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Cross-Coupling Coefficient Estimation of a Nano-g
Accelerometer by Continuous Rotation Modulation

on a Tilted Rate Table
Mengqi Zhang , Shitao Yan , Zhongguang Deng , Peng Chen , Zhi Li , Ji Fan , Huafeng Liu ,

Jinquan Liu , and Liangcheng Tu

Abstract— Nano-g accelerometers are widely used in space
exploration and measurement of the earth’s gravitational field.
It is essential to precisely evaluate error effects at high orders
such as cross-coupling for applications in a dynamic environ-
ment. Nevertheless, it remains challenging to meet the precision
requirements using conventional calibration measures. In this
article, we propose a method to separate the cross-coupling
coefficients of a linear single-axis accelerometer by mounting it
on a steadily rotating rate table that is tilted at a fixed deviation
angle with respect to the horizontal plane. The gravity component
is periodically modulated along the input axis per revolution.
Simultaneously, a series of centripetal acceleration is applied
along the cross axis in sequence while adjusting the rotation
frequency of the rate table by steps. Thus, the cross-coupling
coefficient can be separated by its dependence both on the
modulated gravity acceleration and the centripetal acceleration.
In comparison to the static multipoint angular rotation test on a
tilted dividing head, the proposed dynamic modulation method
demonstrates improved robustness against corruption from bias
drift, with an improved uncertainty. This method to separate the
cross-coupling coefficient is suitable for testing high-resolution
accelerometers, without requiring high bias stability or sensitive
response sustaining at ultralow frequency.

Index Terms— Cross-coupling coefficient, model equation,
nano-g accelerometer, parameter identification, rotation modu-
lation, static multipoint.

I. INTRODUCTION

ACCELEROMETERS with a resolution in the order of
magnitude of ng/

√
Hz (where g ≈ 9.8 m/s2 denotes the
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earth’s gravity) are important for the exploration of temporal
and spatial variations in gravitational field, providing informa-
tion on the substance density distribution of our planet [1],
[2]. The applications range from earth’s crust movement
through resource exploration to gravity-aided navigation [3],
[4]. In many application scenarios like moving-base gravity
measurements, accelerometers are required to resolve acceler-
ation of nano-g or sub-nano-g in airborne or shipborne envi-
ronments with relatively large dynamic noises [5], [6]. This
requirement is demanding since the severe mechanical vibra-
tion of the moving vehicle can easily lead to corrupting effects
through nonideal responses of accelerometers. For example,
the principle of the commercial airborne gravity gradiometer
is based on measuring the differences between matched pairs
of rotating accelerometers. In such a gradiometer, second-
order coefficients of a few μg/g2 will produce a gradient
bias error of many thousands of Eö (1 Eö = 10−9 s−2). This
error due to response to base input accelerations is much
greater than the desired resolution of ∼10 Eö. As another
example, the electrostatic accelerometers with a sub-nano-g
resolution in a narrow frequency band have been used in many
space missions. The high-frequency vibrational disturbances
could create spurious signals in the accelerometer measure-
ment bandwidth through the second-order error coefficients,
thus leading to the deteriorated accuracy of the electrostatic
accelerometer, both in space and on ground [7]. For accelerom-
eters generally used in space exploration, it is also known
that ground-based calibration of the scale factor could present
considerable uncertainty for on-orbit use [8]. This is due to
the existence of 1-g gravity field on the ground, and error
effects at the second order are among the potential sources.
For such applications as mentioned above, it is desirable to
perform detailed tests of accelerometers, to compensate for the
error model coefficients, and finally to enhance the practical
accuracy [9]–[12]. Therefore, it is valuable to investigate
on the second-order effects including cross-coupling due to
accelerations simultaneously applied along different axes.

The model equation of a linear single-axis, nongyroscopic
accelerometer is normally treated as a mathematical series that
relates the accelerometer output E to the components of accel-
eration along the reference axes [13]. Many procedures have
been proposed for calibrating model terms of accelerometers.
For accelerometers with a full-scale input range of about 1 g
or a resolution no less than ∼1 μg, the local gravity field
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test such as multipoint methods are conventionally available
for determining the accelerometers’ linear, nonlinearity and
cross-coupling coefficients based on a dividing head [14]–[17].
For accelerometers with a full-scale input larger than 1 g, a
precision centrifuge is often used to precisely produce acceler-
ation with the required magnitude [18]–[21]. Dynamic tests are
generally carried out on an electromagnetic vibrator [22]–[24].
Various accelerometer orientations and their combination are
designed to excite the target model terms on these two types
of equipment and then separate the coefficients [13], [25].
The input acceleration typically ranges from submilli-g to tens
of g. However, the above procedures are not qualified anymore
for testing accelerometers with a resolution of nano-g. The
challenges come from several possible reasons. First, the full-
scale input of nano-g accelerometers is typically a couple of
milli-g, far below 1 g. The existing methods like exciting
nonlinearity effects on a centrifuge [26] are not feasible any-
more because both the equipment and procedures are usually
not dedicated to stringent test requiring nano-g precision.
Second, precise calibration is subjected to disturbances from
the test environment which is typically much higher than
1 ng/

√
Hz over 0.1 Hz. In addition, accelerometers optimized

for dynamic performance are not necessarily equipped with
long-term stability of bias or excellent response at ultralow
frequency. For example, the accelerometer dedicated to the
use in a rotating accelerometer gravity gradiometer emphasizes
dynamic performance more than bias stability because the
gravity gradient signal is modulated onto twice the rotation
frequency of ∼0.25 Hz [27]; many commercial seismometers
are able to resolve acceleration of ∼1 ng/

√
Hz, but insensitive

to excitation at ultralow frequency [28]. This practical issue
imposes constraints on the use of static measurements such as
static multipoint tumbling accelerometers on a dividing head.
To date, a few literatures have been published to investigate
the nonlinearity response of accelerometers or seismome-
ters which are sensitive to excitation of nano-g accelera-
tion. For example, the quadratic term of the ultrasensitive
space accelerometers with a higher resolution than nano-g
was identified and compensated using an iterative calibration
method, by comparing the accelerometer response within the
measurement bandwidth with and without the high-frequency
signal [7], [29], [30]. As for seismometers, nonlinearity distor-
tion was measured on a shake table by exciting the table with
two-tone signals at various frequencies [28]. These studies
have concentrated on the second-order nonlinearity response
to acceleration along the input axis (IA). Among the second-
order effects, the cross-coupling between acceleration along
the IA and the cross axis is frequently considered to be
as important as nonlinearity response to the IA. However,
the procedure for separating these cross-coupling coefficients
of nano-g accelerometers is yet to be elucidated.

In this article, we proposed a new method to evaluate the
cross-coupling effects of single-axis nano-g accelerometers.
The accelerometer is mounted on a steadily rotating rate
table tilted with a fixed deviation angle from the horizontal
plane and its IA is tangential to the circumference of the rate
table; thus, the input acceleration is modulated at the rotation
frequency with respect to gravity. By adjusting the rotation

frequency in steps, the centripetal acceleration is sequentially
changed. Then, the cross-coupling coefficients are separated
by the output correlation both with the modulated input accel-
eration in the gravity field and with the rotation frequency. The
possible error sources are systematically investigated and ana-
lyzed. In addition to the test by the proposed method, a home-
made accelerometer [31] was also tested for comparison with
a method of 12 points discrete angular rotation on a tilted
dividing head.

II. MODEL

In this section, the model equation of the linear single-axis,
nongyroscopic accelerometer is given at first. Subsequently,
the conventional multipoint test on a tilted dividing head
is briefly introduced for calibration of the cross-coupling
coefficients. Based on the introduction, the rotation modulation
method is developed to rotate the accelerometer on a precision
single-axis rate table tilted at a small angle.

A. Output Model of Accelerometer

The output of the accelerometer is defined as a simplified
series that mathematically relates the accelerometer output to
the components of applied acceleration [13]. Neglecting the
angular movement and asymmetry terms, the accelerometer’s
output (E , volts in this article) is given by

E = K1
(
K0 + ai + K2a2

i + Kipaiap + Kioaiao + Kpoapao

+ Kooa2
o + Kppa2

p + δoap − δpao + ε
)

(1)

where
K0, K1, K2 bias (g), the scale factor (V/g), and the second-

order coefficient (g/g2), respectively;
ai, ap, ao applied acceleration components along the IA,

pendulum axis (PA), and output axis (OA) (g), respectively;
Kip, Kio, Kpo cross-coupling coefficients (g/g2);
Koo, Kpp second-order output cross-axis nonlinearity coef-

ficient and the second-order pendulous cross-axis nonlinearity
coefficient (g/g2), respectively;
δo, δp misalignment of the IA with respect to the input

reference axis about the OA and PA, respectively (rad);
ε measurement and process noise and unmodeled error (g).

B. Determination of Cross-Coupling Coefficients on a
Conventional Dividing Head

The conventional static multipoint test is typically imple-
mented by tumbling the accelerometer with its IA perpen-
dicular to the horizontal rotation axis of the dividing head
in a 1-g gravity field. This method is not directly applicable
to the test of nano-g accelerometers with a full-scale input
far below 1 g. In IEEE Std 836 [25], a method is described
to measure the transfer function of an accelerometer in the
low-frequency range, making use of a rate table with its spin
axis tilted in the gravity field. The dual-axis tilt method,
performed on a tilted dividing head, was applied to the
resolution test of accelerometers in some cases [32]. Here,
these methods are extended to estimate the cross-coupling
coefficients of the nano-g accelerometer. As shown in Fig. 1,
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Fig. 1. Schematic mounting configurations of the accelerometer on the dividing head. (a) Pictorial diagram. (b) Plan view. (c) Side view. The IA and OA
of the accelerometers are parallel to the mounting surface.

Fig. 2. Schematic of the precision single-axis rate table and coordinate systems (a) initial coordinate, (b) coordinate tilted to γ relative to the initial coordinate,
and (c) coordinate rotating about the Oz1-axis at an angular velocity ω.

the IA of the accelerometer is parallel to the mounting surface
of a dividing head, and the OA is chosen to be within the
mounting surface while the PA is normal to the mounting
surface. Then, the dividing head provides variable acceleration
by rotating on a tilted plane to a sequence of angles with
uniform angle spacing within 360◦. Note that it is taken as
an example how to calibrate Kio. The other cross-coupling
coefficient Kip can also be measured by simply flipping the
PA and the OA. Those coefficients of model terms can be
obtained by least-squares fitting or harmonic analysis of the
data measured at multipositions [13]. The accuracy of this
static method is susceptible to environmental tilt variations,
equipment accuracy, and the accelerometer bias drift in the
test duration.

C. Determination of Cross-Coupling Coefficients by the
Rotation Modulation Method on a Tilted Precision
Single-Axis Rate Table

In this article, a novel scheme is developed to improve
the calibration accuracy of cross-coupling coefficients for our
home-made nano-g accelerometer. A tilted precision single-
axis rate table is used in this method. As shown in Fig. 2(a), the
initial coordinate system of the rate table is defined as Ox0 y0z0.
This system is fixed relative to the laboratory, and the x0 Oy0

plane is horizontal. Then, a gravity component is provided with
the rate table tilted about the Ox0-axis by a small angle γ , as
illustrated in Fig. 2(b). The IA of the accelerometer is parallel
to the rate table’s top. A new stationary coordinate system
Ox1 y1z1 is defined here, where the x1Oy1 plane is parallel to
the tilted rate table. In the test, the rate table rotates about
its spin axis (Oz1-axis) at an angular velocity ω, as shown
in Fig. 2(c). Here, a rotating coordinate system Ox2 y2z2 is
defined, moving together with the accelerometer.

Fig. 3. Side view of the precision single-axis rate table.

As shown in Fig. 3, the accelerometer under test is installed
on a circular rotation fixture and located at a distance R away
from the spin axis, with its IA along the Ox2-axis (initially par-
allel to the Ox1-axis) and the OA along the Oy2-axis (initially
parallel to the Oy1-axis). Then, the centripetal acceleration
ω2 R will be imposed onto the OA, when the rate table rotates
at a steady angular velocity ω. During rotation, the two gravity
components along the IA and the OA will be periodically
modulated, with their phases orthogonal to each other.

The acceleration produced by gravity is [0 0 g]T in the
Ox0 y0z0. Given the tilt angle γ of the rate table, the acceler-
ation in the Ox1 y1z1 is expressed as follows:

⎡
⎣ gx1

gy1

gz1

⎤
⎦ =

⎡
⎣ 1 0 0

0 cos γ sin γ
0 − sin γ cos γ

⎤
⎦

⎡
⎣ 0

0
g

⎤
⎦. (2)

Along with time increase, the rate table revolves about the
Oz2-axis with ω. The gravity acceleration applied onto the IA,
the OA, and the PA is denoted as aig , aog , and apg, respectively.
Assuming that the Oy2-axis is overlapped with the Oy1-axis at
t = 0, the gravity components with respect to the initial state
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Fig. 4. Flowchart for separating Kio, where the angular velocity is the derivative of the angular position signal which is produced by the grating of the rate
table. A, B , and C are the coefficients of the quadratic fitting, where only A is associated with Kio of interest.

are ⎡
⎣ aig

aog

apg

⎤
⎦ =

⎡
⎣ cosωt sinωt 0

− sinωt cosωt 0
0 0 1

⎤
⎦

⎡
⎣ gx1

gy1

gz1

⎤
⎦

=
⎡
⎣ g sin γ sinωt

g sin γ cosωt
g cos γ

⎤
⎦. (3)

Simultaneously, the centripetal acceleration ω2 R is applied
onto the OA as well. The centripetal acceleration components
aiω, aoω, and apω along the three axes of the accelerometer are
expressed as ⎡

⎣ aiω

aoω

apω

⎤
⎦ =

⎡
⎣ 0
ω2 R

0

⎤
⎦. (4)

Considering the combined effects of gravitational and cen-
tripetal acceleration, the overall acceleration components are⎡
⎣ ai

ao

ap

⎤
⎦ =

⎡
⎣ aig

aog

apg

⎤
⎦ +

⎡
⎣aiω

aoω

apω

⎤
⎦ =

⎡
⎣ g sin γ sinωt

g sin γ cosωt + ω2 R
g cos γ

⎤
⎦. (5)

Substituting (5) into (1), the calculated output of the tested
accelerometers is expressed as follows:

E

K1
= K0 + Kpogω2 R cos γ + Kooω

4 R2 + Kppg2 cos2 γ

+ δog cos γ − δpω
2 R + 0.5K2g2 sin2 γ

+ 0.5Koog2 sin2 γ + cosωt

× (
Kpog2 sin γ cos γ + 2Koogω2 R sin γ − δpg sin γ

)
+ sinωt

(
Kiogω2 R sin γ + g sin γ + Kipg2 sin γ cos γ

)

+ sin 2ωt
(
0.5Kiog2 sin2 γ

)
+ cos 2ωt

(−0.5K2g2 sin2 γ + 0.5Koog2 sin2 γ
) + ε.

(6)

In (6), there exists one double-underlined unique term
where Kio is associated with both sinωt and ω2. Based on
this characteristic, we can identify Kio, by demodulating the
output at sinωt and then fitting with quadratic dependence on
ω. The phase of the modulation carrier is produced by the
synchronous angular position signal of the circular grating of
the rate table with an accuracy of 1��, relative to the initial
angular position (the Oy1-axis) as shown in Fig. 2(b).

As shown in Fig. 4, Kio is separated according to the
following process: the output E j of the accelerometer is
collected in sequence at a series of chosen ω’s, denoted
as ω j , j = 1, . . . , n; the output E j is then demodulated
by multiplying with sinω j t , and then converted into E1 j

including all underlined terms following behind sinω j t in (6)
after a low-pass filter; subsequently, the set of E1 j is fitted
as a function of ω j by a quadratic polynomial; and ultimately,
the coefficient of the quadratic term is used to deduce Kio.

The quadratic polynomial is written as

E1 j

K1
= Aω2

j + Bω j + C (7)

where A, B , and C are the fitting coefficients, and A is equal
to KioRgsinγ . Among all the terms included in E1 j , only the
second-order coefficient A containing Kio is of our interest.
Ultimately, Kio could be deduced since all other factors in A
are known including R, g, and γ . In (7), the term Bω j is
introduced to take into account some unwanted effects.

III. EXPERIMENTAL CONFIGURATIONS, EXPERIMENTAL

PREPARATIONS, AND ERROR EVALUATION

The test has been carried out on a test pier in a cave labo-
ratory to alleviate the disturbance of cultural electromagnetic
and seismic noise. The laboratory is located at Wuhan, with
a north latitude of 30.5◦ and an east longitude of 114.4◦. The
effects of cross-coupling are usually several μg or less for
nano-g accelerometers while strongly excited but still kept in
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Fig. 5. Accelerometers mounted on the rotation fixture of the precision single-axis rate table. Two thermometers are deployed at opposite sides of the rate
table.

normal operation. To separate the cross-coupling coefficients,
potential error sources need to be systematically analyzed if
their effects could reach tens of ng. At first, accelerometers
must be accurately mounted with the required position and
orientations. Second, it must be ensured that the accelerometer
output is demodulated in phase with the modulation carrier.
Third, potential issues such as temperature fluctuation and base
tilt variations need to be addressed. Fourth, the movement
imperfections of the rate table are essential for performance
of the procedure, even though the rate table and the rotation
controller are optimized for stable rotation movement. Finally,
the accelerometer could respond differently under excitation
at different frequencies. This effect needs careful treatment
especially when we are exploring the cross-coupling effects
based on varying rotation frequency.

A. Test Configurations on the Rate Table

A home-made accelerometer is mounted on the fixture at
the top of the rate table as shown in Fig. 5. The rate table
features excellent speed stability of 1 part per million (ppm)
per revolution and wobble of the spin axis less than 1��.
The spin axis is normal to the surface of the rotation fixture
within ±1��.

In the test, the acceleration along the IA and the OA
should be maximized while keeping accelerometer output
safely within its output range, to enhance the cross-coupling
effect. The accelerometer under test has an input range of
±5 mg with a scale factor of 566.2 V/g, which has been
determined on the dividing head with an angular accuracy
of 1��. Based on these considerations, the tilt angle is set to
be (360 ± 7)�� in virtue of an electronic level meter with an
accuracy of 0.1�� in the horizontal state and 7�� at a tilt of 360��,
corresponding to acceleration of 1.8 mg applied onto the IA.

The rate table is optimized for steady rotation within a spin
frequency range from 0.09 to 0.25 Hz, corresponding to an
angular velocity from 9π /50 to π /2 rad/s. The accelerometers
are located 10 cm away from the spin axis with an uncertainty
of 1 mm, which will introduce an error of ±1% to Kio. Taking
both the rotation angular velocity and the radius into account,
the centripetal acceleration ranges from 3 to 25 mg along
the OA.

In our test, the PA is defined to be normal to the bottom
surface of our accelerometer. According to this definition,
the direction of the PA could be ensured to be normal to

the fixture surface with an uncertainty of 1�� by mounting the
accelerometer with its case bottom in rigid contact with the
fixture. The IA is defined to be along the tangential orientation
of the fixture circumference and the OA along the radius.
When the rate table rotates at different spin frequencies, the dc
output component of the accelerometer changes due to its
cross-axis sensitivity to the centripetal acceleration. Based
on this effect, we have minimized the dc output variations
by slightly adjusting the accelerometer orientation along the
fixture top surface within the tolerance of the retaining holes
when switching spin frequencies. Since the accelerometer
under test stably distinguishes a dc output change of ∼5 μg,
the IA is under control with an uncertainty better than 0.2 mrad
using a centripetal acceleration of 25 mg. Once the PA and the
IA are determined, the orientation of the OA is fixed, because
it is defined to be normal to both. According to this mounting
procedure, the realized axis orientation could slightly deviate
from the ideal coordinate system Ox2 y2z2 in Fig. 3. The devia-
tion could lead to mixing between terms in (1). To evaluate the
mixing between secondary error terms, a multipoint test on the
tilted dividing head has been performed at first. The test results
show that the cross-coupling or nonlinearity coefficients of our
accelerometer are no larger than 0.2 g/g2 at maximum. Then,
a further analysis is carried out according to (1) based on
coordinate transformations and the orientation uncertainties,
indicating that the relative uncertainty of Kio is no more
than 1‰. Note that the IA misalignment δp about the PA is
minimized in this way with an uncertainty of 0.2 mrad. The
advantage of minimizing δp is to avoid large output variations
through cross-axis sensitivity to the relatively wide range of
centripetal acceleration in our test.

While the rate table rotates, the accelerometer senses the
Coriolis acceleration produced by earth’s rotation and the
tangential velocity Rω j . Earth’s rotation could be decom-
posed into components along the mounting surface and its
normal line (overlapped with the spin axis of the table within
±1��, as mentioned before). By interacting with the tangential
velocity, the component along the normal line leads to an
acceleration aoc along the OA, which is

aoc = 2ω j Rωe sinψ (8)

where ωe is the angular velocity of earth’s rotation and ψ is
the angle between the normal line and the equatorial plane.
The tilt angle of the fixture is negligibly small from the local
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Fig. 6. Phase alignment between the normalized modulation carrier and the output of the accelerometer at an angular velocity of π /2 rad/s, respectively,
represented by the red dashed curve and black circles. The blue curve represents the sine fit of the output signal.

horizontal, compared with the latitude of the experimental
site (360�� versus 30.5◦). Therefore, the latitude is taken
as the approximate value of ψ . Accordingly, the Coriolis
acceleration component is about 1.1 μg at maximum, while the
centripetal acceleration applied in the experiment is 3–25 mg.
The latter is at least three orders of magnitude larger than the
former.

The other component of earth’s rotation along the mounting
surface leads to acceleration apc along the PA, which is

apc = 2ω j Rωe cosψ sin
(
ωt + ϕp0

)
(9)

where ϕp0 is the compensation phase for ap relative to the
initial angular position of the accelerometer. This term is below
2 μg. Unlike the centripetal acceleration aoω with a quadratic
relation to ω j , both Coriolis acceleration components aoc and
apc instead have a linear relation to ω j . Therefore, the Coriolis
acceleration finally goes into the linear term Bω j in (7) via
cross-sensitivity or cross-coupling, which is of no interest. To
summarize, the Coriolis acceleration can be ignored in this
work.

B. Phase Alignment of Demodulation and
Data Collection Time

As mentioned above, the rate table rotates at variable
discrete angular velocities. The output of the accelerometer
needs to be demodulated with the sinusoidal wave sinω j t ,
as the first step of separating the cross-coupling coefficient
shown in Fig. 4. In our test, the accelerometer output should
be aligned in phase with the modulation carrier, satisfying
the assumption of (3). In case that the output signal should
possess a phase error ϕ0 relative to the modulation carrier,
the demodulation result according to (6) would contain the
following terms:

Kiogω2 R sin γ cosϕ0 + Koogω2 R sin γ sin ϕ0 + · · ·
= g R sin γ (Kio cosϕ0 + Koo sin ϕ0)ω

2 + · · · . (10)

It can be seen that the magnitude of Kio will be reduced by
a factor of cosϕ0 and will be mixed with another coefficient
Koo by coupling through sinϕ0.

Fig. 7. Time response of the demodulated signal after narrow-bandwidth
filtering. The magnified inset shows that the filtered output is stabilized within
±100 ng after ∼12 min.

To evaluate the phase alignment, the accelerometer output
E j and the modulation carrier sin(ω j t+ϕ0) are simultaneously
monitored. The initial phase ϕ0 of the modulation carrier is
adjusted until the phase difference between the two is accept-
able. As shown by the experimental data plotted in Fig. 6,
the phase difference between the red dashed line representing
the modulation carrier and the blue line representing the
accelerometer output reaches less than 3◦. With a phase error
of 3◦, the absolute value of Kio decreases by 1‰ due to
the factor cosϕ0. Since Koo is much smaller than Kio in our
case and sinϕ0 is much less than 1, the second term Koo

sinϕ0 of their product is negligible. It is worthy of mentioning
that the misalignment δp about the PA could introduce a
phase error through cross-sensitivity to the gravity component
along the OA. However, uncertainty of 0.2 mrad is negligible.
The misalignment δo only introduces a static error and has
no influence on the phase alignment. The error effects at
the second-order are estimated to be ignorable on the phase
alignment, as well.

To suppress the noise, a low-pass filter with a narrow
bandwidth for demodulation is adopted to improve the signal-
to-noise ratio. As shown in Fig. 7, the demodulation output
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Fig. 8. Temperature variations within 16 h when thermometers 1 and 2 were fixed on opposite sides of the rate table as shown in Fig. 5. (a) Temperatures
on either side of the rate table. (b) Difference between the output of thermometer 1 and thermometer 2.

tends to converge and stabilize within ±100 ng after the
initial oscillation fades out in 12 min. In addition, when
switching between spin frequencies, a few minutes are nec-
essary for the rate table to reach rotation stability of 1 ppm
per revolution. Based on the considerations mentioned above,
a duration of 15 min is chosen for testing at each rotation
frequency. In one complete set of tests, there are nine discrete
spin frequencies sequentially scheduled in total, ranging from
0.09 to 0.25 Hz with an interval of 0.02 Hz. Thus, one set
of tests last ∼2.25 h. The test at each frequency in the set is
sequentially carried out and then analyzed, according to the
flowchart shown in Fig. 4.

C. Tilt Drift of Test Equipment and Temperature Drift
Since a full set of test lasts more than 2 h, one should

pay particular attention to influences which cause tilt drift of
the spin axis in the test duration. The tilt drift goes directly
into acceleration along the IA in the form of the tilt-related
gravity component. Hence, time-varying tilt drift could be
simply misinterpreted as cross-coupling effects arising from
sequentially switching the spin frequency between tests.

The test base, including the fixture, the rate table, and
the pier, could be thermally deformed in the presence of a
temperature gradient. Further analysis, however, tells that a
constant temperature gradient is not disturbing as long as
unchanged deformation has been taken in as one part of the
measured tilt angle. It is the uncontrolled time variation in
the tilt angle which could interfere with the test. As shown
in Fig. 5, the temperature around the rate table was monitored
for about 16 h using two thermometers with a resolution of
1 mK. The thermometers were deployed at opposite sides
of the rate table with a distance of ∼40 cm, named ther-
mometer 1 and thermometer 2, respectively. During the whole
process, the ambient temperature fluctuates within ±0.01 ◦C/h,
as shown in Fig. 8(a). The temperature difference in ther-
mometers is kept constant at ∼0.35 ◦C, which is reconfirmed
to be real by exchanging the position of two thermometers.
To evaluate the drift of the temperature gradient, each set

Fig. 9. Output of the accelerometer at a fixed spin frequency due to tilt drift.
The red dashed curve represents continuous data segment randomly selected
with a duration of 2.25 h, whose error contribution to Kio is marked.

of the experimental data is subtracted by its mean value.
As shown in Fig. 8(b), the temperature consistently follows the
same tendency within 0.01 ◦C. This brings out a temperature
gradient drift less than 0.01 ◦C per 40 cm. Based on the
thermal expansion coefficients and the dimensions of the test
equipment, the drift of the temperature gradient is estimated
to produce a tilt variation below 50 nrad.

The temperature sensitivity of the scale factor of the
accelerometer has been measured to be less than 450 ppm/◦C,
which will result in an acceleration error of ±20 ng in a
single set of tests lasting 2.25 h with the temperature drift
rate of ∼ ±0.01 ◦C/h. The temperature of the test site is kept
at 26.5 ◦C with an uncertainty of 0.2 ◦C from day to day,
resulting in a negligible error of ±0.1‰ among different sets.

When the ambient temperature was kept properly stable
at such a level, the output drift of the accelerometer was
monitored for 40 h at a fixed rotation frequency for the sake
of evaluating the tilt drift when the table was in movement.
As shown in Fig. 9, the accelerometer output at a fixed rotation
speed illustrates a fluctuation of ±200 ng, which corresponds
to a tilt drift of approximately ±200 nrad for an accelerometer
with its IA in the horizontal plane. As mentioned above,
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the effects of temperature and temperature gradient are only
accountable for variations about 50 ng and insufficient to
justify such large fluctuation here. Eventually, it is inferred
that the dominant sources come from slow drift of the spin
axis due to the time-varying inclination of the test pier and
the imperfect bearings of the rate table. Although the cave lab-
oratory provides an environment already seismically isolated
from urban noise, there still exists the tidal tilt effect which
could be as large as ±160 nrad (about ±160 ng) [33]. More
than that, if the tidal tilt was the only dominant factor, its effect
could be corrected to a large extent using the tidal tilt record
in the same laboratory in principle. However, detailed analysis
of Fig. 9 tells that there is another influential factor, which we
attribute to the long-term irregular wobble movement of the
spin axis. Actually, the disadvantageous influence of wobble
is already greatly suppressed from its nominal value of 1��
by averaging over many turns in virtue of narrow-bandwidth
filtering, but there still remains a small portion of wobbling
movement about 200 nrad which is unrepeatable. The irregular
wobble contributes together with the tidal tilt to orientation of
the spin axis, resulting in an unpredictable tilt drift.

We mimic the possible tilt drift by randomly pulling out any
continuous data segment of 2.25 h from this long sequence of
data as shown in Fig. 9, to evaluate the fake effects. It should
be noted that the spin frequency is kept constant here on
purpose so that only tilt drift takes effects and other effects
such as cross-coupling do not change over time. Subsequently,
nine average tilt angles are deduced by sequentially averaging
over data fragments every 15 min with spacing in-between
them, mimicking one set of tests. In such a way, we take
the gravity components related to nine average tilt angles as
the sole input to the accelerometer. Finally, the set of nine
gravity components corresponding to tilt angles are fitted as
a function of ω j by a quadratic polynomial and a fake Kio is
derived according to (7). When the same procedure is applied
to many segments, the disturbing effect of the tilt drift could
be statistically evaluated. As shown by the red dashed line in
Fig. 9, the fitting results of Kio are given for four representative
segments. These added errors by tilt drift are dispersed and
could be as large as ±30 mg/g2 at maximum.

D. Rotation Velocity Stability of the Rate Table

Although the precision single-axis rate table is dedicated
to continuous steady rotation, unfavorable rotation noises still
occur at a very high precision level. Especially, periodic
spin imperfection results in tangential acceleration at har-
monics, which is directly applied along the IA and might
confusingly show the same dependence on rotation as the
cross-coupling effect. The angular movement can be simply
expressed in relation to position-related rotation imperfection
as

ϕ = ω j t + θ1 sin
(
ω j t + ϕ1

) + θ2 sin
(
2ω j t + ϕ2

) + · · · (11)

where θ1 and θ2 are, respectively, the amplitude of the first
harmonic and that of the second harmonic, and ϕ1 and ϕ2 are
the corresponding phases. Take the second derivative of (11)
and multiply it by the radius R, and then the rotation-related

Fig. 10. Amplitude of rotation-related tangential acceleration in relation to
rotation frequencies. The black circles represent the acceleration derived from
the gyroscope output, and the red curve is the fitting curve according to (7).

tangential acceleration aϕ j is deduced as

aϕ j = −Rω2
jθ1 sin

(
ω j t+ϕ1

) − 4Rω2
jθ2 sin

(
2ω j t+ϕ2

) + · · · .
(12)

It can be seen that the term Rω2
jθ1sin(ω j t + ϕ1) presents

the same dependence on sinω j t and ω2
j as the Kio term of

our interest in (6). To evaluate the disturbance caused by the
rotation velocity imperfection, we monitor the angular velocity
of the rate table using an optic fiber gyroscope with bias
stability ≤0.002◦/h and angle random walk ≤0.001◦/

√
h. The

rotation-related tangential acceleration is the product of the
radius R and the derivative of the angular velocity. We take
the rotation-related acceleration at different spin frequencies
as the only input to the accelerometers and mimic one set
of tests. After the input acceleration is demodulated with
the sine wave at the respective frequencies, the acceleration
amplitude is derived. The amplitude of the rotation-related
tangential acceleration is depicted as a function of the spin
frequencies in Fig. 10. It is noted that the rotation-related
tangential acceleration at the first harmonic indeed correlates
with the rotation frequency. Equation (7) is used to fit the
demodulated amplitude across the frequency range. The fitting
result is given by

aϕ j = 7(±24)× 10−7
(ω j

2π

)2 + 3(±8)× 10−7 ω j

2π
− 2(±7)× 10−8 (13)

where aϕ j is the tangential acceleration of the rate table
and ω j is the rotation angular velocity. Therefore, it is
deduced that the rotation speed instability gives an error of
(1 ± 3) mg/g2 for Kio.

E. Response of the Accelerometer in Relation to Input
Acceleration Frequencies

When the spin frequency of the rate table is changed,
the output of the accelerometer could change simply because
of its scale factor dependence on the input acceleration fre-
quency. This frequency-dependent response could be easily
mistaken as the consequence of cross-coupling arising from



ZHANG et al.: CROSS-COUPLING COEFFICIENT ESTIMATION OF NANO-g ACCELEROMETER 1006712

TABLE I

CONTRIBUTION TO Kio OF ALL ERROR SOURCES

Fig. 11. Ultralow frequency vibration calibration system with the accelerom-
eter mounted on its rail.

rotation-related centripetal acceleration variation along the
OA. The accelerometer has been excited by frequency sweep
conforming to the ISO 16063-11 on an ultralow frequency
vibration calibration system with gas bearing developed by
the Institute of Manufacturing Technology and Automation,
Zhejiang University, Hangzhou, China, as shown in Fig. 11.
The response of the accelerometer is shown as a function
of excitation frequency in Fig. 12, from 0.09 to 2 Hz. The
response presents good consistency within ±0.2‰ at different
frequencies. The response in this frequency range is expected
to be flat for our accelerometer with a bandwidth larger
than 10 Hz. This response curve is fitted with (7) to find
the quadratic relationship with ω j . The result indicates that
there is no significant square or linear relation between the
accelerometer response and the frequency. Given that the
modulation amplitude of the gravity component along the IA
is 1.8 mg, the frequency response inconsistency corresponds
to a potential Kio error of (0.8 ± 2.6) mg/g2.

Based on the above analysis, all errors that may affect the
separation of Kio are estimated. The major effects of different
sources are summarized in Table I. The dominant error is from
the spin axis tilt drift relative to the local plumb line, which
is ±30 mg/g2 at maximum.

IV. EXPERIMENTAL RESULTS OF CROSS-COUPLING

DETERMINATION AND ANALYSES

Varying rotation-frequency experiments were carried out on
a tilted rate table, and then data were processed according to

Fig. 12. Response of the accelerometer between 0.09 and 2 Hz.

the flowchart in Fig. 4. As shown in Fig. 13(a), the results of
three sets of tests are plotted as examples. The demodulated
output of the accelerometer presents quadratic relation with
the spin frequency as expected. Subsequently, the value of
Kio is deduced by fitting with (7). The fitted Kio fluctuates
with differing uncertainties, but always within 30 mg/g2,
as given in Fig. 13(b). The uncertainty of Kio is consistent
with the errors summarized in Table I. As the dominant error
source, the tilt drift displayed in Fig. 9 could be used to
interpret the detailed difference between different sets of test
exemplified by Fig. 13. The up-and-down of the curve offset
about one hundred of ng is reflected as different fitting values
of coefficient C in (7). It is largely due to the difference in
the average tilt among segments of 2.25 h as shown in Fig. 9.
The slight variations in the curve shape are attributed to the
variations in the tilt drift trend from segment to segment.
The shape variations are then related to the dispersed linear
coefficient B and quadratic coefficient A in (7), thus ultimately
resulting in the uncertainty of Kio.

We have scrutinized the statistical characteristics of the Kio

error induced by the tilt drift of the spin axis, based on fitting
the randomly segmented data of 2.25 h in Fig. 9. As shown
in Fig. 14, the statistical histogram of the influence on Kio

follows a rule of Gaussian distribution with the deviation
of 12 mg/g2 within 1σ confidence interval in general. Hence,
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Fig. 13. Demodulated output of the accelerometer as a function of the rotation frequency (a) experimental results of three sets, respectively, denoted by
circles, squares, and rhombuses, and fitting results plotted as curves, and (b) deduced results and uncertainties of Kio.

Fig. 14. Statistical histogram of the error caused by the tilt drift.

the experimental uncertainty related to tilt drift could be
narrowed down using the weighted average method to treat
the results of many measurements. Under the same condi-
tions, the weight of each set is inversely proportional to its
corresponding variance. For a series of test results, Kio1 ± u1,
Kio2± u2, . . . , Kio j ± u j , . . . , Kion± un, the weights for each
test conform to

p1 : p2 : · · · : pn = 1

u2
1

: 1

u2
2

: · · · : 1

u2
n

. (14)

The normalized relative weight for each measurement is

p j = u−2
j∑n

j u−2
j

. (15)

Based on the relative weights, we can obtain the final
weighted average as

Kio = p1 Kio1 + p2 Kio2 + · · · + pn Kion . (16)

Then, the uncertainty can be written as

u =
√√√√

∑n
j p j u2

j

(n − 1)
∑n

j p j
. (17)

Substituting (15) into (17), the simplified uncertainty can
be expressed as

u =
√

n

n − 1

⎛
⎝ n∑

j

u−2
j

⎞
⎠

−1/2

. (18)

Based on this data treatment method, the averaged value of
Kio is derived to be −32 mg/g2 and the uncertainty related to
the tilt drift is updated to be 7.1 mg/g2 by weighted averaging
over more than ten sets of test. According to Table I, the errors
from phase misalignment of demodulation, rotation stability
of rate table, and response on acceleration frequency contain
recognized systematic effects, which can be used to correct the
measured value of Kio. After correction, the average of Kio is
−34 mg/g2. Taking into account all the other uncertainties
besides the updated one for tilt drift in Table I, the com-
bined uncertainty is calculated to be 8 mg/g2. Therefore,
the cross-coupling coefficient Kio is finally estimated to be
(−34 ± 8) mg/g2.

For comparison, the same accelerometer was calibrated by
a static 12 points test on a tilted dividing head according
to the scheme shown in Fig. 1. The cross-coupling coef-
ficient of the nano-g accelerometer was calibrated to be
Kio = (−85 ± 88) mg/g2 for a single test lasing ∼1 h. The
test result is coincident with the one calibrated by the proposed
dynamic approach within experimental uncertainties, whereas
the uncertainty of the static calibration is marginally larger
than the magnitude of its own average value. In contrast,
the uncertainty of the static method close to 100 mg/g2 is
remarkably larger than the largest possible uncertainty of
30 mg/g2 using the dynamic method, for one single set of
tests. Further analysis shows that the bias drift of ±5 μg during
the static test duration bears the responsibility for the relatively
large uncertainty. In comparison to the conventional procedure,
the rotation modulation method is basically immune from the
issue of slow bias drift while mostly limited by the tilt drift
of the spin axis.
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V. CONCLUSION

In this article, based on sequential rotation modulating the
applied acceleration with discrete frequencies on a tilted rate
table in the local gravity field, the cross-coupling coefficients
of the accelerometer have been separated after systematically
evaluating the error sources. Kio of a home-made accelerom-
eter is determined with an uncertainty of 8 mg/g2. In com-
parison to a static method of 12 discrete angular rotation on
a tilted dividing head, this method demonstrates an improved
uncertainty and robustness against the low-frequency bias drift
of the sensor. A further improvement would be immediately
achieved by suppressing the influence of the tilt drift. Among
the error sources for tilt drift, the regular tidal tilt could be
corrected to a great extent, and the irregular tilt drift of the
spin axis might be monitored in real-time or alleviated by
improving the performance of the rate table. Kip could also
be measured through the same procedure by simply mounting
the accelerometer with the configuration that the PA is parallel
to the rate table radius. This article helps complete the proce-
dure of calibrating the cross-coupling coefficients of nano-g
accelerometers. Especially for those dedicated to dynamic
applications, their performance at an ultralow frequency close
to dc not necessarily sustains to be excellent. This method
would show superiority when testing them. It can also be
applied to investigating the frequency dependence of cross-
coupling coefficients in the low-frequency range.
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