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Frequency Fitness Assignment: Optimization
without Bias for Good Solutions can be Efficient

Thomas Weise, Zhize Wu, Xinlu Li, Yan Chen, and Jorg Lissig

Abstract—A fitness assignment process transforms the features
(such as the objective value) of a candidate solution to a
scalar fitness, which then is the basis for selection. Under
Frequency Fitness Assignment (FFA), the fitness corresponding
to an objective value is its encounter frequency in selection steps
and is subject to minimization. FFA creates algorithms that are
not biased towards better solutions and are invariant under
all injective transformations of the objective function value. We
investigate the impact of FFA on the performance of two theory-
inspired, state-of-the-art EAs, the Greedy (2+1) GA and the
Self-Adjusting (1+(\,A\)) GA. FFA improves their performance
significantly on some problems that are hard for them. In our
experiments, one FFA-based algorithm exhibited mean runtimes
that appear to be polynomial on the theory-based benchmark
problems in our study, including traps, jumps, and plateaus. We
propose two hybrid approaches that use both direct and FFA-
based optimization and find that they perform well. All FFA-
based algorithms also perform better on satisfiability problems
than any of the pure algorithm variants.

Index Terms—Frequency Fitness Assignment, FFA, Evo-
lutionary Algorithm, FEA, OneMax, TwoMax, Jump prob-
lems, Trap function, Plateau problems, N-Queens problem,
Ising problems, Linear Harmonic functions, W-Model bench-
mark, MaxSat problem, Satisfiability

I. INTRODUCTION

ITNESS assignment is a component of many Evolu-
tionary Algorithms (EAs). It transforms the features of
candidate solutions, such as their objective value(s), to scalar
values which are then the basis for selection. Usually, the
goal is to maintain diversity in the population in order to
avoid getting stuck at local optima. Under Frequency Fitness
Assignment (FFA), the fitness of a candidate solution is the ab-
solute encounter frequency of its objective value so far during
the optimization process [1]. Being subject to minimization,
FFA drives the search away from already-discovered objective
values and towards solutions with new qualities.
FFA breaks with one of the most fundamental concept of
heuristic optimization: FFA-based algorithms are not biased
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towards better solutions [2], i.e., they do not prefer better
solutions over worse ones. They also are invariant under
all injective transformations of the objective function value,
which is the strongest invariance property of any non-trivial
single-objective optimization algorithm [3]." Only random
sampling, random walks, and exhaustive enumeration have
similar properties and neither of them is considered to be an
efficient optimization method.

One would expect that this comes at a significant perfor-
mance penalty. Yet, FFA performed well in Genetic Program-
ming tasks with their often rugged, deceptive, and highly
epistatic landscapes [4], [1] and on a benchmark problem
simulating such landscapes [5]. While the (141) EA has expo-
nential expected runtime on problems such as Jump, TwoMax,
and Trap, the (14+1) FEA, the same algorithm but using FFA,
exhibits mean runtimes that appear to be polynomial in exper-
iments and also solves MaxSat problems much faster than the
(1+1) EA [3].

These interesting properties and results lead to the
question whether FFA could also benefit state-of-the-art
black-box metaheuristics. In this article, we investigate
the behavior of FFA when plugged into two such algo-
rithms, the Greedy (2+1) GA (GGA) [6], [7] and the Self-
Adjusting (1+(\,A\)) GA (SAGA) [8], [9]. GGA is the first
GA with a provable guarantee to be significantly faster than
any mutation-only GA and SAGA is the first GA with linear
expected runtime, both on the well-known OneMax problem
(see Section IV-A).

We conduct a series of experiments applying both EAs (in
their efficient modified form from [10]) with and without FFA
to a wide range on well-known benchmark problems from
discrete optimization theory [11]. We observe that FFA leads
to a performance decrease on problems that the algorithms
already can solve well. On some of the problems that they
cannot solve efficiently, FFA can provide a significant perfor-
mance improvement, e.g., reducing exponential to empirical
polynomial mean runtime. To investigate whether FFA can
be combined with traditional optimization to reap the best
performance in all scenarios, we develop two hybrid algo-
rithms, the EAFEA, which executes the steps of the (1+1) EA
and (141) FEA in an alternating fashion, and the SAHGA, a
SAGA variant that can switch between direct and FFA-based
optimization.

The eight core contributions of this article are as follows:

'We stated in [3] that FFA makes algorithms invariant under bijections
of the objective function value. Yet, surjectivity is not needed, injectivity is
already sufficient. We thank an anonymous reviewer for finding this.
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1) We develop FFA-based variants of two state-of-the-art
EAs for discrete optimization.

2) We develop two hybrid algorithms that use both the
objective function directly and FFA.

3) We investigate the performance of these algorithms in a
very large-scale study on eleven theory-inspired benchmarks,
some of which invoke exponential runtime of the base algo-
rithms, and the satisfiability problem. We conduct more than
56 million runs, consuming more than 150 processor years, to
ensure that our results are statistically sound and rigorous.

4) When plugged into a GGA or (1+1) EA, FFA can provide
runtime that appears to be polynomial in our experiments on
Trap, TwoMax, and Jump, where these algorithms otherwise
require exponential expected runtime. It does not improve their
exponential expected runtime on Plateau problems.

5) The SAFGA, i.e., the SAGA with FFA, as well as
the hybrid SAHGA have empirical polynomial runtime on
all of the investigated theory-inspired benchmark problems,
including Plateaus.

6) On the MaxSat problem, every FFA-based algorithm
outperforms all of the pure methods by a huge margin.

7) We confirm that our hybrid algorithms exhibit good
performance.

8) With this, we have substantiated the high attractiveness
and also practical utility of FFA. FFA is the only approach that
allows for efficient optimization without bias for better solu-
tions. This makes it also highly interesting from a theoretical
point of view.

All experimental results, all source codes, as well
as all the code that creates the diagrams and tables
from the results are available in an immutable archive
at doi:10.5281/zenodo.5567725.

The remainder of this paper is structured as follows:
Section II discusses FFA and in Section III, we introduce
the algorithms studied. The experimental setup and results
are presented in Section IV and Section V summarizes our
findings and plans for future work.

II. FREQUENCY FITNESS ASSIGNMENT

The objective function f : X — ) maps each candidate
solution = € X to an objective value y = f(z). Optimization
algorithms normally use the objective values to decide which
solution should be further explored. To improve the diversity in
populations of EAs, fitness assignment processes like sharing
and niching [12] combine the objective values and density
information into a fitness value. The EA then uses the fitness
instead of the objective value as basis for selection.

FFA is a fitness assignment process suitable for problems
where the number |)| of possible objective values is not too
high. This is true for many important hard problems, like
MaxSat, set covering, job shop scheduling, and vertex cov-
ering, for many well-studied benchmark problems in discrete
optimization, as well as for several machine learning tasks,
such as classification [1] or object detection [13].

Under FFA, the fitness of a candidate solution z is the
encounter frequency H[y| of its objective value y = f(x)
so far during the search. The selection step of a metaheuristic

chooses which candidate solutions to retain and which to re-
move from the population. Before selection, we increment the
fitness corresponding to the objective value of each solution in
the population by one. If one objective value occurs multiple
times, its fitness is incremented multiple times as well. The
fitness is subject to minimization and, as the sole criterion used
for selection, replaces the objective value in all comparisons.”

Whenever a solution z,, with a previously unseen objective
value y, = f(x,) is encountered, it will receive the best
possible fitness H[y,] = 1 since its fitness is initially zero
and then incremented to one before selection. Thus, any new
best-so-far solution will also receive the best fitness under
FFA when first encountered. FFA turns static problems into
dynamic ones: Every time a solution with the same objective
value y,, is encountered or retained in the population, H [y,]
is increased. This makes them less and less attractive and the
search will eventually depart from them.

Counting the occurrences of the results of f(z) or
of g(f(x)) yields the same algorithm behavior as long as g
maps each unique value of f to a unique value. Optimization
algorithms basing their decisions on the frequency fitness
alone therefore are invariant under any injective function g
applied to the objective values (g o f) [3], including scaling,
shifting, permutations, and even encryption. For the same
reason, they are not biased towards better solutions. They will
accept a new solution x,, as long as its objective value has
an encounter frequency not higher than the one of the current
solution x., regardless whether it is better or worse. That such
a scheme can solve problems efficiently is surprising, since
preferring better solutions over worse ones (with a certain
probability) is maybe the most central concept in optimization.

The related works on FFA are discussed in detail in our
recent paper [3]. Invariance was one major design principle
of Information-Geometric Optimization [14], which is maybe
the closest related work in terms of invariance properties.
Under FFA, an algorithm may oscillate between pursuing
increasing and decreasing objective values. The idea of inverse
tournament selection [15], where the loser is selected, is
interesting in this context. FFA might also be considered as
a Quality-Diversity approach [16], [17], [18] like Novelty
Search [19] or Surprise Search [20]. However, different from
all of these methods, FFA itself is not an algorithm but a
module that can be plugged into existing algorithms.

III. INVESTIGATED ALGORITHMS

Black-box metaheuristics working on bit strings X =
{0,1}* of a fixed length s are a major concern for research.
We integrate FFA into the basic (14+1) EA and two state-
of-the-art theory-inspired GAs for minimization problems.
On the left-hand side of Figure 1, we present the original
algorithms as published in literature. On the right-hand side,
their corresponding variants using FFA are defined.

Without loss of generality, we limit our algorithm definitions
to objective functions with a range [0..UB] containing all
integer numbers from O to UB.

2The search will, of course, remember the best-so-far solution based on
the objective value in a special variable to determine its final result, but this
variable is not used in any selection decision, see Figure 1.
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proc (f :{0,1}° — [0..UB])

randomly sample z. from {0, 1}*; y. +— f(z.);
while — terminate do

sample ¢ <— Bins(s,1/s);

Ty, <— muty(z.);

Yn < flzn);

if y, <y, then z. +— z,,

5 Ye
return solution x. with best encounlered objective value y..

proc (I+1) FEA(f : {0, 1}° — [0..UB))
HI[0..UB]] +— (0,0, -- ,0);
randomly sample z.. from {0, 1}%; y. +— f(z.);
while — terminate do
sample ¢ <— Binso(s,1/s);
Ty, <— muty(z,);
e — if(@n)s
Hlyc] «— Hly.] + 1; H[yn] «— Hlyn] + 1;
if H[y,| < H[y.] then z. <— x,; y. <— v
return separately-remembered solution wlth beqt encountered objective value yz.

(a) [10], [3]

(b) (14+1) FEA [3]

proc GGA(f : {0,1}* — [0..UB])

randomly sample z.. from {0, 1}%; y. +— f(z.);
randomly sample z4 from {0, 1}°; ya <— f(24);
while — terminate do
if y4 < y. then swap z. and z4; swap y. and y4;
if y. = yq then z. <— crosso.5(xc, zq);
else ., «— x.;
if 2. & {2, 24} then sample £ «— Bin (s, (1 +V/5)/(2s));
else sample £ «— Bin. (s, (1 +v/5)/(2s));
Ty, <— muty(z) ;
if 2, € {z., x4} then continue with next iteration of while loop (discard z,,);

Yn < f(Tn);

if y,, > yq then continue with next iteration of while loop (discard z,,);
b «— either true or false, chosen u.a.r
if yq > y. or b= true then x4 «— Zn; Ya — Yn;

else z. «— z,; Y. <— v
return solution z. with best encountered objective value y..

proc GFGA(f : {0,1}" — [0..UB])

HI[[0..UB]] +— (0,0,---,0)

randomly sample z.. from {0, 1}%; y. +— f(z.);

randomly sample z4 from {0, 1}"; yq <— f(wq);

while — terminate do
if H[yq] < H[y.| then swap z. and z4; swap y. and y4;
if H[y.] = Hya] then z, +— crosso.5(zc, za);
else x. «— z;
if 2. & {., 24} then sample £ «+— Bin (s, (1 +V/5)/(2s));
else sample £ «— Bin. (s, (1 +v/5)/(2s));
Ty, <— muty(z) ;
if z,, € {x.,z4} then continue with next iteration of while loop (discard z,,);
Yn & F(@n);
Hlyc] «— Hlyc] + 15 Hlya] <— Hlyal + 15 Hlyn] «— Hlya] + 1;
if H[y,| > H|[ya| then continue with next iteration of while loop (discard x,,);
b <— either true or false, chosen u.a.r
if H(yq] > Hly.| or b= true then x4 <— T} Yq — Yn:

else z. «— z,; Y. <— v
return separately- 1emembered solution g with best encountered objective value yg.

(c) GGA [10], [21] with p = (1 + v/5)/(2s)

(d) GFGA with p = (1 + v/5)/(2s)

proc (f :{0,1}° — [0..UB])

randomly sample z. from {0, 1}*; y. <— f(z.);
A—1;
while — terminate do
sample £ <— Bins (s, A/s);
for i € [1..] do 2 +— muty(z.); y@ «— f(z@);
Choose @’ € {z( | i € [1.A]} with ¢ = f(2’) = min {y® | i € [1.A]} var;

if A > 1 then
for j € [1..\] do &) <— cross; /x (., z');
if 20) =z, then 99—y,
else if () = 2/ then §0) «+— ¢/
else ) «— f( (J))

Choose @, € {2’} U {21 | j € [1..\]} with
Yn = f(2a) =min{y'} U {59 | j € [1.\]} var;
else z, «— a'; yn «— '3

if y,, < y. then A <— max {round()\/1.5),1};
else A <— min {max {\ + 1,round(1.5"/*\)} , s };

if y, <y, then z, — x,; Y. <— ¥,
return solution . w1th best encoumered ob]ecnve value y..

proc SAFGA(f : {0,1}* — [0..UB])
H[[0..UB]] «— (0,0,-- ,0):
randomly sample z. from {0, 1}°; y. «— f(z.); H[y.| +— 1;
A—1;
while — terminate do
sample ¢ <— Binso(s, A\/s);
for i € [1..\] do 2 +— mut(z,); y® «— f( (i)); H [;/“7‘} «— H [,1/(”: +1;
Choose &’ € {z( | i € [1.A]} with ¢’ = f(')
such that H[y'] = min {H [y®] | i€ [1.\]} var;
if A > 1 then
for j € [1..)] do #() +— crossy /x (e, ')
if 20) = . then §\9) «— y,
else if 2(9) = 2/ then §) «+— ¢/
else () +— f(z%m)
H [’[/U)} « H [’f/‘ll'/} +1;
Choose @, € {2’} U {21 | j € [1..\]} with
Yn = f(zn) such that H[y,] = min {H[y']} U{H[§D] | j € [1.\]} var;
else v, «— z'; y, «— s
Hye] +— Hlye] + 1
if Hy,| < H|y.| then A «— max {round()\/1.5),1};
else A <— min {max {\ + 1,round(1.51/4)\)} , s };

if Hly,| < Hly.] then z. +— 2,5 Ye — Yn,
return separately-remembered solution g with besl encountered objective value 5.

(e) [10] with F =15, p=A/s, c=1/A

(f) SAFGA with F =15, p=\/s,c=1/A

Fig. 1: The pseudo codes of six of the investigated algorithms for minimization. The left column contains the original variant,
the right column the one with FFA, with differences highlighted. Note: The implementations of the FFA-based algorithm
internally remember and return the candidate solution xp with the best encountered objective value yg (not fitness).
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We apply all algorithms in their modified efficient form
defined in [10] and also use the following notation from
this work: ¢ <— Bin(s,p) stands for sampling a num-
ber ¢ from the binomial distribution with s trials and suc-
cess probability p, ie., P[¢=k]=(;)p*(1 —p)". Setting
¢ <— Bins((s,p) means to repeat this sampling until an
¢ > 0 is encountered. The operation muty(x) creates a copy
of = with exactly ¢ bits flipped at different indexes chosen
uniformly at random (u.a.r.). cross.(x1, x2) performs crossover
by choosing, independently for every position, the value of
the corresponding bit from x5 with probability ¢ and from x;
otherwise.

The first algorithm in our study is the (1+1) EA, which starts
with a random bit string x.. In every step, it samples a new
solution x, as a modified copy of z. by flipping each bit
with probability 1/s. This would correspond to drawing the
number ¢ of bits to flip from the binomial distribution with p =
1/s. In the defined in Figure la, we instead use
¢ +— Bins(s,1/s) to ensure £ > 0. Thus, x,, # x. always
holds and we avoid wasting function evaluations (FEs) [10].
If x,, is at least as good as x., i.e., f(z,) < f(z.), then it
replaces ..

We plugged FFA into this algorithm in [3] and obtained
the (1+1) FEA (Figure 1b). The (141) FEA bases all decisions
influencing the course of its search on the frequency fitness
table H. It also internally maintains a variable zp in which
it stores the solution with the best-ever encountered objective
value yg to be returned as end results. We have omitted this
detail for the sake of brevity in all FFA-based algorithms.

The Greedy (2+1) GA [6], [7] retains a population of the
best two solutions x, and x4 and without loss of general-
ity, we assume that f(z.) < f(z4). In each iteration, it
randomly chooses two parents with the best fitness in the
population with replacement to create an offspring z. via
uniform crossover (¢ = 0.5). It then flips each bit in z.
independently with probability p = (1 + v/5)/(2s) to obtain
the new solution . If f(z,,) < f(z4), it will replace one of
the parents: either x4, if x4 is worse than z., otherwise either
of the two u.a.r.

The GGA [10], [21] (Figure 1c) ensures that crossover is
only done if f(x.) = f(z4) and that the parents are chosen
without replacement, while otherwise . = x.. Furthermore,
if x. € {x., 24}, it is enforced that ¢ > 1 bits are flipped in
mutation.?

The GGA was shown to be twice as fast as any mutation-
only EA on OneMax [6], [7]. We plug FFA into this algorithm
and obtain the GFGA specified in Figure 1d, which allows us
to investigate the impact FFA on an algorithm where crossover
— and hence, a (small) population — are provably efficient.

The (1+(A\,\)) GA proposed in [8] maintains a single best
individual x.. In every step, it generates A\ offspring z(?)
using mutation probability p = k/s with k& > 1. The best of
them, 2/, is then used as parent for another A offspring (/)
created via crossover using probability c. If x,,, the best among
the offspring £(), is at least as good as ., it replaces it.

3We retain the mutation rate p from the original Greedy (2+1) GA algo-
rithm [6], [7], which is not the optimal choice for our GGA algorithm variant
on OneMaxGGA [10], [21].

The Self-Adjusting (1+(A,\)) GA [8] builds on this algorithm
by adjusting the parameter A\: If x,, is better than z., A is
decreased to \/F and otherwise increased to F'/4\. F = 1.5
and X always remains in [1..s]. In [22], [9], the parameters are
settop=A/sand c=1/A\.

The [10] in Figure le improves the efficiency by
ensuring that mutation flips £ > 1 bits, that crossover offspring
equaling one of their parents are not evaluated, and by also
letting =’ participate in the selection step after crossover.

The SAGA is a theory-inspired GA with linear expected
runtime on OneMax [9]. In Figure 1f, we present the SAFGA,
a variant of this algorithm applying FFA. We can thus investi-
gate the impact of the different optimization paradigm offered
by FFA on this highly efficient algorithm and its process of
self-adjustment, which now is based on the frequency fitness.

As a side note: Not wasting FEs on repeatedly evaluating
the same solutions saves runtime for the pure algorithm
variants. This does not necessarily hold for the FFA-based
variants, as evaluating the same solution again would influence
the frequency fitness and we could increment the frequency
counters without actually invoking the objective function. We
do not investigate this approach here as it would require us
to double the experimentation effort. Still, we want to at least
mention that the modifications from [10] may not necessarily
retain their impact under FFA.

Besides FFA-only and pure algorithm variants, we can
also conceive hybrids. One could, for instance, assign the
FEs to the (14+1) EA and the (1+1) FEA in a round robin
fashion. In this case, the resulting runtime on any problem
would be at most twice the runtime of the faster of the
two, making it uninteresting for experiments. The in
Figure 2a does this with a slight twist: If the (14+1) FEA part
discovers a solution equally good to the best-so-far solution
of the (141) EA part, it will overwrite it, thus “informing” the
(14+1) EA-part.

Another idea would be to toggle between FFA and pure
optimization. This concept is implemented in our SAHGA in
Figure 2b, which behaves exactly as the pure SAGA until one
iteration after A reaches s, i.e., when basically all bits will
be flipped during mutation. At this moment, the algorithm
switches over to using FFA and keeps using it until the best-
so-far solution improves, at which point it will toggle back
to pure optimization. In SAHGA, we also added the minor
improvement that only one single mutation is performed if
A = s, since then all bits are flipped and all mutation offspring
are identical.

We thus cover two hybridization ideas, namely a round-
robin like and a back-and-forth switching method.

IV. EXPERIMENTS

We now apply the eight algorithms to a wide selection of
different benchmark problems. The objective functions are all
subject to minimization. Their ranges are ) C [0..UB], where
the upper bounds UB are either linear functions of the problem
scale s or a small polynomial of it. On each problem instance
and for each algorithm, except for the MaxSat instances, we
conduct at least 71 independent runs. Except for OneMax,
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sample £ <— Bin-q(s,1/s);
Ty — muty(xp);
Yn < f(zn);
if use'FA then
Hlya] «— Hlya] + 15 Hlyn] — Hlya] +1;
if H(yn] < Hya] then 24 ¢— 3 Ya <— Yn:
if v, <y, then z. <— z,; Yo — Yn:

useFFA « 1seFFA;
return solution z. with best encountered objective value y..

(a) EAFEA

proc SAHGA(f : {0, 1} — [0..UB])
H[[0..UB]] <— (0,0,---,0);
define W as identity mapping, i.e., U[y] = y;
Y* — +o0;
randomly sample z, from {0, 1}%; y. +— f(x.); Hlye] +— 1;
A 1;
while — terminate do
if A < s then
sample £ <— Bins (s, \/s);
for i € [1..] do z() «— muty(z.); y@  f(z@); H[yD] « H[yD] + 1;
Choose 2 € {z(¥) | i € [L.A]} with y' = f(2')
such that ¥[y'] = min {¥[y] | i € [1..\]} var;
else 2’ <— negation of z.; y' «— f(2'); H[y'| «+— H[y'] + 1;
if A > 1 then
for j € [1..] do #() +— crossy /x (e, z');
if 20 = .. then §\9) «— y,
else if () = 2/ then §U) +— o/
else () +— f(ﬁ(]))
H[g(a‘)] — H[g}(”} +1;
Choose z, € {2’} U {2V | j € [1.\]} with
Yn = f(@n) such that ¥[y,] = min {¥[y']} U {¥[§)] | j € [1.A]} var;
else x,, «— 25 yp, +— s
Hly.] «— Hly.] +1;
if U[y,] < ¥[y.| then A «— max {round(A/1.5),1};
else

> optimize normally without FFA

if A > s then define U to be the H-lookup, i.e., U[y] = H[y] ; > FFA on
A +— min {max {\ + 1,round(1.5/4\) } , s}:
if Uly,| < Uly] then zc «— @i ye «— yn
if y, <y* then
y* ¢— yp; define ¥ as identity mapping, i.e., U[y] = y; > FFA off

return separately-remembered solution zg with best encountered objective value y*.

(b) SAHGA with F = 1.5, p = \/s, c = 1/A

Fig. 2: The hybrid algorithms using both FFA and direct
optimization.

LeadingOnes, and N-Queens, we limit all runs to at most
10*° FEs in our experiments.

A. OneMax Problem

OneMax [23] is a unimodal optimization problem where the
goal is to discover a bit string of all ones. Its minimization
version of scale s is defined below and illustrated in Figure 3:

OneMax(z) = s — |z|, where |z|, = Zx[z]

i=1

OneMax has a black-box complexity of €2(s/Ins) [24]. The
(14+1) EA [23], [8] and the faster GGA [6], [7], [8] have
an expected runtime in O(slns) FEs, while the SAGA
achieves O(s) [22], [9]. This is visible in the upper half of
Figure 4, which also shows that the FFA-based variants of the
algorithms are consistently slower. The EAFEA needs about
twice the time of the (1+1) EA. The SAHGA performs identical

D

0 9 |
proc EAFEA(S : {0,1}° — [0..UB]) 140 j_?rge""::é;‘& S1f()
HI[0..UB]] +— (0,0, ,0); A i -
randomly sample z. from {0, 1}%; y. +— f(z.); o ]
o #ed W ; useFFA 1
while — terminate do e w4
if usel''A then z, +— x4 else x), <— =z, 1

number of 1 bits = |x|4
0 5 10 15 20 25 30

number of 1 bits = x|,
0 5 10 15 20 25 a0

871 f(X) - Plateau, s=32, w=l\'s}+1=6 & 1 f(x) ~o— Jump, s=32, w=l\s}+1=6 <><><><><>
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Fig. 3: [llustrations of the OneMax, TwoMax, Trap, Jump, and
Plateau problems for s = 32 and w = 6.
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Fig. 4: The mean runtimes measured on selected problem
sizes s (horizontal axes) of the OneMax problem. Top: The
vertical axis shows the mean runtime. Bottom: The vertical
axis shows the mean runtimes of the algorithms with FFA
divided by s+ 1 times the mean runtime of their pure variants.

to the SAGA, such that the curve of the former exactly covers
the curve of the latter, meaning that the switch condition to
FFA is never reached.

In [3], we speculated that the (1+1) FEA is slower than
the (14+1) EA by a factor linear in the number of differ-
ent possible objective values, which is s+ 1 in case of
OneMax as ) = [0..s]. Such a linear relationship seems to
hold for all three algorithms, as the lower part of Figure 4
reveals a slowdown approaching algorithm-specific constants
¢1 € (0.05,0.45) times s + 1.

The OneMax problem is also suitable to check whether
our implementations of the basic algorithms are correct. In
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Fig. 5: The mean runtimes measured on selected problem
sizes s (horizontal axes) of the LeadingOnes problem. Ex-
planation: See Figure 4.

Figure 3 of [10], the SAGA has a mean runtime right in
the middle between 30’000 and 40’000 FEs to solve OneMax
with s = 5000, while our implementation needs approximately
35’590 FEs. The GGA in [10] has a mean runtime of slightly
above 38’000 FE on this problem. It uses a different parameter
setting for the mutation probability (p = 0.773581/s) than our
implementation (p = (1 4+ v/5)/(2s)). If we use the setting
from [10], we obtain a mean runtime of 38’502 FEs. Both
results replicate the performance observed in [10] and we can
be confident that our implementations are correct.

B. LeadingOnes Problem

The LeadingOnes problem [25], [26] maximizes the length
of a leading sequence containing only 1 bits. Its minimization
version of scale s is defined as follows:

LeadingOnes(z) = s — Z H x[7]
i=1j=1

The black-box complexity of LeadingOnes is ®(sIn1n s) [27],
[28]. The (1+1) EA has a quadratic expected runtime on
LeadingOnes [29] and so does the (1+(A,\)) GA regard-
less of the value of A [30], [31]. From Figure 5, we find
that the SAGA performs worse on LeadingOnes than the
GGA and (1+1) EA, which behave similar. The EAFEA again
needs about twice the time as the (14+1) EA. SAHGA initially
performs similar to SAGA, but as the scale s increases,
its curve approaches the one of the slower SAFGA. This
means that the SAGA reaches the switch condition to FFA
on LeadingOnes, which explains its rather poor performance
on this problem. The FFA variants are again slower and again

2

The minimization version of the TwoMax [32], [33] prob-
lem of scale s can be defined as follows:

0if [z, =s

1+ s —max{|z|,,s — |z|;} otherwise

TwoMax(z) = { 3)

The TwoMax problem introduces deceptiveness in the objec-
tive function by having a local and a global optimum. Since
their basins of attraction have the same size, a (14+1) EA can
solve the problem in O (s In s) steps with probability 0.5 while
otherwise needing exponential runtime in expectation, leading
to a total expected runtime in Q(s*) [34], [32]. From Figure 6,
we find that the GGA seems to behave similarly. While it is
a bit faster, it, too, can only solve small-scale instances of
TwoMax within the prescribed 10'° FE budget. The SAGA
and the identically performing SAHGA do not suffer from
the exponential runtime and solve any scale of the problem
to which they were applied relatively quickly. The reason
is that if these algorithms arrive at the local optimum, they
will not improve. A\ will increase until reaching s, at which
point mutation will toggle all bits and jump directly to the
global optimum. From this explanation, we can expect that
the SAGA would still require exponential runtime if the two
optima would not be bit-wise inverse of each other. EAFEA
performs almost exactly like (1+1) FEA.

(14+1) FEA, GFGA, and EAFEA can solve the TwoMax
instances for all s < 333 within a mean runtime of below
s2In s FEs. SAFGA is faster than the above mentioned algo-
rithms, but slower than SAGA. Since SAGA needs more than
51n s FEs to solve the problem in average while SAFGA needs
less than s2, the experimentally observed slowdown seems to
be less than linear this time.

From this moment on, we will often observe the following
pattern regarding the FFA-based algorithm variants: If the
basic algorithm cannot efficiently solve the problem, its FFA-
based variant can. If the basic algorithm can solve the problem
well, the FFA-based variant can still solve it but it is slower.
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Fig. 7: The mean runtimes measured on the Trap problem.

D. Trap Function

The Trap function [35], [29] swaps the worst possible
solution with the global optimum. The (14+1) EA here has an
expected runtime of ©(s®) [29]. The minimization version of
the Trap function can be specified as follows:

Trap(z) = { 0if |z[; =0

s —|z|; + 1 otherwise
The Trap function is bijective transformation of the OneMax
problem. This means that all FFA-based algorithms behave
exactly as on OneMax and can efficiently solve it. SAGA and
SAHGA again perform the same, and for the same reason as
on TwoMax. Figure 7 shows that all algorithms also behave
similar as on the TwoMax problem.

“4)

E. Jump Problems

The Jump functions [29], [32], [36] introduce a deceptive
region of width w with very bad objective values right before
the global optimum. The minimization version of the Jump
function of scale s and jump width w is defined as follows:*

() = {27 o 1 1 =0 <20

w + |z|; otherwise
The expected runtime of the (14+1) EA on such problems is in
O(s¥ + slns) [29].

We conduct experiments with five different jump widths w,
namely |Ins]|, [lns|+1, [/s], [v/s] + 1, and [0.5s] — 1.
From Figure 8, we find that the performance of all pure
algorithms quickly deteriorates with rising w. Since the Jump
problem is another bijective transformation of the OneMax
problem, all FFA-based algorithms behave the same as on
OneMax. Indeed, Jump, Trap, and OneMax all are identical
from the perspective of an algorithm that utilizes FFA, which is
one of the properties making this concept interesting. SAHGA
and EAFEA are slightly slower, but, too, can solve the Jump
problem efficiently regardless of the jump width.

&)

F. Plateau Problems
The minimization version of the Plateau [38] function of
scale s with plateau width w is defined as follows:
s —laly i (2], = ) V (|a, < s —w)
w otherwise

Plateau(z) = { (6)

4Researchers have formulated different types of Jump functions. The one
in [37], e.g., is similar to our Plateau function but differs in the plateau
objective value.
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Fig. 8: The mean runtime measured on Jump problems with
scale s and jump width w > 1.

The expected runtime of the (14+1) EA on such a problem is
in ©(s¥) [38]. Figure 9 shows that, while the pure algorithms
can solve the Plateau problem better than the Jump problem,
they are slow at doing so.

A plateau of the objective function is also a plateau under
FFA. Indeed, we can observe that here, FFA provides no
advantage for the (1+1) FEA and GFGA, which are slower
than the (1+1) EA and GGA, respectively. The SAFGA and the
SAHGA seemingly perform almost the same on all Plateau
instances of a given scale s in Figure 9, regardless of the
plateau width w, and solve them efficiently (and better than
SAGA).

We repeat the experiment with both algorithms for larger
scales up to 4096 in Figure 10. We find that SAFGA
and SAHGA solve the problem consistently in less than
s* FEs. From the figure, it seems that the large plateaus
with w = [0.5s] — 1 are easier for both algorithms and the
other four plateau widths lead to similar performance. When
comparing the raw numbers, we find that problem tends to get
easier for the algorithms the wider the plateaus are, i.e., the
bigger w.?

5The difference between [Ins| and L\/§J 4 1 is just too small for the
investigated scales for this to be visible in the diagram.
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Fig. 9: The mean runtime measured on Plateau problems with
scale s and plateau width w > 1.
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Fig. 10: A more comprehensive experiment with SAFGA and
SAHGA on the Plateau problem.

This can be explained as follows: As shown in [3], FFA-
based algorithms may optimize either towards improving so-
lutions or towards worsening solution quality and from time
to time change direction. If the algorithm switches towards
worsening objective values after reaching the plateaus, it will
eventually reach the worst-possible bit string x,,, composed

o4
—a— (1+1)FEA—— SAFGA
—— GGA -8 EAFEA
5 scale s —— GFGA  —%— SAHGA
S 1 1 1 1 T T T
20 40 60 80 100 120 140

Fig. 11: The mean runtime measured on the N-Queens prob-
lem.

of all Os. There is only one such string and all strings with
some 1s in them may have thus already received higher fre-
quency values. Success in the FFA-based variants corresponds
to finding a less-frequently encountered objective value and
a failure in doing so increases A. Once x,, is reached, the
algorithms may not immediately succeed to find a string
with lower objective value encounter frequency. The self-
adjustment will thus increase A, leading to more bits being
flipped at once in mutation. This, in turn, increases the chance
to directly jump into the plateau (which may already have
a high frequency assigned to it) and does so the more, the
larger w. Once A = s is reached, all bits will be flipped,
jumping from z,, directly to the global optimum. Based on
this explanation, we can also expect that a problem where
plateaus surround both the optimum and z,, would still be
hard for the SAFGA and SAHGA.

G. N-Queens Problem

The N-Queens problem is defined for bit strings of
length s = N2 [11]. A bit string = is mapped to a chess
board and a queen is placed for any bit of value 1. The goal
is to place N queens such that they cannot attack each other.
The total number of queens on the board be Q(x) = |z|,,
which might be more or less than N. We also count the
number Q¢(x) of queens in every single row, column, and
diagonal ¢ of the chess board. The minimization version of
the N-Queens problem is then:

N-Queens(x) = N — Q(z) + N Y~ max{0, Q¢(z) — 1} (7)

vE

The N-Queens problems are attested moderate difficulty
in [11]. They are interesting for investigating FFA because
their number of possible objective values is larger than their
scale s.

In this experiment, SAGA shows somewhat unstable per-
formance. We therefore investigate all N € [4..12] without
runtime limit and 333 independent runs per algorithm and
problem instance. For N = 11, one of these SAGA runs
needed 11°936°590°163 FEs and for N = 12, SAGA needed
120’878°587°950 FEs in one run. This could indicate a bad,
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Fig. 12: The mean runtime measured on the Ising 1D problem.

potentially exponential, worst-case runtime. The next-worst
longest runtime over the 333 runs of any other algorithm is
by the (14+1) EA for N = 12 with 336°432°114 FEs.

Figure 11 confirms that the SAGA performed worst. Its
FFA-based variants perform much better (both need about
28°000°000 FEs for N = 12 in their worst runs) and similar to
the (14+1) FEA. The EAFEA performed best for larger scales,
followed by GGA and (1+1) EA.

H. Ising 1D Problem

Ising problems define a graph G(V = [0..s — 1], E C V?)
where each node stands for one bit index and the edges are
undirected. If two indices ¢ and j are connected, a penalty of 1
is incurred in the objective value of a solution z if x[i] # z[j],
as shown in Equation (8). In Ising 1D problem [39], [11], G
describes a one-dimensional ring where each bit is connected
to its predecessor and successor in x and £ = FE; is then
defined in Equation (9).

Ising(x, B) = Y |afi] —z[j]]  ®)
v(i,j)EE
By ={(i,j)|i,je0.s—1]Aj=(i+1)mods} (9

From [39] we know that the (1+1) EA has an expected running
time of O(s?) on this problem with small constant in the O-
term, which is visible in Figure 12, where its observed mean
running time is between s?In s and s3. The simple (14+1) EA
beats GGA, which, in turn, beats SAGA. We further find
that all FFA-based algorithm variants are slower than their
corresponding pure variants, but again by no more than a
factor linear in s. All algorithms solved all instances in all
runs within the prescribed budget.

L. Ising 2D Problem

In the Ising 2D problem [40], [11], the graph plugged into
Equation (8) describes a two-dimensional torus with s = NV 2
and E = FEs, where each bit has four neighbors:

Ey = {(a+BN,y+6N) | a,8,7,0 € [0.N —1] A
[(y=(a+1)mod N A § =)V
(y=a A d=(f+1)mod N)|} 10

Fig. 13: The mean runtime measured on the Ising 2D problem.
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Fig. 14: The mean runtime measured on the linHarm problem.

We investigate the Ising 2D problem up to N = 10, i.e.,
s = 100. Figure 13 reveals that this problem is much harder
than Ising 1D for the pure algorithms, which can only reach
a 100% success rate until N = 6 within the 10'° FEs
budget. This fits to [40], which states that the (1+1) EA has
exponential expected running times on a similar class of two-
dimensional Ising models. All variants with FFA, however, can
solve all Ising 2D instances in all of their runs. Oddly, for them
Ising 2D seems to be easier than Ising 1D for the (14+1) EA,
which was the fastest algorithm on it! The EAFEA performed
best by a margin. We confirmed the correct implementation of
both problems with unit tests.

J. Linear Function with Harmonic Weights

The minimization version of the linear harmonic func-
tion [11] is given in Equation (11). The (1+1) EA can solve
this function in @(slogs) FEs [11], [29].

linHarm(z) = 0.5s(s + 1) — Y i (11)

i=1
This problem is particularly interesting for investigating FFA,
because it is rather easy to solve, but its number of objective
values grows quadratically with s. From Figure 14, we see

that the FFA-only variants require mean runtimes which could
indeed be quadratically larger than the mean runtimes of the
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Fig. 15: The ERT (top) and success rates (bottom) measured
on the 19 W-Model instances from [5].

respective pure algorithms. This indicates that the cost of
FFA on easy problems is likely proportional to the number
of possible objective values.

K. W-Model Instances

The W-Model [41], [42] is a benchmark problem which ex-
hibits different difficult fitness landscape features (ruggedness,
deceptiveness, neutrality, and epistasis) in a tunable fashion.
19 diverse W-Model instances of different scales s € [16..256]
have been selected based on a large experiment in [5], where
they are described in detail. They are also used in [3],
where the (1+1) FEA performed much better on them than the
(14+1) EA.

Expanding on this prior finding, we can see from Figure 15
that (14+1) EA and GGA have a 100% success rate only on
four W-Model instances. The SAGA can always solve the
first five and has more than 80% success rate on the sixth
instance. It can solve most of the W-Model instances more
often than the other pure algorithms (with the exception of
instances 9 and 11). In the top part of the figure, we plot the
empirically estimated expected runtime (ERT) [43]. We find
that SAGA tends to have a lower ERT on the harder instances
while being slower on the easier ones compared to the other
pure algorithms.

All algorithms with FFA can solve all W-Model instances
in all runs within the budget. With the exception of instance 3,
their mean runtimes are below or approximately equal to
the third power of the instance scale s. All of them also
have similar ERT values which, again with the exception of
instance 3, are always better than those of all pure algorithms.

L. MaxSat Problems

A MaxSat instance is a formula B : {0,1}° — {0, 1} over s
Boolean variables [44]. The variables appear as literals either
directly or negated in ¢ “or” clauses, which are all combined
into one “and”. The objective function f(x), subject to min-
imization, computes the number of clauses which are false
under the variable setting x. If f(x) = 0, all clauses are t rue,

TABLE I: The number of failed runs (out of 11°000) over the
instance scales s.

s | (1+1) EA (14+1) FEA GGA GFGA SAGA SAFGA EAFEA SAHGA
20 168 0 99 0 285 0 0 0
50 2775 0 2741 0 3493 0 0 0
75 4715 0 4768 0 5638 0 0 0

100 0 0 0 0 0
125 0 0 0 0 0
150 0 0 13 0 14
175 0 1 428 0 397
200 104 173 912 147 928
225 61 105 1530 90 1522
250 86 118 2031 92 2034

TABLE II: The logarithm base 10 of the ERT over 11’000 runs
on each instance scale s.

s| (1+)) EA (I+1) FEA GGA GFGA SAGA SAFGA EAFEA SAHGA
20 82 34 80 35 85 37 32 36
50 9.5 49 95 51 96 54 48 54
75 9.8 56 98 59 100 6.5 55 6.4
100 6.3 6.5 73 6.1 7.3
125 6.7 7.0 79 6.7 79
150 7.1 74 8.4 7.1 8.4
175 77 8.1 9.0 76 9.0
200 8.3 8.5 9.3 8.4 9.3
225 83 36 95 84 94
250 8.3 8.6 9.6 8.3 9.6

which solves the problem. The MaxSat problem exhibits low
epistasis but deceptiveness [45]. In the so-called phase transi-
tion region with ¢/s ~ 4.26, the average instance hardness for
stochastic local search algorithms is maximal [46], [47], [48].

We apply our algorithms as incomplete solvers [49] on the
ten sets of satisfiable uniform random 3-SAT instances from
SATLib [46], which stem from this region. Here, the number of
variables s is from {20} U {25¢ : ¢ € [2..10]}, where 1000 in-
stances are given for s € {20, 50, 100} and 100 otherwise. For
each scale level, we conduct 11’000 runs with our algorithms
exactly uniformly distributed over all available instances. With
the pure algorithms, we can only do this for s € {20,50,75}
due to the high runtime requirement resulting from many runs
failing to solve the problem within 10'° FEs.

From Table I, we can see that the highest number of failed
runs at scale s = 250 of any algorithm using FFA is lower than
the lowest number of failed runs of any pure algorithm at s =
50. From Table II, we find that no FFA-based algorithm has a
higher ERT at scale s = 250 than its pure variant on s = 50.
On the scales s < 75, the FFA-based algorithms have a mean
runtime which is between 3 and 4 orders of magnitude smaller
that the ERT of the pure algorithms. Overall, the (14+1) FEA
performs best, closely followed by the EAFEA. These results
provide striking evidence regarding the suitability of FFA to
solve N'P-hard and practically relevant problems.

M. Summary

In Table III, we summarize our experimental results. We
try to give an impression on the worst-case time that the
algorithms needed to solve the problems in relation to the
problem scale s, regardless of any other problem parameter.
We computed ¢t = max{log, RTs}, looking for values ¢ for
which s* marks an upper limit for the worst runtimes RT in
FEs any run has consumed for solving any instance of the
problem at a scale s.
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TABLE III: The values ¢ corresponding to upper limits s* of
the runtime in FEs never exceeded by any run. () = some runs
failed or were not conducted due to infeasible runtime.

problem s (1+1) EA (141) FEA GGA GFGA SAGA SAFGA EAFEA SAHGA
OneMax 16..8192 2.0 2.8 22 28 23 2.8 23 2.7
LeadingOnes 16..4096 22 2.8 23 28 2.5 29 2.4 29
TwoMax 16..333 D 3.1 @ 3.1 22 29 3.4 2.6
Trap 16..333 D 2.8 @ 28 2.1 29 3.0 2.5
Jump 16..32 D 29 @ 28 %] 29 29 2.8
Plateau 16..32 6.6 ) 6.5 %] %] 33 %] 32
N-Queens  16..144 4.1 3.6 43 37 5.1 3.6 35 3.6
Ising 1D 16..100 2.9 3.4 3.1 37 39 43 3.0 42
Ising 2D 16..100 D 2.5 D 26 @ 2.8 2.6 2.7
linHarm 16..333 1.9 3.1 22 32 2.0 3.1 22 3.0
W-Model 16..256 D 33 @ 34 @ 3.8 35 3.6
MaxSat 20..125 D 42 @ 42 @ 4.6 4.2 4.7

On some problems, some of the runs were not successful or
instances were skipped because it was clear that they would
not finish within the budget. Both situation are signified with ().
All columns with numerical values indicate that all runs on all
explored scales in the range were successful.

From the table, we see again that SAFGA and SAHGA are
the only algorithms that always succeed on all 11 problems on
the listed scales. For them, the Ising 1D is the hardest among
the theory-inspired benchmarks. On the seven problem types
that the SAGA can solve efficiently, its FFA-based variants
only win on N-Queens.

The performance of the SAGA suffers when its population
size A\ becomes unnecessarily large, e.g., on the LeadingOnes,
N-Queens, Ising 1D, and MaxSat problems. Limiting A to not
exceed a constant like 5 or 10 or to a scale-dependent value
such as 21n s could be a remedy for this issue [50]. It would
likely improve the performance of the three variants of the
SAGA on problems with weak fitness distance correlation.
In turn, it would probably remove the ability of the pure
SAGA to efficiently solve the TwoMax and Trap problems
and the ability of the SAFGA and SAHGA to efficiently solve
Plateau problems. Alternative approaches would be applying
self-adaptation with rollbacks [51], resetting A to 1 when
it reaches s and still cannot improve upon the best-so-far
solution [52], or choosing A using a power-law distribution
in each iteration [53].

The (1+1) FEA, EAFEA, and GFGA can reliably solve
all theory-inspired problems except Plateaus. The pure algo-
rithms have problems with Jumps, Plateaus, Ising 2D, and
some W-Model instances. Interestingly, Ising 2D appears to
be easy for FFA-based methods. The FFA-based algorithms
can reliably solve the A/P-hard MaxSat problem within the
budget up to s = 125 and have their largest ¢-values on
this problem. The good performance of the (1+1) EA relative
to the GGA and SAGA in Table III can be explained — at
least on some problems — with the relatively low scales s we
investigated, with the fact that we use worst-case runtimes,
and with our somewhat crude approach, which boils down
performance to only a monomial, disregarding possible lower-
order polynomials as well as constant or logarithmic factors.

V. CONCLUSIONS

Frequency Fitness Assignment (FFA) is an approach to pre-
vent premature convergence of optimization processes. It has

three very interesting and unique already known properties:
(1) it creates optimization processes that are not biased towards
better solutions [2]; (2) it renders them invariant under all
bijective transformations of the objective function value [3];
(3) it can reduce the empirical mean runtime of the (1+1) EA on
several benchmark problems from exponential to polynomial
in our experiments [3].

In this paper, we significantly extended the knowledge along
the lines of the third property above. We introduced FFA into
two state-of-the-art EAs for discrete optimization, namely the
GGA and the SAGA. On problems that these algorithms can
already solve efficiently, the addition of FFA leads to a slow-
down which often seems to be linear in the number of distinct
objective values.

On several of the investigated benchmark problems where
GGA and (I4+1)EA need exponential expected runtime
(TwoMax, Trap, Jump), the GFGA, (1+1) FEA, and the hybrid
EAFEA seem to exhibit polynomial mean runtime. However,
they retain the exponential mean runtime of their pure variants
on the Plateau problems. On Jump and Plateau, where the
SAGA also exhibits exponential expected runtime, the SAFGA
with FFA and the hybrid SAHGA seem to require polynomial
mean runtime only. They are also much faster on the N-Queens
problem where the SAGA is slow. It is notable and surprising
that FFA does not degenerate the self-adjusting method of
SAGA. It even interacts with it positively, allowing it to solve
all benchmark problems except MaxSat efficiently.

We furthermore investigated two ways to hybridize FFA
with direct optimization (SAHGA, EAFEA) and found that
both performed very well. For example, on N-Queens and
Ising 2D, the hybrid EAFEA was the fastest algorithm in our
study.

With this article, we have confirmed that FFA is not an
oddity that only, somehow, makes a basic and practically
unimportant (14+-1) EA more efficient on hard problems. We
found that it can also do so with two of the best EAs for
discrete black-box optimization available.

The SAFGA and SAHGA were not necessarily the best
algorithms in the lot, in particular on the MaxSat and Ising 1D
problems. Nevertheless, the existence of algorithms that may
be able to solve all investigated benchmark problems from
theory efficiently is very motivating. We will therefore study
more variants [50], [51], [53] of these algorithms.

We believe that there is much potential in better hybrids
of FFA and pure optimization. The good performance of the
EAFEA on Ising 2D is another indicator for this. We will also
follow this research direction in the future.

Our first results for the (1+1) FEA on the Job Shop Schedul-
ing Problem [2] are very encouraging, too. We will therefore
extend the scope of our experiments to more N P-hard opti-
mization tasks and other representations.
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