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Formation Tracking Control of Unicycle-Type Mobile
Robots With Limited Sensing Ranges

K. D. Do

Abstract—A constructive method is presented to design coopera-
tive controllers that force a group of IN unicycle-type mobile robots
with limited sensing ranges to perform desired formation tracking
and guarantee no collisions between the robots. Physical dimen-
sions and dynamics of the robots are also considered in the con-
trol design. Smooth and p times differential bump functions are
introduced and incorporated into novel potential functions to de-
sign a formation tracking control system. Despite the robot lim-
ited sensing ranges, no switchings are needed to solve the collision
avoidance problem. Simulations illustrate the results.

Index Terms—Bump function, formation tracking, mobile robot,
potential function.

1. INTRODUCTION

ORMATION control of multiple agents has received a lot
F of attention from the control community over the last few
years due to its potential applications to search, rescue, cov-
erage, surveillance, reconnaissance and cooperative transporta-
tion. Formation control can be roughly understood as control-
ling positions of a group of the agents such that they stabilize/
track desired locations relative to reference point(s), which can
be another agent(s) within the team, and can either be stationary
or moving. Research works on formation control often use one
or more of leader-following (e.g., [1], [2]), behavioral (e.g., [3],
[4]), and use of virtual structures (e.g., [5], [6]) approaches in ei-
ther a centralized or decentralized manner. Centralized control
schemes (e.g., [2] and [7]) use a single controller that gener-
ates collision-free trajectories in the workspace. Although these
guarantee a complete solution, centralized schemes require high
computational power and are not robust due to the heavy depen-
dence on a single controller. A nice application of formation
control based on the potential field method [2] and Lyapunov’s
direct method [8] to gradient climbing was recently addressed
in [9]. However, the final configuration of formation cannot be
foretold. On the other hand, decentralized schemes, see, e.g.,
[10] and [11], require less computational effort and are relatively
more scalable to the team size. The decentralized approach usu-
ally involves a combination of agent-based local potential fields
(e.g., [2], [12], and [13]). The main problem with the decentral-
ized approach, when collision avoidance is taken into account,
is that it is extremely difficult to predict and control the critical
points of the controlled systems. An interesting work addressing
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geometric formation based on Voronoi partition optimization is
given in [14], but the final arrangement of the agents cannot be
foretold due to locality of Lloy’s algorithm. Recently, a method
based on a different navigation function from [15] provided a
centralized formation stabilization control design strategy pro-
posed in [7]. This work is extended to a decentralized version
in [11]. A similar result but based on different navigation func-
tion motivated by the work in [15] is given in [16]. However,
the formation is stabilized to any point in workspace instead
of being “tied” to a fixed coordinate frame. Moreover, the po-
tential function, which possesses all properties of a navigation
function (see [15]), is finite when a collision occurs. This com-
plicates the analysis of collision avoidance in the sense that
one cannot directly use the first time derivative of the poten-
tial function to prove no collisions between agents. In [7], [15],
[16], and [11], the tuning constants, which are crucial to guar-
antee that the only desired equilibrium points are asymptoti-
cally stable and that the other critical points are unstable, are
extremely difficult to obtain explicitly. In most of the above pa-
pers, point-robots with simple (single or double integrator) dy-
namics (e.g., [2], [7], [11], [13], [14], and [17]) or fully actuated
vehicles [6] (which can be converted to double-integrator dy-
namics via a feedback linearization) were investigated. It should
be mentioned that decentralized navigation of nonpoint agents
with single-integrator dynamics was also investigated in [18],
but each agent requires global knowledge of position of other
agents. Vehicles with nonholonomic constraints were also con-
sidered (e.g., [3]). However, the nonholonomic kinematics are
transformed to double-integrator dynamics by controlling the
hand position instead of the inertial position of the vehicles.
Consequently, the vehicle heading is not controlled. In addition,
switching control theory [19] is often used to design a decentral-
ized formation control system (e.g., [1], where a case-by-case
basis is proposed), especially when the vehicles have limited
sensing ranges and collision avoidance between vehicles must
be considered. Clearly, it is more desirable if we are able to de-
sign a nonswitching formation control system that can handle
the above decentralized and collision avoidance requirements.
Moreover, in the tracking control of single nonholonomic mo-
bile robots (e.g., [20]-[22]), where it seems that the backstep-
ping technique was first used in [20] to take the robot kinetic into
account in the control design, the tracking errors are often inter-
preted in a frame attached to the reference trajectory using the
coordinate transformation in [23] to overcome difficulties due
to nonholonomic constraints. If these techniques are migrated
to formation control of a group of mobile robots, it is extremely
difficult to incorporate collision avoidance between the robots.
The above problems motivate the contribution of this brief.

In this brief, cooperative controllers are designed to force a
group of N unicycle-type mobile robots with limited sensing
ranges to perform desired formation tracking and to guarantee
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Fig. 1. Robot parameters.

no collisions between the robots. The physical dimensions and
dynamics of the robots are also considered. The control devel-
opment is based on novel potential functions, which attain the
minimum value when the desired formation is achieved and are
equal to infinity when a collision occurs. Moreover, smooth and
p times differential bump functions are introduced and incorpo-
rated into the potential functions to avoid the use of switchings,
which are often required in literature to deal with the robot’s
limited sensing ranges.

II. PROBLEM STATEMENT

A. Robot Dynamics

We consider a group of N mobile robots, of which each has
the following dynamics [21]:

ni = Ji(mi)wi,

M;w; = — Ci(M;)wi — Diw; + 75 (D

where i = 1,...,N, n;, = [z; y; $i]T denotes the position
(x4, i), the coordinates of the middle point, Py;, between the
left and right driving wheels, and heading ¢; of the robot 7 co-
ordinated in the earth-fixed frame OXY (see Fig. 1), w; =
[wii wa;]T, where wy; and wy; are the angular velocities of the
wheels of the robot i, 7; = [71; T2;]1, where 71; and 7; are the
control torques applied to the wheels of the robot . The rota-
tion matrix .J;(); ), mass matrix M;, Coriolis matrix C;(7;), and
damping matrix D; in (1) are given by

o [eos(6s)  cos(@n)
Ji(ni) = 5 Sing(ﬁi) Sin((fi)
] b T
M — miii ml2t:|
‘ | T12i 1114
0 ci i
01(771)— [_Cz‘bl (;ZS :|
_[dii 0
D:= | 0 d22i:| @

with

C; = 2—biri2mciai
1
miyi =—5r7 (mib; + I;) + L
47
L 5 2
mio; = @Ti (mzbl — Iz)
M =Mei + 2My;i
I =meia? + 2mib? + Li + 21, 3)

where m; and m,,; are the masses of the body and wheel with
amotor, I.;, I,,;, and I,,,; are the moments of inertia of the body
about the vertical axis through P,; (center of mass), the wheel
with the rotor of a motor about the wheel axis, and the wheel
with the rotor of a motor about the wheel diameter, respectively,
T, a;, and b; are defined in Fig. 1, and the nonnegative constants
d11; and ds9; are the damping coefficients.

For convenience, we convert the wheel velocities (w1;, wa;)
of the robot ¢ to its linear v; and angular w; velocities by

11 &
. —p-Ll . L v
w; = B "w;; B p [1 _bi:| 4
where @; = [v; w;]T, and B; is invertible since det(B;) =

—2b;/r;. With (4), we can write the robot dynamics (1) as
follows:

Liii =v; COS(()ZSi)
i = v; sin(¢;)
i = w;

M;tw; = — Ci(w;))w;—D;w;+B;7;, i=1,...,N (5)

where
-1 mi14 0
M; =B "M;B; = [ _ ]
0 1oy
_ p=lv | 0 =biciw;
Ci(w;) =B; Ci(n:)B; [g_:wz 0 ]
_ di1;  dioi
Di — B_lDLBL — Y118 12L:|
’ [dm’ da2i
B, =B;"!
with

mi1; =M11; + M12;

Mo2; =M11; — M12;

- 1

di1i = E(dlli + da2:)
b

di2; 25(d111: — da2;)

1
3, (d11s — da2s)

- 1
da2; :§(d11i + da2i). (6)

do1; =
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B. Formation Control Objective

In this brief, we will study a formation control problem under

the following assumption.

Assumption 1:

1) The robot ¢ has a physical safety circular area, which is
centered at the point Py;, has aradius I2;, and has a circular
communication area, which is centered at the point Py; and
has a radius R; (see Fig. 2). The radius R; is strictly larger
than R, + R;,j=1,...,N,j #1i.

2) The robot i broadcasts its state (z;, yi, ¢i, ;) and its ref-
erence trajectory ¢;4 in its communication area. Moreover,
the robot ¢ can receive the states and reference trajectories
broadcast by other robots j, 7 = 1,..., N, j # 4, in the
group if the points I; of these robots are in the commu-
nication area of the robot i.

3) The dimensional terms (r;, a;, b;) of the robot ¢ are known
to the robot 2. The terms involved with mass, inertia, and
damping, (m11i, m12i, d114, d22i, ¢; ), of the robots are un-
known but constant.

4) Attheinitial time ¢y > 0, each robot starts at a location that
is outside of the safety areas of other robots in the group,
i.e., there exists a strictly positive constant €; such that

llgi(to) — q;(to)ll = (B; + R;) > &1 @)

forall (4,5) € (1,2,...,N), i # j, where ¢; = [z; yi]”.
5) The reference trajectory for the robot i is ¢iq = [Tiq ¥ia] ™,

which is generated by

Gid = God(S0a) + i (®)

where Goa(Sod) = [Tod(Sod) Yod(S0a)]T is referred to
as the common reference trajectory with s,q being the
common trajectory parameter, and /; is a constant vector.
The trajectory q,q satisfies the following conditions:

: 2
i ugy(t) #0
— 2 2 &
Uod = \/ x;d + y(lydsad

a2+ % >0
[thoa(t)] <upy™ )

max

where ©/ ; = 0%oa/0S0d, Yoy = 0Yod/DSoa» and ully™ is
a strictly positive constant. Moreover, 1,4 and 1,4 are also
bounded. The constant vectors l;,7 = 1,2,..., N, satisfy

Il =Ll = (B + B)) = &2 (10)

forall (é,7) € (1,2,...,N), 1 # j, where 5 is a strictly
positive constant.

Remark 1: Ttems 1) and 2) in Assumption 1 specify the way
each robot communicates with other robots in the group within
its communication range. In Fig. 2, the robots 7 and 7 — 1 are
communicating with each other since the points Py ;1 and Py;
are in the communication areas of the robots 2 and 7 — 1, respec-
tively. The robots 7 and ¢ 4+ 1 are not communicating with each
other since the points Py; and I ;41 are not in the communica-
tion areas of the robots ¢ 4+ 1 and i, respectively. Similarly, the
robots 7 — 1 and ¢ 4+ 1 are not communicating with each other.
Item 3) makes sense in practice because the dimensional terms
can be easily predetermined while the terms involving mass, in-
ertia, and damping are often difficult to predetermine. Moreover,
the assumptions in this item mean that the matrix B; is known,
while the matrices M; and D; and coefficients of the entries
of the matrix C';(w;) are unknown but constant. In item 5), the
constant vectors [;, 2 = 1,..., N, specifies the desired forma-
tion configuration with respect to the earth-fixed frame OXY .
The condition (9) implies that the common reference q,4 is reg-
ular and its velocity u,q, which specifies how the desired for-
mation, whose configuration is determined by /;, moves along
God, 1s bounded and satisfies a persistent excitation condition,
i.e., the desired formation always moves along the common ref-
erence trajectory g,4. The condition (10) specifies feasibility of
the reference trajectories ¢;4, ¢ = 1,2,..., N (recall from (8)
that ¢;q — qja = l; — 1, Vi # j) due to physical safety cir-
cular areas of the robots. Finally, all of the robots in the group
require knowledge of the common reference trajectory q,q since
this trajectory specifies how the whole formation should move
with respect to the earth-fixed frame OXY .

Formation Control Objective: Under Assumption 1, design
the control input 7; and update laws for all terms involving mass,
inertia, and damping (m11;, m12i, d11i, d22i, and ¢;) for each
robot ¢ such that each robot asymptotically tracks its desired
reference trajectory ¢;q while avoiding collisions with all other
robots in the group, i.e., for all (,5) € {1,2,...,N}, 4 # j,
t Z to Z 0:

Jm (g;(t)=gia(t)) =0, lim (¢i(t)—ia(t)) =0,
lai(t) = ;DI = (B; + B;) >es (1)
where ¢;4(t) = arctan(y/,/z’ ;). and €3 is a positive constant.

III. PRELIMINARIES

‘We here present one definition and one lemma, which will be
used in the control design in the next section.

Definition 1: A scalar function h(z,a,b) is called a p times
differential bump function if it enjoys the following properties

1) h(z,a,b) =1, if 0<z<a
2) h(z,a,b) =0, if z>0b

3)0 < h(z,a,b) <1, if a<z<b
)

4) h(z,a,b) is p times differentiable with respect to z  (12)
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Fig. 3. Twice-differentiable bump function.

where p is a positive integer, x € R, and a and b are constants
such that 0 < a < b. Moreover, if the function h(z,a,b) is
infinite times differentiable with respect to z, then it is called a
smooth bump function.

Itis noted that bump functions are not new to the control com-
munity. A nontrivial C' bump function was used in [24] for
obstacle avoidance in flocking cooperation control of multiple
agents with limited communication. Here, we give a construc-
tive method to construct the p times differentiable and smooth
bump functions. These functions are useful when dealing with
cooperative control of multiple agents with limited communica-
tion and high-order dynamics. Construction of these bump func-
tions is given in the following lemma.

Lemma 1: Let the scalar function h(z, a, b) be defined as

3 [Ff(r—a)f(b—rT)dr

hz,a,b) =1 - (13)
[, f(r—a)f(b—T)dr
where the function f(y) is defined as follows:
fly) =0 ify<Oand f(y)=9* ify>0 (14

where p is a positive integer. Then, the function A(z,a,b) isap
times differentiable bump function. Moreover, if f(y) = y” in
(14) is replaced by f(y) = e~1/¥, then property 4) is replaced
by: 4') h(x,a,b) is a smooth bump function.

Proof: See Appendix A. Fig. 3 illustrates a twice-differen-
tiable bump function (¢ = 0.5, b = 1.5).

Remark 2: As specified in Lemma 1, the p times differen-
tiable bump functions can be obtained explicitly, i.e., the inte-
gral (13) can be solved analytically. The smooth bump functions
cannot be obtained explicitly. Thus, a numerical procedure is
needed to solve the integral (13). However, in many applica-
tions, including the formation control of mobile robots in this
brief, the p times differentiable bump functions are sufficient.

IV. CONTROL DESIGN

Since the robot dynamics (5) are of a strict feedback form [25]
with respect to the robot linear velocity v; and angular velocity
w;, we will use the backstepping technique [25] to design the
control input 7;. The control design is divided into two main
stages. In the first stage, we consider the first three equations of
(5) with v; and w; being considered as immediate controls. In
the second stage, the actual control 7; will be designed.

A. Stage |

Since the robot is underactuated, we divide this stage into
two steps using the backstepping technique. In the first step,
the robot heading ¢; and the robot linear velocity v; are used
as immediate controls to fulfill the task of position tracking and
collision avoidance. In the second step, the robot angular ve-
locity w; is used as an immediate control to stabilize the error
between the actual robot heading and its immediate value at the
origin. We do not use the transformation in [23] to interpret the
tracking errors in a frame attached to the reference trajectories
as is often done in literature (e.g., [20]-[22]) to avoid difficulties
when dealing with collision avoidance.

1) Step I.1: Define

Gic =i — g,
Vie =V; — Qi

15)

where 4, and «,,, are virtual controls of ¢; and v;, respectively.
With (15), the first two equations of (5) are read as

Gi = wi + Aqg + Ao (16)

where ¢; = [z; v;]T and

y — —cos(a@)} N

o= L sin ) |

(cos(gie) — 1) cos (g, ) — sin(die) sin (o, ) o

| (sin(ie) cos (0g,) + (c0s(ie) — 1) sin (g, ) |
o [ cos(¢;) .

AQ’L — _sm(qﬁt)} Vie-

Ay =

7)

To fulfill the task of position tracking and collision avoidance,
we consider the following potential function:

N

o= (v +0.58)

i=1

(18)

where 7; and ; are the goal and related collision avoidance
functions for the robot ¢ specified as follows.

* The goal function is designed such that it puts penalty on
the tracking error for the robot and is equal to zero when
the robot is at its desired position. A simple choice of this
function is

i = 0.5]lgi — qiall*. (19)
¢ Therelated collision function ; should be chosen such that
it is equal to infinity whenever any robots come in contact
with the robot 7, i.e., a collision occurs, and attains the
minimum value when the robot ¢ is at its desired location
with respect to other group members belonging to the set
of N, robots, where N; is the set that contains all of the
robots in the group except for the robot <. This function is
chosen as follows:

(20)

Bi = Z Bij

JEN;
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where the function 3;; = 3;; is a function of ||g;;{|? /2 with
¢ij = ¢; — q; and enjoys the following properties:

2) Bij > 0,if0 < ||qZJ|| < bij.

3) Bij =0, B;; =0, B =0, and B} = 0, if [|gi;]| >

bij.
4) Bij = oo, if Vertg;|| < (R; + R;).
5) Bij < w1, |8 < p2, and Iﬂuququl < pz V(R +

R;) < lgijll < by
6) (3;; is at least three times differentiable with respect to

llai; 17 /2,

where ¢ija = ¢ia — ¢ja, bij is a strictly positive constant
such that (R; + R;) < bj; < min(R;, ﬁj,Hq”dH) i1,
2, and p3 are positive constants, and /3 ], B, and B
are defined as follows: [3’ 3 =

3/// _ OO
if [lgisll < (&; + R )

= 3@1/3(”%” /2)
921 /0(lai;112/2)° and | '" = (9*Bi/9(llai; I? /2)
lgisll > (B; + B;).

Remark 3: Properties 1)—4) imply that the function j3; is pos-
itive definite, is equal to zero when all of the robots are at their
desired locations, and is equal to infinity when a collision be-
tween any robots in the group occurs. Moreover, Property 1) and
the function ~y; given in (19) ensure that the function ; attains
the (unique) minimum value of zero when all of the robots are
at their desired positions. Also, Property 3) ensures that the col-
lision avoidance between the robots ¢ and 7 is only taken into
account when they are in their communication areas. Property
5) is used to prove stability of the closed-loop system. Prop-
erty 6) ensures that we can use techniques such as the backstep-
ping and direct Lyapunov design methods [25], [26] for control
design and stability analysis for continuous systems instead of
techniques for switched, nonsmooth and discontinuous systems
[19], [27] to handle the collision avoidance problem under the
robot’s limited sensing ranges.

There are many functions that satisfy all properties of [3;;
given in (21). An example is

hij (”(IZJ” /27‘1 /2, b /2)
1- LJ(”qlJH2/27a /2,6%;/2)

where hij([lqijl|*/2, ai;/2,b3;/2) is a p times differentiable
bump function deﬁned in Deﬁnltron 1 with p > 3 and
aij > (EL + Ej)’ and bij < Hlin(ﬁi,ﬁj, ||qud||) The time
derivative of ; along the solutions of (16) satisfies

if [lgi; || > (B; + R;) (21)

Bij =

(22)

N
o= Z QF (u; + Ari + Aoi — Goa) (23)
i=1
where we have used §iq = God, Ui — Uj = Ui — God — (U — God),
V(i,j) € (1,2,...,N),i # j, and
Q=g —dgat Y, Bt (24)
JEN;

From (23), we choose a bounded control u; designed as follows:

u; = —kouZyU(%) + doa 25)

where U(€;) denotes a vector of bounded functions of elements
of €2; in the sense that U(€;) = [¢(Q2i) ¥(2iy)]T with €, and
(2;y the first and second rows of €2, i.e., ; = [, Qiy]T. The
function v (z) is a scalar, at least three-times differentiable and
bounded function with respect to = and satisfies

D |ip(z)| < o1

2) Y(z)=0, if =0, z¢p(z) >0, if z#0;

3) (=) = =), (x —y) () — $(y)] = 0;

4) () /] < 02, |00(a) 9| < 03, OY() D]y =1
forall z € R, y € R, where p1, 02, g3 are strictly posi-
tive constants. Some functions that satisfy the above properties
are arctan(z) and tanh(z). The strictly positive constant kg is
chosen such that

ko # (26)

201umax

The above condition ensures that o, and cv,,,; are solvable from
u;. We now need to solve for oy, and a,,; from the expression
of u; in (25) and (17). From (25) and (17), we have

cos (ag,) y, = — koug(ﬂ/;(ﬁm) + cos(@od)Uod

sin (g, ) , = — kouZgh(Qiy) + sin(dod)toa  (27)
Where we have used Tod = x! 180d =
od \/lE + yods”d/\/‘/l: 12 _COS(¢0d)u0d and yad =

YoaSod Yoa Vo + ymisml/\/xmi + Yy =sin(¢oa)tod
since oq = arctan(y),/z);) and /2% +y’%, > 0 (see
Assumption 1). The left-hand sides of (27) are actually the
coordinates of w; in the x and y directions. Now, multiplying
both sides of the first equation of (27) with cos(¢,q) and both
sides of the second equation of (27) with sin(¢,4) and then
adding the resulting equations together yields

kou2y (9(Qs) c08(¢Pod)
+1)(Qi) sin(Poa)) +tod. (28)

cos (

Ay _¢od) Qy; =—

On the other hand, multiplying both sides of the first equation
of (27) with sin(¢,q) and both sides of the second equation of
(27) with cos(¢,q) and then subtracting the resulting equations
gives

- (:bod) Ay,
= —kouZ; (—(Qir) sin(¢oa) + P (Qir) c0s(doa)) -

sin (o,

(29)

From (28) and (29), we solve for oy, and «,, as shown
in (30), shown at the bottom of the next page. It is noted
that (30) is well defined since —kouod(1)(Qiz)cos(doa) +
PY(Qiz) sin(Pod))+1 > —201kou** + 1 > 0, where the
condition (26) has been used. Moreover, it is of interest to note
that oy, and o, are at least twice-differentiable functions of
Qod> Pods Uod> Gi» and g;; with 7 € N;, j # 4.

Remark 4: When €; defined in (24) is substituted into (25),
the control u; can be written as

¥ (=i = @) = Tjen, Bijlwi = 2)))

+God-
P (—(y1 = Yid) = Djen, Bij(vi — f‘!])) ’
(31)

2
u; = kougy
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It is seen from (31) that the argument of ¢ consists of two
parts. The first part, —(x; — 2;4) or —(y; — ya), referred to
as the attractive force, plays the role of forcing the robot ¢ to
its desired location. The second part, — >~ .. B;(%: — z;) or
— 2 jens Bij(yi — yj), referred to as the repulsive force, takes
care of collision avoidance for the robot ¢ with the other robots.
Moreover, the immediate control u; of the robot ¢ given in (25)
depends on only its own state and reference trajectory and the
states of other neighbor robots j if the points Fy; of these robots
are in the circular communication area of the robot 7, since out-
side this area [ifj = 0 [see Property 3) of 3;;].
Now, substituting (25) into (23) results in

N N
pr1=—kouly Y QTU(Q)+ Y Of (A +Ax). (32)

i=1 i=1

Substituting (25) into (16) results in

Gi = —koulZq V(%) + doa + A1i + Ao, (33)
2) Step 1.2: In this step, we view w; as an immediate control
to stabilize ¢;. at the origin. As such, we define
Wie = Wi — Qq, (34)
where a,,, is a virtual control of w;. To prepare for designing
(uy, , let us calculate ¢;.. Differentiating both sides of the first
equation of (15) along the solutions of (34), the third equation
of (5) and the second equation of (30) results in

aa¢>z‘ . aa</>i ; aad)i .
(:bze = Wie + lapy; 8qmi God 8¢ad ¢od auad Uod
N
dag, dag,
— 0 g+ Aqy o+ Agy) — Z -2
94i j2rie Ot

X (u; + Aqi + Aoy — (u; + A1+ Agj)) . (35)

To design the virtual control ,,,, we consider the function

N
pr2=n+05% ¢% (36)

i=1

whose derivative along the solutions of (32) and (35) satisfies

N N N
$r2 = — kouZy Z QI U() + Z QF Ay + Z Pic
i=1 i=1

i=1
Q? 14 8a¢ 80[4, .
X e w; - od — - o
( e + ta ‘ aqod dod a¢od¢ d
Oay Oy
- - od — - i A 1 A 7
Dy " D (ui + A1 + Ay)
N
Jag,
- Z T (g A+ Ay
A= 04ij
J=1,j#1

—(uj + Ay + AQj))) . (37)

It is noted that Ay;/¢;. is well defined since sin(¢;.)/pie =
[} cos(Apic)dA and (cos(¢ic) — 1)/ic = [i sin(Adic)dA are
smooth functions for all ¢;c € R. From (37), we choose the
virtual control o, as

QTAh (‘3014,' (‘3a¢, B
awi:_ki e T : + Z.o'i' Zo
¢ ¢1€ 8(10(1 dod 8¢0d¢ d
80[¢. . 80[4).
g “(ui + Agi
* 8/U'odu a7t 8(1; (u + ! )
N da
+ > aqf’)f (ui + Ar; = (uj + Ary)) (38
ij

J=1,7i

where k; is a positive constant. It is of interest to note that «,,
is an at least once-differentiable function of o4, God, Pod, qlﬁod,
Uods Wods i ¢i, Qij, and <;Sj, with 7 € N;, j ;é 1. Moreover, it
should be noted that the virtual control «,,, contains only the
state and reference trajectory of the robot 7, and the states of
other neighbor robots j if the points Py; of these robots are in
the communication area of the robot 7, because outside this area
Oag, /0¢i; = 0 thanks to Property 3) of ;;. Substituting (38)

ag, = Poq + arctan <

—koUod (=1 (Qix) sin(Pod) + 1(Qix) cos(¢od)) >
_k(]uod (QZJ(sz) COS((;bod) + ¢(sz) Sin(‘bod)) + 1
Q,, = cos (ag,) (—kgugdd)(ﬁim) + cos(¢od)uod) + sin (o, ) (—kouz,ﬂ/J(Qz‘y) + sin(qﬁod)uod)

(30)

N N

N N
P12 = _k()ugd Z QlT\I}(QZ) — Z ki()bz?s + Z PieWie + QiT = Pie 94, Z

i=1 =1 =1

8a¢>i

j=Lj#i
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into (37) results in (39), shown at the bottom of the previous
page, after some manipulation. Substituting (38) into (35) gives

QTAh (‘3a¢.
ie — — ki ie < ~A 4
¢ ¢ Gie 0q; 2
N Bay,
= D 5 (Bai = Agj) twie. (40)
=tz i

To prepare for the next section, let us compute the term
M ,;%o;., Where w;. = [Vie w,e] . From the second equation of
(15), (34), and the last equation of (5), we have

M. = — Ci(w;)w; — Diwo; — M, [cu, dwi]T + B;7;
= — Dywj. + ©,0; + B;7; 41)
where
) Oy, . Oy, . . oo, - doa + (‘3011,1.19
Ay, = o Uo o 7
‘ aqod d 811,0 d aQbod d 8(17
N Jda
Yi(9; — 9
+ ) Z ' aqu ( J),
J=1,5#1
) Oy, . Oy, .. n Oy n Oy, ..
Ay, = ) - ) Uo B Ugo
’ aqod fod aqod od 8uad ¢ auod ¢
oy, - Oy, - day, Oy,
+ . o + - - o + 1291+ : 7
9000 " 0900 Pt 00 U 00
N
Oy, Oy,
+ > <a¢ R ﬁj)> (42)
j=tizi » % %
(D‘— 11)12 — gy — Qs —dm'OOOO
v 0000 — V;W; — Oy — Qg _dwi
©; =[bic; di1i dizi mani ci/bi doyi daa; oa]” (43)

where ¥; = w; + Ay + Ao, 4 = 1,..., N. Again, ¢,, and
(uy, contain only the state and reference trajectory of the robot
1, and the states of other neighbor robots j if the points Fy;
of these robots are in the communication area of the robot 7,
because outside this area Oy, /0g;j = 0, Doy, /0gij = 0, and
Oay, [0¢; = 0, thanks to Property 3) of f;;.

533

B. Stage Il

In this stage, we design the actual control input vector 7; and
update laws for unknown system parameter vector O; for each
robot ¢. To do so, we consider the following function:

]\T
1 _ e
©rr = er2 + 3 E (w;-‘gMﬂﬂie + 07T 1®i)
=1

(44)

where ©; = ©; — (:)Z- and @i is an estimate of ©;, and I'; is a
symmetric positive definite matrix. Differentiating both sides of
(44) along the solutions of (41) and (39) yields

Q11 = — kougy Z Q7w (Q

N
Z k; ¢ + Z ¢iew'ie
i=1

i=1
1oJe"
+Z f — die— d’
=1
N
8a¢,. 8044). )

- - e T : je A 7

Z (3(]1:]' ¢ 0q;i 0 2

J=1,j#i

£ (<h(

=1

D;w;. + ®;0; + B;T;)

_er r;léi) (45)

which suggests that we choose (46), shown at the bottom of the
page, where Ay; = [cos(¢;) sin(¢;)]T, and L; is a symmetric
positive definite matrix. Substituting the first equation of (46)
into (41) gives

M. = — (Di + Li)w;e + ©,0;
Oy,
_ QT — bie @i
< P e dq;
N T
Ja Oay. _
- Z <a o (zbie_ B} d)J ¢je> AZi(bie
j=tgi i i
47

By construction, the control 7; and the update @ givenin (46) of
the robot ¢ contain only the state and reference trajectory of the
robot ¢, and the states of other neighbor robots j if these robots
are in a circular area, which is centered at point Py; of the robot

aa¢i

3,0, —
9qi

QzT - ¢ie

T: :Bi —Liwie -

éi = Fi@?wie

T

N
(90{4) aa¢] N
- Z < aq” (:bze - a ¢]e AQZ (bze

J=1,7i

(46)
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Control input
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Fig. 4. Simulation results with ten robots.

i and has a radius no greater than ;. Now, substituting (46) into
(45) results in

N
—Zw;-l; (ﬁl—l—Ll)ww

i=1

(48)
For convenience, we rewrite the closed-loop system consisting
of (33), (40), (47), and the second equation of (46) as follows:

N
Grr=—koupgy Qv

i=1

N
()=>_ kidi,
i=1

Gi= — kou2g V() +doa+A1i+As;
i QTAh 8()é¢.
ie = — kipie—————— Ay
¢ ¢ Gie 0q; 2
N
Oy,
= > S (A= Ay
=tz i

Miwie= — (Di+ Li)wi.+®;0;

Jda
| {of— iei
(0 -6.5

qi
N T
Oy, dagy, _
- Z (8 d) Pie— ¢] ¢je> Agi bic
j=1,j7i qij qji
0;=—-T10"w,. (49)

We now state the main result of our brief in the following
theorem.
Theorem 1: Under Assumption 1, the control 7; and the up-

date law (:)i given in (46) for the robot ¢ solve the formation
control objective. In particular, no collisions between any robots

can occur for all £ > ty > 0, the closed-loop system (49) is for-
ward complete, and the position and orientation of the robots
track their reference trajectories asymptotically in the sense of
11).

Proof: See Appendix B.

V. SIMULATIONS

Here, we simulate formation tracking control of a group of
N = 10 identical mobile robots to illustrate the effectiveness
of the proposed controller. The physical parameters of the robot
are taken from [21]: »; = 0.15, a; = 0.3, b; = 0.5, m.; =
30, my; = 1, I;; = 15.625, I,, = 0.005, I,,; = 0.0025,
dlli =10, d22i = 10’Ei = 1.8, andRi =5,1= 1,...,N.
The robots are initialized as follows: z; = Rgsin((i—1)27/6),
Yi = RO COS((i— 1)2’/T/6), W1 = 0, Wo; = 0, where RO = 9 for
i=1,...,6,and Ry = 5forz = 7,..., N.The initial values of
¢iyt =1,..., N, are taken as random numbers between 0 and
27. The initial values of (:)Z are taken as half of their true values.
The reference trajectories are taken as g,q = [s 10sin(0.15)]7,
§=2andl; = 10[sin((i —1)27/N) cos((i—1)2x/N)]T. This
choice of the reference trajectories means that the common ref-
erence trajectory g,q forms a sinusoidal trajectory and that the
desired formation configuration is a polygon whose vertices uni-
formly distribute on a circle centered on the common reference
trajectory and with a radius 10. The functions 3;;, (i,7) € N,
i # j,are taken as in (22) with p = 4, a;; = 2R;, and b;; = R;.
The function () is taken as arctan(). The control gains and up-
date gains are chosen as kg = 0.1, k; =2, L; = 4ls,and T'; =
0.21g, where I, is a z-dimensional identity matrix. Indeed, the
above choice of kg satisfies condition (26). Simulation results
are plotted in Fig. 4. It is seen that all robots nicely track their
reference trajectories. During the first four seconds, the robots
quickly move away from each other to avoid collisions then
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track their desired reference trajectory in Fig. 4(a), where the
trajectory of the robot NN is plotted in the thick line. For clarity,
only the control inputs [71 5 T2x]7 of the robot N are plotted in
Fig. 4(b). Fig. 4(c) plots the tracking errors  y —T N4, YN —YNd»
and ¢ — ¢ g of the robot N. Indeed, these errors tend to zero
asymptotically. The distances between the robot N and other
robots are plotted in Fig. 4(d). Clearly, these distances are al-
ways larger than Ry + R; = 3.6,1 =1,...,N — 1, i.e., there
are no collisions between the robot N and all other robots in the
group. Moreover, in Fig. 4(e), we plot the product of all gaps
between robots: Gapan = [[(; jyenizj (sl — (i + R;)). Tt
is seen that Glap,; is always larger than zero. This means that
(llgijll = (Ri + Rj) > 0,VY(i,5) € N, ¢ > 0, i.e., no collisions
between any agents occurred. For clarity, we only plot the re-
sults for the first 20 s in Fig. 4(b)—(e).

VI. CONCLUSION

We have presented a method to design cooperative forma-
tion tracking controllers for a group of N unicycle-type mo-
bile robots with limited sensing ranges. The control design was
constructed in such a way that the robots asymptotically track
their reference trajectories and avoid collisions among them.
The novel potential functions with embedded smooth or/and p
times differential bump functions are attractive parts of the brief
since they do not require the use of switching control theory de-
spite the robot limited sensing ranges. These functions can cer-
tainly be modified to solve other cooperative control problems
such as flocking and consensus of mobile agents. In addition,
the method of constructing the virtual controls a4, and a,, is
also attractive, since they are derived directly from the position
tracking errors instead of transforming the robot kinematics to
a body frame as often done in the literature. Future work is an
extension of the proposed techniques in this brief and those for
single underactuated ocean vessels in [28] and [29] to achieve a
desired formation for a group of underactuated vessels.

APPENDIX A
PROOF OF LEMMA 1

We need to verify that the function h(z,a,b) given in
(13) satisfies all properties defined in (12). Property 1)
holds because, by (14), for all 0 < z < a, we have
[ f(r = a)f(b—7)dr = 0. Property 2) holds since, by (14),
we have [ f(r —a)f(b—7)dr = [ f(r —a)f(b—7)dr for
all z > b. Property 3) holds because it is not hard to show that
0 < (7 f(r—a)f(b—r)dr/ [} f(r = a)f(b—r)dr) < 1
for all @ < z < b. To prove Property 4), we just need to
show that f(y) is p — 1 times differentiable. We first note
that f(y) is smooth except at y = 0. Hence, we only need
to verify that f*)(0) = (9*f(y)/0y*)ly=0 = O for any
positive integer k& < p. Clearly, lim,_,o- f®)(y) = 0 since
f(y) = 0,Vy < 0. On the other hand, since f(y) = yP,
y > 0 we have lim, o+ f*)(y) = 0. Since both left- and
right-hand limits are equal to 0, we have f (k)(O) = 0. Hence,
Property 4) holds. Now we turn to the case where f(y) = y?
in (14) is replaced by f(y) = e~'/¥. Properties 1)-3) can be
proven without difficulty. We focus on proof of Property 4').
We first note that ) (y) = 0% f(y)/0y* = Qr(1/y)e= /¥,
where Qx(1/y) is a polynomial function of 1/y, and k is

any positive integer. We will prove Property 4') by induc-
tion. First of all, we check that f()(0) = 0. It is clear that
limy o (f(y) — £(0))/y — 0) = limy_q-(0/y) = o.
On the other hand, lim,_o+((f(y) — f(0))/y — 0) =
lim, o+ (e~ /%) /y) =limg o0 (1/€¢) = 0 where ¢ = 1/yand
we have used I’Hopital’s rule. Since both left- and right-hand
limits are equal to 0, we have f(1)(0) = 0. Now assume that
f*)(0) = 0. We now compute f*+1)(0). The left-hand limit is
equal to 0 as above. The right hand limit is lim, -+ ((f ) (y) —
FR0)/(y = 0)) = lim, o+ (fF(y) = 0)/(y - 0)) =
li1,ny—>0Jr ({/y)Qk(l/y)e_(l/y): liIny—)[)+ Qk(l/y)6_<1/y) =
limg 00 (Q1(€) /%) = 0 (by I'Hopital’s rule), where ¢ = 1/y
and Q(§) = £Qu(€) is another polynomial of 1/y. Since
both left- and right-hand limits are equal to 0, we have
f*+1)(0) = 0, which completes the proof of Property 4').

APPENDIX B
PROOF OF THEOREM 1

We first prove that no collisions between the robots can
occur, the closed-loop system (49) is forward complete and that
the robots asymptotically approach their target points or some
critical points. We then investigate stability of the closed-loop
system (49) at these points and show that the position and
orientation of the robots asymptotically track their reference
trajectories.

Proof of No Collisions and Complete Forwardness of Closed
Loop System: From (48) and properties of the function 1) [see
(26)], we have @77 < 0, which implies that ¢;7(t) < ¢r1(to),
Vt > to. With definition of the function ¢;r in (44) and its
components in (36), (18), (19), and (20), we have

2

jEN

al 1 1 1 _
DO+ 5 D B + 5ie(t) + 5@ () Miwic(t)

al 1 1
< |lto) +5 D Bislto) + 5 ie(to)

JEN;

s
Il
—

1

+§ (@i — éi(to))T F;l (@i — éi(to)) (50)

for all t > t9 > 0. From the condition specified in item 4)
of Assumption 1, Property 5) of 3;;, and the definition of ¢;.,
wie, the right-hand side of (50) is bounded by a positive con-
stant depending on the initial conditions. The boundedness of
the right-hand side of (50) implies that the left-hand side of (50)
must be also bounded. As a result, 3;;(¢) must be smaller than
some positive constant depending on the initial conditions for
all t > to > 0. From properties of 3;; [see 1], ||¢:;(¢)|| —
(R;+ R;) must be larger than some positive constant depending
on the initial conditions denoted by e3, i.e., there are no colli-
sions for all ¢ > t; > 0. Boundedness of the left-hand side
of (50) also implies that of (¢;(t) — q;a(t)), ¢ie(t), wie(t), and
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(:)Z-(t) for all ¢ > ¢y > 0. This in turn implies by construc-
tion that x;(t), y;(t), ¢i(t), vi(t), and w;(t) do not escape to
infinity in finite time. Therefore, the closed-loop system (49) is
forward-complete.

Equilibrium Points: Since we have already proved that there
are no collisions between any robots, an application of [26, The-
orem 8.4] to (48) yields

N
: 2 T
Jim (kouod(t) ZQi ()W (©2

lim

N
t) + Z ki3 (1)
+wa )(D; +L)wie(t)) =0. (51)

By noting that lim,_., u2,(t) # 0 as specified in item 5) of
Assumption 1, the limit equation (51) implies that
lim Qi (t) = 0,

‘ thm ¢ie(t) = O,tlim wie(t) =0.

By construction, lim;—, €2;(t) = 0 and lim; . ¢se(t) = 0
imply that lim;— o (i (t) — ¢oa(t)) = 0. Moreover, from the
definition of ; in (24), lim;_, o ©;(¢) = 0 means

Jm g (1) — gia(t Zﬂuq” =0. (52
The limit equation (52) implies that g(¢) =
O F O FO can end 0w =

[qld q2d ..... qu] since ﬂ£j|”(1ij”:”(h'jd” =0 (Property 1) of
Bij), or some vector denoted by . = [qf. G2, .- -, qJTVC]T as
the time goes to infinity, i.e., the equilibrium points can be ¢4
or q.. It is noted that some elements of g. can be equal to that
of q4. However, for simplicity, we abuse the notation, i.e., we

still denote that vector as ¢.. Indeed, the vector q. is such that

g —qia+ Y Bt

JEN;

Qilg=q. = =0 Vi=1,...,N.

a=qc (53)
To investigate properties of the equilibrium points, g4 and ¢., we
consider the first equation of the closed-loop system (49), i.e.,

i = —kouZy V(%) + Goa + A1i + Ao (54)

Since we have already proved that the closed-loop system
(49) is forward complete, and lim; . ¢ie(t) = 0 and
lim;—, oo @;e(t) = 0 imply from the expressions of Ay; and
Ay, [see (17)] that lims o0 (A1:(t) + Agi(t)) = 0, we treat
A;(t) = Ay(t) + Ag;i(t) as an input to (54) instead of a state.
Moreover, we have already proved that the trajectory ¢ can
approach either the set of desired equilibrium points denoted
by qq or the set of undesired equilibrium points denoted by
q. “almost globally.” The term “almost globally” refers to the
fact that the agents start from a set that includes both condition
(7) and that does not coincide at any point with the set of the
undesired saddle point ¢.. Therefore, we now need to prove
that g4 is locally asymptotically stable and that q. is locally
unstable. Once this is proved, we can conclude that the trajec-
tory q approaches ¢4 from almost everywhere except for from
the set denoted by the condition (7) and the set denoted by g,
which is unstable.

Properties of Equilibrium Points: The system (54) can be
written in a vector form as

G = —kouZgV (g, qa) + vec(doa) + vec(A;)  (55)

where U,(q,qq) = [\IJT(Q Yo UT(Q), ..., UT (N,

. . T
vec(Goa) = [d%,,. ar qry, ..., and vec(d;) =
[AT ... AT ... AT]". Therefore, near an equilibrium

point ¢,, which can be either g4 or q., we have

G = ~koupqgd¥ (a0, 42)/9alq=q, (a4 @0) + vec(doa) + vec(A;)
(56)

where the (it", j'") element of the matrix OV (q,qd)/aq is
Nij = (09(8)/09;)(09:/0q;), (i,7) € N, whereN is the
set of all agents. A simple calculation shows that

0
B—qi <]- + Z ﬂzg) I + Z ﬁ”quzJ

1€N; JEN;
o
a—(]j = - /6;]] ﬁquqZ] (57)
foralli = 1,...,N,j € N;, j # i, where I,, denotes the

identity matrix of size n. Let N* be the set of the agents such
that, if the agents i and j belong to the set N*, then ||¢;;|| < b;;.
Next, we will show that ¢4 is asymptotically stable and that g,
is unstable.

Proof of qq Being Asymptotic Stable: Using properties of [3;;
and 1 listed in (21) and (26), we have from (57) that for all

1=1,...,N,i # 3
v ()
anL :In7 ﬂz{jdzo
v 9=qd
09;
da =In + Z B;gliqijfiQ?j(i
Ti lg=qq jeN;
09; -
dq; =~ ﬂzl';dqi]'injd (58)
J 1q=qa
- = 1" 1 .. pa—
where 1](1 1] |q i=dijd and L]d ] |q j=‘1i]d, with Qijd =
gid — qj4- We consider the function
Vi=+v1+llg—qal?* - (59)

whose derivative along the solutions of (56) with g, replaced by
qd, using (58), and noting that §,q = ¢;q satisfies
. 1

L+ lg — qall?

N
X <—kou§d Z llgi = giall®
=1

- kouzd Z /Bljd (qzjd(qu qijd))z
(4,5)EN,ij
+ Z — gia)" i)
kouod

mzn% q“l||2+ZHA “ (60)

since (! id > 0 [see Property 1) in (21)]. The last inequality
of (60) implies that gz is asymptotically stable because
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lim;_oouZ,(t) # 0, and we have already proved that
Proof of q. Being Unstable: Again, using properties of (3;;
and 1) in (21) and (26), we have from (57) that

Ov($) _
o9 q9=qc o
0Q;
£ = (14 B | In+ > Bletijetsse
v lg=qc JEN; jEN;
0,
- = - ﬂ;c - ﬁz{/'cqi 'quT'c (61)
94 l4=q. oo
foralli = 1,. N i # j, where gijc = Qic — Qjes /jzfjc -
1']|q —ai; and e = {;I . Since the related collision

av01dance functions 3; [see (20)] are specified in terms of rel-
ative distances between agents and it is extremely difficult to
obtain ¢. explicitly by solving (53), it is very difficult to use
the Lyapunov function candidate V. = 0.5||¢ — ¢.|| to investi-
gate stability of (56) at q.. Therefore, we consider the Lyapunov
function candidate

Ve=V1+[1q— ¢~ (62)
_ T
where § = [¢5,q%5, - q N, a2s, o @y qﬁ_l,N] and
_ T
qc = [qﬂc7qgc7"'7quc7qg3c7"'7quc7"'7q],1\1771,]\fc]

Differentiating both sides of (62) along the solution of (56)
with g, replaced by gq. gives

= k‘oum
Vo= ﬁ Yoo N = aiell?
1 (i) EN\N*
kou d 2
- L+ NBij.) lai — aiel
/ — 12 Z ( 1jc J J
k‘ou d 2
- /BZ c qz c ql] qijc))
1+ ||q—qc|| 2 Pl

(4,5)EN*

+ —/f (9ij — Gije
1 + ”q - qC|I2 (i,5)EN

)T (Ai - 4)
(63)

where ¢ # j and (61) has been used. To investigate stability
properties of ¢, based on (63), we will use (53). Define Q”c =
Qie— Qe V(3,7) € {1,...,N}, 1 # j where Q,. = (, |q “ =
O[see (53)]. Therefore, €2;;. = 0. Hence, Z(i_’j)eN* ‘IUCch =
0, 7 # j, which, by using (53), is expanded to

> (a5elaije — gija) + NBijoahetije) =0

(i-d)EN®
= > (L+NB) dheaize= Y iz (64
(i,7)eN* (1,7)EN*

where i # j. The sum > ; o 4i5.4ija is strictly negative
since, at the point, say F, where ¢;; = ¢4, V(4,7) € N*, i # 7,
all attractive and repulsive forces are equal to zero, while at the
point, say C, where ¢;; = gij. V(i,j) € N*, i # j, the sum of
attractive and repulsive forces are equal to zero (but attractive

and repulsive forces are nonzero). Therefore, the point, say O,
where ¢;; = 0, V(4,7) € N*, i # j, must locate between the
points F' and C for all (¢,5) € N*, i # 7, i.e., there exists a
strictly positive constant b such that 3~ ; o . q;fjcqijd < =b,
which is substituted into (64) to yield

Z (1 + N[))Z]c) qichq’i]'C < _b>

(4,5)EN*

i#j. (65)
Since qichqijc > 0,V(i,7) € N*, 1 # j, there exists a nonempty
set N** C N* such that, for all (i, j) € N**,7 # j, (1+ Nf};.)
is strictly negative, i.e., there exists a strictly positive constant
b** such that (1 + Nf3j;.) < —=b**,V(i,5) € N, i £ j. We
now write (63) as

= . kougd
1+ |7 — ¢|?

<D

(4,7)EN\N*

>

(i.7)EN"\N*>

lgi; — aijell®

(1+ NBije) llaij — aiell?

+N Z ﬁl]c qz]c qij — qz_]c))2

(4,5)EN*

kouzd / 2
> (1+ N8 llaig — gijell

B 7T — 7.112
VI+HT=al? S
+ S (
—— qij — qijc
_ 2
VIt @lP S

where ¢ # j. We now define a subspace such that g;;
V(i,7) € N\N** and qich((Iij —
In this subspace, we have

L+ > i — gigell® —

(i,7)En"
g o Bgene (L N llais —
NEED N
n Z(i,j)eN**((]ij - Qijc)T(Ai - Aj).
NEED

)T (Ai = 4;) (66)

—qije = 0,
gije) = 0,V(i,5) € N*, i # j.

Gijell®

(67)

Using (14 Nf.
(67) as

iie) < =0, V(i,j) € N™, i # j, we can write

Ve= 1+ > llaij — gijell® -
(4,5)EN=**
Ve > b hou2 Ve — > [1A; — A
(i,5)EN**

(63)

Now assume that ¢. is a stable equilibrium point, i.e.,

limyoo |Gi(t) — qicl| = dis Yi € N, where d; is a
nonnegative constant. Noting that N** C N, we have
limt_,oqui(t) — quH = d;, Yoo € N*, which im-

ok
d bl

plies that lim;_.o Z(i,j)eN** qij(t) - Qich =
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V(i,j) € N**, i # j, where d** is a nonnegative con-
stant, since ¢;; = ¢; — ¢; and g;j. Gic — Qjc- We now
consider two cases: ) (; »enes [[4ij(to) — dijell # 0 and
2 jene 14i(to) = dijell = 0.

Case I: 3 hene l@ij(to) — qjell # 0: Since
lims o uZ,(t) # 0 (Assumption 1) and we have already
shown that lims_,.o A;(t) = 0, Vi € N, V. in (68) is
divergent. Therefore, »_(; »enes [l2ij(t) — gijel| cannot
tend to a constant but must be divergent. This contradicts
limy—oo D0 jene 165 (8) = dijell = d™*, i.e., g cannot be a
set of stable equilibrium points but must be a set of an unstable
ones in this case.

Case I: 3 ; nenes [14ij(to) — Gijell = 0: There would
be no contradiction. However, this case is never observed in
practice since the ever-present physical noise would cause
2 jyen-= 14 (t") — dije|l to be different from zero at the
time t* > t9. We now need to show that, once the sum
>, jyene= 14 (t") = qijel| is different from zero, this sum will
not come back zero again for all ¢ > t*, i.e., the set of undesired
equilibrium points g, is not attractive. To do so, consider (68)
with the initial time ¢* instead of ¢g, i.e.,

Vet)= 1+ > laii(t) — qijel® — 1
(1,5)EN**
Ve(t) 2 b koulVe(t) — Y [1A(t) = A5(1)]] (69)

(4,7)EN**

fort > " and 3°; oo 103 (¢7) — qijel| > 6%, where 6™ is
a positive constant. Since lim;_, .. u2,(t) # 0 (Assumption 1)

od

and we have already shown that lim; ., A;(t) = 0,Vi € N, V..
in (69) is divergent for ¢ > ¢*. Therefore, Z(i,j)eN** llgi;(t) —
Gije||, fort > t*, cannot tend to a constant but must be divergent.
This contradicts lim¢ oo 35 ; jene- [14i() = @ijell = d™*, ie.,
g. must also be a set of unstable ones point in this case. The
proof of Theorem 1 is completed. O
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