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Abstract— Nonlinear model predictive control has been
widely adopted to manipulate bilinear systems with dynam-
ics that include products of the inputs and the states. These
systems are ubiquitous in chemical processes, mechanical
systems, and quantum physics, to name a few. Running
a bilinear MPC controller in real time requires solving a
non-convex optimization problem within a limited sampling
time. This paper proposes a novel parallel proximal-point
Lagrangian based bilinear MPC solver via an interlacing
horizon-splitting scheme. The resulting algorithm converts
the non-convex MPC control problem into a set of paral-
lelizable small-scale multi-parametric quadratic programs
(mpQPs) and an equality-constrained linear-quadratic reg-
ulator problem. As a result, the solutions of mpQPs can
be pre-computed offline to enable efficient online computa-
tion. The proposed algorithm is validated on a simulation of
an HVAC system control. It is deployed on a TI LaunchPad
XL F28379D microcontroller to execute speed control on a
field-controlled DC motor, where the MPC updates at 10 ms
and solves the problem in 1.764 ms on average and at most
2.088 ms.

I. INTRODUCTION

Bilinear systems were originally introduced in [1], [2]
to model systems where the dynamics involve products of
the inputs and the states. These dynamics may result from
linearizing a nonlinear input affine system and are most
commonly used to model convection and spinning in chemical
processes and mechanical systems [3], [4]. Additionally, using
the concept of Carleman linearization [5], it has been shown
that bilinear systems can model general nonlinear systems [6].
Meanwhile, with the help of various sophisticated tools such
as Lie algebra [7, Chapter 2] and Volterra series [8], bilinear
control theory has been explored in-depth and has found
various successful applications [9]–[13].

Nonlinear model predictive control (NMPC) is one of the
most successful approaches to control bilinear systems [14]–
[17]. The main idea of NMPC is to achieve the desired
performance by optimizing the input in a receding horizon
scheme while enforcing state and input constraints [18]. This
requires the solution of a nonlinear optimal control problem
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(OCP) online within a limited update time. Therefore, an
efficient solver is critical to running NMPC in real time1.

Among various real-time NMPC methods, designing and
executing an online solver that can run in parallel via dis-
tributed algorithms has been a trend over the past decade [19].
Compared to centralized solution approaches, parallelizable
methods split the problem into multiple smaller problems
such that the computational resources can be utilized more
efficiently by exploiting the structure of the OCP being solved.
A classical approach used in distributed optimization is based
on dual decomposition, where, for example, a gradient-based
method [20], [21] or a semi-smooth Newton method [22] have
been used to solve the concave dual problem. Another famous
approach is the Alternating Direction Method of Multipliers,
which parallelizes the computation by introducing auxiliary
variables [19], [23]. These two methods lack convergence
guarantees for nonconvex problems and hence are only for-
mally applicable to linear systems. In [24], an augmented
Lagrangian based distributed optimization algorithm is pro-
posed, which has been applied to parallelize the computation
of MPC problems in [25], [26]. However, despite being
parallelized, these algorithms require a solution to multiple
non-convex optimization problems in each iteration, which are
still numerically intense.

Decomposing an NMPC problem into a set of small-scale
problems mainly leverages the linear equality constraints that
appear in NMPC problems, which can reflect the topology
of a network system or that naturally emerge in the tempo-
ral direction via the introduction of auxiliary variables. The
latter approach is the horizon splitting method [27], [28], or
sometimes termed Schwarz decomposition [29]. It splits the
predictive trajectories into short sequential sequences, where
linear couplings naturally enforce the equality between the
initial and terminal states of two adjacent short sequences,
hence the name. Within the scope of horizon splitting, tools
beyond distributed algorithms have been leveraged to improve
efficiency further. The banded structure of the KKT system
is the most investigated object in this setup. A binary-tree-
structured algorithm summarizes In [30], a general parallel
solver, and in [28], an approximation scheme is introduced to
develop a parallel Ricatti solver. However, these algorithms
still handle the nonconvex problem directly and, as such, are
still numerically challenging.

1In this work, real-time means that the MPC solver should return the
solution fast enough to enable a desirable operation of the targeted system.
Based on our experience, for a mechatronic/mechanical system, the MPC
solver should be at least five times faster than the sampling frequency.
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Another category of methods widely used in real-time
NMPC leverages the super-linear local convergence property
of Newton-type methods to accelerate online convergence,
given a good initialization of the decision variables. This
category of methods roughly defines the “warm-start” strategy,
whose initialization usually derives from the solution informa-
tion gathered from the preceding time step. A basic approach
directly shifts the solution from the last iteration [31], and then
a Newton iteration ensures efficient local convergence. Under
the umbrella of sequential quadratic programming (SQP), the
sensitivity information of the local solution is further used to
initialize the KKT system, where an initial guess of active
constraints is the most challenging object. In [32], the piece-
wise affine property of linear model predictive control (MPC)
is used to estimate the change of the active constraint. This
idea is generalized in [33] under the name of real-time iteration
(RTI), where a sensitivity analysis of the local solution is used
to give a piece-wise affine update of the control law.

Instead of solving the NMPC directly online, explicit MPC
shifts the online computational burden offline. It treats the
MPC control law as a nonlinear mapping from the initial state
to control input, and this control law is precomputed offline
to enable efficient online calls. In a linear MPC setup, the
optimal control law is locally affine [34], [35], and this piece-
wise affine parametric solution is first used to pre-compute
the MPC control law offline in [35]. However, this algebraic
property only holds for linear systems, and its application to
nonlinear MPC is limited without approximation [36].

This work proposes a new proximal-point Lagrangian based
algorithm, which combines the ideas of horizon splitting,
explicit MPC, and real-time SQP. In contrast to a stan-
dard horizon-splitting approach, a novel interlacing horizon-
splitting scheme is introduced. The advantages of the proposed
controller are summarized as follows:

1) The proposed algorithm runs computationally efficient
iterations, which only require an evaluation of a multi-
parametric QP (mpQP) solution and to solve a sparse
linear equation system.

2) The detection of the active set is shifted to the mpQP
solution, whose problem size is independent of the
prediction horizon.

3) A novel interlacing horizon splitting scheme is intro-
duced. The resulting problem has the same number
of decision variables as the original NMPC problem
without introducing auxiliary variables.

4) The proposed algorithm will not abort even when an
infeasible initial state is given. It will output a solution
that at least satisfies the input constraint.

After introducing notation and background knowledge in
the rest of this Section I, the bilinear MPC control problem
is presented in Section II, after which the parallelizable
non-convex solver is proposed in Section III. In particular,
Section III-A introduces a novel interlacing horizon splitting
scheme, based on which the solver is detailed in Section III-
B. Convergence properties of the proposed solver are studied
in Section III-C. After introducing the proposed algorithm, a
dual space interpretation of the proposed algorithm is given in

Section III-D, after which a comparison with related results
follows in Section III-E. The numerical details of the proposed
algorithm are investigated in Section IV. The efficacy of the
proposed algorithm is studied in Section V, where the efficient
real-time MPC solver acados and the nonconvex parallel
primal-dual solver augmented Lagrangian based alternating
direction inexact Newton (ALADIN) method are used as a
benchmark. Meanwhile, the proposed algorithm is deployed
on a Texas Instruments C2000 Delfino LaunchPad XL F28379
microcontroller to control a field-controlled DC motor.

A. Notation

We use the symbols Sn+ and Sn++ to denote the set of
symmetric, positive semi-definite, and symmetric, positive
definite matrices in Rn×n. For a given matrix Σ ∈ Sn++

the notation ∥x∥Σ =
√
x⊤Σx is used, and ∥x∥ denotes the

Euclidean norm. Moreover, a function c : Rn → R ∪ {∞} is
called strongly convex with matrix parameter Σ ∈ Sn+, if the
inequality

c(tx+ (1− t)y) ≤ tc(x) + (1− t)c(y)− 1

2
t(1− t) ∥x− y∥2Σ

is satisfied for all x, y ∈ Rn and all t ∈ [0, 1]. Notice that all
convex functions in this paper are assumed to be closed and
proper [37]. For a vector x ∈ Rn, we denote by [x]i its i-th
element. Set Zj

i denotes the range of integers from i to j with
i ≤ j. The Kronecker product of two matrices A ∈ Rk×l and
B ∈ Rm×n is:

Rkm×ln ∋ A⊗B :=

a1,1B a1,2B · · · a1,lB
...

...
. . .

...
ak,1B ak,2B · · · ak,lB

 .

vec(A) denotes the vector that is obtained by stacking all
columns of A into one long vector. The reverse operation is
denoted by mat(·), such that mat(vec(A)) = A. The identity
matrix in Rn×n is denoted by In and the zero matrix in Rm×n

is denoted by 0m×n. Notation diag(H1, . . . ,Hn) constructs a
block-diagonal matrix whose i-th diagonal block is Hi. For a
given function f : Rn → R, we use the Landau notation

f(x) = O(∥x∥) , if ∃ c ∈ R , lim
x→0

f(x)

∥x∥
= c .

B. Preliminaries

We first recap some existing results from the field of multi-
parametric quadratic programming (mpQP) used later in this
paper. A generic convex mpQP can be written in the form of

min
x

1

2
x⊤Qx+ θ⊤Sx (1a)

s.t. Ax ≤ b+ Cθ , (1b)

with decision variables x ∈ Rnx and parameters θ ∈ Rnp .
Here, matrices Q ∈ Snx

+ , S ∈ Rnp×nx , A ∈ Rm×nx ,
C ∈ Rm×np and vector b ∈ Rm are given data. Moreover,
we denote by Ω the set of all parameters θ for which (1)
is feasible. For a mpQP (1) with a strongly convex value
function, it has been shown (see, e.g., [38]) that Ω is a
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polyhedron while the solution map x⋆(θ) : Rnp → Rnx is a
continuous piecewise affine (PWA) function of the parameters.
Each affine piece is called a critical region [39, Chapter 7.1.2].
Meanwhile, the Lipschitz-continuity holds at x⋆(·), i.e., there
exists a positive constant η > 0 such that for any θ1, θ2 ∈ Ω,
we have

∥x⋆(θ1)− x⋆(θ2)∥ ≤ η ∥θ1 − θ2∥ . (2)

We now recall some definitions from the field of nonlinear
programming (NLP). Let us consider NLPs in a generic form

min
x

f(x) subject to

{
g(x) = 0 | λ,
h(x) ≤ 0 | κ.

(3)

Throughout the rest of this paper, we write Lagrangian mul-
tipliers right after the constraints such that λ ∈ Rng and
Rnh ∋ κ ≥ 0 denote, respectively, the Lagrangian multipliers
of the equality constraints and inequality constraints. Functions
f : Rnx → R, g : Rnx → Rng and h : Rnx → Rnh

are assumed twice continuously differentiable. A primal-dual
solution (x∗, λ∗, κ∗) is called a Karush–Kuhn–Tucker (KKT)
point of (3) if the following conditions are satisfied [40,
Chapter 12.3]

∇f(x∗) +∇g(x∗)λ∗ +∇h(x∗)κ∗ = 0, (4a)
g(x∗) = 0, h(x∗) ≤ 0, (4b)

∀ i ∈ 1, ..., nh, [κ∗]i · [h(x∗)]i = 0, [κ∗]i ≥ 0, (4c)

where [κ∗]i and [h(x∗)]i define the i-th element of κ∗ and
h(x∗), respectively. For a given feasible x, we denote by
A(x) the active set at x, i.e., the index set that includes the
equality constraints and the inequality constraints that holds
equality at x. When the set of active constraint gradients (i.e.,[
∇g(x),∇hi∈A(x)(x)

]
) is linearly independent at point x, the

linear constraint qualification (LICQ) holds [40, Chapter 12.2].
Furthermore, we say the second-order sufficient condition
(SOSC) holds at point x if its hessian ∇2h(x) is positive
definite semidefinite on the null space spanned by active con-
straint gradients [41]. Finally, we say the strict complementary
condition (SCC) holds if a dual variable equals zero only when
the corresponding constraint is inactive [40, Definition 12.5].
Then, we state the definition of regular KKT point for NLP (3).

Definition 1 [41] A given KKT point (x∗, λ∗, κ∗) is called
a regular KKT point if the LICQ, SOSC, and the SCC hold.

For a given KKT point (x∗, λ∗, κ∗), if it is regular, then
there exists an open neighborhood B(x∗) around x∗ such that
the active set is fixed for any x ∈ B(x∗), (i.e., A(x) =
A(x∗)) [41]). Regularity at KKT points guarantees the local
convergence property when a Newton-type method is applied
to solve (3) [40].

When the inequality constraint h(x) ≤ 0 defines a convex
set, the first-order optimality condition (4) can be further
simplified for the sake of compactness:

0 ∈ ∇f(x∗) +∇g(x∗)λ∗ +NX (x∗),

with the convex set X := {x ∈ Rnx |h(x) ≤ 0} and
NX (x∗) :=

{
y
∣∣(y − x∗)⊤(x− x∗) ≤ 0, ∀ x ∈ X

}
denotes

the normal cone of convex set X at x∗.

In contrast to the standard Hestenes-Powell augmented
Lagrangian method [42], [43], a variant of an augmented
Lagrangian method, termed proximal-point Lagrangian [44],
is used in this work. Given an equality constraint optimization
problem

min
x

f(x) s.t. g(x) = 0 ,

its linearized proximal-point Lagrangian around x is defined
by

Lρ(x, λ, x) := f(x) + (∇g(x)λ)⊤x+
ρ

2
∥x− x∥2 . (5)

Note that when ρ = 0, it recovers the linearized Lagrangian.
For the sake of completeness, the Hestenes-Powell augmented
Lagrangian is defined by f(x) + λ⊤g(x) + ρ

2∥g(x)∥
2.

II. PROBLEM FORMULATION

This paper considers discrete-time, time-invariant bilinear
dynamic systems:

xk+1 =Axk +Buk +

nu∑
i=1

Cixk[uk]i +Bwwk (6)

with state xk ∈ Rnx , control inputs uk ∈ Rnu and disturbance
wk at time instant k. For the sake of simplicity, we group
the bilinear coefficient matrices C = [C⊤

1 , ..., C⊤
nu

]⊤ ∈
Rnx·nu×nx and assume that the states and control inputs are
subject to the polyhedral constraints

xk ∈ X := {x ∈ Rnx |Pxx ≤ px} ,

and uk ∈ U := {u ∈ Rnu |Puu ≤ pu} .

The dynamics (6) also includes the case without process
noise. For the case with process noise, to make the problem
tractable, we consider solving a certainty equivalent prob-
lem, where the prediction of the nominal process noise wk

is available. This assumption holds in many energy-related
applications: solar radiation in photovoltaic power systems,
the outdoor climate in building control, and power generation
in airborne wind energy systems, to name a few. An MPC
controller can be designed by recursively solving the following
optimal control problem in a receding horizon fashion,

min
x0,x,u

N−1∑
k=0

ℓk(xk, uk) + ℓN (xN ) (7a)

subject to:

x0 = x(t), (7b)
∀ k ∈ {0, 1, ..., N − 1},

xk+1 = Axk +Buk +

nu∑
i=1

Cixk[uk]i +Bwwk | λk, (7c)

xk+1 ∈ X , uk ∈ U | κk, (7d)

with x = [x⊤
1 , ..., x

⊤
N ]⊤, u = [u⊤

0 , ..., u
⊤
N−1]

⊤ and prediction
horizon N ∈ Z>0. For the sake of consistency, variables
indexed by bracketed time, such as x(t), denote the actual
measurements read out from sensors. Meanwhile, variables
indexed by a subscript, such as xk, denote the predictive
“virtual” variables used in the MPC problem. In problem (7),
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the stage cost ℓk(·, ·), k ∈ ZN−1
0 and terminal cost ℓN (·) are

quadratic and strongly convex, i.e.,

ℓk(x, u) =
1

2
x⊤Qkx+ q⊤k x+

1

2
u⊤Rku+ r⊤k u,

ℓN (x) =
1

2
x⊤QNx+ q⊤Nx

with user-defined parameters Q,QN ∈ Snx
++, R ∈ Snu

++ qk ∈
Rnx , rk ∈ Rnu . Notice that although its objective is strongly
convex, solving the nonconvex Problem (7) is challenging due
to the bilinear dynamics (7c).

III. ALGORITHM DEVELOPMENT

In this work, we propose an algorithm to solve the bi-
linear MPC problem (7) efficiently. Before delving into the
algorithmic details, we would first state the logic behind the
design of the proposed algorithm. As reviewed in Section I,
real-time MPC mainly applies an SQP solver with warm-start
strategies or uses explicit MPC. When a good initialization is
not available, detecting active inequality constraints becomes
the major performance bottleneck for the SQP algorithm.
This requires the design of sophisticated, active set detection
strategies or the use of merit functions (see e.g. [40, Chapter
18.2] [45, Chapter 2.3] [46, Chapter 2.3]). In the worst case,
a poor estimate of the active set will lead to an infeasible QP
subproblem, which ultimately aborts the progress of the SQP
algorithm. On the contrary, the information of the active set
is implicitly saved as critical regions in the explicit solution
of explicit MPC. However, its application is limited to linear
systems (Section I).

This work aims at bringing the benefits of explicit MPC
to the SQP method in the application of bilinear MPC. In
particular, instead of using an explicit MPC, the explicit
solution will play the role of an active set detector in this
work. In the rest of this section, we will first introduce a
novel interlacing horizon splitting scheme, after which the
parallelizable parametric nonconvex solver is elaborated. The
convergence properties of the proposed solver are studied in
Section III-C. An interpretation of the proposed scheme in the
dual space is given in Section III-D, followed by a comparison
with related works in Section III-E.

A. Interlacing horizon splitting reformulation

u0 u1 . . . uN−1

x0 x1 x2 . . . xN

Fig. 1: Visualization of the interlacing horizon splitting.

This section presents the interlacing horizon splitting
scheme used later to develop a parallelizable parametric solver
to deal with (7). As depicted in Fig. 1, its main idea is to bind
the k-th input uk with state xk+1. To this end, we introduce the

shorthand ξ0 = x0 and ξk = [u⊤
k−1, x

⊤
k ]

⊤ for all k ∈ ZN
1 with

associated constraint sets Ξ0 = {ξ ∈ Rnx : ξ0 = x0 =x(t)}
and

Ξk ={ξ ∈ Rnu+nx : ξ ∈ U × X}, k ∈ ZN
1

={ξ ∈ Rnu+nx : Pξξ ≤ pξ}
(8)

with Pξ = diag(Pu, Px) and pξ = [p⊤u , p
⊤
x ]

⊤. Moreover, we
denote the decoupled objective by

F0(ξ0) =
1

2
ξ⊤0 Q0ξ0 + q⊤0 ξ0,

Fk(ξk) =
1

2
∥ξk∥2diag(Rk−1,Qk)

+ [r⊤k−1, q
⊤
k ]

⊤ξk, k ∈ ZN
1

and summarize the bilinear dynamics (6) by

Dkξk + Ekξk+1 + (Sk+1ξk+1 ⊗ Inx)
⊤Gkξk = dk

with coefficients dk = −Bwwk, k ∈ ZN−1
0 ,

D0 = A, Dk = [0nx×nu
, A], k ∈ ZN−1

1

Ek = [B,−Inx ], Sk = [Inu , 0nu×nx ], k ∈ ZN−1
0

and G0 = C, Gk =
[
[0nx×nu

, C1]
⊤, ..., [0nx×nu

, Cnu
]⊤
]⊤

for all k ∈ ZN−1
1 . Accordingly, Problem (7) can be rewritten

as

min
ξ

N∑
k=0

Fk(ξk) (9a)

s.t. (Sk+1ξk+1 ⊗ Inx
)⊤Gkξk

+Dkξk + Ekξk+1 = dk | λk, k ∈ ZN−1
0 (9b)

ξk ∈ Ξk, | κk, k ∈ ZN
0 . (9c)

B. Proximal-point Lagrangian Based Parallelizable
Solver

Based on the interlacing splitting, the linearized proximal-
point Lagrangian (5) is used to design the algorithm. On
the one hand, it gives zero local duality gap even under the
nonlinear/non-convex dynamics [47, Chapter 11.K]. On the
other hand, it enables a convex QP, accordingly an mpQP,
formulation of parallelizable local problems. In particular, for
a given primal trajectory ξ (i.e inputs and states) and a dual
trajectory {λk}N−1

0 , the linearized proximal-point Lagrangian
of (9) w.r.t the equality constraint (9b) is given by

Lρ(ξ, λ, ξ) = Lρ
0(ξ0, λ0, ξ0, ξ1) + Lρ

N (ξN , λN−1, ξN−1, ξN )

+

N−1∑
k=1

Lρ
k(ξk, λk−1, λk, ξk−1, ξk, ξk+1) (10)

with

Lρ
0(ξ0, λ0, ξ0, ξ1) := F0(ξ0) (11a)

+ λ⊤
0

[
D0 + (S1ξ1 ⊗ Inx

)⊤G0

]
ξ0 +

ρ

2

∥∥ξ0 − ξ0
∥∥2 ,

Lρ
k(ξk, λk−1, λk, ξk−1, ξk, ξk+1) := (11b)

Fk(ξk) + λ⊤
k−1

(
Ek−1 +mat(Gk−1ξk−1) · Sk

)
ξk

+ λ⊤
k

[
Dk + (Sk+1ξk+1 ⊗ Inx

)⊤Gk

]
ξk +

ρ

2

∥∥ξk − ξk
∥∥2 ,
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Lρ
N (ξk, λN−1, ξN−1, ξN ) := FN (ξk) +

ρ

2

∥∥ξN − ξN
∥∥2

+ λ⊤
N−1

(
EN−1 +mat(GN−1ξN−1) · SN

)
ξN (11c)

with ρ > 0 and λ := [λ⊤
0 , λ

⊤
1 , . . . , λ

⊤
N−1]

⊤. From the
proximal-point Lagrangian (10), the benefits of the interlacing
horizon splitting become clear. Firstly, the problem is decom-
posed into N + 1 independent subproblems in ξ. Secondly,
each subproblem is a convex mpQP. Furthermore, the use of
the proximal-point Lagrangian allows a simplification of Lρ

k(·)
to a modified proximal form (Section. IV-A) [48].

If the primal-dual solution (ξ∗, λ∗) of (9) is a regular KKT
point, we have solving (9) equivalent to solving

max
λ

(
−

N−1∑
k=0

λ⊤
k dk +min

ξ
Lρ(ξ, λ, ξ = ξ∗)

)
subject to ξ ∈ Ξ = Ξ0 × ...× ΞN .

(12)

As Lρ is decoupled in ξ, our main idea to develop a paralleliz-
able algorithm solving (9) is to design a primal-dual algorithm
to solve the dual problem (12) with an iterative update in ξ.

Algorithm 1 outlines the main steps of the proposed al-
gorithm for solving (9). Step 1) deals with decoupled prob-
lem (13) in parallel, which has explicit solutions as convex
mpQPs. Particularly, their solution maps are piece-wise affine
functions and can be pre-computed offline (See Section IV-
A). Based on the local solutions ξ, Step 2) evaluates the
sensitivities, including the Hessian approximation of the La-
grangian L0, the gradients of the decoupled objective Fk and
the bilinear dynamics residual ck. The active Jacobian P̂ k

ξ

are constructed based on the active set at local solutions ξk.
The terminal condition is given in Step 3). It is clear that if
these termination conditions hold, we have the iterate (ξ, λ)
satisfying the first-order optimality condition

O(ϵ) ∈ ∇ξL0(ξ, λ, ξ) +NΞ(ξ)

with Ξ = Ξ0 × Ξ1 × · · · × ΞN and the primal feasibility
condition∥∥Dkξk + Ekξk+1 + (Sk+1ξk+1 ⊗ Inx

)⊤Gkξk
∥∥ = O(ϵ)

for all k ∈ ZN−1
0 up to a small error of order O(ϵ). Step 4)

deals with a structured equality-constrained QP (15). To over-
come the potential infeasibility caused by the linearization
of nonlinear dynamic (6) in constraint (15c), we introduce a
decoupled slackness sk for each active constraint (15d). This
makes QP (15) always feasible regardless of the feasibility
of the original problem (9). Note that step 4) is similar to
an SQP step, while the mpQP solutions directly generate its
active sets. On top of this, the mpQPs in step 1) are also
always feasible. Therefore, if one applies Algorithm 1 as an
online solver for MPC, the resulting MPC controller is always
feasible, i.e., the iteration of Algorithm 1 will never fail before
termination, and it is independent of the initial condition
x(t). This property is desirable in real-world applications
because handling infeasibility requires careful design/tuning of
a relaxed problem. Furthermore, even for a feasible problem,
the standard SQP algorithm may abort due to an incorrect
estimate of the active sets. More specifically, if the estimated
active set leads to an infeasible QP, the iterations of the SQP

Algorithm 1 Proximal-point Lagrangian Based Online Solver
for Bilinear MPC
Input: an initial guess of (ξ, λ), a stop tolerance ϵ > 0, a
proximal weight ρ and a slack penalty µ
Repeat:

1) Solve decoupled mpQP problems sequentially or in
parallel,

min
ξ0∈Ξ0

Lρ
0(ξ0, λ0, x(t), ξ1), (13a)

min
ξk∈Ξk

Lρ
k(ξk, λk−1, λk, ξk−1, ξk, ξk+1), k ∈ ZN−1

1 , (13b)

min
ξN∈ΞN

Lρ
N (ξN , λN−1, ξN−1, ξN ). (13c)

In all the following steps, ξk, k ∈ ZN
0 denote optimal

solutions of the above QPs.
2) Evaluate sensitivities

H ≈ ∇ξξL0(ξ, λ, ξ), (14a)

gk = ∇Fk(ξk)−∇Lρ
k(ξ, λ, ξ) , k ∈ ZN

0 , (14b)
ck = Dkξk + Ekξk+1

+ (Sk+1ξk+1 ⊗ Inx)
⊤Gkξk − dk, (14c)

and the active Jacobian P̂ k
ξ at local solution ξk. Here,

we use simplified notation Lρ
k(ξ, λ, ξ), k ∈ ZN

0 . for (11).
3) Terminate if maxk ∥ck∥ ≤ ϵ and maxk ρ∥ξk − ξk∥ ≤ ϵ

hold.
4) Solve equality-constrained QP

min
∆ξ,s

1

2
∆ξ⊤H∆ξ +

N∑
k=1

{
g⊤k ∆ξk + µ∥sk∥2

}
(15a)

s.t. ∆ξ0 = 0 (15b)

Ek∆ξk+1 + (Sk+1ξk+1 ⊗ Inx)
⊤Gk∆ξk

+mat(Gkξk) · Sk+1∆ξk+1

+ ck +Dk∆ξk = 0 | λQP
k , k ∈ ZN−1

0 (15c)

P̂ k
ξ ∆ξk = sk, k ∈ ZN

1 . (15d)

5) Update ξ
+
= ξ +∆ξ and λ+ = λQP.

algorithm will stop. In summary, the interlacing horizon split-
ting scheme enables the mpQPs formulation. The proposed
algorithm thereby iteratively calls the mpQP solutions, and the
inputs to the mpQPs are iteratively updated in the SQP-style
step 4).

Remark 1 As discussed above, the proposed solver is always
feasible even when the initial state makes the NMPC problem
infeasible. This property is also observed in the compositions
of the projection operator [49], [50], whose convergence to
a point pair that are closest to all the sets is proved. However,
in a nonconvex setup, the property of the convergent results is
unclear and remains open for future research.

Remark 2 In Section II, we discussed that the proposed al-
gorithm only considers process noise in a certainty equivalent
form, assuming that the nominal process noise is available.
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However, the proposed algorithm is not able to provide an
efficient solution to the robust NMPC problem, which is a chal-
lenging nonconvex problem that requires further investigation
in the future. However, it is worth noting that the proposed
algorithm still has practical benefits even in the current setup.
For instance, in building control, even if weather forecasts are
available, the actual weather may not align with the nominal
forecast, causing the states of the building to evolve into an
initial state that renders the NMPC infeasible. The property
that the proposed algorithm remains feasible at all times
ensures that the building’s operations continue uninterrupted.

C. Local Convergence Property
This section shows that the proposed Algorithm 1 asymp-

totically converges to the local optimal solution of (7) at a
quadratic rate. The logic behind the constructive proof follows
two facts: local mpQPs (13) have a Lipschitz-continuous solu-
tion map, and the coupled QP (15) is equivalent to a Newton-
type method. To this end, we introduce the following lemma
first to establish the quadratic contraction of the solution
of (15).

Lemma 1 Let the KKT point (ξ∗, λ∗) of Problem (9) be regu-
lar such that the solution ξ∗ is a local minimizer. Moreover, let
Algorithm 1 be initialized locally 2, whose Hessian evaluation
H and parameter µ in (15) satisfy

H = ∇ξξL0(ξ, λ, ξ) +O(∥ξ − ξ∥) and
1

µ
≤ O(∥ξ − ξ∥),

(16)
respectively for every iterate (ξ, ξ). Then, there exists α > 0,
the solution to (15) locally satisfies,∥∥∥ξ+ − ξ∗

∥∥∥ ≤ α ∥ξ − ξ∗∥2 ,
∥∥λ+ − λ∗∥∥ ≤ α∥ξ − ξ∗∥2. (17)

Proof: Based on the definition 1 of regular KKT point,
we have that the active sets are not changed locally [51]. Then,
the standard analysis of Newton’s method gives∥∥∥∥[ξ+ − ξ∗

λ+ − λ∗

]∥∥∥∥ ≤
∥∥H −∇ξξL0(ξ, λ, ξ)

∥∥ ·O (∥ξ − ξ∗∥)

+O
(
∥ξ − ξ∗∥2

) (16)
≤ O

(
∥ξ − ξ∗∥2

)
as discussed in [40, Chapter 3.3], which concludes the proof.

Intuitively speaking, this lemma states that if the iterates
given by (13) are close to the optimal solution to (7), then the
distance between iterate given by (15) and the optimal solution
contract quadratically. The following theorem intends to show
that this quadratic contraction holds even when we consider
the iterates given by (13). Based on condition (16), we have
that there exists a constant α > 0 such that the local quadratic
contraction (17) holds. Then, we define by ξ+ the solution

2The term ”local” in the statement throughout this paper means that the
initial guess of primal-dual iterates is located within a small neighborhood
around the local solution (ξ∗, λ∗). Hence, the condition (16) is required to
be satisfied locally. It is worth mentioning that the assumption of locality is
standard and widely used in the local convergence analysis of Newton’s type
methods [40].

of (13) based on the updated primal-dual iterate (ξ
+
, λ+) such

that we can summarize the local convergence result as follows.

Theorem 1 Let all assumptions in Lemma 1 be satisfied.
The iterates ξ of Algorithm 1 locally converges to the local
minimizer ξ∗ of Problem (9) with quadratic rate.

Proof: As discussed in Section I-B, we have the local
solution map ξ⋆(ξ, λ) of convex mpQPs (13) are Lipschitz
continuous such that we have∥∥∥ξ⋆(ξ+, λ+)− ξ⋆(ξ∗, λ∗)

∥∥∥ =
∥∥ξ+ − ξ∗

∥∥ ≤ η

∥∥∥∥[ξ+ − ξ∗

λ+ − λ∗

]∥∥∥∥
with a constant η > 0. Here, we use the fact ξ∗ = ξ⋆(ξ∗, λ∗),
i.e., if we initialize Algorithm 1 with the optimal solution
(ξ∗, λ∗), the solution of convex mpQPs (13) is equal to the
local minimizer ξ∗. Moreover, iterate ξ+ is the solution of (13)
if one starts the Algorithm 1 with (ξ

+
, λ+) as the initial guess.

Substituting (17) into the inequality above yields∥∥ξ+ − ξ∗
∥∥ ≤ α · η ∥ξ − ξ∗∥2 ,

which is sufficient to establish the local quadratic convergence
of iterates ξ to the local minimizer ξ∗ [40, Chapter 3.3].

It is worth mentioning that the same order of local conver-
gence speed holds in a wide range of second-order algorithms,
such as the SQP algorithm [40, Chapter 18.7] and the aug-
mented Lagrangian based alternating direction inexact Newton
(ALADIN) method [24]. The theoretical importance of Theo-
rem 1 shows that such convergence rate is still preserved even
when another layer of mpQPs is added (i.e., step 1) in Algo-
rithm 1). Therefore, regarding the motivation discussed at the
beginning of this Section III, the proposed algorithm not only
achieves efficient convergence as the Newton-type algorithm
but also achieves an efficient active set detection mechanism
via the concept of explicit MPC (i.e., mpQPs). Hence, in
comparison with the standard SQP, the detection of active
sets via mpQPs makes the proposed algorithm advantageous.
Additionally, such a benefit does not significantly increase the
iteration cost, which retains a low absolute computational time
in practice. This is not the case in other SQP-style extensions,
such as the ALADIN method, and we postpone the detailed
comparison with ALADIN to Section III-E.

D. Dual Interpretation

In this part, we would show a different but more intuitive
view of the proposed algorithm. The expansion of the first-
order information gk used in (15) gives

gk = (diag(Rk−1, Qk) + ρInx+nu) ξk + [r⊤k−1; q
⊤
k ]

⊤ + P k
ξ κk.

Moreover, recall that Pξ is the parameter of the inequality con-
straints (8), and κk are the corresponding dual variables (9c),
which are generated by the mpQPs solutions directly. By
inspecting the objective function in (15), the quadratic penalty
term µ∥sk∥2 and gk together recover an augmented La-
grangian defined at ξ, where the active inequality constraints
are dualized. This observation leads to a dual interpretation of
the proposed algorithm. In the local problems (13) (i.e., step
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1) in Algorithm 1), the system dynamics are dualized with
fixed dual variables (i.e., {λk}) based on the proximal-point
Lagrangian. The dual variables to the inequality constraints
(i.e., {κk}) are thereby updated. Accordingly, the coupled
QP problem (15) (i.e., step 4) in Algorithm 1) updates the
dynamics dual with the dual variables to the inequality con-
straints fixed. Hence, the proposed algorithm can be viewed
as an alternating direction method in the dual space. Via the
scope of this dual interpretation, the coupled QP (15) is not
a relaxed problem, as the augmented Lagrangian is an exact
penalty function [40, Chapter 17]. More specifically, due to
the local convergence of the dual variables by Theorem 1, the
augmented Lagrangian converges to an exact penalty.

With this dual interpretation at hand, we are ready to
elaborate on the reasoning behind the use of proximal-point
Lagrangian. Firstly, the dual variables model first-order local
properties [52], and an aggressive update should therefore
be avoided due to such locality. The proximal term (i.e.,
ρ
2∥ξk − ξk∥2 in the local steps (13)) realize this goal. This is
important, especially when a good estimate of dual variables
is not yet available. Secondly, as dual variables encompass
first-order information, linearization is therefore needed. More
specifically, the dual to the dynamics is updated to ξ in the
coupled QP step. Hence the proximal-point Lagrangian is
linearized around ξ in (13). It is worth noting that the design
logic similar to the aforementioned one also appears in other
nonconvex primal alternating direction methods, such as [53].
To the best of our knowledge, the proposed algorithm is the
first algorithm to bring this idea to the dual space.

Remark 3 The penalty parameters ρ in (13) and µ in (15)
play a crucial role in determining the performance of the
algorithm. A larger penalty typically leads to better conver-
gence performance [52], but also results in more iterations
and longer computational times. Although the convergence
aspect of penalty weight has been extensively studied in
the literature [52], [54], it remains unclear how to select
a penalty that balances convergence performance and the
absolute solution time. We leave this for future investigation.

E. Comparison with Related Work
In this part, we will compare the proposed scheme

with other related results, particularly the augmented La-
grangian based alternating direction inexact Newton (AL-
ADIN) method. The ALADIN method is also an extension
of the SQP algorithm, but it can only handle linear coupling.
Hence, auxiliary variables that duplicate the states are in-
troduced to handle the bilinear dynamics. More specifically,
ALADIN reformulates the bilinear MPC problem (7) to the
following equivalent problem:

min
x0,x,u

N−1∑
k=0

ℓk(xk, uk) + ℓN (xN )

subject to:

x0 = x(t),

∀ k ∈ {0, 1, ..., N − 1},

zk+1 = Axk +Buk +

nu∑
i=1

Cixk[uk]i +Bwwk

xk+1 = zk+1 | λ̃k, (18a)
zk+1 ∈ X , xk ∈ X , uk ∈ U

where auxilary variables zk duplicate the states xk, and a linear
coupling constraint is thereby introduced in (18a). This is the
standard horizon splitting scheme used in other nonlinear MPC
algorithms [26]–[29], where inputs and states of the same
time step are grouped. This leads to the first advantage of
this paper’s proposed splitting scheme: no auxiliary variables
are introduced, so the problem size remains unchanged. This
benefit also leads to a limitation of the proposed algorithm:
the proposed splitting scheme requires that the stage cost and
the constraints are decoupled between states and inputs. How
to overcome this limitation is left for future research.

In the ALADIN algorithm, following N nonconvex sub-
problems {Pk}N−1

k=0 can be solved in parallel:

∀k ∈ {0, 1, . . . , N − 2}

Pk := min
xk,uk
zk+1

ℓk(xk, uk) +

[
λ̃k−1

−λ̃k

]⊤ [
xk

zk+1

]

+
ρ

2

∥∥∥∥[ xk

zk+1

]
−
[

xk

zk+1

]∥∥∥∥2
subject to:

zk+1 = Axk +Buk +

nu∑
i=1

Cixk[uk]i +Bwwk

zk+1 ∈ X , xk ∈ X , uk ∈ U

PN−1 := min
xN−1,uN−1

zN

ℓk(xN−1, uN−1) + ℓ(zN ) + λ̃⊤
N−1xN−1

+
ρ

2
∥xk − xk∥2

subject to:

zN = AxN−1 +BuN−1 +

nu∑
i=1

Cixk[uk]N−1 +BwwN−1

zN ∈ X , xN−1 ∈ X , uN−1 ∈ U

After the parallel iteration, the ALADIN algorithm applies
a relaxed SQP-style step to the reformulated problem (18)
in order to update the coupling dual variables {λ̃k}. The
differences between the ALADIN and the proposed scheme
now become clear:

• The proposed scheme only needs to solve a convex QP,
whose solutions can be precomputed offline via mpQPs.
Instead, the ALADIN algorithm has to solve a nonconvex
problem online. Even though these nonconvex subprob-
lems can be computed in parallel, the resulting compu-
tational cost per iteration is still significantly higher than
the proposed scheme.

• The proposed scheme directly handles the nonlinear
coupling (i.e., the bilinear dynamics) and therefore does
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not need to introduce auxiliary variables to duplicate the
states. As a result, the SQP step used in the proposed
scheme solves a smaller problem than the one solved in
the ALADIN.

Due to the use of an SQP-style update and the use of
augmented Lagrangian methods [24, Section 4], the proposed
algorithm and the ALADIN algorithm have a certain similarity.
However, their focus during the algorithm design is different.
ALADIN focuses more on allocating the computational com-
plexity, while the proposed algorithm aims at efficient iteration
with a good active detection scheme. That is why the ALADIN
tends to handle the non-convexity directly, as this can be
handled by different computational nodes. On the contrary,
the proposed algorithm is customized to bilinear MPC to have
a lower computational cost per iteration and fewer decision
variables. In summary, even though both the ALADIN and
the proposed scheme can be viewed as extensions to the
SQP algorithm, the ALADIN is more tailored for distributed
computation. The proposed scheme is instead tailored for effi-
cient online computation. Finally, we wrap up this section by
summarizing the benefits of the proposed scheme as follows:

• It brings the efficiency of explicit MPC into an NMPC
setup. Integrating the explicit mpQP solution provides
two benefits: it returns an accurate primal solution when
good estimates of the dual variables {λk} are given,
and it significantly improves the real-time efficiency by
providing the active set estimation.

• It retains the SQP structure. This not only preserves the
convergence rate of the SQP algorithm but also makes
the proposed algorithm compatible with any existing
acceleration strategy developed for real-time SQP, such
as warm-start.

• It enjoys high computational efficiency even without par-
allelization. With proper implementation, this efficiency
may be further improved by parallelization for some
processors.

Remark 4 It is worth mentioning that the proposed scheme
reduces to an ALADIN algorithm when the dynamics are linear
(i.e., Ck = 0). In this case, the resulting algorithm is similar
to the one studied in [26], where global convergence is also
guaranteed [55].

Remark 5 The alternating direction method of multipliers
(ADMM) can be used to solve a bi-convex optimization
problem [19, Chapter 9.2]. With the standard formulation
given in [19, Chapter 9.2], the ADMM algorithm needs to
solve a nonconvex QP problem in each iteration, which is
proved to be NP-hard even for the calculation of a local
minimizer [56], [57]. The resulting computational cost per
iteration is significantly higher, and such ADMM formula-
tion is, therefore not suitable for our comparison. Suppose
the proposed interlacing horizon splitting scheme is applied
instead. In that case, the resulting ADMM algorithm gets
rid of the solution of a nonconvex QP, which is also one
contribution of this work. However, the ADMM algorithm
is still not suitable for comparison. On the one hand, a

convergence guarantee exists only when there is no state
constraint, which is undesirable in MPC applications. Based
on our test on the numerical example given in the following
Section V-A, we did not observe the convergence of the ADMM
after 3000 iterations (equivalently 1 minute in absolute time).
On the other hand, the bilinear dynamics are squared in the
augmented Lagrangian. The resulting problem is no longer
an mpQP, and cannot be precomputed offline. As a result,
multiple inequality constraint QPs are required to be solved
in each iteration, leading to a much higher computational cost.
Finally, even though we did not observe convergence in our
numerical study, if it happens to converge for some specific
cases, the convergence rate of a nonconvex ADMM algorithm
is at most sublinear [58]. Therefore, it requires more iterations
and accordingly, more computational time to converge.

IV. IMPLEMENTATION DETAILS

This section elaborates on the implementation details of
Algorithm 1 with a particular emphasis on run-time aspects
and a limited memory requirement. Here, the implementation
of Steps 3) and 5) turns out to be straightforward, such that
we focus on the implementation of Steps 1), 2), and 4).

A. mpQP Subproblems
We summarize the local mpQPs (13) into a uniform form

P(θk) : min
ξk∈Ξk

1

2
ξ⊤k Qkξk + θ⊤k ξk (20)

with parametric inputs θk ∈ Rnx+nu and coefficient matrices
Qk = diag(Rk−1, Qk) + ρInx+nu

for all k ∈ ZN
1 . Here, the

first problem is omitted as its solution is fixed by ξ0 = x(t)
due to the initial state constraint enforced by Ξ0. Based on
the formulation of Lρ

k, we can work out the explicit form of
θk as follows,

θk =[r⊤k−1; q
⊤
k ]

⊤ +
(
Ek−1 +mat(Gk−1ξk−1) · Sk

)⊤
λk−1

+
[
Dk + (Sk+1ξk+1 ⊗ Inx

)⊤Gk

]⊤
λk − ρξk (21a)

θN =[r⊤N−1; q
⊤
N ]⊤ − ρξN

+
(
EN−1 +mat(GN−1ξN−1) · SN

)⊤
λN−1. (21b)

Evaluating these parameters only requires matrix-vector mul-
tiplications such that the complexity is O(N · (nx + nu)

2).
In this paper, we use the enumeration-based multi-parametric
QP algorithm from [59] for generating solution maps ξ⋆k :
Rnx+nu → Rnx+nu of (20). The complexity of pre-processing
the small-scale QPs (20) depends on the number of criti-
cal regions NR,k over which the PWA optimizers ξ⋆k(·) are
defined [38]. Here, we assume that each parametric QP is
post-processed, off-line, to obtain binary search trees [60] in
O(N2

R,k) time. Once the trees are constructed, they provide
for a fast evaluation of the solution maps in (20) in time
that is logarithmic in the number of regions, thus establishing
the O(

∑
k log2(NR,k)) on-line computational bound. The

memory requirements are directly proportional to the number
of critical regions, with each region represented by a finite
number of affine half-spaces. Finally, it is worth mentioning
that if Qi = Qj , qi = qj , Ri = Rj , ri = rj , ∀ i ̸= j,
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then the i-th mpQP subproblems (20) is identical to the j-
th one, and one mpQP solution can therefore serve for two
subproblems. Identical subproblems happen in many MPC
applications as the stage cost are usually fixed throughout the
prediction horizon.

B. Sensitivities Evaluation
Step 2) of Algorithm 1 evaluates the sensitivities gk, ck,

P̂ k
ξ and H . As we consider the quadratic cost, the gradients

gk can be easily evaluated with analytical form. Moreover, the
primal feasibility residual ck and active Jacobian P̂ k

ξ are also
straightforward. Therefore, we focus on the computation of
the Hessian matrix H in this subsection.

As we used an interlacing horizon splitting scheme, the ex-
act Hessian ∇ξξL

0(ξ, λ, ξ) is not block diagonal with respect
to each yk but the banded block diagonal. However, as the
off-diagonal blocks only involve the bilinear dynamics, we
can work out each block analytically as follows:

∇ξξL
0(y, λ, y) =


Q0 S0,1

S1,0 Q1 S1,2

. . . . . . . . .
SN−1,N QN


with blocks

S0,1 = S⊤
1,0 = [C⊤

1 λ0, ..., C
⊤
nu

λ0,0nx×nx
] ∈ Rnx×(nu+nx)

Sk,k+1 = S⊤
k,k+1

=

[
C⊤

1 λk ... C⊤
nu

λk 0nx×nx

0nu
..., 0nu

0nu×nx

]
∈ R(nx+nu)×(nx+nu)

for all k ∈ ZN−1
1 . It is clear that evaluating the exact Hessian is

equivalent to evaluating C⊤
i λk for all i ∈ Znu

1 and k ∈ ZN−1
0 .

Therefore, its computational complexity is only O(Nnun
2
x).

In practice, some heuristics can be adopted to achieve better
numerical robustness on the convergence performance of Al-
gorithm 1 such as enforcing H ≈ ∇ξξL0 ≻ 0 by adding a
regularization term, i.e., H = ∇ξξL0 + σI with σ ≥ 0 [61].

C. Coupled QP
The coupled QP (15) has no inequality constraints such that

solving (15) is equivalent to solving linear equations defined
by the KKT system:[

H + ρP̂⊤
ξ P̂ξ J⊤

J

]
︸ ︷︷ ︸

H

[
∆ξ

λQP

]
︸ ︷︷ ︸

w

=

[
−g

−c

]
(22)

with

J =


D̃0 Ẽ0

D̃1 Ẽ1

. . . . . .

D̃N ẼN

 ,

P̂ξ = diag(P̂ 1
ξ , ..., P̂

N
ξ )

g = [g⊤0 , g
⊤
1 , ..., g

⊤
N ]⊤

c = [c⊤0 , c
⊤
1 , ..., c

⊤
N ]⊤

and for all k ∈ ZN
0 ,

D̃k =Dk + (Sk+1ξk+1 ⊗ Inx)
⊤Gk,

Ẽk =Ek +mat(Gkzk) · Sk+1.

If we rearrange the KKT matrix H by resorting w as

(∆ξ0, λ
QP
0 , ∆ξ1, λ

QP
1 , ...,∆ξN−1, λ

QP
N−1, ∆ξN ),

a tri-blocked-diagonal sparsity pattern appears in the KKT
matrix H, such that the Schur complement based back-forward
sweeps can be used to solve the linear equation efficiently. To
better illustrate this idea, we consider N = 2 such that the
resulting rearranged KKT system is

Q0 D̃⊤
0 S0,1

D̃0 Ẽ0

S1,0 Ẽ⊤
0 Q̃1 D̃⊤

1 S1,2

D̃1 Ẽ1

S2,1 Ẽ⊤
1 Q̃2





∆ξ0

λQP
0

∆ξ1

λQP
1

∆ξ2

 =



−g0

−c0

−g1

−c1

−g2


with Q̃k = diag(Rk−1, Qk) + µ(P̂ k

ξ )
⊤P̂ k

ξ . We start the
backward sweep by considering the whole KKT matrix as a
2x2 block matrix. Then, applying the Schur complement with
respect to the lower left block Q̃2 yields a reduced KKT matrix

Q0 D̃⊤
0 S0,1

D̃0 Ẽ0

S1,0 Ẽ⊤
0 Q̃1 + S1,2Q̃−1

2 S2,1 D̃⊤
1 + S1,2Q̃−1

2 Ẽ⊤
1

D̃1 + Ẽ1Q̃−1
2 S2,1 Ẽ1Q̃−1

2 Ẽ⊤
1

 .

Applying the Schur complement once more results in a
reduced KKT system with respect to only (∆ξ0, λ0) such
that the substitution of the initial condition ∆ξ0 = 0 can
enable a forward sweep to recover the primal-dual solution
(∆ξ, λ). This method has been shown that it is equivalent
to the Riccati recursion in dealing with LQR problems [62].
As the update of the right-hand side of the KKT system
only requires matrix-vector multiplication, we observe that the
computational complexity of this linear solver is dominated by
the matrix update (i.e., computation of the Schur complement),
which is O(N(nx + nu)

3).

V. NUMERICAL RESULTS

This section studies the proposed algorithm on two bilinear
system examples. The proposed algorithm is first compared
against other state-of-art solvers on a building control problem
running on a laptop computer. The algorithm is then imple-
mented in an embedded microcontroller for speed control of a
DC motor. The binary search tree of the mpQP solutions used
in the proposed algorithm is generated by the multi-parametric
toolbox (MPT 3.0) [63].

A. Bilinear Building Control
In this part, the proposed algorithm is compared with

an efficient optimal control solver acados [45] and the
ALADIN algorithm, which is implemented by ALADIN-α
toolbox [64]. The code generation in acados is based on the
SQP method with exact Hessians and without/with condens-
ing. All the algorithms use the mirror method to regularize
the indefinite QP problem [61]. It is worth mentioning that
acados is highly optimized for MPC, whose linear algebra
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subroutine BLASFEO [65] and QP solver [66] exploit the
structure in MPC. On top of that, a sophisticated, active set
detection scheme by exact penalty function is implemented
in acados [45, Chapter 2.3]. Hence, this comparison can
demonstrate the performance of the proposed algorithm.

We considered a multi-zone building model reported in [67]
with room indices shown in Figure. 2. Due to the space limit,
the parameters of the model (i.e., A, B, Bw, C, matrices)
are included in the supplementary material on GitHub. In this
multi-zone building (Figure 2), room 2 is the corridor linking
a large warehouse (room 1) and two offices (rooms 3 and 4).
An independent HVAC system controls the indoor temperature
of room 1, while another HVAC controls the temperature of
all other rooms. The corresponding control inputs (u ∈ R2)
are the valve positions in the air handling unit, where the
heat transfer between the air and the hot water flowing in
the heating coil results in the bilinear term in the system
dynamics. As a result, the control inputs can manipulate the
supply air temperature in a nonlinear way, which accordingly
controls the indoor temperatures. In summary, this is a 15-
dimensional model (i.e., x ∈ R15) with two-dimensional
control inputs, the states include the indoor temperature, wall
temperature between two different rooms, wall temperature
that stands between a specific room, and outdoor, and supply
air temperature control. Process noises are outdoor temperature
and solar radiation (i.e., w ∈ R2). In building control, a
common practice is to apply certainty equivalence control [68],
which uses weather forecast as the nominal disturbance in the
MPC formulation. Meanwhile, the building evolves under the
actual weather condition that is similar but not identical to
the weather forecast. Real-world weather data is used for this
numerical study.

2

3 4

1

Fig. 2: Schematic diagram of the multi-zone building

Using this approach, 100 Monte-Carlo tests were con-
ducted with recorded weather from tomorrow.io [69] in win-
ter (Fig.3(a)-(b) plot one sampled weather condition). The
weather forecast used in the MPC problem is the recorded
weather perturbed by zero-mean random noise, while the
simulation uses the recorded weather (i.e., the weather forecast
curves in Figure 3 (a)-(b)). The prediction horizon is set to 8
with an objective of minimizing energy consumption, whose
loss function is

ℓk(xk, uk) = u2
k .

To ensure occupant comfort, the indoor temperature is
bounded within [22, 24]◦C. The control input (i.e., fractional
valve position) is bounded within [0, 1].

Remark 6 It is possible to define an objective as
ℓk(xk, uk) = |uk|. The resulting local problem can be

reformulated as a linear program and, thus, also an mpQP.
We use a quadratic loss function here to avoid unnecessary
confusion.

For this numerical test, all solvers use the same initialization
in the first iteration and apply the same warm-start strategy
to generate the initialization for the following iterations. In
particular, the shifted solution from the last iteration is used
to warm-start. The computational time is the sum of the CPU
time returned by the solver. The results in this subsection
are generated by a laptop with an Intel i7-11800H 16-core
processor and 32 GB memory. Meanwhile, as Step 1) in
the proposed algorithm 1 is a convex QP, the solution time
without using mpQPs is also investigated. In particular, the
mpQP solution in this example has 729 critical regions, and
the resulting binary search tree is of depth 13 (Section IV-
A). The parallelization of the proposed algorithm is done by
using OpenMP, while the parallelization in ALADIN relies on
the parallel computing toolbox from Matlab. The statistics
of the solution time are summarized in Table I, where the
maximal solution time indicates the solution time when a good
initialization is not available (i.e., cold-start). In contrast, the
mean solution time reflects the averaged performance when a
good initialization is available.

Above all, Table I shows that the ALADIN method is
not desirable for fast MPC applications, the need to solve
multiple nonconvex problems significantly slows down its
speed (Section III-E). We only report the parallelized solution
time for ALADIN, and the non-parallelized solution time is at
least three times slower. Regarding the proposed algorithm, the
overhead caused by parallelization pays off only when mpQP
solutions are not used. In this case, step 1) in the proposed
algorithm requires solving a QP whose computational cost is
significantly higher than calling the mpQP solution. Thus, it
is easier to improve performance by parallelization in this
case. On the contrary, as calling mpQP solution is already
computationally highly efficient, improving performance by
parallelization may require more involved code design, such
as caching. We believe that is the reason why the use of
OpenMP does not accelerate the mpQP-based implementation
in this case. Note that this observation does not negate the
benefit of parallelization. On the one hand, the efficiency
of parallelization depends on the computing unit and the
compiler. The use of OpenMP and a general purpose Intel
CPU in this numerical example may not be the most efficient
implementation. On the other hand, constructing the mpQP
solutions may not be computationally affordable for large-
scale systems. If solving convex QPs online is needed, then
performance improvement is easy to achieve by parallelization,
which is also justified by this numerical test.

The comparison with acodos is shown in Table I. When
the proposed scheme uses mpQPs solution without paralleliza-
tion, its maximal solution time is on average 71% faster than
that of acados without condensing. Regarding the mean
solution time, even though the proposed scheme is faster
than acados without condensing by 17%, but it is 48%
slower than the mean solution of acados with condensing.
Note that both the QP solver and the linear algebra routine

tomorrow.io
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in acados is highly optimized for NMPC; the results in
Table I show that a tailored SQP solver is highly efficient
when a good initialization is available. As Step 4) in the
proposed scheme is similar to an SQP iteration, the proposed
algorithm also shows comparable performance to a tailored
SQP solver for warm-started iterations. This computational
efficiency aligns with our discussion in Section III. On top
of this benefit, the proposed scheme performs much better
when a good initialization is unavailable. This justifies the
use of mpQP solutions, which improves the detection of
the active sets. In summary, this numerical study proves the
efficiency and efficacy of the proposed algorithm, and it also
suggests a further possibility of performance improvement by
a more sophisticated combination of the proposed scheme and
a tailored SQP solver; we leave this for a future study.

Besides the observation given in Table I, we also observe
that the proposed algorithm is more robust to the choice of
initialization strategy. More specifically, if the initialization
is only partially warm-started by setting the predictive input
sequence to 0 (i.e., cold-start inputs but warm-start all the
other variables), both acados and ALADIN will return
NaN during the simulation for all the Monte-Carlo tests.
On the contrary, the proposed scheme will always converge
even when all the decision variables are initialized by 0.
This observation aligns with the motivation of the proposed
algorithm and justifies the benefit of Step 1) in the proposed
algorithm. Meanwhile, this robustness might be beneficial in
some applications. For example, set-point change in tracking
control makes initialization more challenging.

Last but not least, the property that the proposed algorithm
is feasible even with an infeasible initial state is useful in
practice, which is typically the case in building control. Due to
the uncertain occupant behavior, such as opening the window,
the indoor climate can be significantly perturbed, resulting in
an infeasible initial state for the MPC problem. Consider a
case where the occupant opens the window to bring in the
fresh air when he first arrives in room 1 at 10:00 A.M., this
move causes a sudden drop in indoor temperature as shown in
Fig. 3 (c). Such sudden temperature drop causes infeasibility,
which leads to the failures of the acados solver. However,
the proposed algorithm can still give reasonable control inputs
and quickly recovers the indoor temperature to a comfortable
level.

B. Bilinear DC Motor Control with a C2000
Microcontroller

Next, the proposed algorithm is deployed on an embedded
system, a Texas Instruments C2000 LaunchPad XL F28379D,
to control the speed of a field-controlled DC motor. The
dynamics of the field-controlled DC motor are bilinear,

dx1

dt
= −Ra

La
x1 −

Km

La
x2u+

Vs

La
,

dx2

dt
= −B

J
x2 +

Km

J
x1u− Te

J
,

where states x1, x2 are, respectively, armature current and
angular velocity, and the control input u is field current. Vs and
Te define the external torque, respectively, which are chosen as
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Fig. 3: Case study of sudden indoor temperature drop: (a) - (b):
a sample of the recorded and forecast weather condition, (a)
outdoor temperature, (b) solar radiation. The forecast is used
as the nominal weather in the NMPC problem, while recorded
weather is used for the simulation of building dynamics. (c):
simulation of indoor temperature of different rooms (room
index depicted in Figure 2).

60 V and 0 Nm for this experiment. The remaining parameters
are identified on a real field-controlled DC motor (Fig. 5b) as
shown in Table II.

We first provide some background on the motor behavior to
gain insight into the NMPC solutions. Typically, the armature
current dynamics x1 are much faster than the mechanical
dynamics, so it is useful to consider the motor behavior
after the current dynamics have decayed. The torque-speed
curves of the motor are shown in Fig. 4 (a) for various field
currents. This is the electrical torque produced by the motor
for the given speed and field current. If the mechanical torques
(drag+external) match this torque at a given speed, it is an
equilibrium point. For example, we may observe that the no-
load speed for this motor (without drag) is 87 rad/s at the
full 3 A field current. The typical operating region of this
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TABLE I: Statistics of the solution time at different tolerance (the entries of the top two performers in each row are stressed
by boldface black and boldface blue respectively)

method Algorithm 1 acados ALADIN

tol sol time
(ms)

parallel (mpQPs) condensing
parallelyes

(yes)
no

(yes)
yes
(no)

no
(no) yes no

10−4
max 8.404 6.304 8.926 12.272 19.858 10.711 2553

mean 0.5280 0.4835 0.6583 0.8751 0.3671 0.7931 897.4

10−5
max 8.838 6.629 9.371 12.905 21.755 11.804 2859

mean 0.6864 0.6286 0.8558 1.137 0.4020 0.8687 953.2

10−6
max 8.968 6.753 9.593 13.510 22.532 12.251 3369

mean 0.7814 0.7156 0.9743 1.295 0.4163 0.8995 1053

TABLE II: Parameters of the Field Controlled DC Motor

Parameter Variable Value

Armature Resistance Ra 10 [ohm]

Armature Inductance La 60 [mH]

Motor Constant Km 0.2297 [V (A rad/s)−1]

Damping Ratio B 0.0024 [Nm(rad/s)−1]

Inertia J 0.008949 [kg m2]

type of motor is at speeds higher than the full-field line,
roughly [80, 180] rad/s for low torques. Operation below this
speed is undesirable because the armature currents exceed the
3A continuous thermal limits regardless of the field current
selected. This is shown in the current-speed curve (Fig. 4 (b)),
where armature current is plotted as a function of speed for
different field currents (i.e., control input). Hence, the curves
below the red dashed line in Figure 4 (b) also show the set
of desired operating points that allows long-term operation
without overheating.

The continuous dynamics are discretized by the Euler
method with a sampling time of 10ms. The prediction horizon
is set to 33 with a convergence tolerance at 10−4. The MPC
controller conducts speed control, which tracks a reference
speed ωref . This motor operates around [80,180] rad/s, and for
most reference torque/speed combinations within this range,
there are two possible field current solutions as shown by
overlapping lines in Fig. 4 (a). The low field current (i.e.,
control input) solution results in a higher armature current,
usually above the 3 A limit (Fig. 4 (b)). Long-term operation
on this equilibrium point will result in armature overheating
even though it tracks the reference speed. However, to have
an agile motor response, the armature current should be able
to operate above 3 A for short intervals. Therefore, we do not
enforce a constraint on the armature current, while the field
current (i.e., control input) is bounded within [1,3] A.

In this control setup, the desired operating point has an

3The prediction horizon is set based on some recent results with com-
mercial solver from ODYS [70], [71], where they use the same C2000-series
hardware to deploy MPC on a synchronous machine. In their setup, the input
constraints are neglected, the prediction horizon is two, and the linearized
model is used instead of the nonlinear model.

armature current lower than 3 A, which corresponds to the
higher of two viable field currents (Fig 4). A proper choice
of the loss function can help the solver to converge to the
desired operating point. First of all, it is not desirable to use
the speed regulating stage cost ℓ(x, u) = ([xk]2 − ωref)

2, as
the solver tends to select the lower field current command
which will overheat the armature. This is particularly the case
in the presence of noise based on our observation of different
hardware in the loop simulations. We suspect that this can
be explained by the torque-speed curve (Fig. 4 (a)). When
operating with a low field current, the curves are relatively
flat, and a slight change in the field current can lead to a rapid
change in speed. This implies that the solver can give better
local convergence behavior in this region, so the solver tends
to converge to this undesired operating point. To avoid this
issue and push the solution to the preferred operating point,
we offer a reference armature current and field current, whose
steady state solution has an explicit form by substituting ωref
into the system dynamics. The stage cost is designed to

ℓ(x, u) = 20([xk]1 − Iref)
2 + ([xk]2 − ωref)

2 + 10(u− uref)
2,

where Iref and uref are reference armature current and reference
field current.

The experimental setup is shown in Fig. 5 with the ex-
planation given in its caption. Two experiments are carried
out on velocity tracking control, which both track a triangular
reference speed that varies between 100 rad/s and 140 rad/s. In
the first case, we only have a speed constraint within [80, 180]
rad/s, while this constraint is tightened to [110, 180] rad/s in
the second case. Thus, the speed lower bound is inactive in
the first case but active and satisfied in the second case.

To verify the real-time controller performance, we first
simulate these experiments using control hardware in the loop
methods. Both the controller and a simulated motor run on the
same C2000 microcontroller (Fig. 5c). The results are shown
in Fig. 6, with the armature current disturbed by white noise
to reproduce the switching noise encountered in real-world
experiments. In simulations, the NMPC properly executes the
speed control, and the speed constraint is satisfied in the
second case as expected.

The hardware in-the-loop result above can already justify
the efficiency of the proposed solver, a similar setup for
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Fig. 4: Torque and current curves of the DC motor. Top:
Torque-Speed curve at different field currents (indicated in
Amps on the left end of each straight line). Bottom: Armature
current as a function of speed for different field currents
(indicated in Amps on the right end of each straight line). To
avoid armature overheating, the armature current should stay
below the 3 A thick red dashed line in long term operation.

performance proof is also used in the commerical product
in [70], [71]. But for the sake of completeness, we carry out the
experiment on a real motor. The hardware experimental results
are shown in Fig. 7. The measured signals are post-processed
with a low-pass zero-phase filter. In this experiment, the pro-
posed algorithm successfully executes the control in real-time
with a 10 ms MPC update rate. In particular, the maximum
and average execution time of the proposed algorithm in this
embedded system are 2.088 ms and 1.764 ms, respectively.
Thus, the solver can run up to 500 Hz, which is sufficiently
fast regarding the 10 ms sampling time of the targeted system.

However, in our real-world experiments, the tracking per-
formance is somewhat lacking. From Fig. 7, we can observe
that the NMPC tries to track the signal, and periodic triangular
speed trajectories are recorded with noticeable tracking errors.
It is noteworthy that the NMPC satisfies the lower speed limit

in the second test, which justifies the constraints enforced by
the NMPC. The reasons will be investigated in future work but
may be due to poor estimates of the unmeasured drag torque,
other parameter errors, or inaccurate delivery of the current
command. In summary, based on the hardware in the loop
experiments and the real-world experiments, the efficiency
and real-time capability of the proposed algorithm has been
proven. Even though it is not the main focus of this work, we
believe that there are still a few improvements to be carried
out on our experiment platform to exploit the capability of the
NMPC control fully, and we leave this for future investigation.

VI. CONCLUSION

This paper proposes a novel proximal-point Lagrangian
based nonconvex solver for bilinear model predictive control.
The proposed algorithm combines the ideas of explicit MPC,
horizon splitting, and real-time SQP algorithms and a novel
horizon splitting scheme is proposed to enable this integration.
The numerical efficiency of the proposed algorithm is vali-
dated by a building control simulation and an experiment on a
real field-controlled DC motor with a TI C2000 LaunchPad XL
F28379D microcontroller. Particularly, the latter experiment
proves the real-time capability of the proposed algorithm,
which successfully solves the NMPC problem in 1.764 ms
on average.
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Fig. 6: Hardware in the loop simulation of the motor control with the C2000 microcontroller. Left: speed constraint not active.
Right: speed constraint [110, 180] rad/s active (black dashed line). Raw signals are plotted.
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Fig. 7: Hardware testing of the proposed MPC algorithm with a real motor controlled by a C2000 microcontroller. Left: speed
constraint not active. Right: speed constraint [110, 180] rad/s active (black dashed line). The measured signals are post-processed
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