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Building the component tree in quasi-linear time
L. Najman and M. Couprie
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Abstract— The level sets of a map are the sets of points with
level above a given threshold. The connected components of the
level sets, thanks to the inclusion relation, can be organized in
a tree structure, that is called the component tree. This tree,
under several variations, has been used in numerous applications.
Various algorithms have been proposed in the literature for
computing the component tree. The fastest ones (considering the
worst-case complexity) have been proved to run in O(n ln(n)).
In this paper, we propose a simple to implement quasi-linear
algorithm for computing the component tree on symmetric
graphs, based on Tarjan’s union-find procedure. We also propose
an algorithm that computes the n most significant lobes of a map.

Index Terms— Component tree, connected operators, mathe-
matical morphology, classification, disjoint sets, union-find, image
and signal processing, filtering

I. INTRODUCTION

The level sets of a map are the sets of points with level
above a given threshold. The connected components of the
level sets, thanks to the inclusion relation, can be organized
in a tree structure, that is called the component tree. The
component tree captures some essential features of the map.
It has been used (under several variations) in numerous
applications among which we can cite: image filtering and
segmentation [12], [11], [7], [14], video segmentation [21],
image registration [16], [18], image compression [21] and
data visualization [5]. This tree is also fundamental for the
efficient computation of the topological watershed introduced
by M. Couprie and G. Bertrand [7], [8], [3].

While having been (re)discovered by several authors for
image processing applications, the component tree concept
was first introduced in statistics [26], [13] for classification and
clustering. For image processing, the use of this tree in order to
represent the “meaningful” information contained in a numer-
ical function can be found in particular, in a paper by Hanusse
and Guillataud [12], [11]; the authors claim that this tree can
play a central role in image segmentation, and suggest a way
to compute it, based on an immersion simulation. Several
authors, such as Vachier [25], Breen and Jones [4], Salembier
et al. [21] have used some variations of this structure in order
to implement efficiently some morphological operators (e.g.
connected operators [22], granulometries, extinction functions,
dynamics [2]).

Let us describe informally an “emergence” process that will
later help us designing an algorithm for building the compo-
nent tree. Using topographical references, we see the map as
the surface of a relief, with the level of a point corresponding

to its altitude. Imagine that the surface is completely covered
by water, and that the level of water slowly decreases. Islands
(regional maxima) appear. These islands form the leafs of the
component tree. As the level of water decreases, islands grow,
building the branches of the tree. Sometimes, at a given level,
several islands merge into one connected piece. Such pieces
are the forks of the tree. We stop when all the water has
disappeared. The emerged area forms a unique component:
the root of the tree.

Various algorithms have been proposed in the literature
for computing the component tree [4], [21], [15], the latter
reference also contains a discussion about time complexity
of the different algorithms. The fastest ones (considering the
worst-case complexity) have been proved to run in O(n ln(n)),
where n denotes the number of pixels of the image. In this
paper1, we propose a quasi-linear algorithm for computing
the component tree of functions defined on general symmetric
graphs, based on Tarjan’s union-find [24] procedure. More
precisely, our algorithm runs in O(N × α(N)) where N
denotes the size of the graph (number of vertices + number
of edges) and α is a very slow-growing “diagonal inverse” of
the Ackermann’s function (we have α(1080) ≈ 4). We would
like to emphasize that this algorithm is simple to implement.

The paper is organised as follows: we first recall the defini-
tions of some basic graph notions and define the component
tree in this framework. We explain the disjoint set problem,
together with the solution proposed by Tarjan. Using a disjoint
set fomulation, we present our component tree algorithm,
and we describe its execution on an example. We then show
that the proposed algorithm is quasi-linear with respect to
the size of the graph, and compare it to one of the most
cited component tree algorithm. We illustrate the use of
the component tree for automatic detection of some image
features, based on a unique parameter which is the number of
features that we expect to find in the image.

II. VERTEX-WEIGHTED GRAPH AND COMPONENT TREE

A. Basic notions for graphs

Let V be a finite set of vertices (or points), and let P(V )
denote the set of all subsets of V . Throughout this paper,
E denotes a binary relation on V (that is, a subset of the
cartesian product V × V ) which is anti-reflexive ((x, x) /∈ E)
and symmetric ((x, y) ∈ E ⇔ (y, x) ∈ E). We say that the

1A preliminary and reduced version of this paper appeared in conference
proceedings as [19]. This work has been partially supported by the CNRS.
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pair (V,E) is a graph, and the elements of E are called edges.
We denote by Γ the map from V to P(V ) such that, for all
x ∈ V , Γ(x) = {y ∈ V |(x, y) ∈ E}. For any point x, the set
Γ(x) is called the neighborhood of x. If y ∈ Γ(x) then we
say that y is a neighbor of x and that x and y are adjacent.

Let X ⊆ V . Let x0, xn ∈ X . A path from x0 to xn in X
is a sequence π = (x0, x1, . . . , xn) of points of X such that
xi+1 ∈ Γ(xi), with i = 0 . . . n− 1. Let x, y ∈ X , we say that
x and y are linked for X if there exists a path from x to y
in X . We say that X is connected if any x and y in X are
linked for X . We say that Y ⊆ V is a connected component
of X if Y ⊆ X , Y is connected, and Y is maximal for these
two properties (i.e., Y = Z whenever Y ⊆ Z ⊆ X and Z is
connected).

In the following, we assume that the graph (V,E) is con-
nected, that is, V is made of exactly one connected component.

B. Basic notions for vertex-weighted graphs

We denote by F(V,D), or simply by F , the set composed
of all maps from V to D, where D can be any finite set
equipped with a total order (e.g., a finite subset of the set of
rational numbers or of the set of integers). For a map F ∈ F ,
the triplet (V,E, F ) is called a (vertex-)weighted graph. For
a point p ∈ V , F (p) is called the weight or level of p.

Let F ∈ F , we define Fk = {x ∈ V |F (x) ≥ k} with
k ∈ D; Fk is called a (cross-)section of F . A connected
component of a section Fk is called a (level k) component
of F . A level k component of F that does not contain a level
(k +1) component of F is called a (regional) maximum of F .
We define kmin = min {F (x)|x ∈ V } and kmax = max
{F (x)|x ∈ V }, which represent respectively, the minimum
and the maximum level in the map F .

Although the notions we are dealing with in this paper are
defined for general graphs, we are going to illustrate our work
with the case of 2D images that we model by weighted graphs.
Let Z denote the set of integers. We choose for V a subset of
Z2. A point x ∈ V is defined by its two coordinates (x1, x2).
We choose for E the 4-connected adjacency relation defined
by E = {(x, y) ∈ V × V ; |x1 − y1|+ |x2 − y2| = 1}.

Fig. 1.a shows a weighted graph (V,E, F ) and four cross-
sections of F , between the level kmin = 1 and the level kmax =
4. The set F4 is made of two connected components which
are regional maxima of F .

C. Component Tree

From the example of Fig. 1.a, we can see that the connected
components of the different cross-sections may be organized,
thanks to the inclusion relation, to form a tree structure (see
also [2]).

Let F ∈ F . For any component c of F , we set h(c) =
max{k|c is a level k component of F}. Note that h(c) =
min{F (x)|x ∈ c}. We define C(F ) as the set composed of all
the pairs [k, c], where c is a component of F and k = h(c). We
call altitude of [k, c] the number k. Remark that [k1, c] ∈ C(F )
and [k2, c] ∈ C(F ) implies k1 = k2, in other words, any two
distinct elements of C(F ) correspond to distinct sets of points.

1 1 1 1 1 1 1

1 3 3 2 3 4 1

1 3 3 2 3 4 1

1 1 1 1 1 3 1

1 3 3 2 1 1 1

1 4 3 2 2 2 1

1 1 1 1 1 1 1

F

1 1 1 1 1 1 1

1 1 1 1 1 1 1

1 1 1 1 1 1 1

1 1 1 1 1 1 1

1 1 1 1 1 1 1

1 1 1 1 1 1 1

1 1 1 1 1 1 1

F1

0 0 0 0 0 0 0

0 1 1 1 1 1 0

0 1 1 1 1 1 0

0 0 0 0 0 1 0

0 1 1 1 0 0 0

0 1 1 1 1 1 0

0 0 0 0 0 0 0

F2
0 0 0 0 0 0 0

0 1 1 0 1 1 0

0 1 1 0 1 1 0

0 0 0 0 0 1 0

0 1 1 0 0 0 0

0 1 1 0 0 0 0

0 0 0 0 0 0 0

F3

0 0 0 0 0 0 0

0 0 0 0 0 1 0

0 0 0 0 0 1 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 0 0 0

F4

(a)

α1

α2 α3

α4 α5 α6

α8α7

Level 1

Level 2

Level 3

Level 4

(b)
α1 α1 α1 α1 α1 α1 α1

α1 α4 α4 α2 α5 α7 α1

α1 α4 α4 α2 α5 α7 α1

α1 α1 α1 α1 α1 α5 α1

α1 α6 α6 α3 α1 α1 α1

α1 α8 α6 α3 α3 α3 α1

α1 α1 α1 α1 α1 α1 α1

(c)

Fig. 1. (a) A vertex-weighted graph (V, E, F ) and its cross-sections at
levels 1, 2, 3, 4. (b) The component tree of F . (c) The associated component
mapping. The component at level 1 is called α1, the two components at level
2 are called α2 and α3 (according to the usual scanning order), and so on.

Let F ∈ F , let [k1, c1], [k2, c2] be distinct elements of C(F ).
We say that [k1, c1] is the parent of [k2, c2] if c2 ⊂ c1 and if
there is no other [k3, c3] in C(F ) such that c1 ⊂ c3 ⊂ c2.
In this case we also say that [k2, c2] is a child of [k1, c1].
With this relation “parent”, C(F ) forms a directed tree that
we call the component tree of F , and that we will also denote
by C(F ) by abuse of terminology. Any element of C(F ) is
called a node. An element of C(F ) which has no child (a
maximum of F ) is called a leaf, the node which has no parent
(i.e., [kmin, V ]) is called the root.

We define the component mapping M as the map which
associates to each point p ∈ V the node [k, c] of C(F ) such
that p ∈ c and F (p) = k. The component mapping is necessary
for using the component tree in applications.

Fig. 1.b shows the component tree of the weighted graph
depicted in Fig. 1.a, and Fig. 1.c shows the associated com-
ponent mapping. The component at level 1 is called α1, the
two components at level 2 are called α2 and α3 (according to
the usual scanning order), and so on.
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III. COMPONENT TREE QUASI-LINEAR ALGORITHM

A. Disjoint Sets

The disjoint set problem consists in maintaining a collection
Q of disjoint subsets of a set V under the operation of union.
Each set X in Q is represented by a unique element of X ,
called the canonical element. In the following, x and y denote
two distinct elements of V . The collection is managed by three
operations:

• MakeSet(x): add the set {x} to the collection Q, pro-
vided that the element x does not already belongs to a
set in Q.

• Find(x): return the canonical element of the set in Q
which contains x.

• Link(x, y): let X and Y be the two sets in Q whose
canonical elements are x and y respectively (x and y
must be different). Both sets are removed from Q, their
union Z = X ∪Y is added to Q and a canonical element
for Z is selected and returned.

Tarjan [24] proposed a very simple and very efficient
algorithm called union-find to achieve any intermixed se-
quence of such operations with a quasi-linear complexity.
More precisely, if m denotes the number of operations and
n denotes the number of elements, the worst-case complexity
is O(m×α(m,n)) where α(m,n) is a function which grows
very slowly, for all practical purposes α(m,n) is never greater
than four2.

The implementation of this algorithm is given below in
procedure MakeSet and functions Link and Find. Each set
of the collection is represented by a rooted tree, where the
canonical element of the set is the root of the tree. To each
element x is associated a parent Par(x) (which is an element)
and a rank Rnk(x) (which is an integer). The mappings ’Par’
and ’Rnk’ are represented by global arrays in memory. One of
the two key heuristics to reduce the complexity is a technique
called path compression, that is aimed at reducing, in the long
run, the cost of Find. It consists, after finding the root r of the
tree which contains x, in considering each element y of the
parent path from x to r (including x), and setting the parent
of y to be r. The other key technique, called union by rank,
consists in always choosing the root with the greatest rank to
be the representative of the union while performing the Link
operation. If the two canonical elements x and y have the same
rank, then one of the elements, say y, is chosen arbitrarily to
be the canonical element of the union: y becomes the parent of
x; and the rank of y is incremented by one. The rank Rnk(x) is
a measure of the depth of the tree rooted in x, and is exactly
the depth of this tree if the path compression technique is
not used jointly with the union by rank technique. Union by
rank avoids creating degenerate trees, and helps keeping the
depth of the trees as small as possible. For a more detailed
explanation and complexity analysis, see Tarjan’s paper [24].
Procedure MakeSet(element x)

Par(x) := x; Rnk(x) := 0;

2The precise definition of α, a “diagonal inverse” of the Ackermann’s
function, involves notions which are not in the scope of this paper, it can
be found in [24].

Function element Find(element x)

if (Par(x) 6= x) then Par(x) := Find(Par(x));
return Par(x);

Function element Link(element x, element y)

if (Rnk(x) > Rnk(y)) then exchange(x, y);
if (Rnk(x) == Rnk(y)) then Rnk(y) := Rnk(y) + 1;
Par(x) := y;
return y;

B. Illustration of union-find: labelling the connected compo-
nents

We can illustrate the use of the union-find algorithm on the
classical problem of finding the connected components of a
subset X of a graph (V,E). Algorithm 1 (ConnectedCom-
ponents) is given below. For a set X , this algorithm returns
a map M that gives for each point p, the canonical element
M(p) of the connected component of X which contains p.

Algorithm 1: ConnectedComponents
Data: (V,E) - graph
Data: A set X ⊆ V
Result: M - map from X to V
foreach p ∈ X do MakeSet(p);1

foreach p ∈ X do2

compp := Find(p);3

foreach q ∈ Γ(p) ∩X do4

compq := Find(q);5

if (compp 6= compq) then6

compp := Link(compq, compp);7

foreach p ∈ X do M(p) := Find(p);8

During the first pass (loop 1), for each point p of the set X ,
the set {p} is added to the collection Q of disjoint subsets.
Then, loop 2 processes all points of X in an arbitrary order.
For each point p, we first find the canonical element of the set
it belongs to (line 3). Then, for each neighbor q of p such that
q ∈ X (line 4), we find the canonical element of the set which
contains q (line 5). If p and q are not already in the same set,
that is if the two canonical elements differ (line 6), then the
corresponding sets are merged (line 7), and one of the two
canonical elements is chosen to be the canonical element of
the merged set. At the end, a simple pass on all the elements
of X (loop 8) builds the map M .
Note that, if the vertices can be processed in some very specific
order (as the scanline order), the ConnectedComponents algo-
rithm becomes linear [10], [9]. Unfortunately, such a specific
strategy is not applicable for the component tree algorithm,
where the scanning order depends on the altitudes of the
vertices.

C. Component tree algorithm: high-level description

We are now ready to introduce our quasi-linear algorithm for
building the component tree C(F ) from a weighted graph G =
(V,E, F ).
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The algorithm simulates the emergence process described
in the introduction, and maintains several data structures. The
main one is a forest, which initially consists of a set of mutu-
ally disconnected nodes, each node being associated (initially)
to a single vertex of the graph G. During the emergence
process, which is realized by scanning all the vertices of G
by decreasing order of altitude, the vertices which belong to
a same component and have the same altitude are grouped
together thanks to a disjoint set collection called Qnode. The
canonical element of such a set is called a canonical node.
Notice that the disjoint set collection Qnode has essentially the
same function as the disjoint set collection used by algorithm
ConnectedComponents (sec. III-B).

Simultaneously, the canonical nodes are progressively
linked together to form partial trees, each partial tree rep-
resents intuitively an emerged island. At the end of the
execution, a unique tree groups all the canonical nodes, each
one of these nodes represents a component of G, and the whole
tree constitutes the component tree of G. To reach a quasi-
linear time complexity, we have to maintain another collection
Qtree of disjoint sets, and an auxiliary map called lowestNode.
Given an arbitrary node P , the collection Qtree allows to find,
in quasi-constant time, a node T which “represents” the partial
tree which contains P . Due to the particular management of
Qtree, this node T cannot be guaranteed to be precisely the root
of the partial tree, this is why we also need to maintain the
map lowestNode which associates, to each canonical element
of Qtree, the root of the corresponding partial tree.

D. Component tree algorithm: detailed view

Algorithm 2 (BuildComponentTree) is given below. It uses
two auxiliary functions MakeNode and MergeNodes. To
represent a node of C(F ), we use a structure called node
containing the level of the node, and the list of nodes which are
children of the current node. For building the component tree,
we do not need the reverse link, that is we do not need to know
the parent of a given node, but let us note that such information
is useful for applications, and can easily be obtained in a
linear-time post-processing step. In what follows, we are going
to show how to compute some attributes associated to each
node of the component tree; we thus need that the structure
node contains some fields that store those attributes, namely
level, area and highest. We defer both the precise
definition of the attributes and the explaination on how they
are computed until section VI, in order to concentrate on the
component tree itself.

Function node MakeNode(int level)
Allocate a new node n with an empty list of children;
n→ level := level; n→ area := 1; n→ highest := level;
return n;

After a preprocessing (line 1, achievable in linear time for
short integers [6]) which sorts the points by decreasing order of
level and which prepares the two union-find implementations
(line 2), we process the points, starting with the highest ones.

Function int MergeNodes(int node1, int node2)
tmpNode := Linknode(node1,node2);
if (tmpNode == node2) then

Add the list of children of nodes[node1]
to the list of children of nodes[node2];

tmpNode2 := node1;
else

Add the list of children of nodes[node2]
to the list of children of nodes[node1];

tmpNode2 := node2;
nodes[tmpNode]→area :=

nodes[tmpNode]→area + nodes[tmpNode2]→area;
nodes[tmpNode]→highest :=

max(nodes[tmpNode]→highest,
nodes[tmpNode2]→highest);

return tmpNode;

Let us suppose that we have processed a number of levels.
We have built all nodes of the component tree that are above
the current level, and we are building the nodes with exactly
the current level. For a given point p of the current level
(line 3), we know (through the collection Qtree) the partial tree
the node p belongs to (line 4). In each partial tree, there is only
one node with the current level, that we can obtain through
the auxiliary map lowestNode. We then find the associated
canonical node (line 5).

We then look at each neighbor q of p with a level greater
or equal to the current one (loop 6). Note that, as the graph
is symmetric, the “linking operations” between two points are
done when one of the two points is processed as a neighbor
of the other. Thus, we can use the order of scanning of the
points, and we only need to examine the “already processed”
neighbors of p. Such a neighbor q satisfies F (q) ≥ F (p).

Exactly as we have done for the point p, we search for the
canonical node corresponding to the point q (lines 7-8). If the
canonical node of p and the canonical node of q differ, that is
if the two points are not already in the same node, we have
two possible cases:

• either the two canonical nodes have the same level;
this means that these two nodes are in fact part of
the same component, and we have to merge the two
nodes (line 9 and function MergeNodes). The merging
of nodes of same level is done through the collection
Qnode of disjoint sets. The merging relies on the fact
that the Linknode function always chooses one of the two
canonical elements of the sets that are to be merged as
the canonical element of the merged set. This fact is used
in the sequel of the function.
Once the merging has been done, one of the nodes is
chosen to be the canonical element of the disjoint set.
Observe that the other node is not needed anymore.
Indeed, we only have to know to which disjoint set this
last node belongs to, and the answer to this question is
given by the Findnode function.

• or the canonical node of q is strictly above the current
level, and thus this node becomes a child of the current



NAJMAN et al.: BUILDING THE COMPONENT TREE IN LINEAR TIME 5

Algorithm 2: BuildComponentTree
Data: (V,E, F ) - vertex-weighted graph with N points.
Result: nodes - array [0 . . . N − 1] of nodes.
Result: Root - Root of the component tree
Result: M - map from V to [0 . . . N − 1] (component mapping).
Local: lowestNode - map from [0 . . . N − 1] to [0 . . . N − 1].

Sort the points in decreasing order of level for F ;1

foreach p ∈ V do {MakeSettree(p); MakeSetnode(p); nodes[p]:= MakeNode(F (p)); lowestNode[p] := p;};2

foreach p ∈ V in decreasing order of level for F do3

curTree := Findtree(p);4

curNode := Findnode(lowestNode[curTree]);5

foreach already processed neighbor q of p with F (q) ≥ F (p) do6

adjTree := Findtree(q);7

adjNode := Findnode(lowestNode[adjTree]);8

if (curNode 6= adjNode) then
if (nodes[curNode]→level == nodes[adjNode]→level) then

curNode := MergeNodes(adjNode, curNode);9

else
// We have nodes[curNode]→level < nodes[adjNode]→level
nodes[curNode]→addChild(nodes[adjNode]);10

nodes[curNode]→area := nodes[curNode]→area + nodes[adjNode]→area;11

nodes[curNode]→highest := max(nodes[curNode]→highest, nodes[adjNode]→highest);12

curTree := Linktree(adjTree, curTree);13

lowestNode[curTree] := curNode;14

Root := lowestNode[Findtree(Findnode(0))] ;15

foreach p ∈ V do M(p) := Findnode(p);16

node (line 10).
In both cases, we have to link the two partial trees, this is done
using the collection Qtree (line 13). We also have to keep track
of the node of lowest level for the union of the two partial
trees, that we store in the array lowestNode (line 14).

At the end of the algorithm, we have to do a post-processing
to return the desired result. The root of the component tree can
easily be found (line 15) using the array lowestNode and the
two disjoint set structures Qtree and Qnode. The component
mapping M can be obtained using the disjoint set Qnode
(loop 16).

IV. ILLUSTRATION OF THE ALGORITHM

Let us illustrate the work of the algorithm on an example.
Consider the weighted graph of Fig. 2.a. The points are la-
belled according to their usual lexicographical order (Fig. 2.b).

At the beginning of the sixth step, we have already con-
structed parts of the component tree (Fig. 3.b). We show in
Fig. 3.a the maps Partree, Parnode, and lowestNode. For the
maps Partree and Parnode, the canonical elements appear in
white. It should be noted that the lowestNode mapping is
only used for the canonical elements of Partree: this explains
why the values of lowestNode for other elements (in grey)
are not updated.

We are going to process nodes at level 50. The first node
at level 50 is node 3. Node 0 is a neighbor of node 3. The
canonical node corresponding to 0 is node 1, the level of which

110 90 100

50 50 50

40 20 50

50 50 50

120 70 80

0 1 2
3 4 5
6 7 8
9 10 11
12 13 14

(a) (b)
Fig. 2. (a) Original vertex-weighted graph. (b) Points are labelled according
to the usual lexicographic order, but they will be processed by decreasing
level (that is: 12, 0, 2, 1, 14, 13, 3, 4, 5, 8, 9, 10, 11, 6, 7).

1 1 1
3 4 5
6 7 8
9 10 11

13 13 13

0 1 2
3 4 5
6 7 8
9 10 11

12 13 14

0 1 2
3 4 5
6 7 8
9 10 11

12 13 14
Partree Parnode lowestNode

(a)

[1] 90

[0] 110 [2] 100

[13] 70

[12] 120 [14] 80

(b)
Fig. 3. Beginning of step 6. (a) State of the maps Partree, Parnode and
lowestNode. (b) Partial trees constructed.
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1 3 3
3 3 3
6 7 3
9 9 11
13 9 13

0 1 2
3 3 3
6 7 3
9 9 11
12 13 14

0 1 2
3 4 5
6 7 8
9 10 11
12 13 14

Partree Parnode lowestNode
(a)

[3] 50

[1] 90

[0] 110 [2] 100

[9] 50

[13] 70

[12] 120 [14] 80

(b)
Fig. 4. Beginning of step 11. (a) State of the maps Partree, Parnode and
lowestNode. (b) Partial trees constructed.

1 3 3
9 3 3
6 7 3
9 9 3
13 9 13

0 1 2
9 3 3
6 7 3
9 9 3
12 13 14

0 1 2
3 4 5
6 7 8
9 10 11
12 13 14

Partree Parnode lowestNode
(a)

[9] 50

[1] 90 [13] 70

[0] 110 [2] 100 [12] 120 [14] 80

(b)
Fig. 5. End of step 11. (a) State of the maps Partree, Parnode and
lowestNode. (b) Partial trees constructed.

is 90. Thus node 3 becomes the parent of node 1. Then, node 3
is linked for Qnode succesively with nodes 4, 5 and 8. Then
node 9 is examined, and is linked for Qnode with node 10,
the node 9 being chosen as the canonical one. Node 9 is
a neighbour of node 12, the canonical element of which is
node 13 (level 70). Thus, node 13 becomes a child of node 9.
We are then at the beginning of step 11, and this is illustrated
on Fig. 4.

Node 11 is a neighbor of both nodes 8 and 10. The canonical
node of node 8 is node 3 at level 50. Thus, node 11 and node 3
are linked for Qnode, and node 3 is chosen as the canonical
one. The canonical node of node 10 is node 9 at level 50.
Thus, nodes 9 and 3 are merged, that is, the corresponding
partial trees are merged into a single tree. Node 9 is chosen
as the canonical element of the level 50 component, and the
children of node 3 are transfered to node 9. We are in the
situation depicted in Fig. 5.

We then process node 6 at level 40, which becomes the
parent of node 9 at level 50. Node 9 and node 6 are linked
for Qtree, and node 9 is chosen as the canonical element
for the partial tree. The lowest node in this partial tree is

1 3 3
9 9 3
9 9 9
9 9 9

13 9 9

0 1 2
9 3 3
6 7 3
9 9 3

12 13 14

0 1 2
3 4 5
6 7 8
7 10 11
12 13 14

Partree Parnode lowestNode
(a)

[6] 40[7] 20

[9] 50

[1] 90 [13] 70

[0] 110 [2] 100 [12] 120 [14] 80

(b)

Fig. 6. End of step 14. (a) State of the map Partree, Parnode and lowestNode.
(b) Component tree.

node 6 at level 40. We use the map lowestNode to store
that information, by setting lowestNode[9] := 6. Then we
process node 7 at level 20, which becomes the parent of
node 6. Node 9 is chosen as the canonical element for the
partial tree, and thus we have to store the lowest node by
setting lowestNode[9] := 7. There is no node lower than 20,
and thus, the component tree is built. The final situation is
depicted in Fig. 6.

The collection Qtree of disjoint sets is not useful anymore:
indeed, each node of the graph has been examined, and they
are all linked for Qtree, the canonical element being the node 9.
The root of the component tree is the node 7. Each of the
canonical elements of the collection Qnode corresponds to a
component of F : observe in particular the level 50, whose
canonical node is node 9. The collection Qnode can be used to
compute the component mapping M .

V. COMPLEXITY ANALYSIS

Let n denote the number of points in V , and let m denote
the number of edges of the graph (V,E).

The sorting of the points (line 1) can be done in O(n)
if the weigths are small integers (counting sort [6]), and in
O(n log(log(n))) if each weight can be stored in a machine
memory word (long integers or floating point numbers [1]).

Loop 2 is the preparation for the union-find algorithm. It is
obviously O(n).

In the function MergeNodes, the merging of the lists of
children can be done in constant time, because we can merge
two lists by setting the first member of one list to be the one
that follows the last member of the other list. This requires the
two lists to be disjoint, which is the case (we are dealing with
disjoint sets), and an adequate representation for lists (chained
structure with pointers on both first and last element).

The amortized complexity of line 6 is equal to the number m
of edges of the graph (V,E). The amortized complexity of all
calls to the union-find procedures is quasi-linear (in the sense
explained in section III-A) with respect to m. The building of
the component mapping M is obviously linear.
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0 0 0 69 0 50 0 59 0 55

37 0 25 0 20 0 62 0 34 0

0 84 0 6 0 40 0 87 0 31

98 0 8 0 90 0 10 0 92 0

0 50 0 87 0 33 0 69 0 55

36 0 3 0 85 0 9 0 87 0

0 44 0 43 0 60 0 92 0 66

39 0 43 0 65 0 92 0 94 0

0 30 0 59 0 78 0 33 0 80

94 0 6 0 85 0 97 0 88 0

Fig. 7. An example of an artificially generated image of size N*N, where
values of pixel (x1, x2) with x1 +x2 odd are uniformly distributed between
0 and N ∗N , and where the other half of the pixels are 0. Using a series of
such images, one can verify that the component tree algorithm of Salembier
et al. is quadratic.

Thus the complexity of the algorithm 2 (BuildComponent-
Tree) is quasi-linear if the sorting step is linear.

Note that the memory for the lowestNode array is not
necessary: we can easily modify the code so that we store
the content of lowestNode as negative values in Partree for the
canonical element of Qtree. In this case, for an element x ∈ V ,
Findtree(x) still returns the canonical element c for Qtree, but
lowestNode(c) = −Partree(c). The modifications that have to
be made to MakeSet, to Find, and to BuildComponentTree
are straightforward and do not change the complexity of the
algorithm.

For comparison purpose, one can prove that the most cited
component tree algorithm, the Salembier et al. algorithm [21]
is quadratic. More precisely, although there is no complexity
analysis in [21], one can verify that the Salembier et al.
algorithm has a worst-case time complexity in O(n× h + m)
where h is the number of levels of the image. The worst
case can be attained using a series of artificially generated
images such that half of the pixels are maxima of the images
(an example of an image of the series is provided in Fig. 7).
However, this worst case is rare in practice. We observe that,
when the level of a point is a short integer (between 0 and
255), the Salembier et al. algorithm is generally twice as fast
as our algorithm. This can be explained by the fact that, for
each point of the image, we have to access the two union-find
data structures, while this is not the case for the Salembier et
al. algorithm.

VI. ATTRIBUTES

A major use of the component tree is for image filtering:
for example, we may want to remove from an image the
“lobes” that are not “important enough” or “negligible”. Such
an operation is easy to do by simply removing the “negligible”
components of the component tree. To make such an idea
practicable, it is necessary to quantify the relative importance
of each node of the component tree. We can do that by
computing some attributes for each node.

Among the numerous attributes that can be computed, three
are natural: the height, the area, and the volume (Fig. 8).

Let [k, c] ∈ C(F ). We define

height([k, c]) = max{F (x)− k + 1|x ∈ c}
area([k, c]) = card(c)

h

Height

a

Area

v

Volume

Fig. 8. Illustration of the height, the area and the volume of a component.

volume([k, c]) =
∑
x∈c

(F (x)− k + 1)

The area is easy to compute while building the component
tree. Each time two components merge (i.e. in the function
MergeNodes) or each time a component is declared the parent
of another one (i.e. line 11 of algorithm 2 BuildComponent-
Tree), we keep as the new area the sum of the areas of the
two components.

For computing the highest level in the component, we do
as we did for the area, replacing the sum by the maximum
(see line 12 of algorithmm 2 BuildComponentTree and the
function MergeNodes). From this highest level, the height of
a component n can easily be computed by setting height(n) =
(n→highest)− (n→level)+1.

To compute the volume, we first need the area. We then
apply the recursive function ComputeVolume on the root of
the tree. The complexity of this function is linear with respect
to the number of nodes.

Function int ComputeVolume(int n)
vol := nodes[n]→area;
foreach c child of nodes[n] do

vol := vol + ComputeVolume(c) +
c→area * (c→level - nodes[n]→level);

nodes[n]→volume := vol ;
return vol;

VII. EXAMPLE OF APPLICATION AND CONCLUSION

We have mentioned a simple use of the component tree for
filtration (removing nodes of the tree whose attribute is below
a given threshold). A more advanced use consists in finding
the most significant lobes of a given weighted graph F . More
precisely, we want to find the N most significant components
with respect to either the height, area or volume criterion.
By using the tree, this task reduces to the search of the N
nodes that have the largest attribute values and are not bound
with each other (even transitively) by the inclusion relation.
Algorithm 3 (Keep_N_Lobes) performs this task. Its time
complexity is in O(sort(n) + m), where m is the number of
vertices in the graph, n is the number of component tree nodes
and sort(n) is the complexity of the sorting algorithm. At the
end of the algorithm, the remaining leaves (more precisely, the
pixels which are associated to these leaves) mark the desired
significant lobes. For this algorithm, each node must include
fields to store its parent and its number of children (but the
list of children of a given node is not necessary).

Fig. 9 illustrates this algorithm. Fig. 9.a is an image of cell,
in which we want to extract the ten bright lobes. Fig. 9.b shows
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Algorithm 3: Keep_N_Lobes
Data: A vertex-weighted graph (V,E, F ), its component

tree T with attribute value for each node, and the
associated component mapping M

Data: The number N of wanted lobes.
Result: The filtered map F
Sort the nodes of T by increasing order of1

attribute value;
Q := ∅; L := number of leaves in T ;2

forall n do nodes[n]→mark := 0;3

while L > N do4

Choose a (leaf) node c in T with smallest5

attribute value;
p := nodes[c]→parent ;6

nodes[p]→nbChildren := nodes[p]→nbChildren-1;7

if (nodes[p]→nbChildren > 0) then L := L-1;8

nodes[c]→mark := 1 ; Q := Q ∪ {c};9

while ∃c ∈ Q do10

Q := Q \ {c}; RemoveLobe(c);11

foreach x ∈ V do F (x) := nodes[M[x]]→level;12

Function int RemoveLobe(int n)
if (nodes[n]→mark == 1) then

nodes[n] := nodes[RemoveLobe(nodes[n]→parent)];
return n;

that the image 9.a contains numerous maxima. Fig. 9.c is the
filtered image obtained by using algorithm 3 with the volume
attribute and with parameter value 10, and Fig. 9.d shows the
maxima of this filtered image. Note that a similar result could
be obtained with this image by performing attribute based
operations using several volume threshold values, following
e.g. a dichotomic method, until the desired number of maxima
is reached. This latter approach is not only less efficient
than the proposed algorithm, but it may also fail to find the
precise number of maxima required by the user, in the case of
components having precisely the same attribute value. In such
cases, the proposed algorithm always makes a choice in order
to fulfill the user’s requirement.

The component tree allows the efficient implementation of
complex image and signal filtering, based for example on
the use of criteria such as area, volume or depth, or even
the use of non-increasing criteria [21]. Although some of
these filters may be computed using specific and sometimes

(a) (b) (c) (d)
Fig. 9. (a) Original image. (b) Maxima of image (a), in white. (c) Filtered
image. (d) Maxima of image (c), which correspond to the ten most significant
lobes of the image (a).

faster algorithm (in particular area filtering [17]), using the
component tree is in general the simplest and the most efficient
way to compute these filters. Moreover, once the component
tree of a function is computed, any of these filters, with any
parameter value, can be computed at a very low cost. The
component tree is also a key element of an efficient algorithm
for the topological watershed [8]. New classes of filters,
such as second-order connected operators [23] have been
recently introduced to generalize connected operators [22].
Those operators can also be efficiently implemented using
the component tree [20]. In this paper, we have proposed a
simple-to-implement quasi-linear algorithm for computing the
component tree. We hope that such an algorithm will facilitate
the extensive practical use of such operators.
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Abstract

In this paper, we investigate the links between the flooding paradigm and the topological watershed.
Guided by the analysis of a classical flooding algorithm, we present several notions that lead us to a
better understanding of the watershed: minima extension, mosaic, pass value and separation. We first
make a detailed examination of the effectiveness of the divide set produced by watershed algorithms.
We introduce the mosaic to retrieve the altitude of points along the divide set. A desirable property is
that, when two minima are separated by a crest in the original image, they are still separated by a crest
of the same altitude in the mosaic. Our main result states that this is the case if and only if the mosaic
is obtained through a topological thinning. We investigate the possibility for a flooding to produce
a topological watershed, and conclude that this is not feasible. This leads us to reverse the flooding
paradigm, and to propose a notion ofemergence. An emergence process is a transformation based on
a topological criterion, in which points are processed in decreasing altitude order while preserving the
number of connected components of lower cross-sections. Our main result states that any emergence
watershed is a topological watershed, and more remarkably, that any topological watershed of a given
image can be obtained as an emergence watershed of the image.
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1. Introduction

The watershed has been extensively studied during the 19th century by Maxwell[17] and
Jordan[15] among others. One hundred years later, the watershed transform was introduced
by Beucher and Lantuéjoul[4] for image segmentation, and is now used as a fundamental
step in many powerful segmentation procedures[20,5]. Image segmentation usually requires
several processing steps. For example, a typical morphological segmentation procedure
includes a filtering step, a gradient, a marker extraction or a reduction of the number of
minima, a watershed step and some post-processing. Most of these steps are often very
dependent on the application, only the watershed step is application independent. In this
paper, we focus exclusively on watersheds and we study some mathematical properties of
several discrete watershed operators.

A popular presentation of the watershed in the morphological community[32,14,12]
is based on a flooding paradigm. Let us consider the greyscale image as a topographical
relief: the grey level of a pixel becomes the elevation of a point, the basins and valleys of
the relief correspond to the dark areas, whereas the mountains and crest lines correspond
to the light areas. Let us suppose the surface being immersed in a lake, with holes pierced
in local minima. Water fills up basins starting at these local minima, and, at points where
waters coming from different basins would meet, dams are built. As a result, the surface is
partitioned into regions or basins separated by dams, called watershed divides.

Efficient watershed algorithms based on immersion simulation were proposed by Vin-
cent, Soille[36] and Meyer[18] in the early 90s. Those algorithms build a partition of the
space by associating an influence zone to each minimum of the image, and by producing
(in their “dividing” variant) a divide set which separates those influence zones; that is to
say, they “extend” the minima. The building of the influence zones is based on a flooding
paradigm which consists in processing points of the image in increasing grey level order.
We can find a presentation of most of the existing morphological watershed algorithms in
a paper by Roerdink and Meijster[27]. Nevertheless, to our best knowledge, no attempt
has been made to propose comparison criteria. Let us note that a mathematical approach
for regular continuous functions has been proposed by Najman and Schmitt[23,24], intro-
ducing in particular the equivalence for regular functions between the flooding approach
and a distance-based approach to the watershed. Algorithms for computing distance-based
watersheds have been proposed in[19]. Such distance-based or cost-based[16] watersheds
will not be studied in this paper.

An original approach to the watershed transform, called the topological watershed, has
been proposed in[7]. The idea is to define a “topological thinning” that transforms the image
while preserving some topological properties, namely the number of connected components
of each lower cross-section. LetF be a greyscale image and� be a grey level, the lower
cross-sectionF� is the set composed of all the points having an altitude strictly lower than
�. A pointx is said to be W-destructible forF (where W stands for Watershed) if its altitude
can be lowered by one without changing the number of connected components ofFk, with
k = F(x). A mapG is called a W-thinning ofF if it may be obtained fromF by iteratively
selecting a W-destructible point and lowering it by one. A topological watershed ofF is a
W-thinning of F which contains no W-destructible point (seeFig. 1a,c). A major feature
of this transform is to produce a greyscale image. A divide set of the original image can
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Fig. 1. (a) Original image; (b) regional minima of (a) (in white), (c) a topological watershed of (a), (d) a divide
set of (a), obtained by taking the complement of the regional minima of (c).

easily be computed on the transformed image, by taking the complement of the minima
of the transformed image (seeFig. 1d). Recently, Bertrand[1] proposed a framework in
which fundamental properties of the topological watershed have been derived. Quasi-linear
algorithms for computing the topological watershed transform have been obtained and
proved using this framework[10].

In this framework, a notion of contrast plays an important role. We will say informally
that a transformation “preserves the contrast” if the transformation preserves the altitude of
the minima of the image and if, when two minima are separated by a crest in the original
image, they are still separated by a crest of the same altitude in the transform. The formal
definition relies on the altitude of the lowest pass which separates two minima, named pass
value. One of the main results obtained in[1] states that any topological thinning preserves
the contrast (in this sense), and that any transformation that preserves the contrast is a
topological thinning.

One of the goals of this paper is to examine the links between the flooding paradigm
and the topological watershed. In the first part of this paper, guided by the analysis of a
classical flooding algorithm, we present some notions that lead us to a better understanding
of the watershed: minima extension, mosaic, pass values and separation (see also[21]). A
mosaic image is obtained from an imageF and a divide setD of F by valuating the points
of D with the corresponding values of these points forF. We prove in particular that a
mosaic “preserves the contrast”if and only if the mosaic is obtained through a topological
thinning.We investigate the possibility for a flooding to produce a topological watershed, and
we propose a monotone flooding transformation that preserves the number of connected
components of each lower cross-section. We show that this monotone flooding does not
always produce a topological watershed.

This leads us to the paradigm of emergence: reversing the flooding paradigm, we start
with the highest level first. We call emergence watershed a transformation that lowers
points in decreasing altitude order while preserving the number of connected components
of lower cross-sections. Our main result states that an emergence watershed is a topological
watershed, and more remarkably, that any topological watershed of a given image can be
obtained as an emergence watershed of the image.

2. Basic notions and notations

Many fundamental notions related to watersheds in discrete spaces can be expressed in
the framework of graphs.
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Let E be a finite set of vertices (or points), and letP(E) denote the set of all subsets of
E. Throughout this paper,� denotes a binary relation onE, which is reflexive ((x, x) ∈ �)
and symmetric ((x, y) ∈ � ⇔ (y, x) ∈ �). We say that the pair(E,�) is agraph. We also
denote by� the map fromE toP(E) such that, for allx ∈ E, �(x)= {y ∈ E|(x, y) ∈ �}.
For any pointx, the set�(x) is called theneighborhood of x. If y ∈ �(x) then we say that
x andy areadjacent.

LetX ⊆ E We denote byX the complement ofX in E. Let x0, xn ∈ X. A path fromx0
to xn in X is a sequence� = (x0, x1, . . . , xn) of points ofX such thatxi+1 ∈ �(xi), with
i = 0 . . . n− 1. Letx, y ∈ X, we say thatx andy arelinked for Xif there exists a path from
x to y in X. We say thatX is connectedif any x andy in X are linked forX. We say that
Y ⊆ E is aconnected component of Xif Y ⊆ X,Y is connected, andY is maximal for these
two properties (i.e.,Y = Z wheneverY ⊆ Z ⊆ X andZ is connected). In the following,
we assume that the graph(E,�) is connected, that is,E is made of exactly one connected
component.

We denote byF(E) the set composed of all maps fromE to Z. A mapF ∈ F(E) is also
called animage, and ifx ∈ E, F(x) is called thealtitude of x( for F). LetF ∈ F(E). We
write Fk = {x ∈ E|F(x)�k} with k ∈ Z; Fk is called anupper(cross-) section ofF, and
Fk is called alower (cross-) section of F. A non-empty connected component of a lower
sectionFk is called a (level k) lower-component ofF. A level k lower-component ofF that
does not contain a level(k− 1) lower-component ofF is called a (regional) minimum of F.

A subsetX of E is flat for F if any two pointsx, y of X are such thatF(x)= F(y). If X
is flat forF, we denote byF(X) the altitude of any point ofX for F.

3. The flooding paradigm

The flooding paradigm corresponds to the intuitive idea of immersion described in the
second paragraph of the introduction. In mathematical morphology, it was first proposed by
Digabel and Lantuéjoul[11] and used for image segmentation by Beucher and Lantuéjoul
[4].Among the numerous morphological algorithms that were developed following this idea,
Meyer’s algorithm[18] (calledflooding algorithmin the sequel) is probably the simplest to
describe and understand. We are going to use it as a guide that will help us to introduce the
questions we are studying in this paper.

3.1. The flooding algorithm

Starting from an imageF ∈ F(E) and the setM composed of all points belonging
to the minima ofF, the flooding algorithm expands as much as possible the setM, while
preserving the connected components ofM. It can be described as follows:

1. Attribute to each minimum a label, two distinct minima having distinct labels; mark each
point belonging to a minimum with the label of the corresponding minimum. Initialize
two setsQ andV to the empty set.

2. Insert every non-marked neighbor of every marked point in the setQ;
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3. Extract from the setQ a pointx which has the minimal altitude, that is, a pointx such
thatF(x)= min{F(y)|y ∈ Q}. Insertx in V. If all marked points in�(x) have the same
label, then

– Markx with this label; and
Insert inQ everyy ∈ �(x) such thaty /∈Q ∪ V ;

4. Repeat step 3 until the setQ is empty.

The divide set is the complement of the set of marked points.

3.2. Illustration of the algorithm

In all the examples of the paper, we assume that the graph(E,�) corresponds to the
4-adjacency relation on a subsetE ⊂ Z2, i.e., for allx = (x1, x2) ∈ E, �(x) = {(x1, x2),

(x1 + 1, x2), (x1 − 1, x2), (x1, x2 + 1), (x1, x2 − 1)} ∩ E.
Let us illustrate the behaviour of the algorithm on the example ofFig. 2a which presents

an image with three minima at altitudes 0, 1 and 2.

• The minima at altitudes 2, 1, 0 are marked with the labels A, B, C respectively (Fig.2b).
All the non-marked neighbors of the marked points are put into the setQ.

• The first point which is extracted from the setQ is the pointx at altitude 10, which has
points marked B and C among its neighbors (Fig.2b). This point cannot be marked.

• The next point to process is one of the points at altitude 20, for instancey (Fig. 2b). The
only marked points in the neighborhood of such a point are marked with the label A,
and thusy is marked with the label A (Fig.2c), and the points at altitude 10 which are
neighbors ofy are put into the setQ.

• The next points to process are points at altitude 10.A few steps latter, all points at altitude
10 butx are processed, and marked with the label A (Fig.2d).

• Then the other points at altitude 20 are processed. They are marked with the labelA (Fig.
2e).

• The next points to process are those at altitude 30, and we finally obtain the set of labeled
points shown inFig. 2f. The divide set is circled in the figure.

Remark 1. We observe that the algorithm is not “monotone”, in the following sense: if a
point y of altitudeF(y)= k is extracted from the setQ, it is sometimes possible to find in
the neighborhood ofy a pointz not already labeled such thatF(z)< k. This pointz will
be the next point processed by the algorithm. Thus this algorithm does not always process
points according to increasing altitude.

Remark 2. A second observation is related to the contrast of the original image: in the
original image, to go from e.g., the minimum at altitude 0 to the minimum at altitude 2, one
has to climb to at least an altitude of 20: indeed, there exists a contour at altitude 20 that we
have to overcome. We observe that this contour is not present in the divide set produced by
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(d) (e) (f)

Fig. 2. (a) Original image, (b–f) several steps of the flooding algorithm. One can see that this algorithm is not
“monotone”: some points at altitude 10 are processed after one of the points at altitude 20. One can also note that
the contour at altitude 20 in the original image (a) is not present in the result (f).

the algorithm. Let us emphasize that similar configurations can be found for other adjacency
relations, and in particular for the 6- and the 8-adjacency relation. Configurations similar
to the examples presented in this paper are found in real-world images.

The following section introduces the formal framework that leads to a better understand-
ing of the previous observations.

4. Minima extensions, mosaics, and pass values

A result of the previous algorithm is to associate an influence zone to each minimum of
the image. We formalize this through the definition of a minima extension.

Definition 1. Let F ∈ F(E). A minima extension of Fis a subsetX of E such that:

• each connected component ofX contains one and only one minimum ofF, and
• each minimum ofF is included in a connected component ofX.
The complementary of a minima extension ofF is called adivide set(of F).
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Fig. 3. (a) An image, (b) a minima extension of (a), and (c) the associated mosaic.

It is easy to prove the following result: letF ∈ F(E), and letX be the set composed of
all the points labeled by the flooding algorithm applied onF; the setX is indeed a minima
extension ofF. We call any such setX produced by the flooding algorithm aflooding
extension(of F). Note that, in general, there may exists several flooding extensions of a
given mapF.

Intuitively, for application to image analysis, the divide set represents the location of
points which best separate the dark objects (regional minima), in terms of grey level differ-
ence (contrast). In order to evaluate the effectiveness of this separation, we have to consider
the values of points along the divide set. This motivates the following definition.

Definition 2. Let F ∈ F(E) and letX be a minima extension ofF. The mosaicof F
associated withX is the mapFX ∈ F(E) such that

• for anyx /∈X, FX(x)= F(x); and
• for anyx ∈ X,FX(x)=min{F(y)|y ∈ Cx}, whereCx denotes the connected component

of X that containsx.

The term ‘mosaic’ for this kind of construction, was coined by Beucher[3].
Fig. 3 shows a simple example of a minima extension and its associated mosaic. The

flooding extension ofFig. 3a is the minima extension3b, and the associated mosaic isFig.
3c.

Fig. 4is another illustration of the definitions of minima extension and mosaic, using the
flooding algorithm on the image ofFig. 2a.

Let F be a map and letFX be the mosaic ofF associated with a minima extensionX
of F. It is natural to try to associate any minimum ofFX to a connected component ofX
and conversely, and to compare the altitude of each minimum ofFX to the altitude of the
corresponding minimum ofF. We will see with forthcoming properties and examples, that
both problems are in fact closely linked.

The following definition extends to maps the minima extension previously defined for
sets.
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Fig. 4. (a) The flooding extension ofFig. 2a, and (b) the associated mosaic.
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Fig. 5. (a) An imageF, and (b) the flooding extension ofF, and (c) the associated mosaic.

Definition 3. Let F andG in F(E) such thatG�F . We say thatG is aminima extension
(of F) if:

(i) the set composed by the union of all the minima ofG is a minima extension ofF.
(ii) for anyX ∈ M(F ) andY ∈ M(G) such thatX ⊆ Y , we haveF(X)=G(Y).

The image ofFig. 3c (resp.4b) is an example of a minima extension of the image ofFig.
3a (resp.2a).

On the other hand,Fig. 5a shows an imageF andFig. 5c shows the mosaicFX associated
with the flooding extensionX (Fig. 5b) of the imageF. One can notice that the connected
component ofX which corresponds to the minimum of altitude 15 forF has an altitude of
10 forFX, and is not a minimum ofFX. Thus, this mosaicFX is not a minima extension
of F. In other words,Fig. 5shows that mosaics produced by the flooding algorithm are not
always minima extensions of the original map.

We can now turn back to a more precise analysis of Remark 2. To this aim, we present the
pass value and the separation. Intuitively, the pass value between two points corresponds to
the lowest altitude to which one has to climb to go from one of these points to the other.
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Fig. 6. Illustration of paths and pass values on the imageF of Fig. 2a. (a) A path�1 from the pointx to the pointy
such thatF(�1)= 30. (b) A path�2 from the pointx to the pointy such thatF(�2)= 20. It is not possible to find
a path fromx to y with a lower maximal altitude, henceF(x, y)= 20. (c) A path�3 from the pointx to the point
z such thatF(�3)= 10, and we can easily check thatF(x, z)= 10.

Definition 4. Let F ∈ F(E). Let � = (x0, . . . , xn) be a path in the graph(E,�), we set
F(�)= max{F(xi)|i = 0, . . . , n}.

Let x, y be two points ofE, thepass value for F between x and yis defined asF(x, y)=
min{F(�)|� ∈ �(x, y)}, where�(x, y) is the set of all paths fromx to y.

Let X, Y be two subsets ofE, the pass value forF betweenX andY is defined by
F(X, Y )= min{F(x, y)|for anyx ∈ X and anyy ∈ Y }.

A notion equivalent to the pass value up to an inversion ofF (that is, replacingF by−F ),
has been introduced by Rosenfeld[28–30] under the name ofdegree of connectivityfor
studying connectivity in the framework of fuzzy sets.Fig. 6illustrates the pass value on the
imageF of Fig. 2a.

Informally, a transformation “preserves the separation” if, when two points are separated
by a crest in the original map, they are still separated by a crest of the same “height” in the
transform.

Definition 5 (Bertrand[1] ). LetF ∈ F(E), letx, y ∈ E.We say thatxandyareseparated
( for F) if F(x, y)>max{F(x), F (y)}.

We say thatx andy arelinked( for F) if F(x, y)= max{F(x), F (y)}.
We say thatx andy arek-separated( for F) if they are separated forF and ifk=F(x, y).
LetG ∈ F(E), with G�F . We say thatG is aseparation of Fif, for all x andy in E,

wheneverx andy arek-separated forF, x andy arek-separated forG.
We say thatG is astrong separation of Fis G is both a separation ofF and a minima

extension ofF.

Remark 3. We can now restate Remark 2 using the notions we have introduced in this
section.Fig. 5 shows that a mosaic produced by the flooding algorithm is not always a
minima extension of the original map.Fig. 4shows that a mosaic produced by the flooding
algorithm, even in the case where it is a minima extension, is not necessarily a separation
of the original map.
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5. Topological watershed

A different approach to the watershed was presented by Couprie and Bertrand[7].The idea
is to transform the imageF into an imageGwhile preserving some topological properties of
F, namely the number of connected components of the lower cross-sections ofF. A minima
extension ofF can then be obtained easily fromG, by extracting the minima ofG.

5.1. Definitions

We begin by defining a “simple” point (in a graph), in a sense which is adapted to the
watershed, then we extend this notion to weighted graphs through the use of lower sections
[7].

Definition 6. LetX ⊆ E. The pointx ∈ X is W-simple(for X) if x is adjacent to one and
only one connected component ofX.

In other words,x is W-simple (forX) if the number of connected components ofX ∪ {x}
equals the number of connected components ofX.

We can now define the notions of W-destructible point, W-thinning, and topological
watershed:

Definition 7. Let F ∈ F(E), x ∈ E, andk = F(x).
The pointx is W-destructible( for F) if x is W-simple forFk.
We say thatG ∈ F(E) is aW-thinning of Fif G= F or if G may be derived fromF by

iteratively lowering W-destructible points by one.
We say thatG ∈ F(E) is a topological watershed of Fif G is a W-thinning ofF and if

there is no W-destructible point forG.

The differences between topological watershed and the notion ofhomotopic greyscale
skeletonare discussed in Appendix A.

As a consequence of the definition, a topological watershedG of a mapF is a map which
has the same number of minima asF. Furthermore, the number of connected components
of any lower cross-section is preserved during this transformation.

By the very definition of a W-destructible point, it may easily be proved that, ifG is a
W-thinning ofF, then the union of all minima ofG is a minima extension ofF (this result
is also a consequence of Theorem 10). This allows us to propose the following definition.

Definition 8. Let F ∈ F(E) and letG be a W-thinning ofF. Themosaic of F associated
with G is the mosaic ofF associated with the union of all minima ofG.

Notice that in general, there exist different topological watersheds for a given mapF.
Fig. 7a presents one of the possible topological watersheds ofFig. 2a, andFig. 7b shows
the associated mosaic. One can note that bothFig. 7a and b are separations ofFig. 2a.

An extensive algorithmic study of the topological watershed is made in[10], which
proposes in particular a quasi-linear algorithm.
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Fig. 7. Example of topological watershed. (a) a topological watershed ofFig. 2a (b) the associated mosaic.

5.2. Topological watershed and separation

Recently, Bertrand[1] showed that a mathematical key underlying the topological wa-
tershed is theseparation. The following theorem asserts that it is sufficient to consider the
minima ofF for testing ifG is a separation ofF.

Theorem 9 (Bertrand[1] ). Let F and G be two elements ofF(E) such thatG�F . The
map G is a separation of F if and only if, for all distinct minima X,Y of F,F(X, Y )=G(X, Y ).

The following theorem states the equivalence between the notions of W-thinning and
strong separation. The “if ” part implies in particular that a topological watershed of an
imageF preserves the pass values between the minima ofF. Furthermore, the “only if”
part of the theorem mainly states that if one needs a transformation which is guaranteed to
preserve the pass values between the minima of the original map, then this transformation
is necessarily a W-thinning.

Theorem 10(Bertrand [1] ). Let F and G be two elements ofF(E). The map G is a
W-thinning of F if and only if G is a strong separation of F.

LetF ∈ F(E) andp ∈ E. We denote by�−(p, F ) the set of (strictly) lower neighbors
of p, that is,�−(p, F )={q ∈ �(p)|F(q)<F(p)}. In the sequel, we will need the following
characterization of W-destructible points:

Property 11 (Couprie et al.[10]). LetF ∈ F(E)andp ∈ E.The point p isW-destructible
for F if and only if�−(p, F ) �= ∅ and, for all x and y in�−(p, F ) with x �= y, we have
F(x, y)<F(p).

5.3. Mosaic and separation

We can now prove that the mosaic associated with any W-thinning of a mapF is also a
W-thinning ofF (and thus, it is a separation ofF). Furthermore, we prove that an arbitrary
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mosaicFX of a mapF is a separation ofF if and only ifFX is a W-thinning ofF. These
strong results can be obtained thanks to the three following properties.

Property 12. LetF ∈ F(E), let X be a minima extension of F, and letFX be the mosaic
of F associated with X. Then, any minimum M ofFX is a connected component of X;
furthermoreFX(M)=F(m) where m denotes the unique minimum of F such thatm ⊆ M.

A proof of Proposition 12 can be found in Appendix B. The following property follows
straightforwardly.

Property 13. LetF ∈ F(E), let X be a minima extension of F, and letFX be the mosaic
of F associated with X. If any connected component of X is a minimum ofFX, thenFX is a
minima extension of F.

Property 14. LetF ∈ F(E), let X be a minima extension of F, and letFX be the mosaic
of F associated with X. IfFX is a separation of F, thenFX is a minima extension of F.

Proof. As X is a minima extension ofF, by Proposition 12, we know that any minimum of
FX is a connected component ofX. We have to prove that any connected component ofX
is a minimum ofFX.

Let M be a connected component ofX, and letmbe the minimum ofF that is included in
M. Suppose thatM is not a minimum ofFX. Letk=FX(M)+1, and letC be the connected
component of(FX)k that containsM. Let N be a minimum ofFX that is included inC. By
Proposition 12,N ⊆ X. Let n the minimum ofF that is included inN. We see easily that
n andmare such thatFX(n,m)= FX(m). ButFX is a separation ofF, and by Theorem 9,
FX(n,m)= F(n,m). As n andmare minima ofF, we haveF(n,m)>max{F(n), F (m)},
a contradiction. Thus, any connected component ofX is a minimum ofFX.

By Proposition 13,FX is thus a minima extension ofF. �

Property 15. Let F ∈ F(E), let G be a W-thinning of F, and let H be the mosaic of F
associated with G. Then H is a separation of F.

Proof. LetM andM ′ be two distinct minima ofF and letk=F(M,M ′). There exists a path
� from a point ofM to a point ofM ′ such thatF(�)= k. SinceG�F , we haveG(�)�k,
but, by Theorem 9, we must haveG(�)�k (otherwise we would haveG(M,M ′)< k).
HenceG(�)= k. SinceG�H , we haveH(�)�k. But sinceH�F , H(�)�k. It follows
thatH(�)= k and we may affirm thatH(M,M ′)�k. Now suppose thatH(M,M ′)< k. It
means that there exists a path�′ from a point ofM to a point ofM ′ such thatH(�′)< k. Since
G�H , we would haveG(�′)< k which contradictsG(M,M ′) = k. SoH(M,M ′) = k,
and, from Theorem 9, we deduce thatH is a separation ofF. �

Property 16. Let F ∈ F(E), let G be a W-thinning of F, and H be the mosaic of F
associated with G. Then H is necessarily a W-thinning of F.
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Proof. By Proposition 15,H is a separation ofF. By Proposition 14,H is a minima extension
of F. In consequenceH is a strong separation ofF which, by Theorem 10, implies thatH is
a W-thinning ofF. �

The following theorem is a straightforward consequence of Theorem 10 and Proposition
14.

Theorem 17. LetF ∈ F(E), let X be a minima extension of F, and letFX be the mosaic
of F associated with X. ThenFX is a separation of F if and only ifFX is a W-thinning of F.

6. Emergence watershed

In this section, we first design a monotone algorithm based on both the flooding paradigm
and W-destructible points. We show that such an algorithm does not always produce a
topological watershed, more precisely, there may exist points of the divide set that are still
W-destructible. This will lead us, in the second part of the section, to reverse the flooding
paradigm and to propose the notion of emergence.

To produce a W-thinning, we sequentially lower the altitude of W-destructible points by
one. A particular case of this process is obtained if, when a point has been lowered, we
immediately check whether the same point is W-destructible or not, and continue until the
point is no more W-destructible.

Let F ∈ F(E), and letx be a W-destructible point forF.

• We callW-lowering of xthe action of lowering the altitude ofx by one.
• We callW�-lowering of xthe action of successively W-lowering the altitude ofx until it

is no more W-destructible for the result.

Let us denote byF0(E) the set of all mapsF ∈ F(E) such that min{F(x)|x ∈ E} = 0.
In the sequel, for the sake of simplicity and without loss of generality, we will often restrict
ourselves to maps belonging toF0(E).

6.1. A monotone W-flooding

Let us design a “monotone” flooding-like algorithm based on the lowering ofW-destructible
points by increasing order of altitude. By Theorem 10, such an algorithm will always pro-
duce separation.

Let F ∈ F(E). We say that

• G is aW�-thinning of F for level kif G= F or if we can obtainG from F by iteratively
W�-lowering some W-destructible pointsp such thatF(p)= k.

• G is anultimate W�-thinning of F for level kif G is a W�-thinning ofF for levelk and if
G contains no W-destructible pointp such thatF(p)= k.
The following algorithm builds a W-thinning that is called amonotoneW-flooding of F.
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Fig. 8. Example of monotone W-flooding. (a) a monotone W-flooding ofFig. 2a (b) the associated mosaic.

Definition 18. Let F ∈ F0(E), and letm = max{F(x)|x ∈ E}. LetG(0) = F , and for
any k = 0 . . . m − 1, letG(k+1) be an ultimate W�-thinning ofG(k) for level k + 1. The
sequence (G(0), . . . , G(m)) is called amonotoneW-flooding sequence for F, andG(m) is
called amonotoneW-floodingof F.

Let F ∈ F0(E). It is obvious that any monotone W-flooding ofF is a W-thinning ofF.
Nevertheless, a monotoneW-flooding process does not necessarily produces a topological

watershed. A monotone W-flooding of the image 2a is depicted inFig. 8a. It may be seen
that, while the monotone W-flooding 8a is a W-thinning of 2a, several points in 8a are
W-destructible.

Let us note that a monotone algorithm based on flooding has been proposed by Vincent
and Soille[31,34–36]. The application of the dividing variant of this algorithm on an image
F ∈ F(E) produces a minima extensionX of F, but the mosaicFX of F associated withX
is not always a W-thinning ofF (see[21]). An illustration is provided inFig. 11.

6.2. Emergence watershed

We have seen that the flooding paradigm does not lead to a satisfying result, even when
we proceed by lowering exclusively W-destructible points. Surprisingly, we will see that
reversing the level scanning order leads to an algorithm which possesses good properties.
We introduce in this section the emergence watershed, which is based on a process where
points are considered in decreasing altitude order, and prove one of the main results of
the paper: for any mapF, any emergence watershed ofF is a topological watershed ofF
(and thus a separation ofF), and more remarkably, any topological watershed ofF is an
emergence watershed ofF. Let us note that a process similar to the emergence has been
proposed in[8] in the framework of orders, but no property of this emergence process had
been studied in this latter work.

Let F ∈ F(E). We say that

• G is aW-thinning(of F) for levelk if G= F or if we can obtainG from F by iteratively
W-lowering some W-destructible pointsp such thatF(p)= k.
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Fig. 9. An imageF, and an emergence sequence forF: (G(4),G(3),G(2),G(1),G(0)).

• G is aultimate W-thinning(of F) for level kif G is W-thinning for levelk of F and if G
contains no W-destructible pointp such thatF(p)= k.

Definition 19. Let F ∈ F0(E), and letm= max{F(x)|x ∈ E}.
LetG(m)=F and, and for anyk= 1 . . . m, letG(k−1) be an ultimate W-thinning ofG(k)

for levelk.
The sequence(G(m) . . . G(0)) is called aemergence sequence for F, andG(0) is called an

emergence watershed of F.

Fig. 9 illustrates the emergence process.
Before stating and proving our results, we introduce some notations, definitions and

intermediate properties.
LetF ∈ F(E). If x ∈ E, we denote byF\x the element ofF(E) such that(F\x)(y)=

F(y) for anyy �= x and(F\x)(x)= F(x)− 1.
The following two lemmas arise immediately from Property 11 and from the definition

of a W-destructible point.
We recall that�−(p, F )= {q ∈ �(p)|F(q)<F(p)}.

Lemma 20. A point p is not W-destructible for F if and only if either�−(p, F ) = ∅ or
there exist x and y in�−(p, F ) with x �= y such thatF(x, y)= F(p).

Proof. It follows from Property 11 and from the fact that the path�= (x, p, y) is such that
F(�)= F(p). �

Lemma 21. LetF ∈ F(E), let p be a point such thatF(p)= k, and let q be a point such
thatF(q)< k. If p is W-destructible for F, then p is W-destructible forF\q.

Proof. Since the lower cross-sectionFk is equal to the lower cross-section(F\q)k, the
property follows from the very definition of a W-destructible point.�

The following notion of stable point is essential for the understanding of the emergence
properties.

Definition 22. LetF ∈ F(E) andp ∈ E. We say thatp is astable point( for F) if p is not
W-destructible for any W-thinning ofF.
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We say thatG is a topological watershed(of F) above level kif G is a W-thinning ofF
and if anyp such thatG(p)> k is a stable point forG.

Notice that, since any mapF ∈ F(E) is by definition a W-thinning ofF itself, any point
which is a stable point forF is not W-destructible forF.

6.3. Emergence and topological watershed

We shall prove that all the points “emerging” from the emergence process (that is, points
above the current altitude) are stable points. The proof relies on the following property.

Property 23. LetF ∈ F(E). Letp ∈ E be a point which is not W-destructible for F and
let q ∈ E be a point W-destructible for F. If p is W-destructible forF\q, thenF(q)=F(p).

Proof. Suppose that there existx andy ∈ �−(p, F ) such thatF(x, y)=F(p)=k. Sinceq
is W-destructible forF, we know thatq �= p. Furthermore, sinceF\q is a W-thinning ofF,
we know from Theorem 10 thatxandyare k-separated forF\q, thusp is not W-destructible
for F\q, a contradiction.

Thus by Lemma 20, we deduce that�−(p, F )= ∅. Sincep has no lower neighbor forF
and has a lower neighbor forF\q, this lower neighbor isq andF(q)= F(p). �

We can now prove that in an emergence sequence, all the points above the current altitude
are stable points.

Property 24. Let F ∈ F0(E). Let (G(m) . . . G(0)) be an emergence sequence for F. Let
k ∈ [0 . . . m]. ThenG(k) is a topological watershed of F above level k.

Proof. Obviously, G(k) is a W-thinning of F. Thus, in order to prove the property,
it is sufficient to show that (1) any pointp such thatG(k)(p)> k is a stable point
for G(k).

The property (1) is true fork =m since there is no pointp ∈ E such thatG(m)(p)>m.
Suppose that the property is true for alli > k. We seth=G(k)(p), we haveh>k.

• Suppose thath>k + 1. By the recurrence hypothesis,p is a stable point forG(k+1),
thusp is obviously a stable point forG(k) which is a W-thinning ofG(k+1).

• Suppose now thath=k+1. Suppose thatp is not stable forG(k), i.e.,p isW-destructible
for a W-thinningG of G(k). By construction of the emergence, the pointp is not W-
destructible forG(k).

Let us writeG = G(k)\x0\ . . . \xn where for alli ∈ [0 . . . n], xi is W-destructible for
G(k)\x0\ . . . \xi−1. Without loss of generality, we can assume that for anyG(k)\x0\ . . . \xi ,
i < n, no point of levelh has been lowered (otherwise, we choose the first one among such
points instead ofp). We can also assume thatp is not W-destructible forG(k)\x0\ . . . \xn−1
(otherwise we choosen such that it is the case).

By recurrence hypothesis and by construction, no point of level greater or equal toh has
been lowered by this sequence. Thus all the pointsx0, . . . , xn are such thatG(k)(xi)<h. On
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the other hand, by Property 23, we may affirm that(G(k)\x0\ . . . \xn−1)(xn)=G(k)(p)=h,
henceG(k)(xn)= h, a contradiction. �

We shall now prove that any topological watershed of a map can be obtained by an
emergence sequence.

Property 25. LetF ∈ F0(E) and G a topological watershed of F. Then G is an emergence
watershed of F.

Proof. Let us writeG=F\x1\x2\ . . . \xn, meaning thatG is obtained fromF by iteratively
W-lowering the pointsx1, . . . , xn. For the sake of brevity, we will denote this sequence of
W-lowerings by(x1, x2, . . . xn).

Let i ∈ [1 . . . (n − 1)]. Suppose that, at stepi, we have(F\x1\ . . . \xi−1)(xi)<

(F\x1\ . . . \xi)(xi+1).
Let us show that in this case, we can “exchange” the lowerings of pointsxi andxi+1,

while still proceeding by W-lowerings.
Let us writeF ′ =F\x1\ . . . \xi−1, the hypothesis becomesF ′(xi)< (F ′\xi)(xi+1). No-

tice that we have necessarilyxi+1 �= xi , and thusF ′(xi)<F ′(xi+1).
We need to prove that (a):xi+1 is W-destructible forF ′; and that (b):xi is W-destructible

for F ′\xi+1.

(a) Let us writek = F ′(xi+1). SinceF ′(xi)< k, we have(F ′\xi)k = F ′
k. Sincexi+1 is

W-destructible for(F ′\xi), xi+1 is W-destructible forF ′.
(b) Let us writeh = F ′(xi). Sinceh<F ′(xi+1), we haveF ′

h = (F ′\xi+1)h. Sincexi is
W-destructible forF ′, xi is W-destructible for(F ′\xi+1).

Obviously,F ′\xi\xi+1 = F ′\xi+1\xi . Thus, the new sequence(x1, . . . , xi−1, xi+1, xi,
xi+2, . . . , xn) of lowerings is indeed composed of W-lowerings and also produces the
mapG.

By repeating such exchanges until stability, we see that we can obtain a sequenceS =
(x′

1, . . . , x
′
n) of W-lowerings such thatG = F\x′

1\ . . . \x′
n and such that for all 1� i < n,

(F\x′
1\ . . . \x′

i−1)(x
′
i )�(F\x′

1\ . . . \x′
i )(x

′
i+1).

We writeF (m)=F . For anyk ∈ [1 . . . m], we defineF (k−1)=F\x′
1\ . . . \x′

i , such thatx′
i

is the last point in the sequenceSfor which (F\x′
1\ . . . \x′

i−1)(x
′
i )�k. We haveF (0) =G.

The sequence(F (m) . . . F (0)) is an emergence sequence forF. Indeed, suppose that there
exists a pointpW-destructible forF (k−1) such thatF(p)=k. By construction and Lemma 21,
this point would be W-destructible forF (0). This is not possible sinceF (0) is a topological
watershed. �

We can now state the main result of this section.

Theorem 26. LetF ∈ F0(E). A mapG ∈ F0(E) is a topological watershed of F if and
only if it is an emergence watershed of F.

Proof. Suppose that(G(m), . . . ,G(0)) with G(0) = G is an emergence sequence forF.
Obviously, the mapG(0) is a W-thinning ofF. Property 24 states that for allk ∈ [0 . . . m],
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0 10 10 1

0 20 10 1

0 10 10 1

0 0 10 1

0 0 10 1

0 0 10 1

0 10 1 1

0 10 1 1

0 10 1 1

(a) (b) (c)

Fig. 10. An image (a), and two associated topological watersheds (b) and (c). Note that, contrary to the topological
watershed (b), the topological watershed (c) cannot be obtained through a reverse W-flooding process.

G(k) is a topological watershed above levelk of F. In particularG(0) has no W-destructible
point such thatG(0)(p)>0. Any pointp such thatG(0)(p) = 0 is in a minimum ofG(0),
hencep is not W-destructible. ThusG(0) is a topological watershed ofF. The converse is
proved by Property 25. �

6.4. Emergence and reverse W-flooding

We may wonder if we can propose a variant of the emergence process where, instead of
lowering the value of points by one (W-lowerings), we lower the value of points until those
points are no more W-destructible (W�-lowerings). We are going to see that, although such
a process always produces a topological watershed, there exist topological watersheds that
cannot be obtained in this way.

The following algorithm, calledreverse W-floodingis a direct inversion of the monotone
W-flooding.

Definition 27. Let F ∈ F0(E), letm= max{F(x)|x ∈ E}.
LetG(m)=F and, for anyk= 1 . . . m, letG(k−1) be an ultimateW�-thinning ofG(k) for

levelk.
The sequence (G(m), . . . ,G(0)) is called areverse W-flooding sequence for F, andG(0)

is called areverse W-floodingof F.

A major feature of the reverse W-flooding is that, in opposition to the monotone W-
flooding, the result is guaranteed to be a topological watershed. The proof of the following
property is very similar to the one of Property 24, and will thus be omitted.

Property 28. LetF ∈ F0(E), and let G be a reverse W-flooding of F. Then G is a topo-
logical watershed of F.

Fig. 10shows an image and two associated topological watersheds. It can be easily seen
that the topological watershed10c cannot be obtained through a reverse W-flooding process.
The point at altitude 20 is necessarily lowered to 0 by any reverse W-flooding.

7. Conclusion

The watershed transform is more and more used as a low-level operator in complex
segmentation chains. Among those segmentation procedures, we can citehierarchical seg-
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mentation[6] andgeodesic saliency of watershed contours[23,25]. Such approaches need
to compare several divides, or are based on neighborhood relationship between extended
minima. It is thus important to be able to characterize some properties of the divides pro-
duced by watershed algorithms. This paper is a step in this direction. We introduced several
notions that helped us to understand the watershed: minima extension, mosaic, and we also
consider the pass values and separation.

The topic of this paper is to examine the links between the flooding paradigm and the
topological watershed. We prove in particular that a mosaic is a separationif and only ifit is
a W-thinning. Inspired by the analysis of the flooding algorithm, we present the monotone
W-flooding. A monotone W-flooding does not necessarily produce a topological watershed.
This leads us to propose the emergence paradigm. A major result of this paper is that any
emergence of a given image is a topological watershed of this image, and more remarkably,
that any topological watershed of a given image can be obtained as an emergence of the
image.

Future work will build up on those results to revisit the saliency of contours. We also aim
at exploring definitions and properties of “watersheds without divides” (Fig. 11).

Appendix A. Topological watershed versus homotopic greyscale skeleton

There exists in the literature an approach calledhomotopic greyscale skeleton
[13,2,9,26,33]that can be used for thinning a greyscale image. It can be easily proved
that the pass values between the minima of a homotopic greyscale skeletonG of an image
F ∈ F(E) are the same than the pass values between the minima ofF.

Fig. 12presents a 2D image (Fig.12a), and both a topological watershed (Fig.12b) and
a homotopic greyscale skeleton (Fig.12c) of this image.

Let us emphasize the essential difference between the topological watershed and the ho-
motopic greyscale skeleton. With the topological watershed, only the number of connected
components of the lower cross-sections of the map are preserved, while the homotopic
greyscale skeleton preserves both these components and the components of the upper cross-
sections. As a consequence, a homotopic greyscale skeleton may be computed by using a
purely local criterion for testing whether a point may be lowered or not, while computing a
topological watershed requires the reiteration of global algorithms for computing connected
components, or the use of a global data structure calledcomponent tree[7,22]. Notice that
a topological watershed only produces closed contours around the regions of interest (Fig.
12b). One can see inFig. 12c that this is not the case for a homotopic greyscale skeleton:
there is a “skeleton branch” at level 11 which does not separate different minima.

Appendix B. Proof of Property 12

Let F ∈ F(E), let x, y be two points ofE, recall that “x andy are linked forF” means
thatF(x, y)= max{F(x), F (y)}. LetX, Y be two subsets ofE which are flat forF, we say
thatx and Y are linked for Fif for any y ∈ Y , x andy are linked forF; and we say thatX
and Y are linked for Fif for any x ∈ X, for anyy ∈ Y , x andy are linked forF. In the same
way, we say thatx and Y are separated for Fif for any y ∈ Y , x andy are separated forF.
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Fig. 11. Examples of the application of the flooding algorithm, the Vincent–Soille algorithm, the monotone
W-flooding and the topological watershed on several imagesF i (i = 1,2 and 3). The mosaics produced by the
flooding algorithm and by Vincent–Soille’s algorithm are denoted byEFi andV Si , respectively, the monotone
W-floodings are denoted byMWi and the topological watersheds are denoted byTWi . One can observe that the
pass value between the minima (at altitude) 1 and the minima 2 is 20 forF1, 10 forEF1 andV S1, and 20 for
MW1 andTW1; the pass value between the minima (at altitude) 1 and any other minima is 255 forF2, 50 for
EF2, 128 forV S2 and 255 forMW2 andTW2; the pass value between the minima (at altitude) 0 and any other
minima is 255 forF3, 128 forEF3 andV S3, and 255 forMW3 andTW3.
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Fig. 12. An image (a), a topological watershed (b) of the image (a) and a homotopic greyscale skeleton (c) of the
image (a).

Let us state two basic properties which are fundamental to understand subsequent proofs,
and can easily be verified.

Property 29. Let F ∈ F(E), let m be a minimum of F, and letx ∈ E. If x and m are
linked for F, then we have:

F(x)= F(m) if and only ifx ∈ m, and
F(x)>F(m) if and only ifx /∈m
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Property 30. LetF ∈ F(E). For anyx ∈ E, there exists a minimum m of F such that x
and m are linked. Furthermore, F(x)�F(m).

Property 31. LetF ∈ F(E), let X be a minima extension of F, let FX be the mosaic of F
associated with X. Let M be a connected component of X, and let m be the unique minimum
of F such thatm ⊆ M.

If M is a minimum ofFX, then we haveFX(M)= F(m).

Proof. SinceFX�F , we haveFX(M)�F(m). Suppose thatFX(M)<F(m). By defini-
tion of FX, there exists a pointx ∈ M such thatF(x) = FX(M)<F(m), furthermorex
andm must be separated (Proposition 29). By Proposition 30, there exists a minimumm′
of F,m′ �= m, such thatx andm′ are linked forF andF(x)�F(m′). Let �(M) denote the
set of points ofM which are adjacent toM. SinceM is a minimum ofFX we know that for
anyy ∈ �(M), FX(y)>FX(M) = F(x) and thus for anyy ∈ �(M), F(y)>F(x) since
y ∈ X and thusFX(y) = F(y). The fact thatx andm′ are linked forF thus implies that
m′ is included inM as well asm, a contradiction with the definition of a minima extension.
�

Property 32. LetF ∈ F(E), let X be a minima extension of F, let FX be the mosaic of F
associated with X, let x ∈ E and let m be a minimum of F. If x is linked to m for F and if
FX(x)= F(x), then x is linked to m forFX.

Proof. Sincem is a minimum forF andx is linked tom for F, by Proposition 29 we have
F(x)�F(m), thus for any pointy of mwe haveF(x, y)= F(x). Thus, there exists a path
� = (x0, . . . , xn) from x to m, with x0 = x andxn ∈ m, such thatF(�)�F(x). For any
i=1 . . . nwe haveFX(xi)�F(xi), thus sinceFX(x)=F(x)we haveFX(�)=FX(x). �

Proof of Proposition 12. Let m be any minimum ofF, we denote byCm the connected
component ofX such thatm ⊆ Cm. We are going to prove that either (a)Cm is a minimum
of FX, and in this caseFX(Cm) = F(m), or (b)Cm is disjoint with any minimum ofFX.
We will also prove that (c) no minimum ofFX is included inX. It may be seen that the
property follows from (a), (b), (c).

(a) Let�(Cm) denote the set of pointsx ∈ Cm which are adjacent toCm. If all the pointsx
of �(Cm) are such thatF(x)>F(m), then for anyxof �(Cm)we haveFX(x)>F(m) (since
x ∈ X,FX(x)=F(x)). Furthermore, from the very definition ofFX,∀z ∈ Cm,FX(z)�F(m);
thusCm is a minimum forFX. By Proposition 31, we deduce thatFX(Cm)= F(m).

(b) Suppose now that there exists a pointx ∈ �(Cm) such thatF(x)�F(m). Then,x and
m are separated forF, otherwise ifF(x)= F(m) we would havex ∈ m and thusx ∈ Cm,
and ifF(x)<F(m), m would not be a minimum ofF (Proposition 29).

Thus, there exists a minimumm′ of F, m′ �= m, such thatx is linked tom′ for F and
F(x)�F(m′) (Proposition 30). Suppose thatF(x) = F(m′), sincex is linked forF with
the minimumm′ of F, it would imply thatx ∈ m′ (Proposition 29), thusCm andCm′
are adjacent, a contradiction with the definition of the minima extensionX. Thus we have
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F(x)>F(m′). On the other hand, sincex ∈ X we haveFX(x)=F(x), thus by Proposition
32,x is linked tom′ for FX. Now two cases must be distinguished.

• If FX(Cm) = F(m), then we haveFX(Cm) = F(m)�F(x)>F(m′)�FX(m′), thus
Cm is linked tom′ for FX with FX(Cm)>FX(m′). Now suppose thatCm has a non-
empty intersection with a minimumM of FX. Thus bothCm andM are flat forFX with
the same altitude and sinceM is a minimum, we haveCm ⊆ M. The fact thatCm is
linked tom′, with FX(Cm)>FX(m′), raises a contradiction with the fact thatM is a
minimum ofFX.

• If FX(Cm)<F(m), then there exists a pointy ∈ Cm such thatF(m)>F(y) = FX(Cm),
thusF(y) = FX(y). SinceF(y)<F(m) andm is a minimum ofF, we know thaty does
not belong tom, and with the same arguments as above we see thaty andmare separated
for F. Thus, there exists a minimumm′ of F, m′ �= m, such thaty is linked tom′ for F
andF(y)�F(m′). As above, we can see that indeedF(y)>F(m′), thaty is linked to
m′ for FX, thatFX(Cm) = F(y)>F(m′)�FX(m′), and finally thatCm cannot have a
non-empty intersection with a minimum ofFX.

(c) Let M be any subset ofX which is flat forFX (thusM is also flat forF), and letk
denoteFX(M) (which is equal toF(M)). SinceX is a minima extension forF, we know
that M is not a minimum ofF, thus there exists a pointy of M adjacent toM such that
F(y)�k. Hence,FX(y)�k andM is not a minimum ofFX. �
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Abstract

The watershed transformation is an efficient tool for segmenting grayscale images.
An original approach to the watershed [1,9] consists in modifying the original image
by lowering some points while preserving some topological properties, namely, the
connectivity of each lower cross-section. Such a transformation (and its result) is
called a W-thinning, a topological watershed being an “ultimate” W-thinning. In
this paper, we study algorithms to compute topological watersheds. We propose
and prove a characterization of the points that can be lowered during a W-thinning,
which may be checked locally and efficiently implemented thanks to a data structure
called component tree. We introduce the notion of M-watershed of an image F ,
which is a W-thinning of F in which the minima cannot be extended anymore
without changing the connectivity of the lower cross-sections. The set of points in
an M-watershed of F which do not belong to any regional minimum corresponds
to a binary watershed of F . We propose quasi-linear algorithms for computing M-
watersheds and topological watersheds. These algorithms are proved to give correct
results with respect to the definitions, and their time complexity is analyzed.

Key words: discrete topology, mathematical morphology, watershed, component
tree, segmentation

Introduction

The watershed transformation was introduced as a tool for segmenting gray-
scale images by S. Beucher and C. Lantuéjoul [3] in the late 70’s, and is now
used as a fundamental step in many powerful segmentation procedures. A
popular presentation of the watershed is based on a flooding paradigm. Let us
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consider a grayscale image as a topographical relief: the gray level of a pixel
becomes the altitude of a point, the basins and valleys of the relief correspond
to the dark areas, whereas the mountains and crest lines correspond to the light
areas (Fig. 1a1, a2). Let us imagine the surface of this relief being immersed in
still water, with holes pierced in local minima. Water fills up basins starting
at these local minima, and dams are built at points where waters coming from
different basins would meet. As a result, the surface is partitioned into regions
or basins which are separated by dams, called watershed lines.

Efficient watershed algorithms based on such immersion simulation were pro-
posed by L. Vincent, P. Soille [34] and F. Meyer [22,4] in the early 90’s. Many
different watershed paradigms and algorithms have been proposed until now,
see [27] for a review. In the continuous space, a definition and some properties
of the watersheds of “regular” functions have been studied by L. Najman and
M. Schmitt [26]. However, until recently, there was no general framework in-
cluding a precise definition, strong properties, and algorithms which may be
proved to indeed implement the definition.

A different approach to watersheds, originally proposed by G. Bertrand and
M. Couprie [9], is developed in [1,25]. In this approach, we consider a transfor-
mation called topological watershed, which modifies a map (e.g., a grayscale
image) while preserving some topological properties, namely, the connectiv-
ity 1 of each lower cross-section. The motivation for such a condition will
appear a little later, when we will discuss the properties of this transforma-
tion. Let F be a map and λ be a number, the lower cross-section F [λ] is the

1 The notions of connectivity, path, connected components, etc. will be precisely
defined in section 1.
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Fig. 1. a1, a2: original images; b1 (resp. b2): topological watershed of a1 (resp. a2);
c1 (resp. c2): W-crest of a1 (resp. a2), in white.
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set composed of all the points having an altitude strictly lower than λ (Fig. 3).
A point x is said to be W-destructible for F (where W stands for Watershed) if
its altitude can be lowered by one without changing the number of connected
components of F [k], with k = F (x). A map G is called a W-thinning of F
if it may be obtained from F by iteratively selecting a W-destructible point
and lowering it by one. A topological watershed of F is a W-thinning of F
which contains no W-destructible point. This transformation has the effect of
spreading the regional minima of the map (see Fig. 1). Let F be a map and
let G be a topological watershed of F , the set of points which do not belong
to any regional minimum of G is called a W-crest of F . The W-crest of F
corresponds to a binary watershed of F (see Fig. 1c1, c2).

In [1], G. Bertrand develops a framework in which fundamental properties of
topological watersheds are proved, and where the notion of separation plays
a central role. Consider a map F , we can say that two points p and q are k-
separated if there exists a path between p and q, the maximal altitude of which
is k − 1 > max(F (p), F (q)), and if there is no path between p and q with a
maximal altitude strictly less than k−1 (notice that this notion of k-separation
between two points is closely related to the notion of grayscale connectivity
introduced by Rosenfeld [28], see also [6]). For example, in Fig. 1a1, the point p
and the point q are 5-separated, but the point p and the point r are not
separated. We say that a map G, such that G ≤ F , is a separation of F , if
whenever p and q are k-separated for F , p and q are k-separated for G. We
say that G is a strong separation of F if G is a separation of F and if the
minima of G are “extensions” of the minima of F . In Fig. 1, it can be checked
that b1 is a strong separation of a1.

One of the main theorems proved in [1] (the strong separation theorem) states
that G is a W-thinning of F if and only if G is a strong separation of F .
The “if” part of the theorem corresponds to a notion of contrast preservation.
We will say informally that a transformation “preserves the contrast” if the
transformation preserves the altitude of the minima of the image and if, when
two minima are separated by a crest in the original image, they are still sepa-
rated by a crest of the same altitude in the transform. For example in Fig. 1,
if we take any two minima which are k-separated in ai (i = 1,2) for a given k,
we know that they are k-separated in bi since bi is a W-thinning of ai. This
constrast preservation property is not satisfied in general by the most popular
watershed algorithms (see [23,25]).
The “only if” part of the theorem mainly states that, if one needs a transfor-
mation which preserves the contrast in this sense, then this transformation is
necessarily a W-thinning. This remarkable result shows that the topological
watershed is a fundamental tool to obtain a contrast preserving watershed
transformation.

In this paper, we study algorithms to compute topological watersheds. A naive
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algorithm could be the following: for all p in E (n points), check the number
of connected components of the lower cross-section at the level of p which are
adjacent to p (cost for each point p: O(n) with a classical connected compo-
nent labelling algorithm), lower the value of p by one if this number is exactly
one. Repeat this whole process until no W-destructible point remains. Con-
sider an image which consists of a single row of n + 2 points, such that each
point has an altitude of g except for the two points at the beginning and at
the end of the row, which have an altitude of 0 (with any positive integers
n, g). The outer loop will be executed g times. The time complexity of this
naive algorithm is thus at least in O(n2 × g).
We reduce the complexity by two means.
First, we propose and prove a new characterization of the W-destructible
points which may be checked locally and efficiently: the total time for check-
ing the W-destructibleness of all the vertices in a graph with n vertices and m
arcs is in O(n + m). We obtain this result thanks to a data structure called
component tree, which may be constructed in quasi-linear time [24], that is, in
O(N×α(N)) where N = n+m and α(N) is a function which grows extremely
slowly with N (we have α(1080) ≈ 4). This complexity can be reached thanks
to a reduction to the disjoint set problem [31].
Second, we propose different strategies to ensure that a point is lowered at
most once during the execution of the algorithm. One of these strategies relies
on the notions of M̃ -point and M-watershed. A point p is an M̃ -point if it is
adjacent to a regional minimum and if it can be lowered by W-thinning down
to the level of this minimum. An M-watershed is obtained by iteratively low-
ering M̃ -points until stability. Recall that a W-crest of a map F is composed
by the points which do not belong to any regional minimum of a topological
watershed of F . We prove that the set of points which do not belong to any
regional minimum of an M-watershed of F is always a W-crest of F , in other
words, we can compute a W-crest by only lowering M̃ -points. We propose a
quasi-linear algorithm for computing an M-watershed — hence a W-crest —
of a map.
We also propose a quasi-linear algorithm for the topological watershed trans-
formation. These algorithms are proved to give correct results with respect to
the definitions, and their time complexity is analyzed.
In order to ease the reading of the paper, we defer the proofs to the annex.

1 Topological notions for graphs

Let E be a finite set, we denote by P(E) the set of all subsets of E. Throughout
this paper, Γ will denote a binary relation on E (thus, Γ ⊆ E × E), which is
reflexive (for all p in E, (p, p) ∈ Γ) and symmetric (for all p, q in E, (q, p) ∈ Γ
whenever (p, q) ∈ Γ). We say that the pair (E,Γ) is a graph, each element of E
is called a vertex or a point . We will also denote by Γ the map from E into
P(E) such that, for any p in E, Γ(p) = {q ∈ E; (p, q) ∈ Γ}. For any point p,
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the set Γ(p) is called the neighborhood of p. If q ∈ Γ(p) then we say that p
and q are adjacent or that q is a neighbor of p. If X ⊆ E and q is adjacent
to p for some p ∈ X, we say that q is adjacent to X.

For applications to digital image processing, assume that E is a finite subset
of Zn (n = 2, 3), where Z denotes the set of integers. A subset X of E repre-
sents the “object”, its complementaryX = E\X represents the “background”,
and Γ corresponds to an adjacency relation between points of E. In Z2, Γ may
be one of the usual adjacency relations, for example the 4-adjacency or the
8-adjacency in the square grid. Let us recall briefly the usual notions of path
and connected component in graphs.

Let (E,Γ) be a graph, let X ⊆ E, and let p0, pk ∈ X. A path from p0 to pk
in X is an ordered family (p0, . . . , pk) of points of X such that pi+1 ∈ Γ(pi),
with i = 0 . . . k − 1.
Let p, q ∈ X, we say that p and q are linked for X if there exists a path from p
to q in X. We say that X is connected if any p and q in X are linked for X.
We say that a subset Y of E is a connected component of X if Y ⊆ X, Y is
connected, and Y is maximal for these two properties, i.e., if Y ⊆ Z ⊆ X and
if Z is connected, then Z = Y . In the sequel of the article, we will assume
that E is connected.

We are interested in transformations that preserve the number of connected
components of the background. For that purpose, we introduce the notion of
W-simple point in a graph. Intuitively, a point of X is W-simple if it may be
removed from X while preserving the number of connected components of X.

Definition 1 Let X ⊆ E, let p ∈ X.
We say that p is a border point (for X) if p is adjacent to X.
We say that p is an inner point (for X) if p is not a border point for X.
We say that p is separating (for X) if p is adjacent to at least two connected
components of X.
We say that p is W-simple (for X) if p is adjacent to exactly one connected
component of X.

Notice that a point which is not W-simple, is either an inner point or a sep-
arating point. In Fig. 2, the points of the set X are represented by “1”s, and
the 4-adjacency is assumed, as for all subsequent examples. The points which
are W-simple are circled. It may be easily seen that one cannot locally de-
cide whether a point is W-simple or not. Consider the points x and y in the
third row: their neighborhoods are alike, yet x is W-simple (it is adjacent to
exactly one connected component of X), and y is not, since it is adjacent to
two different connected components of X.

5



1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1

1 1 0 1 0 1 0 1 1

1 1 0 1 0 1 0 1 1

1 1 0 0 0 1 1 1 1

1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1

x y

Fig. 2. A set X (the 1’s) and its complement X (the 0’s). The W-simple points are
circled.

2 Topological notions for weighted graphs and stacks

Now, we extend these notions to a weighted graph (E,Γ, F ), where F is a
function from E to Z. A weighted graph is a model for a digital grayscale
image; for any point p ∈ E, the value F (p) represents the gray level of p. Let
kmin and kmax be two elements of Z such that kmin < kmax. We set K = {k ∈
Z; kmin ≤ k < kmax}, and K+ = K ∪ {kmax}. We denote by F the set composed
of all functions from E to K. Let F ∈ F , let k ∈ K+. We denote by F [k] the
set {p ∈ E;F (p) ≥ k}; F [k] is called a level set of F . Notice that F [kmin] = E
and F [kmax] = ∅.

Any function in F can be represented by its different level sets. For a given
function, these level sets constitute a “stack”: in fact, the datum of a function
is equivalent to the datum of a stack. We give here a minimal set of definitions
borrowed from [1] for stacks, which is is sufficient for our purpose; the inter-
ested reader should refer to [1] for a more complete presentation. Considering
the equivalence between a function and its corresponding stack, we will use
the same symbol for both of them.

Definition 2 Let F = {F [k]; k ∈ K+} be a family of subsets of E.
We say that F is an upstack on E if F [kmin] = E, F [kmax] = ∅, and F [j] ⊆ F [i]
whenever i ≤ j.
We say that F is a downstack on E if F [kmin] = ∅, F [kmax] = E, and F [i] ⊆
F [j] whenever i ≤ j.
We denote by S+ (resp. S−) the set of all upstacks (resp. downstacks) on E.
Any element of S+ ∪ S− is called a stack on E.
Let F be a stack on E, we define the stack F = {F [k] = F [k]; k ∈ K} which
is called the complement of F . Let F be a stack on E, any element F [k] of F
is called a section of F (at level k), or the k-section of F .
Let F ∈ S+ and let G ∈ S−. We define the functions induced by F and G,
also denoted by F , G, such that for any p ∈ E:

F (p) = max{k ∈ K; p ∈ F [k]} ; G(p) = min{k ∈ K; p ∈ G[k]}.

Important remark: Let F ∈ F . Clearly, the level sets of F form an upstack
(also denoted by F ), and the function induced by the upstack F is precisely
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Fig. 3. A grayscale image F and its lower sections F [1], F [2] and F [3] (in white).
Notice that F [4] = E and F [0] = ∅.

the function F . The complement F of the upstack F is a downstack. For any
k ∈ K+, we have F [k] = F [k] = {p ∈ E;F (p) < k} = {p ∈ E;F (p) ≤ k} ;
and for any p ∈ E, we have

F (p) = F (p) + 1.

Definition 3 Let F ∈ F , let k ∈ K+. A connected component of a non-empty
k-section of F is called a component of F (at level k), or a k-component of F .
A component m of F is said to be a minimum of F (and also a minimum
of F ) if there is no other component of F which is included in m.
Let p ∈ E, the component of p in F , denoted by C(p, F ) or simply by C(p)
when no confusion may occur, is defined as the component of F [k] which con-
tains p, with k = F (p).
We denote by Γ−(p, F ) the set of lower neighbors of the point p for the func-
tion F , that is, Γ−(p, F ) = {q ∈ Γ(p);F (q) < F (p)}. Notice that Γ−(p, F ) =
Γ−(p, F ). When no confusion may occur, we write Γ−(p) instead of Γ−(p, F ).

Fig. 3 shows a grayscale image F and three sections of F . Since we use the
4-adjacency, F [2] is made of two components (in white), whereas F [3] is made
of one component. The set F [1] is made of two components which are minima
of F . We have: C(x, F ) = E ; C(r, F ) is the component of F [1] which contains
six points; and C(y, F ) = C(z, F ): it is the unique component of F [3].

Definition 4 Let F ∈ F , let p ∈ E, let k = F (p).
We say that p is a border point (for F ) if p is an border point for F [k].
We say that p is an inner point (for F ) if p is an inner point for F [k].
We say that p is separating (for F ) if p is separating for F [k].
The point p is W-destructible (for F ) if p is W-simple for F [k]. Let v ∈ K,
the point p is W-destructible with lowest value v (for F ) if for any h such
that v < h ≤ F (p), p is W-simple for F [h], and if p is not W-simple for F [v].

In other words, the point p is W-destructible for F if and only if p is a border
point for F (i.e., Γ−(p) 6= ∅) and all the points in Γ−(p) belong to the same
connected component of F [k], with k = F (p).

In Fig. 3, the points x, r, s are inner points, y is a W-destructible point (with
lowest value 1), and z is a separating point.
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Let F ∈ F , let p ∈ E, let v ∈ K such that v < F (p), we denote by [F \ p ↓ v]
the element of F such that [F \ p ↓ v](p) = v and [F \ p ↓ v](q) = F (q)
for all q ∈ E \ {p}. Informally, it means that the only difference between the
function F and the function [F \ p ↓ v], is that the point p has been lowered
down to the value v. We also write [F \ p] = [F \ p ↓ v] when v = F (p)− 1.
If we consider F ′ = [F \ p ↓ v], it may be easily seen that for all h in K+,
the number of connected components of F ′[h] equals the number of connected
components of F [h]. That is to say, the value of a W-destructible point may
be lowered by one or down to its lowest value without changing the number
of connected components of any section of F .

Definition 5 Let F ∈ F . We say that G ∈ F is a W-thinning of F if
i) G = F, or if
ii) there exists a function H which is a W-thinning of F and there exists a
W-destructible point p for H such that G = [H \ p].
We say that G is a (topological) watershed of F if G is a W-thinning of F
and if there is no W-destructible point for G.

Let F ∈ F , let p ∈ E, let v ∈ K. It may be easily seen that, if p is W-
destructible with lowest value v, then [F \ p ↓ v] is a W-thinning of F and p
is not W-destructible for [F \ p ↓ v] ; and that the converse is also true.

In other words, one can obtain a W-thinning of a function F by iteratively
selecting a W-destructible point and lowering it by one. If this process is
repeated until stability, one obtains a topological watershed of F . Notice that
the choice of the W-destructible point is not necessarily unique at each step,
thus, in general, there may exist several topological watersheds for the same
function.

In Fig. 4, we present an image 4a and a topological watershed 4b of 4a. Note
that in 4b, the minima of 4a have been spread and are now separated from each
other by a “thin line”; nevertheless, their number and values have been pre-
served. Fig. 4c shows a W-thinning of 4a which is not a topological watershed
of 4a (there are still some W-destructible points).

Let us emphasize the essential difference between this notion of watershed and
the notion of homotopic grayscale skeleton, pioneered by V. Goetcherian [11]
and extensively studied in [2,10] for the case of 2D digital images. With the
topological watershed, only the connected components of the lower cross-
sections of the function are preserved, while the homotopic grayscale skele-
ton preserves both these components and the components of the upper cross-
sections. As a consequence, an homotopic grayscale skeleton may be computed
by using a purely local criterion for testing whether a point may be lowered
or not, while computing a topological watershed requires the use of a global
data structure (see Sec. 5).
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0 0 14 2 2 2 11 0 0 0 0 11 1 1 1 14 0 0

0 0 0 13 11 11 0 0 0 0 0 0 11 11 13 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

c
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 11 11 11 0 0 0 0 0 0 11 11 11 0 0 0

0 0 11 2 2 2 11 0 0 0 0 11 1 1 1 11 0 0
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d

Fig. 4. a: original image; b: a topological watershed of a; c: a W-thinning of a which
is also an M-watershed of a (see section 6); d: an homotopic grayscale skeleton of a.
In a, we have circled six points which have different types (see Section 3). From
left to right: S̃-point (12), S-point (11), M̃ -point (4), P̃ -point (6), M -point (0),
P -point (7).

Fig. 4d shows an homotopic grayscale skeleton of 4a. Notice the difference
with 4b in the center of the image, a “skeleton branch” at level 11 which
does not separate different minima, and also the two peaks (level 15) which
have been preserved. In applications where the goal is to find closed contours
around the regions of interest, the notion of watershed is a better choice.

Let us quote some definitions and a property of [1] which will be used in the
sequel of this article.

Definition 6 Let F ∈ F , let p and q be two points of E, and let k ∈ K+.
We say that p and q are k-linked (in F ) if p and q are linked for F [k].
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We say that p dominates q (in F ) if q belongs to the component of p in F .
We say that p and q are linked (in F ) if p dominates q in F or q dominates p
in F .
We define the connection value between p and q (for F ) by:
F (p, q) = min{k; p and q are k-linked in F}.
We say that p and q are separated (in F ) if p and q are not linked in F .
We say that p and q are k-separated (in F ) if p and q are separated in F and if
the connection value for F between p and q is precisely k, i.e., if F (p, q) = k.

The equivalence between this definition of k-separated points and another
definition based on paths, stated informally in the introduction, can be easily
shown (see [1]). Fig. 3 gives some illustrations: the points x and r are linked
(x dominates r), and the points r and s are 2-separated, as it can easily be
checked using the following property.

Property 1 ([1]) Let F ∈ F . Two points p and q are k-separated in F , if
and only if:
i) p and q belong to the same component of F [k], and
ii) p and q belong to distinct components of F [k − 1].

The next property allows us to characterize a W-destructible point p by con-
sidering only the connection values between the lower neighbors of p. It will
be used to establish our main characterization theorem (th. 9).

Property 2 Let F ∈ F , let p ∈ E. The point p is W-destructible for F if and
only if Γ−(p) 6= ∅ and, for all q and r in Γ−(p) with q 6= r, we have F (q, r) ≤
F (p).

3 Classification of points and transitions

As pointed out in the introduction, the time complexity of a naive topological
watershed algorithm is O(n2 × g), where n denotes the number of points and
g = kmax−kmin. In order to design a quasi-linear W-thinning algorithm, we need
to consider what may happen when we lower the value of a point. The examples
of Fig. 4a may help the reader to understand the following definitions.

Let us consider a point p ∈ E which is not W-destructible for F ∈ F . Several
cases may be distinguished. From Def. 4, such a point is either an inner point
or a separating point for F . Furthermore, if p is an inner point, then either p
belongs to a minimum of F or not.

On the other hand, if p is W-destructible for F , then p is not W-destructible
for [F \ p ↓ v] where v is the lowest value of p. Again, we can distinguish the
same possibilities for the status of p with respect to [F \ p ↓ v]. The following
definition formalizes these observations (S stands for separating, I for Inner,
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M for minimum and P for plateau).

Definition 7 Let F ∈ F , let p ∈ E, p not W-destructible for F .
We say that p is an S-point (for F ) if p is separating for F .
We say that p is an I-point (for F ) if p is an inner point for F .
We say that p is an M -point (for F ) if p belongs to a minimum of F .
We say that p is a P -point (for F ) if p is an inner point for F which does not
belong to a minimum of F .
Let q be a point which is W-destructible for F , and let v be its lowest value.
We say that q is an S̃-point (for F ) (resp. an Ĩ-point, an M̃ -point, a P̃ -point)
if q is an S-point for [F \ q ↓ v] (resp. an I-point, an M -point, a P -point).
If p is a T -point, with T ∈ {S, M , P , S̃, M̃ , P̃}, we say that T is the type
of p.

Notice that all M -points and all P -points are I-points, and that all M̃ -points
and all P̃ -points are Ĩ-points. Notice also that any point in E has a unique
type, i.e., it is either an S-point, an M -point, a P -point, an S̃-point, an M̃ -
point, or a P̃ -point. In Fig. 4a, we have circled six points which are represen-
tative of each type.

The two following properties characterize respectively Ĩ-points and S̃-points.
They are fundamental to understand and to prove the characterization of
destructible points proposed in section 5.

Property 3 Let F ∈ F , let p ∈ E, let v ∈ K.
The point p is an Ĩ-point for F with lowest value v if and only if:
i) Γ−(p) 6= ∅; and
ii) any two points q, r in Γ−(p) are linked in F ; and
iii) v = min{F (q); q ∈ Γ−(p)}.

Property 4 Let F ∈ F , let p ∈ E, let v ∈ K.
The point p is an S̃-point for F with lowest value v if and only if:
i) Γ−(p) 6= ∅; and
ii) ∀q, r ∈ Γ−(p), if q and r are k-separated in F then k ≤ v + 1; and
iii) there exist two points q, r in Γ−(p) which are (v + 1)-separated in F .

The type of a point p depends on the connected components of the sections
of F which are adjacent to p, and we know that lowering a W-destructible
point preserves the connectivity of all these sections. It may thus be seen that,
during a W-thinning process, the type of a point p can only be changed by
the modification of either the point p itself or a neighbor of p (this will be
proved with the following theorem). By a systematic examination of all the
possibilities, we deduce that only certain transitions are possible for the type
of a point p during a W-thinning process (all of them are illustrated in Fig. 5).

Theorem 5 Let F ∈ F , let p ∈ E. During a W-thinning process, the possible
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transitions for the type of the point p are exactly those depicted in the graph
of Fig. 5a, where the solid lines correspond to transitions due to the lowering
of the point p itself, and the dashed lines correspond to transitions due to the
lowering of a neighbor of p.

S S
~

P
~

M
~

P M

0 9 0 0 0 8 8 2 2 2 5 3 3 1

0 9 6 5 8 8 8 8 2 7 7 7 3 2

0 9 1 1 8 9 8 8 2 7 7 3 3 3

0 9 9 7 8 8 8 8 2 7 7 7 3 4

0 9 0 0 0 8 8 5 2 7 7 5 3 5

0 9 9 0 0 8 8 5 2 7 7 5 3 6

1 2 3 4 5 6 7 8 9 10 11 12 13

a b

Fig. 5. a: The eleven transition types that may occur in a W-thinning process.
b: Illustration of each possible transition type. Point (3,2) (value 6) down to 5:
[S̃ → S] for itself. Point (6,5) (value 8) down to 0: [M̃ → M ] for itself. Point (6,3)
(value 9) down to 8: [P̃ → P ] for itself. Point (2,4) (value 9) down to 0: [S̃ → S] for
(3,4). Point (10,3) (value 7) down to 2: [M̃ → S̃] for (11,3). Point (6,1) (value 8)
down to 0: [M̃ → S] for (7,1). Point (5,3) (value 8) down to 1: [P̃ → M̃ ] for (6,3).
Point (10,5) (value 7) down to 2: [P̃ → S̃] for (11,5). Point (6,5) (value 8) down
to 0: [P̃ → S] for (7,5). Point (8,3) (value 8) down to 7: [P → P̃ ] for (7,3). Point
(8,3) (value 8) down to 2: [P → M̃ ] for (7,3).

As a corollary of this theorem, we immediately deduce that a point p which
is an S-point (resp. an M -point) for F , is also an S-point (resp. an M -point)
for any W-thinning of F .

4 Component tree

Let us present the data structure called component tree, that will allow us
to characterize W-destructible points, as well as the other types of points,
locally and efficiently (section 5). We shall see in this section that there is a
strong relation between the component tree and the notion of k-separation;
this relation will be used to prove the point type characterization (theorem 9).

Let F ∈ F , let C(F ) denote the set of all couples [k, c] where c is a k-component
of F , for all values of k between kmin and kmax. We call altitude of [k, c] the
number k. By abuse of terminology, we will also call component an element
of C(F ).

We see easily that these components can be organized in a tree structure, that
we call component tree. This structure has been introduced in the domain of
data analysis [35,14], and appears to be a fundamental tool to represent some
“meaningful” information contained in a numerical function [13,12]. Several
authors, such as Vachier [33], Breen and Jones [7,16], Salembier et al. [30],
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Meijster and Wilkinson [21] have used this structure in order to implement
efficiently some morphological operators (e.g., connected operators, granu-
lometries, extinction functions). The component tree has also be used as a
basis for image matching algorithms [18,19]. Algorithms to compute the com-
ponent tree for the case of digital images can be found in [7,30,20]; the last
reference also contains a discussion about time complexity of the different al-
gorithms. Until recently, the fastest algorithm to compute the component tree
was proved to run in O(n× ln(n)) complexity, where n is the number of image
points. L. Najman and M. Couprie have proposed a quasi-linear algorithm [24].
For the sake of completeness, we present this algorithm in Annex 2. Let us
now give a formal definition of the component tree and related notions.

Definition 8 Let F ∈ F , let [k, c], [k1, c1], [k2, c2] be elements of C(F ).
We say that [k1, c1] is the parent of [k2, c2] if k1 = k2 + 1 and c2 ⊆ c1, in this
case we also say that [k2, c2] is a child of [k1, c1].
With this relation “parent”, C(F ) forms a directed tree that we call the compo-
nent tree of F , and that we will also denote by C(F ) by abuse of terminology.
An element of C(F ) which has no child is called a leaf, and an element of C(F )
which has at least two childs is called a fork.

Fig. 6b shows the component tree associated to the function depicted in Fig. 6a.

Definition 9 We say that [k1, c1] is an ancestor of [k2, c2] if k2 ≤ k1 and
c2 ⊆ c1. In this case, we also say that [k1, c1] is over [k2, c2], and that [k2, c2]
is under [k1, c1].
We say that the component [k, c] is a common ancestor of [k1, c1], [k2, c2] if [k, c]
is an ancestor of both [k1, c1] and [k2, c2].
We say that the component [k, c] is the least common ancestor of [k1, c1],
[k2, c2], and we write [k, c] = LCA([k1, c1], [k2, c2]), if [k, c] is a common an-
cestor of [k1, c1], [k2, c2], and if there is no other common ancestor of [k1, c1],
[k2, c2] under [k, c].
We say that the component [k, c] is the proper least common ancestor of [k1, c1]
and [k2, c2] if [k, c] is the least common ancestor of [k1, c1], [k2, c2], and if [k, c]
is different from [k1, c1] and from [k2, c2].

For example, in Fig. 6, the fork [3, g] is the proper least common ancestor of
the leafs [1, a] and [2, e], and the components [1, b] and [2, d] have no proper
least common ancestor.

Definition 10 We say that the components [k1, c1], [k2, c2] are separated if
they have a proper least common ancestor, otherwise we say that they are
linked.
Let M be a set {[k1, c1], [k2, c2], . . . , [kn, cn]} of elements of C(F ). We say that
the component [k, c] is the highest fork for M if the two following conditions
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are satisfied:
i) for any pair [ki, ci], [kj, cj] of distinct elements of M , if [ki, ci], [kj, cj] are
separated then the altitude of LCA([ki, ci], [kj, cj]) is less or equal to k; and
ii) there exists a pair [ki, ci], [kj, cj] of separated elements of M such that [k, c]
is the proper least common ancestor of [ki, ci], [kj, cj].

For example, in Fig. 6, the set {[1, a], [3, g], [4, i]} has no highest fork, and the
component [3, g] is the highest fork of the set {[1, a], [3, g], [2, e], [4, i]}.

We make the following observations:
a) Any two components always have a unique least common ancestor. In par-
ticular, if [k1, c1] is over [k2, c2], then LCA([k1, c1], [k2, c2]) = [k1, c1]. On the
other hand, two components which are linked have no proper least common
ancestor.
b) Two components are separated if and only if they are disjoint; and two
components [k1, c1], [k2, c2] are linked if and only if either c1 ⊆ c2 or c2 ⊆ c1

(see Annex 1, lemma 6.1).
c) A set of components may have no highest fork, and if the highest fork exists,
it is indeed a fork, i.e., an element with at least two childs (otherwise it could
not be a proper least common ancestor).
d) If a set of components has a highest fork, then this highest fork is unique.

The following property makes a strong link between the component tree and
the notion of separation, and justifies the common vocabulary used for both
notions. It follows straightforwardly from Prop. 1 and from b) above.

Property 6 Let F ∈ F , let p, q ∈ E, let k = F (p), l = F (q), let h ∈ K.
i) The points p, q are h-separated in F if and only if [k, C(p)] and [l, C(q)] are
separated and their proper least common ancestor in C(F ) is a component of
altitude h.
ii) The points p, q are linked in F if and only if the components [k, C(p)] and
[l, C(q)] are linked.

The following property and theorem are from [1]. They show, in particular,
that the component tree structure is preserved by any W-thinning.

Let X,Y be non-empty subsets of E such that X ⊆ Y . We say that Y is
an extension of X if each connected component of Y contains exactly one
connected component of X. We also say that Y is an extension of X if X
and Y are both empty.
We denote by C(X) the set composed of all connected components of X. If Y is
an extension of X, the extension map relative to (X,Y ) is the bijection σ from
C(X) to C(Y ) such that, for any C ∈ C(X), σ(C) is the connected component
of Y which contains C.
Let F,G be two stacks. We say that G is an extension of F if, for any k ∈ K+,
G[k] is an extension of F [k], and we denote by σk the extension map relative
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to (F [k], G[k]).

Property 7 ([1]) Let F be a stack, let G be an extension of F . Let k, h ∈ K+.
If X ∈ C(F [k]) and Y ∈ C(F [h]) then Y ⊆ X if and only if σh(Y ) ⊆ σk(X).

Theorem 8 ([1]) Let F and G be two elements of F such that G ≤ F .
The function G is a W-thinning of F if and only if G is an extension of F .

5 Characterization of W-destructible points

We saw in section 1 that checking whether a point is W-simple cannot be
done locally (i.e., based on the mere knowledge of the status of the point
and its neighbors), thus checking whether a point is W-destructible or not
cannot be done locally if the only available information is the graph (E,Γ)
and the function F . As discussed in the introduction, with a naive approach
a connected component search (at least in O(n), with n = |E|) is necessary
for each tested point, thus the complexity of a naive topological watershed
algorithm has a term in n2; furthermore, a point may be lowered several times
until it is no more W-destructible. The following theorem and algorithms
make it possible to perform this test on all the vertices of a weighted graph
in linear time, and also to check directly how low the W-destructible point
may be lowered until it is no more W-destructible (its lowest value), thanks
to the component tree which may be built in quasi-linear time. In addition,
the proposed algorithm provides the type of the considered point.

Recall that a W-destructible point is necessarily an Ĩ-point or an S̃-point
(section 3). We can now introduce the characterization theorem, which trans-
lates straightforwardly, thanks to Prop. 6, the properties 3 and 4 in terms of
relations between elements of the component tree.

Theorem 9 Let F ∈ F , let p ∈ E.
We denote by V (p) the set {[F (q), C(q)], q ∈ Γ−(p)}. Then:
i) The point p is an Ĩ-point for F if and only if V (p) 6= ∅ and V (p) has no
highest fork in C(F ); in this case the lowest value of p is w − 1, where w
denotes the altitude of the lowest element of V (p).
ii) The point p is an S̃-point for F if and only if V (p) 6= ∅ and V (p) has a
highest fork in C(F ), the altitude of which is v ≤ F (p); in this case the lowest
value of p is v − 1.

Let F ∈ F , we define the component mapping Ψ which associates, to each
point p, a pointer Ψ(p) to the element [F (p), C(p)] of the component tree C(F ).

In Fig. 6, we illustrate the characterization of W-destructible points using
theorem 9. The function F (grayscale image) is depicted in (a), and four
sections of F are shown in the bottom row. Each component of these sections
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is identified by a letter. The component tree C(F ) is shown in (b), and the
component mapping Ψ in (c). From top to bottom, let us consider the four
circled points p1, p2, p3, p4. Thanks to the component mapping Ψ, we can build
the sets V (p1) = {[1, a]} (no highest fork), V (p2) = {[1, a], [2, c], [3, g]} (no
highest fork), V (p3) = {[1, b], [2, e], [3, g]} (highest fork = [3, g]), and V (p4) =
{[1, b], [2, e]} (highest fork = [3, g]). From theorem 9 we conclude that:
• p1 and p2 are Ĩ-points (thus they are W-destructible) and may be lowered
down to 0 (they are M̃ -points),
• p3 is an S̃-point (thus p3 is W-destructible) with lowest value 2,
• p4 is not W-destructible (p4 is an S-point).

1 1 1 1 3 0 0 0 0

0 0 0 3 2 3 0 0 0

0 0 3 2 2 2 3 0 0

0 3 1 3 2 3 1 3 0

0 0 3 0 2 0 2 0 0

0 0 0 0 2 0 0 0 0

9:[4,i]

7:[3,g]

2:[1,b]

6:[2,f]4:[2,d]

8:[3,h]

1:[1,a]

3:[2,c] 5:[2,e]

3 3 3 3 9 2 2 2 2

1 1 1 9 7 9 2 2 2

1 1 9 7 7 7 9 2 2

1 9 6 9 7 9 5 9 2

1 1 9 1 7 2 7 2 2

1 1 1 1 7 2 2 2 2

a b c

ba
d

f e

c g

h i

F [1] F [2] F [3] F [4]

Fig. 6. Illustration of theorem 9. a: original image F ; b: component tree C(F ); c:
component mapping Ψ; bottom row: sections F [1], F [2], F [3], F [4] (in white, with
their components labelled by letters).

The problem of finding the lowest common ancestor of two nodes in a di-
rected tree has been well studied, and efficient algorithms exist: D. Harel and
R.E. Tarjan [15] showed that it is possible to build in linear time a represen-
tation of a tree, which allows to find the lowest common ancestor of any two
nodes in constant time. An algorithm allowing a practical implementation is
provided in [5]. We denote by BLCA (for Binary LCA) the procedure which
implements this algorithm, and which takes as arguments a tree (represented
in a convenient manner) and two nodes.

We remark that using theorem 9 to check whether a point is W-destructible,
involves the computation of the highest fork of the elements of the set V (p),
and this may require a number of calls to BLCA which is quadratic with
respect to the cardinality of V (p): every pair of elements of V (p) has to be
considered. In fact, we can have a linear complexity with the following algo-
rithm and property.

Let C be a component tree, let V be a set of components of C, we denote by
min(V ) an element of V which has the minimal altitude. For this algorithm
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and the following ones, we assume that C is represented in a convenient manner
for BLCA.

Function HighestFork (Input C a component tree, V a set of components of C)
01. [k1, c1] ← min(V ) ; let [k2, c2] . . . [km, cm] be the other elements of V
02. km ← k1 ; cm ← c1

03. For i From 2 To n Do
04. [k, c] ← BLCA(C, [ki, ci], [km, cm])
05. If [k, c] 6= [ki, ci] Then km ← ki ; cm ← ci
06. If km = k1 Then Return [∞, ∅] Else Return [km, cm]

Property 10 Let C be a component tree, and let V be a non-empty set of
components of C.
i) The algorithm HighestFork returns the highest fork of the set V , or the
indicator [∞, ∅] if there is no highest fork.
ii) This algorithm makes n − 1 calls of the BLCA operator, where n is the
number of elements in V .

Based on theorem 9, we propose the following algorithm for testing the type
of a point. In addition, if the point is W-destructible then this algorithm also
returns the lowest component to which the point can be added, otherwise the
value [∞, ∅] is returned. Notice that, if this component has the finite altitude k,
then the lowest value for the point p is k − 1.

Function TestType (Input F , p, C(F ), Ψ)
01. V ← set of elements of C(F ) pointed by Ψ(q) for all q in Γ−(p)
02. If V = ∅ Then
03. If [F (p) + 1, C(p)] is a leaf of C(F ) Then
04. Return (M , [∞, ∅])
05. Else
06. Return (P , [∞, ∅])
07. Else
08. [km, cm] ← HighestFork(C(F ),V )
09. If [km, cm] = [∞, ∅] Then
10. If min(V ) is a leaf of C(F ) Then
11. Return (M̃ , min(V ))
12. Else
13. Return (P̃ , min(V ))
14. Else
15. If km ≤ F (p) Then
16. Return (S̃, [km, cm])
17. Else
18. Return (S, [∞, ∅])

If we only want to test a particular type, then the previous procedure may be
simplified. We give below specialized functions for detecting W-destructible
and M̃ -points respectively, which will be used in the next sections.

Function W-Destructible (Input F , p, C(F ), Ψ)
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01. V ← set of elements of C(F ) pointed by Ψ(q) for all q in Γ−(p)
02. If V = ∅ Then Return [∞, ∅]
03. [km, cm] ← HighestFork(C(F ),V )
04. If [km, cm] = [∞, ∅] Then Return min(V )
05. If km ≤ F (p) Then Return [km, cm] Else Return [∞, ∅]

Function M-destructible (Input F , p, C(F ), Ψ)
01. V ← set of elements of C(F ) pointed by Ψ(q) for all q in Γ−(p)
02. If V = ∅ Then Return [∞, ∅]
03. If min(V ) is not a leaf of C(F ) Then Return [∞, ∅]
04. [km, cm] ← HighestFork(C(F ),V )
05. If [km, cm] = [∞, ∅] Then Return min(V ) Else Return [∞, ∅]

From the previous properties and observations, we deduce straightforwardly:

Property 11 Algorithms TestType, W-Destructible and M-destructible
give correct results with regard to the definition of the different types of points
(Defs. 4 and 7), and are linear in time complexity with respect to the number
of neighbors of p.

Notice that, if Γ is a regular grid with a small connectivity degree (such as the
graphs of the 4-adjacency or the 8-adjacency on Z2), then we can regard this
complexity as constant. Notice also that even a naive implementation of the
LCA operator leads to acceptable performance in practice, since the depth of
the tree is usually quite limited. Furthermore, we can remark that the compo-
nents of the tree which have exactly one child are not useful to characterize the
type of a point, since they cannot be lowest common ancestors. It is thus pos-
sible to remove all these components from the tree, and update the component
mapping accordingly, before using it for point type characterization.

6 M-Thinning and binary watershed algorithm

The outline of a topological watershed algorithm is the following:
Repeat Until Stability

Select a W-destructible point p, using a certain criterion
Lower the value of p

It can be seen that, even if a W-destructible point is lowered down to its lowest
value, it may again become W-destructible in further steps of the W-thinning
process, due to the lowering of some of its neighbors. For example, the point
at level 6 circled in white in Fig. 4a is W-destructible with lowest value 3. If
we lower this point down to 3, we will have to lower it again, after the lowering
of its neighbor at level 3 down to 0.

In order to ensure a linear complexity, we must avoid multiple selections of
the same point during the execution of the algorithm. The properties of this
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section and the following one provide selection criteria which guarantee that a
point lowered once will never be W-destructible again during the W-thinning
process.

The first criterion concerns points which may be lowered by W-thinning down
to the value of a neighbor which belongs to a minimum. Such a point is an
M̃ -point, and such an action is called an M-lowering . The aim of theorem 12
is to show that, if M̃ -points are sequentially selected and M-lowered, and if we
continue this process until stability, giving a result G, then no W-thinning of G
will contain any M̃ -point. Since, obviously, a point which has been M-lowered
will never be considered again in a W-thinning algorithm, we will obtain a
M-thinning algorithm which considers each point at most once, and produces
a result in which the minima cannot be extended by further W-thinning.

Definition 11 Let F,G ∈ F , we say that G is an M-thinning of F if G = F
or if G can be obtained from F by sequentially M-lowering some M̃-points.
We say that G is an M-watershed of F if G is a M-thinning of F and has no
M̃-point.

Theorem 12 Let F ∈ F , let G be an M-watershed of F . Any W-thinning
of G has exactly the same minima as G.

A corollary of this theorem is that the set of points which do not belong
to any minimum of an M-watershed of F is always a W-crest of F . Thus,
we can compute a W-crest by only lowering M̃ -points. In Fig. 4c, we see an
M-watershed of 4a.

In the following algorithm, we introduce a priority function µ which is used
to select the next M̃ -point. The priority function µ associates to each point p
a positive integer µ(p), called the priority of p. This function is used for the
management of a priority queue, a data structure which allows to perform
efficiently, on a set of points, an arbitrary sequence of the two following oper-
ations (L denotes a priority queue and p a point):
AddPriorityQueue(L, p, µ(p)): store the point p with the priority µ(p) into
the queue L;
ExtractPriorityQueue(L): remove and return a point which has the mini-
mal priority value among those stored in L (if several points fulfill this condi-
tion, an arbitrary choice is made).
The choice and the interest of the priority function will be discussed after-
wards, but notice that whatever the chosen priority function (for example a
constant function), the result will always be an M-watershed of the input.

Procedure M-watershed (Input F , C(F ), Ψ , µ ; Output F )
01. L ← EmptyPriorityQueue
02. For All p ∈ E Do
03. If M-destructible(F , p, C(F ), Ψ) 6= [∞, ∅] Then
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04. AddPriorityQueue(L, p, µ(p)) ; mark p
05. While L 6= EmptyPriorityQueue Do
06. p ← ExtractPriorityQueue(L) ; unmark p
07. [i, c] ← M-destructible(F , p, C(F ), Ψ)
08. If [i, c] 6= [∞, ∅] Then
09. F (p) ← i− 1 ; Ψ(p) ← pointer to [i, c]
10. For All q ∈ Γ(p), q 6= p, q not marked Do
11. If M-destructible(F , q, C(F ), Ψ) 6= [∞, ∅] Then
12. AddPriorityQueue(L, q, µ(q)) ; mark q

The following property is a direct consequence of property 7, theorem 8, the-
orem 9, property 11 and of the fact that, obviously, each point is selected at
most once by this algorithm.

Property 13 Whatever the chosen priority function, the output of Procedure
M-watershed is an M-watershed of the input.
The time complexity of Procedure M-watershed is in O(n+m) + k, where k
is the overall complexity for the management of the priority queue.

This watershed algorithm is the first one which is proved to guarantee a correct
placement of the divide set with respect to contrast preservation (see [23,25]
for a comparison with some classical watershed algorithms). More precisely,
from the previous property and the strong separation theorem of [1] (see Intro-
duction), we immediately deduce that the result of Procedure M-watershed
is always a strong separation of the input.

We introduced the priority function and the priority queue in order to take
into account some geometrical criteria. For example, with a constant priority
function, plateaux or even domes located between basins may be thinned in
different ways, depending on the arbitrary choices that are allowed by the calls
to ExtractPriorityQueue with this particular priority function (line 06). In
order to “guide” the watershed set towards the highest locations of the domes
and the “center” of the plateaux, we choose a lexicographic priority function µ
described below.

Let F ∈ F , let d be a distance on E, let p ∈ E. We denote by D(p) be the
minimal distance between p and any point q strictly lower than p, that is,
D(p) = min{d(p, q);F (q) < F (p)}.
It is easy to build a function µ such that, for any p, q in E:
- if F (p) < F (q) then µ(p) > µ(q);
- if F (p) = F (q) and D(p) ≤ D(q) then µ(p) ≥ µ(q).

The efficient management of priority queues is the subject of many articles.
Recently, a priority queue algorithm has been proposed by M. Thorup [32],
which allows an operation of insertion, extraction of the minimal element or
deletion to be performed in O(log logm), where m is the number of elements
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stored in the structure. This cost can be regarded as constant for practical
applications. Furthermore, in most current situations of image analysis, where
the number of possible values for the priority function is limited and the
number of neighbors of a point is a small constant, specific linear algorithms
can be used. An example of such a linear strategy is given in the next section,
with algorithm TopologicalWatershed.

7 Watershed algorithm

After iteratively lowering M̃ -points until stability, we have to process the other
W-destructible points in order to get a watershed. Let F ∈ F , let us call an
MS-watershed of F a function obtained from F by iteratively lowering M̃ -
points and S̃-points until stability. We could think that all P̃ -points will be
eventually changed to M̃ -points and then M-lowered in such a process, as it
is the case for images like Fig. 4a. But the examples of Fig. 7 show that it is
not always the case, in other words, an MS-watershed of F is not always a
topological watershed of F . Furthermore, there may exist thick regions made
of P̃ -points in an MS-watershed, and although M̃ -points and S̃-points may be
lowered directly down to their lowest possible value, we have no such guarantee
for the P̃ -points (see theorem 5).

0 0 9 2 2

0 0 9 2 2

4 4 6 9 2

1 1 9 2 2

1 1 9 2 2

0 0 0 30 4 4

40 0 30 3 30 4

1 40 31 30 4 4

1 40 32 31 35 35

1 1 40 35 2 2

1 1 40 2 2 2

Fig. 7. Examples of W-destructible points in an MS-watershed which are neither
M̃ -points nor S̃-points: the point at 6 in the image on the left, the points at 31 and
32 in the image on the right.

Thus, we must propose a criterion for the selection of the remaining W-
destructible points, in order to avoid multiple selections of the same point.
The idea is to give the greatest priority to a W-destructible point which may
be lowered down to the lowest possible value. We prove that an algorithm
which uses this strategy never selects the same point twice. A priority queue
could be used, as in the previous section, to select W-destructible points in
the appropriate order. Here, we propose a specific linear watershed algorithm
which may be used when the grayscale range is small.

Procedure TopologicalWatershed (Input F , C(F ), Ψ ; Output F )
01. For k From kmin To kmax − 1 Do Lk ← ∅
02. For All p ∈ E Do
03. [i, c] ← W-Destructible(F , p, C(F ), Ψ)
04. If i 6=∞ Then
05. Li−1 ← Li−1 ∪ {p} ; K(p) ← i− 1 ; H(p) ← pointer to [i, c]
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06. For k = kmin To kmax − 1 Do
07. While ∃p ∈ Lk Do
08. Lk = Lk \ {p}
09. If K(p) = k Then
10. F (p) ← k ; Ψ(p) ← H(p)
11. For All q ∈ Γ(p), k < F (q) Do
12. [i, c] ← W-Destructible(F , q, C(F ), Ψ)
13. If i =∞ Then K(q) ← ∞
14. Else If K(q) 6= i− 1 Then
15. Li−1 ← Li−1 ∪ {q} ; K(q) ← i− 1
16. H(q) ← pointer to [i, c]

We have the following guarantees:

Property 14 In algorithm TopologicalWatershed,
i) at the end of the execution, F is a topological watershed of the input function;
ii) let n and m denote respectively the number of vertices and the number of
arcs in the graph (E,Γ). If kmax − kmin ≤ n, then the time complexity of the
algorithm is in O(n+m).

As discussed in the previous section, this algorithm provides topological guar-
antees but does not care about geometrical criteria. If we want to take such
criteria into account, we can use first the procedure M-watershed with the
priority function described at the end of section 6, and then the procedure
TopologicalWatershed.

8 Conclusion

We presented quasi-linear algorithms for computing W-crests and topological
watersheds, which are proved to give correct results with respect to the defini-
tions, and to indeed achieve the claimed complexity. From the purely topolog-
ical point of view, we consider as equivalent the different possible watersheds
of the same function; but other constraints must be taken into account when
dealing with certain applications. We provided in section 6 a criterion which
is often considered as a good choice in many practical situations. Filtering
methods based on the component tree, like connected operators, can be easily
integrated to the presented algorithms. It is also possible to design a vari-
ant taking a set of markers as secondary input, following a classical approach
based on geodesic reconstruction. Forthcoming publications will develop these
points.
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[3] S. Beucher, Ch. Lantuéjoul, “Use of watersheds in contour detection”,
Proc. Int. Workshop on Image Processing, Real-Time Edge and Motion
Detection/Estimation, Rennes, France, 1979.

[4] S. Beucher, F. Meyer, “The morphological approach to segmentation: the
watershed transformation”, Mathematical Morphology in Image Processing,
Chap. 12, pp. 433-481, Dougherty Ed., Marcel Dekker, 1993.

[5] M.A. Bender, M. Farach-Colton, “The LCA problem revisited”, Proc. 4th Latin
American Symposium on Theoretical Informatics, LNCS, Vol. 1776, pp. 88-94,
Springer, 2000.

[6] U.M. Braga-Neto, J. Goutsias, “A theoretical tour of connectivity in image
processing and analysis”, Journal of Mathematical Imaging and Vision, Vol. 19,
pp. 5-31, 2003.

[7] E.J. Breen, R. Jones, “Attribute openings, thinnings and granulometries”,
Computer Vision and Image Understanding, Vol. 64, No. 3, pp. 377-389, 1996.

[8] T. H. Cormen, C. Leiserson, R. Rivest, Introduction to algorithms, McGraw-
Hill, 1990.

[9] M. Couprie, G. Bertrand, “Topological grayscale watershed transformation”,
Proc. SPIE Vision Geometry VI , Vol. 3168, pp. 136-146, 1997.

[10] M. Couprie, F.N. Bezerra, G. Bertrand, “Topological operators for grayscale
image processing”, Journal of Electronic Imaging , Vol. 10, No. 4, pp. 1003-
1015, 2001.

[11] V. Goetcherian, “From binary to grey tone image processing using fuzzy logic
concepts”, Pattern Recognition, Vol. 12, No. 12, pp. 7-15, 1980.
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Annex 1: Proofs

Proof of Prop. 2: Let k = F (p). Suppose that p is W-destructible for F ,
thus p is adjacent to exactly one component of F [k] and Γ−(p) 6= ∅. Take any
two points q, r in Γ−(p), since they belong to the same component of F [k],
we deduce that F (q, r) ≤ k. Conversely, suppose that Γ−(p) 6= ∅ and for
all q and r in Γ−(p), we have F (q, r) ≤ k. Since Γ−(p) 6= ∅ there is at least
one component of F [k] adjacent to p, and the other condition implies that
all the points in Γ−(p) belong to the same component of F [k], thus p is W-
destructible. �

Proof of Prop 3: Suppose that the conditions i), ii) and iii) are verified. We
see (Prop. 2) that p is destructible. Let F (1) = [F \ p], if F (1)(p) > v we see
that the conditions i), ii) and iii) are still verified for F (1), and thus p is still
destructible. We can repeat this process until the step n such that F (p)−n = v,
and we easily deduce from iii) that p is an inner point for F (n) = [F \ p ↓ v].
The proof of the converse property is straightforward. �

Proof of Prop 4: The proof is essentially the same as the proof of Prop. 3. �

Lemma 5.1 Let F ∈ F , let p ∈ E, let k = F (p) and let v ∈ K, v < k. The
function [F \ p ↓ v] is a W-thinning of F if and only if, for any h such that
v < h ≤ k, p is W-simple for F [h].

Proof: immediate from the definitions. �

Lemma 5.2 Let F ∈ F , let p ∈ E be an S-point for F , let q be a point and
let w be an integer such that [F \ q ↓ w] is a W-thinning of F , let F ′ denote
[F \ q ↓ w]. Then, p is an S-point for F ′.

Proof: Since p is not W-destructible, we have q 6= p. We know that p is adjacent
to (at least) two distinct components c1 and c2 of F [k], with k = F (p). Suppose
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that p is adjacent to only one component of F ′[k] (obviously, p is adjacent to
at least one component of F ′[k]). This implies that F (q) ≥ k, that w < k
and that q is adjacent to both c1 and c2, a contradiction with lemma 5.1 since
[F \ q ↓ w] is a W-thinning of F . �

Lemma 5.3 Let F ∈ F , let p ∈ E be an S̃-point with lowest value v for F ,
let q be a point and let w be an integer such that [F \ q ↓ w] is a W-thinning
of F , let F ′ denote [F \ q ↓ w]. Then, p is either an S̃-point for F ′ with lowest
value v, or an S̃-point for F ′ with lowest value w > v, or an S-point for F ′.
In the two last cases, the point q is necessarily adjacent to p.

Proof: Let k = F (p). We know that p is adjacent to exactly one component
of F [h], for all h such that v < h ≤ k, and that p is adjacent to (at least) two
distinct components c1, c2 of F [v].
• If q = p, we see that p remains an S̃-point with lowest value v for [F \ p ↓ h]
with h > v, and that p becomes an S-point for [F \ p ↓ v].
• If q is not adjacent to p, we see that p is still adjacent to exactly one com-
ponent of F ′[h] for all h such that v < h ≤ k. Suppose that q is not adjacent
to p and that p is adjacent to exactly one component of F ′[v] (obviously p
is adjacent to at least one component of F ′[v]). It means that q is adjacent
to both c1 and c2, that F (q) ≥ v and that F ′(q) < v, a contradiction with
lemma 5.1 since F ′ is a W-thinning of F .
• Suppose now that q is adjacent to p and that q 6= p. If p is W-simple for
all F ′[h] with v < h ≤ k, then p is still an S̃-point for F ′ with lowest value v
(same as above). Otherwise, p may be either an S̃-point for F ′ with lowest
value w, with v < w < k, or an S-point for F ′ (see examples in Fig. 5). �

Lemma 5.4 Let F ∈ F , let p ∈ E be an Ĩ-point for F which is adjacent to a
minimum m of F . Then p is an M̃-point with lowest value F (m).

Proof: let v = F (m), let q be a point of m adjacent to p. Let r be any point
in Γ−(p) which is not in m (if there is no such point, the proof is done). By
Prop. 3 we know that r and q are linked in F , thus, since m is a minimum, the
component of r in F must contain m, and F (r) ≥ F (m). Again by Prop. 3,
we deduce that F (m) is the lowest value of p, which implies that p is an
M̃ -point. �

Proof of Theorem 5: Let k = F (p), let T1 denote the type of the point p
for F , let q be a W-destructible point for F , let v be an integer such that
[F \ q ↓ v] is a W-thinning of F , let F ′ denote [F \ q ↓ v] and let T2 denote
the type of the point p for F ′.
1) Case T1 = M . Since p is not W-destructible, we have q 6= p. If q is not
adjacent to p then obviously T2 = T1. Suppose now that q is adjacent to p,
and that F ′(q) = v < k. If F (q) = k, then, since p is an M -point for F ,
we know that q is also an M -point for F , and thus q is not W-destructible
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for F , a contradiction. If F (q) > k, then consider [F \ q ↓ k] and apply the
same argument as above. In conclusion, we have either q not adjacent to p or
F ′(q) ≥ k, thus T2 = T1.
2) Case T1 = P . Since p is not W-destructible, we have q 6= p. If q is not
adjacent to p then obviously T2 = T1. Suppose now that q is adjacent to p.
If F ′(q) = v ≥ k then T2 = T1, otherwise we see that p is W-destructible for F ′

with lowest value v, and that p has no strictly lower neighbor for [F ′ \ p ↓ v],
thus p is either an M̃ -point or a P̃ -point, as shown in Fig. 5).
3) Case T1 = S. See lemma 5.2.
4) Case T1 = S̃. See lemma 5.3.
5) Case T1 = P̃ . Let w be the lowest value of p.
If q = p and F ′(q) > w then T2 = T1.
If q = p and F ′(q) = w then, since p is an inner point for F ′ and not an M̃ -
point for F , we know that p is adjacent to exactly one component of F ′[w+ 1]
which is not a minimum, thus T2 = P .
We know that p is adjacent to exactly one component of F [h], for all h such
that v < h ≤ k, and that p is not adjacent to any component of F [w].
If q is not adjacent to p we see that the same remains true for F ′, thus T2 = T1.
Suppose now that q is adjacent to p and q 6= p. We see that p must be adjacent
to at least one component of F ′[k], thus T2 is not an inner type (see examples
of the three possibilities other than T1 in Fig. 5).
6) Case T1 = M̃ . The arguments are the same as for case 5, except that T2

can be M instead of P , and cannot be P̃ (see Lemma 5.4, and observe that p
remains adjacent to a minimum).

Lemma 6.1 Let F ∈ F , let k1, k2 ∈ K+, and let c1, c2 be two components
of F [k1], F [k2] respectively. Then c1 and c2 are either disjoint or tied by an
inclusion relation.

Proof: If k1 = k2 then we have either c1 ∩ c2 = ∅ or c1 = c2 (property of con-
nected components). Otherwise, suppose without loss of generality that k1 >
k2. Let c′2 be the component of F [k1] which contains c2. We have either c1∩c′2 =
∅ or c1 = c′2 (same as above). If c1∩ c′2 = ∅ then we have c1∩ c2 = ∅, otherwise
we have c2 ⊆ c1. �

Proof of Prop. 10: If km = k1 at line 06, then clearly [k1, c1] is under all the
other elements of V and there is no highest fork (any two elements of V are
linked). Otherwise, one gets easily convinced that:
- the component [km, cm] found at line 06 is indeed the LCA of a given pair of
separated components in V , and
- no other pair of separated components in V can have a higher LCA. �

Lemma 12.1 Let F, F ′ ∈ F , let p, q ∈ E and v, w ∈ K such that:
i) [F \ p ↓ v] is not a W-thinning of F , and
ii) F ′ = [F \ q ↓ w] is a W-thinning of F , and
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iii) [F ′ \ p ↓ v] is a W-thinning of F ′.
Then p and q are neighbors, F (q) ≥ F (p), and w ≤ v.

Proof: by lemma 5.2, we deduce that p cannot be an S-point for F , because
it could not become a W-destructible point in this case. Suppose now that p
is an S̃-point for F with lowest value h > v, then by lemma 5.3 the point p
is either an S-point or an S̃-point for F ′ with a lowest value greater than h,
a contradiction with iii) since h > v. Thus, p is either an Ĩ-point with lowest
value h > v or a P -point (in this case, we set h = F (p)). For any k ≤ h, no
component of F [k] is adjacent to p. Since [F ′ \ p ↓ v] is a W-thinning of F’
we know that, for any k such that v < k ≤ h, there is exactly one component
of F ′[k] adjacent to p (see lemma 5.1). We deduce that for any such k, this
component must contain q which must be a neighbor of p, and that w ≤ v. �

Lemma 12.2 Let F ∈ F , let p ∈ E such that:
i) p is not an M̃-point for F , and
ii) there exists a point q and a value w such that [F \ q ↓ w] is a W-thinning
of F , and p is an M̃-point for [F \ q ↓ w].
Then, q is an M̃-point for F .

Proof: immediate from lemma 12.1. �

Proof of Theorem 12: Let G′ be a W-thinning of G and suppose that G′

has a minimum which is strictly larger than the corresponding minimum of G.
Consider the sequence of point lowerings which leads from G to G′, and let G =
F 0, F 1, . . . , F n = G′ be the successive results of these operations. Let F k be
the first element in the sequence in which a point p is M-lowered. Thus F k =
[F k−1 \ p ↓ v] is the result of M-lowering the point p, in other words p is an
M̃ -point for F k−1. Consider now the last F i in the sequence F 0 . . . F k−2 such
that p is not an M̃ -point for F i. If no such element exists, then we have a
contradiction since there is no M̃ -point for F 0 = G. Otherwise, since p is an
M̃ -point for F i+1 and not for F i, from lemma 12.2 we deduce that the point q
which has been lowered between F i and F i+1 has indeed been M-lowered. This
contradicts our definition of F k. �

Proof of Prop 14:
a) From property 7 and theorem 8, it follows that the initial component tree
of F remains a component tree for all the modified versions of F in this al-
gorithm. We also see that the component mapping Ψ is updated in order to
keep correct pointers from the vertices of the graph to the corresponding tree
elements.
b) We see easily that (K(p) = k and p in Lk) ⇔ p is W-destructible for F
with lowest value k.
c) Let us prove that in lines 07-16, there is no W-destructible point for F
with a lowest value k′ < k. It is true when k = kmin. From lemma 12.1, we
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know that a point cannot receive a lowest value v unless one of its neighbors
is lowered down to a value v′ ≤ v. All the lowerings are done at line 10, by
the statement F (p) ← k. Thus, the property remains true as k increases.
d) From a) and b), we deduce that at each step of the execution, F is a W-
thinning of the input function.
e) From c), we deduce that at the end of the execution, F has no W-destructible
point.
i) Follows from d) and e).
ii) For any given value of k, a point which is lowered at line 10 will not be
lowered again in any step k′ > k. Thus, each point is lowered at most once.
Also, the total number of executions of lines 12-16 will not exceed m. Glob-
ally, the sum of the costs of all calls to the function W-Destructible is in
O(n + m). The calls to list management functions are in constant time. The
total number of elements stored in the lists Li cannot exceed n+m. �

Annex 2: Quasi-linear algorithm for the component tree

Let us first describe briefly the disjoint set problem, which consists in main-
taining a collection S of disjoint subsets of a set E under the operation of
union. Each set X in S is represented by a unique element of X, called the
canonical element. Three operations allow the management of the collection
(in the following x and y denote two distinct elements of E):
MakeSet(x): add the set {x} to the collection S, provided that the element x
does not already belongs to a set in S. The canonical element of {x} is x.
Find(x): return the canonical element of the set in S which contains x.
Link(x, y): let X and Y be the two sets in S whose canonical elements are x
and y respectively. Both sets are removed from S, their union Z = X ∪ Y is
added to S and a canonical element for Z is selected and returned.

R.E. Tarjan [31] has proposed a very simple and very efficient algorithm to
achieve any intermixed sequence of such operations with a quasi-linear com-
plexity. More precisely, if m denotes the number of operations and n denotes
the number of elements, the worst-case complexity is in O(m×α(m,n)) where
α(m,n) is a function which grows very slowly, for all practical purposes α(m,n)
is never greater than four. The implementation of this algorithm is given below.
The maps ’par’ (stands for ’parent’) and ’rank’, which constitute a representa-
tion of the disjoint sets in the form of directed trees, are represented by global
arrays in memory. For more detailed explanations and complexity analysis,
see [31].

Procedure MakeSet (element x)
par(x) ← x ; rank(x) ← 0

Function Find (element x)
If par(x) 6= x Then par(x) ← Find(par(x))
Return par(x)
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Function Link (element x, y)
If rank(x) > rank(y) Then exchange(x, y)
If (rank(x) = rank(y)) Then rank(y) ← rank(y) + 1
par(x) ← y
Return y

Now let us give our algorithm to build the component tree. A more detailed
explanation, together with a proof of the complexity, can be found in [24].

Procedure BuildComponentTree
Input : (E,Γ) - graph; N = number of points in E
Input : F - map from E to Z
Output : Nn - number of nodes (of the component tree) (≤ N)
Output : nodes - array [0 . . . N − 1] of node
Output : Ψ - map from E to [0 . . . N − 1] (component mapping)
Local : subtreeRoot - map from [0 . . . N − 1] to [0 . . . N − 1]

01. Sort the points in increasing order of value for F ; Nn ← N
02. For All p ∈ E Do nodes[p] ← MakeNode(p); subtreeRoot[p] ← p;

MakeSet1(p); MakeSet2(p) ← p
03. For All p of E in increasing order of value for F Do
04. curCanonicalElt ← Find1(p)
05. curNode ← Find2(subtreeRoot[curCanonicalElt])
06. For each (already processed) neighbor q of p with F (q) ≤ F (p) Do
07. adjCanonicalElt ← Find1(q)
08. adjNode ← Find2(subtreeRoot[adjCanonicalElt])
09. If curNode 6= adjNode Then
10. If nodes[curNode]→height = nodes[adjNode]→height Then
11. tmpNode ← Link2(adjNode,curNode)
12. If tmpNode =curNode Then
13. Add the list of childs of nodes[adjNode]
14. to the list of childs of nodes[curNode]
15. Else
16. Add the list of childs of nodes[curNode]
17. to the list of childs of nodes[adjNode]
18. delete nodes[adjNode]; nodes[adjNode] ← nodes[curNode]
19. curNode ← tmpNode; Nn ← Nn − 1
20. Else
21. nodes[curNode]→addChild(nodes[adjNode])
22. curCanonicalElt ← Link1(adjCanonicalElt, curCanonicalElt)
23. subtreeRoot[curCanonicalElt] ← curNode
24. For All p ∈ E Do Ψ(p) ← Find2(p)

30



5 Fusion graphs : merging properties and water-

shed

J. Cousty, G. Bertrand, M. Couprie and L. Najman. Fusion graphs : merging
properties and watershed.
Soumis à Computer Vision and Image Understanding.
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�Mû�û���þ$�P)�þ$�Mÿhú���û�ùhú7��8m����'��Mÿ��F;
ìIñDòÄí�î£ñ�ðFï ß�ð!ñ â�ß

(E,Γ)
è|â"Ý4É�Þ§Ý6ÛqÚ
��á�â�ß

X ⊆ E
í4ÙtÚMâ$Ü�â�ß

X
Û[Ü�à§å�ìqì,â§à�ß�â§äIÛ è´Ý:ì�ä

å�ì=á»ç´Û è���è�å:Þ�Ý�ìqç�ßÖò2åIä�Û[Ü�ß]Ûvì�à�ß�ì�å:ì�ó�â�æ�Û=ß]çÏÜFÚ�è0Ü�â�ßEÜ
A,B

åfè
X
ÜFÚqà0ÚÅßEÚ�Ýcß

A∪B = X
�

ßEÚMâ�ÜFÚ�è0Ü�â�ß
A
Û[ÜÅÝ9äUç�Ý¸à§â�ìFßmß�å

B
í

Âqùhþ+ôÙKùhþ+�S;SI��?û¢)��:��ú7mû���ú.�('|û�üC	«��û�� "�)�û4'/�Mû��vþ�ü�ü�þ��Vú7��8&)�þ�ùhþ�ü�ü.��ù�	
;
õ ò=ñDò�öeö á ñ�ï�÷ ð!ñ â�ß

(E,Γ)
è§âTÝ1ÉcÞ|Ý6ÛFÚ$�2á�â�ß

X
è§âTÝ^ì�å�ì�ó�â0æ�Û,ß]çÜFÚ�è§Ü�â�ß$åfè

E
íSøãè

EÛãÜÅà§å�ìMì�â§à�ß�â§äÊÝ:ì�äÛ è
X 6= E

�mßvÚMâ�ì
Γ∗(X) 6= ∅ í

<D��'��Mú�ÿ4���:�=û�ù��Ä�?û*ÿ�'�"���	Éú7�Á���cù?'|ú�)�"Mü.�cù´ÿ|þ+û>'/�Mú7���Mû�ÿhÿ4�Mùhþ+�=û�ù�'hú�û�ÿ�þ$�²�-�('|û�ùhÿ��Mû���ÿ
ú��¥8�ù6�����Mÿ�;�£¤��û¢�Mþ:'|ú�þ+�Mÿ�þ+�Ø'/�Mú7���Mû�ÿhÿ�������ú7�#'|û�ù�ú�þ�ù��cù�û¢)�ü�þ¸ÿhû�üC	�ù�û�ü.��'hû���;
ù¹îGúKï#ö[ð�öãò,ï¿û ð!ñ â�ß

(E,Γ)
è§â*Ý!ÉcÞ§Ý/ÛFÚMí ñ â�ß

X ⊆ E
��ßEÚ�â ú7�#'hû�ùhú�þ¸ù$þ$�

X
ÛãÜßvÚMâ"Ü�â�ß

ÛvìFß
(X) = {x ∈ X | Γ(x) ⊆ X} í,ü*â"Ü�Ý�ç^ßEÚMÝcßmßEÚMâ"Ü�â�ß X ú�ÿ�'��Mú�� Û è�ÛvìFß

(X) = ∅ í

ìIñDòÄí�î£ñ�ðFï�ý ð1ñ â�ß
(E,Γ)

è§â$Ý�É�Þ§Ý6ÛqÚ
��á�â�ß
X ⊆ E

ÜFÚFà§Ú
ßEÚ�Ýcß,ÛvìFß
(X) 6= ∅ ��á¼â�ß A è§â$Ý

ì�å�ì�ó�â0æ�Û,ß]ç"ÜFÚ�è0Ü�â�ß(åfè�ÛvìFß
(X)

í9üTâ$ÚMÝ å â^þ C(X \ A) = C(X)∪C(A)
í�ÿ�ÚpÞ�ßEÚMâ�Þ0æ^å�Þ§â6�

Û è
A
ÛãÜà|å�ìqì�â§à�ßÌâ§ä(�2ßEÚMâ�ì

A
Û[ÜÝ�à§å:ìqì�â§à�ß�â§ä�à|å�æ�Ûqå:ì�â�ìFß�åfè

X \ A � æºå�Þ|â�ÛFÞ§â§à�Û[Ü�â�á»çò2â�ÚMÝ å â C(X \ A) = C(X) ∪ {A} í

£¤�Mû&�MùhþYþ$�?þ+�-ÙKùhþ+�S;_K ú�ÿ
û�ü�û�û��#'6�cù?	0�:����'/�G"Mÿþ$Tú7'�'|û���;Ø£�þ�)�þ+��)�ü�"��pû�'��Mú�ÿÿhû�)Fº
'|ú�þ$�S���?û ùhû�)��cü�ü-'/�Mû���û����Mú7'hú�þ$� þ+��ü�ú7�Mû�8¸ù/�:���Mÿ�;E£9�Mú�ÿ�)�ü.�cÿhÿÊþ+�48�ù6�����Mÿ«��ü�ü�þ��Vÿ&'|þ
����¸û1�ÿ�'|ù�þ$��8ºü�ú�� �¥�=û�'D�?û�û���'/�Mû>�ãù6��û��?þ¸ù��¥��û�B9û�ü�þ$� �=û��Éú���'��Mú�ÿ,���:�=û�ù4������'��Mû
�:����ùhþ#�:)6�Mû�ÿVþ$�Ø����'hû�ùhÿ��Mû���������ù�û�8¸ú�þ+��û�ù�8¸ú7��8&���cÿhû���þ$��û�� 8�û�ÿVù6�('/�Mû�ù¤'/������B¸û�ù?º
'|ú�)�û�ÿ�;
ù¹îGúKï#ö[ð�öãò,ï�� ð!ñ â�ß

(E,Γ)
è§â�Ý¥ÉcÞ|Ý6ÛFÚMí
Ù�ÚMâ ü�ú��Mû�8¸ù/�:��� þ$�

(E,Γ)
Û[Ü�ßvÚMâmÉcÞ§Ý/ÛFÚ

(E ′,Γ′)
ÜFÚFà0Ú�ßEÚMÝ�ß

E ′ = Γ
Ý:ì�ä

(u, v)
è§â�á�å:ì�É�Ü"ß�å

Γ′
ò�ÚMâ�ì�â å â�Þ

u ∈ Γ
�
v ∈ Γ

�?Ý�ì,ä
u, v

Ü§ÚMÝ:Þ§âÅÝ å â0Þ�ß�â�æ�åfè
E
í

 



üTâ´Ü�Ý�çßEÚMÝcß2Ý>É�Þ§Ý6ÛqÚ
(E ′,Γ′)

ú�ÿ-�
ü�ú��Mû48�ù6����� Û è´ßEÚMâ�Þ|â
â�æ�ÛãÜ�ßEÜÝAÉcÞ§Ý/ÛFÚ
(E,Γ)

ÜFÚqà0Ú
ßEÚMÝcß

(E ′,Γ′)
ÛãÜ"Û[Ü�å�æºå:ÞDÛFÚ9Û³àß�åßEÚMâ
á Ûvì�â,ÉcÞ|Ý6ÛFÚ åfè

(E,Γ)
í

a

b dc
f g

e b

a
c

f
d e

g

�M�$� �Ö�Ä�
¦ ¨�¦9À���À ¬ ¦D¬j¹�¶Y¯«cE¹(gK¹�ª9°T¨»®f±4½�¨�ªY¥�¦D¬j¹D¶9¯«cv¾GghÀ

<D�¥Â�ú78�;�¡ �G�?û"ÿ��Mþ^�Ð�!8¸ù/�:����������ú7'hÿ$ü�ú7�Mû�8¸ù/�:� �S;M÷Ïü�üS8�ù6�����Mÿ���ùhû4�Mþ+'$ü�ú7�Mû�8¸ù/�:����ÿ^�
ú�� þ+'��Mû�ù���þ�ù/��ÿ���'��Mû�ùhûû���ú�ÿ�'Ïÿhþ+ûA8¸ù/�:���Mÿ-�-�Mú�)6�Á��ùhûA�Mþ+'�'/��û
ü�ú��MûA8¸ù/�:���MÿÏþ+�p�:�
	
8¸ù/�:���S;�£¤�Mû��vþ�ü�ü�þ���ú���8�'/�Mû�þ¸ù�û�ô�cü�ü�þ^��ÿ�'hþ&)6���cù/�+)�'hû�ùhú�ø�ûIü�ú7�Mû¢8�ù6�����Mÿ�;
��� îYò=ñ^î�� 	 ��H7I�Le� ð é ÉcÞ§Ý/ÛFÚ

G
ÛãÜIÝ*á»Ûvì,â-ÉcÞ|Ý6ÛFÚ^Û è�Ý�ì�äå�ì=á ç*Û è�ì�å�ì�âIåfèVßEÚMâ�ÉcÞ|Ý6ÛFÚ9Ü

åfè�ÿ(Û�ÉYí�
ºÛãÜ
ÝTÜFÚ�è=É�Þ§Ý6ÛqÚÉåjè
G
í

�a�
� �Ö��� �Ö)^� �Ö��� �]û(�

�e�/� �Ö8#� �Ö�Ä� �Eú5�

¦ ¨�¦9À�¸ÀpØ?¬j¹�¶9¯Y±4µ�©D¬4¹�²�¯Y¹D¬j¹�²h®f¥§¬j¨  ¹�®f¨�©:ª*©:µ,½�¨�ªY¥�¦D¬j¹D¶9¯9±-c�¯4¯qÀ�(g|À
÷Ïÿ4���Éú�ü�ü7"Mÿ�'|ù/��'hú�þ+�S���?û!)�����)6�Mû�)/�«'/���('�'/�Mû
ü�ú7�Mû>8¸ù/�:������û��Mú.)�'hû��Éú7��Â�ú78�;�¡:����þ£û�ÿ
�Mþ+'m)�þ+�#'6�cú7�À�:�
	»8�ù6����� þ+��Â�ú78�;²J���ÿ&�Éÿ�"���8¸ù/�:����;�Âqþ�ù*û�����m�Mü�û$�*'��Mû�ÿ�"���8�ù6�����
ú�����"�)�û����#	�'/�MûÅÿhû�' {d, e, f, g} þ+��'/�Mû!8�ù6�:� � ÿ��Mþ^�-� ú7��Â�ú78�;�¡�� ú�ÿ4�Mþ+','��Mû*ÿ6��û
�cÿ¤'/�Mû�8�ù6������þ$�PÂ�ú78�;�J
�Åÿhú���)�û"úC'�)�þ+�#'F��ú��Mÿ$þ$��û¢þ�ùhû�û�� 8�û$;

÷ � á ð�î£ñ â � î£ó â

<D� �vþ¸ù����ü�üC	
��ú��0�¹8¸ù/�:���S�_������'hû�ùhÿ��Mû��Á���	��=û�'/�Mþ+"�8+�#'Iþ$�9��ÿ>�m½jÿ|û����cù/��'|ú7��8�ÿhû�'�¾
þ$�,B9û�ù�'hú.)�û�ÿ��-�Mú�)6�¿)��:����þ+'¹�=ûÉùhû�� "�)�û��À��ú7'��Mþ$"�'¹û�ù�8¸ú7��8 ÿhþ+û�)�þ+m�=þ+�Mû��#'|ÿÊþ$�
ú7'hÿ�)�þ+m�Mü�û�û��#'6�cù?	Éÿhû�'m�]ÿhû�û1Â�ú78�;ËK$����;�ÑÆû>�qùhÿ�'48�ú7B¸û1�vþ�ù����ü²��û����MúC'|ú�þ+�Mÿ"þ+�p'��Mû�ÿhû
)�þ$��)�û�� '|ÿ«�]ÿhû�û�HµJ��Æ �L5�A�:���Æùhû�ü.�('|û��Æþ+�Mû�ÿ��_'/�Mû��3�?û¹��û�ù�ú7B¸ûÊÿhþ+û��Mùhþ+�=û�ù�'hú�û�ÿA�-�Mú�)6�
�Vú�ü�üS�=û¢"Mÿhû���ú7�«'/�Mû"ÿhû�Í#"Mû�üa;

Ç



î��3í(ò=ñ�ð á ï=ðTñ^î�� á ñ�� ð ÿ,Þ|å�æ ì�å�ò*��ò�ÚMâ�ì�Ü=ÛMâ§Ý(é:ÛvìGÉÊÝ
è§å�Úpß?Ý¢ÉcÞ§Ý/ÛFÚ
(E,Γ)

�²ò2â4òKÛ]ává
Ý:Ü§ÜFÚpæ^âmè�å�Þ�Ü0Ûvæ�Û,á»Û³à�Ûvß]çºßEÚMÝcß

E
ÛãÜ�ì�å�ì�ó�â�æ�Û,ßEç�Ý�ì,ä�à§å�ìMì�â§à�ß�â§ä¸í

ê þ+'hú�)�û�'�����'��P��û�B9û�ù?'/�Mû�ü�û�ÿhÿ^�_'/�MûÊÿ�"��Mÿhû�Í#"Mû��
'���û����MúC'|ú�þ+�Mÿm�:���Î�Mù�þ$�=û�ù?'|ú�û�ÿ1���	3�=û
û^�cÿhú�üC	�û���'hû�����û��¹'|þ��Mþ$�GºU)�þ$���Mû�)F'|û��¥8�ù6�����Mÿ�;
ù¹îGúKï#ö[ð�öãò,ï�� ð!ñ â�ß

(E,Γ)
è§âÅÝ!ÉcÞ|Ý6ÛFÚ�í ñ â�ß

X ⊆ E
�?Ý�ì,äºá�â�ß

p ∈ X í
üTâ"Ü�Ý�ç^ßEÚMÝ�ß

p
ú�ÿ��1�=þ�ù/��û�ù��=þ�ú7�#'>�Ö�vþ�ù

X
� Û è

p
ÛãÜÅÝ9äUç�Ý9à§â�ìFßmß�å

X
í

üTâÜ�Ý�çÊßEÚMÝcß
p
ú�ÿ4���Éú7���Mû�ù��=þ¸ú7�#'��e�vþ�ù

X
� Û è

p
ÛãÜIì�åcß�Ý¥è§å�Þ|ä9â�Þ�ÛMå�ÛvìFß�è�å�Þ

X
� úa; û$;7�

Û è
p ∈ ÛvìFß (X)

í
üTâTÜ�Ý�ç ßvÚMÝcß

p
ú�ÿ�Ñ�ºÌÿhú7m�Mü�û��e�vþ�ù

X
� Û è

p
ÛãÜÊÝ9äUç�Ý¸à§â�ìFßVß�å�â�æ£Ý¸à�ß³á»ç å:ì�â�à§å�ìqì�â|à�ß�â§ä

à§å�æ�ÛMå�ì�â�ìFß?åfè
X
í

üTâÜ�Ý�ç�ßEÚMÝ�ß
p
ú�ÿÏÿ|û����cù6�('|ú7��8Á�e�vþ�ù

X
� Û è

p
ÛãÜTÝ9äUç�Ý¸à§â�ìFß?ß�å�Ýcß�á�â§Ý:Ü0ß?ßÖò2å�à§å�ìqì�â|à�ß�â§ä

à§å�æ�ÛMå�ì�â�ìFßvÜÅåfè
X
í

üTâ�Ü�Ý�ç5ßEÚ�Ýcß
p
ú�ÿ���!"MüC'|ú7�Mü�û��=þ�ú7�#'��Ö�ãþ¸ù

X
� Û è

p
Û[ÜÉÝ9äUç�Ý¸à§â�ìFßIß�å Ý�ß
á�â§ÝDÜ�ßßEÚ9Þ§â§â

à§å�ìqì�â|à�ß�â§äÊà§å�æ�Ûqå�ì�â�ìFßvÜÅåjè
X
í

<D��'��Mú�ÿE��û����MúC'|ú�þ+�¹�����1'/�Mû��vþ�ü�ü�þ���ú���8Iþ$�Mû�ÿ^�+'��Mû-��ùhû�� �A½=Ñ�ºM¾?ÿ�'F������ÿ%�vþ�ù²����'hû�ùhÿ��Mû���;
<D��Â�ú78�;EK#���

x
ú�ÿ«�=þ:'/���0�=þ¸ù/�pû�ù¹�=þ¸ú7�#'��������3Ñ�ºÌÿhú7m�Mü�ûÁ�=þ�ú7�#'«�vþ�ù�'��Mû�ÿ|û�'

X)�þ$��ÿ�'hú7'�" '|û����#	�'/�Mû��Mü��:)6��B¸û�ù�'|ú�)�û�ÿ��_�����
y
ú�ÿ>���Çú7���Mû�ù¢�=þ�ú��
'^;_<=�0Â�ú78�;_ :�S�

z
ú�ÿ>�

�=þ¸ù���û�ù!�=þ¸ú7�#'m�����®� ÿhû����cù/��'hú7��8��=þ¸ú7�#'^�²�����
w
ú�ÿm���=þ¸ù���û�ù!�=þ¸ú7�#'^�²��ÿhû����cù/��'hú���8

�=þ¸ú7�#'��������1!"MüC'|ú7�Mü�û��=þ¸ú7�#'^;
ù¹îGúKï#ö[ð�öãò,ï�� ð!ñ â�ß

(E,Γ)
è§âÅÝ!ÉcÞ|Ý6ÛFÚ�í ñ â�ß

X ⊆ E
�?Ý�ì,äºá�â�ß

S ⊆ X
í

üTâÜ�Ý�ç�ßEÚ�Ýcß
S
ú�ÿ-Ñ�ºÌÿhú���Mü�û��Ö�vþ�ù

X
� Û èßEÚMâ�Þ|ââ�æ�Û[Ü�ßEÜ

A ∈ C(X)
ÜFÚFà0Ú ßvÚMÝcß

A ∪ SÛãÜÅà§å�ìMì�â§à�ß�â§äÊÝ:ì�ä C(X|S) = {A} í

Ò��#Bpú�þ$"�ÿ|üC	
�G���=þ�ú7�#'
p
ú�ÿ�Ñ�º�ÿhú7m�Mü�û�ú��S�����þ$�MüC	Tú���'��Mû�ÿ|û�' {p} ú�ÿ�Ñ¿ºÌÿhú7m�Mü�û$; ê þ:'|ú�)�û

'/���('^�Kú7�×'��Mû��:�=þ^B9û¥��û����MúC'|ú�þ+�S�
S
ú�ÿm��þ+'m�Mû�)�û�ÿ|ÿ6��ùhú�üC	×)�þ$����û�)�'|û���;�£¤�Mû«�vþ�ü�ü�þ��Vú7��8

�Mùhþ+�=û�ù�'D	¹���	¹�=û��Mù�þ(B¸û���û^�cÿhú�üC	#;
ìIñDòÄí�î£ñ�ðFï�� ð1ñ â�ß

(E,Γ)
è§âÅÝ!ÉcÞ|Ý6ÛFÚMí ñ â�ß

X ⊆ E
�2Ý�ì�ä^á�â�ß

S ⊆ X
í

ÙtÚMâ�Ü�â�ß
S
ÛãÜ�ü«ó³Ü0Ûvæ�Û�á�â��»è�å�Þ

X � Û è
Ý�ì�äÊå�ì=á»çÛ è"ßvÚMâ�Þ|â*â�æcÛãÜ�ßEÜ A ∈ C(X)
ÜFÚFà§Ú�ßEÚMÝ�ß

C(X ∪ S) = [C(X) \ {A}] ∪ {A ∪ S} í

ÑÆûm�cùhû1�Mþ^�Aùhû��+��	�'hþ¥��û����Mû�'��Mû��Mþ:'|ú�þ+�Çþ+�p����'hû�ùhÿ��Mû����-�Mú�)6�Âú�ÿA)�û��
'|ù6��ü*'|þ¹'/�Mú�ÿ
ÿhû�)�'|ú�þ$��;
ù¹îGúKï#ö[ð�öãò,ï ß���ð!ñ â�ß

G = (E,Γ)
è|â*Ý!ÉcÞ|Ý6ÛFÚ�í ñ â�ß

X ⊆ E
��á¼â�ß

Y ⊆ X
í

üTâ"Ü�Ý�ç^ßEÚMÝ�ß
Y
ú�ÿ��>Ñ�ºM'/�Mú7���Mú7��8^þ+�

X
�pò(Þ0ÛEß�ßÌâ�ì

X ↘W Y
�4Û è

Û � Y = X
å�Þ"Û è

ÛvÛ � ßEÚ�â�Þ§âºâ�æ�Û[Ü�ßEÜ^Ý�Ü�â�ß
Z ⊆ X

òKÚYÛ�à0Ú�Û[ÜºÝÀü¹ó�ßEÚYÛvìqìMÛvì�ÉÉåfè
X

Ý�ì�ä Ý!ÛMå�ÛvìFß
p ∈ ZòKÚYÛ�à0Ú�ÛãÜ�ü«ó³Ü0Ûvæ�Û�á�âmè�å�Þ

Z
�(ÜFÚqà0Ú�ßEÚ�Ýcß

Y = Z \ {p} íéAÜ�â�ß
Y ⊆ X

Û[ÜÅÝ ����'hû�ùhÿ��Mû��3�]ú7�
G
� Û è

Y ↘W Z
Ûvæ�Û�á»Û�â0Ü

Z = Y
í

é ÜFÚ�è0Ü�â�ß
Y

åfè
X

ÛãÜTÝ ����'hû�ùhÿ��Mû�� þ+�
X

Û è
Y
Û[ÜTÝ®ü«ó�ßEÚYÛãìqìqÛvìGÉ�åfè

X
Ý�ì�äºÛ è

Y
ÛãÜ

Ýmò�Ýcß�â�Þ§Ü§ÚMâ§ä9í
é2ò2Ý�ß�â�Þ§Ü§ÚMâ§ä

Y
ÛãÜ �Mþ+��ºM'|ù�ú7B£ú���ü Û è

Y 6= ∅ Ý�ì�ä Y 6= E
í

Þ



<='-)����¥�=û"ÿhû�û��«'�����'9�?û¢)�����þ$� '6�cú7���AÑ�ºM'/�Mú7���Mú7��8þ$�
X

�#	�úC'|û�ù6�('|úCB9û�üC	�ùhû�þ^Bpú7��8
Ñ�º�ÿhú7m�Mü�û-�=þ�ú7�#'|ÿ%�vù�þ$

X
�#������'�����'

Y
ú�ÿ@�����('|û�ùhÿ��Mû��Tþ$�

X
ú��
Y
ú�ÿ@��Ñ�ºM'/�Mú7���Mú7��8

þ$�
X

���Mú�)6� )�þ+�#'F��ú��Mÿ¥�Mþ®Ñ�ºÌÿ|ú7m�Mü�û��=þ¸ú7�#'�;�Â�ú78�;¤K ÿ��Mþ^��ÿ��Oÿhû�'
X

�����Hÿhþ$û
Ñ�º='��Mú7���Mú���8�ÿ�þ+�

X
� '/�Mû"ü���ÿ�'�þ$��û¢�=û�ú7��8��>���('|û�ùhÿ��Mû���þ$�

X
; ê þ:'|ú�)�û�'�����'���ú��,û�ùhû��#'
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Γ({a, b}) ⊆ [Γ(x) ∪ Γ(y)]
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Γ
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E
����� ü�û�'

X ⊆ E
;�Ñ5û
ÿ6��	¥'����('

X
ú�ÿ4� à�á»Ûe,�Úqâf�»è�å�Þ

(E,Γ) � ú7� X ×X ⊆ Γ
;Ä<=�Éþ:'/�Mû�ù���þ�ù/��ÿ��

X
ú�ÿ,�&)�ü�ú.Í
"Mû
ú7�p�:�#	

'D�?þ�B¸û�ù�'hú.)�û�ÿ$þ$�
X

�cù�ûA�+�:N��:)�û��
'^; Ñ5û"ÿF��	�'/���('
X

ú�ÿ�� æºÝ�æ�ÛvæºÝcá�à�á»Ûe,�Úqâ ú7�U���vþ�ù��:�
	
)�ü�ú.Í#"�û

X ′
�
X ⊆ X ′

ú�m�Mü�ú�û�ÿ
X ′ = X
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ìIñDòÄí�î£ñ�ðFïg� ß �MÙKùhþ+�S;�ÞTú7�®HÆ¡(L=�Ä)6����� '|û�ù!I^Þ+� ð!ñ â�ß
G = (E,Γ)

è§âÝ�ÉcÞ|Ý6ÛFÚMíØøãèmè�å:Þ
Ý�ìqç

x ∈ E
�
x
ÛãÜÊÛvì Ýcß�æºå:Ü�ß"ßÖò2å5ä�ÛãÜ�ßEÛvì�à�ß"æ^Ý�æ�Ûvæ^Ý�á$à�á Ûe,�ÚFâ§Ü6�"ßEÚMâ0ì

G
ÛãÜ�ÝÇá»Ûãì�â

ÉcÞ§Ý/ÛFÚMí
ù¹îGúKï#ö[ð�öãò,ïh�Ä÷ ð!ñ â�ß

f
è§âTßEÚMâTæ^Ý6Û�è§Þ|å�æ

Cn ß�å
Bn

Ü6ÚFà0Ú ßEÚMÝ�ß�è�å�ÞºÝ�ìqç
c ∈ Cn �

f(c)i
ÛãÜTâ-,FÚFÝ�átß�å

B(c)i
æºåDä

2
�2ßvÚMÝcß�ÛãÜ
ßvÚMâÞ§â�æ^Ý�Ûvì,ä9â�ÞÛvìÂßEÚMâÛvìFßÌâ=ÉYâ�ÞTä�Û å ÛãÜ0Û�å�ì åjè

B(c)i
è�ç

2
í

ñ â�ß
u

è§â�Ý:ìyâ�á�â�æ^â�ìFßåjè
Bn

��ò2âºÜ�â�ß
Cn
u = {c ∈ Cn | f(c) = u} Ý�ì�ä

Cn
u/u =

Cn
u ∪ Cn

u

í
üTâ$ä9â*)Kì�â2ßEÚMâ�è�Ûãì�Ý�Þ0çÏÞ§â�á¼Ýcß]Û³å:ì

Γnu/u ⊆ Zn×Zn
Ý:Ü�ßEÚ�âmÜ�â�ß�åfè�ÛqÝ�ÛãÞ0Ü

(x, y) ∈ Zn×ZnÜFÚFà0Ú�ßEÚMÝcßmßEÚMâ�Þ|â*â�æ�ÛãÜ�ßEÜ
c ∈ Cn

u/u

ßEÚ�Ýcß�à§å:ìFß�Ý�Ûvì�Ü!è§åcßvÚ
x
Ý�ì�ä

y
í

üTâ�ä9â*)(ì,â Pn �IßEÚMâIè�Ý:æ*Û]á ç åfè �=û�ù��vû�)F'��5"Mÿhú�þ$�À8�ùhú���ÿ^þ(B¸û�ù
Zn

�ÅÝDÜ�ßEÚ�â�Ü�â�ß Pn =
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Z2 ghÀ (a) ¨ ¯4¯9¥$«"¹�¶ f & (b) ¨ (Z2,Γ2

11/00)
&
(c) ¨ (Z2,Γ2
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{(Zn,Γnu/u) | u ∈ Bn}
í
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D%î��_� á ��û ð!ñ â�ß
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x ∈ Zn í
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i)
ÙtÚMâ�Þ|â*â�æ�ÛãÜ�ßEÜ
ÝmÚ£ìqÛe,�Úqâ

c
Ûãì
Cn
u

ÜFÚqà0Ú�ßvÚMÝcß
x ∈ c í

ii)
ÙtÚMâ9Ûqå�Ûvìqß

x
Û[Ü"Ûvì5â�æ£Ý9à�ß³á çºßÖò�åæºÝ�æ�ÛvæºÝcá#à�á»Ûi,�ÚFâ0ÜÅåjè

(Zn,Γnu/u)
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c
þ+�
Cn

����ú.)6��)�þ+�#'6�cú7�Mÿ
x
ú�ÿmÿ/"�)/�

'/���('-�ãþ¸ù����#	
i ∈ {1, ..., n} � ci = xi − 1

þ¸ù
ci = xi

���Mû���)�û
i)
;

ÑÆû«��û�� "�)�û¹�vùhþ+
i)

'�����'!'��Mû�ùhû¥��ùhûÊû����+)F'|üC	0'D�?þÁ��ú�ÿ�'hú���)�'Tû�ü�û�û��#'hÿ
c
�����

c′
þ$�

Cn
u/u

ÿ�"�)6�Î'/���('
c ∈ Cn

u

�
c′ ∈ Cn

u

����� ÿ�"�)/�»'/���('
x
ú�ÿ*ú7�»�,þ:'/�

c
�����

c′
;*£9�G"Mÿ

�:�
	�û�ü�û�û��#'A�:�:N��:)�û��#'�'hþ
x
ú�ÿ"û�úC'/�Mû�ù�ú��

c
þ¸ù�ú7�

c′
;�Âqù�þ$ '��Mû1B9û�ù�	���û����MúC'|ú�þ$�Âþ$�

Γnu/u
�G���#	m����ú�ù�þ+��û�ü�û�Tû��#'|ÿ�þ+�

c
�]ùhû�ÿ/�S;

c′
�(ú�ÿ�ú��

Γnu/u
;#£¤�G"�ÿ

c
�����

c′
�cù�û�)�ü�ú�Í#"Mû�ÿ�þ$�

(Zn,Γnu/u)
�(�-�Mú.)/���=þ:'/��)�þ$�
'F��ú��

x
;$¼£ú���)�û-���#	>���cú�ù

(y, y′)
�VúC'/�

y ∈ c\c′ � y′ ∈ c′\cú�ÿ��Mþ:'�ú7�
Γnu/u

���?û¢)�þ+��)�ü7"���û�'/���('
x
ú�ÿ�ú7��û����:)�'|üC	�'D�?þm&�(��ú7���üS)�ü�ú�Í#"Mû�ÿ�; �

ìIñDòÄí�î£ñ�ðFïj��ý ð!ñ â�ß
u ∈ Bn Ý:ì�äÏá�â�ß X è|â�Ýk)(ìqÛvß�â4ÜFÚ�è§Ü�â�ß�åfè

Zn
ÜFÚFà0Ú"ßEÚMÝcß

(X,Γnu/u)ÛãÜ�à§å:ìqì�â§à�ß�â|ä9ímÙ�ÚMâ�ì
(X,Γnu/u)

Û[Ü�Ý�Ûqâ0Þ]è�â§à�ßpè6ÚYÜ0Û³å�ì�É�Þ§Ý6ÛqÚMí�ÿ�Ú£Þ�ßEÚ�â�Þ�æ^å�Þ|âVÛEß�ÛãÜ´ÝÅá»Ûvì,â
ÉcÞ§Ý/ÛFÚMí
Ù(ùhþYþ+�U� ÂMùhþ+È·tû�¥;� :J �����#	

x
ú7�
X
ú�ÿ?ú7�¥�('¤þ�ÿ�'@'D�?þ!��^��ú7��cüË)�ü�ú�Í#"Mû�ÿ�; £¤�#"Mÿ�����ÿ

�&)�þ$�Mÿhû�Í
"Mû���)�û
þ$�pÙ(ù�þ$�S;� �I$�
(Xn,Γnu/u)

ú�ÿ4�Tü�ú7�Mû>8�ù6�����Á�:�����vù�þ$ Ù(ù�þ$�S;ÄJ+¶^ú7'Ïú�ÿ
�1�=û�ù��vû�)�'-�5"�ÿ|ú�þ+��8�ù6�����S; �
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Zn
;

ìIñDòÄí�î£ñ�ðFïl�6� ð!ñ â�ß
u ∈ Bn í�üTâ�ÚMÝ å â^þ Γn1 ⊆ Γnu/u ⊆ Γnn

í

Ù(ùhþYþ+�U�_Âqùhþ+ ·tû��;Ø :J��Ë�?ûm�G�Mþ���'�����'¢�vþ¸ù>���#	
x ∈ Zn '��Mû�ùhûû���ú�ÿ�'û����+)�'hü7	�'D�?þ

��^��ú�&�cü�)�ü�ú.Í
"Mû�ÿ
c ∈ Cn

u

�����
c′ ∈ Cn

u

'/���('9)�þ$�#'6�cú7�
x
; ê û�)�û�ÿ|ÿ6��ùhú�ü7	m'��Mû�ùhûÏûF��ú�ÿ�'hÿ

kÿ�"�)6��'/���('
B(c) = x− k �VúC'/�

k ∈ Bn �:���
B(c′) = x− k ;£÷ �=þ�ú��
'

x′
ú�ÿ�ú7�

Γn1 (x)ú��@'��Mû�ùhû^û��pú�ÿ�'hÿ1�«"��Mú.Í
"Mû
j ∈ {1, ..., n} ÿ�"�)6�3'/����'

x′j = xj + 1
þ¸ù
x′j = xj − 1�:���«�vþ¸ù����#	

i ∈ [{1, ..., n} \ {j}] � x′i = xi
;Ä¼G"����=þ�ÿhû�'/���('

x′j = xj − 1
;�£9�Mû¢)��cÿhû

���Mû�ù�û
x′j = xj + 1

ú�ÿ$ÿ�	�mû�'|ùhú�)�'|þ�'��Mú�ÿ�þ+�MûA�:���¹'/�Mû��ãþ¸ü�ü�þ^��ú7��8���ù�8+"�û��#'hÿ��Mþ¸ü��
�vþ�ù��=þ+'���)���ÿhû�ÿ�;�Âqþ�ù��:�#	

i ∈ [{1, ..., n} \ {j}] ��û�ú7'��Mû�ù ki = 0
þ�ù
ki = 1

;�<D�
ki = 0

�
'/�Mû��

x′i = xi = ci = c′i + 1
;P<D�

ki = 1
�_'/�Mû��

x′i = xi = c′i = ci + 1
;²Ò��Î'��Mû

þ+'��Mû�ù9���������pú��
kj = 1

'/�Mû��
x′j = xj − 1 = cj

����û���)�û
x′ ∈ c ;�Ò�'��Mû�ù?��ú�ÿ|û+�pú�� kj = 0'/�Mû��

x′j = xj − 1 = c′j
���Mû���)�û

x′ ∈ c′ ;�Ñ����('|û�B¸û�ù�'��MûA)���ÿhû$�
(x, x′) ∈ Γnu/u

����û���)�û
Γn1 ⊆ Γnu/u

;S£9�Mûm�Mù�þ£þ+�2þ+�%'/�Mûÿhû�)�þ$���Âú7��)�ü7"Mÿhú�þ+�0�ãþ¸ü�ü�þ^��ÿIÿ�'|ù6��ú78$�#'��vþ�ù?���cù���ü7	��vùhþ+
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Γnu/u
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ìIñDòÄí�î£ñ�ðFïl�'	 ð Ù�ÚMâmè�Ý�æ*ÛEá»ç Pn à§å�ìFß�Ý�ÛãìMÜ
2n−1 ä�Û[Ü�ß]Ûvì,à�ßSÛqâ�ÞEè�â§à�ßFè6ÚYÜ0Û³å�ì�É�Þ�Û³äDÜ�í
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Γnu/u = Γnu/u

;
Â�"Mù?'/�Mû�ù�Tþ¸ù�û$�Mú�� {u, u} 6= {v, v} '/�Mû�� Γnu/u 6= Γnv/v
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; �
·tû�'

X ⊆ Zn ����� ü�û�'
t ∈ Bn ;_ÑÆû«��û����Mû

X + t = {x + t | x ∈ X} �Ø�?û�ÿ6��	'/���('
X + t
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X
; ·tû�'
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X
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X + t
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£¤�Mû��vþ�ü�ü�þ��Vú7��81�Mùhþ+�=û�ù�'D	ºÿ�'6��'hû�ÿ@'/���('��:�
	&'=��þ!��ºD��ú7û���ÿ|ú�þ+���cü��=û�ù��vû�)F'¤�5"Mÿhú�þ$�¹8�ùhú���ÿ
�cù�û"û�Í#"MúCB+�cü�û��#'-"��«'|þ&�1�Mú7����ù�	�'|ù/�:�Mÿhü.��'hú�þ+�S;

ìIñDòÄí�î£ñ�ðFï��9� ð!ñ â�ß
u
Ý�ì�ä

v
Ûvì
Bn

í ñ â�ß
t ∈ Bn ÜFÚqà0Ú�ßvÚMÝcßqè�å�Þ
Ý�ìqç i ∈ {1, ..., n} �Û è
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ßEÚ�â�ì

ti = 1
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(x, y) ∈ Zn × Zn �
(x, y) ∈ Γnu/u

Û è
Ý�ì,ä�å�ìFá»ç^Û è
(x+ t, y + t) ∈ Γnv/v
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7 Euler Method for Mutational Equations
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