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Abstract—In the electrical engineering field, there are two 
types of system which can potentially generate resonance 
under excitation, one is the electrical system with inductor 
and capacitor, the other is the mechanical system with 
spring-mass characteristic. A lot of research on active 
damping control algorithms for grid-connected inverters 
with LCL filter and inverter-driven machine with multi-
rotating masses have been demonstrated. However, 
research works for these two systems were carried out 
independently and there is a lack of systematic comparison 
for modelling and control between these two systems. This 
paper will unify the mathematical models and active 
damping control algorithms for these two systems. It is 
found that the mathematical models and control structures 
are fundamentally the same. The existing or future potential 
active damping control algorithms used in electrical system 
can be applied in mechanical system and vice versa to 
avoid reinventing the wheel. Parameter sensitivity analysis 
for controller and feedback gains was performed for 
electrical systems in the discrete z-domain. For mechanical 
systems, it is found that a substantial electromagnetic 
torque overshoot was introduced when applying the active 
damping control and it was analyzed quantitatively with 
various damping coefficients to guide the inverter design. 
Finally, experimental tests were done to verify the findings. 
 

Index Terms—Active Damping, LCL filter, Torsional 
Vibration, Multi-rotating Mass, Torque Overshoot. 

I. INTRODUCTION 

RID-connected inverters have been widely used for 
integrating various distributed generations in recent years. 

In order to decrease grid-side current harmonics with reduced 
filter size, LCL filters are commonly used to replace the L filter 

 
 

[1]–[3]. However, LCL filters can cause stability issues due to 
the inherent resonance characteristic. The resonance can be 
damped passively by adding resistors connected in series or in 
parallel with the filter capacitor.  However, this may introduce 
losses in the damping resistor and reduce the efficiency [4]. 

Various active damping control algorithms for grid- 
connected inverter with LCL filters have been investigated in 
recent years. In [5]–[10], the capacitor current feedback control 
is implemented, which provides the damping effect by creating 
a virtual resistor connected in parallel with the filter capacitor. 
The similar target can also be achieved by the capacitor voltage 
derivative feedback control [11]–[12]. In [13]–[16], the notch 
filter is also implemented to cancel the resonant peak from the 
control perspective. In [17], the converter-side and the grid-side 
current are simultaneously used as feedback states. By properly 
tuning the weighting factor, the third-order plant model can be 
reduced to a first-order model. In addition, active disturbance 
rejection controls (ADRCs) are also proposed to realize robust 
active damping [18]‒[19]. 

For the electromechanical system like wind turbine generator 
(WTG), hybrid electrical propulsion for aerospace or marine 
system, there are power electronics converters connected to the 
generator and motor. The mechanical parts of such a system are 
not rigidly connected, for example, the motor rotor and load 
such as propeller are connected through coupling and gearbox 
used in the drivetrain. These mechanical connections formulate 
a multi-rotating mass system, where different masses are 
connected flexibly with a certain stiffnesses and damping 
coefficients. There are multiple resonance modes for the system, 
which can be excited in various transient conditions like sudden 
electromagnetic torque or load torque changes and cause 
drivetrain over torque with reduced lifetime. 

Failure of the sensitive mechanical components such as 
couplings, bearings, and gear teeth are the most common faults 
associated with electromechanical systems. Active torsional 
vibration damping control was expected to protect the sensitive 
mechanical components against over torque using the speed or 
shaft torque feedback [20]–[31]. 

In 1990s, there were active damping control algorithms 
proposed for inverter-driven machine with multi-rotating mass 
[21]–[22]. However, researchers working on inverters with LCL 
filter active damping control in 2000s and early 2010s have 
overlooked the achievements made in mechanical torsional 
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vibration suppression control [1]–[2], [8]. On the other hand, 
researchers working on mechanical torsional vibration 
suppression control in recent years [25]–[28] have also ignored 
the latest research findings from active damping control for 
inverter with LCL filter.  

In this paper, the mathematical models for the electrical LCL 
system and mechanical spring-mass system are analyzed 
together and compared systematically. Two typical active 
damping control algorithms for the LCL system (mechanical 
spring-mass system) including the capacitor current feedback 
(speed difference feedback) and the capacitor voltage derivative 
feedback (shaft torque derivative feedback) were investigated. 
The electrical and mechanical system models are found to be 
fundamentally the same, therefore, the active damping control 
structure, feedback parameters are the same except for different 
symbols used in different systems. In addition to the given 
examples, any other existing or future new active damping 
control algorithm in the electrical LCL system or mechanical 
spring-mass system can be applied to each other. This will help 
researchers working in either electrical or mechanical damping 
control area to have a wider scope of prior-arts in mind and 
avoid reinventing the wheel before trying to explore new 
control algorithms in the future.  

For LCL system, the digital control delay effect caused by the 
sampling and modulation process will be considered and 
controller parameter sensitivity analysis will be performed. For 
the mechanical active damping control, the inverter needs to be 
designed carefully to handle the short-term overcurrent caused 
by the electromagnetic torque overshoot during the step load 
decrease event. The overshoot peak value was also calculated 
under various damping coefficients to guide inverter design in 
this paper. 

II. MODELING OF INVERTER WITH LCL FILTER AND MOTOR 

DRIVE SYSTEM WITH MULTI-ROTATING MASS LOAD 

A. Inverter with LCL Filter 

Fig. 1 shows a grid-connected three-phase inverter with an 
LCL filter. The state-space equations can be built based on 
Kirchhoff's voltage and current laws given as (1). 
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 (1) 

where Lc is the converter-side filter inductance, Lg is the sum of 
grid-side filter inductance and feeder inductance; ic and ig are 
converter-side and grid-side current, respectively; vc and vg are 
converter voltage and grid voltage; Cf is the filter capacitance 
and vf is the filter capacitor voltage. 
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Fig. 1. Grid-connected three-phase inverter with LCL filter.  
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Fig. 2. Control plant block diagram of a three-phase inverter with LCL filter.   

The LCL system control plant block diagram is established 
as shown in Fig. 2 based on the mathematical model of (1). The 
transfer function from the converter voltage vc to filter capacitor 
voltage vf can be derived as 

2

( ) 1 1
.

( ) ( )/( )
f

c c f c g f c g

v s

v s L C s L L C L L
 

 
           (2) 

The electrical system resonance frequency is calculated as 

.c g
re

f c g

L L

C L L



                                  (3) 

B. Inverter-driven Motor with Multi-rotating Masses 

Fig. 3 shows the inverter-driven motor and mechanical load 
with two rotating masses. The mechanical transmission parts 
such as shaft, coupling, gear-box have elastic effects, which can 
be modelled as a lumped spring with a certain stiffness. The 
spring-mass system model is shown in Fig. 4. 
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Fig. 3. Inverter-driven motor and mechanical load with two rotating masses. 
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Fig. 4. Inverter-driven motor mechanical part spring-mass model. 

The state-space equations can be built according to Newton's 
second law in the rotational form and Hooke's Law in the 
torsional form are given as (4). 
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0 0 0
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l l l l
l

sh sh sh sh

J J
Td

J J
Tdt

T K K T

 
 

 

 

      
                               

(4) 

where Jm and Jl are machine rotor inertia and mechanical load 
inertia, respectively; ωm and ωl are machine and load rotating 
speed; Tem and Tl are the machine electromagnetic torque and 
mechanical load torque. Ksh is shaft stiffness and Tsh is the shaft 
torque.  

The inertia Jm and Jl and stiffness Ksh (JKJ) system control 
plant block diagram can be established as shown in Fig. 5 based 
on the mathematical model in (4). The transfer function from 
electromagnetic torque Tem to shaft torque Tsh can be derived as 
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Fig. 5. Control plant block diagram for the two rotating mass system. 
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The mechanical system resonance frequency can be 
calculated as  

( )
.sh m l

rm
m l

K J J

J J



                          (6) 

From the above analysis, it is found that the mathematical 
models between electrical and mechanical systems are almost 
the same, where the only differences are the symbols used in 
different systems. Table I summarizes a one-to-one mapping of 
the electrical and mechanical system parameters, which also 
includes the parameters like the electrical resistances and 
mechanical friction coefficients etc. On this basic, the state-of-
the-art research findings in both electrical systems and 
mechanical systems are summarized and listed in Table II.  

III. UNIFIED ACTIVE DAMPING ALGORITHM 

A. Active damping for LCL Electrical System 

Equation (2) can be rewritten as, 

  
2 2

1 1
( ) ( ) .f c

c f re

v s v s
L C s 

  


             (7) 

One straightforward method for the resonance damping is to 
use the converter-side current feedback control. Fig. 6 
illustrates the control block diagram, where kpi and kii are the 
proportional and integral control gains. 
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Fig. 6. Active damping control using converter-side current feedback of system 
shown in Fig. 1. 

 It should be highlighted that the PWM inverter has a transfer 
function of KPWM=Vdc/Vtri, whereas Vdc is the inverter DC-link 
voltage, and Vtri is the peak-to-peak amplitude of the triangular 
carrier. In the following analysis for both electrical and 
mechanical systems, the system control outputs are divided by 
KPWM before sending as the PWM modulation references. By 
doing so, the control parameter design will not be interfered by 
the effect of KPWM and the mathematical equations will also be 
simplified without containing the parameter KPWM.  

The LCL plant model is derived as 
2

2 2

1( ) 1
( ) .

( )
f gc

ic
c g c f re

C L si s
G s
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              (8) 

According to (8), the system open-loop transfer function can 
be expressed as 

3 2

1 4 2
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k C L s k C L s k s ki s k
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       (9) 

TABLE I.  
MAPPLING OF ELECTRICAL AND MECHANICAL SYSTEM PARAMETERS  

Electrical Variables  Symbol Mechanical Variables Symbol 

Converter voltage vc Electromagnetic Torque Tem 

Converter side current ic Machine speed ωm 

Converter side inductance Lc Machine rotor inertia Jm 

Capacitor voltage vf Shaft torque Tsh 

Capacitance Cf Reciprocal of stiffness 1/Ksh 

Grid side current ig Mechanical load speed ωl 

Grid side inductance Lg Mechanical load inertia Jl 

Grid voltage vg Mechanical load torque Tl 

Converter side inductor series resistance Rc Machine rotor friction coefficient Bm 

Grid side inductor series resistance Rg Mechanical load friction coefficient Bl 

Capacitor series resistance Rf Shaft material damping coefficient Dsh 

 

TABLE II.  
COMPARISONS OF THE STATE-OF-THE-ART DAMPING METHODS FOR ELECTRICAL AND MECHANICAL SYSTEMS 

Active damping methods Mechanical System Electrical System 

Feedback-based appraoch 

Speed difference feedback [29] Capacitor current feedback [5]–[10] 

Motor speed feedback [25] Converter-side current feedback [2] 

Torsional torque derivative feedback [21] Capacitor voltage derivative feedback [11]–[12] 

Nocth-filter-based approach For the JKJ resonance [30]–[31]   For the LCL resonance [13]–[16] 

Other approach Active disturbance rejection control [32] Active disturbance rejection control [19] 
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Fig. 7 shows the root locus of converter current feedback 
control with a particular ratio of kpi and kii. It is observed that 
the conjugated poles associated with LCL resonance are located 
in the left-half plane. This indicates that an inherent damping 
effect is created through the feedback of converter-side current 
ic. However, the damping coefficient of the conjugated poles 
cannot be arbitrarily adjusted and it will be restricted by a limit 
ζmax. Even though the system stability is ensured, the dynamic 
performance may still be oscillatory if ζmax is much smaller than 
1. Notice that the locations of open-loop zeros will change 
according to the ratio of kpi and kii. However, it has been tried 
that no matter how we place the open-loop zeros introduced by 
the PI controller, the closed-loop system has a limited damping 
coefficient through the root-locus analysis. 

3
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Fig. 7. Root locus plot of the converter-side current feedback control with Lg = 
1 mH, Lc = 2 mH, Cf  = 15 μF. 
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Fig. 8. Active damping schemes for electrical systems. (a). Capacitor current 
feedback. (b). Capacitor voltage derivative feedback. 

To address this issue, the capacitor current or the derivative 
of capacitor voltage can be further used to improve the damping 
performance. Fig. 8(a) shows the control block diagram using 
the capacitor current feedback with a feedback gain K. If the 
capacitor voltage derivative feedback is used, the differentiator 
gain is equivalent to Cf K, as shown in Fig. 8(b). The current 
loop plant is given as equation (10) 

2

2 2

1( ) 1
.

( )
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            (10) 

Compared with (8), the denominator in (10) includes an extra 
‘s’ term, which dampens the LCL resonance. The modified 
system open-loop transfer function is derived as 
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       (11) 

Fig. 9 shows the root locus plot of capacitor-current feedback 
control. It can be observed that the maximum damping ratio of 
the conjugated poles can be greater than unity through a proper 
design of control parameters. In other words, a critical damping 
ratio (ζ =1) can be realized and undesired oscillations can be 
avoided in the system. 
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Fig. 9. Root locus of capacitor current feedback control when K=1.5Lcωre. 

By setting the same ratio of kii/kpi =10, the root loci are 
plotted in Fig. 10 for different capacitor current feedback gain 
K. It can be seen that with the increasement of K, the open-loop 
complex-conjugate poles are moving away from the imaginary 
axis, which will lead to different root loci of the system for 
closed-loop poles. 

 
Fig. 10. Root loci plots for electrical system with different capacitor current 
feedback gain K by keeping kii/kpi =10. 

B. Active damping for JKJ Mechanical System 

To move into the mechanical domain, equation (5) can be 
rewritten as 

2 2

1
( ) ( ) .sh

sh em
m rm

K
T s T s

J s 
  


                     (12) 

Fig. 11 illustrates the control block diagram of an induction 
machine under the speed control mode. ωm_ref is the reference 
machine speed, kpω is the proportional control gain and kiω is the 
integral control gain. To avoid unnecessary complications, the 
dynamics of the motor drive inner-loop current controls are 
neglected such that Tem is equal to its reference and the inner 
torque (current) closed-loop transfer function can be treated as 
unity. This simplification is reasonable since the inner-loop 
control bandwidth is much larger than the outer loop (speed 
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regulation). Based on Fig. 11, the transfer function from the 
electromagnetic torque to machine speed is derived as 
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Fig. 11. Control block diagram of the induction machine with two masses. 
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The system open-loop transfer function is given by 
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      (14) 

Fig. 12 shows the root locus plot of Gom1(s) with a particular 
ratio of kpω and kiω. Although the system is stable, the damping 
ratio of the conjugated poles is always less than unity no matter 
how the speed PI controller open-loop pole is placed. The result 
of mechanical system root-locus plot is similar to the electrical 
system shown in Fig. 7. 
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Fig. 12. Root locus plot of mechanical system with Jm=0.2 kg·m2, Jl = 0.1 kg·m2, 
and Ksh=500 N·m/rad. 
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Fig. 13. Active damping schemes for mechanical systems. (a). Speed difference 
feedback. (b). Shaft torque derivative feedback. 

To increase the damping ratio, the speed difference feedback 
or the shaft torque derivative feedback can be applied, as shown 
in Fig. 13(a) and Fig. 13(b), respectively. The transfer function 
from the machine reference torque to shaft torque can be 
derived as 
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Compared with (12), the denominator in (16) includes an 
extra ‘s’ term, which dampens the mechanical resonance by the 
feedback gain K. The transfer function from machine reference 
torque to rotor speed is derived as 
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Based on this, the mechanical system open-loop transfer 
function is given by 
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Fig. 14 shows the root locus with active damping controls. It 
is observed that the maximum damping ratio of the conjugated 
poles can be adjusted greater than unity, just like the scenario 
of the electrical LCL system with active damping control. 

It should be mentioned that in some applications the machine 
is operated in the torque control mode without an outer speed 
loop. In that case, the electromagnetic torque reference is 
provided to the motor control system, and the same active 
damping control using the speed difference or the shaft torque 
derivative feedback can still be used. 
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Fig. 14. Root locus of speed difference feedback control when K=1.5Jmωrm. 

C. Unified Active Damping Control for Electrical and 
Mechanical System 

Comparing (10) and (17), it can be found that the third order 
control plants for electrical and mechanical systems were 
modified, where the complex-conjugate open-loop poles were 
moved away from the imaginary axis with a damping term. 
From the control perspective, as long as control plant state-
space equations are the same, the active damping control 
structures, feedback parameters, open and closed-loop transfer 
functions are also the same. Therefore, the active damping 
algorithms used in an electrical LCL-based system can be 
applied to the mechanical system and vice versa. 

Note that this paper uses two examples to demonstrate the 
high similarity between the two systems. Other existing control 
methods such as active damping control using a notch filter are 
not covered in the analysis of this paper but could have the same 
high degree of similarity between the two systems. 
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IV. DIFFERENT CHARACTERISTICS FOR ELECTRICAL AND 

MECHANICAL ACTIVE DAMPING CONTROL 

It should be noted that the resonance frequency of electrical 
LCL system is much higher than the mechanical JKJ system. 
The digital control delay effect caused by the sampling and 
modulation process for LCL system has considerable impact on 
system stability [5]–[7] which will be analyzed below. The 
delay impact for mechanical JKJ system is ignorable since the 
mechanical resonance frequency is relatively low. However, to 
damp the mechanical resonance, the electromagnetic torque 
will have overshoots and maybe oscillations, which will be 
calculated quantitatively in the following section. 

A. Digital Control System Analysis for Electrical Active 
Damping 

The active damping scheme using capacitor current feedback 
with the control plant in the continuous s domain and discrete z 
domain is illustrated in Fig. 15. The transfer function Gh(s) for 
zero-order hold (ZOH) is expressed as  

1
( ) .

Ts

h

e
G s

s


                               (19) 

In order to analyze the control system in discrete z-domain, 
the Z transformation for control plants Gic(s) and Gif(s) with 
ZOH should be applied. The transfer function for Gic(s) and 
Gif(s) in the continuous s domain are expressed as 

2

2 2

2 2

1( ) 1
( )

( )
.

( ) 1
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( )

f gc
ic

c g c f re

f
if

c c re

C L si s
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          (20) 

Through the ZOH Z transformation, the transfer functions for 
control plant Gic(z) and Gif (z) can be derived as below, 

2

( ) [ ( ) ( )]

sin( )1 ( 1)
.

( ) ( 1) ( ) 2 cos( ) 1

ic h ic

g re

c g c c g re re
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2

sin( ) 1
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2 cos( ) 1
re

if ZOH if
c re re

T z
G z Z G s G s

L z z T


 


   

  
(22) 

The overall control block diagram for electrical system in the 
discrete z domain is shown in Fig. 16. 

+

icref (z)
Gpi(z) z–1

–

+

K Gif (z)

Gic(z)
ic(z)

–

if (z)
 

Fig. 16. Active damping schemes for electrical system in discrete z domain. 

The control plant transfer function for the discretized system 
can be derived as shown in (23). The electrical system open 
loop transfer function Goe(z) is the multiplication of transfer 
functions of PI controller Gpi(z) and system plant Gp(z). The PI 
controller doesn’t have any pole located outside the unit circle. 
Therefore, the number of poles located outside the unit circle 
for Goe(z) is determined by the characteristic equation below, 

2 sin( )
( 2 cos( ) 1) ( 1) 0.re

re
re c

K T
z z T z z

L







           (24)   

Use the transformation z=(1+w)/(1-w) to map the unit circle 
of z-domain to the imaginary axis of w-domain, then apply 
Routh stability criterion. By doing this, it can be derived that if 
the capacitor current feedback current feedback gain K meets 
the requirement in (25), there are two sign changes for the first 
column of Routh array indicating two poles on the right plane. 
Otherwise, there is no pole located on the right plane. Klim is 
calculated to be 31.503 based on the parameters in Table III. 

lim

2cos( ) 1

sin( )
re

re c
re

T
K K L

T







                  (25) 

 

TABLE III 

ELECTRICAL SYSTEM PARAMETER VALUES 

Parameters Descriptions Values 

Vdc DC-link voltage 200 V  

Vg Grid voltage magnitude 75 V 

fg Grid frequency 50 Hz 

Lc Converter-side inductance 2 mH 

Lg Grid-side inductance 1 mH 

Cf Filter capacitance 15 μF  

kpi Proportional gain 2.5  

kii Integral gain 25 

fsw Switching frequency 20 kHz 

K Capacitor current feedback gain 10 

+
–

vc

ic

– if

vf+
–

+

igvg
+

icref (z)

sLc

1
sCf

1
sLg

1Gpi(z)

K

– –

+
z–1 Gh(s)

vref (z)

 
Fig. 15. Active damping schemes for electrical system using capacitor current feedback in the mixed s- and z- domain. 
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If K<Klim, choose K=10 as an example, the Nyquist diagrams 
are plotted in Fig. 17 when the PI controller gains were changed 
while the ratio of kii/kpi =10 was kept constant. The number of 
the right plane poles of the open-loop transfer function is 0. For 
kpi=2.5, 10, 20, the number of counter clockwise encirclements 
of (–1, j0) point is also 0, so the system is stable according to 
Nyquist Stability Criterion. The system will become unstable 
when kpi was further increased. For kpi=40, the number of 
clockwise encirclements of (–1, j0) point is 2, which means the 
system is unstable and there are two right plane closed-loop 
poles. 

 
Fig. 17. System open-loop Nyquist diagrams when K=10 for different PI 
controller gain with constant ratio of kii/kpi=10. 
 

If K>Klim, choose K=35 as an example, the Nyquist diagrams 
are plotted in Fig. 18 when the PI controller gains were changed 
while the ratio of kii/kpi =10 was kept constant. The number of 
the right plane poles of the open-loop transfer function is 2. For 
any kpi value, the number of counterclockwise encirclements of 
(–1, j0) point is 0, which doesn’t satisfy the Nyquist Stability 
Criterion and the system is unstable.  

 
Fig. 18. System open-loop Nyquist diagrams when K=35 for different PI 
controller gain with constant ratio of kii/kpi=10. 
 

Without capacitor current feedback, the parameter sensitivity 
analysis for different PI controller gains was performed by 
plotting various step responses for the closed-loop electrical 
system as shown in Fig. 19 and Fig. 20. There is a tradeoff 
between the system overshoot and the control bandwidth. The 
parameters kpi =2.5, kii =25 are selected in this paper which will 
cause a small overshoot as seen from the plot. 

 By fixing the ratio of kii/kpi =10, the root loci in discrete 
domain are plotted in Fig. 21. It can be seen that when K=30, 
the complex-conjugate poles are very close to the unit circle and 
it will easily become unstable with very small gain kpi=1.73. 

 

Fig. 19. Step responses for the closed-loop electrical system with increasement 
of kpi (kii/kpi =10, K=0). 

 
 

 

Fig. 20. Step responses for the closed-loop electrical system with different ratios 
of kii/kpi (kpi=2.5, K=0). 

 

 
Fig. 21. Root loci plots for electrical system in discrete domain with different 
capacitor current feedback gain K (kii/kpi =10). 

By setting the parameters kpi =2.5, kii =25, the closed-loop 
electrical system pole-zero maps and step responses are plotted 
for different K values as shown in Fig. 22 and Fig. 23 
respectively. It can be seen that when K was increased from 0 
to 10, the damping ratio for complex-conjugate closed-loop 
poles was increased from 0.017 to 0.201. The knee point is 
around K=10 since when K was increased from 10 to 25, the 
damping ratio was decreased from 0.201 to 0.0506. When K=30, 
the system became unstable as two closed-loop system poles 
are moving outside the unit circle. 
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Fig. 22. Closed-loop electrical system pole-zero maps with increasement of K 
(kpi =2.5, kii =25). 

 
Fig. 23. Step response for closed-loop electrical system with different capacitor 
current feedback gain K (kpi =2.5, kii=25). 

It should be noted that the similar parameter sensitivity 
analysis can also be performed for the mechanical system, 
which will not be elaborated due to the page limit. 

B. Calculation of Electromagnetic Torque Overshoot 
When Applying Mechanical Active Damping  

The essence behind the mechanical damping is to change the 
electromagnetic torque fast enough to suppress the shaft torque 
oscillation. It is to sacrifice electromagnetic torque overshoot/ 
stator over current to save the mechanical drivetrain lifetime. It 
is reasonable to do so as mechanical component maintenance is 
normally much more difficult than electrical one, for example 
the marine thruster drivetrain underwater or dry dock 
maintenance. The short time overcurrent is acceptable for 
electrical machines, but the inverter needs to be designed 
carefully to handle this. 

It can be seen from Fig. 5 that the shaft torque Tsh is 
determined by the electromagnetic torque Tem and load torque 
Tl, the transfer function relationship among them can be derived 
below using the superposition principle. 

2 2 2 2

1 1
( ) ( ) ( ).sh sh

sh em l
m lrm rm

K K
T s T s T s

J Js s 
   

 
    (26) 

After implementing the active damping control algorithm as 

shown in Fig. 13, the electromagnetic torque can be expressed 
below by substituting (26) into (15). 

2 2

2 2 2 2

1
( ) ( ) ( )rm

em ref l
l

rm rm
m m

s sK
T s T s T s

K KJs s s s
J J



 


    

     

                 (27) 

Define damping coefficient ζ and damped natural frequency 
ωd as below  

2 2 22 , (1 ) .rm d rm
m

K

J
                 (28) 

Equation (27) can be rewritten as 
2 2

2 2
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           (29) 

The transient response of Tem is not only determined by the 
response of Tref, but also superimposed by the second part of 
(29). The transfer function from load torque to reference torque 
can be derived as shown in (30) based on the control block 
diagram in Fig. 13. When the active damping control is enabled, 
additional electromagnetic torque Tem_ad overshoot/undershoot 
and oscillations are introduced, which can be calculated and 
analyzed below. 

_ 2 2

2
( ) ( ).

( )
m rm d

em ad l
l d rm d

J s
T s T s

J s
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( ) .l
l

T
T s

s


                               (32) 

Based on the Laplace inverse transformation, the time-
domain expression of additional electromagnetic torque can be 
derived in (33) 

_ ( ) 2 sin( ).rm tm rm
em ad l d

l d

J
T t T e t

J





           (33) 

If the damping coefficient ζ is designed to be unity to achieve 
critical damping, the time-domain additional electromagnetic 
torque equation is expressed in (34). 

_ ( ) 2 .rm tm
em ad l rm

l

J
T t T e t

J
                   (34) 

Considering the extreme case, when the machine is 100% 
loaded in steady state, the electromagnetic torque, shaft torque 
and load torque are the same and equal to the machine rated 
torque Trate. Suddenly, the load torque is reduced to be 0 (for 
example, the marine propeller blades lift out of water in a high 
sea heavy weather condition during vessel operation) and ΔTl 

equals to –Trate, active damping control is enabled, otherwise 
the system will suffer from severe shaft torque torsional 
vibrations. By setting derivative of Tem_ad in (33) and (34) with 
respect to ‘t’ to be zero, the peak value of Tem_ad and 

_________________________________________________________________________________________________________________________________    
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corresponding time ‘tp’ can be figured out.  
1 2

2

sin ( 1 )

1
_ 2 (0 1).m

pem ad l
l

J
T T e

J




 

 
 

        (35) 
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sin ( 1 )1
(0 1).

1
p

rm

t



 

 
   


       (36) 

The time-domain response of the additional electromagnetic 
torque is plotted in Fig. 24 at different damping coefficients. It 
is found that the larger the damping coefficient ζ, the higher the 
peak value of Tem_ad. When the damping coefficient ζ=1, peak 
value of Tem_ad reaches its maximum limit at t=1/ωrm as 
described below. 

_ max

2
( 1).m

pem ad l
l

J
T T

e J
                (37) 

The peak torque value contributed by the second part of (29) 
was reached in a very short time duration while the first part 
torque was decreasing relatively slowly in speed control mode 
as shown in Fig. 25 during a unity load step decrease event. The 
torque responses in Fig. 25 are based on the parameters in Table 
IV. The full electromagnetic torque response is the summation 
of the first and the second part responses, whose peak value is 
close to but smaller than the original torque plus the peak of 
Tem_ad. If the machine is operating in torque control mode, the 
electromagnetic torque peak value equals the original torque 
plus the peak value of Tem_ad considering constant torque 
reference. 

It can be seen from (37) that the maximum value of Tem_ad is 
determined by the machine rotor to mechanical load inertia ratio 
Jm/Jl. Substituting ΔTl = –Trate into (37) and add the original 
electromagnetic torque Trate, the total electromagnetic torque 
can reach (1+(2/e)×Jm/Jl) times rated torque Trate when unity 
active damping control is implemented. If the inertia ratio Jm/Jl 
is 1, the electromagnetic torque will reach 173.6% of rated 
torque; if the inertia ratio is larger than 1, for example Jm/Jl =2, 
the electromagnetic torque could reach 247.2% of rated torque. 
Therefore, there is a tradeoff between torsional vibration active 

TABLE IV 

MECHANICAL SYSTEM PARAMETER VALUES 

Parameters Descriptions Values 

Vdc DC-link voltage 700 V  
PN Power rating 15 kW 
Rs Stator resistance 0.22 Ω 
Rr Rotor resistance 0.28 Ω 
Lls Stator leakage inductance 2.8 mH 
Llr Rotor leakage inductance 3.7 mH 
Lm Magnetizing inductance 82 mH 
fg Grid frequency 50 Hz 
P Pole pairs 2 
Jm Rotor inertia 0.2 kg·m2 
Jl Load inertia 0.1 kg·m2 

Ksh Shaft stiffness 500 N·m/rad 
λr_ref Rotor flux reference 0.95 Wb 
kpω Proportional gain (speed ctrl.) 5  
kiω Integral gain (speed ctrl.) 30 
fsw Switching frequency 20 kHz 
K Speed difference feedback gain 15 

X axis: Time (s)

A
dditional torque response

ζ=1
ζ=0.8
ζ=0.6

ζ=0.2
ζ=0.4

1/e

tp=1/ωrm

Y axis multiplied by 2ΔTlJm/Jl

 
Fig. 24. Additional electromagnetic torque response at damping coefficients ζ. 

Full Response

2nd part Response

1st part Response

E
lectrom

agnetic torque 
step response (p.u)

X axis: Time (s)

ΔT

 
Fig. 25. Electromagnetic torque transient response during a unity load step 
decrease in speed control mode. 

damping control performance and inverter current rating. It 
should be noted that the overcurrent time duration is determined 
by the mechanical resonance frequency ωrm and the damping 
coefficient ζ, so the inverter shall be designed properly to ensure 
its device junction temperature should not exceed its operation 
range during this transient process. Quantitative analysis in this 
section can be utilized as a guidance to evaluate conduction/ 
switching losses and junction temperature rise for inverter 
power semiconductor selection and cooling system design. The 
inverter can perform full active damping control with a large 
damping coefficient under light or medium load condition 
while the damping coefficient can be decreased under heavy 
load condition to keep the inverter current within a safety range. 

V. EXPERIMENTAL RESULTS 

A. LCL Electrical System 

To verify the theoretical findings and the effectiveness of 
LCL active damping, experiments were conducted using the 
hardware prototype shown in Fig. 26. The electrical system 
parameter values are listed in Table III. 

 

Fig. 26. Photo of the hardware setup of the LCL-filtered voltage source inverter. 

Fig. 27 and Fig. 28 respectively illustrate the grid-side and 
converter-side current waveforms when K=0. It should be noted 
that the q-axis reference current is set as 0 A. It can also be set 
to ω0Cf vg in order to achieve unity power factor operation [2]. 
The d-axis reference current is commanded to have a 2–4 A step 
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increase. Due to inadequate damping of the LCL resonance, 
some high-frequency current oscillations are identified in Fig. 
27 and Fig. 28.  

As a contrast, Fig. 29 and Fig. 30 show the grid-side current 
and converter-side current waveforms when capacitor currents 
are utilized as additional feedbacks (K=10). The dynamic 
performance and stability is improved with the high-frequency 
current oscillations being effectively damped. 

 
Fig. 27. Measured grid-side current waveforms after a disturbance (K=0). 

 

Fig. 28. Measured converter-side current waveforms after a disturbance (K=0). 

 
Fig. 29. Measured grid-side current waveforms after a disturbance (K=10). 

B. JKJ Mechanical System 

Next, a two-mass inverter-driven motor was constructed and 
tested through hardware-in-loop (HIL) platform. Fig. 31 shows 
the photo of the testing platform. On one hand, the mechanical 
plant was established within a PLECS RT-box with a discrete-
time step of 2 μs. The plant model contains an induction motor, 
a shaft, a load mass, two speed sensors, and a load torque. On 
the other hand, the controller was implemented through a digital 
processor (TI Launchpad) with a sampling time of 50 μs. 

 
Fig. 30. Measured converter-side current waveforms after a disturbance (K=10). 

 
Fig. 31. HIL Platform photo of the mechanical system. 

The well-known rotor flux field-oriented control (RFOC) is 
implemented in this paper to independently control the flux-
producing current and torque-producing current [33]‒[34]. To 
be more specific, the d-axis current is controlled to maintain the 
desired rotor flux λr_ref and the q-axis current is controlled to 
achieve the expected electromagnetic torque reference.  

To actively damp the torsional vibrations, the speed 
difference is utilized as feedback and the principle behind has 
already been demonstrated in Fig. 13(a). Notice that the shaft 
torque derivative feedback in Fig. 13(b) can also achieve an 
equivalent effect. All the system and control parameters are 
extensively provided in Table III.  

Fig. 32 displays the HIL results without the active damping. 
The speed of the induction motor is regulated to be1200 rpm to 
maintain the normal operation. Disturbances are created by 
increasing the load torque from 0 N·m to 30 N·m when t = t1 
and decreasing the load torque from 30 N·m to 0 N·m when t = 
t2. It can be observed that the motor speed and load speed suffer 
from oscillations during the transient stage. In addition to this, 
the torsional vibrations are much severe for the shaft torque Tsh, 
which would greatly compromise the lifetime of a mechanical 
system.  

 

Fig. 32. HIL test results without the active damping control.  
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 ωm [50 rpm/div]1200 rpm

Tem [20N·m/div]

Tsh [20N·m/div]

t1 t2

Time [0.2 s/div]

ωm–ωl [50 rpm/div]

Tem overshoot

Tem undershoot

 

Fig. 33. HIL test results with the active damping control. (K=15) 

In comparison, Fig. 33 shows the HIL test results using the 
active damping, i.e., speed difference feedback control. It is 
clearly observed that the motor angular speed ωm as well as the 
load mass speed ωl can smoothly transit to the new equilibrium 
points after the step load torque change. In the meantime, 
torsional vibrations are effectively mitigated so that the shaft 
torque Tsh is free from low-frequency oscillation. A comparison 
between Fig. 32 and Fig. 33 implies that torsional vibrations 
may not be effectively addressed by the speed control loop, but 
can be well suppressed if the active damping term, like the 
speed difference feedback and shaft torque derivative feedback, 
is incorporated into the outer-loop of the motor drive controller. 
Based on the parameters in Table IV, and damping coefficient ζ 
is calculated to be 0.433. Substitute ζ into (35), the peak value 
of Tem_ad is calculated to be 30.3N.m. The measured 
electromagnetic torque Tem peak value is 30N.m+25.2N.m 
=55.2N.m during the load step decrease event. The additional 
25.2N.m electromagnetic torque is mainly contributed by fast 
increasing of Tem_ad  but also affected by the slow decreasing of 
Tref as analyzed in section IV. 

VI. CONCLUSION 

This paper analyzes and derives the mathematical models of 
the electrical LCL system and the mechanical JKJ system. It is 
revealed that the variables in the electrical system can be linked 
with the variables in the mechanical system through one-to-one 
mappings. This theoretical finding implies that the plant models, 
open- and closed-loop transfer functions, and active damping 
schemes are fundamentally the same for both the electrical and 
mechanical systems.  Two examples namely capacitor current 
feedback based active damping for LCL system and speed 
difference based active damping for JKJ system are 
investigated to verify the findings. Due to the high similarity, it 
is envisioned that the active damping algorithms in the 
electrical or mechanical field can be unified and mutually 
shared. Researchers working in either electrical or mechanical 
area are encouraged to review achievements in both areas to 
have wider scope of prior-arts in mind and avoid reinventing 
the wheel before trying to explore new control algorithms in 
future. Another finding to highlight is the substantial 
electromagnetic torque overshoot was introduced when 
performing torsional vibration suppression control during step 
load decrease event.  The electromagnetic torque overshoot 
peak value was also calculated at various damping coefficients 
to determine inverter current rating requirement and guide 
inverter design.  
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