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Abstract
We consider communication over binary input memoryless symmet-
ric channels with low density parity check codes. The relationship
between maximum a posteriori and belief propagation decoding is in-
vestigated using a set of correlation inequalities that first appeared in
statistical mechanics of gaussian spin glasses. We prove bounds on
generalized EXIT functions, that are believed to be tight, and discuss
their relationship with the ones obtained by the interpolation method.
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curve, spin glasses, correlation inequalities.

1 Introduction

We consider communication with binary linear codes across a family of
binary-input memoryless output-symmetric (BMS) channels that are ordered
by physical degradation. This family is described by a transition probability
pQ‘X(y|x) depending on one parameter € > 0, where x € {0, 1} and y belongs
to the output alphabet )). We will think of € as a noise level with e = 0
meaning zero noise. Ordering by physical degradation means that if € > €
there exists a symmetric channel gy y- such that

Pyix(ylz) = Z vy (YY )pyx (V']2) (1.1)
y'ey



We assume throughout that py,y (z|y) is differentiable with respect to €. The
superscript € will be dropped for ease of notation except when necessary.

Suppose that we choose a codeword uniformly at random from a binary
linear code of block length n, and that we observe the output Y7, ..., Y, = Y".
The Extrinsic Information Transfer (EXIT) curve® is defined as

o) = D HX[Y ™M) (1.2

Since the channel is symmetric and the prior distribution on the codewords
is uniform, the result does not depend on the input word and there is no loss
in generality to suppose that the input is the all zero codeword. From now on
we stick to this convention. When communication takes place over the binary
erasure channel (BEC), with 0 < e < 1, it was shown [3] that the area under
the curve (1.2) is equal to the rate of the binary linear code: fol deh(e) =
r. This has been exploited to give bounds on the MAP thresholds, ey 4p
of LDPC code ensembles [5]. Since for the BEC (1.2) is proportional to
the bit error probability under MAP decoding it is always smaller than the
corresponding quantity calculated with a belief propagation decoder: h(e) <
hpp(€). Thus by looking at the area under the iterative curve and matching
it to the code rate one can compute an upper bound €p;4p to the MAP
threshold (i.e egp < €pyap < €yap). In fact much more is true: €yap
agrees with the results of replica calculations [4]. Replica calculations are
expected to be exact in this context so one should have that ey, ap = €prap
and also that above €y 4p the two EXIT curves, associated to MAP and
BP decoding, should be equal. This equality has been proven recently, at
least for some LDPC ensembles satisfying a special condition, in the work of
Measson, Montanari, and Urbanke [7]. These authors show that this equality
has a very nice connection with Maxwell’s construction of first order phase
transitions.

The picture that has emerged for the BEC channel should be valid for
general channels. One reason to believe this is that the replica calculations,
although mathematically uncontrolled, are the same on any channel and
absence of replica symmetry breaking can be argued to be correct at least
on general symmetric channels. This point of view is adopted in [6], [8] and
is the motivation to introduce Generalized EXIT curves that satisfy an area
theorem by construction. Although the usual MAP and BP EXIT curves
are related by a simple inequality for general channels (this follows from the
data processing inequality), there is no area theorem like in the case of the

!The present definition differs from the original one in [1]. Here we follow [2].



BEC. One would like to have Generalized EXIT functions that satisfy at the
same time the area theorem and a simple inequality. This may then give
an operational way to compute upper bounds on the MAP threshold. One
may even be more optimistic and look for functions that are equal above the
MAP threshold, so that one would have an operational way to compute this
treshold exactly.

The Generalized EXIT curve associated to MAP decoding (MAP GEXIT)
is defined so that it satisfies an ”area theorem” by construction. It is given by
the derivative of the conditional Shannon entropy with respect to the noise

parameter, 1.e

0 () = 2L g(xmyn 1.3
Iriap(€) nde( Y™) (1.3)

There are at least three motivations for making such a definition. First,
for the special case of the BEC channel this reduces to (1.2). Second this
quantity satisfies an ”area theorem” by construction. Third it is closely
related to quantities of statistical mechanics (such as the free energy) for
which the replica method is expected to be exact.

Let us give an alternative expression for (1.3) which will be useful to
motivate the definition of the Belief Propagation GEXIT curve. Given that
the all zero codeword is the input fed into the channel the observations are
described by i.i.d random variables Y7, ..., Y,, whose common distribution is
py|x(y]0). The distribution of the log-likelihood ratio I; = In % will be
denoted by ¢(l;). The later depends on € and is differentiable. We introduce
the notation Z"V for (Zy, ..., Z,)\Z;. Consider the marginals of the extrinsic
a posteriori distribution i.e py, (z;]y™\%), or equivalently the associated
extrinsic log-likelihood ratios

Px;|yn\i (0|yn\i)

Py (Ly™) (1.4)
One has
n 400
M@= L3 E / a1, 28 1y et 1
i@ = SB[ [ TS mar et |y

The BeliefPropagation GEXIT curve is defined by a similar expression
where instead of a MAP decoder we take a belief propagation decoder. In
other words for each bit ¢ one computes the extrinsic (that is setting /; = 0)
soft bit estimate with d iterations of the belief propagation decoder, call it
A?, and the associated likelihood variable, call it LZ(-d). These are related

(@)
through A¢ = tanh “%~. The BP GEXIT curve is defined as




1 = teo i _7._ A
g7D () = 5;E,n\i U_w dlidz(el D1 4 =2 (1.6)
In the next section we give a selfcontained derivation of (1.5) and also
show several alternative representations for (1.5) and (1.6).
If the code is chosen uniformly at random from an LDPC ensemble one
can prove concentration of (1.5) and (1.6) on their expectation value over
the code ensemble [7]. This then gives an efficient way to compute the BP-

GEXIT curve. Let agj)g(A) the density of Agd) computed by the method of
density evolution. As n — +00, (1.6) concentrates on

/_ o dAa\?)(A) / o dld(;—il) In(1 + e ') (1.7)

(e 9] — 00

The main theme of this paper is to use correlation inequalities from sta-
tistical mechanics in order to prove:

Theorem 1.1. Consider communication over a family of BMS(e) channels
that are ordered by physical degradation, using a LDPC(X, p,n) code ensem-
ble with bounded node degrees. For any sequence of LDPC(A, p,n) codes of
increasing block lengths,

' () S T IIN ATE O N
lim sup Ec¢[gy/4p(€)] < lim dAapi(A) dl g In(1+e"7%) (1.8)

n—-+00 d—oo | 0o €

where the limit on the right hand side exists.

Such bounds have already been used in [6], [8] and a detailled proof using
other methods has been presented recently [9]. The correlation inequali-
ties that we employ here are a slight extension of a class of Griffiths-Kelly-
Sherman (GKS) like inequalities for gaussian spin glasses on their Nishimori
line [11]. In the special case of the BEC it is sufficient to use the standard
GKS [10] inequalities discovered in the framework of ferromagnetic spin sys-
tems. For a BIAWGNC one can directly use the inequalities in the form
of [11]. Correlation inequalities are often a powerful tool of statistical me-
chanics and it is an interesting fact that they also apply to error correcting
codes. They were employed by the author to give bounds on the growth rate
of LDPC codes and also to prove the above theorem in the special case of a
gaussian channel [15], [16].

The bound (1.8) is closely related to a bound on the conditional entropy
itself that has been obtained by the interpolation method [12]. This relation-
ship is discussed in section 5.



There are at least two reasons to believe that it is a sharp bound for € >
emap (here we assume for simplicity that the GEXIT curves have only one
threshold). For the BEC and under some condition on the LDPC ensemble
the equality has been established [8]. Second, if one computes the MAP
GEXIT curve by the replica symmetric method one finds the r.h.s, and the
replica symmetric method is believed to be exact in the present context?

In section 2 we derive various representations for the GEXIT curves from
the point of view of the underlying spin system. In section 3 we state the main
correlation inequality and prove theorem (1.1). A discussion of the binary
erasure and gaussian channels is the object of section 4 and the relationship
with interpolation bounds is examined in section 5. Finally in section 6
we conclude with a version of Theorem 1.1 that is valid for each particular
instance of a code. We also briefly discuss the close connection between
correlation inequalities and the method of physical degradation in section
6. Streamlined proofs of generalized Nishimori identities and correlation
inequalities are reported in the appendices.

The main results of this work have been announced in [20].

2 MAP and BP EXIT functions from the spin
system perspective

Let us first define general Gibbs measures over a set of Ising spin assignments
o" = (01,...,0,) € {—1,+1}". Consider a fixed bipartite factor (or Tanner)
graph. There are n variable nodes denoted by latin lower case letters (4,7,...)
and m check nodes denoted by upper case letters (A, B,...). We identify
a check node A with the subset A C {1,...,n} of variable nodes that are
connected to A. Thus a factor graph is defined by a certain collection C of
subsets of {1,...,n}. The Gibbs measures that will interest us are of the form

pe(o") = - exp(~He(")),  Ze= Y exp(~He(o") (1)

O-’IL

where the hamiltonian (or cost) function is

He(o") = — Z Ja(oa—1) — ihiai, o4 = Ha,- (2.2)

AeC i€A

Here the coefficients J4 and h; are real numbers. Note that the single spin
terms may be associated to additional degree one check nodes but for us it

2Because the underlying spin system is dilute and gauge invariant.



is more convenient to separate them out from the other terms. Expectations
with respect to the Gibbs measure are denoted by (—)¢. More precisely for
any X C {1,...,n},
(ox)c = Zax,uc(a”), ox = H o; (2.3)
o™ i€X
In the communications problem the a posteriori distribution pxn»jyn»(x"|y")

can be viewed as a Gibbs measure of a random spin system. Indeed using
Bayes rule for a memoryless channel and assuming a uniform prior over the

code words .
Le(2™) Hizl PY\X(%”%)

pxnyn (2"[y") = A (2.4)
| > Le(a) T, plyila)
Now set 0; = (—1)*, and observe that
_L 1,
pyix(ylz) = p(y|0)e ze2 (2.5)
and also that the check node constraints become
1
le(z") =[] 5(1+0a)= lim Je/rlrV (2.6)
ace 2 {Js—+00,A€C} ace
Then (2.4) becomes equal to
1 1 oo = b,
Z_C 5(14_0-14)1_[@2 , Lo = Z H 1—|—O'A H (27)
AeC i=1 ore{+1,—1}n AGC =1

Obviously this is of the form (2.1) provided:

a) the collection C is identical with the check node constraints of the code
and the associated coefficients J, = 400,

b) the coefficients h; are related to channel outputs by h; = 51

The Gibbs measure defined by the a posteriori distribution is random in
the sense that the channel outputs are random i.i.d with distribution ¢(1).
Furthermore there is also another source of randomness, namely the code
which is sampled from an ensemble. The MAP estimate of the ¢-th bit is

sign[px, |y (0ly") = px;y=(1ly")] = sign{oi)c (2.8)

The soft estimate of the bit is simply d; = (0;)¢, i.e the magnetization at node
1. This depends on all observations (. Later on we will need the extrinsic
soft bit estimate

D; = pXi|Y"\i<O’yn\i) - pxi\yn\i(l‘yn\i) = <0i>C,li:0 (2-9)



There the Gibbs average is computed for [; = 0.
The Gibbs entropy of the spin system is

_ZNC ) In pe(o™) (2.10)

and its average over the channel outputs is nothing else than the Shannon
conditional entropy H(X"|Y™). Simple algebra shows that

H(X"[Y™) Ew[ Zuc )In pe(o )] En[In Ze] — ZEl”l ]

(2.11)

Furthermore channel symmetry implies [17],[4]

l; l;

Eyn [é(@)c} =E,[=

+o0
2] :/ dlc(l)% (2.12)

[e.e]

Therefore the evaluation of the Shannon conditional entropy reduces to that
of the average free energy E[In Z¢] of the corresponding spin system.

2.1 MAP GEXIT curve

Let us first derive identity (1.5) for the MAP-GEXIT function. Differentiat-
ing (2.11),

—H(X"Y™) E;nvi i InZ; — — 2.1
e | Zl\[/_ dli——(InZc - 3) (2.13)
and using
1.
; ; 31+ 0;tanh &
et = (1+0; tanhl )Coshl— _ ot oilanny (2.14)

2 2 l+tanhl

we can rewrite the free energy as (for any i)

e l; 1+ (0))¢1,—o tanh &
1 = —In2+1 ~ : 2.15
! Zeji—o 2 " " 1+ tanh i (2.15)
Note that since In Z¢,—o does not depend on /; and f_Jr;o c(l)y=1,
oo de(l;
/ dl; Zl( 1 Zey—y — n2) = 0 (2.16)
e €



Thus we obtain

l.
(n) . dC(l ) 1+ <O'i>C,li:0 tanh 2
Irrap(€ - Z By {/_ dl; e In I+ tanh & 2 (2.17)

To obtain the expression in terms of the extrinsic log-likelihood ratio we note
that (0)c,—0 = D; = tanh £ which leads to (1.5).

An alternative form expresses it in terms of the soft bit MAP estimate
d; = (0;)c. Using again (2.14) it is easily seen that

<Uz>Cl =0t tanh li
1+ (0i)c1,—0 tanh l

(oi)c = (2.18)

and inverting this equation leads to

de(ly) 1 — (o) tanhﬁ)}
=—=) En dl, 1 2 2.19
gMAP Z 1\ [/ de n( 1_ tanh% ( )

2.2 BP-EXIT curves

Let us begin with a description of the belief propagation decoder in the
likelihood domain. Imtlal messages from variable to check nodes are set to
channel observations l c =1l,1=1,...,n. Fort=0,..,d, messages from
check to variable nodes are updated as

1V
u(ctilz) = 2tanh_1( H tanh %C) (2.20)
jEC\i

and from variable to check nodes
=t > wet) (2.21)
CeV(i)\A
Here V (7) is the set of checks connected to variable node i. The soft BP bit
estimate after iteration d (d is even) is

)\(d) 1 —
57 = tanh = tanh Z(h+ Y wi)) (2.22)
CeV (i)

The extrinsic BP estimate of the ¢-th bit does not take into account the

observation ;. This means that we define the extrinsic likelihood for the i-th

bit at iteration d as,

AP = un (2.23)
Cev(i)



Note that this definition is consistent with the message passing decoder de-
scribed above because the messages involved in the computational graph of
node 7 do not depend on [; except for the last iteration. The extrinsic soft
bit BP estimate is simply

(2.24)

For a fixed factor graph these quantities have distributions that are induced
by ¢(l). The belief propagation decoder just described can then be used in
order to compute the expression (1.6) for the BP-EXIT curve.

For completeness we give here two alternative representations of (1.6)
in the difference domain. The relationship between 9; and A; follows by
expanding the tanh in (2.22) (and is similar to (2.18))

l;
5, — Diftanhs (2.25)
1+ A, tanh %

Then using (2.24) and (2.25) we get the expressions

n a oo de(l; 1+ Agd) tanh &
g5 (€)= D Ep [ / ALY, : )]
i=1

o de 1+ tanh &
- 20 de(ly) . 1— 06 tanh b
== 2 By dl;—=1 l )| (2.26
Z*Zl " [/—oo de Il( 1 — tanh%’ ):| ( )

3 Correlation inequalities and their applica-
tion

Originaly the GKS inequalities where derived for deterministic ferromagnetic
spin systems (all J4 > 0 and h; > 0). Remarkably it was shown recently
[11] that they can be extended to a class of random spin systems where .J4
and h; are all independent gaussian random variables with equal mean and
variance. These inequalities where exploited recently in [15], [16] in the case
of a gaussian channel where they directly apply.

Here we adapt, generalize and present streamlined proofs of these in-
equalities for general output-symmetric channels. The key feature is channel
symmetry which implies that for any reasonable function g,

Eylg(=1)] =By [g(l)e™],  i=1,.n (3.1)
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In the statistical physics literature this is known as Nishimori's condition
(translated as a condition on the h;). When it is satisfied spin averages obey
remarkable identities known as Nishimori identities [17]. In appendix A we
give a simple proof of the following generalized version of these identities.
Take any hamiltonian of the form (2.2) with J4 = 400 and h; = %’ satis-
fying (3.1) For any collection of subsets X7, ..., X; C {1,...,n} and integers

my, ..., My,

Ein <0X1>2"1~--<0Xl>?l] = Ep [<U?§f-~-U§?ll>6<0'x1>?l---<0'Xz>2nl (3.2)

An immediate application is the analog of the first GKS inequality obtained
by taking one set X; and m; =1,

En[(0x,)c] = Ein[(ox,)¢] = 0 (3.3)

The following correlation inequality is the analog of the second GKS in-
equality. The proof is presented in appendix B.

Theorem 3.1. [Monotonicity under check node erasure.] Fiz a linear
code and its asociated factor graph C. Take any check node B € C and
consider the factor graph C\ B obtained by removing the check node B together
with its outgoing edges. Consider the Gibbs measures (—)c and (—)c\p. For
any subset X C {1,...,n} and any integer m we have

Er[(ox)e'] = Eir[(ox)e 5] (3.4)

Remarks. This inequality states that we can start with the left hand
side and form a monotone decreasing sequence by successively erasing check
nodes. We will apply this inequality for the spin system with [; = 0 for a
given i. Then it becomes E;m:[(0x)¢'] = Epmvi[{ox)¢\ pl-

We are now ready to prove our main result.

Proof of theorem 1.1 The most convenient representation for us is expression
(2.17). If we consider the average over the code ensemble, by symmetry we
have

n Feo dC(l ) 1+ <UI>C,I =0 tanh L
Ec [ngle(E)] = Ecm1 {/ dly del ln( = t;nh m 2 >] (3.5)
o 1
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Expanding the logarithm we obtain

(=D™

m

Eclg\iap(e)] = >

m=0

(1~ Eermltonti] )

X / oodld;(el)(tanh%)m (3.6)

—00

Using (3.2) with X; = {1} and m; = 2p — 1 we see that

B¢ pma{01)el 2ol = Eepmal{on)ch,—ol (3.7)

Also, applying such an identity to a spin system with the simple Hamiltonian

H(s) = Ls we have

/_ h die(1)(tanh é)Zp‘l = /_ h dle(1) (tanh é)Q” (3.8)

o0 o0

Then the sum (3.6) becomes

EC[Q(J\Z)AP(“:)] = p=21(2ip - 2p1— 1) (1 - Ec,ln\lKUl)?,)zl_o])

x / oodzdz(el) (tanhé)2p (3.9)

—00

Now consider node 1 and its neighborhood Tl(d) of depth d, where d is an

even integer. More precisely, n € ’Tl(d) (where n is a variable or a check node)
if and only if the length of the shortest path from 1 to n is at most equal to
d. The correlation inequality of theorem 3.1 can be used to show

Epil(o1)cinmo] 2 B [(01) o] (3.10)

Indeed, let Cfd) denote the check nodes and Vl(d) the variable nodes in the
complement of ’Z'l(d). Theorem 3.1 implies

Eln\l [<O’1>C711:0] Z ]Eln\l[<o-1>c\c,£d)7l1:0] (3.11)
Now the Gibbs average (—) At =0 contains the free spin terms?
l; ll
2% = 2 cosh — 12
Z H ez H cosh 3 (3.12)
oiieVi® iy (@ iev(@

30ne can think of them as nodes of zero degree
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in both the denominator and the numerator. These terms cancel which means
<0‘1>C\C§d)’l1:0 = <0-1>,2_1(d)’l1:0 and we get (3.10). Next we use an important
observation of Richardson and Urbanke [2]. Namely that if the channel family
is ordered by physical degradation,

teode(l) [\2p
Now taking into account 2ip — 2})%1 < 0, (3.10), (3.13) and summing the

expansion of the logarithm we get

l
+00 dc 1+ <01>T1(d),11=0 tanhgl

)
B (g <E / a1, ) |
clgarap(€)] < Ecm [ o e T T+ tann &

(3.14)

The virtue of LDPC ensembles with bounded (say by k) node degrees is that
with high probability, namely 1 — O(&), Tl(d) is a tree. On a tree it is

possible to compute exactly the average (o) _, and one finds that

7@y,

d
<0-]_>,T1(d)7l1:0 = Ag ) (315)

where Agd) is computed by the message passing procedure on the tree ’Tl(d):
the initial condition Z§E)>C = [; is applied to leaf nodes and messages are passed

until one reaches the root node 1. Therefore

ke oo de(ly), 1+ A tanh & kAd
]E (n) < 1_0 - E N / dl 1 1 2 O
cloniar(e)] < ( ( n e \1[ e de . 1+ tanh & +0!( n )

(3.16)
The first term on the r.h.s is the probability that Tl(d) is a tree times the
expectation conditionned to that event and the second term comes from the
probability that ’Tl(d) is not a tree. Note that the expectation on the right
hand side is independent of n since it involves quantities defined on random

trees Tl(d). The density of Agd) = tanh #, can be inferred from the BP
message passing equations on the trees, and satisfies the density evolution
equations. Let us call aﬁ%(A) the density of Agd) given by density evolution.
We then consider the limit as n — oo for d fixed on both sides, and express

the right hand side in terms of the extrinsic log-likelihood ratio (2.24),

) g oy [ g 2ed) A
lim sup Ec[gy,4p(€)] §/ dAaDE(A)/ di 7 In(I1+e %) (3.17)

n—-+o00 ) 0o €

Now it remains to check that the limit of the r.h.s when d — 400 exists.
This is again an easy consequence of theorem 3.1. Indeed consider trees of
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depth d and d 4 2. The correlation inequality applied to tree graphs implies
that A (d+2) > A @) Thus considering again the expansion of the logarithm
in (3.16) we Conclude that the r.h.s of (3.17) is an increasing sequence. Since
it is bounded it converges and this completes the proof of the theorem.

4 Binary erasure and gaussian channels

In the case of BEC and BIAWGNC most expressions can be simplified and
the proofs are more transparent. The purpose of this section is to briefly
discuss these simplifications.

4.1 BEC and classical GKS inequality

As shown here it turns out that a simpler correlation inequality of Griffiths-
Kelly-Sherman (GKS) pertaining to non-random spin systems applies di-
rectly. The output alphabet is 0, e, 1, with the corresponding log-likelihood
ratios [(0) = +o0, l(e) = 0, I(1) = —o0. Thus ¢(I) = (1 — €)0400(l) + €dp(l).
The MAP and BP GEXIT curves become

gMAP Z Epi[In(1 + e )] (4.1)

and

(n _A@D
() (¢ ZEW [In(1 4 e )] (4.2)

Here it is more convenient to use the expression (2.19) which becomes

g () = —= ZEW [m (1+ <0i>c,li:0)} (4.3)

where

eno= 5 o [ 50+o0) T 20+0) (4.4

on AeC jEBe\i

with Z the obvious normalisation factor and E the set of erased bits and
E*° the set of received 0’s (known bits). Obviouly this corresponds to a spin
system defined by the hamiltonian (2.2) with J4 = oo and [; =01if i € E
and [; = +oo if ¢ € E°. This spin sytem belongs to the class of ferromagnetic
systems which are those for which all coefficients of the Hamiltonian are
positive. For such systems we have [10]
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Theorem 4.1. [Griffiths-Kelly-Sherman] Given the hamiltonian (2.2) if
all coeeficients Ja and h; are non negative then for any X C {1,...,n} (ox)c
1s mon negative and is an increasing function of each coefficient.

Therefore for each individual instance of the channel outputs

<0i>C,li:0 >0, <Ui>C,li=O > <0i>C\B,zi:0, anyB € C (4-5)

An immediate application yields
n 1
Eclgi7ap(e)] < ~Epmi [In g (14 (1) )] (4.6)

where Tl(d) is a neighborhood of depth d for variable node 1. Then, proceeding
exactly as in section 3 we obtain the final estimate

lim sup E¢ [g(MnLP(e)] < thJP dAagE(A) In(1+e?) (4.7)
n—-+4o00 —T0 J _x

For the BEC channel the right hand side can be computed exactly in terms
of the degree distributions of the specific LDPC ensemble (see [2] for explicit
formulas). Finaly let us remark that the inequality (4.7) is equivalent to the
well known fact that the MAP decoder is better than the BP (or any other)
decoder. Indeed from (4.1)

S Eelgiap(e)] = €Pr(Ly = 0liy = 0) = ePr(Ly + 1y = 0f1y = 0)
= €ePr(Li4+1;, =0/l =0) 4 (1 — €)Pr(L; + I, = 0|l; = +0)
= Pr(Li+1; =0) = Pk p(e) (4.8)
and similarly

€

— dAaDE(A) In(1+ e ) = PP (e) (4.9)

4.2 BIAWNG channel

It is in this case that the statistical mechanical formulation is most transpar-
ent because the MAP-GEXIT curve takes a very simple form

73 n

Ghiap(e ZEZn [1—di] = ZEZ" [1—(oi)c (4.10)

where 072 is the signal to noise ratio. We remark that this formula is ana-
log to the relationship between mutual information and MMSE for gaussian
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channels [18], [6]. The difference is that here the alphabet is binary and we
have a Nishimori identity, Ejn[(0;)c] = En[(0;)2], so that

En[l - {oi)e] = Enl(0?)c — (0:)2] (4.11)

This being said let us show how to obtain (4.10). For a BIAWGNC with
signal to noise ratio =2 we have

1 (1;—20"2)2
c(l;) = e 802 4.12
)= 7= (4.12)
and de(l;) 0 0?
T = do™( al, + al?)c(lz) (4.13)

Replacing this expression in the formulas for the MAP-GEXIT curve one
gets (4.10) after some calculus.

However there is a simpler calculation starting directly from (2.11). First
of all we note that (2.12) is equal to o~2. Thus using (4.13) and integration
by parts

d ~ o 0?
— HXMY™") =403 Ep|(=+—=)InZ,| — 2073 4.14
do TXTYT) = —do ;’{(azﬁazg)nc d (4.14)
The definition of Gibbs averages implies
0 1 0? 1 1
ol InZc = §<Uz’>C> 8_l§1n Ze = Z<<0’2>C — (o1)e) = 1(1 — (o)) (4.15)

Replacing these identities in (4.14) and using the Nishimori identity we im-
mediately obtain (4.10).
In order to get the bound on the GEXIT curve we apply theorem 3.1,

Eelgyiap(€)] = 0" Eem[l = {o1)c] < 0 Bepn[l = (01) 0] (4.16)

If the neighborhood of node 1, namely Tl(d), is a tree the Gibbs average can
be computed recursively

1
<Ul>71<d) = tanh 5(11 +AY) (4.17)

Since the graph is a tree with high probability, we can proceed as in section
3 to get the final result

—+oo —+o00 1
lim sup Ee[g\%, ()] < lim o~ / dAa\?)(A) / dle(l) tanh 3 (I + A)
n——+o0o o0 —00 —00
(4.18)

One may check that for the gaussian channel the right hand side of (1.8) and
(4.18) are the same.
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5 Relationship with Bounds from Interpola-
tion Method

It turns out that the bounds discussed in this paper are closely related to the
ones obtained by the interpolation methods. This is interesting in its own
rigth but also means that correlation inequalities might be used to approach
in a rigorous way other problems where the replica method is successful. Here
the discussion will remain at a formal level due to some technicalities.

We denote the degree distributions of the LDPC ensemble from the edge
perspective as A(z) = Y A\,,a™ ! and p(x) = Y, prpz®, and from the node
perspective as A(z) = Y A,z™ and P(x) = >, Py, In terms of the

A'(1)

latter the design rate is r = 1 — ) The bounds involve a functional* of

two probability distributions ¢(1) and ((u),

FIC,Ce] = —2;21)) In2— A'(1) /dl((l) /dué(u) In(1 4+ tanh é tanh g)
+ Z A, / dl'c(l") / H ducC (ug) In <el2/ H(l + tanh %)
te s 11(1 — tanh %)) + }A)g; Zk: P / 11 dliC (1) In(1 + Htanh %)

(5.1)

We emphasize that in this expression the € dependence enters only through
c(l"). The replica symmetric solution to the free energy is

frs(e) = sup F1¢,C(¢)i ] (5.2)
¢ces
and is believed to be exact. In this last formula the supremum is taken over

the set S of “symmetric” probability distributions satisfying ((—1) = ¢ (1)e™
and it is understood that the conjugate variable ( is replaced by

C(u) = Z Pk / H dl;¢(1;)0(u — 2tanh ™ (H tanh/;)) (5.3)

More precisely we have the following conjecture:

4In the language of statistical mechanics f is a ”"Landau functional” and , CA the ”order
parameters”. See [19] for an introduction to these concepts.
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Conjecture. Given a sequence of LDPC(X, p,n) ensembles we have

lim EclH(X"Y")] = fus(e) — [ " dle(l) (5.4)

n——+oo N, 00

Montanari [12] has obtained the lower bound by an application of the
interpolation method invented by Guerra and Toninelli for the Sherrington-
Kirkpatrick model [13], and further developped in [14] for dilute spin systems.
The precise statement is that LDPC(A, p,n) ensembles with conver P (e.g.
for regular check node degree this degree is even)®

lim inf 2 Ee[H(X"[Y™)] > fas(e) — /_ - dlc(l)é (5.5)

n—oo
n [e.e]

The critical points of this functional are the solutions of the equations
‘;Jg = (0 and ‘;—g = 0, whose iterative version are the density evolution equations

k—1
¢l (y Z Pk / H dl, Y (1) (u — 2tanh ™! H tanh/;)) (5.6)
i=1

m—1

Gl Z)\ /dz’ /Hducg (ue)d(l — 1" — Z uc) (5.7

=1

with the initial condition (MW (I) = ¢(I) and (©(u) = 6(u). We define the
iterative or BP free energy as

§h(e) = FICTHY, (@) ] (5.8)
We have
.0 +oo l
tim 2 (50 - [ aetg)
+o0o +oo
= lim dAal?)(A) / de(l) In(1+ e (5.9)
—J -0 —00 €

This was shown for the BIAWNGC in [16]. Let us briefly give the main steps
for general output symmetric channels. Using that % f_Jr;o dl’e(l') = 0 we

®This has been extended to any P for the BEC, BIAWGNC (any noise level) and the
BSC (high noise)
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easily obtain

%f[é,é;e]:/_oo dl’dc ZA /HducC Ue ln(e2 ﬁ(1+tanh 2)

c=1
! o U
e 1 — tanh —
+e H( anh - ))

c=1

+00 m A

= / dl/ Z A / H dUCC(UC) In (1 + e—l’_zznzl uc)
- c=1

+ / e

—00

(5.10)

DO =~

Replacing now ¢ and ¢ by ¢@ and @ we obtain (5.9).
We claim that for almost all €, the partial derivative in (5.9) can be
replaced by a total derivative. Indeed formaly,

L Fe) = oI, ;g

de’ BP Oe
Of o)) pav). 9.9 ) OF ey par), g 9 s
gl O U [ g, 0 )

(5.11)

As long as the critical points of the functional (5.1) are unique and behave
smoothly with respect to € one expects that the integrals tend to zero as
d — oo. This is because the functional derivatives tend to zero and the
¢ derivatives are bounded. At threshhold points however, the e derivatives
become ”infinite” so that the integrals will have a non trivial contribution.
This justifies the claim that away from discontinuity points,

im L (50— [ den)
dggode BP\ _ ¢ 2

. oo (d) oo de(l) A
= dhm dAap(A) dld— In(I1+e %) (5.12)
—oo J_ — oo €

Because of this identity we know explicitely a primitive of the BP-EXIT
function. Therefore an integration of both sides of (1.8) leads to bounds on
the average conditional entropy. To keep the discussion simple we assume
that the MAP and BP GEXIT curves each have only one discontinuity point
emap and egp (of course egp < €prap). Then for € > €y, 4p integrating (1.8)
from € to 400 we get

lim inf ~Ee[H(X"[Y™)] > lim (fgd,l(e) - /_ - dlc(l)£> (5.13)

n—oo M d—00 00 2



19

We expect that for € > epap fre(e) = limg f]gdl)j(e) so that this lower
bound is the same as the interpolation bound. On the other hand for € < egp
we can integrate from 0 to e which yields

+oo
lim inf lIEC[H(X”|Y")] < dlim (fj(gdj);(e) - / dlc(l)é) (5.14)
n—oo N, — 00 —oo

Combining with the interpolation bound (5.5) we find that for € < epp,

lim inf lEC[H(X"IY")] = frs(e) — / ” dlc(l)£

n—+oo M —o0 2

+oo [
= Jim (fi(0 — [ diez) (519)
This confirms the above conjecture for € < egp. However the content of this
equality is trivial since below the BP threshold both sides vanish.

Note that this last equality also holds, and is non trivial, for LDPC'(X, p,n)
ensembles with no discontinuity for the GEXIT curves. An example is given
by the case of regular right degree and a Poisson left degree which was con-
sidered in [16] for the gaussian channel. These do not constitute good codes
since there are always O(n) errors, but it is an interesting theoretical result
since it confirms the above conjecture for all €.

6 Concluding remarks

The check erasure inequality of Theorem 3.1 is valid for each fixed linear
code. This implies a version of Theorem 1.1 that holds for non-averaged
GEXIT curves. If one considers a bit dependent noise level €; one can define
g (er, .. 6n) = L-LH(X"|Y™). This equals the i-th term of the MAP-

n de;

GEXIT formula (1.5). Analogously the i-th term of the BP-GEXIT expres-

sion (1.6) defines ggll’;d’z)(el, ..., €p) and is computed from the BP decoder for

bit i. As before we consider a neighborhood of node i and erase all checks

outside. As long as the neighborhood of i is a tree the Gibbs average is

computed exactly by the BP decoder. Therefore with probability at least
1-— O(’Zﬁ) we have

n, n,d,i

gg\/[A)P(el,...,en) Sggp )(61,...,En) (6.1)

We wish to conclude with a few remarks about the connection between

the present approach and the method of physical degradation which we first

explain. Consider two BMS channels with transition probabilities gy (z|y)
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and ¢%, (z]y) ordered by physical degradation €; < €. Let wf = g5 (0ly) —
dy (1]y). A basic observation in [2] (chap 3) is

B [wit |wi®] = wj? (6.2)
From this it follows that for any concave function F'

B [F(wih)] < By [F(w;?)] (6.3)

An application of this result to uncoded transmission where w; = tanh%’
immediately yields

+oo
/_ i d";l(é” (tanh %)2” <0 (6.4)

One may also apply (6.3) to soft bit estimates from MAP decoding namely
w; = d; = (0y)c. For example consider d; = (0;)c for a given € and the phys-
icaly degraded version D; = (0;)c,—0 corresponding to the concatenation of
the channel with another channel which erases bit ¢ with probability 1. Then
(6.3) yields as a special case

En[(00)¢] > Bpsl{0:)h,—o] (6.5)

Alternatively one may consider physical degradation as a function of the
channel parameter to obtain

d
%Elnuaggp] <0 (6.6)
In fact (6.5) and (6.6) are correlation inequalities that closely ressemble
(3.4). In appendix C we prove the following generalizations, by the same
methods used to prove (3.4). For any subset X C {1,...,n} and any i =
1,...,n
Ei[(ox)c] 2 Epmvil{ox)c,1,=0] (6.7)

For a family of physicaly degraded channels and any subset X C {1,...,n},

%]Eln[wx)c] <0 (6.8)

Acknowledgment. The author would like to thank Cyril Méasson, Henry
Pfister, Ruediger Urbanke for useful discussions and one of the referees for a
useful remark.
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A The generalised Nishimori identities

We start with the left hand side of (3.2) and perform a gauge transformation.
By this we mean that we take a fixed codeword (71, ...,7,,) € C and do the
local change of variables o; — 704, I; — 7;l; for © = 1,...,n. Because of
channel symmetry (3.1)

mi my| - Li(nfl) m1 my mi my Al
B [(ox)0"(ox)et| =B | [[e? 078 miox, gt (ox)¢" | (A1)
=1

Next sum over all possible codewords. Denoting by |C| the number of code
words we have,

¢’ o 1 - = m mi m
Eln [<0'X1>C "‘<0Xl>C l‘| — EEM |:ZC He 2 <TX1 "'TXll>C<UX1>C ---<O'Xl>c l:|
i=1
1 - ) )
= m Z E; |:H6 5 (pi 1)<TX11"'TXZZ>C<UX1>C 1"‘<0Xl>c z:| (AQ)
=1

pneC

Finaly we perform a second gauge transformation. For each term in the
above sum we do o; — p;o;, T, — piTi, i — pil;. Again due to channel
symmetry

m 1 ki (_1)(o,
Epn {<UX1>2“---<UX1>C l} = E Z E» {H e~ 2 (Pi=1)(pi+1)
i=1

pneC

X <T;?11...T;?IZ>C(UX1>2”1...<0Xl)7cnl (A.3)

Since (p; — 1)(p; + 1) = 0 we have obtained the desired identity.

B Proof of Theorem 3.1

Let us start with a simple proof for the case m = 1. We remark that for any
X C {1,...,n} and any check node B,

(ox)e\B + (0x0B)c\B
1+ <UB>C\B

(ox)c = (B.1)
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Expanding the denominator and grouping terms appropriately leads to

<0X>c = <UX>C\B

+ Z <<UB>?\7B<UXUB>C\B - <0B>?<;1 (ox0oB)e\B
p=0

Applying (3.2) to each term in the sum yields the four identities
En[(08)h ploxo)e\s] = Em[(0)h s{oxon)e 5]

Enl[{op)ers (0xo)e\s) = Bnl[{op)ars (0xo8)e\s(ox)e\s]
En[(o5)ih s (ox)ens) = Bin[(on) 5 (0x)e\(oxoB)\s)

Er[(08)ctp (ox)evs] = Enl(on) s (0x)8\ 5]

Taking the expectation of (B.2) and using these four identities
Ei[(ox)c] = Ei[(0x)c\5]

+) B {(03%’{3 (<0X03)C\B — (UB)C\B<0X>C\B) 2] (B.3)

p>0

Thus
Ein[{ox)c] = Ein[(ox)e\s] (B.4)

The case of general m > 1 can be dealt with the above method. However
this is quite cumbersome and we prefer to adapt the technique of [11] which
uses gaussian integration by parts. To this end we introduce a soft version of
the check node constraints. Let us denote by (—)c¢ s the Gibbs average cor-
responding to the Hamiltonian (2.2) where now J, are independent gaussian
random variables with

Ej[Ja] = Ej[J2] — Ej[Ja]2 = t4 (B.5)

These Gibbs averages satisfy the same Nishimori identities than (3.2) and
(see [16])

m[{ox)¢'] i m.al{ox)e ] (B.6)

From now on we work with the soft check node constraints and will use the
ta + oo limit to go back to the original case of interest.
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The choice of a gaussian distribution with equal mean and variance for
J4 is very convenient because of the identity

9 e (JA;’fA)2 P 1 82 _ (JA;tA)Z
e ta e ta
= (— — B.7
GtA 27TtA ( 0JA+28J3‘) 2’/TtA ( )
and the integration by parts formula,
0 0 1 0?
—Em Ol =En g (=—=— + === n B.
o, Jllox)ets] =K ,J[(ajA + 23(]31)<0X>c,ﬂ (B.8)

Straighforward algebra leads to

0
%Eln,JKUX)ng] = mEpn ; |:<O-X>21’J1 (<0'XUA>C,J —(ox)e,s(0a)e,s

— <UX0A>C,J<UB>C,J + <UX>C,J<UA>E',J>:|
g = 18 ox)25* ({oxon?,
 Yoxonesloxdesloade + <ax>2,J<aA>%,J)] (B.9)

The next step is to apply (3.2) to all terms of the above expression,

0
Bl = mE {(W)Zf}l (<aXaA>c,J<o§;aA>c,J

—(ox)es(oa)es(o%oa)cs — (oxoa)c(0a)e. (0% )c.y

n <ox>c,J<aA>%,J<o§>c,J)}
g = 18 [ ox)840% e (oxon?
~oxonlestoxes (oA + <ax>z,J<aA>éJ)] (B.10)

We notice that for even m we have

0 1
8TEln,J[<UX>ZfJ] = §m(m — DEp [<‘7X>gfj2
A

< (torsoes - <aX>c,J<aA>c,J)2] (B.11)
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which is positive. On the other hand for odd m we have

0 1
%Eln,JKUX)ng] = ém(m + 1)El",J [(UX%SI
A

X ((UXUA>C,J - (UX>C,J<UA>C,J> 2} (B.12)

which is also positive. Thus for any m the average En j[(ox)c s] is an in-
creasing function of t 4, for all A. Therefore for any given check node B, the
limit of this quantity as t4 — 400 for all A € C, is greater than the limit
as ty — +oo for all A € C\B and tp = 0. This is precisely the desired
inequality.

C Proof of (6.7) and (6.8)

We begin with the correlation inequality (6.7). The method is the same than
in appendix B. First we notice that

(0x)c1—0 + tanh & (ox0;)e 1,0
1 + tanh %<Ji>c,li=0

(C.1)

(UX>C =
Expanding the denominator and grouping terms appropriately we get

<0X>c = <0'X>C,li:0

li\2p+o li\2p+1
+ Z((taﬂh DT ox)en—olodd 2y — (tanh 5) T ox)en—olon

2
p=>0
li 2p+1 lz 2p+2
+ (tanh 5) " Noxoi)en—oloi)d, _y — (tanh §) " <UXUz‘>c,lio<Uz‘>?fzjzlo)

(C.2)

Applying the Nishimori identities to all terms in the sum we finaly obtain

Em[(ox)c] = (ox)e =0+

+oo .
> / dzic(zi)(mnh%)21’+2

p=0 "

2
. <ai>?;i0(<ox>c,hzo<a@->c¢izo - <axa@->c,li:o) (©3)



REFERENCES 25

Obviously the sum on the r.h.s is positive and we get (6.7). For (6.8) we

have
d +°°
d—]Ezn g X E /

Expanding and applying the Nishimori identities as above we obtain

di]Ezn [{(ox)e ZZ/ nh%)2p+2

i=1 p>0

g ifiox)el (C.4)

2
X (Uz‘><2:’,7zi:o(<0X>c,zio<0i>c,lio - <0’X0z‘>c,lio) (C.5)

The result of the theorem follows because of (6.4).
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