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Autoregressive Spectral Estimation by Application of
the Burg Algorithm to lrregularly Sampled Data

Robert Bos, Stijn de Waele, and Piet M. T. Broersen

Abstract—Many methods have been developed for spectral anal- While resampling methods can be used to obtain an estimated
ysis of irregularly sampled data. Currently, popular methods such  spectrum that is guaranteed to be positive, results at higher
as Lomb-Scargle and resampling tend to be biased at higher fre- frequencies can be severely biased. An example of a popular
quencies. Slotting methods fail to consistently produce a spectrum - . .
that is positive for all frequencies. In this paper, a new estimator resampling method is sample gnd hold resamp_llng [3]. Results
is introduced that applies the Burg algorithm for autoregressive Of sample and hold reconstruction can be described as low-pass
spectral estimation to unevenly spaced data. The new estimator filtering followed by adding colored noise. These effects can
can be perceived as searching for sequences of data that are almosie eliminated using the refined sample and hold estimator [4].
equidistant, and then analyzing those sequences using the Burg al- 1 refined estimator, however, does not guarantee a spectrum

gorithm for segments. The estimated spectrum is guaranteed to be that i it A It th timated ; ft
positive. If a sufficiently large data set is available, results can be at Is positve. As a result, the estimated spectra are otten

accurate up to relatively high frequencies. negative at higher frequencies.
The third category consists of estimators that use variations

of the Lomb-Scargle estimator. Lomb-Scargle directly esti-
mates a spectrum from the irregularly sampled data [5], [6].
The Lomb-Scargle spectrum can be completely alias free and
. INTRODUCTION reduces to the periodogram if the data happen to be regularly

PECTRAL analysis of stationary stochastic signals is us&@mpled. It can be perceived as a least squares fit of sines and
Sn various fields. In some situations, the data to be examin€@sines to the irregularly sampled data. The Lomb-Scargle
will be irregularly sampled. Examples of irregularly Sa,~np|eg1ethod is guaranteed to produce a spectrum that is positive. It
data are astronomical data and turbulence data as observedfifPle to accurately detect peaks up to very high frequencies
Laser—Doppler anemometry. in a relatively low noise environment, but fails to accurately

Many techniques of spectral estimation for unevenly spacg@scribe any slopes in the spectrum.
data have been developed. Currently, most popular technique? this paper, a new estimator is introduced, which attempts to
fall into one of three categories, namely slotting techniques, 1@rectly fit an autoregressive time series model to the unequally
sampling methods, or variations of the Lomb—Scargle estimatdpaced data, using a modified version of the Burg algorithm for
Slotting methods estimate an equidistant covariance functid@dments.
from the irregularly sampled data. Many variants of slotting al-
gorithms currently exist, among which are slotting with local Il. BURG FORSEGMENTS

normalization and fuzzy slotting [1]. Local normalization re- An autoregressive (AR) model is a possible method of mod-

duces the variance of the estimated covariance function. Fugding a stationary stochastic process. Given the sigpal, the
slotting produces a smoother covariance function by distributingtoregressive model can be written as

products over multiple time slots. Covariance functions as esti-

mated by slotting techniques are usually not positive semi-def- ~ #(n) + a1z(n — 1)+ +agz(n — L) =¢e(n) (1)
inite. This results in spectra that can become negative at a large . . . . . .
percentage of the estimated frequencies. This effect can So‘){)?g_eres(n) is an independent identically distributed stochastic

times be reduced by using creative windowing schemes suctrgguence with zero mean and variange The coefficients:;

variable windowing. The variable windowing technique takes € called the autoregressive parameters of the modgl{;amd
t e model order. It can be shown that almost any stationary sto-

wide covariance window at low frequencies and a smaller one . ;
stic process can be modeled as an uniquex®R{rocess,
€

Index Terms—AR spectral estimation, covariance estimation, ir-
regular sampling, turbulence spectra.

higher frequencies. The effectiveness of such schemes, howeVey, o i o
g d ependent of the origin of the process. In practice, finite order

is dependent on the true characteristicsofthedataandthere]fﬁ I Hicientl te b high q
cannot be used generally [2]. (L) processes are sufficiently accurate because higher order

The second class of estimators resamples the data Onpgﬁameters tend to become small and not significant for estima-
equidistant time grid. After resampling, the data can theﬂ?n' Once such a model of the process is available, its spectrum

be analyzed using the periodogram or time series moderé" be easily computed

02
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best possible windowed periodogram. If this accuracy is not [ll. BURG FORIRREGULARLY SAMPLED DATA
good enough, an estimated AR model can also be used as
basis for estimating the additional moving average (MA) modm1

or even the combined autoregressive moving average (ARM&%d (4), you would need data sequences whose sampling in-

models that can increase the accuracy even further. terval is exactlyl’. In unequally spaced data, however, the prob-

One possible method to estimate the autoregressive Coegibility of finding two points spaced exactly apart, is zero.
cientsa; from equidistant data is the Burg algorithm [7].

) . : Therhere is, however, a finite probability of finding two points
Burg algorithm does not directly estimate the parametgrisut spaced T + 1/2A7) apart. To exploit this information in the
instead it estimates reflection coefficierits Thepth reflection data, (3) can be modified to

coefficientk,, is a measure of the correlation betwe€n) and

§uppose you are trying to estimate a spectrum up to a max-
um frequency of27')~!. To apply the Burg algorithm of (3)

x(n — p) after the correlation due to the intermediate observa- =2 fpa(t)bp_1(t2)
tionsz(n—1)---xz(n—p+ 1) has been filtered out. Reflection PN fom1(81)2 4+ by (t2)?
coefficients can be transformed into autoregressive parameters V(ti —t) € (pT — L A7; pT+ L A7), (5)

by applying the Levinson—Durbin recursion formulas [8].
The Burg algorithm is a recursive algorithm. Specifically, thi# the first step of the redefined algorithm, baéit) and fo(¢)
means in thesth step of the algorithm reflection coefficiehy —are again set to the irregularly sampled sign@). In following
is estimated while the previous coefficierits..k, ; remain steps, only those data points that have contributed to the estima-
fixed. The Burg algorithm can be adapted to estimate the i9n of k, can possibly be used in estimating the next reflection
flection coefficients from multiple segments of data. Supposeefficientk, 1. The forward and backward prediction errors,
you haveM segments of data, stored#¥n) up toz~1(n), fp(t) andb,(t), that are required in the next steps of the algo-
generated by the same stationary stochastic process, but not figyn, can then be constructed by
essarily of equal length. The first reflection coefficiégntcan
now be estimated using the following equation, witk- 1 and Fo(t2) = fp—1(t2) + kibp—1(t1)
f5(n) = bi(s) = ai(n) Vis —t1 € (pT = 3 AT; pT' + 5 A7)
by(t1) =bp—1(t1) + ki fp—1(t2)
Vio — 11 € <pT— %AT; pT + %AT>. (6)

=23 fr_a(n)by_y(n—p) ) o )

_ s ) ©) If there are multiple predictions of,(¢) or b,(t) at any given

> fia(n)2+ 30 b5 (n—p)? pointin time, these multiples can be eliminated by choosing that

s s prediction that minimize§ts — t; — pT|. It can be shown the
redefined algorithm of (5) and (6) will reduce to Burg for seg-
ments if the data to be examined happen to be regularly sampled.

The redefined algorithm can be perceived as trying to find se-
guencesofirregulardatapointsthatare spaced“almostregularly.”

ky

New functionsf, (n) andb; (¢) can then be computed using

fy(n) =fy_1(n) + kpby 1 (n —p) Whether or notaset of irregular data points is spaced “almost reg-
by(n) =by_1(n) + kpfy_1(n+p). (4) ularly” is determined by thé\T parameter, which is called the

slotwidth. All of the “almost regularly” spaced sets (or segments)
The new functionsf, (n) andb;(n), called the forward and found are then combined, using the same method as is used in
backward prediction errors, can then be used to estimate a rigwg’s algorithm for segmented data, to estimate the reflection
reflection coefficientk, ;. After the final parametetr has coefficientsk,. One of the properties of the new algorithm is that
been computed, an ARJ model can be calculated by applyingthe estimated reflection coefficients are guaranteed to have an ab-
the Levinson—Durbin formulas. A more complete and detailexblute value thatis smallerthan one. This meansthatall estimated
description of the Burg algorithm for segments can be found inodels are automatically stationary. Also, the estimated power
[9]. spectra are guaranteed to be positive [8].

This algorithm is particularly useful for estimatng coef- Another property of the new algorithm is that the number of
ficients from segments of unequal length. Suppose you gmducts in the numerator of (5) will reduce very fast. This can
trying to estimate an AR model of order 20 when you havee explained by realizing that the probability of finding seg-
10 segments with 10 observations and one longer segmemants that are “almost equidistant” decreases roughly expo-
of 100 observations. Using the Burg algorithm for segmentsentially as the segment length grows. Therefore, to estimate
the first reflection coefficients; up to kg can be estimated the high-order AR model the number of irregular observations
using all segments while reflection coefficieritgy up to ko9  should be very large.
can be estimated from the segment of 100 observations. ThiChoosing the value for the slot width can influence the rate at
example shows that the Burg algorithm for segments usesaHlich the number of products decreases. The high valderof
information contained in all segments efficiently. will result in a slow decrease, whereas a low value\af will

As can be seen from (3) all reflection coefficients are guaracause a rapid decline in the number of products. An example on
teed to have an absolute value that is smaller than 1. This mebhow fast the number of products decreases for different values of
that all AR models estimated using the Burg Algorithm are guathe slot width, can be found in Fig. 1, where the average number
anteed to be stationary. of products available for estimating a paraméigiis plotted.
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Fig. 1. Average number of products when estimating a paranigtérom 10 0 0.1 0.2 0.3 0.4 05
200,000 irregular observations, using different valuesAaf. The average - fif,

number of observations per time unitis

Fig. 2. Bias of AR(5) models using different slot widths, but the same 200,000
. . . . ) irregular observations.
Fig. 1 has been obtained using 100 runs with 200,000 irregular

observations and a constant average number of observations per
time unit,\. The observation instances are uniformly distributed )
over the observation period. The figure is independent of anyAfter a number of AR[) models have been estimated, the
other data properties. It can be seen quite clearly that a smal{éfr i left with the problem of how to select the best model

slot width reduces the number of products much faster tharP’4ler- The best order can be estimated by selecting that order
larger slot width. which minimizes an order selection criterion. A popular selec-

tion criterion for equidistant data is Akaike’s information crite-
rion (AIC) [11]. AIC (p) is given by

IV. ORDER SELECTION

In equidistanttime series analysis, the varianoef estimated
parametek;,, using Burg’s method, can be approximated by

2
) AIC(p) = n(RES(p)) + 2 ®)
Up = N, +1 () where RESY) is equal to the residual variance of the model of

orderp and N is the number of equidistant observations. The
ue of 2 in the expression above is often called the penalty

whereN,, is the number of products used to estimate paramet’gaétor RES{) can be calculated by

k,. This empirical result can be found using finite sample theory
for AR estimation [10]. When estimating parameters in irregu- ) L )
larly sampled data, the varianeg, is still described accurately RES(p) = 03 H (1 - k) ©)
using the relation above. i=1
Choosing the value o+ not only influences the varianceWhereo? is the variance of the irregularly sampled signél).
of the estimated parameters, but also the bias. A large valuel®€ factor2p/N in the AIC criterion is based on the fact that
A will result in parameters that have a low variance, but a highe variance of each extra selected parameter is asymptotically
bias. Similarly, choosing a small value forr will result in a €qual tol/N. Using irregularly sampled data, however, the
model that has a greater variance, but a lower bias. number of products tends to decrease roughly exponentially.
An example on how the value akr determines the bias 10 cOmpensate for this, AIC can be modified to
of an estimated model can be found in Fig. 2. In Fig. 2, three

P
1
AR(5) models have been estimated using exactly the same data. AICuoa(p) = In(RES(p)) +2) A (10)
It can be seen that the model with the smallest slot width has the i=0 """
smallest bias. whereN; is the number of products in the numerator of (5) that

Since there is usually no aliasing in irregularly sampled datagre used when estimating parameétgr
there is no natural limit for the maximum frequency that can If this modified AIC criterion is applied to unevenly spaced
be estimated. The maximum frequency of the model to be codata, the model order is regularly selected too high. This effect
puted can therefore be selected freely by choosing a valdé forcan be partially explained by analyzing the expectation and vari-
However, describing a spectrum up to higher frequencies coudghce of the AIC criterion for irregularly sampled data [12].
for example, mean that a declining slope goes down deeper, oBy making two modifications to the order selection criterion,
extra peaks in the spectrum could be found. In the first examplee problem of selecting too high orders can be reduced. The
a lower bias level is required; in the second scenario the highiest modification is to raise the penalty factor. By raising the
order AR model is needed. This means that estimating a sppenalty factor, the probability that a model is selected with an
trum up to higher frequencies usually demands more irreguladyder higher than the optimal order reduces, possibly at the cost
sampled data. of some bias.
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The second change to the criterion should prevent the selec- TABLE |
tion of AR models that have parameters that have been estimgt@H*s7> MoPer ERRORS(MEr) OF THE ESTIMATED SPECTRAWITHOUT A

. . . . _PEAK, UP TOFREQUENCIES OFf, /4, fo/2 AND f, USING 200 000 RREGULAR
with less than 15 observations. The reason for this is, that SImu- " ogservaTIONS RESULTSWERE AVERAGED OVER 100 FUNS

lations show that parameters that have been estimated with less

than 15 observations tend to behave erratically. _ _ _
. . . ) . fmax = 0.25f0| fmax = 0.5fp finax = o
Applying the said modifications to (8) results in the following ] 5 ;
new criterion: Sample and Hold 1.2-10 13-10 128 - 10
P Burg Irregular, AICnoq (pen 2)
AICirreq.(p) = I(RES(p)) + 0y N, Ny 215 1) At ="' 18-10°  52-10°|  20-10°
i=0 "
_ At = 0.5 1.7-10°|  1.7-10° 16 - 10°
AIC;yeq.(p) = 00 if N, <15
_ _ _ At=0251"] 0.60-10°] 0.60-10°| 7.4-10°
in which « is larger than 2.
Burg Irreg, AlCi; e (pen a=4)
V. PERFORMANCE OF THENEW ESTIMATOR At =2 0.19-10°)  24-10° 17-10°
. — -1 5 5 5
The performance of the new estimator has been tested At = 0.517| 0.085-10°| 0.84-10 1210
simulations. The simulated data had a spectrum consisting At=0251"] 0.083-10°| 030-10°| 5.3-10°

two rapidly declining slopes. The first slope descends at a rate or
~f=5/3 up to 0.1fy, and then descends at a rate~gf ~7 from
thatpoint qnwards, Wherﬁ is the average datarate. This type Of LIASED MODEL ERRORS(MET)-I(-)AI\:BT%-IIIEE EIéTIMATED SPECTRACONTAINING A
spectrum is representative of turbulence data. To test the ablﬁgx,(, Up TO FREQUENCIES OFf, /4, fo /2 AND f USING 200 000 RREGULAR
of the new estimator to detect peaks, a second set of simulations  OsservATIONS RESULTSWERE AVERAGED OVER 100 RUNS
was performed, with peaks added to the simulated spectra.
In equidistant spectral analysis, estimates are usually giv fnax = 0.25f) | fing = 0.5f fimax= fo
for frequencies up to half the mean data rate, due to aliasing c«
straints. When analyzing unequally spaced data, however, of
no aliasing can occur. Therefore, the new estimator was tes Burg Irregular, AlCmoq (pen 2)
not only up to the usudl.5 fy, but also up td.25 f, and fy. All At = A 1.54-10° 23.10° 6.8-10°
simulations were done using 200,000 irregular observations.
Test data has been generated using the following procedt
First 100N equidistant data points were generated using tt At=025)"| 0.89-10°] 0.87-10°] 2.1-10°
high-order AR process. Then, randon#yN data points Were  Burg Irreg, AlCirg (pen o=4)
discarded. Each data point had a probability of 99/100 to be d
carded. This means that effects such as the so-called velor
bias were not simulated. The resulting data was nonequid At = 0.51| 0.081-10° 0.28-10°|  23-10°
tant, and time intervals between observations were roughly d At= 0250"] 047-10°| 0.51-10° 1.7-10°
tributed exponentially.
The Burg method for unequally spaced data was used, em-
ploying slot widths 0f0.25A~1, 0.5~ and \~!, where) is model using new data at sampling interZalando? . is the
the average number of irregular observations per time unit. Bdthnimal prediction error of the true model at sampling interval
AIC soa and AIG,,..,. (using penaltyr = 4) were used for T. The model error consists of bias and variance contributions.
order selection. As a reference for the performance of the nde bias contribution scales proportional with the number of
estimator, results of the sample and hold reconstruction mettfjgpervationsV. The expected variance of the estimated param-
are given as well. The spectra of the sample and hold data h&{@&'s contributesV/N,, per estimated parameter, whe¥g is
been estimated using the ARMAsel time series analysis algBe number of products used in the numerator of (5) to estimate
rithm [13]. Results were not compared with the refined samp‘l@e parameter. The model errors for the estimated spectra were
and hold estimator, since the refined estimator is not guaranté¥graged over 100 runs. The results can be found in Tables |
to be positive, especially at higher frequencies. and Il. Table | presents the averaged model errors of the spectra
Since in simulations the true properties of the data are knowhthout a peak; Table Il presents the averaged results when the
the quality of estimated results can be established. A qualffy/e spectrum contained a peak.

measure for the fit is the aliased model error, ME4]. MEr When estimating up to a frequency bf4 f, (Figs. 3 and 4),
is defined as the Burg irregular method already performs better than sample

and hold. In spectra containing only slopes, it can be seen that
the bias of the Burg method is not significant, even at the largest
slot widthA=1. Therefore, the results using different slot widths
are similar. When a peak is added to the spectruih l&tf,,

In the equation, abow¥ is the number of irregular observationsthe performance of Burg irregular with slot widé25)\~1 is

PEr is the expectation of the prediction error of the estimatadlatively poor. This can be understood by realizing that using

Sample and Hold|  0.32-10°|  3.0-10° 19 - 10°

At = 051" 086-10°| 0.96-10° 3.4-10°

At =21 022-10°| 0.69-10° 6.2-10°

MEpr =N

5 (12)

UE,T

PEr _ 11 .
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Estimated spectra for frequencies upto 0.25 f0 Estimated spectra for frequencies upto 0.5 f0
10? : 10? . ;
— True — True
___ Burglrreg, At=0.51, ME=22.10° —_ Burglrreg, At=0.25%, ME=1.8.10*
. ... Sample and Hold, ME =1.2.10° 10" L .... Sample and Hold, ME =13.10% ||

' L L -5 ' L
0 0.05 0.1 0.15 0.2 0.25 107 o1 02 03 0.4 0.5

N - 1,

Fig. 3. True Spectrum and the selected spectra up to 28%ing 200,000 Fig. 5. True spectrum and the selected spectra up.i¢, using 200,000
irregular observations, using sample and hold reconstruction and Burg irreguteegularly sampled observations, using sample and hold reconstruction and

model(A7 = 0.5A71). Burg irregular(Ar = 0.25A71).
, Estimated spectra for frequencies up to 0.25 f, Estimated spectra for frequencies up to 0.5 f,
10 ' . T . 102 .
— True —_ True
3
o N Burg Irreg, At=%, ME=3.4" 104 ] — Burg Irreg, At=0.5%, ME=1.9- 10"
—— Sample and Hold ME =3.2 - 10 —— Sample and Hold, ME =3.0-10°
0
10° 10
< ~
b 1
10 ¢
10%}
10%}
10-3 * . : : _4
0 0.05 0.1 0.15 0.2 0.25 10 : ' : :
_ f/fo 0 0.1 0.2 0.3 0.4 0.5

— f/f

Fig. 4. True spectrum and the selected spectra up to f,2%ing 200,000 0

irregular observations, using sample and hold reconstruction and Burg irregufég. 6. True spectrum and the selected spectra up.i¢, using 200,000

model(A7 = A~1). irregularly sampled observations, using sample and hold reconstruction and

Burg irregular(A7 = 0.5A71).

this slot width means that on average only four parameters can

be reliably estimated. This is simply not enough to describe bgthrameters to be estimated to describe the peak accurately, but

peak and slopes; thus bias is introduced. Uslng= 0.5A~! the larger bias of the larger slot width causes the result to be

or A7 = \7!, results remain good because enough parametemnewhat less accurate.

can be estimated to describe both the peak and the slopes.  Results from estimates up to the mean data rate (Figs. 7 and
When estimating up t®.5f, (the usual frequency in the 8), again show that Burg irregular outperforms sample and hold

equidistant case), the new estimator performs much better tmaoonstruction. Both estimators, however, fail to describe the

sample and hold reconstruction (Figs. 5 and 6). This resultskpe properly at higher frequencies. Results of the Burg esti-

caused by the fact that, even at a slot width\of, the bias of mator could have been better if more unequally spaced obser-

the Burg irregular method is much smaller than the bias in tiations had been available. This would have allowed the usage

spectrum of the sample and hold technique. The optimum s@dtsmaller slot widths that have a lower bias.

width for Burg irregular isAT = 0.25)A~! for the spectrum  When a peak is added, the Burg irregular estimate is not able

without peak. The reason for this is that only a few parametersdescribe the peak accurately; high slot widths are too biased,

are required to describe such a spectrum. A small slot widdind low slot widths do not allow for enough parameters to be

will then have the advantage because of its lower bias. Wheestimated for an accurate description of the extra peak.

peak at0.32f; is added, the optimum slot width is5)~1. A In all frequency ranges, for spectra with or without peak, it

slot width of 0.25A~! performs relatively poorly for the samecan be seen that order selection using AG,. performs better

reasons as mentioned before. A slot withhof' allows enough than AlC..q, See Tables | and Il. This is especially true for
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Estimated spectra for frequencies upto f0
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Fig. 7. True spectrum and the selected spectra ugfytaising 200,000
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