADFCd-Italic
    /HelvetisADFCd-Regular
    /HelvetisADFEx-Bold
    /HelvetisADFEx-BoldItalic
    /HelvetisADFEx-Italic
    /HelvetisADFEx-Regular
    /HelvetisADF-Italic
    /HelvetisADF-Regular
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryITCbyBT-MediumItal
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Recommended"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


