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Abstract—Surrogate-assisted evolutionary algorithms (SAEAs)
have become very popular for tackling computationally expen-
sive multiobjective optimization problems (EMOPs), as the sur-
rogate models in SAEAs can approximate EMOPs well, thereby
reducing the time cost of the optimization process. However, with
the increased number of decision variables in EMOPs, the pre-
diction accuracy of surrogate models will deteriorate, which
inevitably worsens the performance of SAEAs. To deal with this
issue, this paper suggests an ensemble surrogate-based frame-
work for tackling EMOPs. In this framework, a global surrogate
model is trained under the entire search space to explore the
global area, while a number of surrogate sub-models are trained
under different search subspaces to exploit the sub-area, so as to
enhance the prediction accuracy and reliability. Moreover, a new
infill sampling criterion is designed based on a set of reference
vectors to select promising samples for training the models. To
validate the generality and effectiveness of our framework, three
state-of-the-art evolutionary algorithms (nondominated sorting
genetic algorithm III (NSGA-III), multiobjective evolutionary
algorithm based on decomposition with differential evolution
(MOEA/D-DE) and reference vector-guided evolutionary algo-
rithm (RVEA)) are embedded, which significantly improve their
performance for solving most of the test EMOPs adopted in this
paper. When compared to some competitive SAEAs for solving
EMOPs with up to 30 decision variables, the experimental results
also validate the advantages of our approach in most cases.

Index Terms—Evolutionary algorithms, multiobjective opti-
mization, ensemble surrogate, model management.

1. INTRODUCTION

In engineering applications, there exist some multiobjective
optimization problems (MOPs) that require the simultane-
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ous optimization of multiple (often conflicting) objectives. As
multiobjective evolutionary algorithms (MOEAs) can find a
set of Pareto-optimal solutions in a single run, they become an
effective and popular tool for tackling MOPs [1]. Based on the
selection criteria, most MOEAs can be classified into three
main categories [2]: Pareto-based MOEAs [3], [4], decompo-
sition-based MOEAs [5]-[6], and indicator-based MOEAs [7],
[8]. These traditional MOEAs generally assume a sufficient
number of function evaluations, so that the population can
converge. However, for some MOPs modeled from practical
applications, e.g., finite element analysis [9], computational
fluid dynamics [10], and computational electromagnetics [11],
the function evaluations require computationally expensive
simulations, which consume a considerable amount of time or
material resources. These problems are often called expensive
MOPs (EMOPs) [12].

In recent years, surrogate-assisted evolutionary algorithms
(SAEAs) have been widely used for tackling EMOPs, as they
employ a computationally efficient surrogate model to replace
the true expensive functions [13]. This way, the computational
cost for evolutionary optimization in SAEAs can be signifi-
cantly reduced. Many machine learning models can be em-
ployed as surrogate models, such as Kriging [14]-[17], radial
basis functions (RBF) [18]-[19], artificial neural networks [20],
support vector regression models [21]-[22], polynomial re-
gression (PR) models [23], or a combination of multiple sur-
rogate models [24]-[32]. Different surrogate models have
distinct advantages for tackling specific EMOPs [33]. After
selecting the surrogate models, the way to update them, which
is referred to as the surrogate management criterion or infill
sampling criterion, is also important, e.g., the probability of
improvement (Pol) [34], the expected improvement (ExI) [35],
and the lower confidence bound (LCB) [36]. These methods
select promising solutions to be evaluated by true expensive
functions and then use them to retrain the surrogate models.

According to the availability of new data, there are two
kinds of SAEAs: (1) offline SAEAs, which depend on the
existing date for optimization, and (2) online SAEAs, which
can actively generate new data for optimization [37], [38].
This paper focuses only on online SAEAs that have additional
samples for managing the surrogate models, which are more
flexible for enhancing the optimization performance in prac-
tical cases. When designing online SAEAs, we often need to
solve several challenges [39]. The first one is to select one
appropriate surrogate model. In general, the surrogate model is
chosen based on the experience of the users or engineers



[15]-[23], since there is little theoretical guidance available.
The second challenge is how to use the surrogate model. The
most conventional method is to use the surrogate model as the
approximation of objective functions [40], and other potential
methods include the approximation of a scalarizing function
by converting an EMOP into a set of subproblems [41]-[43],
the estimation of the rankings of solutions [44], the prediction
of the hypervolume (HV) [45], and the classification of sam-
ples based on their fitness [20]. The third challenge is to select
a specific MOEA. As different MOEAs have different ad-
vantages and limitations, one MOEA cannot always perform
well in all EMOPs. Hence, suitable MOEASs should be selected
based on the properties of the target EMOPs. The last chal-
lenge is to determine the termination criterion of online
SAEA:s, as the true function evaluations are very expensive. In
spite of the above challenges, online SAEAs are still regarded
as very promising for solving EMOPs [13].

In [15]-[23], the capabilities of Kriging models and other
surrogate models to effectively approximate the objective
functions were validated when tackling EMOPs with a small
number of decision variables. However, the performance of
these models will significantly deteriorate for tackling EMOPs
with more than ten decision variables due to the poor predic-
tion accuracy. Recently, some research studies [24]-[27] have
indicated that a number of member models can provide a more
accurate approximation performance for tackling EMOPs, but
their performance is still not satisfactory enough on EMOPs
with a large number of decision variables [46], [47]. Thus, this
paper proposes an ensemble surrogate-based framework (ESF)
for expensive multiobjective evolutionary optimization, which
can achieve superior approximation performance for tackling
various EMOPs. In our ESF, one global surrogate model and a
number of surrogate sub-models are combined to compose an
ensemble surrogate model with improved accuracy. Moreover,
a new infill sampling criterion is presented in this paper based
on a set of reference vectors, which selects promising solutions
to retrain the surrogate models. To summarize, the main con-
tributions of this paper are as follows:

(1) A new surrogate-based framework is proposed for tack-
ling EMOPs, which trains surrogate models under dif-
ferent search spaces, while most of the existing ensemble
models train their surrogate models in the entire search
space [24]-[27]. One global surrogate model is trained
under the entire search space to explore the global area,
while a number of surrogate sub-models are trained under
different search subspaces to exploit the sub-area. This
way, the prediction accuracy and reliability of our
framework are strengthened.

(2) A new infill sampling criterion is proposed based on a set
of weight vectors to evaluate the quality of solutions.
Solutions whose approximate objective values are domi-
nated by truly evaluated samples will be removed to en-
sure convergence and then the remaining ones closest to a
set of randomly selected reference vectors with good di-
versity are finally used to train the surrogate models.

(3) Any MOEA can be easily embedded into our framework.
As examples, three well-known MOEAs (nondominated

sorting genetic algorithm IIT (NSGA-III) [3], multiobjec-
tive evolutionary algorithm based on decomposition with
differential evolution (MOEA/D-DE) [5], and reference
vector-guided evolutionary algorithm (RVEA) [48]) have
been embedded into our framework. The experiments
show that their performance is significantly improved for
tackling most of the test EMOPs adopted in this paper,
which confirms the effectiveness of our framework.

The rest of this paper is organized as follows. Section II
briefly discusses the related techniques and the motivations of
this paper. Section III introduces the details of our framework,
and the experimental results of the ESF with different SAEAs
are presented in Section I'V. Finally, Section V concludes the
paper with a summary and a discussion of future work.

II. RELATED WORK AND MOTIVATIONS

In this section, a number of representative SAEAs for tack-
ling EMOPs are first introduced in Section II.A, where their
strengths and limitations are summarized. Then, the motiva-
tions to design our ESF are presented in Section II.B. Please
note that the details of EMOPs and Kriging model are given in
Section 1 of the supplementary material due to page limita-
tions.

A. Previous Related Work

In recent years, a number of SAEAs have been designed for
solving EMOPs and some of them have shown very competi-
tive performance. For example, a new MOEA/D variant with
the Gaussian stochastic process model (MOEA/D-EGO) was
proposed in [42] to solve EMOPs. In this approach, a Gaussian
model is built for each subproblem based on the data obtained
from the evolutionary search, which is then used to produce
candidate solutions. A Kriging-assisted RVEA (K-RVEA)
was presented in [16] for incorporating the Kriging model into
RVEA [48] to approximate the objective values. K-RVEA
exploits the uncertainty information from the Kriging model,
the distribution of reference vectors, and the location of indi-
viduals, so as to balance the diversity and convergence in the
model management, which can limit its training cost without
sacrificing prediction accuracy. A classification-based SAEA
(CSEA) was designed in [20] to solve EMOPs with many
objectives, which can predict the dominance relationship
between candidate solutions and reference solutions. CSEA
can select promising solutions to run the true function evalua-
tions by considering both the uncertainty information given by
the surrogate model and their dominance relationship.

On the other hand, there are also some SAEAs suggesting to
use multiple surrogates for tackling EMOPs, which are ex-
pected to generate more accurate approximation results. For
example, an adaptive knowledge reuse framework was de-
signed in [25] for SAEASs to solve EMOPs, which realizes an
efficient transfer evolutionary multiobjective optimization
with multiproblem surrogates (TEMO-MPS). This approach
can acquire and transfer learned models across problems using
the idea of multiproblem surrogates, so as to promote global
optimization in EMOPs. A Gaussian process (GP)-based
co-sub-Pareto  front surrogate augmentation strategy
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(GCS-MOE) was suggested in [26] to solve EMOPs, which
decomposes an EMOP into a number of subproblems and uses
the solution of each subproblem to approximate one sub-PF.
Then, a multitask GP model is used to exploit the correlations
among the subproblems, such that knowledge learned from
subproblems can be transferred across sub-PFs to better solve
EMOPs. A heterogeneous ensemble assisted MOEA (HeE-
MOEA) was designed in [27] by using ensembles as surro-
gates and infill criteria for model management in evolutionary
optimization. In this approach, a heterogeneous ensemble with
a least square support vector machine and two RBFs is con-
structed to enhance its reliability for uncertainty estimation.
Moreover, a selected subset of decision variables and a set of
transformed variables are used as inputs of the heterogeneous
ensemble to further enhance its diversity. A surrogate-en-
semble assisted optimization method (SAEMO) was intro-
duced in [28] to train multiple surrogate models to assist
MOEAs. This approach suggests a new model management
strategy, which measures the uncertainty by considering the
distance to the samples in decision space and the approxima-
tion variance in objective space.

To have an overview for the SAEAs mentioned above, their
strengths and limitations are summarized in Table A.II of the
Supplementary Material due to page limitations. Although
they can be applied to solve high-dimensional EMOPs with up
to 30 dimensions, their performance is still not so satisfactory,
which can be observed from our experimental studies in Sec-
tion I'V.
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Fig. 3 A flowchart for our framework

As mentioned above, various surrogate models have been
proposed for SAEAs [14]-[32]. However, most of them are
designed to effectively solve low-dimensional EMOPs, which
are not so effective for EMOPs with more than ten decision
variables. One important phenomenon we have observed in the
experiments is that the predicted objective values of different
solutions become extremely similar when the Kriging model is
used for approximating high-dimensional objective functions.

In Fig. 1 and Fig. 2, the predicted objective values of 100
individuals are plotted for approximating the 10-dimensional
(10-D) and 20-D WFG4 problems [49]. In each figure, the
predicted value of each individual is plotted for each objective.
From Fig. 1, we can observe that for each objective, all the
predicted values are clearly distinguishable. However, in Fig.
2, the predicted values of all the individuals become nearly the
same, making it impossible to distinguish the quality of dif-
ferent individuals in SAEAs. The above empirical results can
be properly explained by analyzing the Kriging model pro-
vided in the Supplementary Material, from which we can find
that the prediction of a new unknown individual x"" is sig-
nificantly correlated with the distance between x"" and the
training samples. Thus, when there is only a small number of
training samples in a high-dimensional decision space, all the
new individuals will be predicted to have extremely similar
objective values, as they are all significantly far from these
samples.

Based on the above discussion, it is reasonable to conclude
that for high-dimensional EMOPs, the predicted objective
values of different solutions will become barely distinguisha-
ble, resulting in SAEAs being less effective for searching
promising solutions. Thus, to solve the above problem, a novel
ensemble surrogate model is designed to provide more accu-
rate predictions for new solutions of high-dimensional EMOPs,
which includes one global surrogate model constructed in the
original decision space and K surrogate sub-models built in
different low-dimensional subspaces. Moreover, a new infill
sampling criterion is designed based on the reference vectors
to select solutions with good convergence, which can better
manage our ensemble surrogate model. The details of the
above proposal will be introduced in the following section.



Algorithm 1: The General Framework
1. Generate a set of reference vectors V and N solutions as a popu-
lation P
Initialize an empty training database DB = &
Initialize the maximum number of infill solutions Nijs =5
while FE < FE; do
F « True-expensive-evaluation (P)
Set FE=FE +|Pland DB=DB U {P, F}
Ensemble « Ensemble-model-construction (DB)
S « Surrogate-assisted-MOEA (DB, Ensemble, gnax)
P « Infill-solutions-selection (S, V, Nis)
end while
Output nondominated solutions from DB
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III. THE DETAILS OF OUR FRAMEWORK

In this section, the details of our ESF for tackling EMOPs
are introduced. To have an overview of the ESF, Fig. 3 illus-
trates the running of the ESF, which consists of five main
components: initialization, true expensive evaluation, ensem-
ble surrogate construction, surrogate-assisted MOEA, and
infill solutions selection. Please note that after the initialization,
our ESF will enter the evolutionary loop for true expensive
evaluation, ensemble surrogate construction, surrogate- as-
sisted MOEA, and infill solutions selection. After running out
of the limited true function evaluations, the final nondomi-
nated solutions in the training data will be used as the output.

To clarify the running of the ESF, its complete pseudocode
is also provided in Algorithm 1.

* Initialization: The initialization is run in lines 1-3. In
line 1, a set of reference vectors V is generated by the
normal boundary intersection (NBI) method [50], and N
training sample points are generated by the Latin hy-
percube sampling method [51] to compose the initial
population P. Then, an empty training database (DB) and
the maximum number of infill solutions Nis are respec-
tively initialized in line 2 and line 3.

*  Stopping condition: After initialization, the evolution-
ary loop is run in lines 4-10 until the stopping condition
(FE < FEma) is met in line 4.

*  True expensive evaluation: At the beginning of the
evolutionary loop, all the individuals of the initial popu-
lation are evaluated by true expensive functions in line 5,
which are then added into DB in line 6. Please note that
these solutions in DB will be used to train the surrogate
models.

* Ensemble surrogate construction: An ensemble sur-
rogate model Ensemble will be constructed in line 7,
which will train one global surrogate model and K sur-
rogate sub-models.

*  Surrogate-assisted MOEA: The surrogate-assisted
MOEA is run in line 8 to generate an offspring popula-
tion S with a prefixed number of generations, and the
above ensemble surrogate model is used to replace the
true expensive functions for evaluating solutions.

¢ Infill solutions selection: The offspring population S will
undergo infill solutions selection, which will identify
several promising solutions in the search space to update
the ensemble surrogate model in line 9, thereby guaran-
teeing the accuracy of the ensemble surrogate model.
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Fig. 4 Structure of the ensemble surrogate in ESF

The details of the above ensemble surrogate construction,
surrogate-based evolutionary optimization, and infill solutions
selection are respectively described below.

A. Ensemble Surrogate Construction

In this method, the Kriging model is adopted to build our
ensemble surrogate model due to its high efficiency and simple
working principle. As shown in Section II.B, the performance
of the Kriging model will deteriorate for solving EMOPs with
more than ten decision variables, as the predicted objective
values are extremely similar and cannot be distinguished.
Hence, an ESF is suggested here to better approximate the
objective values in this case.

Fig. 4 depicts the structure of the ensemble surrogate model
used in ESF, which includes a global Kriging model and k
Kriging sub-models. The global Kriging model has been
widely used in most existing SAEAs [15]-[16], which will be
trained in the original search space using the solutions in DB,
while the k Kriging sub-models will be trained in different
subspaces. To clarify the running of this procedure, its pseu-
docode is provided in Algorithm 2 with the input DB. In line 1
of Algorithm 2, the dimension of the subspaces is denoted by
Dism, which is obtained by multiplying a coefficient r with its
original dimension D as follows:

Dy = rxD], €))
where r is a randomly generated real number in (0, 1) and the
operation | rx D | keeps the integer part of rxD. Then, the k
Kriging surrogate sub-models (LSMy, ..., LSMy) are trained in
lines 2-6. Specifically, in line 3, Disu different indexes for
decision variables are randomly selected from [1, D] in line 3
for the i surrogate sub-model, and then the it training data
subset (DB;) is sampled from the original database DB in line 4,
which only includes Disw decision variables of each solution
in DB with the indexes recorded in Dind;. Then, a surrogate
sub-model (LSM;) is trained by DB; in line 5. In line 7, the
global Kriging surrogate model (GSM) is trained using DB.
Here, similar samples will be removed before training these
surrogate models. At last, the obtained global surrogate model
and k surrogate sub-models are used to compose an ensemble
surrogate model adopted in the ESF.

This ensemble surrogate model will be retrained when a
new sample with a true evaluation is added into the database
DB. As the ensemble model includes k+1 types of Kriging
models, each member model should be assigned a weight to



Algorithm 2: Ensemble-model-construction (DB)

Algorithm 4: Infill-solutions-selection (S, V, Nis)

1. Calculate the dimension of surrogate sub-models Dygy = x D
2. fori=1tokdo
3. Randomly select Dysw decision variables from the variable
vector as Dind;
DB; = DB(:, Dind;)
Construct a surrogate sub-model LSM; using DB;
end for
Construct a global surrogate model GSM using DB
Ensemble « {GSM, LSM,, ..., LSM}
Qutput the ensemble surrogate model Ensemble

VRN h

Algorithm 3: Surrogate-assisted-MOEA (DB, Ensemble, Qmax)
1. S « Nondominated solutions in DB
2. Set generation counter g =0
3. while g < Qmax
4 Q <« Offspring-reproduction(S)
5. Evaluate solutions in Q by Ensemble from Algorithm 2
6
7
8
9

S « Environmental-selection(SU Q)
g=g+1

. end while

. Output S

predict the objective value at the same time. In the initial stage
of optimization, since the number of samples in DB is very
limited, the Kriging model cannot provide high accuracy for
approximating the objective values, especially for EMOPs
with more than ten decision variables. With more truly
evaluated samples added into DB, the performance of the
Kriging model will be gradually improved. Thus, the weights
of their member models should be dynamically adjusted to
control the final output of our ensemble surrogate model. In
this paper, the assigned weights for the k surrogate sub-models
should be set large enough in the early stage of optimization,
as they are more accurate when the number of trained samples
is limited. With the increased number of evaluations, more
samples will be added into DB, and the global surrogate model
will become more accurate. In this case, the assigned weight
for the global surrogate model will be gradually set as a larger
value. Based on the above discussion, the output of the en-
semble surrogate model can be expressed as follows:

1 Kk
yens:(l_c)xizyi"_cxyml’ (2)

i=1
c=FE/FE,,, 3)
where Yi denotes the output of the i surrogate sub-model (i=1,
2,..., K), Vi1 is the output of the global surrogate model, FE is
the number of true expensive evaluations, and FEnmax is the
maximum number of true expensive evaluations allowed.

B. Surrogate-assisted MOEA

After constructing the above ensemble surrogate model, our
framework will move to the surrogate-assisted MOEA. In this
procedure, any MOEA can be used and the candidate solutions
produced by this MOEA are evaluated by our ensemble sur-
rogate model rather than the true expensive functions. The
details of the surrogate-assisted MOEA are presented in Al-
gorithm 3 with the inputs: DB, Ensemble (the built ensemble
surrogate model), gmax (the preset maximum number of gen-
erations). First, all the nondominated solutions in DB are used
as the initial population S for the surrogate-assisted MOEA in
line 1. Then, the generation counter is initialized in line 2, and
the algorithm will enter into the evolutionary loop in lines 3-8.

1. Remove duplicate solutions and solutions dominated by DB from S

2. Initialize an empty set P = &

3. if S| < Nis

4. P=S

5. else

6.  Randomly select Njsreference vectors from V as areference vector set
7 Calculate the angles of' s; € Stow; € Wby (4)

8

9

forj=1:|W|do
Select one solution s closest to W;

10. if s is different from any point in P
11. P=P Us
12. end if
13. end for
14. end if
15. Output P

In line 4, an offspring population Q with the same size as S is
generated by reproduction strategies, such as simulated binary
crossover [52] or differential evolution [53], and polynomi-
al-based mutation [54]. The fitness values for all the offspring
solutions in Q are evaluated in line 5 by our ensemble surro-
gate model as introduced in Section III.A, environmental
selection is run in line 6 on the combination of S and Q to
select the next population, and the generation counter is in-
creased by 1 in line 7. When the termination criterion (g <

Omax) 1s satisfied in line 3, the above evolutionary loop is ended,
and the final population S will be used as the output.

C. Infill Solutions Selection

As one true function evaluation may consume much time in
EMOPs, SAEAs aim to find a set of good approximations with
very limited function evaluations. Our ESF is designed for
online SAEAs, which allows additional function evaluations
to be performed during the optimization process. Thus, an
infill solutions selection is proposed in the ESF to select indi-
viduals to be evaluated by the true expensive functions after
running the above surrogate-assisted MOEA. The details of
this strategy are introduced in Algorithm 4 with the inputs: S
(the generated population from the surrogate-assisted MOEA),
V (a set of evenly distributed reference vectors), Nis (the
maximum number of infill solutions). This strategy aims to
select a number of N;s infill solutions in each generation, which
will be evaluated by true expensive functions and then used to
update the ensemble surrogate model.

As shown in Algorithm 4, in lines 1-2, some duplicate so-
lutions and solutions dominated by DB are removed from S,
and the population P is initialized as an empty set. If there are
fewer than Njs solutions in S, they are directly added into P for
true function evaluation in line 4. Otherwise, for the sake of
strengthening diversity, Nis reference vectors are randomly
selected from V, which compose a reference vector set W in
line 6, and then the individual having the minimal acute angle
value to each reference vector in W is selected as the infill
solutions, as shown in lines 7-13. Here, the acute angle value is
reflected by cos @, , as follows:

S - Wj
cost} =T, 4)

s
where Sj e S to Wj e W. Please note that if the approximate
objective values of these infill solutions using our ensemble
surrogate model are dominated by the truly evaluated samples



in DB, they won’t be truly evaluated to avoid meaningless
function evaluations. Only the remaining solutions with po-
tentially good convergence are evaluated by true expensive
function to retrain our ensemble surrogate model. At each
generation, the Njs reference vectors used in (5) are different,
as they are randomly selected from the uniformly distributed
set W, which also guarantees the diversity of the selected infill
solutions from DB.

IV. EXPERIMENTAL STUDIES

A. Test Problems and Performance Indicator

In our numerical experiments, four sets of well-studied test
suites are used, namely, DTLZ1 to DTLZ7 [55], WFGI to
WFG9 [49], UF1 to UF9 [56], and MaF1 to MaF7 [57], where
UF1 to UF7 are two-objective problems and other test cases
are three-objective problems. Due to page limitations, the
main features of the DTLZ, WFG, UF, and MaF test suites are
summarized in Table A.III of the Supplementary Material.

This paper uses inverted generational distance (IGD) [58] to
give an overall assessment of the compared algorithms. Let P*
be a set of evenly distributed points along the PF in the objec-
tive space. Let S be an approximate set obtained by the
MOEAs to the PF; then, IGD is defined as the average distance
from P* to S, as follows:

> dist(x,S)
IGD(S,P") =2

(S.P) P
where dist(x, S) represents the minimum Euclidean distance
between x and the points in S, and |P*| indicates the size of P*.
If P* is large enough to represent the PF very well, IGD(S, P*)

, )

can measure both the diversity and convergence of S in a sense.

To have a low IGD(S, P*) value, the set S must be very close to
the PF and cannot miss any part of the PF.

B. Results of Embedding Three MOEASs into the ESF

Here, to evaluate the effectiveness of the ESF, three com-
petitive MOEAs (NSGA-III [3], MOEA/D-DE [5], and RVEA
[48]) are embedded into the ESF, forming three new SAEAs
(ESF-NSGA-III, ESF-MOEA/D-DE, and ESF-RVEA) for
solving the adopted test EMOPs. Thus, three comparisons of
ESF-NSGA-III versus NSGA-III, ESF-MOEA/D-DE versus
MOEA/D-DE, and ESF-RVEA versus RVEA are conducted
for solving DTLZ1-DTLZ7, WFG1-WFG9, UF1-UF9, and
MaF1-MaF7 with 10, 20, and 30 decision variables. In all our
experimental studies, the initial population size and the
maximum number of true expensive evaluations are set as
11xD-1 and 11xD+120, respectively (D is the dimensionality
of the problems), which are suggested in [27]. The number of
surrogate sub-models k in all variants with ESF is set to 2.
Other parameters are set the same as suggested in their original
references [3], [5], [48]. Some parameters in our framework,
e.g., the number of surrogate sub-models and the dimension of
surrogate sub-models in Algorithm 2, are tuned by using the
trial-and-error method. All the experiments are run on a per-
sonal computer equipped with an Intel(R) Core (TM) 17-7700
CPU, 3.60 GHz (processor), and 24.0 GB (RAM). In order to

TABLE I
SUMMARY OF THE SIGNIFICANCE TEST OF THREE COMPARISONS

ESF-NSGA-III [ESE-MOEA/D-DE| ESF-RVEA

Problem vs. NSGA-IIT | vs. MOEA/D-DE | vs. RVEA
DTLZ and WEG Better 44 40 45
(D = 10,20, 30) | Jorse g 2 2
0 Sﬁmﬂar f7 369 434
UF and MaF etter
_ Worse 0 5 1
(D =10,20,30) | §imilar 1 4 3
TABLE II
SUMMARY OF COMPARISON OF ESF-RVEA WITH DIFFERENT K VALUES
ESF-RVEA (k=2 vs.| k=0 | k=1 k=3 | k=4 | k=5
DTLZ, WFG, | Better 20 20 5 8 10
UF, and MaF | Worse 2 2 7 3 2
(D=20) |Similar| 10 10 20 21 20
Best 6 2 2 11 6 5

reproduce our experiments, the source code of ESF can be
downloaded in https://github.com/Xunfeng-Wu/ESF-EMOO.

The detailed IGD results of all three comparisons are pre-
sented in Table A.IV and Table A.V of the Supplementary
Material. To ensure statistically sound conclusions, Wilcoxon
rank-sum tests with a significance level of 0.05 are run, which
indicate statistically significant differences on the IGD results.
Here, Table I provides a summary of the significance test on
the IGD results for all the test problems with D = 10, 20, 30,
where “Better”, “Worse” and “Similar” respectively indicate
the number of test problems in which the performance of the
variants using ESF is better than, worse than, and similar to
that of the original algorithms.

As observed from the summary on all the DTLZ and WFG
test problems, 44, 40, and 45 out of 48 cases show the supe-
riority of ESF-NSGA-III over NSGA-III, ESF-MOEA/D-DE
over MOEA/D-DE, and ESF-RVEA over RVEA, respectively.
The superiority of MOEA/D-DE over ESF-MOEA/D-DE is
only found in 2 cases. Both NSGA-III and RVEA cannot
perform better than ESF-NSGA-III and ESF-RVEA in all
cases, respectively. For the summary on all UF and MaF test
problems,  ESF-NSGA-III, = ESF-MOEA/D-DE,  and
ESF-RVEA outperform their original algorithms in 47, 39, and
44 out of 48 cases, respectively, while they are only outper-
formed by their original algorithms in 0, 5, and 1 cases, re-
spectively. Therefore, it is reasonable to conclude that the
embedding of these MOEAs into the ESF can bring significant
improvements to their ability to tackle EMOPs.

In order to provide more details, as observed from the IGD
results in Table A.IV and Table A.V for all test problems with
different numbers of decision variables, the performance of
ESF-NSGA-III can be obviously enhanced in most of the test
problems with all the considered dimensions, except for
DTLZI1, DTLZ3, WFG3, and MaF3. ESF-MOEA/D-DE is
significantly better than MOEA/D-DE on DTLZ6, DTLZ7,
MaF1, MaF2, MaF7, and all the WFG and UF test problems.
ESF-RVEA achieves remarkable improvement over RVEA on
all the adopted test problems except for MaF3 and MaFS5.

C. Impact of Parameter k in ESF

To study the impact of parameter k (the number of surrogate
sub-models in the ensemble surrogate model), some experi-
ments are run in this subsection. Using the parameters settings
in Section IV.B, ESF-RVEA with different k values from {0, 1,
2, 3,4, 5} are experimentally compared. Due to page limita-



TABLE III

COMPARISON OF ESF-RVEA WITH THREE COMPETITIVE ALGORITHMS ON THE DTLZ AND WFG TEST PROBLEMS

Problem M D MOEADEGO CSEA KRVEA ESF-RVEA
3 10 2.2096e+0 (8.12¢-2) - 1.9012e+0 (1.03e-1) = 1.8715e+0 (1.52e-1) = 1.8969¢+0 (1.14e-1)
WFGl1 3 20 2.2595e+0 (5.13e-2) - 1.8653e+0 (1.11e-1) = 1.9154e+0 (1.41e-1) = 1.9180e+0 (1.34e-1)
3 30 2.2102e+0 (5.37e-2) - 1.8357e+0 (9.20e-2) = 2.0391e+0 (1.54e-1) - 1.8918e+0 (1.31e-1)
3 10 7.3253e-1 (5.11e-2) - 6.3425¢-1 (8.13e-2) - 4.7208e-1 (4.77¢e-2) - 4.1092e-1 (6.92¢-2)
WEFG2 3 20 8.2115e-1 (7.07e-2) - 6.9103e-1 (4.33e-2) - 6.4857e-1 (4.59¢-2) - 5.5683e-1 (5.30e-2)
3 30 7.9521e-1 (5.53e-2) - 6.7734e-1 (3.63e-2) = 7.2626e-1 (3.06e-2) - 6.6353e-1 (3.26¢-2)
3 10 6.4219¢-1 (3.23¢-2) - 5.3710e-1 (4.81e-2) - 4.8030e-1 (5.68e-2) - 4.1545e-1 (6.93e-2)
WFG3 3 20 6.7566e-1 (2.69¢-2) - 6.7603e-1 (2.18e-2) - 6.6656¢-1 (3.06e-2) - 5.8340e-1 (5.15¢e-2)
3 30 6.5069e-1 (2.22¢-2) + 7.1985e-1 (2.02¢-2) - 7.0974e-1 (2.28e-2) - 6.8703¢-1 (2.36e-2)
3 10 5.9668e-1 (3.77¢-2) - 4.8781e-1 (3.53e-2) - 4.9023e-1 (2.28e-2) - 4.6838e-1 (3.22¢-2)
WFG4 3 20 5.7035e-1 (3.49¢-2) - 5.1747e-1 (2.56e-2) - 5.1092e-1 (1.40e-2) - 4.9165e-1 (1.73e-2)
3 30 5.8112e-1 (4.58e-2) - 5.2168e-1 (2.04¢-2) - 5.2011e-1 (1.92e-2) - 5.0290e-1 (1.45¢-2)
3 10 6.1371e-1 (4.35e-2) - 6.0581e-1 (3.03e-2) - 4.8252e-1 (5.28e-2) = 4.7142¢-1 (4.96¢-2)
WEGS5 3 20 6.5444e-1 (3.95¢-2) - 6.6042¢-1 (2.47e-2) - 5.9721e-1 (2.36e-2) = 5.8536e-1 (4.61e-2)
3 30 7.1948e-1 (2.31e-2) - 6.7227¢-1 (1.89¢-2) = 6.6755¢e-1 (1.92e-2) = 6.6428e-1 (2.18e-2)
3 10 8.3326e-1 (5.28e-2) - 7.4787e-1 (3.95¢-2) - 7.7005¢-1 (3.50e-2) - 7.0174e-1 (5.40e-2)
WFG6 3 20 9.0592e-1 (5.82e-2) - 8.2740e-1 (2.00e-2) - 8.3107e-1 (1.88e-2) - 7.9811e-1 (2.80e-2)
3 30 8.8022e-1 (3.85e-2) - 8.4863e-1 (2.55¢-2) = 8.5984e-1 (1.08e-2) - 8.3507e-1 (1.49¢-2)
3 10 6.8092¢-1 (2.60e-2) - 6.2651e-1 (4.10e-2) - 6.3650e-1 (2.97¢-2) - 5.9057e-1 (3.91e-2)
WFG7 3 20 6.7410e-1 (1.78e-2) - 6.6076e-1 (2.14e-2) - 6.5610e-1 (2.05¢-2) - 6.2804e-1 (2.50e-2)
3 30 6.6880¢-1 (1.25¢-2) - 6.6410e-1 (1.85¢-2) - 6.6097¢-1 (9.44¢-3) - 6.4408e-1 (1.31e-2)
3 10 8.7123e-1 (2.55¢-2) - 7.8145¢-1 (4.18e-2) - 7.5785e-1 (3.32e-2) - 6.4641e-1 (4.02¢-2)
WFG8 3 20 8.1724e-1 (1.44e-2) - 7.7783e-1 (3.12e-2) - 7.1260e-1 (2.06e-2) - 6.5669¢-1 (2.60e-2)
3 30 8.0869e-1 (2.05¢-2) - 7.5291e-1 (1.97e-2) - 7.1620e-1 (1.86e-2) - 6.8163¢-1 (2.28¢-2)
3 10 8.0904e-1 (5.80e-2) - 7.0577e-1 (6.65¢-2) = 7.2568e-1 (6.38e-2) = 7.2375e-1 (9.32¢-2)
WFG9 3 20 8.8078e-1 (4.68e-2) - 8.2519e-1 (4.77e-2) - 8.5691e-1 (3.87e-2) - 7.9755e-1 (5.12¢-2)
3 30 9.1645¢-1 (4.28e-2) - 8.7109e-1 (4.19¢-2) = 8.8436e-1 (3.50e-2) - 8.5267e-1 (3.65¢-2)
3 10 9.3945e+1 (2.08e+1) = 7.2993e+1 (2.01e+1) + 9.2572e+1 (2.50e+1) = 9.5635e+1 (2.57e+1)
DTLZ1 3 20 2.8346e+2 (7.10e+1) + 2.7031e+2 (3.56e+1) + 3.2056e+2 (3.28e+1) = 3.0916e+2 (5.10e+1)
3 30 5.9812e+2 (9.87¢e+1) - 5.1746e+2 (6.13e+1) + 5.7724e+2 (5.49e+1) = 5.6578e+2 (5.28e+1)
3 10 3.4234e-1 (2.82e-2) - 2.5911e-1 (2.94e-2) - 1.5747e-1 (2.32¢-2) - 1.2522¢-1 (2.01e-2)
DTLZ2 3 20 6.3969¢-1 (6.39¢-2) - 6.1130e-1 (7.10e-2) - 5.8391e-1(7.29¢-2) - 3.7523e-1 (5.43¢-2)
3 30 7.9886¢-1 (9.67e-2) = 1.0436e+0 (1.39¢-1) - 1.1155e+0 (1.42e-1) - 8.0800e-1 (1.26e-1)
3 10 2.3071e+2 (4.48e+1) = 1.9245¢+2 (5.42e+1) + 2.4851e+2 (6.07e+1) = 2.4419e+2 (5.51e+1)
DTLZ3 3 20 6.9018e+2 (2.12¢+2) + 7.9731e+2 (1.08e+2) + 9.9337e+2 (1.18e+2) - 8.6241e+2 (1.02e+2)
3 30 1.3314e+3 (4.18e+2) + 1.5342¢+3 (1.14e+2) + 1.7653e+3 (1.43e+2) - 1.6467e+3 (1.61et+2)
3 10 6.2963e-1 (4.98e-2) - 5.2100e-1 (1.28e-1) = 3.9444e-1 (9.58e-2) + 4.5916e-1 (1.25¢-1)
DTLZ4 3 20 1.1629¢+0 (9.81e-2) - 7.2133e-1 (1.10e-1) + 9.5826e-1 (1.44e-1) - 8.2261e-1 (1.65¢e-1)
3 30 1.6645¢+0 (2.06e-1) - 1.1112¢+0 (1.63e-1) + 1.6841e+0 (1.5%¢-1) - 1.3225¢+0 (2.04¢-1)
3 10 2.6198e-1 (3.01e-2) - 1.4470e-1 (3.85e-2) - 1.0889¢-1 (2.75e-2) - 4.6751e-2 (1.35e-2)
DTLZ5 3 20 5.4535e-1 (8.11e-2) - 5.7556e-1 (9.85e-2) - 4.8721e-1 (7.51e-2) - 2.6170e-1 (7.81e-2)
3 30 7.1932¢-1 (9.29¢-2) = 1.0525e+0 (1.02e-1) - 1.0150e+0 (1.50e-1) - 6.8732¢-1 (1.36¢-1)
3 10 2.2506e+0 (6.26e-1) + 5.5350e+0 (4.36¢e-1) - 3.3660e+0 (3.51e-1) + 3.9463e+0 (5.77e-1)
DTLZ6 3 20 7.6919¢+0 (1.78e+0) + 1.4648e+1 (6.61e-1) - 1.1324e+1 (8.65¢e-1) = 1.1258e+1 (8.60e-1)
3 30 1.6182¢+1 (3.02¢+0) + 2.3248e+1 (6.49e-1) - 2.0946e+1 (7.86e-1) - 2.0286e+1 (1.05e+0)
3 10 3.3034e-1 (1.13e-1) = 2.1261e+0 (7.37e-1) - 2.2164e-1 (7.42¢-2) + 3.6177e-1 (2.00e-1)
DTLZ7 3 20 4.3352e+0 (2.14e+0) - 5.0067e+0 (1.00e+0) - 5.9988e-1 (4.24e-1) = 4.6737e-1 (1.98e-1)
3 30 7.3391e+0 (1.46e+0) - 6.0387e+0 (8.67e-1) - 4.3108e+0 (3.52e+0) - 8.5037e-1 (3.30e-1)
+/-/= 7/36/5 8/31/9 3/33/12 --

tions, the IGD results on all the DTLZ, WFG, UF, and MaF
test problems with 20 decision variables are given in Table
A.VI of the Supplementary Material. Table II summarizes the
final comparison of results of ESF-RVEA with different k
values based on their IGD results, where “Better”, “Worse”
and “Similar” respectively indicate the number of test prob-
lems in which the performance of ESF-RVEA using k =2 is
better than, worse than, and similar to that of ESF-RVEA with
other k values, while “Best” indicates the number of test
problems in which the corresponding algorithm performs best.

As observed from Table II, ESF-RVEA using k = 2 has
statistically similar IGD results with respect to those using k =
3, k=4 and k=5 on 20, 21, and 20 out of 32 cases, respec-
tively. It seems that ESF-RVEA is not too sensitive to the
setting of k when changing from 2 to 5. However, ESF-RVEA
with k = 2 obtains significantly better or statistically similar
IGD results than those with k=0 and k=1 on both 27 out of 32
cases. Setting k = 0 means that no sub-model is employed and
only a global Kriging model is used; thus, the performance of
ESF-RVEA with k = 0 will significantly deteriorate. To visu-

ally explain this phenomenon, the predicted objective values
obtained by one global Kriging and our ensemble surrogate are
plotted in Fig. A.1 due to page limitations, when solving the
20-D WFG4, DTLZ6, UF2, and MaF1 problems. The pre-
dicted objective values by one global Kriging are nearly the
same as analyzed in Section II.B, while our ensemble surro-
gate can predict more accurate and diversified objective values,
which can well explain the better performance of our ensemble
surrogate for solving these 20-D EMOPs. After exploiting
information on the low-dimensional subspaces that are ex-
tracted from the original decision space, Kriging sub-models
constructed in different low-dimensional subspaces can be
used to compose our ensemble surrogate model. The pairwise
comparison results in Table II also indicate that using only one
sub-model in the ensemble surrogate is still not enough to
effectively capture information in low-dimensional subspaces.

Moreover, their average running times (in seconds: s) from
30 runs are provided in Table A.VII of the Supplementary
Material due to page limitations. The running time of
ESF-RVEA will be highly increased with the number of
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Fig. 5 Convergence profiles of all the compared algorithms on the DTLZ and WFG test problems with D = 20

surrogate sub-models. This is because training one Kriging
model is very time consuming. Thus, k = 2 is suggested for the
proposed ESF when considering both the performance and
time cost for solving all the given EMOPs.

D. Comparisons with Three Competitive SAEAsS

To validate the advantage of ESF, three competitive SAEAs
(MOEA/D-EGO [42], CSEA [20], and K-RVEA [16]) are also
included for comparison in this subsection. Here, ESF-RVEA
is selected as our representative algorithm due to its superior
performancein Section IV.B. All the compared algorithms are
implemented in PlatEMO [59] and their parameters are set as
suggested in their corresponding references [42], [20], [16].
The initial population size and the maximum number of true
expensive evaluations are set the same in Section IV.B, while
the settings of other parameters for these compared algorithms
are also introduced in Section 2 of the Supplementary Material
due to page limitations.

Please note that in the following Tables III-IV, the best re-
sult is highlighted for each test case. Moreover, to obtain a
statistically sound conclusion, Wilcoxon rank-sum tests are
run with a significance level & =0.05, showing the statisti-
cally significant difference on the results of ESF-RVEA and
other algorithms. The symbols ‘+’°, ‘-’, and ‘=" in Tables III-IV

indicate that the results of other algorithms are significantly
better than, worse than, and similar to those of ESF-RVEA,
respectively, using this statistical test.

(1) Comparison Results on the DTLZ and WFG Problems

Here, the performances of all the algorithms are compared
on all the DTLZ and WFG test problems. Their IGD values
under 30 independent runs on the DTLZ and WFG test prob-
lems are given in Table III. As observed from Table III,
ESF-RVEA performs significantly better than MOEA/D-EGO,
CSEA, and K-RVEA in 36/48 ~ 75%, 31/48 ~ 65%, and 33/48
~ 69% of the DTLZ and WFG test problems, respectively. The
smallest and largest percentages are 65% and 75%, respec-
tively. On the other hand, the largest percentage of the test
problems in which ESF-RVEA is significantly worse than the
peer algorithms is found in the pairwise comparison of
ESF-RVEA and MOEA/D-EGO (only 8/48 = 17%). On these
IGD results, ESF-RVEA achieves the best results on 29 cases,
followed by CSEA (performing best on 9 cases). Therefore, it
is reasonable to conclude that our ESF-RVEA performs best in
most cases of the DTLZ and WFG test problems.

For DTLZ1 and DTLZ3, due to their multifrontal land-
scapes, all the compared algorithms are unable to find a set of
well-converged final solutions using a small number of func-



COMPARISON OF ESF-RVEA WITH THREE COMPETITIVE ALGORITHMS ON THE UF AND MAF TEST SUITES

TABLE IV

Problem | M [ D MOEA/D-EGO CSEA K-RVEA ESF-RVEA
2 | 10 2.7278¢-1 (7.48¢-2) - 34553¢-1 (1.32¢-1) - 1.5031e-1 (5.50e-2) = 1.4202¢-1 (5.50e-2)
UF1 2 | 20 7.4861¢-1 (1.89-1) - 7.8035¢-1 (1.72e-1) - 2.9151e-1 (9.55¢-2) - 2.0461e-1 (5.04¢-2)
2 | 30 1.0508e+0 (1.66e-1) - 9.9889¢-1 (1.12¢-1) - 5.7897¢-1 (2.22¢-1) - 2.7109¢-1 (6.59¢-2)
2 | 10 2.1482¢-1 (3.50e-2) - 2.3913¢-1 (5.41e-2) - 9.5903¢-2 (3.33¢-2) - 7.6867¢-2 (1.28¢-2)
UFR2 2 | 20 3.4161e-1(5.31e-2) - 3.7459¢-1 (5.40e-2) - 1.4438¢-1 (1.85¢-2) = 1.3606e-1 (3.49¢-2)
2 | 30 4.4161e-1 (6.13e-2) - 4.5033¢-1 (5.13e-2) - 2.0171e-1 (2.45¢-2) - 1.8464e-1 (3.74¢-2)
2 | 10 1.0510e+0 (1.08e-1) - 1.2396¢+0 (1.69¢-1) - 9.7852¢-1 (7.77¢-2) - 7.8337e-1 (2.25¢-1)
UF3 2 | 20 8.5519¢-1 (7.04e-2) - 9.5419¢-1 (9.89¢-2) - 6.3997e-1 (3.37e-2) = 6.4006¢-1 (2.90e-2)
2 | 30 7.4706¢-1 (4.92¢-2) - 8.9654¢-1 (8.99¢-2) - 5.4058¢-1 (3.0le-2) - 4.8766e-1 (1.97¢-2)
2 | 10 1.1615¢-1 (8.89¢-3) - 1.3747e-1 (8.51e-3) - 1.1363e-1 (7.97¢-3) - 1.0678¢-1 (1.29¢-2)
UF4 2 | 20 1.3703e-1 (8.00e-3) + 1.6318¢-1 (5.62¢-3) - 1.5547¢-1 (8.38¢-3) - 1.4254e-1 (1.05¢-2)
2 | 30 1.5434e-1 (6.40e-3) + 1.7338e-1 (5.41¢-3) - 1.7386e-1 (2.30e-3) - 1.6633¢-1 (4.90e-3)
2 | 10 2.8402¢+0 (5.66e-1) - 2.5795¢+0 (5.96¢-1) - 1.7329¢+0 (7.82e-1) = 1.8017¢+0 (6.52¢-1)
UF5 2 | 20 4.1771e+0 (4.02¢-1) - 3.6890¢+0 (5.04e-1) - 3.0166¢+0 (6.68¢-1) = 2.6316¢+0 (7.60e-1)
2 | 30 4.9329¢+0 (2.59%-1) - 4.3849¢+0 (3.91e-1) - 3.7921e+0 (7.50e-1) - 3.3433e+0 (5.16e-1)
2 | 10 1.9530e+0 (3.93e-1) - 2.5298¢+0 (7.33e-1) - 1.2546e+0 (2.11e-1) = 1.2708¢+0 (2.24e-1)
UF6 2 | 20 3.2389¢+0 (7.89¢-1) - 3.3705¢+0 (7.38¢-1) - 1.1435¢+0 (5.17e-1) - 8.3002e-1 (1.46e-1)
2 | 30 4.3114e+0 (8.35¢-1) - 4.2604e+0 (1.02¢+0) - 1.5144e+0 (3.87¢-1) - 9.8571e-1 (4.55¢-1)
2 | 10 3.6686¢-1 (8.77¢-2) - 43823¢-1 (1.06e-1) - 2.9954e-1 (1.12e-1) = 2.5111e-1 (1.18e-1)
UF7 2 | 20 7.8611e-1 (1.79-1) - 7.0659¢-1 (1.74e-1) - 4.4981e-1 (1.85¢-1) = 3.8462e-1 (1.41e-1)
2 | 30 1.0375e+0 (1.91e-1) - 9.1260¢-1 (1.87e-1) - 5.7598¢-1 (1.36e-1) - 4.5890e-1 (1.00e-1)
3| 10 52245¢-1 (1.12e-1) - 7.9704¢-1 (2.84¢-1) - 3.2743¢-1 (4.03e2) = 3.1099¢-1 (4.34e-2)
UF8 3| 20 9.9878e-1 (1.88e-1) - 1.4455¢+0 (2.91e-1) - 4.5222e-1 (6.53e-2) - 3.7932¢-1 (6.59¢-2)
3 | 30 1.4706e+0 (3.36e-1) - 1.7279¢+0 (2.48¢-1) - 6.7635¢-1 (4.39%-1) - 4.5022¢-1 (1.04e-1)
3| 10 53379¢-1 (9.64¢-2) - 3.8003¢-1 (2.68e-1) - 2.9674e-1 (6.01e-2) + 3.8474¢e-1 (6.86e-2)
UF9 3| 20 1.0213e+0 (1.76e-1) - 1.3969¢+0 (2.27¢-1) - 4.3197e-1 (6.93e-2) = 4.3117e-1 (6.96e-2)
3 | 30 1.7001e+0 (4.14e-1) - 1.9671e+0 (2.80e-1) - 5.4669¢-1 (7.93¢-2) - 4.5595¢-1 (4.74e-2)
3 | 10 33513¢-1 (4.13¢-2) - 2.0524e-1 (3.41e-2) - 7.4349¢-2 (5.08e-3) + 8.5563¢-2 (8.72¢-3)
MaFI 3| 20 6.4422¢-1 (8.19¢-2) - 6.1646e-1 (8.91e-2) - 2.6381e-1 (7.49¢-2) - 1.8684e-1 (3.72¢-2)
3 | 30 9.1125¢-1 (1.28e-1) - 1.1184¢+0 (1.24e-1) - 8.2419¢-1 (1.38e-1) - 5.0775¢-1 (8.80e-2)
3| 10 5.6373¢-2 (1.69¢-3) - 5.4802¢-2 (1.91e-3) - 4.0740e-2 (1.17e-3) + 4.2768¢-2 (2.44e-3)
MaF2 3| 20 8.7882¢-2 (3.46e-3) - 8.6074¢-2 (4.94¢-3) - 7.1628¢-2 (5.09¢-3) - 6.1732¢-2 (4.95¢-3)
3 | 30 1.1982e-1 (5.52¢-3) - 1.2893e-1 (6.04¢-3) - 1.2046e-1 (4.43¢-3) - 1.0605¢e-1 (9.89¢-3)
3 | 10 3.2616e+5 (1.69¢+5) = 3.4237et5 (3.23¢+5) = 4.3343e+5 (2.39¢+3) = 3.1825¢+5 (1.68e+5)
MaF3 3| 20 2.4977e+6 (7.93e+5) = 2.3430e+6 (9.53¢+5) = 2.7370e+6 (6.81e+5) - 2.4029¢+6 (8.64¢+5)
3 | 30 7.1189e+6 (1.97e+6) = 6.4106e+6 (1.25¢+6) = 6.3241e+6 (1.22¢+6) = 6.4728e+6 (1.63e+6)
3 | 10 9.6107e+2 (2.80e+2) = 7.7849¢+2 (1.88e+2) = 8.9087¢+2 (2.96¢+2) = 9.1464e+2 (2.72¢+2)
MaF4 3| 20 3.5512¢+3 (5.08¢+2) - 2.7228e+3 (4.90e+2) = 3.0626¢+3 (5.06¢+2) = 2.9352e+3 (5.12+2)
3 | 30 6.2049¢+3 (7.44e+2) - 5.0310e+3 (6.07e+2) + 5.8491¢+3 (3.98¢+2) - 5.3658e+3 (4.72e+2)
3] 10 2.5552¢+0 (3.01e-1) - 2.1602¢+0 (4.90¢-1) = 1.8068¢+0 (3.66e-1) = 1.8608¢+0 (5.27¢-1)
MaF5 3| 20 4.6053e+0 (5.98¢-1) - 3.0733e+0 (5.92e-1) = 3.8649¢+0 (4.94¢-1) - 3.2897e+0 (7.05¢-1)
3 | 30 6.3719¢+0 (8.38¢-1) - 4.5042¢+0 (5.97e-1) = 6.2925¢+0 (8.12¢-1) - 4.8174¢+0 (7.40e-1)
3 | 10 6.0626¢+0 (2.13¢+0) - 8.6929¢+0 (2.95¢+0) - 1.1787¢+0 (5.10e-1) - 6.2066¢-1 (3.60e-1)
MaF6 3| 20 2.4714e+1 (8.11e+0) - 4.0783¢+1 (8.63¢+0) - 2.0515¢+1 (7.16e+0) - 1.4100e+1 (4.43¢+0)
3 | 30 4.3649e+1 (1.17e+1) = 8.2726e+1 (1.04e+1) - 6.8562e+1 (1.20e+1) - 3.8403¢+1 (8.72¢+0)
3 | 10 3.0561c-1 (8.23¢-2) = 2.4410e+0 (8.86¢-1) - 1.9475e-1 (6.75e-2) + 4.5442¢-1 (3.09¢-1)
MaF7 3| 20 4.3622e+0 (1.63e+0) - 4.6561¢+0 (1.05¢+0) - 7.6811e-1 (1.47e+0) = 3.7486¢-1 (1.43¢-1)
3 | 30 7.7243¢+0 (1.38¢+0) - 5.7454¢+0 (9.30e-1) - 4.2723e+0 (3.45¢+0) - 8.3953¢-1 (2.36e-1)
= 2/40/6 1/39/8 4/28/16 -

tion evaluations. ESF-RVEA outperforms only K-RVEA on
the 20-D and 30-D DTLZ3 and MOEA/D-EGO on the 30-D
DTLZ1. CSEA is the best algorithm for solving DTLZ1 and
DTLZ3, as it achieves the best results on all the cases of
DTLZ1 and the 10-D DTLZ3. On DTLZ2 and DTLZA4,
ESF-RVEA performs better than or similarly to MOEA/D-
EGO, CSEA, and K-RVEA on DTLZ2 but it is outperformed
by CSEA and K-RVEA on the 20-D and 30-D DTLZ4 and the
10-D DTLZA4, respectively. ESF-RVEA achieves the best
results on the 10-D and 20-D DTLZ2, while CSEA is the best
at handling the 20-D and 30-D DTLZ4. Regarding DTLZS and
DTLZ6, due to their degenerate PFs, all the compared algo-
rithms have difficulties to approximate the true PF. As ob-
served from the IGD results in Table I1I, ESF-RVEA obtains
the best results on all the cases of DTLZ5, while MOEA/D-
EGO performs best on all the cases of DTLZ6. As DTLZ7 is a
discontinuous problem, all the algorithms encounter the chal-
lenge of maintaining diversity. ESF-RVEA shows some ad-
vantages on this problem, as it is only defeated by K-RVEA on
the 10-D DTLZ7.

From the IGD results of Table III, we can observe that for
WFGI1 with a convex and biased PF, although ESF-RVEA
fails to perform best in any case, it achieves better or similar
performance in most of the pairwise comparisons. Regarding
WFG2 with a mixed and disconnected PF, ESF-RVEA shows
the best performance for all the numbers of dimensions, while
only CSEA can show a similar performance in the 30-D case
of WFG2. To solve WFG3 with a linear and unimodal PF,
ESF-RVEA performs best in most cases and is outperformed
only by MOEA/D-EGO in its 30-D case. Concerning WFG4 to
WFG8 with concave PFs, ESF-RVEA shows superior per-
formance over other compared algorithms, as it performs best
in most cases. For WFG9 with a deceptive and multimodal PF,
ESF-RVEA also shows advantages and only CSEA is able to
obtain a similar IGD value to ESF-RVEA.

To examine the convergence speed of the four algorithms,
their mean IGD values versus the function evaluation numbers
over 30 independent runs are plotted in Fig. 5, where the
DTLZ and WFG problems with 20 decision variables are used
as representative cases. It can be observed from Fig. 5 that the
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Fig. 6 Convergence profiles of all the compared algorithms on the UF and MaF test suites with D = 20

convergence curve of the mean IGD values achieved by
ESF-RVEA shows the fastest convergence speed in most test
cases, including DTLZ2, DTLZS, DTLZ7, and WFG1-WFG9.
Even for DTLZ4 and DTLZ6, ESF-RVEA still obtains the
second lowest mean IGD values. The promising convergence
speed of ESF-RVEA is mainly attributed to the use of ESF to
accurately approximate objective functions.

To visually show the optimization performance, Fig. A.2
plots the final nondominated solutions obtained by each algo-
rithm with the median IGD values over 30 independent runs on
several representative 20-D DTLZ and WFG problems in the
Supplementary Material due to page limitations. Fig. A.2
shows that the final solutions of DTLZ7 obtained by all the
compared algorithms do not have good convergence to the true
PF, while ESF-RVEA is able to achieve a better approxima-
tion than the other algorithms. For WFG2, which is plotted in
Fig. A.2, the final solutions obtained by all the algorithms have
good convergence but cannot evenly spread over the whole PF.
However, the final solutions obtained by ESF-RVEA show a
better diversity than the other algorithms. When solving
WFG4 in Fig. A.2,ESF-RVEA also outperforms MOEA/D-
EGO, CSEA, and K-RVEA in terms of both the convergence
and diversity according to their final solutions.

(2) Comparison Results on the UF and MaF Problems

The performances of all the algorithms are also compared
on all the UF and MaF test problems. The IGD mean values
under 30 independent runs on the UF and MaF test problems
with 10 to 30 decision variables are provided in Table IV.

As observed from Table IV, ESF-RVEA also performs best
in most cases (32 out of 48 cases), while MOEA/D-EGO,
CSEA, and K-RVEA perform best in 2, 6, and 8 cases, re-
spectively. Considering the pairwise comparison, ESF-RVEA
significantly performs better than MOEA/D-EGO, CSEA, and
K-RVEA in 40, 39, and 28 out of 48 cases, respectively,
whereas it is worse than MOEA/D-EGO, CSEA, and K-RVEA
in 2, 1, and 4 cases, respectively. K-RVEA is the most com-
petitive algorithm to ESF-RVEA, as it can obtain statistically
similar results in 16 cases. To be more specific, for the UF test
problems, ESF-RVEA is outperformed by K-RVEA on the
10-D UF6 and UF9, and by MOEA/D-EGO on the 30-D UF4,
while K-RVEA is slightly better than ESF-RVEA on the 20-D
UF3. CSEA performs worse than ESF-RVEA on all the UF
test cases. Considering the MaF test suite, ESF-RVEA
achieves superior performance in most cases, including the
20-D and 30-D MaF1, the 10-D MaF3, and all the cases of
MaF2, MaF6, MaF7. MOEA/D-EGO obtains statistically



similar IGD results with ESF-RVEA on only the 10-D and
20-D MaF3, the 10-D MaF4, the 30-D MaF6, and the 10-D
MaF7. K-RVEA only achieves significantly better IGD result
on the 10-D MaF7.

To further study the performance of ESF-RVEA, the con-
vergence profiles of all the compared algorithms are depicted
in Fig. 6 for the UF and MaF cases with 20 decision variables.
It should be noted that all the IGD values in Fig. 6 are calcu-
lated using all the current solutions that have been truly eval-
uated. From these profiles, it can be observed that ESF-RVEA
outperforms MOEA/D-EGO, CSEA, and K-RVEA in most
cases. More specifically, except for UF2, UF3, UF9, and
MaF4, ESF-RVEA is the best algorithm, as it is able to achieve
the smallest mean IGD results. ESF-RVEA achieves a signif-
icantly better performance on UF1, UF4, UF7-UF8, MaF1-
MaF3, and MaF5-MaF6, while it shows a competitive per-
formance on UF2-UF3, UF6, UF9, MaF4, and MaF7 accord-
ing to its convergence trends in Fig. 6.

In addition, the final nondominated solutions achieved by
each compared algorithm are also plotted in Fig. A.3 of the
Supplementary Material due to page limitations, when solving
UF1, UF4, UF7, MaF1, and MaF6 with 20 decision variables
in the run associated with the median IGD value. As observed
from Fig. A.3, only K-RVEA and ESF-RVEA are capable of
performing well in approximating the true PF, while the final
solutions yielded by MOEA/D-EGO and CSEA are far from
the true PFs of UF1 and UF7. For UF4, ESF-RVEA obtains
the final solutions with better convergence, while other com-
pared algorithms show a poor approximation performance. On
MaF1, the final solutions of ESF-RVEA show the best diver-
sity. With respect to MaF6, which is a hard problem to tackle,
all the algorithms can only search poorly converged solutions
with very large values in the three-objective objective space.
Nevertheless, ESF-RVEA still performs better in terms of the
convergence towards the PF.

E. More Discussions

1) Comparisons with Ensemble-based SAEAS

In recent years, there have been several ensemble-based
SAEAs designed for tackling EMOPs [25]-[28], but our en-
semble model is composed by one global surrogate model and
a number of k surrogate sub-models, which is different from
these previous ensemble strategies. In this subsection, four
ensemble-based SAEAs, i.e., TEMO-MPS [25], GCS-MOE
[26], HeE-MOEA [27], and SAEMO [28], are included for
performance comparison with ESF-RVEA for solving all the
adopted test problems. Due to page limitations, their IGD
results are provided in Table A.VIII of the Supplementary
Material. Table IV summarizes their pairwise comparison
results based on the IGD results in Table A.VIII.

As observed from Table IV, ESF-RVEA shows advantages
for tackling the 20-D UF, MaF, DTLZ, and WFG test prob-
lems. To be specific, the performance of ESF-RVEA is better
than that of TEMO-MPS, GCS-MOE, HeE-MOEA and
SAEMO in 20, 31, 24, and 21 out of 32 cases, respectively,
while TEMO-MPS, GCS-MOE, HeE-MOEA, and SAEMO
significantly outperform ESF-RVEA in only 4, 1, 2, and 3
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TABLE V
SUMMARY OF COMPARISON OF ESF-RVEA AND FIVE SAEAS

ESF-RVEA vs. TEMO-MPS| GCS-MOE |HeE-MOEA | SAEMO _|ESF-RVEA-I
DTLZ, WFG,| Better 20 31 24 21 21
UF, and MaF | Worse 4 1 2 3 1

(D=20) |Similar 8 0 6 8 10
Best 18 4 0 3 4 3
TABLE VI
SUMMARY OF COMPARISON OF ESF-RVEA WITH DIFFERENT C VALUES

ESF-RVEA vs c=02]1c=04[¢c=06|c=08 |[c=rand
DTLZ, WFG,| Better 23 22 20 17 23
UF, and MaF | Worse 1 1 1 2 1

(D=20) |Similar 8 9 11 13 8

Best 18 2 3 4 4 1

cases, respectively. Therefore, the advantages of our ensemble
model over other existing ensemble models are validated.
2) Effectiveness of the Global Surrogate Model

In order to study the contribution of the global surrogate
model, more experiments are run to compare ESF-RVEA with
its variant without using the global surrogate model (called
ESF-RVEA-I). Due to page limitations, their IGD results are
provided in Table A.VIII of the Supplementary Material.
Table V summarizes their pairwise comparison results. It can
be observed from Table V that ESF-RVEA shows distinct
advantages when solving the 20-D cases of all the UF, MaF,
DTLZ, and WFG test problems. ESF-RVEA performs signif-
icantly better than or similarly to ESF-RVEA-I in 31 out of 32
instances, while ESF-RVEA-I only performs better in the 20-D
MaF3. Therefore, the global surrogate model is validated to
have a significant contribution to the performance of the ESF.
3) Effectiveness of the Adaptive Approach

To further verify the effectiveness of our adaptive approach
applied to change the weights of each member model in (2),
four variants of ESF-RVEA with different fixed values for the
weight factor C are realized to replace the adaptive approach in
ESF-RVEA. For the sake of simplicity, these ESF-RVEA
variants are defined by the fixed values of ¢, i.e., ¢ =0.2, 0.4,
0.6, and 0.8. Additionally, a variant by setting € to a random
variable from 0 to 1, called ¢ = rand, is also included for this
comparison. To ensure a fair comparison, other components of
these variants are kept the same as in the original ESF-RVEA.

Due to page limitations, Table A.IX of the Supplementary
Material provides the IGD results yielded by ESF-RVEA and
the five variants with different ¢ values from {0.2, 0.4, 0.6, 0.8}
and a random value of ¢ over 30 independent runs for solving
all the 20-D DTLZ, WFG, UF and MaF test problems. Table
VI summarizes the pairwise comparison results of ESF-
RVEA with the five variants. As observed from Table VI, our
adaptive approach used in ESF-RVEA is reasonable and more
effective than the variants, as it achieves the best IGD results
in more than half of the cases, i.e., in 18 out of 32 cases. The
five variants using a constant ¢ value obtain the best IGD
results on the remaining 14 cases. Specifically, the five variants
with different ¢ values (0.2, 0.4, 0.6, 0.8, and ¢ = rand) obtain
the best results on 2, 3, 4, 4, and 1 cases, respectively. As
observed from Table VI, for all 32 cases, ESF-RVEA performs
better than or similarly to the c=0.2,c=0.4,c=0.6 and c =
rand variants on 31 cases and the ¢ = 0.8 variant on 30 cases.
Thus, the effectiveness of the adaptive approach for



TABLE VII
SUMMARY OF COMPARISON OF ESF-RVEA WITH DIFFERENT INFILL SOLU-
TIONS SELECTION STRATEGIES AND SURROGATE MODELS

ESF-RVEA vs ExI LCB Pol RBF PR
DTLZ, WFG,| Better 22 23 25 18 29
UF, and MaF | Worse 1 1 1 7 1

(D=20) |Similar 9 8 6 7 2
Best 19 1 2 0 9 1
TABLE VIII
SUMMARY OF COMPARISON OF ESF-RVEA WITH DIFFERENT Njs VALUES

ESF-RVEA (Nie=3Yvs.]| Nie=1 | Nie=3 | Nie=7 [ Nie=9
DTLZ, WFG, | Better 0 1 3 8
UF, and MaF | Worse 6 3 0 0
(D=20) |Similar 26 28 29 24
Best 2 24 3 0 3

updating the weights in the proposed ESF is validated by these
experiments.
4) Effectiveness of the Infill Solutions Selection

To further verify the effectiveness of our infill solutions
selection introduced in Section III.C, three popular infill solu-
tions selection strategies (ExI [35], LCB [36] and Pol [34]) are
embedded into ESF-RVEA, giving its three variants identified
as ExI, LCB and Pol in this paper for the sake of simplicity.

Due to page limitations, their IGD results are provided in
Table A.X of the Supplementary Material for solving all the
20-D DTLZ, WFG, UF and MaF problems. Table VII sum-
marizes the pairwise comparison results of ESF-RVEA with
ExI, LCB and Pol. As observed from Table VII, our infill
solutions selection in ESF-RVEA shows superior performance
in most cases, as it is better than ExI, LCB, and Pol in 22, 23,
and 25 out of 32 cases, respectively, while ExI, LCB, and Pol
are better than our method in only 1 case. As ExI is originally
designed for solving expensive single-objective optimization
problems, while ESF-RVEA does not use any strategy to
decompose EMOPs, it performs not so well in ESF-RVEA.
Thus, the proposed infill solutions selection is more effective
as validated by these experiments.

5) Advantages of Using Kriging in ESF

To further study the advantages of using Kriging in ESF,
two popular surrogate models used in SAESs (RBF [18] and
PR [23]) are embedded into ESF for performance comparison,
giving its two variants marked as RBF and PR in this paper for
the sake of simplicity.

Due to page limitations, their IGD results are provided in
Table A.X of the Supplementary Material for solving all the
20-D DTLZ, WFG, UF and MaF problems. Table VII sum-
marizes the pairwise comparison results of ESF-RVEA with
RBF and PR. As observed from Table VII, ESF-RVEA with
Kriging performs better than PBF and PR in 18 and 29 out of
32 cases, respectively, while it is underperformed by RBF and
PR in 7 and 1 cases, respectively. Therefore, the advantages of
using Kriging in ESF are confirmed by these experiments.

6) Sensitivity Analysis of Parameter Njs in ESF

To further analyze the impact of the maximum number (Nis)
of selected infill solutions in ESF, ESF-RVEA using different
values of Nis (i.e., Nis =1, 3, 5, 7, and 9) are compared when
solving 20-D UF, MaF, WFG, and DTLZ test suites. Due to
page limitations, their IGD comparison results are provided in
Table A.XI of the Supplementary Material and Table VIII
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summarizes their pairwise comparison results. From Table
VIII, the overall performance of ESF-RVEA is not so sensitive
to the setting of Nis on 20-D UF, MaF, WFG, and DTLZ test
suites, as ESF-RVEA with Nijs = 5 performs similarly to that
with Nis =1, 3, 7, and 9, on 26, 28, 29, and 24 out of total 32
problems, respectively. Moreover, it is observed that a smaller
value of Nis will generally have a slightly better overall per-
formance. This is reasonable as a small number of infill solu-
tions used in each generation of Algorithm 1 will lead to more
running of surrogate-assisted-MOEA, which will find a more
promising approximation to the PF. However, a smaller value
of Nis will also result in a significantly increased computational
cost, as the times of training surrogates will be increased
significantly. Thus, in this paper, the value of Njs is fixed as 5
to balance the performance and computational cost.

V. CONCLUSIONS AND FUTURE WORK

The selection of surrogate models is important for enhanc-
ing the performance of an SAEA. Although existing surrogate
models have been shown to be particularly competitive on
low-dimensional EMOPs, they will face challenges for solving
EMOPs with more than ten dimensions. To solve this problem,
this paper suggests a novel ESF for expensive multiobjective
evolutionary optimization. In this framework, a novel and
effective ensemble surrogate is designed to approximate the
expensive objective values, which include one global Kriging
model trained under the entire search space and k Kriging
sub-models trained under different low-dimensional subspaces.
Moreover, a new infill selection criterion is proposed based on
a set of reference vectors to select promising solutions for
updating this ensemble surrogate model.

The performance of our framework has been verified by
solving four scalable test suites (DTLZ, WFG, UF, and MaF)
when three representative MOEAs (NSGA-III, MOEA/D-DE,
RVEA) are embedded into our framework. The experimental
results have validated the effectiveness of our framework.
Moreover, ESF-RVEA performs significantly better than three
competitive SAEAs (MOEA/D-EGO, CSEA, and K-RVEA)
and four ensemble-based SAEAs (TEMO-MPS, GCS-MOE,
SAEMO, and HeE-MOEA) in most cases. Also, the parameter
sensitivity analysis on the number of surrogate sub-models and
the maximum number of selected infill solutions are also
experimentally studied in this paper.

Our ensemble surrogate based framework works well on the
used test EMOPs with up to 30 dimensions, as it can provide
more accurate and diversified predicted objective values. Its
performance on the EMOPs with more than 30 dimensions
will be further studied in the future work. Moreover, as
benchmarks may not sufficiently represent the features of
practical applications, the performance of ESF for tackling
some real-world EMOPS will be also studied in the future
work.
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