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Persistent Dwell-Time Switched Nonlinear
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Abstract—This article investigates the problem of quantized
fuzzy control for discrete-time switched nonlinear singularly per-
turbed systems, where the singularly perturbed parameter (SPP)
is employed to represent the degree of separation between the
fast and slow states. Taking a full account of features in such
switched nonlinear systems, the persistent dwell-time switching
rule, the technique of singular perturbation and the interval type-
2 Takagi–Sugeno fuzzy model are introduced. Then, by means
of constructing SPP-dependent multiple Lyapunov-like functions,
some sufficient conditions with the ability to ensure the stabil-
ity and an expected H∞ performance of the closed-loop system
are deduced. Afterward, through solving a convex optimization
problem, the gains of the controller are obtained. Finally, the
correctness of the proposed method and the effectiveness of the
designed controller are demonstrated by an explained example.

Index Terms—Interval type-2 Takagi–Sugeno (IT2 T–S) fuzzy
model, persistent dwell-time (PDT) switching rule, quantized
control, singularly perturbed nonlinear systems.

I. INTRODUCTION

SOME parasitic parameters, such as small time constants,
capacitances, and inductances, may increase the order of

dynamic equations and lead to the numerical ill-conditioning
problem. In order to overcome these obstacles, the singular
perturbation technique is usually employed. Examples of sin-
gularly perturbed systems (SPSs) are power systems, airplanes,
and so on [1]–[3]. When discretizing continuous-time SPSs,
the sampling period influences the discrete-time model, which
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results in the fast-sampling and slow-sampling models [4]. For
the first time, the stable conditions were deduced in [5] for the
fast-sampling model of SPSs on the strength of linear matrix
inequalities (LMIs). Since then, many results about SPSs have
sprung up. To name a few, Shen et al. [6] investigated the
control problem for nonlinear SPSs (NSPSs) under the slow-
sampling model. The fault-tolerant control problem for NSPSs
based on slow-state feedback was studied in [7]. From the
mentioned literature and relative references, one can see that
the control problem of NSPSs has became a hot topic.

As an excellent way to tackle the complex nonlinear part
in systems, the fuzzy theory vastly promotes the research of
NSPSs [6]–[10]. For example, because the fact that premise
variables usually rely on unmeasurable states, the observer-
based controller has been studied in many published papers
to obtain premise variables [11]–[16]. Tong and Li [17], [18]
investigated the adaptive fuzzy backstepping output-feedback
control problem for uncertain nonlinear systems with unmea-
sured states, which are challenging and pioneering works.
Considering that parameter uncertainties have a significant
effect on the performance of nonlinear systems [19]–[21], the
interval type-2 Takagi–Sugeno (IT2 T–S) fuzzy model with
uncertain membership functions is more suitable than the type-
1 T–S fuzzy model when parameter uncertainties of practical
systems cannot be ignored [22]–[27]. In this regard, Lam and
Seneviratne [28] applied the IT2 T–S fuzzy theory to the con-
trol community, where the technique of dividing the footprint
of uncertainty (FOU) and some necessary slack matrices with
the information of uncertain membership functions were used.
Furthermore, when the two-time-scale characteristic of IT2 T–
S fuzzy systems is taken into account, how to employ the
singular perturbation technique and the IT2 T–S fuzzy theory
to address the control problem at the same time is interesting,
and this article focuses on settling this issue.

In fact, most of the practical systems work in different cases
which are characterized by different operating parameters
or topological structures [29]–[32]. Usually, when focusing
on the interval between two contiguous changing instants,
the changes among modes obey a law, called the switching
rule [33]–[35]. Over the past few years, in time-dependent
switching rules, the dwell-time (DT), the average DT (ADT),
and the persistent DT (PDT) switching rules have attracted
much attention [36]–[38]. The DT switching rule requires that
every switching interval should be not less than a positive

This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License. For more information,
see https://creativecommons.org/licenses/by-nc-nd/4.0/

https://orcid.org/0000-0002-5519-9016
https://orcid.org/0000-0002-5330-9349
https://orcid.org/0000-0001-7024-6573
https://orcid.org/0000-0002-0218-2333


WANG et al.: QUANTIZED INTERVAL TYPE-2 FUZZY CONTROL FOR PDT SWITCHED NONLINEAR SYSTEMS 6639

Fig. 1. Sketch map of the PDT switching rule.

scalar τDT. The ADT switching rule demands that not all run-
ning times of the acting systems should be not less than a
positive scalar τADT. The time sequence generated by the PDT
switching rule includes infinite stages, and each stage is com-
posed of a τ -portion and a T-portion [39], [40], whose sketch
map is shown in Fig. 1. It should be stressed that the dur-
ing time of each τ -portion is not less than a positive scalar
τPDT, and the persistent time of each T-portion is not more
than a positive scalar TPDT. In addition, only one subsystem
can be triggered in a τ -portion, called the slow switching,
while the T-portion allows the arbitrary fast switching, which
means that the running time of the acting system is less than
τPDT. As a consequence, the PDT switching rule is more suit-
able than the other two rules in depicting systems where the
fast switching and slow switching occur in turn. Furthermore,
the study in [37] showed that the PDT switching rule could be
transformed into the DT and the ADT switching rules through
setting appropriate parameters. As far as the authors’ knowl-
edge, there are few papers about nonlinear switched SPSs
(NSSPSs), to say nothing of NSSPSs based on the IT2 T–S
fuzzy model and the PDT switching rule. To narrow this gap,
this article is carried out.

Illuminated by the above investigation, this article aims to
propose a new method for designing a quantized controller for
NSSPSs. In summary, contributions of this work are mainly
three aspects as follows.

1) A quantized controller is designed for NSSPSs with the
PDT switching rule and the IT2 fuzzy model at the first
attempt. Compared with the existing results of fuzzy
switched systems in [39]–[41], the two-time-scale char-
acteristic is fully taken into account, and the singularly
perturbed parameter (SPP) may bring the difficulty of
solving the gains of the controller.

2) Unlike the crisp fuzzy membership functions in the
type-1 T–S fuzzy-switched model, the IT2 T–S fuzzy
switched model has the uncertain membership functions
that endow the designed controller with a more powerful
ability to represent and capture parameter uncertainties.

3) By fully considering the features of NSSPSs, proper
Lyapunov functions, the SPP-dependent multiple
Lyapunov-like functions (MLFs), are established in
order to obtain some less conservative conditions that
can guarantee the stability and the performance of the
resulting closed-loop system. Finally, the effectiveness
of the designed controller is verified by a numerical
example.

The notations used are standard and one can refer to [42]
for more details. In addition, other important notations about
the PDT switching rule are highlighted below.

II. SYSTEM DESCRIPTION

In this section, we construct NSSPSs based on the IT2 T–S
fuzzy theory. It is worth mentioning that in this article, the type
reduction of the IT2 T–S fuzzy model is realized by dividing
the state space of interesting and FOU. Then, some necessary
preliminaries are given, including a brief expression of the
PDT switching rule, some definitions, and lemmas. Finally,
the objective of this article is provided.

A. System Establishment

Consider the vth rule of NSSPSs as follows.
Plant Rule v: IF l1(x(t)) is Sv1, and . . ., and li(x(t)) is Svi,

THEN

x(t + 1) = Aε
v,ι(t)x(t) + Bε

v,ι(t)ω(t) + Cε
v,ι(t)U(t) (1)

z(t) = Dv,ι(t)x(t) + Ev,ι(t)ω(t) + Fv,ι(t)U(t) (2)

with

x(t) �
[

x1(t)
x2(t)

]
,Aε

v,ι(t) �
[

A(1,1)
v,ι(t) A(1,2)

v,ι(t)

εA(2,1)
v,ι(t) εA(2,2)

v,ι(t)

]

Bε
v,l(t) �

[
B(1,1)

v,ι(t)

εB(2,1)
v,ι(t)

]
,Cε

v,l(t) �
[

C(1,1)
v,ι(t)

εC(2,1)
v,ι(t)

]

Dv,l(t) �
[

D(1,1)
v,ι(t) D(1,2)

v,ι(t)

]

where ε expresses SPP meeting ε > 0, for t ∈ N, x1(t) ∈ R
nx1 ,

x2(t) ∈ R
nx2 , and x(t) ∈ R

nx are the fast state vector, the
slow state vector and the state vector, respectively, where
nx1 + nx2 = nx holds, z(t) ∈ R

nz stands for the output sig-
nal and ω(t) ∈ l2[0,∞) symbolizes the disturbance signal,
U(t) denotes the controlled input, ι(t) ∈ T � {1, 2, . . . , ι̂}
represents the switching signal subject to the PDT switch-
ing rule, in which ι̂ ∈ N

+ means the number of nonlinear
subsystems, l1(x(t)), . . ., and li(x(t)) imply the premise vari-
ables of the plant, in which i ∈ N

+ is the number of the
premise variables, Sv1, . . ., and Svi indicate the IT2 fuzzy sets
of the plant, in which v ∈ V � {1, 2, . . . , v̂} and v̂ expresses
the number of the rules, and Aε

v,ι(t), Bε
v,ι(t), Cε

v,ι(t), Dv,ι(t),
Ev,ι(t), and Fv,ι(t) are the system matrices with appropriate
dimensions.

An interval set is employed as the firing strength of the vth
plant rule, and it is represented as follows:

Ov(x(t)) �
[

g
v
(x(t)) gv(x(t))

]
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where

g
v
(x(t)) �

i∏
ε=1

μ
Svε

(lε(x(t)))

gv(x(t)) �
i∏

ε=1

μSvε
(lε(x(t)))

satisfying

0 ≤ g
v
(x(t)) ≤ gv(x(t)) ≤ 1

0 ≤ μ
Svε

(lε(x(t))) ≤ μSvε
(lε(x(t))) ≤ 1

in which μ
Svε

(lε(x(t))) and μSvε
(lε(x(t))) imply the lower

membership function (LMF) and the upper membership func-
tion (UMF) of the plant, separately. g

v
(x(t)) and gv(x(t))

indicate the lower grade of membership (LGM) and the upper
grade of membership (UGM) of the plant, respectively. Then,
the weighted model of the plant is depicted as follows for
θ � ι(t):

x(t + 1) =
v̂∑

v=1

gv(x(t))
[
Aε

vθx(t) + Bε
vθω(t) + Cε

vθU(t)
]

(3)

z(t) =
v̂∑

v=1

gv(x(t))[Dvθx(t) + Evθω(t) + FvθU(t)] (4)

where

gv(x(t)) �
g̃v(x(t))∑v̂

ṽ=1 g̃ṽ(x(t))

g̃v(x(t)) � ς
v
(x(t))g

v
(x(t)) + ςv(x(t))gv(x(t))

meeting

v̂∑
ṽ=1

gṽ(x(t)) = 1, 0 ≤ gv(x(t)) ≤ 1

0 ≤ ς
v
(x(t)) ≤ 1, 0 ≤ ςv(x(t)) ≤ 1

ς
v
(x(t)) + ςv(x(t)) = 1

in which gv(x(t)) is the grade of membership to the plant.
In this article, the communication network including a quan-

tizer is employed to connect the plant and the controller. In
terms of the IT2 T–S fuzzy theory, the form of the controller
is as follows.

Control Rule w: IF l̃1(x(t)) is S̃w1, and · · · , and l̃ı̃ (x(t)) is
S̃wı̃ , THEN

Ũ(t) = Kwθx(t) (5)

where l̃1(x(t)), . . ., and l̃ı̃ (x(t)) imply the premise variables
of the controller, for w ∈ W � {1, 2, . . . , ŵ}, S̃w1, . . ., and
S̃wı̃ indicate the IT2 fuzzy sets of the controller, ı̃ denotes the
number of the premise variables, ŵ is the number of rules,
and Kwθ ∈ R

nk×nx symbolizes the gain of the controller to be
determined.

Remark 1: It is observed from (1), (2), and (5) that the num-
ber of premise variables in the plant is i and the number of
the plant rules is v̂, while the number of the premise variables
in the controller is ı̃ and the number of the controller rules
is ŵ. Contrasted with designing controller under the parallel

distributed compensation approach, those different values are
the features of the application of the IT2 T–S fuzzy set the-
ory in the control community, which can relax the design of
the controller via freely choosing the number of premise vari-
ables, the number of rules and the membership functions of
the controller.

The input signal from the controller to the system is trans-
mitted through a communication network with the logarithmic
quantizer. For revealing the error between the input signal and
the quantized signal, the form and the function of the quantizer
are briefly depicted as follows. In this article, the matrix func-
tion F(·) denotes the mathematical model of the logarithmic
quantizer, and the quantization levels are shown as follows:

F �
{
±f(℘), f(℘) � βf(℘−1), ℘ = ±1,±2, . . . ,

}
∪{±f(0)

} ∪ {0}
with

0 < f(0), 0 < β < 1

where β represents the quantization density [43], [44].
Therefore, the quantizer embodies as follows:

F(α) �

⎧⎨
⎩

f(℘),
f(℘)

1+ϑ
< α ≤ f(℘)

1−ϑ

0, α = 0
−F(−α), α < 0

with

ϑ � 1 − β

1 + β
.

It should be noticed that this logarithmic quantizer means
F([aij]i×j) � [F(aij)]i×j for the matrix [aij]i×j. Therefore,
the actual controlled input is U(t) � F(Ũ(t)). Based on the
above discussion, the quantization error of the controller can
be deduced as

e(t) � U(t) − Ũ(t) � (t)Ũ(t)

where

(t) � diag
{
�1(t), . . . , �nk(t)

}
satisfying

|�ð(t)| ≤ ϑ ≤ 1, for ð ∈ {1, 2, . . . , nk}.
Remark 2: With the enlargement of system scale and com-

plexity, the communication network is usually adopted to
transmit data. Considering the limited transmission capacity,
the quantizer, as an effective way to alleviate communication
burden, is frequently used. Mapping a real-valued function
into a piecewise constant function is the essence of the quan-
tizer, which may decrease the transmission pressure at the cost
of the accuracy of the data transmitted to some extent. It is
worth noting that the larger the quantization error, the less
valid information the receiver can obtain, while if the error is
too small, the data package is so large that the transmission
burden of the communication network could be not efficiently
reduced. Therefore, choosing a proper quantizer with the rea-
sonable quantization error plays a significant part in the work
of the controller.
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Then, the quantized state-feedback controller can be
written as

U(t) = (I + (t))
ŵ∑

w=1

hw(x(t))[Kwθx(t)] (6)

in which hw(x(t)) is the grade of membership to the controller.
An interval set is employed as the firing strength of the wth
controller rule and it is represented as follows:

Õw(x(t)) �
[

hw(x(t)) hw(x(t))
]

where

hw(x(t)) �
ı̃∏

ε̃=1

μ
S̃wε̃

(
l̃ε̃(x(t))

)

hw(x(t)) �
ı̃∏

ε̃=1

μS̃wε̃

(
l̃ε̃(x(t))

)

satisfying

0 ≤ hw(x(t)) ≤ hw(x(t)) ≤ 1

0 ≤ μ
S̃wε̃

(
l̃ε̃(x(t))

)
≤ μS̃wε̃

(
l̃ε̃(x(t))

)
≤ 1

in which μ
S̃wε̃

(l̃ε̃(x(t))) and μS̃wε̃
(l̃ε̃(x(t))) imply LMF and

UMF of the controller, separately. hw(x(t)) and hw(x(t)) indi-
cate LGM and UGM of the controller, respectively. In the
following, define

hw(x(t)) �
h̃w(x(t))∑ŵ

w̃=1 h̃w̃(x(t))

h̃w(x(t)) � ξ
w
(x(t))hw(x(t)) + ξw(x(t))hw(x(t))

satisfying

ŵ∑
w=1

hw(x(t)) = 1, 0 ≤ hw(x(t)) ≤ 1

0 ≤ ξ
w
(x(t)) ≤ 1, 0 ≤ ξw(x(t)) ≤ 1

ξ
w
(x(t)) + ξw(x(t)) = 1.

So, the fuzzy closed-loop system is deduced as

x(t + 1) =
v̂∑

v=1

ŵ∑
w=1

gvhwAε
vwθη(t) (7)

z(t) =
v̂∑

v=1

ŵ∑
w=1

gvhwBvwθη(t) (8)

with

Aε
vwθ �

[
Ãε

vwθ Bε
vθ

]
, Bvwθ �

[
B̃vwθ Evθ

]
Ãε

vwθ � Aε
vθ + Cε

vθ (I + (t))Kwθ

B̃vwθ � Dvθ + Fvθ (I + (t))Kwθ

η(t) �
[

xT(t) ωT(t)
]T

where for simplification, gv and hw denote gv(x(t)) and
hw(x(t)), respectively.

The method of type-reduction in this article is similar to the
one in [45], which is shown as follows:

x(t + 1) =
v̂∑

v=1

ŵ∑
w=1

δvwAε
vwθη(t) (9)

z(t) =
v̂∑

v=1

ŵ∑
w=1

δvwBvwθη(t) (10)

where
v̂∑

v=1

ŵ∑
w=1

δvw =
v̂∑

v=1

ŵ∑
w=1

gvhw = 1

=
v̂∑

v=1

gv =
ŵ∑

w=1

hw. (11)

Then, the state space of interesting � and FOU � are, respec-
tively, separated into k̂ disjoint state subspaces and �̂ + 1
disjoint FOU subspaces such that

� =
k̂⋃

k=1

�k, � =
�̂+1⋃
�=1

��.

Therefore, the grade of membership of the closed-loop system
has an expression as follows:

δvw �
�̂+1∑
�=1

ϕvw�

(
ρ

vw�
kvw� + ρvw�kvw�

)
(12)

where

ϕvw� �
{

1, δvw ∈ the �th subspace of the FOU
0, otherwise

kvw� �
k̂∑

k=1

2∑
�1=1

· · ·
2∑

�nx =1

nx∏
σ=1

× χσ�σ k�(xσ (t))ψvw�1···�nx k�

kvw� �
k̂∑

k=1

2∑
�1=1

· · ·
2∑

�nx =1

nx∏
σ=1

× χσ�σ k�(xσ (t))ψvw�1···�nx k� (13)

with

0 ≤ χσ�σ k�(xσ (t)) ≤ 1

0 ≤ δvw ≤ 1, 0 ≤ kvw� ≤ kvw� ≤ 1

0 ≤ ψ
vw�1···�ιk�

≤ ψvw�1···�ιk� ≤ 1

0 ≤ ρ
vw�

≤ 1, 0 ≤ ρvw� ≤ 1, ρ
vw�

+ ρvw� = 1

k̂∑
k=1

2∑
�1=1

· · ·
2∑

�nx =1

nx∏
σ=1

χσ�σ k�(xσ (t)) = 1.

In the above, ρ
vw�

and ρvw� are two nonlinear functions,
which are not necessarily known but exist. ψ

vw�1···�nx k�
and

ψvw�1···�nx k� are constant scalars to be determined. When
x(t) belongs to the kth subspace of the state space �, the
equality χσ1k�(xσ (t)) + χσ2k�(xσ (t)) = 1 holds; otherwise,
χσ�σ k�(xσ (t)) = 0 for �σ = 1 and �σ = 2.
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B. Preliminaries

Definition 1 [37]: The switching signal subject to the PDT
switching rule with respect to (τPDT,TPDT) includes an infinite
number of disjoint intervals of length no less than τPDT on
which ι(t) is a constant, and consecutive intervals with this
feature are separated by intervals no large than TPDT, where
τPDT and TPDT are two positive scalars.

Definition 2 [42]: When ω(t) ≡ 0, if there exist 0 < �̃ < 1
and 0 < ζ such that for any t0 ≤ t

‖x(t)‖2 ≤ ζ �̃t−t0‖x(t0)‖2

system (9) is globally uniform exponential stable (GUES).
Definition 3 [5]: If system (9) is GUES and under

zero-initial state conditions, the following inequality holds
with 0 < r̃:

∞∑
p=t0

zT(p)z(p) < r̃2
∞∑

p=t0

ωT(p)ω(p)

then, this system is GUES with an H∞ performance index r̃.
Lemma 1 [46]: For scalars δvw ∈ [0, 1] satisfying∑v̂
v=1

∑ŵ
w=1 δvw = 1 and real matrices Hvwθ , Lθ > 0, and

Kvwθ with appropriate dimensions, the following inequality
holds:⎡

⎣ v̂∑
v=1

ŵ∑
w=1

δvwHvwθ

⎤
⎦

T

Lθ

⎡
⎣ v̂∑

v=1

ŵ∑
w=1

δvwKvwθ

⎤
⎦

≤ 1

2

v̂∑
v=1

ŵ∑
w=1

δvw
[
HT

vwθLθKvwθ + KT
vwθLθHvwθ

]
.

Lemma 2 [47]: For scalar ε ∈ (0, ε] and two symmetric
matrices Q1 and Q2 with appropriate dimensions, the below
necessary and sufficient condition exists{

Q1 < 0
Q1 + εQ2 ≤ 0

⇐⇒ Q1 + εQ2 ≤ 0.

The problem to be tackled is summed up as follows: design
an attractive quantized controller to ensure the stability and
an expected H∞ performance of closed-loop system (9), (10).
In the next section, some sufficient conditions are given to
obtain the desired controller under the consideration of the
logarithmic quantizer.

III. MAIN RESULTS

Theorem 1: Presetting 0 < k̂, 0 ≤ �̂, 0 < v̂, 0 < ŵ, 0 < r,
0 < TPDT, 0 < τPDT, 0 < λ < 1, 1 < φ, and λφ 
= 1
and considering the state space of interesting and FOU are
partitioned into k̂ and �̂ + 1 disjoint subspaces, separately, if
there exist symmetric matrices Pε

θ , Xθ , and Yvw�θ for θ 
= θ̃

∀θ ∈ T and ∀θ̃ ∈ T , such that the following inequalities hold:

0 < Yvw�θ (14)

0 < Pε
θ < φPε

θ̃
(15)

�ε
1vwθ + Xθ − Yvw�θ < 0 (16)

v̂∑
v=1

ŵ∑
w=1

�ε
0vwθ − Xθ < 0 (17)

(TPDT + 1) ln(φ) + (TPDT + τPDT) ln(λ) < 0 (18)

where

�ε
0vwθ �

�̂+1∑
�=1

ϕvw�
[
kvw��

ε
1vwθ + kvw�Xθ

− (
kvw� − kvw�

)
Yvw�θ

]

�ε
1vwθ �

[
�

ε(1,1)
1vwθ ∗

�
ε(2,1)
1vwθ �

ε(2,2)
1vwθ

]

�
ε(1,1)
1vwθ �

(
Ãε

vwθ

)T
Pε
θ Ãε

vwθ − λPε
θ + B̃T

vwθ B̃vwθ

�
ε(2,1)
1vwθ � BεT

vθ Pε
θ Ãε

vwθ + ET
vθ B̃vwθ

�
ε(2,2)
1vwθ � BεT

vθ Pε
θBε

vθ + ET
vθEvθ − r2I

then, systems (1) and (2) are GUES with an H∞ performance
index r̃ with

r̃ � r

√
r1(1 − λ)

1 − r2

where

r1 � φ
(TPDT+1)

(
1+ 1

TPDT+τPDT

)
, r2 � λφ

TPDT+1
TPDT+τPDT .

Proof: See Appendix A.
Remark 3: In Theorem 1, based on the classical Lyapunov

stability theory and the merits of switched systems, MLFs
are formed via constructing a Lyapunov function for each
subsystem. It is worth mentioning that the MLFs approach
is more efficient at offering greater freedom for demon-
strating the stability of switched systems than the common
Lyapunov function method. Some sufficient conditions for
ensuring the stability and performance of the closed-loop
system are established in terms of the technology of
singular perturbations and some slack matrices together
with the parameter matrix inequality techniques, which
imposes restrictions on the continuous dynamics and the
discrete dynamics of the switched system by the sampling
instant decay rate λ and the switching instant variation
rate φ.

Remark 4: The value of �j is dependent on T(j) and inde-
pendent of τ (j). It should be noted that (27) is established
whatever which portion t belongs to. Considering the last
stage, the jth stage, if t belongs to the T-portion, T(j) means the
time from the start time of the T-portion to t, while T(j) = 0 if
t belongs to the τ -portion. For t0, there is not any restriction
on which portion it belongs to. Therefore, this point makes
the proof about the stability more general.

Theorem 2: Presetting 0 < ε̄, 0 < k̂, 0 ≤ �̂, 0 < v̂,
0 < ŵ, 0 < r, 0 < TPDT, 0 < τPDT, 0 < λ < 1, 1 < φ,
and λφ 
= 1 and considering the state space of interesting
and FOU is partitioned into k̂ and �̂ + 1 disjoint subspaces,
separately, if there exist scalars 0 < γ1, 0 < γ2, diagonal
matrix Lwθ , and matrices Rθ , Qε̄

θ̃
= (Qε̄

θ̃
)T , X1θ = X T

1θ , X2θ ,
X3θ = X T

3θ , Y1vw�θ = YT
1vw�θ , Y2vw�θ , and Y3vw�θ = YT

3vw�θ
for κ ∈ {1, 2, 3, 4}, θ 
= θ̃ ∀θ ∈ T ∀θ̃ ∈ T ∀v ∈ V ∀w ∈ W ,
and ∀� ∈ {1, 2, . . . , �̂ + 1}, such that inequality (18) and the
below conditions hold

ϒκ
vwθ < 0 (19)

φQε̄

θ̃
> Qε̄

θ > 0 (20)
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φQ1θ̃ > Q1θ > 0 (21)[
Y1vw�θ ∗
Y2vw�θ Y3vw�θ

]
> 0 (22)

where

ϒ1
vwθ �

⎡
⎢⎣
ϒ

1(1,1)
vwθ ∗ ∗

ϒ
1(2,1)
vwθ ϒ

1(2,2)
vwθ ∗

ϒ
1(3,1)
vwθ ϒ

1(3,2)
vwθ ϒ

1(3,3)
vwθ

⎤
⎥⎦

ϒ2
vwθ �

⎡
⎢⎣
ϒ

2(1,1)
vwθ ∗ ∗

ϒ
2(2,1)
vwθ ϒ

2(2,2)
vwθ ∗

ϒ
1(3,1)
vwθ ϒ

2(3,2)
vwθ ϒ

1(3,3)
vwθ

⎤
⎥⎦

ϒ3
vwθ �

⎡
⎢⎣
ϒ

3(1,1)
vwθ ∗ ∗

ϒ
3(2,1)
vwθ ϒ

1(2,2)
vwθ ∗

ϒ
3(3,1)
vwθ ϒ

3(3,2)
vwθ ϒ

3(3,3)
vwθ

⎤
⎥⎦

ϒ4
vwθ �

⎡
⎢⎣
ϒ

4(1,1)
vwθ ∗ ∗

ϒ
4(2,1)
vwθ ϒ

2(2,2)
vwθ ∗

ϒ
3(3,1)
vwθ ϒ

4(3,2)
vwθ ϒ

3(3,3)
vwθ

⎤
⎥⎦

ϒ
1(1,1)
vwθ �

[
ϒ11 ∗
ϒ21 ϒ22

]

ϒ
2(1,1)
vwθ �

[
ϒε̄

11 ∗
ϒ21 ϒ22

]

ϒ
3(1,1)
vwθ �

[
ϒ̃11 ∗
ϒ̃21 ϒ̃22

]

ϒ
4(1,1)
vwθ �

[
ϒ̃ ε̄

11 ∗
ϒ̃21 ϒ̃22

]

ϒ
3(2,1)
vwθ �

[
AvθRθ + CvθLwθ Bvθ

DvθRθ + FvθLwθ Evθ

]

G � diag

⎧⎨
⎩ϑ, . . . , , ϑ︸ ︷︷ ︸

nk

⎫⎬
⎭

ϒ
4(2,1)
vwθ �

[
Aε̄

vθRθ + Cε̄
vθLwθ Bε̄

vθ
DvθRθ + FvθLwθ Evθ

]

ϒ
3(3,1)
vwθ �

[
0 0

Lwθ 0

]

ϒ
1(3,2)
vwθ �

[
ψ5γ1GCT

vθ ψ5γ1GFT
vθ

0 0

]

ϒ
2(3,2)
vwθ �

[
ψ5γ1GCε̄T

vθ ψ5γ1GFT
vθ

0 0

]

ϒ
3(3,2)
vwθ �

[
γ2GCT

vθ γ2GFT
vθ

0 0

]
, Cvθ �

[
C(1,1)

vθ
0

]

ϒ
4(3,2)
vwθ �

[
γ2GCε̄T

vθ γ2GFT
vθ

0 0

]
,Cε

vθ �
[

C(1,1)
vθ

ε̄C(2,1)
vθ

]

Avθ �
[

A(1,1)
vθ A(1,2)

vθ
0 0

]
, Bvθ �

[
B(1,1)

vθ
0

]

Aε
vθ �

[
A(1,1)

vθ A(1,2)
vθ

ε̄A(2,1)
vθ ε̄A(2,2)

vθ

]
, Bε

vθ �
[

B(1,1)
vθ

ε̄B(2,1)
vθ

]

ϒ
1(2,1)
vwθ � ψ4ϒ

3(2,1)
vwθ , ϒ

1(3,1)
vwθ � ψ5ϒ

3(3,1)
vwθ

ϒ
2(2,1)
vwθ � ψ4ϒ

4(2,1)
vwθ

ϒ
1(2,2)
vwθ � diag{−Q1θ ,−I}, ϒ2(2,2)

vwθ � diag
{
−Qε̄

θ ,−I
}

ϒ
1(3,3)
vwθ � diag{−γ1I,−γ1I},Qε̄

θ � Q1θ + ε̄Q2θ

ϒ
3(3,3)
vwθ � diag{−γ2I,−γ2I}, ψ1 � ψ

vw�1···�nx k�

ψ2 � ψ
vw�1···�nx k�

− 1/
(
v̂ŵ
)
, ψ4 �

√
ψ1

ψ3 � ψ
vw�1···�nx k�

− ψvw�1···�nx k�, ψ5 �
√
ψ4

� � Q1θ − Rθ − RT
θ ,�

ε̄ � Qε̄
θ − Rθ − RT

θ

ϒ11 � λψ1� + ψ2X1θ − ψ3Y1vw�θ

ϒ̃11 � λ� + X1θ − Y1vw�θ

ϒε̄
11 � λψ1�

ε̄ + ψ2X1θ − ψ3Y1vw�θ

ϒ̃ ε̄
11 � λ�ε̄ + X1θ − Y1vw�θ

ϒ21 � ψ2X2θ − ψ3Y2vw�θ , ϒ̃21 � X2θ − Y2vw�θ

ϒ22 � ψ2X3θ − ψ3Y3vw�θ − r2ψ1I

ϒ̃22 � X3θ − Y3vw�θ − r2I

then, for ε ∈ (0, ε̄], system (1) and (2) is GUES with an H∞
performance index r̃ and the designed controller gains are as
follows:

Kwθ = Lwθ (Rθ )
−1.

Proof: See Appendix B.
Remark 5: It is easy to see that equality (12) includes the

function in (13). The main purpose of introducing equality (12)
in our article is to deduce another presentation of grades of
membership of the closed-loop system to make the following
process easy. For a practical system under a certain case, the
actual uncertainty is determined and belongs to a certain sub-
space of FOU, which is called the �th subsystem. Since the
entire nonlinear system is divided by IF-THEN rules and FOU
is also separated, locating this actual uncertainty needs three
values, v, w, and �, which means that when the three values
are fixed, the location of this actual uncertainty is determined.
In other words, for the fixed values of v and w, the value
of this certain uncertainty is nonzero in only one subspace
and this subspace is the spacial �. Therefore, if the actual
uncertainty belongs to the FOU subspace �, the membership
functions of the closed-loop system can be expressed by the
minimum and the maximum of this FOU subspace as well as
two weighted nonlinear functions, ρ

vw�
and ρvw�. Furthermore,

this special function helps the deduction from (17) to (33) via∑�̂+1
�=1 ϕvw� = 1.
Remark 6: The existence of FOU in membership functions

is a main difference between the type-1 T–S fuzzy model and
the type-2 T–S fuzzy model. Therefore, many papers about
FOU were published. For example, Zhou et al. [48] studied the
effect of the partition about FOU on the work of the controller.
In [28], the maximum and minimum values of the subspace
of FOU are used to express the uncertainty by the average
partition of FOU. Furthermore, in future work, some advanced
techniques of tacking FOU will be researched, such as the
research of adaptive nonsingleton type-2 fuzzy systems in [49],
the design of a feedback error learning control for the type-
2 fuzzy neural networks in [50], and the study of adaptive
dynamic surface for uncertain nonlinear systems based on the
IT2 fuzzy set theory [51].
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IV. SIMULATION

In this section, a numerical example is adopted to verify the
correctness and effectiveness of our method.

System parameters are given as follows:

Aε
11 =

[
1.1000 1.1840

−0.1814ε 0.8179ε

]
, Cε

11 =
[−0.1874

0.1812ε

]

Aε
12 =

[
1.2000 1.7526

−0.1237ε 1.2534ε

]
, Cε

12 =
[

0.1874
0.1812ε

]

Aε
21 =

[
1.0300 1.8148

−1.1815ε 0.8179ε

]
, Cε

21 =
[

1.1875
1.1812ε

]

Aε
22 =

[
1.0200 1.5816

−0.1635ε 1.2563ε

]
, Cε

22 =
[

1.2700
−1.8120ε

]

Bε
v,l(t) =

[
0.5
0.1ε

]
, DT

11 =
[−1

0.5

]
, DT

12 =
[−1

1

]

D21 = [−1 1
]
, D22 = [−1 1

]
, ε = 0.005

F11 = 1, F12 = 3, F21 = −3, F22 = 1, Evθ = 0.1.

LMF and UMF of the plant and the controller are as follows
(where the symbol U ∈ [U ,U ] represents the uncertainty of
systems):

μ
S11

(x1(t)) = 1 − 1

1 + exp
(−x1(t)/2 − U

)
μS11

(x1(t)) = 1 − 1

1 + exp
(−x1(t)/2 − U

)
μ

S21
(x1(t)) = 1 − μS11

(x1(t))

μS21
(x1(t)) = 1 − μ

S11
(x1(t))

and

μ
S̃11

(x1(t)) = 0.8 exp
(
−x2

1(t)
)

μS̃11
(x1(t)) = μ

S̃11
(x1(t))

μ
S̃21

(x1(t)) = 1 − μ
S̃11

(x1(t))

μS̃21
(x1(t)) = μ

S̃21
(x1(t)).

The state space � and the FOU � are divided into ten and
two regions, respectively, which means that � = ⋃10

k=1 �k

and � = ⋃2
�=1 ��. The minimum and maximum values of

�k are x1k� = 0.2(k − 6), x1k� = 0.2(k − 5), as well as the
minimum and maximum values of �� are U� = 1.5� + 0.5
and U� = 1.5�+2, respectively. Other functions about the IT2
T–S fuzzy set are selected as follows:

ς
v
(x1(t)) = sin2(x1(t))

ςv(x1(t)) = 1 − ς
v
(x1(t))

ξ
w
(x1(t)) = cos2(x1(t))

ξw(x1(t)) = 1 − ξ
w
(x1(t))

χ11k�(x1(t)) = 1 − x1(t) − x1k�

x1k� − x1k�
χ12k�(x1(t)) = 1 − χ11k�(x1(t))

ψ
vw1k�

= g
v

(
x1k�

)
hw

(
x1k�

)
ψ

vw2k�
= g

v
(x1k�)hw(x1k�)

ψvw1k� = gv

(
x1k�

)
hw
(
x1k�

)
ψvw2k� = gv(x1k�)hw(x1k�).

Fig. 2. Switching sequence subject to the PDT switching rule.

Fig. 3. Trajectories of quantization inputs, outputs, and errors.

Furthermore, choosing r = 5, φ = 1.1, TPDT = 4, τPDT = 2,
λ = 0.9, β = 0.85, f(0) = 5, x(0) = [ −5 1 ]T , and ω(t) =
sin(t) exp(−0.1t) and solving the conditions in Theorem 2, the
controller gains are obtained as follows:

K11 = [−0.7714 −1.1443
]

K12 = [−0.7851 −1.2957
]

K21 = [−0.7027 −1.0444
]

K22 = [−0.7126 −1.1942
]
.

Under the switching sequence in Fig. 2, the data from the
system to the controller are disposed by a quantizer, which is
demonstrated in Fig. 3. Then, the state responses of the open-
loop system and the closed-loop system are drawn in Fig. 4.
It is clear that Fig. 4 shows the effectiveness of the designed
controller.

Besides, Table I is provided to illustrate the relationship
between r and the upper bound of ε under ε-dependent MLFs
and ε-independent MLFs. When setting Q2θ = 0 in Theorem
2, we can obtain sufficient conditions guaranteeing the sta-
bility and the performance of the considered system in terms
of ε-independent MLFs. It is observed from this table that
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Fig. 4. State responses of open-loop system and closed-loop system.

TABLE I
OPTIMIZED UPPER BOUNDS OF ε FOR DIFFERENT r AND MLFS

compared with ε-independent MLFs, the method based on
SPP-dependent MLFs can increase the upper bound of ε,
which means that the conservativeness of sufficient condi-
tions derived by ε-dependent MLFs is less than that derived
by ε-independent MLFs. Furthermore, this table also reveals
the fact that the increase of r enlarges the upper bound of ε.

V. CONCLUSION

In the study, we have researched the quantized control issue
for NSSPSs subject to the uncertainty. The interval type-2
fuzzy set theory has been utilized to cope with the nonlinearity
and the uncertainty of the system. Furthermore, the switching
feature of the considered system has been managed by the per-
sistent dwell-time switching rule. By solving ε-independent
and membership-function-dependent conditions, the specific
form of the controller satisfying prescribed requirements has
been deduced. Ultimately, a numerical example has proved the
effectiveness of the designed controller and the less conserva-
tiveness of the obtained sufficient conditions. In addition, how
to study NSSPSs on the basis of the adaptive control scheme
will be our future work [52]–[57].

APPENDIX A
PROOF OF THEOREM 1

The ε-dependent MLFs for the closed-loop system (9) and
(10) are constructed as

Vι(t)(x(t)) = xT(t)Pε
ι(t)x(t)

and the target function is defined as

J (t) � Vθ (x(t + 1)) − λVθ (x(t))

+ zT(t)z(t) − r2ωT(t)ω(t).

By introducing the slack matrices Xθ , 0 < Yvw�θ , we have the
following results from (11) and (12):⎡
⎣ v̂∑

v=1

ŵ∑
w=1

�̂+1∑
�=1

ϕvw�

(
ρ

vw�
kvw� + ρvw�kvw�

)
− 1

⎤
⎦Xθ = 0 (23)

v̂∑
v=1

ŵ∑
w=1

�̂+1∑
�=1

ϕvw�
(
1 − ρvw�

)(
kvw� − kvw�

)
Yvw�θ > 0. (24)

It follows from Lemma 1 that:

J (t) = xT(t + 1)Pε
θx(t + 1) − λxT(t)Pε

θx(t)

+ zT(t)z(t) − r2ωT(t)ω(t)

=
⎡
⎣ v̂∑

v=1

ŵ∑
w=1

δvwAε
vwθη(t)

⎤
⎦

T

Pε
θ

⎡
⎣ v̂∑

v=1

ŵ∑
w=1

δvwAε
vwθη(t)

⎤
⎦

+
⎡
⎣ v̂∑

v=1

ŵ∑
w=1

δvwBvwθη(t)

⎤
⎦

T⎡
⎣ v̂∑

v=1

ŵ∑
w=1

δvwBvwθη(t)

⎤
⎦

− λxT(t)Pε
θx(t) − r2ωT(t)ω(t)

< ηT(t)

⎡
⎣
⎛
⎝ v̂∑

v=1

ŵ∑
w=1

�ε
0vwθ − Xθ

⎞
⎠+

v̂∑
v=1

ŵ∑
w=1

�̂+1∑
�=1

ϕvw�

× ρvw�
(
kvw� − kvw�

)(
�ε

1vwθ + Xθ − Yvwθ�
)
⎤
⎦

× η(t).

From (16) and (17) in Theorem 1, J (t) < 0 is easily obtained.
In what follows, the stability of system (9) is testified, and

then the rest part is used to further demonstrate that system (9)
is GUES with an H∞ performance index r̃.

When ω(t) ≡ 0, from J (t) < 0 and (15), we can know that

Vθ (x(t + 1)) < λVθ (x(t)) (25)

Vθ (x(t)) < φVθ̃ (x(t)). (26)

Therefore, for t ∈ [tmj , tmj+1), it can be derived that

Vι(t)(x(t)) < �jV
ι
(

tmj

)(x(tmj

))
(27)

where

�j � (φλ)T(j)
φλτPDT .

Thereafter, take the following two cases into consideration.
1) When φλ < 1, it can be achieved that �j < 1.
2) When φλ > 1, �j ≤ (φλ)TPDTφλτPDT < 1 can be

observed based on (18).
In conclusion, it is easy to obtain that

V
ι
(

tmj

)(x(tmj

))
< �V

ι
(

tmj−1

)(x(tmj−1

))

where

� �
{

max0≤j̃≤j �j̃, φλ < 1
(φλ)TPDTφλτPDT , φλ > 1

which implies

� < 1.



6646 IEEE TRANSACTIONS ON CYBERNETICS, VOL. 52, NO. 7, JULY 2022

Hence, denoting the initial time as t0 � tm0 , it can be
inferred that

‖x(t)‖2 < ζ�̃t−t0‖x(t0)‖2

with

�̃ � max
t0≤t

(
�

j+1
t−t0+1

)
, ζ �

�̃ maxθ∈S λmax
(
Pε
θ

)
minθ∈S λmin

(
Pε
θ

)
which is consistent with Definition 1.

On the other hand, from J (t) < 0 and (26), we can know
that

V
ι
(

tmj

)(x(t)) < λt−t0φNUM(t,t0)Vι(t0)(x(t0))

−
t−1∑
p=t0

κ(t, p) (28)

where

κ(t, p) � φNUM(t,p)λt−1−p
(

zT(p)z(p) − r2ωT(p)ω(p)
)
.

On account of x(t0) = 0, one obtains from (28) that

−
t−1∑
p=t0

κ(λ, p) > V
ι
(

tmj

)(x(t)) > 0. (29)

The total number of switching in the interval [p, t) satisfies
the following conditions:

0 ≤ NUM(t, p) ≤
(

t − p

TPDT + τPDT
+ 1

)
(TPDT + 1).

Based on the above discussion, we have
∞∑

p=t0

zT(p)z(p) < r̃2
∞∑

p=t0

ωT(p)ω(p).

That ends the proof.

APPENDIX B
PROOF OF THEOREM 2

On account of (19) and (21) for κ ∈ {3, 4} and by utilizing
Lemma 2, we have

0 < Qε
θ < φQε

θ̃
(30)

ϒε
vwθ < 0 (31)

where

Qε
θ � Q1θ + εQ2θ

ϒε
vwθ �

⎡
⎢⎣
ϒ

ε(1.1)
vwθ ∗ ∗

ϒ
ε(2.1)
vwθ ϒ

ε(2.2)
vwθ ∗

ϒ
3(3.1)
vwθ ϒ

ε(3.2)
vwθ ϒ

3(3.3)
vwθ

⎤
⎥⎦

with

�
ε � Qε

θ − Rθ − RT
θ

ϒ̃ε
11 � λ�ε + X1θ − Y1vw�θ

ϒ
ε(2.2)
vwθ � diag

{−Qε
θ ,−I

}
ϒ

ε(1.1)
vwθ �

[
ϒ̃ε

11 ∗
ϒ̃21 ϒ̃22

]

ϒ
ε(3.2)
vwθ �

[
γ2GCεT

vθ γ2GFT
vθ

0 0

]

ϒ
ε(2.1)
vwθ �

[
Aε

vθRθ + Cε
vθLwθ Bε

vθ
DvθRθ + FvθLwθ Evθ

]
.

Defining the matrix Qε
θ as Qε

θ � (Pε
θ )

−1, inequality (30)
implies the establishment of (15). On the other hand, we
denote

Xθ �
[
X̃1θ ∗
X̃2θ X3θ

]
, Yvw�θ �

[
Ỹ1vw�θ ∗
Ỹ2vw�θ Y3vw�θ

]
.

By utilizing the Schur complement to condition (16) in
Theorem 1, the result is as follows:[

"̃
ε(1.1)
vwθ ∗

"̃
ε(2.1)
vwθ ϒ

ε(2.2)
vwθ

]
< 0 (32)

where

"̃
ε(1.1)
vwθ �

[
−λ
(
Qε
θ

)−1 + X̃1θ − Ỹ1vw�θ ∗
X̃2θ − Ỹ2vw�θ X3θ − Y3vw�θ − r2I

]

"̃
ε(2.1)
vwθ �

[
Aε

vθ + Cε
vθ (I + (t))Kwθ Bε

vθ
Dvθ + Fvθ (I + (t))Kwθ Evθ

]
.

Then, employ

Qε
θ − Rθ − RT

θ ≥ −RT
θ

(
Qε
θ

)−1
Rθ

and define

R̃θ � diag{Rθ , I}, X2θ � X̃2θRθ , Y2vw�θ � Ỹ2vw�θ

X1θ � RT
θ X̃1θRθ , Y1vw�θ � RT

θ Ỹ1vw�θRθ .

Meanwhile, by performing congruent transformations to (32)
with diag{R̃θ , I} and the Schur complement, it ensures the
establishment of (31).

Similarly, employing the same method to (19)–(21) for κ ∈
{1, 2}, it yields

ψ1�
ε
1vwθ + ψ2Xθ − ψ3Yvw�θ < 0

which implies

k̂∑
k=1

2∑
�1=1

· · ·
2∑

�nx =1

nx∏
σ=1

χσ�σ k�
(
ψ1�

ε
1vwθ + ψ2Xθ − ψ3Yvw�θ

)
< 0. (33)

Therefore, based on (12), inequality (17) holds. That ends the
proof.
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