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Fuzzy Adaptive Output-Feedback Constrained
Trajectory Tracking Control for HFVs With

Fixed-Time Convergence
Renwei Zuo , Yinghui Li , Maolong Lv , Zongcheng Liu , and Fan Zhang

Abstract—This article proposes an output-feedback fixed-time
trajectory tracking control methodology for hypersonic flight ve-
hicles subject to asymmetric output constraints. In contrast to the
state of the art, the most distinguishing feature of our control design
lies in avoiding using conventional recursive design methods (e.g.,
backstepping technique, dynamic surface control, etc.) and in not
relying on full-state availability. In the velocity control loop, an
asymmetric integral barrier Lyapunov function is adopted to con-
fine velocity variable within a well-defined compact set all the time.
In the altitude control loop, after utilizing its cascaded property and
proposing a novel scaling function, the original constrained system
is transformed to an unconstrained one, which facilitates the con-
trol design and stability analysis. Moreover, the proposed control
algorithm only involves one fuzzy logic approximator as well as one
fixed-time differentiator in the transformed system and guarantees
that the tracking errors of velocity and altitude converge into the
user-defined residual sets within fixed time. Several comparative
simulations have been conducted to highlight the superiorities of
the developed method.

Index Terms—Asymmetric output constraints, fixed-time
differentiator, hypersonic flight vehicles (HFVs), output-feedback
control.

I. INTRODUCTION

HYPERSONIC flight vehicles (HFVs) possess the
aerodynamic configuration of high lift-to-drag ratio,

which can be launched into the suborbital trajectory either
by a booster rocket or by a reusable launch vehicle [1]–[5].
Owing to the rapid response as well as flexible maneuverability,
HFVs are recognized as a viable tool in terms of long-range
strike, prompt penetration, remote delivery, and power
projection [6]. Stemming from the salient characteristics
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of tightly integrated airframe engine design, hypersonic
flight speed, and time-varying flight condition, the dynamical
behaviors of HFVs have some special features in comparison
with traditional aeronautic aircraft, such as stronger couplings
and bigger uncertainties, which bring unprecedented difficulties
and challenges to flight control design [7].

In view of the physical constraints that characterize hy-
personic flight and operability of scramjet engines, the flight
state variables, including velocity and altitude, have upper and
lower magnitude constraints in practice, and the violation of
these constraints may deteriorate system performance and even
endanger flight safety. In the presence of state constraints, a
barrier Lyapunov function (BLF) first [8]–[10] and an integral
barrier Lyapunov function (IBLF) later [11], [12] are exploited to
guarantee the nonviolation of state constraints, while ensuring
closed-loop stability. Despite the successful handling of state
constraints in [8]–[12], these works followed a standard back-
stepping design procedure, which inevitably suffers from “ex-
plosion of complexity” issue caused by a repeated differentiation
of intermediate control laws. Dynamic surface control (DSC) is
developed in [13] to tackle such drawback through introducing a
low-order filter at each step. However, the methodology in [13]
still follows a recursive pattern, exhibiting a complicated design
procedure and causing heavy computation burden [14]. Based
on the availability of full-state information, backstepping-free
control approaches have been proposed in [14]–[17] by trans-
forming the original system into a normal form with full relative
degree with respect to system output and its derivatives.

However, it is worth underlining that the precise attitude
angle information is typically difficult to be acquired in actual
hypersonic flight due to the complicated plant characteristics
and drastic variation of flight condition [18]. In the absence of
full-state information, output-feedback control algorithms have
been constructed [18]–[21] without convergence time guaran-
tees. In view of high speed and agile maneuvering of HFVs,
fast convergence is necessarily required for hypersonic flight
control. The convergence rate can be preassigned beforehand
via the so-called finite [22]–[25] or fixed-time tracking con-
cepts [26]–[29]. It is well recognized that fixed-time stability is
a stronger result than finite-time stability since its convergence
time is upper bounded by a positive constant irrespective of
initial conditions. Even though some fixed-time results have
appeared in the literature [26]–[29], the control design there
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is under a recursive manner, and no state constraints are taken
into account either.

Motivated by above discussions, a nonrecursive adaptive
output-feedback fixed-time trajectory tracking control method-
ology is proposed in this study.

1) The remarkable peculiarity is that the recursive design
procedure (e.g., backstepping technique, DSC, etc.) is
circumvented, and the full-state information of HFVs is
no longer required for flight control design.

2) To simultaneously handle asymmetric output constraints
and “explosion of complexity” issue, we convert the
original constrained system to an unconstrained one by
resorting to the cascaded feature of altitude dynamics and
a novel scaling function.

3) Without devising any virtual control law or command
filter, only one fuzzy logic approximator and one fixed-
time differentiator are involved to ensure the fixed-time
trajectory tracking, which significantly reduces the burden
of online computation.

Notations: Throughout this article, R stands for the set of real
numbers, N+ represents the set of positive integers, i ∈ N0:n

denotes i = 0, 1, . . . , n, || · || represents the Euclidean norm
for vectors, | · | means the absolute value for scalars, In is
the identity matrix in the space Rn×n, 0n stands for a vector
of zeros of dimension n, [[·]]l implies | · |lsgn(·), (f ◦ g)(x)
represents the composite function, i.e., (f ◦ g)(x) = f(g(x)),
log(x) denotes the natural logarithm of x, and λmin(A) and
λmax(A) are the minimum and maximum eigenvalues of the
matrix A, respectively. For ease of notation, the argument in
a variable or function sometimes is dropped if no confusion
occurs. For example, we abbreviate β(V ) by β or β(·).

II. VEHICLE MODEL AND PROBLEM FORMULATION

A. HFVs Dynamics

The model studied in this article is developed by Bolender and
Doman [6] and Parker et al. [30] for the longitudinal dynamics
of flexible HFVs. Similarly to [2]–[6], we consider hypersonic
cruising regimes and leave out ascent and reentry maneuvers for
the vehicle model. Assuming a flat Earth and normalizing by the
span of the vehicle to unit depth [7], the longitudinal dynamics
can be described by a set of differential equations as follows:

V̇ =
T cosα−D

m
− g sin γ, ḣ = V sin γ

γ̇ =
L+ T sinα

mV
− g cos γ

V
, α̇ = Q− γ̇

Q̇ =
M

Iyy
, η̈i = −2ζiωiη̇i − ω2

i ηi +Ni, i ∈ N1:n (1)

where rigid-body states V , h, γ, α, and Q denote velocity,
altitude, flight path angle (FPA), angle of attack (AOA), and
pitch rate, respectively. Flexible state ηi denotes amplitude of
the ith bending mode, which is obtained by modeling the fuse-
lage as a single flexible structure with mass-normalized mode
shape. m, Iyy, g, ζi, and ωi represent vehicle mass, moment
of inertia, gravitational acceleration, damping ratio, and flexible

mode frequency, respectively. L, D, T , M , and Ni denote lift,
drag, thrust, pitching moment, and generalized elastic force,
respectively. The approximations of these forces and moment
are given as

Ni ≈ q̄S
[
Nα2

i α2 +Nα
i α+N δe

i δe +N δc
i δc +N0

i +Nη
i η
]

L ≈ q̄SCL (α, δe, δc,η) , D ≈ q̄SCD (α, δe, δc,η)

T ≈ q̄S [CT,Φ (α) Φ + CT (α) +Cη
Tη]

M ≈ zTT + q̄Sc̄CM (α, δe, δc,η) (2)

whereη = [η1, η̇1, . . . , ηn, η̇n]
�,n ∈ N+. q̄,S, zT , and c̄ denote

dynamic press, reference area, thrust moment arm, and reference
length, respectively. Φ, δe, and δc represent fuel equivalence
ratio, deflection of elevator, and deflection of canard, which
are the control inputs of the HFV dynamics. The curve-fitted
approximation coefficients are expressed as

CM = Cα2

M α2+ Cα
Mα+ Cδe

Mδe+ Cδc
Mδc+ C0

M+Cη
Mη

CL = Cα
Lα+ Cδe

L δe + Cδc
L δc + C0

L +Cη
Lη

CD = Cα2

D α2 + Cα
Dα+ C

δ2e
D δ

2
e + Cδe

D δe

+ C
δ2c
D δ

2
c + Cδc

D δc + C0
D +Cη

Dη

CT,Φ = Cα3

T,Φα
3 + Cα2

T,Φα
2 + Cα

T,Φα+ C0
T,Φ

CT = Cα3

T α3 + Cα2

T α2 + Cα
Tα+ C0

T

Cη
j =

[
Cη1

j , 0, . . . , Cηn

j , 0
]
, j ∈ {T,M,L,D}

Nη
i = [Nη1

i , 0, . . . , Nηn

i , 0] , i ∈ N1:n. (3)

Herein, to cancel the lift-elevator coupling, δc is set to be
ganged with δe, i.e., δc=ke,cδe,ke,c=−Cδe

L /C
δc
L [23]. Thereby,

the control inputs of HFVs become Φ and δe. As a consequence
of the physical limitations and performance specifications, the
outputs V and h are bound to remain within the following
feasible set:

Ω0 �
{
(V, h)

∣∣Vmin < V < Vmax, hmin < h < hmax

}
(4)

where 	max and 	min are positive constants representing the
upper and lower bounds of V and h, respectively. For flight
safety and reliability, the reference trajectories Vr and hr are
confined to a subset Ωr ⊂ Ω0.

The control objective of this study is to design an output-
feedback fixed-time trajectory tracking controller such that:
1) the tracking errors of velocity and altitude converge into the
user-defined residual sets within fixed time; 2) all flight state
variables of the resulting closed-loop system are semiglobally
uniformly ultimately bounded (SGUUB); and 3) the asymmetric
output constraints (4) are never violated.

B. Model Decomposition

Taking model uncertainties, external disturbances, and struc-
tural flexibility into account, the velocity dynamics is formulated
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as [15], [16]

V̇ = ζ�
V (fV + gV Φ) + dV (5)

where

ζV =
S

m

[
Cα3

T,Φ, C
α2

T,Φ, C
α
T,Φ, C

0
T,Φ, C

α3

T , Cα2

T , Cα
T , C

0
T , C

α2

D ,

Cα
D,
(
C

δ2e
D + k2e,cC

δ2c
D

)
,
(
Cδe

D + ke,cC
δc
D

)
, C0

D,
m

S

]�
fV = q̄

[
01×4, α3 cosα, α2 cosα, α cosα, cosα,

−α2,−α,−δ2e ,−δe,−1,−g sin γ/q̄]�
gV = q̄ cosα

[
α3, α2, α, 1,01×10

]�
and the lumped disturbances dV , brought by model uncer-
tainties, external disturbances such as gust, turbulence, and
atmospheric disturbances, as well as structural flexibility from
the aerothermoelastic effects, can be expressed as dV = ΔV +
q̄S
m Cη

Tη cosα− q̄S
m Cη

Dη, with ΔV denoting the model uncer-
tainties and external disturbances in velocity dynamics.

From the viewpoint of engineering, FPA γ is quite small
during the cruise phase; thus, we take sin γ ≈ γ for simplic-
ity [29]. In addition, AOA α is sufficiently small such that the
term T sinα is far smaller than the lift L; thus, T sinα can
be neglected in (1) [9]. As such, the altitude dynamics can be
transformed into [15], [16]⎧⎪⎪⎪⎨⎪⎪⎪⎩

ḣ = V γ + dh

γ̇ = ζ�
γ (fγ + gγα) + dγ

α̇ = ζ�
α(fα + gαQ) + dα

Q̇ = ζ�
Q(fQ + gQδe) + dQ

(6)

where

ζγ =

[
S

m
Cα

L ,
S

m
C0

L, 1

]�
, ζα =

[
1,
S

m
Cα

L ,
S

m
C0

L, 1

]�
ζQ =

S

Iyy

[
c̄Cδe

M , c̄ke,cC
δc
M ,zTC

α3

T,Φ,zTC
α2

T,Φ,zTC
α
T,Φ,zTC

0
T,Φ

zTC
α3

T ,
(
zTC

α2

T +c̄Cα2

M

)
, (zTC

α
T +c̄C

α
M ) ,

(
zTC

0
T +c̄C

0
M

)]�
gγ =

[ q̄
V
,01×2

]�
, gα =

[
1,01×3

]�
, gQ =

[
q̄, q̄,01×8

]�
fγ =

[
0,
q̄

V
,− g

V
cos γ

]�
, fα =

q̄

V

[
0,−α,−1,

g

q̄
cos γ

]�
fQ = q̄

[
01×2, α3Φ, α2Φ, αΦ,Φ, α3, α2, α, 1

]�
and the lumped disturbances dh = Δh, dγ = Δγ + q̄S

mV Cη
Lη,

dα = Δα − q̄S
mV Cη

Lη, and dQ = ΔQ + zT q̄S
Iyy

Cη
Tη + q̄Sc̄

Iyy

×Cη
Mη, with Δh, Δγ , Δα, and ΔQ representing the model

uncertainties and external disturbances in altitude dynamics.

C. Technical Key Lemmas

The following results, which are often adopted in control of
nonlinear systems, will be used for control design and stability
analysis in the subsequent sections.

Lemma 1 (see [26]): Consider a generic dynamical system
ẋ(t) = f(t, x), f(t, 0) = 0, x(0) = x0, where x ∈ Ωx ⊂ Rn,
f : R+ × Ωx → Rn, and suppose that the origin is an equilib-
rium point. If Ωx = Rn and there exists a Lyapunov function
L(x) defined on Rn satisfying

L̇(x) ≤ − (αLp(x) + βLq(x))κ (7)

where α, β, p, q, and κ are some positive constants, pκ > 1, and
qκ < 1, then the origin of the system is fixed-time stable, and
the settling time satisfies T (x0) ≤ 1

ακ(pκ−1) +
1

βκ(1−qκ) for a
given initial condition x0 ∈ Rn.

Especially, ifκ = 1 and there exists a Lyapunov functionL(x)
defined on Ωx,0 ⊆ Ωx ⊂ Rn satisfying

L̇(x) ≤ −αLp(x)− βLq(x) (8)

where α, β, p > 1, and q < 1 are some positive constants,
then the origin of the system is locally fixed-time stable, and
the settling time satisfies T (x0) ≤ 1

α(p−1) +
1

β(1−q) for a given
initial condition x0 ∈ Ωx,0.

Lemma 2 (see [31]): Let χ = ϑ(υ, λ) : Ωυ × Ωλ → Ωχ be
a smooth function with Ωυ ⊂ Rn, Ωλ ⊂ R, and Ωχ ⊂ R; if
∂ϑ(υ,λ)

∂λ
> 0 and ∂υ

∂λ
= 0, ∀υ ∈ Ωυ , λ ∈ Ωλ, then there exists a

smooth function φ(·) such that λ = φ(υ, χ) : Ωυ × Ωχ → Ωλ.
Lemma 3 (see [32]–[34]): For any given positive constants

c0, c1, and c2, the following inequality holds:

|ξ|c0 |ζ|c1 ≤ c0c2
c1 + c2

|ξ|c0+c1 +
c1

c1 + c2
c
− c0

c1
2 |ζ|c0+c1 (9)

where ξ and ζ are any real variables.
Lemma 4 (see [35]–[37]): Define a set of fuzzy IF–THEN

rules, where the lth IF–THEN rule is written as

Rl : If x1 is F l
1, and . . . and xn is F l

n, then y is Bl (10)

where x = [x1, . . . , xn]
� ∈ Rn, and y ∈ R are the input and

output of the fuzzy logic systems (FLSs), F l
1, . . . , F

l
n and Bl

are fuzzy sets in R. Let F (x) be a continuous function defined
on a compact set Ωx. Then, for a given desired level of accuracy
ε > 0, there exists an FLS W�ϕ(x) such that

sup
x∈Ωx

|F (x)−W�ϕ(x)| ≤ ε (11)

where ϕ(x) = [φ1(x), . . . , φp(x)]
� is the fuzzy basis func-

tion vector, andφl(x)=
∏n

j=1μF l
j
(xj)

/∑p
l=1(

∏n
j=1 μF l

j
(xj)),

with μF l
j
(xj) being a fuzzy membership function of the variable

xj in IF–THEN rule. W = [w1, . . . , wp]
� is the adaptive fuzzy

parameter vector, andwl is the inference variable corresponding
to the lth IF–THEN rule. The optimal parameter vector W ∗ is
defined as

W ∗ = arg min
W∈ΩW

{
sup
x∈Ωx

|F (x)−W�ϕ(x)|
}

(12)

where ΩW is a compact set for W .
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III. VELOCITY CONTROL LOOP

This section is aimed at designing a fixed-time output-
feedback control scheme for velocity dynamics. We first present
the design with a novel asymmetric IBLF.

A. Asymmetric IBLF for Velocity Dynamics

Utilizing the error coordinate Ṽ = V − Vr, a new asymmetric
IBLF is devised as

L
˜V =

∫
˜V

0

(Vmax − Vmin)
2τ

(Vmax − τ − Vr)(τ + Vr − Vmin)
dτ (13)

where Vmax and Vmin are positive constants representing the
upper and lower bounds of V given in (4). In view of (13),
it can be immediately obtained that limV→Vmax

L
˜V = +∞,

limV→Vmin
L

˜V = +∞,L
˜V ≥ 1

2 Ṽ
2, andL

˜V is continuously dif-
ferentiable and directly related to state variable. The following
lemma is substantial in ensuring constraints satisfaction.

Lemma 5: The asymmetric IBLF L
˜V in (13) satisfies

L
˜V ≤ (Vmax − Vmin)

2Ṽ 2

(Vmax − V )(V − Vmin)
(14)

for V ∈ Ω0.
Proof: Initially, let us denote

U(τ, Vr) =
(Vmax − Vmin)

2τ

(Vmax − τ − Vr)(τ + Vr − Vmin)
.

Subsequently, we can show that

∂U

∂τ
=

(Vmax − Vmin)
2
[
(Vmax − Vr)(Vr − Vmin) + τ2

]
(Vmax − τ − Vr)

2(τ + Vr − Vmin)
2

which is positive definite for τ + Vr ∈ Ω0. Since U(0, Vr) =
0 for Vr ∈ Ω0, and U(τ, Vr) is monotonically increasing with
respect to τ , the following inequality holds for V ∈ Ω0:∫

˜V

0

U(τ, Vr)dτ ≤ U(Ṽ , Vr)Ṽ

which leads to (14) after substituting for U(τ, Vr). �
Then, the time derivative of L

˜V is

L̇
˜V =

∂L
˜V

∂Ṽ

˙̃
V +

∂L
˜V

∂Vr
V̇r (15)

where ∂L
˜V /∂Ṽ =β(V )Ṽ , ∂L

˜V /∂Vr=β(V )Ṽ −Ṽ ξ(Ṽ , Vr),
with ξ(Ṽ , Vr)=

∫ 1

0
(Vmax−Vmin)

2

(Vmax−σ˜V −Vr)(σ˜V+Vr−Vmin)
dσ and β(V ) =

(Vmax−Vmin)
2

(Vmax−V )(V −Vmin)
.

Incorporating (5) into (15), we arrive at

L̇
˜V = βṼ ζ�

V (fV + gV Φ) + Ṽ FV (xV )− Ṽ 2

2
(16)

where FV (xV)=βdV −ξ(Ṽ , Vr)V̇r+ ˜V
2 , and xV =[V, Vr, V̇r]

�.

B. Controller Design for Velocity Dynamics

Hereafter, we shall conduct the controller design based on
the error dynamics (16). According to Lemma 4, FV (xV ) can

be approximated by an FLS asFV (xV ) = W ∗�
V ϕV (xV ) + εV ,

where εV is the minimum fuzzy approximation error, and there
exists ε∗V ∈ R+ such that |εV | ≤ ε∗V . The controller for velocity
dynamics is devised as

Φ =
1

ζ�
V gV

(
− kV,1β

p−1
2 Ṽ p − kV,2β

q−1
2 Ṽ q

− ζ�
V fV − Ṽ φ̂V

2a2V β
ϕ�

V (xV )ϕV (xV )

)
(17)

where kV,1 and kV,2 are positive design parameters, φ̂V is the
estimate of φV = ||W ∗

V ||2 with estimation error φ̃V = φV −
φ̂V , 1 < p = p1/p2, and 0 < q = q1/q2 < 1, with p1, p2, q1,
and q2 being positive odd integers.

The adaptation law is designed as

˙̂
φV = −ρV υV φ̂V +

ρV Ṽ
2

2a2V
ϕ�

V (xV )ϕV (xV ) (18)

where ρV = 2cV
2cV −1 , with cV > 1

2 a constant, andυV is a positive

design parameter. The initial value of φ̂V is set as φ̂V (0) ≥ 0.
To proceed with the stability analysis for velocity dynamics,

let us consider the following total Lyapunov function:

LV = L
˜V + L

˜φV
(19)

where L
˜V is given in (13) and L

˜φV
= 1

2ρV
φ̃2V . Subsequently,

the main results are given as follows.
Theorem 1: Consider the velocity dynamics (5) in the pres-

ence of asymmetric output constraints (4). Under the output-
feedback control law (17) and adaptation law (18) for any initial
condition V (0) ∈ Ω0, if LV (0) ≤ �V holds for any positive
constant �V , then there exist design parameters kV,1, υV , aV ,
and cV such that: 1) V is driven to track the reference trajectory
Vr in fixed time; 2) all the signals in velocity dynamics (5) are
SGUUB; and 3) the output constraints (4) are never violated.

Proof: See the Appendix for the proof, which is based on
constructing a total Lyapunov function (19) whose time deriva-
tive has the same structure as Lemma 1 (43). This guarantees
fixed-time convergence for the states in velocity dynamics. �

Remark 1: In the literature, the following log-type asymmet-
ric BLF is commonly used [8]–[10]:

L
˜V =

1

2
l(Ṽ ) log

k21

k21 − Ṽ 2
+

1

2

(
1− l(Ṽ )

)
log

k22

k22 − Ṽ 2

where k1 = Vmax − Vr,max, k2 = Vr,min − Vmin, with Vr,max

and Vr,min denoting the upper and lower bounds of Vr, respec-
tively, and switching function

l(Ṽ ) =

{
1, if Ṽ > 0

0, otherwise.

Note that the above common BLF is only dependent on the
transformed error bounds k1 and k2 rather than the original
output bounds Vmax and Vmin, introducing some degree of
conservatism. On the contrary, here, we devise a new asymmetric
IBLF (13), which utilizes the original output bounds Vmax and
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Vmin directly to guarantee the nonviolation of output constraint
V ∈ Ω0, achieving significant simplification and relaxation of
the control design to some extent.

IV. ALTITUDE CONTROL LOOP

From the fact that there exist four rigid-body states (i.e., h,
γ, α, and Q) in altitude dynamics (6), the conventional recur-
sive design methods (e.g., backstepping [8], [18], [23], [29])
generally require four iterative steps as well as four control laws
and their derivatives, increasing the complexity and computation
burden. To handle this issue, a new system transformation is
developed to transform the original constrained system (6) into
an unconstrained one, while guaranteeing the nonviolation of
the output constraints (4).

A. Model Transformation for Altitude Dynamics

Initially, let us devise the following new scaling function:

S(h) =
2h− hmax − hmin

(h− hmin)(hmax − h)
(20)

where hmax and hmin are positive constants representing the
upper and lower bounds of h given in (4), respectively.

Remark 2: To guarantee that the output constraints (4) hold,
a new scaling function (20) is constructed, which exhibits the
following two distinguishing features: 1) it provides an explicit
(direct) way to deal with the output constraints (4), without
introducing the transformed error constraints [8]–[10]; and
2) it avoids the use of the piecewise asymmetric BLF as in [8].

Lemma 6: Consider the scaling function S(h) in (20);
the following properties hold: 1) for h ∈ Ω0, ∂S(h)

∂h > 0,
limh→hmax

S(h) = +∞, and limh→hmin
S(h) = −∞; 2) forh ∈

Ω0, S(h) is continuously differentiable with respect to time;
and 3) for any initial condition h(0) ∈ Ω0, if S(h) ∈ L∞, then
h ∈ Ω0 holds for all t ∈ [0,+∞).

Proof: In view of (20), the results limh→hmax
S(h) = +∞

and limh→hmin
S(h) = −∞ can be immediately obtained, and

it is possible to obtain that

ψ(h) =
∂S(h)

∂h
=

1

(hmax − h)2
+

1

(h− hmin)2

where ψ(h) is positive definite, i.e., ∂S(h)
∂h > 0 for h ∈ Ω0.

Besides, S(i)(h) can be formulated as

S(i)(h) =
Ψ1(hmin, h, . . . , h

(i))

(h− hmin)2
i +

Ψ2(hmax, h, . . . , h
(i))

(hmax − h)2i

where Ψ1(·) and Ψ2(·) are two polynomials and the involved
terms therein take the product form of hmax, hmin, h, . . . , h(i).

Finally, we give the following proof by contradiction. Sup-
pose that h = h1 for t = t1, where h1 ≤ hmin or h1 ≥ hmax.
Since h(0) ∈ Ω0 and h(t) is a continuous function, according
to the intermediate value theorem [38], there exists a time
instant 0 < t2 < t1 such that h(t2) → hmax or h(t2) → hmin.
Therefore, S(h(t2)) = +∞ or S(h(t2)) = −∞, which leads
to a contradiction for the boundedness of S(h). Consequently,
h ∈ Ω0 holds for all t ∈ [0,+∞). �

Defining a new set of states {χi}, i ∈ N1:4, a system transfor-
mation is conducted to convert the original constrained altitude
dynamics (6) into an unconstrained one. Letχi = [χ1, . . . , χi]

�;
then, the details for such transformation are given in the follow-
ing.

We start with defining an auxiliary state χ1 in the form of

χ1 = S(h) � �1(h). (21)

Since S(h) is monotonically increasing with respect to h, it
follows from (20) and (21) that

h = S−1(χ1) � ς1(χ1) (22)

where ς1(·) is a smooth function with respect to χ1.
Define an auxiliary state χ2 in the form of

χ2 = χ̇1 =
∂�1(h)

∂h
ḣ = ψ(h)(V γ + dh) � �2(h, γ). (23)

Notice by Lemma 6 that ψ(h) is smooth and positive definite
for h ∈ Ω0; thus, �2(·) is smooth and monotonically increasing
with respect to γ. Recalling Lemma 2, there exists a smooth
function ς2(·) such that

γ � ς2(χ2). (24)

Define an auxiliary state χ3 in the form of

χ3 = χ̇2 =
∂�2(h, γ)

∂h
ḣ+

∂�2(h, γ)

∂γ
γ̇

= ϑ2(h, γ) + ψ(h)V
(
ζ�
γ (fγ + gγα) + dγ

)
� �3(h, γ, α). (25)

Similarly, applying Lemma 2 to (25) obtains

α � ς3(χ3). (26)

At this stage, auxiliary state χ4 is given by

χ4 = χ̇3 =
∂�3(·)
∂h

ḣ+
∂�3(·)
∂γ

γ̇ +
∂�3(·)
∂α

α̇

= ϑ3(h, γ, α) + ψ(h)V ζ�
γ gγ

(
ζ�
α(fα + gαQ) + dα

)
� �4(h, γ, α,Q). (27)

Similarly and iteratively, applying Lemma 2 to (27) yields

Q � ς4(χ4). (28)

Summarizing above analysis, the altitude dynamics (6) can
be rewritten into the following compact form:{

χ̇4 = Aχ4 +B (ϑ4(h, γ, α,Q) + ψ(h)g4(h, γ, α,Q)δe)

χ1 = C�χ4

(29)

where A =
[ 03 I3

0 0�
3

]
, B =

[ 03

1

]
, C =

[ 1
03

]
, ϑ4(·) = ψ(h)V ζ�

γ

gγζ
�
αgα(ζ

�
Q fQ + dQ) + ∂�3(·)

∂h ḣ + ∂�3(·)
∂γ γ̇ + ∂�3(·)

∂α α̇, and

g4(·) = V ζ�
γ gγζ

�
αgαζ

�
QgQ. In view of (22), (24), (26), and

(28), (29) can be further represented by{
χ̇4 = Aχ4 +B (ϑχ(χ4) + ψχ(χ1)gχ(χ4)δe)

χ1 = C�χ4

(30)
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where ϑχ(χ4) = (ϑ4 ◦ ς)(χ4), gχ(χ4) = (g4 ◦ ς)(χ4), and
ψχ(χ1) = (ψ ◦ ς)(χ1). Sinceψ(·) and g4(·) are positive definite
and bounded for h ∈ Ω0, one has ψχ(χ1) > 0 and gχ,max ≥
gχ(χ4) ≥ gχ,min > 0 for χ4 ∈ Ωχ4

, where gχ,min and gχ,max

are positive constants, and Ωχ4
is a compact set.

Before moving on, let us first define an auxiliary reference
trajectory h∗r = S(hr), where S(·) is given in (20). Then, define
the corresponding output tracking error zh = χ1 − h∗r, and let
zh = [zh, z

(1)
h , z

(2)
h , z

(3)
h ]� and h∗

r = [h∗r, h
∗(1)
r , h

∗(2)
r , h

∗(3)
r ]�.

Subsequently, the filtered error s is formulated as

s = z
(3)
h + λ1z

(2)
h + λ2z

(1)
h + λ3zh = [Λ 1] zh (31)

where Λ = [λ3, λ2, λ1], with λ1, λ2, and λ3 being user-chosen
parameters such that the polynomial q3 + λ1q

2 + λ2q + λ3 is
Hurwitz. Furthermore, the time derivative of s is

ṡ = [0 Λ] zh + ϑχ(χ4) + ψχ(χ1)gχ(χ4)δe − h∗(4)r

= ψχ(χ1)gχ(χ4)δe + Fh(xh)− 1

2
s (32)

where Fh(xh) = [0 Λ]zh + ϑχ(χ4)− h
∗(4)
r + 1

2s with xh =

[χ�
4 ,h

�
r ]

� and hr = [hr, h
(1)
r , h

(2)
r , h

(3)
r , h

(4)
r ]�.

Remark 3: In the existing relevant methods [14]–[16], the
transformed system nonlinearities are functions with regard to
flight states γ, α, and Q, which are difficult to be obtained
accurately in practice. To tackle this issue, we introduce some
new state variables χ4, based on which an output-feedback
control framework is established later without involving any
original flight state variables γ, α, and Q.

B. Controller Design for Altitude Dynamics

Hereafter, we shall conduct the controller design on the basis
of the error dynamics (32). Initially, let us introduce a fixed-time
differentiator to estimate the unavailable state variables χ4 as
follows:⎧⎪⎪⎪⎨⎪⎪⎪⎩

˙̂χ1 = χ̂2 − τ1 [[χ̂1 − χ1]]
p1 − ι1 [[χ̂1 − χ1]]

q1

˙̂χ2 = χ̂3 − τ2 [[χ̂1 − χ1]]
p2 − ι2 [[χ̂1 − χ1]]

q2

˙̂χ3 = χ̂4 − τ3 [[χ̂1 − χ1]]
p3 − ι3 [[χ̂1 − χ1]]

q3

˙̂χ4 = −τ4 [[χ̂1 − χ1]]
p4 − ι4 [[χ̂1 − χ1]]

q4

(33)

where the positive design parameters pi > 1 and qi < 1,
i ∈ N1:4, satisfy the recurrent relations pi = ip1 − i+ 1 and
qi = iq1 − i+ 1, i ∈ N2:4, with p1 ∈ (1, 1 + εp) and q1 ∈
(1− εq, 1) for the sufficiently small positive constants εp and
εq . Furthermore, the differentiator gains τi and ιi, i ∈ N1:4, are
selected such that the matrices

Γ 1 =

⎡⎢⎣−τ1 1 0 0
−τ2 0 1 0
−τ3 0 0 1
−τ4 0 0 0

⎤⎥⎦ , Γ 2 =

⎡⎢⎣−ι1 1 0 0
−ι2 0 1 0
−ι3 0 0 1
−ι4 0 0 0

⎤⎥⎦
are Hurwitz; then, the following lemma holds.

Lemma 7: Consider the differentiator (33), the error vector
χ̃4 = [χ̃1, χ̃2, χ̃3, χ̃4]

� with χ̃i = χi − χ̂i, i ∈ N1:4, can con-
verge to the origin in fixed time

T1 ≤ T1,max � λ2−q1
max (P 2)

(1−q1)λmin(Q2)
+

λmax(P 1)

(p1−1)ξp1−1λmin(Q1)

where the positive constant ξ ≤ λmin(P 1), and the symmetric
positive-definite matrices P 1, P 2, Q1, and Q2 satisfy

P 1Γ 1 + Γ 1P 1 = −Q1, P 2Γ 2 + Γ 2P 2 = −Q2

where the matrices Γ 1 and Γ 2 are defined after (33).
Proof: The proof of Lemma 7 is similar to [39, Th. 3] and is

omitted here for space limitations. �
From Lemma 4, the unknown system dynamics Fh(xh) can

be approximated by an FLS as Fh(xh)=W ∗�
h ϕh(xh) + εh,

where εh is the minimum fuzzy approximation error, and there
exists ε∗h ∈ R+ such that |εh| ≤ ε∗h. Then, we use state estimates
to devise the output-feedback control law δe as

δe =
1

ψχ

(
−kh,1ŝp − kh,2ŝ

q − ŝφ̂h
2a2h

ϕ�
h (x̂h)ϕh(x̂h)

)
(34)

where kh,1 and kh,2 are positive design parameters, x̂h =

[χ̂�
4 ,h

�
r ]

� with χ̂4 = [χ̂1, χ̂2, χ̂3, χ̂4]
�, and φ̂h is the estimate

of φh = ||W ∗
h||2 with estimation error φ̃h = φh − gχ,minφ̂h.

The adaptation law is designed as

˙̂
φh = − υhρhφ̂h +

ρhŝ
2

2a2h
ϕ�

h (x̂h)ϕh(x̂h) (35)

where ρh = 2ch
2ch−1 with ch > 1

2 a constant, and υh is a positive

design parameter. The initial value of φ̂h is set as φ̂h(0) ≥ 0.
To proceed with the stability analysis for altitude dynamics,

let us consider the following total Lyapunov function:

Lh = Ls + L
˜φh

(36)

where Ls =
1
2s

2 and L
˜φh

= 1
2ρh

φ̃2h. Subsequently, the main
results are given as follows.

Theorem 2: Consider the altitude dynamics (6) in the
presence of asymmetric output constraints (4). Under the
differentiator-based output-feedback control law (34) and adap-
tation law (35) for any initial condition h(0) ∈ Ω0, if Lh(0) ≤
�h holds for any positive constant �h, then there exist design
parameters kh,1, υh, ah, and ch such that: 1) the filtered tracking
error s(t) converges into an adjustable residual set around zero in
fixed time; 2) all the signals in altitude dynamics (6) are SGUUB;
and 3) the output constraints (4) are never violated.

Proof: See the Appendix for the proof, which is based on
constructing a total Lyapunov function (36) whose time deriva-
tive has the same structure as Lemma 1 (50). This guarantees
fixed-time convergence for the states of altitude dynamics. �

Remark 4: By utilizing the cascaded feature of the four-order
strict-feedback altitude dynamics (6), the proposed transforma-
tional method (20)–(30) converts the output-feedback control
problem for output-constrained system (6) into the one for an
unconstrained system (30), which makes it possible to carry
out output-feedback control design in the absence of recursive
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Fig. 1. Framework of the proposed control methodology.

design procedure. This is in contrast to the existing relevant
works [8], [18], [23], [29], which are based on the backstepping-
like framework; thus, it not only suffers from heavy computation
burden in the sense of calculating massive differential equa-
tions as well as the derivatives of some intermediate control
laws, but also requires four fuzzy logic approximators as well
as four fixed-time observers for nonlinear approximation and
compensation. On the contrary, our method (as sketched in
Fig. 1) does not involve any recursive design steps and, thus,
circumvents aforementioned issues relying on only one fuzzy
logic approximator as well as one fixed-time differentiator.

Remark 5: In light of Theorems 1 and 2, for any initial condi-
tionsV (0), h(0) ∈ Ω0, the proposed output-feedback fixed-time
trajectory tracking control methodology can guarantee that the
output constraints (4) are never violated, i.e., V (t), h(t) ∈ Ω0

∀t ≥ 0. This further indicates that the compact set Ω0 is an
invariant set. As a result, our output-feedback control designs
(17) and (34) not only ensure the boundedness of closed-
loop signals but can also preserve the validity of fuzzy logic
approximators.

V. SIMULATION RESULTS

To illustrate the effectiveness and superiorities of the proposed
backstepping-free output-feedback fixed-time trajectory track-
ing control scheme (PCS), several representative simulations
are conducted in this section. The vehicle is assumed to climb a
maneuver where the reference commands are set as an increment
of 300 ft/s step signal in velocity dynamics and an increment of
3000 ft step signal in altitude dynamics. Additionally, to make
the given reference commands more realizable, the trajectories
of Vr and hr and their derivatives are generated by filtering
the reference commands via tracking differentiators [15]. Based
on practical engineering characteristics, the limitations of the
actuators are set as Φ ∈ [0.1, 1.2] and δe ∈ [−20◦, 20◦], and
the output bounds are chosen as Vmax = 11 000 ft/s, Vmin =
7500 ft/s, hmax = 135 000 ft, and hmin = 70 000 ft [7]. The
uncertain aerodynamic coefficients in (3) are modeled as Ci =
C∗

i (1 + Δi), where C∗
i represents the nominal coefficient and

Δi represents the uncertain factor ranging from −30% to 30%.

The external disturbances sin( π
30 t) and 2 sin( π

30 t) are added to
velocity and altitude dynamics, respectively, when t > 200s.

The design parameters have various influences on the per-
formance of the proposed scheme. In particular, setting bigger
kV,1, kV,2, kh,1, kh,2, and p and smaller q, aV , and ah can
lead to more accurate trajectory tracking maneuver with less
settling time, but at the cost of increasing the amplitude of
control signals. Thence, a tradeoff between the convergence
performance and control action needs to be considered. In
addition, choosing higher adaptation gains ρV and ρh can make
the convergence rate faster, but result in more serious chattering
phenomena. Besides, the small positive constants υV and υh
are the σ-modification factors that can enhance the stability of
φ̂V and φ̂h in the presence of approximation errors. On account
of [39, Th. 3], p1 > 1 and 0 < q1 < 1 should be selected close
to 1. Subsequently, the estimation performance of the fixed-time
differentiator can be improved by increasing τi and ιi, i ∈ N1:4.
Nevertheless, overly large τi and ιi will increase the disturbance
sensitivity of the differentiator. In engineering practice, τi and
ιi should be tuned appropriately in compromise between the
antidisturbance performance and the estimation performance.
As a result, the design parameters of control laws are cho-
sen as kV,1 = 2.5, kV,2 = 20, kh,1 = 15, kh,2 = 55, p = 5/3,
q = 3/5, aV = 0.75, and ah = 1, the design parameters of
adaptation laws are selected as cV = 0.6, ch = 1, υV = 1, and
υh = 1.5, and the design parameters of differentiator are set as
τ1 = ι1 = 2, τ2 = ι2 = 1.5, τ3 = ι3 = 0.5, τ4 = ι4 = 0.0625,
p1 = 1.1, and q1 = 0.9.

In the simulation studies, fuzzy IF–THEN rules for velocity
dynamics are chosen as follows:

Rl : IfV isF l
1 andVr isF l

2 and V̇r isF l
3, then y isBl

where l ∈ N1:5; the fuzzy sets are chosen as F 1
j = (VS),

F 2
j = (SM), F 3

j = (MI), F 4
j = (BI), and F 5

j = (VB), j ∈
N1:3, which are defined over the interval [7500, 8400]×
[7600, 8300]× [0, 12] for variables V , Vr, and V̇r. VS, SM, MI,
BI, and VB indicate very small, small, middle, big, and very big,
respectively. The corresponding fuzzy membership functions
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Fig. 2. Tracking performances, control inputs and flight states of the examined three cases. (a) Velocity tracking performances. (b) Altitude tracking performances.
(c) Control inputs. (d) FPA and AOA. (e) Filtered error and pitch rate. (f) Weight values.

Fig. 3. Tracking performances and control inputs of the examined three control schemes. (a) Velocity tracking performances. (b) Altitude tracking performances.
(c) Control inputs.
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TABLE I
PERFORMANCE INDICES OF THE EXAMINED THREE CONTROL SCHEMES

are chosen as follows:

μF l
1
(V ) = exp

[
− (V − 7275− 225l)2

450

]
μF l

2
(Vr) = exp

[
− (Vr − 7425− 175l)2

350

]

μF l
3
(V̇r) = exp

[
− (V̇r + 3− 3l)2

6

]
, l ∈ N1:5.

The fuzzy IF–THEN rules and fuzzy membership functions
for altitude dynamics are similar to those of velocity dy-
namics. Most notably, with the aid of the proposed system
transformational methodology, we solely employ one fuzzy
logic approximator Fh(xh) with xh = [χ�

4 ,h
�
r ]

� for the four-
order altitude dynamics (6), which is different from the ex-
isting backstepping-like works [5], [8], [18]. To be specific,
in [5], there are four fuzzy logic approximators Fh(xh),
Fγ(xγ), Fα(xα), and FQ(xQ), with xh = [h, hr, h

(1)
r ]�, xγ =

[h, γ, hr, h
(1)
r , h

(2)
r ]�, xα = [h, γ, α, hr, h

(1)
r , h

(2)
r , h

(3)
r ]�, and

xQ = [h, γ, α,Q, hr, h
(1)
r , h

(2)
r , h

(3)
r , h

(4)
r ]�. As a result, the to-

tal number of fuzzy rules associated with the partitioning of
the HFV’s state space is 20, the total numbers of fuzzy sets and
the corresponding fuzzy membership functions that describe the
HFV’s state variables are both 120, and the total numbers of
adjustable parameters such as centers and spreads of the fuzzy
sets are both 120. On the contrary, PCS solely requires five
fuzzy rules, 45 fuzzy sets, 45 fuzzy membership functions, 45
centers, and 45 spreads. This reveals that PCS exhibits a lower
computation complexity than that of [5], [8], and [18].

A. Scenario 1

In order to show the practicability and robustness of PCS,
the first scenario presents the simulation tests by taking the
different initial values of rigid-body states and adaptation laws
into account. The simulations in this scenario are divided into
three cases.

1) Case 1:V (0) = 7700 ft/s,h(0) = 85 000 ft, γ(0) = 0 rad,
α(0) = 0.0284 rad, Q(0) = 0 rad/s, φ̂V (0) = 10, and
φ̂h(0) = 0.5.

2) Case 2: V (0) = 7800 ft/s, h(0) = 86 000 ft, γ(0) =
−0.0005 rad, α(0) = 0.0264 rad,Q(0) = −0.0017 rad/s,
φ̂V (0) = 5, and φ̂h(0) = 0.25.

3) Case 3: V (0) = 7900 ft/s, h(0) = 87 000 ft, γ(0) =
0.0005 rad, α(0) = 0.0219 rad, Q(0) = 0.0017 rad/s,
φ̂V (0) = 0, and φ̂h(0) = 0.

Simulation results are depicted in Fig. 2(a)–(f). It is indicated
from Fig. 2(a) and (b) that the velocity and altitude of HFV can
track the reference trajectories in a rapid and precise manner
when considering different initial conditions. The lower con-
straint on the velocity results in above Mach 5 curve, which con-
firms that the HFV was in the hypersonic regime throughout the
flight. The altitude trajectory shows that only a small climbing
maneuver is maintained by the controller, which indicates that
the HFV was in cruise during the flight. Fig. 2(c) gives the time
histories of the control inputs, including Φ and δe, implying that
the actuators are free from chattering phenomena under three
cases. Fig. 2(d) and (e) depicts the response curves of other
rigid-body states of HFV. More concretely, the time histories of
FPA, AOA, and pitch rate indicate that these attitude angles are
all kept stable under three different initial values. Additionally,
the estimation performances of the fixed-time differentiator are
given in Fig. 2(e), which reveals that the filtered error can be
estimated rapidly and effectively when considering aerodynamic
coefficient uncertainties and external disturbances simultane-
ously. Subsequently, the approximations of weight values are
depicted in Fig. 2(f), which shows that the performances of the
weight values estimating in the three cases are both excellent.

B. Scenario 2

To illustrate the superiorities of proposed control scheme,
the second scenario presents the comparative simulation tests
among PCS and the existing approaches, i.e., the conventional
backstepping-based control scheme (CCS1) [40] and the con-
ventional PID control scheme (CCS2) [9]. Simulation results
are depicted in Fig. 3(a)–(c). As shown in Fig. 3(a) and (b),
PCS provides better transient and steady-state performance in
comparison with CCS1 and CCS2 and ensures that V and h
track the reference trajectoriesVr andhr with faster convergence
speed. It can be observed that if the level of uncertainty lies
in the interval [−30%, 30%], the velocity and altitude curves
obtained using asymmetric IBLF (13) and scaling function (20)
are maintained within the imposed asymmetric constraints. It is
clear from Fig. 3(c) that the control inputs obtained by PCS are
smoother than that of CCS1 and CCS2, and the fuel equivalence
ratiosΦ get saturated only in initial 0–1 s. It can also be noted that
PCS is effective in fast suppressing the sudden high-frequency
transients in 200 s due to the introduction of fuzzy logic approx-
imators. To further illustrate the tracking performance, the in-
tegral absolute error (IAE), integral time absolute error (ITAE),
and root-mean-square error (RMSE) are introduced and defined
as
∫ t

0 |e(τ)|dτ ,
∫ t

0 t|e(τ)|dτ , and ( 1t
∫ t

0 e
2(τ)dτ)

1
2 , respectively,
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Fig. 4. (a)–(h) Performance indices of the examined three control schemes.

where t denotes the simulation time and e represents the tracking
errors eV and eh. To assess the control energy quantitatively,
the mean absolute control action (MACA) is introduced and
defined as 1

t

∫ t

0 |u(τ)|dτ , where u represents the control inputs
Φ and δe. The calculation results are summarized in Table I and
Fig. 4. Fig. 4(a)–(f) shows that PCS exhibits less error energy
than CCS1 and CCS2. Fig. 4(g) and (h) implies that the control
effort of PCS is smaller than that of CCS1 and CCS2.

VI. CONCLUSION

This study investigates the output-feedback fixed-time tra-
jectory tracking control problem for HFVs with asymmetric
output constraints. The proposed control method is free from
the conventional backstepping-like recursive framework, and the
full-state information of HFVs is not required for control design.
By utilizing the cascaded property of altitude dynamics as well
as a novel scaling function, we convert the constrained system
into an unconstrained one. Afterward, a fixed-time differentiator
is used to ensure the tracking errors of velocity and altitude
converge to the user-defined residual sets within fixed time.
Future research will be concentrated on visual simulation and
hardware in the loop simulation of the proposed control scheme,
and the flatness-based adaptive fuzzy control design for HFV
swarm systems [41]–[44].

APPENDIX

PROOF OF THEOREM 1

We begin the proof with the introduction of the compact set
ΩV � {ηV

∣∣LV ≤ �V } about the vector ηV = [Ṽ , φ̃V ]
�. Then,

by combining (17) and (18) with (19), the time derivative of LV

is

L̇V ≤ − kV,1β
p+1
2 Ṽ p+1 − kV,2β

q+1
2 Ṽ q+1

+ υV φ̃V φ̂V +
a2V
2

+
ε∗2V
2
. (37)

Invoking Young’s inequality [40], φ̃V φ̂V in (37) satisfies
φ̃V φ̂V ≤ φ̃V (φV − φ̃V ) ≤ cV

2 φ
2
V − 1

ρV
φ̃2V ; then, one has

L̇V ≤ − kV,1β
p+1
2 Ṽ p+1− kV,2β

q+1
2 Ṽ q+1− υV

(
φ̃2V
2ρV

)p+1
2

− υV

(
φ̃2V
2ρV

)q+1
2

+ υV

(
φ̃2V
2ρV

)p+1
2

+ υV

(
φ̃2V
2ρV

)q+1
2

− υV
ρV

φ̃2V +
cV υV
2

φ2V +
a2V
2

+
ε∗2V
2
. (38)

According to Lemma 4, it holds that (
˜φ2
V

2ρV
)
q+1
2 ≤ ˜φ2

V

2ρV
+

1−q
2 ( 2

1+q )
− 1+q

1−q . Substituting this inequality into (38) gives

L̇V ≤ − kV,1β
p+1
2 Ṽ p+1− kV,2β

q+1
2 Ṽ q+1− υV

(
φ̃2V
2ρV

)p+1
2

− υV

(
φ̃2V
2ρV

)q+1
2

+ υV

(
φ̃2V
2ρV

)p+1
2

− υV
2ρV

φ̃2V + μV,0

(39)

where μV,0 = (1−q)υV

2 ( 2
1+q )

− 1+q
1−q +

cV υV φ2
V

2 +
a2
V

2 +
ε∗2V
2 .

With the aid of Lemma 5, (39) can be rewritten as

L̇V ≤ − κV,1L
p+1
2

V − κV,2L
q+1
2

V + υV

(
φ̃2V
2ρV

)p+1
2

− υV
2ρV

φ̃2V + μV,0 (40)

on the compact set ΩV × Ωr × Ω0, where κV,1 = min{kV,1,
υV } and κV,2 = min{kV,2, υV }.

Assume that there exists an unknown positive constant ΘV

such that |φ̃V | ≤ ΘV . The following two cases need to be con-

sidered: 1) if ΘV <
√
2ρV , one has υV(

˜φ2
V

2ρV
)
p+1
2 − υV

2ρV
φ̃2V < 0

Authorized licensed use limited to: TU Delft Library. Downloaded on November 04,2022 at 13:57:07 UTC from IEEE Xplore.  Restrictions apply. 



4838 IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 30, NO. 11, NOVEMBER 2022

and 2) if ΘV ≥√
2ρV , one has υV(

˜φ2
V

2ρV
)
p+1
2 − υV

2ρV
φ̃2V ≤

υV

2ρV
Θ2

V + υV(
Θ2

V

2ρV
)
p+1
2 . Summarizing above two cases gives

υV

(
φ̃2V
2ρV

)p+1
2

− υV
2ρV

φ̃2V + μV,0 ≤ μV,1 (41)

where

μV,1 =

⎧⎨⎩μV,0, if ΘV <
√
2ρV

μV,0 + υV

(
Θ2

V

2ρV

)p+1
2

+ υV

2ρV
Θ2

V , otherwise.

Substituting (41) into (40), it can be inferred that

L̇V ≤ − κV,1L
p+1
2

V − κV,2L
q+1
2

V + μV,1 (42)

holds on the compact set ΩV × Ωr × Ω0.
Note that μV,1

κV,1
can be made arbitrarily small by decreasing

aV and cV , meanwhile increasing kV,2 and υV . Thence, we

can obtain μV,1

κV,1
≤ �

p+1
2

V by choosing appropriate design param-

eters. Since μV,1

κV,1
≤ �

p+1
2

V , one has L̇V ≤ −κV,2L
q+1
2

V ≤ 0 on
LV = �V according to (42). As such, LV ≤ �V holds ∀t ≥ 0.
The boundedness of LV implies the boundedness of L

˜V , which
indicates that the asymmetric output constraints (4) are never
violated. As a result, it is concluded that ΩV × Ωr × Ω0 is an
invariant set, and thus, all the signals in velocity dynamics (5)
are SGUUB.

Noting that when L
p+1
2

V ≥ μV,1

�V κV,1
for 0 < �V < 1, one has

μV,1 ≤ �V κV,1L
p+1
2

V . Thus, following (42), we obtain

L̇V ≤ − (1−�V )κV,1L
p+1
2

V − κV,2L
q+1
2

V . (43)

Employing (43) and Lemma 1, LV will converge to the
set ΩLV

=
{
LV | LV < (

μV,1

�V κV,1
)

2
p+1

}
in fixed time with the

guaranteed convergence time estimated as follows:

TV ≤ TV,max � 2

κV,1(1−�V )(p− 1)
+

2

κV,2(1− q)
.

Recalling the construction of L
˜V in (13), it is straightforward

to deduce that Ṽ will converge to the set Ω
˜V =

{
Ṽ
∣∣∣ |Ṽ | <√

2(
μV,1

�V κV,1
)

2
p+1

}
in fixed time with the guaranteed conver-

gence time estimated as TV . �

PROOF OF THEOREM 2

Initially, consider the compact setΩh � {ηh|Lh ≤ �h} about
the vectorηh = [h̃, φ̃h]

�. Then, differentiating (36) with respect
to time gives

L̇h = gχ(χ4)

{
− kh,1sŝ

p− sŝφ̂h
2a2h

ϕ�
h (x̂h)ϕh(x̂h)− kh,2sŝ

q

}

+
s2φh
2a2h

ϕ�
h (xh)ϕh(xh)− ŝ2φ̃h

2a2h
ϕ�

h (x̂h)ϕh(x̂h)

+
a2h
2

+
ε∗2h
2

+ υhφ̃hφ̂h. (44)

By defining s̃ = s− ŝ, (44) can be rewritten as

L̇h = − gχ(χ4)kh,1s
p+1 − gχ(χ4)kh,2s

q+1

+
a2h
2

+
ε∗2h
2

+ υhφ̃hφ̂h + Ξh (45)

with Ξh=
s2φh

2a2
h
ϕ�

h(xh)ϕh(xh)− ŝ2˜φh

2a2
h
ϕ�

h(̂xh)ϕh(x̂h) + gχ(χ4)

× {− kh,1s(ŝ
p−sp)−kh,2s(ŝq − sq)− sŝ̂φh

2a2
h
ϕ�

h(x̂h)ϕh(x̂h)
}

.
Based on Lemma 7, the rest of the proof will be divided into

the following two steps.
Step 1: First, it will be shown that the system states do not

escape to infinity during t ∈ [0, T1]. Invoking the boundedness
of χ̃4, we can further obtain that

|s− ŝ | ≤ ∣∣∣∣ [Λ 1]
∣∣∣∣ ∣∣∣∣χ̃4

∣∣∣∣ � os

|sp − ŝp| ≤ |psp−1
0 | |s− ŝ| � osp

|sq − ŝq| ≤ |s− ŝ|+ 2 � osq (46)

where the mean value theory [45] is used with s0 = ρ0(s−
ŝ) + ŝ and ρ0 ∈ (0, 1). Recalling the definition of FLS, it
holds that 0 < ϕ�(·)ϕ(·) < 1 and thus |ϕ�

h (xh)ϕh(xh)−
ϕ�

h (x̂h)ϕh(x̂h)| < 1. Incorporating (46) into (45) gives

L̇h ≤ 1

2
Ξss

2 +
1

2
Ξφh

φ̃2h + ω0 (47)

where

ω0 =
gχ,maxosoWh

4gχ,mina2h
+
chυho

2
Wh

2
+
os2

4a2h
+
ε∗2h
2

+
gχ,maxkh,1osp

2
+
gχ,maxkh,2osq

2
+
a2h
2

Ξs =
gχ,maxosoWh

2gχ,mina2h
+

gχ,maxos
2gχ,mina2h

+
2oWh

a2h

+ gχ,maxkh,1osp + gχ,maxkh,2osq

Ξφh
=

gχ,maxos
2gχ,mina2h

+
os2

2a2h
.

Thus, (47) can be rewritten as

L̇h ≤ ωhLh + ω0 (48)

where ωh = max{Ξs, ρhΞφh
}. Solving inequality (48) obtains

Lh(t) ≤ (Lh(0) +
ω0

ωh
) exp(ωhT1) for all t ∈ [0, T1]; thus, the

closed-loop system states will not escape to infinity during t ∈
[0, T1].

Step 2: Then, the fixed-time convergence of the closed-loop
system states will be proven in this step. From (45), one has

L̇h ≤ − kh,1gχ,mins
p+1 − kh,2gχ,mins

q+1

+ υhφ̃hφ̂h +
a2h
2

+
ε∗2h
2
. (49)

The rest of the proof does not much differ from that of
the velocity dynamics and, thus, is omitted here for brevity.
Similarly and iteratively, it is possible to arrive

L̇h ≤ − κh,1L
p+1
2

h − κh,2L
q+1
2

h + μh,1 (50)
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in which constants κh,1 = min{kh,1gχ,min,
υh

gχ,min
}, κh,2 =

min{kh,2gχ,min,
υh

gχ,min
}, and

μh,1 =⎧⎨⎩μh,0, if Θh <
√
2ρh

μh,0 +
υh

gχ,min

(
Θ2

h

2ρh

)p+1
2

+ υh

2ρhgχ,min
Θ2

h, otherwise

with μh,0 = (1−q)υh

2gχ,min
( 2
1+q )

− 1+q
1−q +

chυhφ
2
h

2gχ,min
+

a2
h

2 +
ε∗2h
2 and un-

known positive constant Θh satisfying |φ̃h| ≤ Θh.
Note that μh,1

κh,1
can be made arbitrarily small by decreasing

ah and ch, meanwhile increasing kh,2 and υh. Thence, we can

obtain μh,1

κh,1
≤ �

p+1
2

h by choosing appropriate design parameters.

Since μh,1

κh,1
≤ �

p+1
2

h , one has L̇h ≤ −κh,2L
q+1
2

h ≤ 0 onLh = �h
according to (50). As such, Lh ≤ �h holds ∀t ≥ 0. The bound-
edness of Lh implies the boundedness of L

˜h, which indicates
that the asymmetric output constraints (4) are never violated. As
a result, it is concluded that Ωh × Ωr × Ω0 is an invariant set,
and thus, all the signals in velocity dynamics (5) are SGUUB.

Similarly, for 0 < �h < 1,Lh will converge to the setΩLh
={

Lh

∣∣∣ Lh < (
μh,1

�hκh,1
)

2
p+1

}
in fixed time with the guaranteed

convergence time estimated as follows:

Th ≤ Th,max � 2

κh,1(1−�h)(p− 1)
+

2

κh,2(1− q)
.

Recalling the construction of Lh in (36), it is straightforward

to deduce that s will converge to the set Ωs =
{
s
∣∣∣ |s| <√

2(
μh,1

�hκh,1
)

2
p+1

}
in fixed time with the guaranteed convergence

time estimated as Th. �
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