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Abstract—In this article, a new subdomain and magnetic
circuit hybrid model (SMCHM) is proposed for on-load field
prediction in the surface-mounted permanent-magnet ma-
chines. Equivalent current sheets are introduced to repre-
sent the nonlinearity effect, whose values are obtained by a
magnetic circuit (MC) and correlated with boundary condi-
tions in a subdomain model. The number of reluctances
in the MC of the proposed model can be selected flexi-
bly according to the nonlinearity effect. Instead of sectorial
tooth in the conventional subdomain model, parallel tooth
is considered in the proposed model to improve the accu-
racy. The SMCHM can accurately calculate the flux density
distributions and electromagnetic performance considering
the heavy nonlinearity effect under the load conditions with
fast computation speed. The finite-element analysis is per-
formed to validate the proposed model, which shows an
excellent agreement between them. A prototype machine is
manufactured to further prove these predictions.

Index Terms—Hybrid model, magnetic circuit (MC), non-
linearity effect, permanent-magnet (PM) machine, subdo-
main model.

I. INTRODUCTION

P ERMANENT-MAGNET (PM) machines have higher
torque/power density and efficiency compared to the con-

ventional electrically excited machines because the rotor wind-
ing is substituted by rare-earth PM materials. Therefore, PM
machines are widely used in electric vehicles, household ap-
pliances, wind power generators, industrial machines, and
aerospace [1]–[4]. For machine design and optimization, it
is important to choose an appropriate electromagnetic model.
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Generally, four modeling techniques are available, viz., numer-
ical, analytical, magnetic circuit (MC), and hybrid models, to
predict the flux density distributions and electromagnetic perfor-
mance including back electromotive force (EMF), total torque,
and some parasitic effects.

The applicable scopes of these four types of models are dif-
ferent according to their characteristics. Numerical methods,
such as finite-element (FE) analysis, are very powerful [5]. FE
method can accurately analyze the nonlinear motor with com-
plex shapes, such as interior PM machines [3], [6], [7], [8],
but it is time-consuming and cannot correlate electromagnetic
performance with the motor size parameters. Although some
commercial software packages have the function of parameter
scanning for optimization, a faster tool is still preferred for initial
design because of the wide range of candidates.

Therefore, an analytical method is often employed for initial
motor design [9]–[11]. Some reviews for the one-dimensional
(1-D), two-dimensional (2-D) slotless, and 2-D slotted analyt-
ical models can be found in [12] and [13]. As commonly used
models accounting for slotting effect, the 2-D models includes
a relative permeance model [14]–[17], a complex permeance
model [18], [19], and a subdomain model [20]–[22]. The rela-
tive permeance and complex permeance models are both based
on the conformal mapping, and the latter is more accurate but
takes a much longer computational time. The subdomain model
can accurately predict the magnetic field distribution for both
radial and circumferential components. This model can directly
solve the governing equations of every region and determine ev-
ery coefficient by applying the boundary conditions. A review
of the subdomain modeling techniques was provided in [23].
However, the three analytical models mentioned above have a
basic assumption that the permeability of stator and rotor iron
is infinite. Therefore, they bring relatively large error when the
machines have heavy nonlinearity effect.

On the other hand, an MC method is another way to analyze
the nonlinearity effect of electromagnetic performance besides
the FE method [24]–[26]. The machine is equivalent to a mag-
netic network which consists of some nonlinear reluctances and
magnetic sources according to the flux distribution. Based on
Kirchhoff’s law and the Newton–Raphson method, the nonlinear
magnetic field distribution can be obtained. However, the MC
method lacks accuracy because there are many assumptions
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when the continuous iron or air gap is discretized to some
reluctances.

Therefore, some hybrid models were proposed to combine
the advantages of an analytical method and the MC method.
There are some hybrid models based on conformal mapping
[27]–[32]. However, these models cannot account for slot leak-
age accurately, because the magnetic field distribution in the slot
is not predicted by the analytical models. The model proposed
in [32] is only for the axial flux PM machines. Most importantly,
the influence of iron saturation on the air-gap flux density distri-
bution and torque is not considered in [32]. An MC and Fourier
analysis hybrid model was developed for flux switching PM
machine in [33]. This hybrid model essentially calculates the
air-gap flux density by a subdomain model where the saturation
effect is accounted for by artificially modifying the geometrical
parameters, such as air-gap length or slot width. Such artificial
modification is calibrated by a nonlinear MC model. Since only
one parameter is modified to emulate the saturation effect, the
accuracy may not be high for the details of air gap distribution.
In addition, although the accuracy of a subdomain model is cal-
ibrated by the MC model, the reference, i.e., the MC prediction,
may not be of high accuracy, since the disadvantage of the MC
model is not improved. Some hybrid models in [34]–[36] com-
bined a slotless analytical model with a very fine MC model, but
magnetic field distributions in slots are all calculated based on
the MC method, which makes it difficult to ensure the accuracy.
Moreover, the large number of nodes in the MC model slows
down the computation.

This article proposes a subdomain and MC hybrid model
(SMCHM) for on-load condition in the surface-mounted PM
(SPM) machine. Equivalent current sheets are introduced to
represent the nonlinearity effect and transformed to the bound-
ary conditions. The principle was shown in the previous article
of this series for an open-circuit condition [37]. The magnetic
field distributions in slots and air gap are calculated accurately
by the subdomain model, and MC only exists in stator core.
Hence, the advantages of both subdomain and MC models, i.e.,
fast computation, accuracy, and ability for nonlinear calcula-
tion, are fully combined. This combination of two models based
on the transformation from nonlinearity effect to boundary con-
ditions is the main novelty of the proposed model for on-load
field prediction in an SPM machine. On the other hand, consid-
ering that both slot leakage and nonlinearity effect for on-load
condition increase significantly compared to which under the
open-circuit condition, the SMCHM is improved in this article.
First, the number of equivalent reluctances in the MC model can
be appropriately increased according to the nonlinearity effect.
In addition, parallel stator tooth is considered in the MC model
and the accuracy is further improved.

II. HYBRID MODEL

A. Construction of SMCHM

The main idea that the magnetic potential drop can be re-
placed with equivalent current sheets in slots is shown in Fig. 1.
Rotor yoke is usually not saturated in the motor design process.
Hence, equivalent current sheets are only arranged on the stator

Fig. 1. Equivalent transformation of SMCHM. (a) Nonlinear model.
(b) Linear model with equivalent current sheets.

Fig. 2. Two types of winding layouts. (a) Nonoverlapping.
(b) Overlapping.

slot sides. The nonlinear stator core in Fig. 1(a) is equivalent
to linear material with current sheets in Fig. 1(b). By apply-
ing the boundary and interface conditions, the electromagnetic
field can be obtained by solving governing equations of three
subdomains, viz., PM, air gap, and slots.

In Fig. 1, ωr is the angular velocity, αi is the angle of the
ith slot center line, r and α are the radial and circumferential
positions, bsa is the slot width angle, Rr , Rm , Rs , and Rsb

are the radii of rotor yoke, magnet, slot top, and slot bottom,
respectively, α0 is the rotor initial position. Ji1 , Ji2 , and Ji3 are
the current densities of equivalent current sheets in the ith slot,
and μ and μ0 are the permeability of stator and vacuum.

Besides, two different types of winding layouts are shown in
Fig. 2. Jami1 and Jami2 are the current densities of two armature
coil sides in the ith slot. In Fig. 2(a), d is the width of one coil
side. In Fig. 2(b),Rsm = [(R2

sb +R2
s )/2]1/2 to ensure the same

area of two coil sides.

B. Improved Subdomain Model Under Load Condition

This section is to obtain the details of vector potential and
flux density distributions of the solving field including SD 1,
SD 2, and SD 3, viz., PMs, air gap, and slots. The vector poten-
tial distributions in the solving field satisfy Laplace’s equation
or Poisson’s equation. Similar to the conventional subdomain
model [20], solving these governing functions can obtain the
general solutions with undetermined coefficients. Then, the in-
terface conditions and boundary conditions are applied to cal-
culate these undetermined coefficients. Subsequently, the flux
densities in solving field are calculated based on the vector po-
tential distributions. However, the boundary conditions in slots



7192 IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS, VOL. 67, NO. 9, SEPTEMBER 2020

are modified because of the equivalent current sheets. Therefore,
these formulas have to be reworked as follows.

1) Vector Potential and Flux Density Distribution in
Slots: The boundary conditions in the ith slot in SD 3 are

H3ri |α=αi +bs a /2 = Ji1 (1)

H3ri |α=αi−bs a /2 = −Ji2 (2)

H3αi |r=Rs b
= −Ji3 . (3)

After solving Poisson’s equation in slots [20], the general
solution can be obtained.

For nonoverlapping winding machine, the general solution is

Az3i (r, α) =
∑

n

Az3incos [En (α+ bsa/2 − αi)] +Az3i0

(4)
where

Az3in =
(
B3nG3 − EnWnRsb

(1 − E2
n )

− 2μ0JamnR
2
sb

En (E2
n − 4)

) (
r

Rsb

)En

+B3n

(
r

Rs

)−En

+
rE2

nWn

1 − E2
n

+
μ0Jamnr

2

En
2 − 4

(5)

Az3i0 = μ0Jam0
(
2R2

sb ln r − r2)/4 + Ci ln r

− μ0 (Ji1 + Ji2) r/bsa +Q3i (6)

where Q3i and B3n are undetermined constants and

Wn = 2μ0 {− (Ji1 + Ji2) (−1)n

+ Ji2 [(−1)n − 1]}/(En
2bsa

)
(7)

Ci = Rsb [μ0Ji3 + μ0 (Ji1 + Ji2) /bsa ] (8)

Jiam0 = (Jiam1 + Jiam2)/2 (9)

Jiamn = 2 (Jiam1 − Jiam2) sin (nπ/2)/(nπ) (10)

En = nπ/bsa (11)

G3 = (Rs/Rsb)
En . (12)

Then, the radial and circumferential flux densities can be
calculated as

B3ir =
∑

n

B3irn sin [En (α+ bsa/2 − αi)] (13)

B3iα (r, α) =
∑

n

B3iαncos [En (α+ bsa/2 − αi)] +B3iα0

(14)

where

B3irn = −En

{
E2
nWn(

1 − En
2) +

μ0Jamnr

E2
n − 4

+
B3n

Rs

(
r

Rs

)−En −1

+
[
B3nG3

Rsb
− EnWn

(1 − E2
n )

− 2μ0JamnRsb

En (E2
n − 4)

]

×
(

r

Rsb

)En −1
}

(15)

B3iαn = −
[(

B3nEnG3

Rsb
− E2

nWn

1 − E2
n

− 2μ0RsbJamn

E2
n − 4

)

×
(

r

Rsb

)En −1

− B3nEn

Rs

(
r

Rs

)−En −1

+
En

2Wn

1 − E2
n

+
2μ0Jamnr

E2
n − 4

]
(16)

B3iα0 = −μ0Jam0
(
R2
sb/r − r

)

2
− Ci

r
+
μ0 (Ji1 + Ji2)

bsa
.

(17)

On the other hand, for an overlapping winding machine, the
general solution for the bottom of the ith slot is

Azb3i (r, α) =
∑

n

Azb3incos [En (α+ bsa/2 − αi)] +Azb3i0

(18)
where

Azb3in =
(
B3nG3 − EnWnRsb/

(
1 − En

2)) (r/Rsb)
En

+B3n (r/Rs)
−En + rE2

nWn/
(
1 − E2

n

)
(19)

Azb3i0 = − μ0 (Ji1 + Ji2) r/bsa + Ci ln r

+ μ0Jiam2
(
2Rsb

2 ln r − r2)/4 +Q3bi . (20)

The general solution for the top of the ith slot is

Azt3i (r, α) =
∑

n

Azt3incos [En (α+ bsa/2 − αi)] +Azt3i0

(21)
where

Azt3in =
(
B3tnG3 − EnWnRsb/

(
1 − En

2)) (r/Rsb)
En

+B3tn (r/Rs)
−En + rE2

nWn/
(
1 − E2

n

)
(22)

Azt3i0 = −μ0r (Ji1 + Ji2) / bsa + Ci ln r + Cti ln r

− μ0Jiam1r
2/4 +Q3ti . (23)

Interface conditions between the top and the bottom of the ith
slot are applied, viz. that the vector potential and the circumfer-
ential flux densities are equal at r = Rsm , then

B3tn = B3n (24)

Cti = μ0Jiam1R
2
sm/2 + μ0Jiam2

(
R2
sb −R2

sm

)
/2 (25)

Q3bi = Q3ti + Cti lnRsm − μ0Jiam1R
2
sm/4

− μ0Jiam2
(
2R2

sb lnRsm −R2
sm

)
/4. (26)
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Then, the radial and circumferential flux densities are

Bb3ir =
∑

n

Bb3irn sin [En (α+ bsa/2 − αi)] (27)

Bb3ia =
∑

n

Bb3iancos [En (α+ bsa/2 − αi)] +Bb3ia0 (28)

where

Bb3irn = −(En/r)
[(
B3nG3

− EnWnRsb/
(
1 − E2

n

))
(r/Rsb)

En

+ B3n (r/Rs)
−En + rE2

nWn/
(
1 − En

2)] (29)

Bb3ian = − (En/r)
[(
B3nG3

− EnWnRsb/
(
1 − En

2)) (r/Rsb)
En

− B3n (r/Rs)
−En + rEnWn/

(
1 − E2

n

)]
(30)

Bb3ia0 = μ0 (Ji1 + Ji2) /bsa − Ci/r

− μ0Jiam2
(
R2
sb/r − r

)
/2 (31)

in the bottom of the ith slot and

Bt3ir =
∑

n

Bt3irn sin [En (α+ bsa/2 − αi)] (32)

Bt3ia =
∑

n

Bt3iancos [En (α+ bsa/2 − αi)] +Bt3ia0 (33)

where

Bt3irn = Bb3irn and Bt3ian = Bb3ian (34)

Bt3ia0 = μ0 (Ji1 + Ji2) /bsa − (Ci + Cti) /r + μ0Jiam1r/2
(35)

in the top of the ith slot.
2) Vector Potential and Flux Density Distribution in PM

and Air Gap: The solving process for magnetic field distribu-
tion in PM and air gap are same as [20]. It shows the expressions
of vector potential Az1 , radial and circumferential flux densi-
ties B1r and B1α in the PM, together with the expressions of
vector potential Az2 , radial and circumferential flux densities
B2r and B2α in the air gap. These expressions contain some
undetermined coefficients A1 , B1 , A2 , B2 , C2 , and D2 . These
undetermined coefficients beside B3n will be obtained by the
interface conditions shown in Appendix A.

C. Nonlinearity Effect

Based on the improved subdomain model, it is very important
to obtain the current density of every equivalent current sheet,
viz., Ji1 , Ji2 , and Ji3 . As Fig. 3 shows, a “π” type of MC, of
which the number of nodes is flexible, is introduced to obtain
these current density values. In this MC model, the number of
equivalent reluctances in each stator tooth (Ntooth ) and each
stator yoke (Nyoke ) can be selected, respectively. Essentially,
the selection of number represents the discretization degree of

Fig. 3. Changeable MC of stator under load condition.

magnetic field distribution. When there are great slot leakages
and nonlinearity effect is heavy compared to an open-circuit
condition, a relatively fine magnetic network will be needed.

For the machines mentioned above in Table I, the MC shown
as Fig. 4 is used, where Nyoke = 2, Ntooth = 4, and Ns is
the number of stator teeth. The values of flux sources can be
calculated from the radial or circumferential flux densities in
slots and air gap by the subdomain model of the SMCHM.

Then, according to Kirchhoff’s law, the node magnetic po-
tential matrix is

V =
(
AΛAT)−1

Φ (36)

where A is the incidence matrix, Λ is the branch permeance
matrix, and Φ is the node flux matrix. The permeability of
nonlinear iron is decided by flux passing through it. The values
of every current sheet in the ith slot can be calculated from every
node magnetic potential

Ji1 = (V5N s+i+1 − V2i+1)/(Rsb −Rs) (37)

Ji2 = (V2i−1 − V5N s+i)/(Rsb −Rs) (38)

Ji3 = (V2i+1 − V2i−1)/(Rsb · bsa) (39)

where Rsb −Rs and Rsb · bsa are the current sheets lengths on
the stator tooth edge and yoke edge in the slot, respectively.

D. Combination of MC and Subdomain of SMCHM

In the proposed SMCHM, the equivalent current densities
used in the improved subdomain model are obtained by the
MC, and the flux sources flowing to the MC are calculated by
the improved subdomain model. Therefore, an iteration pro-
cess is needed between the two models of the SMCHM to find
the convergent solutions. After that, the electromagnetic perfor-
mances including flux linkage, induced phase voltage, and total
torque can be calculated and are shown in Appendix B.

III. FE AND EXPERIMENTAL VALIDATION

In order to validate the accuracy of the SMCHM, an FE
analysis is used for two integer-slot and fractional-slot SPM
machines whose main parameters are presented in Table I. The
proposed MC of the SMCHM, as Fig. 3, is suitable for both kinds
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TABLE I
MAIN PARAMETERS OF SPM MACHINES

Fig. 4. MC of the stator under load condition.

Fig. 5. Mesh plots in FE models. (a) Machine A. (b) Machine B.

of SPM machines, because the different fluxes flowing to the MC
of the SMCHM caused by integer-slot and fractional-slot SPM
are considered by the flux sources calculated by the improved
subdomain model of the SMCHM. The MC of the SMCHM is
only used for calculating the magnetic potential drops in stator
in a specific magnetic field defined by the subdomain model of
the SMCHM.

Fig. 5 shows the mesh plots used in the FE models. Fig. 6
shows the B–H curve of stator material. Fig. 7 shows the FE
predicted flux densities of Machines A and B. Both of them are

Fig. 6. B–H curve of stator material.

Fig. 7. Flux density predictions from FE analysis under load condition.
(a) Machine A. (b) Machine B.

Fig. 8. Prototype machine of 8-pole/12-slot. (a) Stator. (b) Rotor.

designed to have a high degree of saturation to highlight the
difference between nonlinear and linear predictions. Compared
with Machine A, Machine B has more saturated teeth but less
saturated yoke. The maximum flux density in Machine A is
2.1 T, while it is 1.7 T in Machine B. Therefore, Machine A
has heavier nonlinearity effect than Machine B. Fig. 8 shows
the prototype machine of Machine B used for an experimental
validation.

Figs. 9 and 10 are the flux density values of Machines A and
B in the air gap predicted by the SMCHM, subdomain model,
and FE models. The main harmonic components of radial flux
densities in the two figures are given in Fig. 11. As they show, the
results predicted by the SMCHM agree well with the nonlinear
FE solutions, but the linear models always overestimate the
radial flux density. The comparison of Machines A and B shows
that the superiority on accuracy of the SMCHM is more obvious
when the saturation effect is heavy.

Figs. 12–14 show the electromagnetic performances of Ma-
chines A and B, respectively, including flux linkage, induced
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Fig. 9. Flux densities predicted by SMCHM, subdomain, and FE mod-
els in the middle of air gap of machine A under load condition. (a) Radial.
(b) Circumferential.

voltage, and total torque. The results from the SMCHM and
nonlinear FE model still show an excellent agreement, but the
conventional subdomain model and the linear FE model still
overestimates. The difference between the nonlinear and linear
models is more significant in Machine A, because it is more sat-
urated as mentioned earlier. Therefore, the SMCHM is a reliable
model for motor design and parameter optimization because of
the nonlinearity effect is considered.

Fig. 14 also contains the measurement of a prototype machine
for total torque. Beside, Fig. 15 shows the back electromotive
force (EMF) of the four models mentioned above and the mea-
surement results of Machine B. There are some errors between
the prediction of nonlinear FE model and the measurement of
prototype machine around the crest due to manufacturing errors
and the neglected end effect in the 2-D FE model. Overall, the
SMCHM and nonlinear FE predictions agree very well with the
measurement.

Fig. 16 shows the total torque varied with Iq predicted by
the SMCHM, subdomain, and FE models, together with the
measurement of prototype Machine B when Id = 0A and the
electrical degree of rotor position is 108°. At this position, the
error caused by manufacturing and neglect of end effect in the
2-D FE model is the minimum, whilst the difference between
the nonlinear and linear models is obvious, as shown in Fig. 14.
Therefore, the nonlinearity effect can be highlighted, which is
the focus of this article. At this position, the error between
the prediction of nonlinear FE model and the measurement is
relatively small, it can be observed that the predictions of lin-
ear FE model and the subdomain model are two straight lines,
which shows they cannot consider nonlinearity effect. The mea-

Fig. 10. Flux densities predicted by SMCHM, subdomain, and FE mod-
els in the middle of air gap of machine B under load condition. (a) Radial.
(b) Circumferential.

Fig. 11. Harmonic components of radial flux densities in air gap pre-
dicted by SMCHM, subdomain, and FE models under load condition.
(a) Machine A. (b) Machine B.

surements and predictions of the nonlinear FE model and the
proposed SMCHM are three curves with excellent agreement,
which proves high accuracy of the SMCHM for the saturated
machines.
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Fig. 12. Electromagnetic performances predicted by SMCHM, subdo-
main, and FE models of machine A under load condition. (a) Flux linkage.
(b) Induced voltage. (c) Total torque.

TABLE II
CALCULATION TIME OF SMCHM, SUBDOMAIN, AND FE MODELS FOR

TWO MACHINES (UNIT: s)

Beside, the calculation time of the SMCHM, subdomain, and
FE models for Machine A/B in one electrical period including
61 field calculation points by a same computer whose CPU is i7-
7700 is presented in Table II. The conventional subdomain and
the developed hybrid models are calculated by Matlab scripts,
while the FE models are performed on the Ansys Maxwell
platform. The total elements in the FE models for Machine A/B
are 23750/24336. It can be observed that the calculation time
of the SMCHM increases with severer nonlinearity effect of an

Fig. 13. Electromagnetic performances predicted by SMCHM, subdo-
main, and FE models of Machine B under load condition. (a) Flux linkage.
(b) Induced voltage.

Fig. 14. Total torque predicted by SMCHM, subdomain, FE models,
together with measurement of prototype Machine B under load condition.

Fig. 15. Back EMF predicted by SMCHM, subdomain, FE models,
together with measurement of prototype Machine B.
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Fig. 16. Total torque varied with Iq predicted by SMCHM, subdomain,
FE models, together with measurement of prototype Machine B, when
Id = 0 A and electrical degree of rotor position is 108°.

Fig. 17. Absolute relative errors of SMCHM predicted average torque
and fundamental induced voltage compared to FE results of Machine B.

SPM machine, while it can still save 93% calculation time even
when Machine A is extremely saturated.

The superiority of calculation speed and the excellent ac-
curacy make the proposed SMCHM very suitable for machine
optimization. Such optimization usually requires scanning many
design parameters to search the best result, which is time-
consuming by using the FE method. That is why some com-
mercial tools with less accuracy but fast speed are still available
on the market for machine design engineers. The proposed SM-
CHM can significantly improve their accuracy and keep similar
speed, which can dramatically shorten development cycle.

In addition, the influence of the number of equivalent MC
reluctances and consideration of parallel teeth in the proposed
model is investigated. Machine B is still used in the investi-
gation except the current value is variable to obtain different
nonlinearity effect.

Fig. 17 shows the absolute relative errors of average torque
and fundamental amplitude of induced voltage predicted by the
SMCHM with different input currents and number of reluc-
tances, compared to the FE predictions. Sectorial tooth is used
in this FE model to exclude approximation brought by other
factors. Overall, the relative errors decrease with the increase
of reluctances number in each tooth, when the number of reluc-
tances in each yoke is fixed to 2. Fig. 18 shows the calculation
time of the SMCHM predicted for the results of Fig. 17. It can
be observed that the calculation time increases as the number
of reluctances in each yoke increases. Therefore, the selection
of number of MC nodes is a tradeoff between the accuracy and
computation time.

Fig. 18. Calculation time of SMCHM predicted average torque and
fundamental induced voltage of Machine B.

Fig. 19. Absolute relative errors of SMCHM predicted average torque
and fundamental induced voltage compared to FE results of Machine B.

Moreover, the conventional subdomain model is based on the
polar coordinate system, therefore, the tooth is approximated to
have a sectorial shape [20]. However, the parallel tooth is more
common in the practice. Therefore, in the hybrid model of this
article, the parallel tooth is considered in the MC method to
improve the accuracy, although the sectorial tooth is still used
in the analytical equations. The predictions from the SMCHMs
using sectorial tooth or parallel tooth are compared in Fig. 19. It
shows absolute relative errors of average torque and fundamen-
tal amplitude of induced voltage of Machine B with reference
to the FE analysis. The parallel tooth is used in the FE model.
It is observed that the use of parallel tooth in the SMCHM can
improve accuracy.

IV. CONCLUSION

In this article, we developed an SMCHM for the SPM ma-
chines under a load condition. Nonlinearity effect was consid-
ered by employing current densities of equivalent current sheets,
which represented magnetic potential drop, as boundary con-
ditions in the conventional subdomain model. Therefore, this
hybrid model combined the advantages of the subdomain and
MC models, such as fast computation speed, excellent accu-
racy, and considering nonlinearity effect. In addition, according
to the nonlinearity effect, the number of MC reluctances could
be selected flexibly for the tradeoff between the accuracy and
computation time. Moreover, when machines with parallel tooth
were analyzed, the real parallel shape could be accurately con-
sidered in the MC of the SMCHM to improve the accuracy.
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The FE analysis had performed and the high consistency be-
tween the predictions of SMCHM and FE model validated the
effectiveness of the SMCHM. The experimental results of
prototype machine verified these predictions.

APPENDIX A

The equations to obtain those undetermined coefficients
mentioned above are

BIα = BIIα and AI = AII . (40)

For a nonoverlapping winding machine, the circumferential
flux density along the stator bore calculated by SD 3 is

Bsα =
∑

k

[Cscos(kα) +Ds sin(kα)] (41)

where

Cs =
1
π

∑

i

∫ 2π

0
(B3iα |r=Rs

)cos(kα)dα

=
∑

i

Biα0ηiα0 +
∑

i

∑

n

Biαnηiαn (42)

Ds =
1
π

∑

i

∫ 2π

0
(B3iα |r=Rs

) sin(kα)dα

=
∑

i

Biα0εiα0 +
∑

i

∑

n

Biαnεiαn (43)

where

Biαn = −
[
EnB3n

Rs

(
G2

3 − 1
)

+
E2
nWn

1 − En
2

(
1 −G3

Rsb

Rs

)

+ 2μ0Jam n

(
R2
s −R2

sbG3
)
/Rs

(
E2
n − 4

)]

(44)

Biα0 = −μ0Jam0 ·
(
Rsb

2/Rs −Rs

)

2

+
μ0 (Ji1 + Ji2)

bsa
− Ci
Rs

(45)

ηiα0 (k) = 2 sin (kbsa/2) cos (kαi)/(kπ) (46)

εiα0 (k) = 2 sin (kbsa/2) sin (kαi)/(kπ) (47)

ηiαn (n, k) = k/
[
π

(
k2 − En

2)]

· [(−1)n sin (kαi + kbsa/2)

− sin (kαi − kbsa/2)] (48)

εiαn (n, k) = k/
[
π

(
En

2 − k2)]

· [(−1)ncos (kαi + kbsa/2)

−cos (kαi − kbsa/2)] . (49)

On the other hand, the circumferential flux density along the
stator bore calculated by SD 2 is

Bsα = B2α |r=Rs

= − (1/Rs)
∑

k

k (A2 −B2G2) cos (kα)

− (1/Rs)
∑

k

k (C2 −D2G2) sin (kα) (50)

where

G2 = (Rm/Rs)
k . (51)

From (41) and (50), it can be obtained that
{−kA2 + kB2G2 = RsCs

−kC2 + kD2G2 = RsDs

. (52)

The vector potential along the stator bore in slots calculated
by SD 2 is

As =
∑

n

A2oicos [En (α+ bsa/2 − αi)] +A2oi0 (53)

where

A2oi = (2/bsa) ·
∫ αi +bs a /2

αi−bs a /2

∑

k

[A2ccos(kα) +A2s sin(kα)]

· cos [En (α+ bsa/2 − αi)] dα

=
∑

k

(A2cσi +A2sτi) (54)

A2oi0 =
∑

k

(A2cσi0 +A2sτi0) (55)

where

A2c = A2 +B2G2 (56)

A2s = C2 +D2G2 (57)

σi (n, k) = (2π/bsa) · ηi (n, k) (58)

τi (n, k) = (2π/bsa) · εi (n, k) (59)

σi0 (k) = (bsa/π) · ηi0 (k) and τi0 (k)

= (bsa/π) · εi0 (k) . (60)

The vector potential along the stator bore in slots calculated
by SD 3 is

As = Az3i (r, α) |r=Rs

=
∑

n

A3oincos [En (α+ bsa/2 − αi)] +A3oi0 (61)

A3oin = B3n
(
G2

3 + 1
)

+ EnWn (RsEn −RsbG3)/
(
1 − E2

n

)

+ μ0Jamn

[
R2
s − 2R2

sbG3/En

]
/
(
E2
n − 4

)
(62)

A3oi0 = μ0Jam 0
(
2Rsb

2 lnRs −Rs
2)/4 + Ci lnRs

− μ0 (Ji1 + Ji2)Rs/bsa +Q3i . (63)
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From (53) and (61), it can be obtained that

A3oi = A2oi and A3oi0 = A2oi0 (64)

Q3i =
∑

k

(A2cσi0 +A2sτi0) + μ0 (Ji1 + Ji2)Rs/bsa

−Rsb [μ0Ji3 + μ0 (Ji1 + Ji2) /bsa ] lnRs

− μ0Jam0
(
2R2

sb lnRs −R2
s

)
/4. (65)

For an overlapping winding machine, the calculation process
is the same as nonoverlapping except (44) and (45) are replaced
by

Biαn =
EnB3n

Rs

(
1 −G2

3
)

+
E2
nWn

1 − E2
n

(
G3

Rsb

Rs
− 1

)
(66)

Biα0 = μ0 (Ji1 + Ji2)/bsa − (Ci + Cti)/Rs

+ μ0Jiam1Rs/2. (67)

Beside, (62), (63), and (65) are also replaced by

A3oin = B3n
(
G2

3 + 1
)

+ EnWn (RsEn −RsbG3)/
(
1 − E2

n

)
(68)

A3oi0 = C lnRs + Ct lnRs − μ0 (Ji1 + Ji2)Rs/bsa +Q3i
(69)

Q3ti =
∑

k

(A2cσi0 +A2sτi0)

− (Ci + Cti) lnRs + μ0 (Ji1 + Ji2)Rs/bsa . (70)

The interface conditions between air gap and PM are the
same as [20]. Therefore, combining these interface conditions,
the undetermined coefficients can be obtained.

APPENDIX B

Electromagnetic performance for both nonoverlapping and
overlapping winding machine can also be calculated by vector
potential distribution. For a nonoverlapping winding machine,
the flux linkages with two coil sides in the ith slot are

ψi1 = la (Nc/Ac)

[
Z0d+

∑

n

(Zn/En ) sin(End)

]
(71)

ψi2 = la (Nc/Ac)

[
Z0d−

∑

n

(Zn/En ) sin(nπ − End)

]

(72)

where

Z0 =
(
R2
sb −R3

s

) ·Q3i/2

− μ0 (Ji1 + Ji2)
(
R3
sb −R3

s

)
/(3bsa)

− μ0Jam 0
(
R4
sb −R4

s

)
/16 +

(
Ci + μ0Jam0R

2
sb/2

)

· [2R2
sb lnRsb − 2R2

s lnRs +R2
s −R2

sb

]
/4 (73)

Zn =
(
B3inG3 − EnWinRsb/

(
1 − E2

n

))

× (
R2
sb −G3R

2
s

)
/(En + 2)

+B3in
(
R2
sbG3 −Rs

2)/(2 − En )

+ En
2Win

(
R3
sb −Rs

3)/
[
3
(
1 − E2

n

)]

+ μ0Jamn

(
R4
sb −Rs

4)/
[
4
(
En

2 − 4
)]

− 2μ0JamnR
2
sb

(
R2
sb −G3R

2
s

)
/

[
En

(
E2
n − 4

)
(En + 2)

]
. (74)

For an overlapping winding machine, the flux linkages in the
ith slot are

ψi1 = la (Nc/Ac)Zt0bsa (75)

ψi2 = la (Nc/Ac)Zb0bsa (76)

where

Zt0 = Q3ti
(
R2
sm −Rs

2) /2 − μ0Jiam1
(
R4
sm −Rs

4)/16

+ (Ci + Ct)
[
2R2

sm lnRsm

− 2Rs
2 lnRs +Rs

2 −R2
sm

]
/4

− μ0 (Ji1 + Ji2)
(
R3
sm −R3

s

)
/(3bsa) (77)

Zb0 = Q3bi
(
R2
sb −R2

sm

)
/2 − μ0Jiam2

(
R4
sb −R4

sm

)
/16

− μ0 (Ji1 + Ji2)
(
R3
sb −R3

sm

)
/ (3bsa)

+
(
Ci/4 + μ0Jiam2R

2
sb/8

)

· [2R2
sb lnRsb − 2R2

sn lnRsn +R2
sn −R2

sb

]
. (78)

The back EMF also can be calculated after the flux linkage
of every phase is obtained as follows:

Eph = −dψph/dt ph = A,B,C. (79)

The total torque can be calculated from Maxwell stress tensor

Tc =
(
πlar

2/μ0
) ∑

k

(BrckBαck +BrskBαsk ). (80)
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