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A Synthesis of a 1/ f Process Via Sobolev Spaces and
Fractional Integration

Juan Miguel Medina and Bruno Cernuschi-Frias, Senior Member, IEEE

Abstract—We provide an almost-sure convergent expansion of
a process with power law of fractional order by means of some
known theorems from harmonic analysis and rather simple prob-
ability theory results.

Index Terms—Fractional integration, 1/f process, Sobolev
spaces, stochastic processes.

1. INTRODUCTION

HE family of random processes with 1/f spectral be-
havior, first introduced by Kolmogorov in the context of
turbulent flows, have numerous applications in engineering,
general science, and wherever strong long-range (long memory)
dependence phenomena appear.
A long memory process Z(z) with spectral density ®,(w)
satisfies the spectral condition (see [2] and [23]): there exists
B > 0and cs > 0 such that

im 22 (1)
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As pointed out by some authors ([15], [5], [1], [21]) this sug-
gests to look for a relation between these processes and certain
fractional integration operators (see (9), (10)). For example, in
[1] by means of the Riesz—Bessel fractional integration opera-
tors a nonconstructive proof is given of the existence of, not nec-
essarily Gaussian, fractional generalized random fields, namely,
Riesz—Bessel motions; these random fields display long-range
dependence and have spectral densities of the form
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where 0 < a < %,0 < pg.

Random fields with this power spectrum are very important
in the study of partial differential equations with random initial
data; in particular, the Burgers equation in the study of turbu-
lence which is extensively discussed in, for example, [25], [6].
In [12], spectral properties of the scaling limit of solutions of a
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multidimensional Burgers equation under Gaussian initial con-
ditions with long-range dependence are derived. In continuous
mechanics, generalized Burgers-type equations defined as frac-
tional powers of the negative Laplacian are considerered, as for
example in [3]; random fields with power spectrum as in (2) are
of interest when these equations have to be solved with random
initial data [16]. The power spectrum of (2) is isotropic, since it is
a function only of the radial spatial frequency |w|,w € R?. The
motivation of this generalization not only comes from the theory
of stochastic differential equations, other applications include:
models of natural (fractal) landscapes [27], texture discrimina-
tion [13], [20], and other applications in image processing. In
this work, we discard the intermittency term 1/(1 + |w|?)? in
(2). We are interested in analyzing the term which characterizes
long-range dependence, so in the following we will just consider
the case for (2) when 8 = 0

C
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The main goal of this work is to show that given {&,}nens,
a sequence of independent random variables such that Vn:
E¢, = 0and Var(§,) = 1,{¢n},cn an orthonormal basis
of L2(R%) and I,(-) = (—A)= (-) a fractional integration
operator (a fractional negative power of a Laplacian), then
it is possible to build an almost-sure convergent sequence of
elements

wa (@) =Y Ealadn)(@) 4)

such that the limit is a d-dimensional 1/ f process (random field)
with a power spectrum as in (3). Additionally, this series re-
sembles the ordinary Karhunen—Loéve orthonormal expansion.
Similar one-dimensional expansions are studied in other con-
texts in [17] and [10] using wavelets. Some constructions as
in [17] only use second-order properties [9] and then the value
of the covariance function is not changed. We will extend this
construction and obtain a 1/ f-type process (field) which is sta-
tionary at the second order.

Since a power spectrum which satisfies (3) is not valid in the
theory of stationary processes because it is a nonintegrable func-
tion, but it can be considered as a generalized spectrum. Through
this interpretation, we will use the theory of distributions which
provides a suitable frame to work with this class of spectrum.
So, the limit of (4) must be understood as a distribution and not
as a point process. We need the following definitions.

0018-9448/$20.00 © 2005 IEEE
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II. SOME DEFINITIONS

In the following, if = € C%(d > 1) we will denote its usual
norm by |z| and Supp(f) = Cl{z : f(z) # 0}.

The Schwartz class of functions S(R?) is defined as the
linear space of smooth functions rapidly decreasing at infinity,
together with its derivatives; this means that ¢ € S(R?) when-
ever ¢ € C>(R?) and

d
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We will denote D(R?) the space of functions which are in
C*>(R?) and have compact suport. Both spaces are topological
vector spaces [29], and their duals are denoted as: S’ (R?) (tem-
pered distributions) and D'(R?) (distributions), respectively.
Clearly, D(R?) C S(R?) and then &'(R?) C D'(R?).

A. Fourier Transforms

The Fourier transform f of f € S(R?) is defined as

/f —27leilldx

From this, F can be extended, as usual, as a linear map F :
L'(R?) — C(R?), or as an isometry on L?(R?) and by duality
over the class of tempered distributions, that is, 7 : &’ ([R’Zd ) —
S'(R9).

Definition 1: The Sobolev spaces H? ([22], [7]) are the fol-
lowing linear spaces defined as:

F(f)w) = fw)

H*RY) ={ feSRY): /|f (14 |w|?)® dw < o0

)

Remark: Let s € R, then H*(R?) is a Hilbert space with the
product (-, ) s : H*(R?) x H*(R?) — C

(hyg)e = / Wi+ WP do. 6

ka
For f,g € D(R?), we define the pairing

.-y : D(RY) x D(RY) — R

(f.9) = / F(x)g(x) da
Rd

this can be extended by a density argument over LP x L9, % +
% = 1 (when p = 2 this is the usual inner product) or H* x H ~°.

as
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B. Generalized Stochastic Processes

In the following, (2, F, P) will denote a probability space. A
generalized stochastic process is a random functional in D’ (R%)
(or in 8’(R?)), [9]. This means that if ¢ € S(R?) then a gener-
alized stochastic process Z(z) is defined by the random variable
Z(p) : Q — R[26]

2(0) = (Z.¢) = / Z(2)p(x) dz.

R

So in the following, for a fixed w € (2, the formula defined
by (4) will be understood as a functional defined on D(R?).
Therefore, if w,, is the limit process, we want to prove

(w V¢ € D(R?) : 3 hm wl (¢) = wa(¢)) =1.

—00

The covariance functional is defined by the bilinear form
I': D(R?) x D(R?) — R

v)]://usva:

where R(x) may be a generalized function. Sometimes, we
write unformally E[Z(z)Z(s)] = R(xz — s). For example, if
Z(x) is white noise, R(x) = §(z) in the sense of (6, u) = u(0),
then

I(u,v) = R(x — s)dz ds

T(u,v) = / w(z)v(z) do

Rd

for all u and v in D(R?). If R € S'(R?), it is also possible to
define the spectral density of the process as ¢, = FR = R.

III. PRELIMINARY RESULTS
A. Variants of Two Theorems of Kolmogorov

Several classical results for sums of random variables can be
extended to the context of Hilbert (or Banach) spaces ([30] and
[18] contain many examples). The following mimic two cel-
ebrated theorems by Kolmogorov (the original theorems can
be found in [4]) on the convergence of sums of independent
random variables. The proofs of these theorems are included in
the Appendix.

Theorem 3.1: Let {{.} be a sequence of independent
random variables in L%(2, F,P) such that B¢, = 0 and
{fx} is a sequence in a Hilbert space H. If X}, = i fr and
Sn = > p—1 Xk, then

S

P( \ o SklE >
k=1l..n

) < BlSally -

This last result enables us to prove the following.
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Theorem 3.2: Let {¢; } be a sequence of independent random
variables in L?(£2, F,P) such that E¢;, = 0 and {f5} is a se-
quence in a Hilbert space H. If

D EllPl fallf < oo ®)
n=1

then .S,, converges in H almost surely (a.s.), where X = & fx
and S, = Y7, Xk.

B. Remark

The S,, and its limit are well defined random elements in the
following sense (this can be found for example in [30, Ch. II,
Definition 2.1.1.]): let (2, F, P) be a probability space, and let
7 be a topological space, then we will say that X is a random
element in T provided that {w : X(w) € B} € F for each
B € B(7), where B(7) is the Borel o-algebra containing the
open sets of 7.

C. Some Results From Harmonic Analysis

Let us consider the usual Laplacian of f [22]

Then, at least formally: A f(w) = —(27)%|w|?f(w). From this

=3

we can define the operators (—A)~ 2 as

(=2)75 f(w) = 2m) " |w| =" f(w). ©)
The formal manipulations have a precise meaning [28] as fol-
lows.

Definition 2: Let0 < a < d. For f € S(R?) we can define

its Riesz potential
1
/ f(yl_ dy (10)
a) ) lz—ylt=
R4

Lf(2) = ((-8) 3 f) (@) =

d
w2 2°T(%
where ’Y(O{) = Wg‘))
This linear operator has the following properties [28].

Proposition 3.1: Let0 < a < d, then
a) the Fourier transform of |z| =4+ is y(a)(27) ~%|w|~% in
the sense that

/|.17| d+a

for all ¢ € S(RY);

2)de = [ 2(a)(2m) "l () dw

R4

b) the Fourier transform of I, f(z) is (27)~*|w|~f(w) in

the sense that

it

R4
for all f,g € S(R?).

d:v—/f )(2m) 0|~ §(w) duw

It is easy to check the following.
Proposition 3.2: Vf € S(Rd) Ifa+ 3 < dthen I, (Iﬂf) =
Tois(f);and AIa f) = =Ia-o(f) with Af = 37_, ax

We recall the following bound for these operators acting in
LP(RY), 8], [28].
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Theorem 3.3: (Hardy, Littlewood, and Sobolev) Let 0 <
a<d1<p<q<ooand1:;—— then
a) Vf € LP(R), the integral that defines I, f converges
almost everywhere (a.e.);

b) if p > 1 then
o fllze < Cpqll £l

where C,,, is a constant depending on p and gq.

Y

We will need the following straightforward result which is a
consequence of the previous theorem and Proposition 3.2.

Proposition 3.3: Let f € LP(R?), then we have the fol-
lowing.

a)Ifg € L"(R),p > 1,7 > 1and 0 < a < d are such that
Lyl s = Lthen (If.9) = (f.Ing).

b)Ifge L"(R?),p>1,r>1and0 < a + (3 < d are such
that 2 + 1 — (49 — 1 then (Iny4f,9) = (I f, Isg).

Proof: Part a): From Holder’s inequality and Theorem 3.1

we have

1 _ o |—dta
(1of.9) = =2 R{ /f Yz — |~ dy d (12)

< CpTllgllLrllfllL» (13)
Then by Fubini’s theorem, (14) equals
/ (o / g dedy = (f, Lg). (14)

Part b): By means of a density argument and Proposition 3.2 we
have that I,(Isf) = I,4+5(f) for f € LPRY. Now the result
will follow from part a), write

<Ia+,ﬁf7 g> = <Ia(I/3f)7 g>
and we get the desired result. O

Remark: These operators are the inverses of the (positive)
fractional powers of the Laplacian operator. On the class

S(RY), (—A)% is given by
V@) (y—2)  dy

—(=A)Z f(
1 .
/ 1) Lty —a* |y— =™t

This expression follows from [28, Sec. 6.10] and from this for-
mula we can give a short proof of the existence of the fractional
Brownian field with exponent «/2 [5].

We will need the following result.

Theorem 3.4: (variant of Shannon’s theorem) If f € L?(R?)
is such that Supp(f) C [=s, Ao]? with ), < 1/2, there exists

§ € S(R?) such that
=Y fk)ow-
kezd
Proof: Let f(x) = D weza f(x + k) be the periodization
of f. As usual, f can be identified with a function defined on
the torus, which verifies f € L%(T¢) c LY(T4).
If ap = [ f(z)e " #™% dz then

. Z —omizg I°(TY) 7
lim are 2miz.k S f
A—o00

keDy

15)
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and in L(T?) for a suitable domain D) € RZ. Now, we can
take (7) € S(R?) such that

A _ 1, |wi| <)\o
9(“)_{0 wi| > 1= A,

?

and define Sy(z) = f( T) Y hep, k€ —2mizk,

g is nothing else but a low-pass filter; to fix the idea assume
that d = 1, then as f vanishes outside [~ Ao, Ao] the behavior
of 6 in [Ag, 1 — Ao] is not relevant. On the other hand, f = f6.
Then, it is easy to show that

Jim [Sx = fllzsra) = 0.
This implies
Jim Sup,,cpalSy(w) ~ f(w)| =0
but (see [29]) ay, = f(k), then
= > f(k)f(w-
keDy
Then (15) follows immediately from this. O

Then it is possible to prove the following proposition.

Proposition 3.4: Consider f € L*(R?) under the same hy-
potheses of the previous theorem then

1/2

[ fllere < K(s)

> 1f(k)

kezd

(1 [P

Remark: This result which is a straightforward generaliza-
tion of a result in [17], is a consequence of the last sampling
theorem, which identifies band-limited functions with periodic
functions and is related to the fact that the right-hand side of the
last inequality defines a norm in the Sobolev spaces of periodic
functions [11].

Proof: Recall Peetre’s inequality [24]
1+ (a+b)?2 <261 +a®)l 1+, abseR

and by Theorem 3.4 we can find § € S(R?) such that

/|f

2(1+ |wl*)* d

Yo 1 R)w = )1+ W)/ | dw
Rd kezd
/ Z ug(w vk( ) dw
Rd kezd keZd
where v (w) = |f(w — k)|*/? and
ur(w) = [f(R)I(L+ [k[?)*/220172
(L flwl = [KIP) 7210w = k)2
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Since 6(z) € S(R?), we have

ka Z|0w— k)| < C < .

kez? kez

We remark that C'is a constant which is independent of w: As
0 € S(R%) then sup,cpa |x|2"|0( )| < oo then, there exist
R > 0 such that |f(x)| < \xl’” for all |z] > R. From these
facts is easy to find a radial decreasing ¢(|z|) € L*R? such that
0(x) < (|]) then

S 2w = 3 [ —k)

keze keze
Z|¢>w— |<lc/|¢|—const < 00.
kezd
And then

/ (L+ [l] — [k 6w — )] d

Rd
< K(s)271 = /(1 Flw — K2)H[6(w — k)] dw < oo,
Rd
Finally
/|f 2(1 4+ [w]?)* dw < CK(s) 3 [FR)(1+ [K)*.
kezd
O

IV. ON THE GENERATION OF A LONG MEMORY PROCESS IN R?

In the following, we construct a series which converges a.s.
in the sense of distributions to a 1/ f process.

A. Existence of the Process

First, we prove the following existence result.

Proposition 4.1: Let {¢,} C L?(Q2, F,P) be a sequence of
independent random variables such that E¢,, =0 and E|¢,|* =
1.1f {¢,, }nen is an orthonormal basis of L?(R?) and 0 < a < £,
then

(16)

= Z fn(Ia(z)n)(‘T)

converges to a generalized process a.s.
Proof: Let {Q,}, be a denumerable family of disjoint

cubes such that by some translation 7, equals (—3, 1 l 4 Then

[(Tadn) 10, || .
1/2

<K@ | Y |(udaie, i) (1 + Py

keze

with

((Iadu)1q, (K)| = {(Tndn)la,, er)]
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and e, = eiQﬁk'mlT—l[_l 174- By Proposition 3.4
P 212

ZH(Iad’n)lQp i{s
< DK 3 [(Ladute, | @ k)

kezd
As e, € LQ(Rd) N L*(R?) and Supp((lagn)le,) =
Supp(ey) by Proposition 3.3, the last term equals

> K(s)(1+ [k[?) }:l L)lg, )| (D)
kezd
= K(s)(1+ [k SZ| (fns Iner)| . (18)
kezd
Lets = —difp = d+2 Theorem 3.3 then
3 KA+ BT [(bn, Laex)|
kezd n
<Y K ()1 + k)7 Laekl 72
kezd
<Y K () + [T K lex ]|, < oo
kezd

A similar bound is obtained from the fact that
I I (RY) — L2(RY)
(where I7 is the adjoint of I, and 1 = % +

linear operator.

Since {&,}
E|¢,|? = 1 then

ZE|sn| [(Tagn)1a, |[7-0 = ZH Latn)1q, |[3-s < %

By Theorem 3.2, we have || >~ fn( Inpn)lg, |l g-a < o0 as.
But convergence in H~¢ = (H®)* implies convergence in
S'(RY) ¢ D'(RY). Taking ¢ € S(R?),e > 0 and calling wq
the limit of &, (Ia¢n)1lq, We have

N
/ (@(w) - Z fn(Ia¢n)1Qp (W)W(w)) dw
n=0

d
|
Rd
(L4 )P+ ) Pe(w) dw

N
wap - Z fnla¢n1Qp

n=0

1%) is a bounded

are independent random variables with

Z gn a¢n1Qp( )

n=0

wap

llellos
H—d
1/2

[a+lePylipwlds | < a9

d

forall N > N(e).
As Supp(wap) N Supp(wap) = 0 then wa = 37 wap
defines an element in D’ (R?). O

B. Remark

In the previous result, the condition that {¢,, } ,en be an or-
thonormal basis of L?(R?) is sufficient. The completeness of
the system can be avoided, but in the following it is necessary
to obtain the desired result.
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C. Covariance of the Limit Process

We will prove that the process we have constructed (16) has
the same power spectrum as that described in (3).

Theorem 4.1: Let {£,} C L*(Q, F,P) be a sequence of in-
dependent random variables such that E¢,, = 0 and Var(&,) =
1. If {¢y, }nen is an orthonormal basis of L2(R?) such that

N
= &uathn)(x)
n=0

converges to a generalized process a.s., for 0 < a < 4, then
|£17| d+2a

a) the covariance of w, (z) is Ry, () = »y(2a)
b) the spectral density is @, (w) = (2m)~%|w|~2“.
Proof:
(Part a) Given N, let us define the bilinear form
I'y : D(R?) x D(RY) — R as follows: let

RN (x,5) = E [w) (z)w ()]
and given ¢, € D(R?) define
In(p, ) =

(RY (x,5), 0(5)). ).
Define the bilinear form T : D(R?) x D(R?) — R as

r(‘ﬂﬂ/’) <1204907

Sa) //|x—s|‘i 5o (2) ds da.

From these facts we have
(RN (x, )

/ Elw

=/E[an(la¢n

Rd n=0 =
. N N

:/ (Z ZE[Engm](laqsn)(x)(lad’M)(5)> (P(S) ds.

R m=0n=0

Since {&, }nen is a sequence of independent random vari-
ables with Var(¢,) = 1 and E[¢,,] = 0, then E[£,&m] = Onm.-

Then
N

/ (Z (o

R4 n=0

3 (s)] w(s) ds

N

)2 m

(Latpm )( ] (s)ds

<Z>n)($)(fa</>m)(8)> ¢(s) ds

2

-y / (Lan)(5)¢(s) ds(Iachn) (x)

_ORd

= Z (p ,Iﬂ(bn)L,(]ﬁn) (z) = (In Z (Lo pn)n

Taking o € (0,d/2) and ¢, € S(R?) then by Proposition 3.3
(Laatp; ) = (Lo, Ia®)) (20)

for all ¢,7 € S(RY),a € (0,d/2).
If ¢, € L? and p € S(R?) then, by Proposition 3.3, we have

(Tatn, @) = (bn, Tap). Defining Px f = 30" (f, dn) b, if
we take 1, ¢ € S(R?), we can write

(RN(x,.), ¢) = I.PxIoo(z).

21
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On the other hand, again by Proposition 3.3, (I, PnIo¢, ) =
(PnInp, 1,1), and from these facts it follows that

|(IaPNIa80»w> - (IZa‘Py"/}H

= |<PNIa<p7[aw>_<Ia‘vaa¢>|' (22)

Then

(PrIap = Taw; La¥))| < [[Latl|2 | PN Ia¢ = Lol L2

and given ¢ > 03N (e) such that

€
I1PxIatp = Lallre < 7y VN = N(e).
o]l >

Hence,

Tx(p, ) = / (I Py L) (2 () dr
Rd
- / (Ta@) (@)(x) dz = T(ip, )
Rd

as N — oo. Then from (21) and (22) it follows that
In(p,1p) — T'(p,9). Hence,

1
7(2e)

(Part b) Since R, (z) = |z|742* € S'(R?) we can calcu-
late its Fourier transform, then the result follows immediatly by
Proposition 3.1 and (Part a). O

Ry, () = | ~F22

V. CONCLUSION AND SOME COMMENTARIES

We constructed a series that converges a.s. in the sense of
distributions to a process with a o 1/|w|” spectral behavior.
Moreover, it converges in the norm of some Sobolev spaces over
a bounded set. Just for illustration, we include some synthetic
figures obtained by the simulation of approximations of these
processes for several values of a. These approximations were
obtained by truncation of these series. On the other hand, two-
dimensional orthonormal bases are easily obtained by means
of the tensor product of one-dimensional basis, taking, for ex-
ample, a Shannon wavelet basis. Fractional differencing or inte-
gration can be performed in the frequency domain as proposed
in other works, such as [19]. This suggests certain advantages in
the use of basis with band-limited elements. Truncation errors
and convergence rates will be studied elsewhere. In the two-di-
mensional case, it is useful to obtain textures with special spa-
tial patterns or to construct a fractional Brownian field. As ex-
pected, the parameter a governs the long-term dependence. If «
is near to d/2, as in the case of Fig. 3, we have a highly corre-
lated process, as « decreases, the long-range dependence phe-
nomena becomes weaker, see Fig. 2, finally, when « approches
0 we have a process which is near to white noise, see Fig. 1;
moreover if & = 0 this is exactly a white noise, and if we con-
sider the one-dimensional case we obtain the same construction
of generalized white noise developed in [17].
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A sample of a two-dimensional process (o = 0.001).
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Fig. 2. A sample of a two-dimensional process (a = 0.5).

100 200 300 400 500 600 700 800 800

Fig. 3. A sample of a two-dimensional process (o = 0.99).

APPENDIX 1
PROOFS OF THEOREMS 3.1 AND 3.2
Proof of Theorem 3.1: Define
A ={w € 1 [|Skllu 2 & ||Sjlla <&, Vj <k}

which verify Ay, N Ay, = 0 if ky # ko, since if we assume
that 3w € Ay, N Ag, and take k1 < ko, then by the definition
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of these sets we have ||Sy, ||% > €2 and || Sk, ||% < 2 and then
we would have a contradiction. Hence they are disjoint. Now we
have

E|S.|% = / 1S, dP

/||sn||%1dP+ / 1,113 dP
|_|Z:1 A Q\(l_ln Ar)

> [ isiar =Y [Is e e
LI;-, A A
But ||Sn||§, = ||Skll% + 2(Sk, Sn — Sk) + ||Sn — Sk||%, then
/us 13, dP > Z/ 1Skl1% + 2(Sk. S, — Si) dP

k=13, k=14,
and using the independence of the random variables we have

/(5,“5 — Sp)dP = / Z&fy Z &ifi ) dP

Ay Ay 1=k+1

)

fjvfi> §i&idP
/

o~

lLMS "Ms :

(fj fi) | &&ila, dP =0.
/

—_

+1

7

<.

(24)
This is so, since for j < k < ¢

Q/fj&lAk dP = Q/&lek dPQ/&- dP =0

because 14, is a random variable that only depends on &; for
1 <1 < k and &; is independent of all these variables. Finally,
from (23) and (24) and the definition of the Aj’s

> [ el e
k=14
> P(A) =P\ ISl > ). 29
k=1 k=1l..n
O
Proof of Theorem 3.2: We need to find a bound for
P\ IS0k = Sulll > € (26)

k=1...r

= E§=1 X 4n then
.ZXH"’ZX“’"
Y B X

7j=11:=1

= Z Z E¢iinivn(fitn: fixn) Q7

7j=1:=1

Since S, 41 — S

E||Spsr = Sullty = E
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and since E¢;, = 0, and from the independence of the sequence,
(27) equals

D EG ol frenllir (28)

k=1
Then by (26), (28), and Theorem 3.1

P \/ Stk — SnllFr > &2
k=1...r

1 r
= > EG ol freinllir
k=1

(29)
so that

1 oo
P (Supgs1llSntr = Sullfy > &%) < 2 Y EG el
k=

(30)
and from the condition Y., Var(&,)|| fxll% < oo we get

dim Y B funlE = 0.
k=1

Taking e = % we obtain
2\ 2
lim P | Sup |[Snir — Sull% > (—) =0.
n— 00 E>1 N
If
A 2
En,N: weN: _Sup ||Sj—Sk||H>N

J,k>n

then we have E,, v \, En and P(Ey) = 0, and then

2
Pl U N {=ea: Sup||S—Sk||H>N =0.
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