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Nonrecursive Control for
Formation-Containment of HFV Swarms With
Dynamic Event-Triggered Communication

Maolong Lv “, Bart De Schutter

Abstract—This article proposes an output-feedback con-
trol protocol for hypersonic flight vehicle (HFV) swarms
considering dynamic event-triggered communication. The
peculiarities of the proposed method over existing ones
consist in the following: 1) While carrying out scheduled
maneuvers, the outputs of follower HFVs converge inside
the convex hull spanned by leader HFVs whose task is
to maintain a geometric space configuration; 2) a simple
nonrecursive output-feedback design is established with-
out involving any intermediate control laws or requiring
full-state information; 3) an error-dependent monotonically
decreasing exponential term is incorporated into the dy-
namic event-triggered threshold to reduce the communi-
cation bandwidth while preserving the desired track per-
formance and excluding Zeno behavior. Comparative sim-
ulation results validate the effectiveness of the proposed
methodology.

Index Terms—Event-triggered communication, forma-
tion-containment control, hypersonic flight vehicles (HFVs).

[. INTRODUCTION

VER the past decades, several studies have been car-
O ried out on hypersonic flight vehicles (HFVs) [1], [2]
and formations of HFVs [3]-[5]. Sliding mode control [6],
[71, backstepping [8]-[10], dynamic surface control [11], and
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command-filtered backstepping [12] have been proved to handle
various model uncertainties in HFVs. On the other hand, these
methods require a recursive design procedure that inevitably
suffers from repeated differentiation of intermediate control laws
and a heavy computational burden [13]. Besides, the aforemen-
tioned methods [6]-[12] are solely suited for a single HFV and
fail to realize more complex flight missions such as formation
control, containment control, and their combinations [14]-[18].

Cooperative control protocols proposed in the literature [3]—
[5], [14]-[18] rely on continuous or periodic information ex-
change among HFVs. To be precise, the entire state information
of each HFV must be broadcast to neighboring HFVs. This
inevitably poses high pressure on network resources and the
limited communication bandwidth, especially when the number
of HFVs grows [19]. Event-triggered communication has been
proposed to handle such issues, in the sense that information
transmission among multiple vehicles occurs only when some
error-dependent function exceeds a certain threshold [20]-[27].
Again, the aforesaid approaches either adopt a recursive design
procedure or rely on full-state information, which is unrealistic
for HF Vs due to the complicated plant characteristics and drastic
variation of flight conditions in hypersonic flight [1], [7]. In the
absence of full-state information, although observers have been
proposed in [28] and [29], it is a crucial and still unexplored
topic to make the observer convergence rate independent on the
initial conditions of HFVs and to embed this convergence notion
in event-triggered formation control for HFV swarms.

Motivated by above discussions, the main contributions of
this article are threefold.

1) Unlike the protocols designed for single-leader HFV
swarms [3]-[5], a formation-containment control proto-
col is developed for HFV swarms with multiple leader
HFVs such that the follower HFV's converge to the convex
hull spanned by leader HFVs, while the leader HFVs
maintain a geometric space configuration.

2) Different from recursive design methods [6]-[12], we
propose a nonrecursive output-feedback design frame-
work for HFVs which does not involve any intermediate
control laws. This is achieved by showing that the HFV
dynamics can be written in a special cascaded form.

3) Compared with the existing event-triggered mecha-
nisms [20]-[27], a new error-dependent monotonically
decreasing exponential term is delicately embedded into

1551-3203 © 2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.
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the dynamic triggering threshold for the purpose of
reducing the frequency of data transmission among
HFVs, while guaranteeing desired tracking accuracy and
excluding Zeno behavior.

Notations: Throughout this article, R and NT stand for the
sets of real numbers and positive integers, respectively, ® is
the Kronecker product, f(!)(t) denotes the i-order derivative
of a function f(t), I, is the identity matrix in the space
R™ ™ 01, stands for a 1 X n zero matrix, lp denotes the
p x 1 vector of all ones, for a vector A = [A;,..., An]T,
[A]' =[|A|'sgn(Ay),...,|Ax|'sgn(AN)]", ||A|| denotes the
Euclidean norm, and for a matrix @, @ > 0 denotes that @ is
a positive definite matrix, and oin(Q) and opax(Q) are the
minimum and maximum eigenvalues of @, respectively.

[l. VEHICLE MODEL AND PROBLEM FORMULATION
A. Hypersonic Flight Vehicle Dynamics

Consider a HFV swarm system composed of N followers
and M leaders. Similar to [30], the longitudinal dynamics of
the ith HFV are described by a set of differential equations for
rigid-body states [h;, i, o, ¢i, T, V;] | and flexible states n; =
(60,715 -+ s Wi Mim) T € N

L;+T;sina;  g;cos~y;

hi = Visiny;, 4 =

m;V; Vi
. Lz + CTZ sin (67} g; COS7y; ]\/[z
Q; = (5 — ) = )
i = i miVi i qi Iiyy
. T; cosa; — D;
;= Vicosy;, Vi=———"—— —gisiny,
m;

Tig = —2C,jWij7Mi,5 — Wijm,j +Nij, j=1,...,n (1)

for i€ F\JL, where FF={1,2,...,N} and L={N +
1,...,N + M} represent the follower and leader sets, respec-
tively; h; and z; are the vertical position (altitude) and the
forward position with respect to the z- and z- directions of the
earth-fixed reference frame; ~;, «v;, q;, and V; are the flight path
angle, angle of attack, pitch rate, and velocity; n; denotes the am-
plitude of the ¢th bending mode of the fuselage, which is modeled
as a single flexible structure with mass-normalized mode shapes;
mi, IV, g, i ;j, and w; j represent the vehicle mass, moment
of inertia, gravitational acceleration, damping ratio, and flexible
mode frequency; NV; ;, L;, D;, T;, and M; denote the generalized
elastic forces, lift, drag, thrust, and pitching moment, given as
follows:

L=
D; =

q_ZSZC1L (%75?,55,771'),
q_zS'LC1D (ai75?ﬂ5§7ni)7

T; = qiS; [CiT’CD (i) @i + CF () + CiT’mTh: ;

M; = 2]'T; + §SiciCM (65,65, m,)
— 043 2 a; 55 ce 8 s
Nij= @;S; {Ni,j%‘ + N;ja; + N, 507 + N, 50;

1/7

Command Input Actual Input
S5¢ 2 | 9,
e t/f [2) t/f e
“ 2w, 1 1
/ +x 12w, |—/ - s K
Magnitude Limiter Rate Limiter

Fig. 1. and rate con-

straints.

Filter that generates magnitude, bandwidth,

where q;, S;, zzT , and ¢; denote the dynamic pressure, reference
area, thrust moment arm, and reference length. The control
inputs of the HFV are ®;, 67, and 67, representing the fuel
equivalence ratio, deflection of the elevator, and deflection of
the canard. The coefficient of the functions in (2) are modeled
via curve-fitting as [11]

3 3
T T,k 1 T.0 ~T,® T,®,0k T,8,0
C; :E C; o+ 0, G :E:Oi tap +CTT
k=1 k=1

2
Mok M,6¢ M, 6¢ 1,
cM =S oMtk oM s oM s oM v oMy,
k=1
) 0¢ 0 ;
Cl =Cf™ai + O 6p + 070 6¢ + CF O™,

D,a? D,a; D,6¢? D,s¢
CP =07 a2 + CP a4+ C % 652 4+ ;% 58

c2 c
+ 0% e 4 0P + POy oP My,

i i, MNi,n .
cm =[C10,...,C5" 0], j =T, M,L,D,
NT: = [NZ;",O,...,NZ;’",O},l:l,...7n. 3)

To cancel the lift-elevator coupling, d is ganged with 67, i.e.,
58 =kS°5e, ko° = —C% /% [29]. Thus, the control inputs
become ¢, and J5. The deflection of the elevator &5 is adjusted
through the electric actuator. The electric actuator dynamics can
be well approximated as the following second-order dynamics
for control system design [11]:

08 = —2Cwndf — w2E 4+ w2de© 4)

where wy, is the undamped natural frequency and ( is the damp-
ing ratio. Further, considering practical magnitude, bandwidth,
and rate constraints, the input signal d; is eventually obtained by
the command Jf’c filtered through a linear, stable, and low-pass
command filter (as shown in Fig. 1). Similarly, the input signal
®; is obtained by the command @5 filtered through a command
filter similar to that in Fig. 1.

B. Model Decomposition

The longitudinal dynamics (1) can be divided into vertical
dynamics [h;, 7, @i, q;]" and forward dynamics [z;,Vi]". In
addition, the following approximations are standard in the liter-
ature: The flight path angle ~; is small during the cruise phase
so that sin~y; ~ ; [29]; the angle of attack «; is sufficiently
small so that the term 7} sin «; is far smaller than the lift L; and
can be neglected [11]. Accordingly, the vertical dynamics can
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be rewritten as
hi = Viyi + di,

Vi = @Zz(fi,z +8i20i) +dio,
& = 0/5(Fi5 +9:3¢) + dis,
Gi = 914(.12‘,4 +G;465) +dia
e

m; i
Si L0 T S;

miicl 71] 5 914_ Iyy [Czc
TCT@&%

QCMQ )’

(&)

Si ~L,0 T
S0k
M, 5

Si L,a;
where ©;, = | s @3 =1, 2-C,
_ M,é T,®,03
ik?CCZ‘ i ch_ i

3
T~
2z C;

)

TA~AT, P, T T,9,0 T T,a2
z; C; z; C; (2 C; 7'+

(FCl + a0 )T,

) )

(FClo 4 aoMo,

I ]
gin = [{177 ' g3 =11, 01x31T, 9ia = |Ti> @ O1xs]
f12 [0 qv 797 OS’YZ] ’ fi,S:%[Oafaiafla%cosfyi]-r’
and .fz,4 - Q1[01X27a1¢ia OQZ(I)% ai(bia (bi,(lg,&,%, (078 I]T

The lumped disturbances d;;, j=1,...,4 brought by
external disturbances such as gust, turbulence, and atmospheric
disturbances, as well as structural flexibility from the aerother-
moelastic effects, can be expressed as d;; = A; 1, dip =

@i Si ~Lm; G Si M
LCTn + Nip, diz = ,%VC n; + Ais,

2q:S; Tm; qiSiCi sThi 1
dig = ZLIZy C; My + L CM M+ Niay with Ay,
j =1,...,4 representing the external disturbances in vertical
dynamics. The forward dynamics can be rewritten as

x; = Vicosy; +d; s,
Vi = QZG(fiﬁ +9i6®i) +dig

and

(6)

T,8,03 ~T,8;,02 ~T,®,0; ~T,8,0 T,a3
where ©;6 = 21[C;" ,cl N N O N S

T.a? AT T,0 D, D, 5> 2 D6
¢l ol of e o L (o N e ),
D,s5 e,c D 0 m;1T 3 2
(Ci + ki C’L )7 Ci ’ 57:} s> gi5 = g; cos al[ai y O
~ 3 2
ai, 1,01410] " andfl 5= i[ 0114, ;jCOS vy, (v COS v, € COS @,
cos a;,— a2, —a 5‘32 —68,—1, —g—’ sm%] . The lumped
: Tmn;
disturbances are d, s =A;s and d2 6= "" c; Mg, cos a; —

qls C, Dim; n; + A6 with A; 5 and A ¢ denotlng the external
dlsturbances in forward dynamics.

C. Basic Graph Theory

The information transmission among HFVs is represented
by a directed graph G = (V, &), where V = {1,...,N + M}
denotes the set of vertices corresponding to N fol-
lower HFVs and M leader HFVs. The connectivity ma-
trix A = [a;;] € RNVFMXNFM) - in_degree matrix D =
diag[D;] € RIWHM)*(N+M) T aplacian matrix £ = D — A =
£ £ 1, and set of neighbors for the ith HFV \V; are defined

OrrxN Onrsnd?
similarly to [17], where £; € R™V*¥ is the matrix related to the

information flow among N follower HFVs and £, € RV*M
is the matrix associated with the information flow from leader
HFVs to follower HFVs. The information transmission among
N follower HFVs is represented by the directed graph G =
(V4,&4) which is a subgraph of G with Laplacian matrix £
and a set of neighbors for the ith follower HFV N

To guarantee the connectivity of G, we assume that for each
follower HFV, there exists at least one leader HFV that has a path

to the follower HFV. Based on this, we can conclude that £ is
positive definite, each entry of —£, 'L, is nonnegative, and
each row sum of —Llf' L, is equal to one [17]. Let us group the
statesas hy = [hy, ..., hn] " by = [Antt, - hnen] ' @ =
[z1,...,on]|",and ; = [xN41,..., TN 2] . From [17], the
dynamic convex hull spanned by the leaders can be denoted
by —El_l Loh; and —[:1_1 Lrx;. Therefore, the formation-
containment errors of the vertical dynamics are defined as

Sv;=hiV 4Ll i=1,..4 (D

Similarly and iteratively, the formation-containment errors of
forward dynamics are defined as

(')‘f,fa:fl l)+L1£a}lz 1),1'*12 (8)

The following results will be used for subsequent stability
analysis.
Lemma 1 ([27]): Define the following vectors and matrices:

a=1lq.....an] = L;'1y,
P = diag{p;} = diag{1/q:}, €))
Q=PL, +L|P.

Then, it holds that P = PT > 0and Q = Q' > 0.

The goal is to design the nonrecursive event-triggered
formation-containment control protocol for 47 , and ®f such that
4 ; and 0 ; converge to zero, i.e., the follower outputs x¢ and h¢
converge to the convex hull spanned by the leader HF Vs, while
the leader HFV's maintain a geometric space configuration.

[Il. CONTROL DESIGN FOR VERTICAL DYNAMICS

This section first presents the error-filtered vertical dynamics,
based on which a fixed-time state observer will be devised to
estimate the unknown flight states ~;, «;, g;, and V;. Then, a
new event-triggered communication mechanism and formation-
containment control protocol will be designed.

A. Filtered Error Dynamics

By defining a new set of states {x; ;},j = 1,...,4, asystem
transformation is conducted to convert the vertical dynamics (5)
into the following Brunovsky form [8]:

Xit = hg, Xi2 = Xi1 = Vivi +di 1,
. aXzZ 8X12
i3 = Xi2 = hi
Xi,3 Xi2 = Oh, + 8%-
= Din+ Vi (0 1(Fint ginci) + di)
. 8X13 8Xz'§ aX13 .
i4= Xi3 = hi Vi
Xi 4 Xi3 = o, + O ¥i+ 8%

= i3+ Vi® 19,5 (0/5(fi5+9i3¢) +diz). (10)

Denoting X; ; = [Xi,1;-- -, Xia4] > we can rewrite (10) in the

following compact form:

Xia = AvXia + By (Via+ Gia(hi,vi, i, ¢)07°) - (11)
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0; I 0
Av = [03 033T]’ BV = [13]’ 191',4

aXTjai"_Vi@;r,ZgiQ@ZSgi,S(@iTA fiatdia)+Gia(05

T T T
and G; 4 = Vi@i,29i,2®i,39i,3®i,4 gi4-
Denote the relative state errors of the ith follower

dxi Oxi
where X4h+X“

i+
=57,

HFV as e¢; = Zke/\/,- @ik (Xi 1 = Xk,1)s - 76i,4:EkeM
aik(Xi4_Xk,4)- Define e\l, [61 ],...,eN,l]T: Lihs +
Loh, ..., i [61’4,...7€N4]T 1h§3) +£2hl(3)

Therefore, the error dynamics (11) can be rewritten as

el —eitl i=1,...,3, ;
e =L (Fv('vv) + Gy 0% + /L;‘Lzhl(“)) (12)
where  Gya=diag[Gia,...Gnal,  0°°=[67°,... 05",

I'v(vv) = [Fv)l(vwl), ey FV,N(UV7N)]T with Fv,i(vv,i) =
791‘74, Vy = ['U:/r,lv . ,’I)I’N]T, and Vy,i = [hi,’}/i, (67 qi]T.
Similarly to [11], we adopt a fuzzy logic system
(FLS) to approximate system uncertainties [y ;(vy ;)
as Iyi(vei) =W, Syi(vyi)+ e where W, and
Sy,i(vy,;), respectively, denote the ideal parameter vector and
the fuzzy basic function vector, and e, ; is the approximation
error satisfying |[e, ;| <€ ; with €}, being an unknown
constant. For subsequent design, let us define the following
sliding mode error:

= )»le}, + Aze%, + )»36?, + ei

Ny = [ tso o o]

where A, Ay, and A3 are design parameters, which are chosen
such that the polynomial 3 + A38% + Aas + Aq is Hurwitz. Let

ey =le),...,e) y|" and ey ;=le;1,...,€i4]". Then, we
have
€yl
=InN®N\) (13)
€v,N
where A = [A1, A2, A3, 1]. Taking the time derivative of n,, gives

L=, + L (Fv(vv) + Gy a0 + L;‘ﬁzhl(“)) (14)

where b, = A€ + hed +azet. Let E! =[el e2,€e}]

RN>*3, The time derivative of E! can be expressed as

[ 2

B, =E'H] +n,l, (15)

0 1 0
where H, = [ 0 0 I } € R¥3 and I, = [0,0,1]7. Note
—A1 —A2 —A3

that @, = ELXV with Ay = [A1,42,43] T € R3. Because H., is

Hurwitz, given any positive constant p, there exists a positive
definite matrix P, = P | > 0 such that

H) P, +P,H, =—pl;. (16)

Remark 1: The transformation (10) converts the vertical dy-

namics (5) into the normal dynamics (11), based on which

a nonrecursive output-feedback design framework can be
constructed.

B. Fixed-Time Observer Design

A fixed-time state observer is constructed to estimate the state

information x; = [X1.4, ..., Xn.i| ' as follows:
X1 =X —71lXi —xi 1P = ulXi — xi 17
)Aéz =X3—72[X1 — X117 — 2[X1 — x1]® (17
X3 =X — %0 — X117 = s[X - xi e,
Xo = —mX1 — X117 = ulX) — xi 1%
where X; = [X1.4,---,XN.i] |» X is the output vector that can
be measured, and the positive design parameters p;, > 1 and
q; < 1,1=1,...,4 satisfy the recurrent relations p; = ip; —
i+land g =iq —i+1,i=2,...,4, withp, € (1,1 4+¢,)
and ¢; € (1 — ¢4, 1) for sufficiently small positive constants ¢,
and ¢,. Furthermore, the observer gains 7; and ¢;,¢ = 1,...,4,
are selected such that the matrices
-1 1 00 - 100
o —T2 010 o —L 010
I'r = -3 0 0 1 T -3 0 0 1 (18)
-1 0 00 -4 0 00

are Hurwitz. Then, the following lemma holds.

Lemma 2: Consider the state observer (17). The observation
error vector x,; = X; — X; is bounded and converges to the
origin in fixed time, where an upper bound on the convergence
time is given by
M (P.) Jomax(Pr)

(1 - QI) mln(QL) (pl - l)fplil)\min(Qq—)

where 0 < £ < Apin(P;), and the symmetric positive-definite
matrices P, P,, Q ., and Q, satisfy the following relations:

A
Tmax =

P.T.+T7P,=-Q,, PT,+T/P, =-Q

L

where the matrices I' - and I', are defined in (18).
Proof: The proof of Lemma 2 is similar to [6, Theorem 2]
and is, thus, omitted for space limitations. |

C. Novel Event-Triggered Communication Mechanism

In the context of event-triggered communication, each fol-
lower HFV transmits its sliding mode error 7, to its neighbors
only when a prespecified event is triggered. Therefore, zero-
order holder is utilized to retain the sliding mode errors sampled
by the last event until the arrival of next. The latest broadcast
sliding mode error of the ith HFV is denoted as 7}y, ; (¢}, ), and the
latest received sliding mode error from the jth HFV i is denoted
as 7y, j (tk ), where i, j € F,j € N, t} ,and tij are event time

instants with k;, k; € NT. Note that the broadcast ﬁVl(t}cl)
remains constant in the time interval [t}, , ¢}, ). Forthe ith HFV,

the sampling error is defined as ﬁv’i( ) = nvﬂ_(t;‘%) (b,
Define a new triggering function as
th, o =inf {t € RT| 75 ;(t) > 0} (19)
where
TVHév,i(t)H +C\1, eXp(—elzl(t) _C(\),) )
Tl = ’ + [[evi(®)l]

’ T lvo—max(P)Umax(L:I)Jmax(‘c’#) + Ov

Authorized licensed use limited to: TU Delft Library. Downloaded on March 21,2023 at 09:54:09 UTC from IEEE Xplore. Restrictions apply.
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with &, ; = ey ;(t}, ) — ey,i(t), and where 7y, I, Oy, ¢}, and ¢}
are positive design parameters.

Remark 2: Existing results consider three sorts of event-
triggering mechanisms, i.e., fixed threshold [20, (13)], relative
threshold [20, (24)], and switching threshold [20, (28)] (cf,,
[21], [22], [25], and [27]). In (19), an error-dependent mono-
tonically decreasing exponential term ¢}, exp(—e; | (t) — ) has
been delicately embedded into the dynamic triggering threshold,
which can be considered a new typology of triggering mecha-
nism. The simulations will show that this mechanism not only
reduces the frequency of data transmission among HFVs but
also guarantees the desired tracking accuracy.

D. Formation-Containment Control Protocol Design

To stabilize the sliding mode error dynamics, the formation-
containment control law is constructed as

0%¢ = G;,14 (_kvﬁv - WISV(@V) - lva
) (20)
e D', )
where W, = [W LT WIN] T with W; being the es-
timate of W ;, Sy(0y) =[S ,(0v.1),-.., 8y n(vn)] T,
€ = [€1,...,6n] " with &, being the estimate of €, ;, ky
and [, are positive design parameters, and
yentar (M) = ()

[
I

S ey any (A () = (1))

Accordingly, the adaptation parameters are updated by

W,=TI" (Sv(f;v)ﬁjma1 - agvavv) : on
€, = I'S (D PR, —0e,)

where o and o¢ are positive o-modification parameters, I'y =
LY ®1I,, LY =diag[I'),..., V], I's = diag[I},..., 'y
with I'” and I'{ being positive design parameters.

Substituting (20) into (14), the dynamics of the sliding mode
error can be described by

ﬁv =L (_kvﬁv + WISV(,UV) - lva

- ~ (22)
~WS.(8,) = D' + &)+,
where €, = €, — €, with €, = [y 1,...,6,n] .

Remark 3: The proposed control law (20) comprises a lin-
ear term —k,7), and a nonlinear event-trigger term —[,=,.
The linear feedback protocol —k,7), contains all the infor-
mation from the neighbors of the ¢th follower HFV, which
is utilized to guide the follower HFVs toward the convex
hull formed by the leader HFVs. The nonlinear event-trigger
term —I[, =, is designed in such a way that the discrepancy
between current and desired configuration is reduced timely
and that formations can be achieved during the maneuvering
process.

IV. STABILITY ANALYSIS FOR VERTICAL DYNAMICS

Stability analysis and exclusion of Zeno behavior of the
proposed event-triggered control protocol will be presented in
this section.

A. Main Result

Theorem 1: Consider the closed-loop system composed of
the vertical dynamics (10) of HFV swarm system, by the event-
triggered communication mechanism (19), by the formation-
containment control protocol (20), and the adaptation laws (21).
Let the control gain k, satisfy

2 252 9?2 <2 )
he>—— =+ 424 (23)
Omin(Q) < 14 oy oy v
where
_ Umax(P)Umax(Al) o Umax<P)Umax<Al)gv
= - ) 19 - )
2 2
o Urrlax(P)Urnax(Al) Umax(Pv)
g = — T SITe 0 34, | - T,
o kvamin(Q) _ Umax(P)amax(Al)
¢=— SR A —C ree]

+ lvo'max(P)o'max(El )Urnax(ﬁ#) + Ty

Then, all signals in the resulting closed-loop system remain
semiglobally uniformly ultimately bounded, and the formation-
containment errors dy ; between the leader HFVs and the fol-
lower HFVs converge to an adjustable neighborhood of the
origin.

Proof: Consider the Lyapunov function candidate

1 T 1 1 1T
g, = 3 Pn, + Etr (E,P.E,")

1~ P T
+ 5t (Wire'w,)+seiri'e, 4

2 v

where W, = [W/\L, . ,f}[v/;N] 0 WIZ =W, - WII
Differentiating £, along (23) and (24) yields

_ by

2

— Il PLILA, —lm) PL Ly, +05€E,

v

SV('&V)) - ﬁIPAle

£ = n.Qn, — gtr (EvE, ") +ny PAD ',

“""IIP‘CIW\T (SV('UV) -
r ol PL, (kvﬁv + D;lfbv) + ol (VNVIVAVV)

+u(nd PEL) — 1. PAW S, (0,)

+ 0 PLW [ S, (by) + 71 PLE, (25)
where 7, = 1, (t}, ) — n,(t) is the event-triggered error vector.

According to the definition of FLS [11], there ex-
ist constants S, >0, & >0, and W, >0 such that
ISyl < Sy, |lev]| < &, and |[|[W|| < W,. It can be de-
rived from ||x;|| < X; (which is a result of Lemma 2)
that Hﬁv” <7 £ )\max(‘Cl)(}Vle + M Xo + A3 X5 + X4) and
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1o l] < % 2 Amax (£1) (M1 X2 4+ A2 X5 + A3 X,). Then, it fol-
lows from (19) that Iy 0max (P) 0max (£1) Omax (L£4)] €4 i ()| <
Tl|év.i(t)]] + ¢! exp(—c?) holds on [0,¢), which allows us to
rewrite (25) as

. k. ~ =
’SV < - jo'min(Q)nInvigtr (E\IIE‘I/ T) - Uéutr (WIWV)

— € L€+ 1Ny P (1 Omax (P) Omax (£1) O max (L) +7)

+||T]VHa_max(P)a-max(ﬁl)(Unun( )1/)+2W S +kv77)

+(H‘/Vv||Sv7_7+||Ev”ﬁ)amax(P)(011r1ax<-’41)+0max(‘cl))
+||"7vHlvgmax(P)Umax(‘Cl)UmaX(L-Oﬁ + ”WVHU\lIUWv
+n B lomax (Py)+[[€vllosey+ (0]l (7m +¢)

( )UrnaX(Al)

) E1 ||+ § Ay Omax
(B H e 1) A o (D))

H173 | Tmax (P)omax (AD (W | Se + [ ) (26)
where & = [[1[|v/Ney exp(—c)). Define X, = [[|n ]|, || LI,
[[Wll,|[€]]] " We can rewrite the derivative of £, as
L <-XTA X, +7]X 27)
o & U < I
§p/2 00 _ |0 _

where A, = J 0 ov 0 , Y, = o | L= Omax(P)
s 0 0 og

UIIlaX( )( mln(D )1/) + 2W S + ka]) 7—"_ ZVUIII'&X(P)

O—max(‘cl )Jmax(‘c ﬁ
(Umax(Al) + Jmax( )
(Umax(Al) + Umax(L:l ))

Note that the matrix A, is positive definite under condition
(27). Therefore, inequality (27) can be further expressed as

= O—z/UWV + Jnlax(P)

My + G =
)Sy = o3& + Nomax(P)

7, and A =

“+

i-\/v S_Omin(Av)||XvH2+HTv||||XV||' (28)

To continue, define Apyin = min{omi, (I'y 1) Omin (IS 71),
Umm(P) Umln(Pv)}» )‘mdx - max{ade(P) Umax(Pv)7
Omax(L'y 71), aIIlaX(FTl)}. Recalling the construction of
£, in (24), one obtains %)»minHXsz <g, < %kmaXHXVHZ.
Then, we further obtain the inequality £, < —8,£y + @yv/Ly.

Letting K = /£, it holds that
2KK < —B,K? + w, K. (29)

Multiplying 52~ exp(’B v¢) on both sides of inequality (29)

yields
(ron(39) <5 (3) oo

whose integral over [0, ) is

K(t) < K(0)exp (—%’t) - &exp (—%t) + 2
€2y

Substituting K = /£, into (31), one can finally get

w5 5 (4) - (4]

(32)

227

min

where 3y = 20 min(Ay)A,]

max HTVH From
(24) and (32), one can conclude that the error signals 7, E\l,,
f/‘v/v, and €, are bounded, which further implies that the sliding
mode error 77, will stay near the sliding surface, i.e., the relative
state error vectors e, ..., e¥ are bounded. Since e, = L4, ;,
i =1,...,4, the formation-containment errors are eventually

upper bounded by

and w, =

Cllenll
5., . ie{1,2,3,4 (33)
I Jmm< ) { }

which implies that all follower HFVs ultimately move into
the convex hull spanned by the leader HFVs with bounded
formation-containment errors. |

B. Exclusion of Zeno Behavior

By (20), the dynamics of the relative state error in (12)

can be described by ! =e2,...,é! = £, F,, where F, =
[‘FV7]7 cee 7]:V,N] T:_kVﬁv_lVEV_D;1¢V+WISV(UV)_
WIS, (9,)+¢€. Thus, it can be derived that the
inequality ||éy || < ||¥y]|||lev.|| + Fmax holds, where
JT'.max - Umax(Ll) max[t}ci7t;€i+l) |-Fv,i| and \Ilv - |:0 03 :| .
From the definition of é, ; under (19), we get

d . d [ el ey

T Evill = 77 i Ev,i = ! > v, 34

glleill = gr/enaes = TE < le (34

It follows from (34) that & ||&, ;|| < || ®|| ||ev.i|| + Finax-
By the comparison lemma [26], the solution of (34) with the
initial condition eJr i(ty,) =0is

t
Icill < P [ exp(I@ (¢ = s)ds, 1€ [t ot 1),
oy

max

=,

lexp(|[®||(t — 1)) — 1] . (35)

Over all time interval, the minimum threshold value of ||&, ;||
is defined as d,,;,,. Thence, (35) can be expressed as

]:m'x 7 7
Omin < H‘I’dH [exp(||®||(t 1 —t1,) —1].  (36)
From (36), it is possible to arrive at
i 1 1 1 5min ‘I’v ]:max
b s PO Sl O Fo)

1]

which implies that the interevent time is bounded away from
zero, i.e., Zeno behavior is precluded.
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TABLE |
DESIGN OF FORWARD DYNAMICS

Formation-Containment Control Law
®° =G} (— king - W Se(0) - Ui

— L] Loy — DT Py — a),

Parameter Adaptation Laws
—~ w R ~T w TS
Wi = I{ (Si(o0)n! PD1 - o' Wi ),

€ = I's (D1 P7j; — of€;),

Event-Triggered Mechanism
ti‘ii+1 =inf{t € RT| 75, (t, &,i(t)) > 0},

relleg ; (O)1+cf exp(—ef 1 ()2 —cf)

where T i (-, ) = lleri (DI — 1o P oman (B omex (E)FOF -

V. FORWARD CONTROL LOOP

Along similar lines to the vertical control loop, the de-
tailed control design for forward dynamics is summarized
in Table I, with error dynamics n; = Arej + ef, with e] =
€5 o refvslTs €55 = Ppen, @ik (X5, — Xf ;)» and system
transformation x§ ; = 297D
le, O, c}, and c(f) are positive design parameters, I'y’ = I" {’ T
0, I'f=1r¢ T>o0, o¢’, and of are the o-modification param-
eters, and By = [y @i (nfz(tij) — Nt (tijﬂ))] Nx1_ Then,
the main results are given in the following theorem.

Theorem 2: Consider the closed-loop system composed of the
forward dynamics of the HFV swarm system, the formation-
containment control law, the parameter adaptation laws, and
the event-triggered communication mechanism summarized in
Table I where control gain k; satisfies a condition similar to (23).
Then, all closed-loop signals are semiglobally uniformly ulti-
mately bounded and the formation-containment errors between
leader HFVs and follower HFVs converge to an adjustable
neighborhood of the origin.

Proof: The proof is analogous to that of Theorem 1 and is,
therefore, omitted to avoid repetitions. [ |

, 7 = 1,2. Furthermore, k¢, l¢, ¢,

VI. SIMULATION RESULTS

To validate the effectiveness of the proposed control scheme,
we consider an HFV swarm system including four leader HF Vs
(HFV#4-7) and three follower HFVs (HFV#1-3). The commu-
nication topology is shown in Fig. 2.

Based on practical engineering characteristics, the limita-
tions of the actuators of the ith follower HFV are set as
®; €[0.05,1.2],®; € [~1,1],6¢ € [~20deg, 20 deg], and §¢ €
[—20deg/s, 20 deg/s]. Parameters for actuator dynamics are set
as w = 5 rad/s and ¢ = 0.95. The initial values of the vertical
and forward positions of leader HFVs are h4(0) = 86000 ft,
x4(0) = 300 ft, hs(0) = 85900 ft, x5(0) =700 ft, he(0) =
85800 ft, 2(0) = 0 ft, h7(0) = 85300 ft, and x7(0) = 400 ft.
The initial values of the rigid states are V;(0) = 7700 ft/s,
7:(0) =0 deg, «;(0)=1.6325 deg, and ¢;(0) =0 deg/s.
Besides, the initial values of the first two flexible states and

Time-Varying Formation

Fig. 2. Communication topology among HFVs.
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Fig. 3. Trajectories of follower HFVs and leader HFVs in (a) Case 1
and (c) Case 2. Trajectories of tracking errors of follower HFVs in (b)
Case 1 and (d) Case 2.
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Fig. 4. Trajectories of rigid-body states, control inputs, and sliding
mode errors.

their time derivatives are 7; 1(0) = 0.9700, 1, 2(0) = 0.7967,
and 77;1(0) = 1, 2(0) = 0,4 € {1,2,3}. The uncertain aerody-
namic coefficients in (3) are modeled as C; = C; (1 + A;),
where C represents the nominal coefficient and A; represents
the uncertain factor ranging from —35% to 35%. The design
parameters are chosen as: k, =25, k=15, [, =5.5,
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Fig. 5. Trajectories of position snapshots of follower HFVs and leader HF Vs at five different time instants.
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300
TABLE Il
o NUMBER OF TRIGGERING EVENTS FOR PTM, RTM, AND FTM
Vertical Dynamics Forward Dynamics
0 SD ) 100 150 200 ] 5 300 0 50 100 150 200 250 300
Time [sec] Time [sec] PTM RTM FTM PTM RTM FTM
. . . . 0-150s 836 +16.19% +22.63% 1110 +14.90% +19.42%
Fig. 6. Sampling errors and triggering thresholds.
150-300s 540 +15.08% +21.37% 285 +17.39% +24.94%
Number of triggering events for PTM (in bold to indicate the best performance) and for
lf =2, I‘ = Iy, I‘f =1, F =051, I‘f =0.5 I2, = RTM and FTM (indicated with percentage increase).

o = 0.5, oo =0;=02517,=1=05 0, =0 = 0.75,

cl, = c} =0.1, cg = c(f) =0.01,A =8, A, =12, A3 =6, and
A =0.1.

A. Scenario 1: Different Initial Conditions

In order to show the robustness of our proposed control
scheme, this scenario presents the simulation tests by taking
the following two sets of initial tracking errors.

1) Case 1: Large initial tracking errors: This can be

done by selecting initial tracking errors s (0) =
16.87,s¢,1(0) = —9.75, 5, 2(0) = 8.13, s5¢2(0) = 20.75,
sy3(0) = —11.87, and s;3(0) = —5.25, and the ini-
tial states hy(0) = 85960 ft, x1(0) = 369 ft, h,(0) =
85870 ft, 2, (0) = 512 ft, h3(0) = 85660 ft, and z3(0) =
226 ft.
Case 2: Larger initial tracking errors: This can be done
by selecting initial tracking errors s, ;(0) = —33.13,
s£,1(0) = —59.75, s, 2(0) = —41.87, s¢,(0) = 120.75,
Sv3(0) = —111.87, and s¢ 3(0) = —105.25, and the ini-
tial states h;(0) = 85910 ft, z;(0) =319 ft, hy(0) =
85820 ft, 2, (0) = 612 ft, h3(0) = 85560 ft, and z3(0) =
126 ft.

The results are shown in Figs. 3-6. Fig. 3 indi-
cates that the tracking errors s, ; £ [Sv.1,8v2,8v3] T = he +
ﬁflﬁzhl and St £ [Sf71,8f72, $f73]—r =X+ [,flﬁzml, 1€
{1,2,3} converge to neighborhoods of zero in a rapid manner
for all initial tracking errors. Fig. 4 shows that the rigid-body

2)

states, control inputs, and sliding mode errors are bounded,
especially, Fig. 4(c) and (d) imply that our proposed method
not only satisfies actuator constraints but also displays a smooth
response. Fig. 5 depicts the position snapshots of all HFVs at
five different time instants, from which it can be seen that all
follower HFVs converge into the convex hull formed by the
leader HFVs, while the leaders achieve the desired formation
shape. Fig. 6 displays the trajectories of sampling errors and
corresponding dynamic thresholds.

B. Scenario 2: Different Methods

To highlight the superiorities of our proposed triggering
mechanism (PTM), comparisons with relative-threshold trig-
gering mechanism (RTM) [20] and the fixed-threshold trig-
gering mechanism (FTM) [27] are provided. The triggering
functions in RTM are set as tk 1= =inf{t € RT|||&y.:(t)]| >
0.13||ey;(t)]| +0.01} and tk 1 = inf{t € R¥[]|eg;(t)[| >
0.13||es,;(¢)|| + 0.0001}, and the triggering functions in FIM
are set as t;, | = inf{t € R™|[|é,;(t)[| > 0.01} and t,c =
inf{t € R™|||&¢,(¢)]| > 0.0001}. The total number event-
triggering times of the three methods are shown in Fig. 7 and
Table II. It can be seen that the interexecution time of PTM
is larger than that of RTM and FTM. In addition, the tracking
performances under the three methods are quantified via several
performance indices: integral absolute error (IAE) | fOT (t)]dt],
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TABLE llI [9] B. Xu, D. Wang, Y. Zhang, and Z. Shi, “DOB-based neural control of
PERFORMANCE INDICES OF THE EXAMINED METHODS flexible hypersonic flight vehicle considering wind effects,” IEEE Trans.
Ind. Electron., vol. 64, no. 11, pp. 8676-8685, Nov. 2017.
Vertical Dynamics Forward Dynamics [10] L. Ye,.Q: Zong, L. Crassidis, and B~. Tian, “Output—redeﬁn'ition—l?asefl,
dynamic inversion control for a nonminimum phase hypersonic vehicle,
PTM RTM FTM PTM RTM FTM IEEE Trans. Ind. Electron., vol. 65, no. 4, pp. 3447-3457, Apr. 2018.
[11] M. Lv, Y. Li, W. Pan, and S. Baldi, “Finite-time fuzzy adaptive con-
IAE 237.84 28570 26042 107.53 12218  114.82 strained tracking control for hypersonic flight vehicles with singular-
ITAE  4860.42 5912.85 5329.03 2068.13 2755.09 2540.74 ity free switching,” IEEE/ASME Trans. Mechatronics, to be published,
doi: 10.1109/TMECH.2021.3090509.
RMSE 0.51 0.53 0.53 0.26 0.28 0.28

Performance Indices for PTM (in bold to indicate the best performance) and for RTM
and FTM.

integral time absolute error (ITAE) | fOTt|e(t)|dt], root mean

square error (RMSE), and [% OT e2(t)dt| 3, where e represents
the tracking errors sy ; and s¢;. The calculation results are
summarized in Table III, from which it can be concluded that the
performance indices of PTM are smaller than those of RTM and
FTM. This means that the PTM not only reduces the communi-
cation burden but also guarantees improved tracking accuracy.

VIl. CONCLUSION

This article tackled the event-triggered formation-
containment control problem for HFV swarm systems with
model uncertainties, external disturbances, and actuator
dynamics. The proposed protocol guarantees formation-
containment control, which means that the follower HFVs
converge into a convex hull spanned by multiple leader HF Vs,
while the leader HFV's maintain a geometric space configuration.
Note that the communication network in the current work is
fixed: It could be of interest to increase flexibility by considering
switchingx topologies. Also, it could be of interest to construct
a self-triggered mechanism for further reducing communication
resources.
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