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Abstract

The capacity scaling of extended two-dimensional wireless networks is known in the high attenuation regime,
i.e. when the power path loss exponent « is greater than 4. This has been accomplished by deriving information
theoretic upper bounds for this regime that match the corresponding lower bounds. On the contrary, not much is
known in the so-called low attenuation regime when 2 < o < 4. (For one-dimensional networks, the uncharacterized
regime is 1 < a < 2.5.) The dichotomy is due to the fact that while communication is highly power-limited in the
first case and power-based arguments suffice to get tight upper bounds, the study of the low attenuation regime
requires a more precise analysis of the degrees of freedom involved. In this paper, we study the capacity scaling of
extended wireless networks with an emphasis on the low attenuation regime and show that in the absence of small
scale fading, the low attenuation regime does not behave significantly different from the high attenuation regime.

I. INTRODUCTION

In their seminal study [1] of the capacity of ad hoc wireless networks, P. Gupta and P. R. Kumar
consider n nodes randomly located on the unit disk. The nodes are randomly paired into n/2 source
destination pairs and each source wants to communicate to its destination at a common rate [?,,. They
show under certain assumptions on the physical layer that derive from state-of-the art communications
practice, that the maximally achievable rate per source-destination pair R,, decreases like R,, < ﬁn as the
system size increases. Although their original set-up considers a fixed area network, their result can be
readily extended to the case where the network area scales with n. For a d-dimensional extended network,
where the area (or the volume) occupied by the network increases linearly in n keeping the density of
the users constant, their result yields

R, < —. oY)

=

It is not a priori clear whether this limitation is a consequence of the assumptions on the physical layer or
is inherent to the problem. With the motivation to study wireless networks without making any particular
assumption on the way communication is established, there has been some subsequent work [2], [3], [4],
[5] that tackles the problem from an information-theoretic point of view. These works have lead to the
following partial answers to the problem.
A commonly accepted complex base-band equivalent model for a frequency flat wireless channel is
that the transmitted signals are attenuated by a factor g of the form
e " )
g(r) = a7 h with v >0, a > d, 2)

and further corrupted by additive noise. (See [6, Chapter 2] for a detailed discussion on this model.) In (2),
r is the distance between the transmitter and the receiver, « is called the power path loss exponent, v is the



absorption constant and thus the first term represents the attenuation of the signal due to electromagnetic
propagation. The second term /& models small scale fading due to constructive and destructive interference
of multiple signal paths between the transmitter and the receiver. The literature on scaling laws for wireless
networks has concentrated on the two extremes where either the small-scale fading coefficient is not present
in the model (h = 1) or is assumed to be independent and identically distributed across all node pairs in
the wireless network. The results obtained can be roughly summarized as follows: for two-dimensional
networks, the scaling law in (1) has been confirmed by information theoretic arguments for absorptive
media (v > 0) or under the assumption of large power path loss (o > 4), for both the cases where small
scale fading is absent in the model (considered in [2], [4]) or is i.i.d across all node pairs in the network
(considered in [3], [5]). For one-dimensional networks, (1) has been confirmed for o > 2.5. In the more
interesting case where there is no absorption and the attenuation is moderate, the only results are due
to O. Lévéque and E. Telatar in [4], where they show that without small-scale fading the maximally
achievable rate per source-destination pair still decreases to zero in this regime with increasing system
size. However, the scaling law they obtain is significantly different from (1). More precisely, they show
that if o > (d Vv 2(d — 2)), then )

Ro < K2T108T 3)

nd

where a V b is the maximum of a and b. Observe that the upper bound in (3) decreases much slower to
zero than that in (1), especially when « is close to d.

The restriction of the above mentioned information theoretic results to the high attenuation regime seems
due to the fact that they all rely on power-based arguments. Extended wireless networks are power limited
in the high attenuation regime and power-based arguments suffice to get tight upper bounds. However, the
study of the low attenuation regime requires a more precise analysis of the degrees of freedom involved.
This is the aim of the current paper; by performing a detailed mathematical analysis, we strengthen the
results of [4] for one and two-dimensional networks. For one-dimensional networks, we recover the scaling
law in (1) up to logarithmic terms for all o > 0. For two-dimensional networks and again o > 0, we get
a scaling law that is only slightly larger than (1) and can be regarded as a significant improvement to the
already known results for the attenuation regime of interest (2 < o < 4).

A crucial remark is worth emphasizing once more: the results in [4] as well as the results in the present
paper are obtained by considering the channel model with no small scale fading. This assumption leads
to an interesting subsequent mathematical analysis of the problem, involving in particular the study of
determinants of Cauchy matrices. The reader should be aware that the results below do not apply to the
channel model with small scale fading. While the model we are studying can be of interest in its own
right, one should not discard the potential impact of small scale fading in general, since it may bring
some extra degrees of freedom to the problem, that may allow to overcome the bottlenecks in wireless
networks in the low attenuation regime. This remains as one of the important open problems concerning
the capacity scaling of wireless networks.

II. MAIN RESULT

We consider a network of n users (or nodes) independently and uniformly distributed on a domain D
whose area increases linearly with n. The nodes are randomly paired up into n/2 source-destination pairs
without any consideration on their respective locations. Each source has the same traffic rate RR,, to send
to its destination node and a common average transmit power constraint P applies for all nodes. The
transmitted signals are attenuated by a factor

1
9(r) = = @



over distance 7.! Let us also introduce the following classical notation for a sequence of random variables
(A,,) and numbers (b,,):
A, <b, with high probability
if
lim P(A, <b,) =1.

n—oo

Our main results are the following.

Theorem 2.1: Consider a one-dimensional extended random network and the channel model given in
(4) with a > 0. The maximally achievable rate R,, per source-destination pair in the network is bounded
above by

(logn)?

R, < K1 ————, with high probability
n

where K; > 0 is a constant independent of n.
Theorem 2.2: Consider a two-dimensional extended random network and the channel model given in
(4) with a > 0. The maximally achievable rate R,, per source-destination pair in the network is bounded

above by )
na+s (logn)?
\/ﬁ )

for a constant /K, > 0 and independent of n.

R, <K, with high probability

Although the results presented above as well as the discussions in the previous section are in terms of
rate per source-destination pair, the corresponding results on sum-rate defined as nR,,, also referred to
as aggregate throughput in the literature, are immediate. Indeed, a closer look to our approach in the
following section will reveal that we actually go from the later to the first one: we first derive an upper
bound on the achievable sum-rate through a cut-set of the network. The assumption that there are order
n randomly chosen source-destination pairs willing to communicate at a common rate then allows us to
establish the corresponding upper bound on the rate per communicating pair.

Alternatively, one can allow an arbitrary traffic pattern and ask what is the maximum total bit-meters-
per-second that the random network can reliably support. First introduced in [1], this is the transport
capacity of the network and is formally defined as

T.(n) = sup Z R;jri;, Q)

]

i#]
where we have the supremum over all possible traffic patterns, that is all feasible n X n rate matrices
{R;; : 1 <i<mn,1<j<n}. The quantity R;; is the rate of transmission from node i to node j and
r;; 18 the distance between the two nodes. Our intermediate result on the achievable sum-rate through a

cut-set of the network can be used to derive the following conclusions on the transport capacity of one
and two-dimensional random networks.

Theorem 2.3: Let a > (. The transport capacity of a one-dimensional extended random network is
bounded above by
T.(n) < Ksn (logn)®, with high probability;

"Following the general convention, we use the power path loss exponent « to describe the attenuation in Sections I and II. We will switch
to § = /2 in the following sections, which turns out to be more handy for the analysis.



Fig. 1. The network is depicted after the introduction of “mirror” users. Note that the original nodes are depicted in black while the “mirror”
users are depicted in white. Our approach concentrates on the traffic requests that pass the imaginary boundary on the y-axis from left to
right, depicted in bold lines in the figure.

similarly, the transport capacity of a two-dimensional extended random network is bounded above by
To(n) < Ky nnﬁ(log n)®,  with high probability,
where K3 > 0 and K, > 0 are constants independent of n.

Note that the result in Theorem 2.3 is more general than the results in Theorems 2.1 and 2.2.

The paper is organized as follows: in the following section, we introduce our approach by first con-
centrating on two-dimensional networks and then pointing out the simplifications arising for the one-
dimensional case.? We prove Theorem 2.1 in Section IV and Theorem 2.2 in Section V. The corresponding
results for the transport capacity in Theorem 2.3 are discussed in Section VI. Section VII contains our
conclusions.

III. OUR APPROACH

For simplicity, let us assume that the two-dimensional domain D is a rectangle D = [—+/n,/n| x
[0,1/n]. We start by dividing D into two equal parts [—+/n,0] x [0,4/n] and [0,/n] x [0,+/n]. We
first concentrate on bounding the total information flow from one half of the network to the other, or
equivalently the sum of the rates of communications passing through the imaginary boundary on the
y-axis, say from left to right. A simple statistical argument then allows to use this result for bounding
above the achievable common rate R,, for order n source destination pairs.’

Since we are interested in upper bounds, we make a series of optimistic assumptions: we first introduce
n additional “mirror” users that help relaying traffic, where the mirror location of (z;,y;) is (—z;,y;). The
mirror users are only helpers for establishing the original traffic requests and do not have their own traffic
demand. Their introduction brings a useful symmetry to the problem: there are now exactly n users on each
side of the domain symmetrically located with respect to the y-axis. See Figure 1. Because of the symmetry,

2The approach has already been introduced in [4] and [7].

3To establish the result on transport capacity, we actually need a more general result. Namely, we need an upper bound on the sum of the
rates of communications passing through any linear cut of the network, not only the special cut dividing the network into two equal halves.
However, the results for a general cut follow by simple modifications of the analysis for the middle cut. We postpone all discussions related
to transport capacity to Section VI.



the locations of the nodes on the right half domain are now enough to characterize the configuration of the
whole network. By possibly re-numbering the nodes, we will denote by (L; := (x;,v;),i = 1,...,n) these
right-hand domain locations. Note that (Ly, Lo, ..., L,) form a family of two-dimensional independent
random variables uniformly distributed on the set [0, /n] x [0,+1/n]. A further optimistic assumption is
that all the users on the left half domain can cooperate freely and even distribute their power resources
among themselves in order to establish communication in the most efficient way with the users on the
right half domain, which in turn can also cooperate at no cost. This assumption allows to bound above the
total information flow from the left half of the network to the right half, by the capacity of the following
point-to-point MIMO channel,

Vi=) GiUj+ 2,  i=1,.n,
7j=1

where Uy, ..., U, denote the signals transmitted by the left-hand side nodes, Vi,...,V,, are the signals
received by the right-hand side nodes and (Z3,...,Z,) is a vector of circularly symmetric complex
Gaussian random variables with unit variance. The entries of the n x n channel matrix G™ are given by

1
Gl = (6)
(i +25) + (i — y;)?)
where ((z;,v;),7 = 1,...,n) are the right-hand side node locations. Note that the left-hand side nodes are
located on the symmetric locations ((—z;,¥;),% =1,...,n), hence the pairwise gains in (6). Note also
that 0 = «/2. In the following sections, we will sometimes use the notation

G"{Ly,...L,} (7)

N[

to emphasize the dependence of the n x n matrix G" to the configuration (L4, ... L,) or omit the argument
when no confusion arises. Under the total power constraint

S E (U] < nP

J=1

the capacity of the above channel, which bounds above the maximum flow of information from one half
of the network to the other, is given by

C2P = log (1 + P}
2= e, Snpkz_; og (1+ PiAy)
where )\, are the eigenvalues of the symmetric matrix G". Noticing that P, < nP for each k and that
the A\, are non-negative (see Appendix 1), we further obtain

Cle < Zn: log (1 + nP/\i) < znjlog (1 + \/n_P)\k>2
k=1

k=1

— 21og det (I +VnP G") . @®)

In the one-dimensional case, we have n nodes that are uniformly and independently distributed on the
line segment [—n, n|. Adding n “mirror” relay nodes, as in the two-dimensional case, we end up with a
symmetrical configuration with respect to the origin: the n nodes on the right-hand side are uniformly and
independently distributed on the line segment [0, n] and those on the left are located at “mirror” positions.



Since all arguments leading to the upper bound in (8) also apply in this case, the total information flow
from left to right is again bounded above by

CLP < 210g det (I +VnP H”) , 9)
however the corresponding channel matrix A" now has the following simpler structure:
1
H!=—"—+ 10
K (.Z‘l +x j)(S ( )
where x4, ...,x, denote the positions of the nodes on [0, n].

Under the assumption that the n/2 source-destination pairs are chosen uniformly at random, it is trivial
to show that there will be order n communication requests that need to pass the boundary in the middle
from left to right. We can therefore conclude that the maximally achievable rate per communication pair
in the network is bounded above by

R, < Ksﬁ (1)
n

for a constant K5 > 0 independent of n.* In the rest of the paper, we will focus on the problem of
determining the scaling of the upper bound on C'” given by (9) and (10) and that on C2? given by (6)
and (8). Note that the structure of the one-dimensional matrix A" in (10) is much simpler than the two-
dimensional matrix G™ in (6). Indeed, for 6 = 1, H™ becomes a Cauchy matrix and an explicit expression
for its determinant is known. A precise analysis of the determinant leads to the result in Theorem 2.1 for
one-dimensional networks. This result then serves as a basic tool for tackling the two-dimensional case.

I'V. ONE-DIMENSIONAL NETWORKS
The outline of the proof of Theorem 2.1 goes as follows °: we start by considering the upper bound
on C!P given in (9). Using the following identity, valid for any n x n matrix A:
det(I+A)=1+ Y det(A(J)), where A(J) = (ay;)
0£JC{1,....,n}

(12)

Qe
we obtain that the upper bound 2 log det (I +vnPH ") on C'P can be expressed in terms of determinants

of the form
1
Ds(xy) = det (—> , where x; = (2;);c- (13)
(@i +25)° ) i je

The first step of the proof consists of showing that for any 6 > 0, there exist positive constants Kg, K7, K3
and 7 independent of m such that

1 Kgm
Ds(x) < K" m5 ™™ (—) Ds(x)", (14)
Tmin
where m = |J| and x,;, = min{z; : ¢ =1,...,n}. We can therefore focus on the case 6 = 1, for which

we have the following explicit expression (see for instance [8, p. 202]):

Di(xy) = H(xj—xif /(H(mi—i-xj)). (15)

i,jeJ i,7€J
i<j

*We have not used a superscript for C,,, implying that using either C.2 or C2P gives the corresponding result for one or two-dimensional

networks.
SNote that this result was already proved in [7] under stronger assumptions on the attenuation factor 8.
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The second part of the proof is a detailed study of the configuration x; maximizing D;(x;) and leads to
the following estimate: there exists /{9 > 0 independent of m such that

Di(x,) < exp(—Kom?/?). (16)

(xmin)m
Finally, combining estimates (14) and (16) together with formula (12) and the fact that x,,;, is typically
of order 1 allows us to bound C'P above by

CP < K, (logn)®, with high probability. 17)
Equation (11) then leads to the conclusion of Theorem 2.1.

Proof of Theorem 2.1: Part 1

The proof of the following lemma can be found in [7].
Lemma 4.1: Let 6 > 0 and J C {1,...,n}. The determinant defined in (13) satisfies the following

identity:
_ ]' | | 6—1 —t;x; 2

where m = |J| and I is the Euler Gamma function.
Notice that in order to shorten the notation, we have written

(H /R dt ti‘1> e ((5),,0))°

keJ

in place of the somewhat less ambiguous expression
2

d—1 6—1 —U; T4
/ dtk’l tkl e / dtkm tkm det ((e ! J)i,jEJ) )
R, Ry

where ki, ..., k, enumerate the elements of .J.
Lemma 4.2: Let 7,0 > 0 be such that either v < d < 1or1 < <. Letalso f: R, — Rbea
measurable function such that both 7~ f(¢)? and f(¢)? are integrable on R, . Then

yY—4

/R+ dt =" f(t)* < (/]R+ g1 f(t)Q)j:i (/]R+ dtf(t)Q)H

Proof: Let us write t°~! f(¢)? = u(t) v(t), where

u(t) =N BT and o(t) = f(1) T

Using Holder’s inequality with p = g%i € (1,00) and ¢ = 2= € (1,00) (so that % + é = 1), we obtain

/R+ dt u(t) v(t)

= (/IR+ dtu(t)g-_i)w </R+ dw(t)l_é)“



Lemma 4.3: Let 7,0 > 0 be such that either v < 0 < 1 or 1 < ¢ < . Then for all J C {1,...,n}, we
have

DJ(XJ> < (F<7)71> D7<X(])W_f1 Dl(XJ>3%7

where m = | J|.
Proof: Let t; = (t;);cs. A multidimensional version of Lemma 4.2 shows that for a measurable
function f : R} — R,

(I )] )
(L)) (L) o)

provided that both integrals on the right-hand side are finite. From this and Lemma 4.1, we deduce that
D(; (X ])

= mlF <k1}]/dtkt5 1) det (( tixj)i,je]>2
o ([ ) )

<(H/dtk> det tin)i7j€J>2> =
N m'l—‘;(é)m (m! T (7)™ D“/(XJ))% (m!T(1)™ Dl(xj))l;‘f
(F%l) D)™ D),
since T'(1) = 1. ]

Lemma 4.4: For any ¢ > 0, there exist positive constants K¢, K7, Kg and 7 independent of m such that

1 Kgm
Ds(xy) < K" m*mm ( ) Dy (x5)",

Lmin

where T, = min{x; :i=1,...,n}.
Proof: Let us recall the definition of the permanent of an m x m matrix A(J) = (a;j); e

perm Z H Qi o (3)-

ceS(J) ied

Let us also define for v >0 and J C {1,...,n}:

Py(x,) = perm <<m>w@> |



Noticing that D, (x;) < P,(x;), we obtain using Lemma 4.3 that for any ¢ > 0, there exists v > 0 such
that either y <d <1l or 1< <7, and

NOAR o=t 1=s
Dg(XJ)S( F(5) > P,Y(XJ)V D1<XJ)’Y . (18)

By definition of the permanent, we have the trivial bound

1
OB (R o) | LR
U(z es(yied i min

ceS(J) ie]

So (18) finally implies that

r(y=\" ml ot 2=8
Da(XJ)§< (o) > ((xmin)7m> Dy (x)7T.

Setting K¢ = (r); , K7 = 7_1, Kg = (@ 11), n= z—:‘ls and observing that all these constants are positive

completes the proof of the lemma. [ ]

§—

Finally, the proof of the key estimate (16) can be found in [7].

Proof of Theorem 2.1: Part Il
Let us now gather together all estimates. By (9) and (12), we have

exp(C,”/2)

< det<[+\/n_PH> =1+ Y det(x/n_PH(J)>

0£JC{1,....,n}
= 1+ > (P12 Ds(xy)
0£JC{1,...,n}
= 130 S Dilx))
m=1 Jc{1,..., n}
|J|=m
Using successively (14) and (16), we obtain
exp(C,7/2)
1 Kgm
< 18P Ky m (5) X by
m=1 :Cmin Jc{1,..., n}
|J|=m
n 1 (Ks+n)m
< 1+Z(nP)m/2KmmK7m< ) Z exp(—Kynm®/?)
m=1 Lmin Jc{1,..., n}
|J|=m
Since
> =)=
m



we obtain that for some Ky and Ky > 0:

exp(CHP/2) <1+ Z exp (Klom (logn + (log(l/xmin))+) — K11m3/2)

m=1
2
where a™ = max(a, 0). Choosing mg = R%S (logn + (log(l/xmin))+)) -‘, we moreover have

mo—1
exp(CP/2) < 1+ Z exp (Kiom (logn + (log(1/@min))") — K11m3/2)

m=1
n

+ Z exp (Kiom (logn + (log(1/Tmm)) ") — K11m3/2)
mo—1 n
< 1+ Z exp (moKio (logn + (log(l/xmm))Jr)) + Z 1

m=1 m=mg

< mgp exp <K11m3/2> +n. (19)

Before employing the assumption that the network is uniformly distributed over the domain [—n,n|
and that the considered cut is at the origin, let us summarize our current results since they apply in more
generality. (19) implies that there exists a constant K5 > 0 independent of n such that for sufficiently
large n

CP < 210g det (1 +vnP H") < 2K, (logn + (log(1/min)) )’ (20)

which is a uniform upper bound on the achievable sum-rate through any cut-set of any arbitrary one-
dimensional network consisting of n nodes. x,,;, 1s half the distance between the closest nodes to the cut
from left and right. Notice that considering any cut-set of an arbitrary linear network, placing the origin
in the middle of the closest nodes from left and right and introducing mirror users with respect to the
origin results in symmetrical configuration with n users on each side. This has been the only assumption
we have used in our analysis up to now.

In the specific case of interest where the n nodes are uniformly distributed on [—n,n| and the cut
considered divides the network into two halves [—n, 0] and [0, n], the introduction of mirror users results
in n nodes on each half, symmetrically located, but with the additional property that the nodes are
uniformly and independently distributed on each-half. In this case, for any ¢ > 0, we have

1 1 1 1

which means that 1
Tonin > — with high probability.
n

By choosing K, = 2K15(1 + ¢)3, we conclude that the achievable sum-rate between the two halves of
the random network is bounded above by

CP < K, (logn)®, with high probability,

which completes the proof of Theorem 2.1. [
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V. TWO-DIMENSIONAL NETWORKS

Our approach for two-dimensional networks is completely different from the approach followed in the
one-dimensional case. Note that the approach that leads to the tight upper bound for one-dimensional
networks heavily depends on the existence of an explicit formula (15) for the determinant in (13) in the
special case 6 = 1. This allows to study the configuration of nodes that maximize this determinant, in terms
of which we are able to upper bound the behavior of (9) for any random configuration. Unfortunately,
the approach does not generalize to the two-dimensional case. Instead, we consider the upper bound in
(8) for two-dimensional networks which as in the one-dimensional case is a random quantity since the
channel matrix G"{ Ly, ..., L,} is a function of random node positions { L1, ..., L, }. The first part of the
proof of Theorem 2.2 investigates the expected behavior of this upper bound over random node locations
and establishes the following result,

Ep,..1. |logdet(I + VnPG™{Ly, ..., L,})| < Kov/nn® (logn)®. 1)

-----

The basic ingredient is the result established for one-dimensional networks. We divide the planar network
into strips and look at the behavior of the upper bound in (8) for one such strip. The motivation behind is
that the asymptotic behavior of the upper bound in (8) evaluated for a strip should not be much different
from the upper bound in (9) governing a linear network since the degrees of freedom provided in one
of the dimensions is strictly limited for the strip and will be exhausted with increasing number of users.
Although we are unable to prove this claim, the approach is still useful and gives us improved upper
bounds for planar networks.

The second part of the proof establishes the concentration of logdet(I + v/nPG™) around its mean.
More precisely, we are showing that for any € > 0 and A\ > 0,
lim P (‘log det(I +vnPG") — E [log det(I + \/FG“)] ) > An%+€) —0. (22)

n—oo

Combining (21) and (22) together with (11) then leads to the conclusion of Theorem 2.2.°

Proof of Theorem 2.2: Part 1

Let us start by dividing the domain D into N = V/n

€

S; = [=vn,v/n] x [(i — 1)e,ie]  for  i=1,2..N. (23)

equal strips, namely

Let us denote the total number of users in the horizontal strip S; by the random variable 2n;. Recall that
due to the introduction of “mirror” users, each strip has symmetric left and right-hand side configuration.
See Figure 2. We recall the generalized Hadamard’s Inequality (or Fischer’s Inequality). See [10, Thm
9.C.1]. If A™ is n x n Hermitian non-negative definite matrix and (A™,i = 1,...,p) are the diagonal
blocks of A of given sizes {m;} (such that n = >""  m;) then

det(A) < ﬁdet (A™).

By possibly re-numbering the nodes, we can apply this inequality to the non-negative definite matrix
(I + v/nPG"™) with the diagonal blocks referring to the N strips we have introduced. This yields

N
C2P < 2logdet(I + VnPG") < 2logdet( + VnPG" {S;}). (24)
=1
®Part of this work was presented in [9].

11
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Fig. 2. The division of the two-dimensional network into horizontal strips.

where S; refers to the configuration of the strip 5;. Let us now consider the expected value of this upper
bound over random node locations, thus

.....

_ i En, [Bxsy [Bvisy [logdet(r + vaPG s,))]]| (25)
=1

where the subscripts denote the variables with respect to which the expectation is performed. X (S;) and
Y (S;) refers to the collection (xy,...,2,,) and (yi,...,y,,) denoting the x and y-coordinates of the
nodes in 5; respectively. It is easy to see that the terms in (25) governing different strips .S; are equal.
Without loss of generality, we concentrate on the strip S; with number of users n; and configuration
S;. For notational convenience, we denote the matrix G™ {S;} by G™, X(S&;) by X and Y (S;) by Y,
however we keep in mind that the node locations (z;,y;), 1 < i < n, are now uniformly and independently
distributed on the set S; = [0, /n] x [0, €]. Considering the inner most expectation for given n; and X and
recalling that log det(-) is a concave function on the set of positive definite matrices, we apply Jensen’s
Inequality to obtain

Ey [log det(! + \/nPG’“)] < log det (I + vnPLEy [G”l]) : (26)
Let us recall the expression for the entries of the matrix G™ given by (6), that is
1
Gl = 5 T 27)
(@i + ) + (yi — y;)*)
Note that given (z;,i = 1,...,n1), each y;, 1 < i < ny is uniformly and independently distributed in the

interval [0, €] and the random variable y = (y; — y;)* has a distribution p,(y) supported on the interval

12



[0, €2] when i # j. Thus the entries of the matrix Fy [G™] are given by

2
n ‘ 1
Ey |:G 1;:| :/ py(y) gdy
i#] 0 ((z; + x>+ y)?
1
(21})(5 ‘
The matrix Ey [G™] can be written as a sum of two matrices

By [67] = D™ +G™

By [G] =

(28)

where G’ is the matrix whose entries are given by

2

n E 1
G =/ py(y) dy
T Jo T ()2 )

and D" is the diagonal matrix that compensates the difference between the diagonal entries of G'*' and
Ey [G™]. Thus,

D' = ﬁ/{j py(y) (1 — (1 + @Ty)2> —3) dy.

The entries of the diagonal matrix D/;" can be bounded above by making use of the relation

1—(142)77 = / Y14 2)"7 e <y osup (14 2)777 ! <z
0 z€[0,x]
valid for any v > 0, which yields

2

82 [ % .
Dy < (zxi)HQ/O ypy(y)dy < 22m )2 =D, (29)

where D™ is defined as the upper bounding diagonal matrix. In Appendix II, we prove that the difference
matrix H™ — G""' whose entries are given by

2

oy -G = - [ a dy.
T e o T () )

is non-negative definite. This fact together with (29) implies that D™ + H™ — D' — G"" is a non-
negative definite matrix. Recalling that the log det(-) is not only concave, but also increasing on the set
of non-negative definite matrices (see [10], 16.E) gives

log det (1 +VnPEy [G”1]> — Jog det (1 +VnPD™ \/nPG’n1>
< log det (I +VnPD™ + \/nPH”1>

< log det (1 + \/nPD”1> + log det (1 + \/nPH”1> (30)

The last inequality in (30) is a property of non-negative definite matrices and can be obtained by
specializing the following entropy relation to independent Gaussian vectors.

Lemma 5.1: If X, Y and Z are independent random variables (or vectors) then,

WY + X +2Z) +h(X) <Y + X)+ (X + Z).

13



Proof: First note that the random variables Y, Y + X and Y + X + Z form a Markov chain and
the data processing theorem gives us

IV Y+ X+7Z)<IY;Y +X).

Expanding this inequality gives the desired result:

IV;Y+X+2)<IY;Y +X)
MY +X4+2)—h(Y+X+Z|Y)<h(Y+X)—h(Y+X|Y)
MY +X+2)-hMX+2) <MY +X)—h(X)
Y +X +2Z)+h(X) <MY +X)+h(X+2)

]

Looking closer at the two terms in (30), we notice that the second term resembles the upper bound (9)

governing one-dimensional networks except that H"' is now n; X n; matrix with n; < n. However, by

the interlacing property of symmetric matrices (see [11, Thm 4.3.8]) the n; largest eigenvalues of any

symmetric matrix A" that has ™' as an upper left submatrix dominate the eigenvalues of H"™'. Using

also the fact that J ++/nPH™ has all its eigenvalues larger than 1 since H" is non-negative definite (see
Appendix 1), we have

log det (I + \/nPH"1> < logdet (I + VnPH”)
< Kis (logn + (log(l/xmin))+)3, 3D

which follows from (20) with x,;, = min{x; : ¢ = 1,...,n1}. Recalling that (x;,i =1,...,n;) are
uniformly and independently distributed on [0, \/n], we have,

P (xmin < n_(%+“)> <mP (ml < n_(%+“)) <nP (:pl < n_(%ﬂ’“)) =nH
for any p > 0. Considering the expectation of (31) over X yields,
Ex [logdet (I + \/n_PHT”)]
< Ex [Kn (logn + (10g<1/mmin))+)3]

= EX [K12 (logn + <log<1/xmin))+)3 | Lmin Z Tl71:| P (xmin 2 nil)

+ Z Ex |:K12 (logn + (log(l/xmin))+)3 ’ n~D) < g < n_“] P (n_(’”l) < Zpin < n_“)
pn=1

< 2° Ki5(logn)® + Kys(logn 32 w4 2)3 n2H
pn=1

< Ki3(logn)?, (32)
for a constant K3 > 0 and independent of n.

Considering the expectation over X for the first term in (30) and choosing € = n~" with n > 0 yields,

Ex [logdet ([ + \/n_PDmﬂ Ex Zlog (1 + \/_ 2(2z )5+2)]

\/ﬁ 3=
:nl/ L1g<1+6‘/ﬁ" >dx. (33)
0

NG 2 (2x)+2
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We have the following lemma from [4, Lemma 2.2] which states that for any C,p > 0 and v > 1, there
exists a constant K4 > 0 such that for all sufficiently large n,

" CnP P
/ dx log (1 + i ) < Kyn™M logn
0 7

where a A b is the minimum of a and b. Applying this lemma to (33) we have

Ex [log det <[ + \/n_PDm)] <

nl 1—4n

T Ky N2 logn, (34)
and performing the last expectation in (25) with respect to n; yields
E,, [EX [1og det (I + \/nPD’”)” <eKiu nzig‘f;]) logn

since the expected number of nodes in S is % = €/n.

Combining all the results we have obtained until now yields the following expectation result:

-------

= K4 \/ﬁn;(‘;g) logn + Ki3v/nn" (logn)?
< K, \/ﬁn2<51+4> (logn)? (35)

for a constant K5 > 0 and independent of n by choosing 7 = m.

Proof of Theorem 2.2: Part 11

There remains to prove that there is concentration around the expectation and that the upper bound in
(35) applies on C?P with high probability. For notational convenience, let us define ®" to be the following
real-valued function of node locations (Ly, Lo, ..., L,),

®"(Ly, La, ..., L) := logdet(I + VnPG" {Ly, Ly, ..., L,}).

We set out to prove the following proposition.
Proposition 5.2: For any € > 0 and A > 0, there exists a constant /;5 independent of n such that

1 K
P <|<I>”(L1,Lz, L) — E[®"(Ly,Ly...,Ly)]| > An§+5) <=8

n

Before the proof of Proposition 5.2, we introduce a concentration inequality due to McDiarmid [12] that
will be used in the proof of the proposition.

Theorem 5.3: Let (L, Lo, ..., L,) be a family of independent random variables with L taking values
in a set Ay for each k. Suppose that the real-valued function f defined on I1A; satisfies
sup |f(l1, RN 7lk:—1, lk, lk+1, ey ln) — f(ll, Ce ,lk_l, l;w lk’-i—la Ce ,ln)’ S Cl.

lleAl...lneAn, Z;CEA}@

Then, for any ¢ > 0
P(‘f(LluL% .- 7Ln) - E[f(Ll,LQ, . 7Ln)]| > t) < 267%2/26%_
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The proof of Proposition 5.2 is based on applying Theorem 5.3 to the function ®". The crucial step
here is to properly bound the amount of change in the value of the function ®" due to a change in one
of its parameters. Notice however that ®" is unbounded since the x;’s (the random variables denoting the
horizontal positions of the right-hand side nodes) can be arbitrarily close to zero, which implies that the
corresponding diagonal elements of G™ go to infinity. This rather technical problem can be overcome by
showing that the x;’s are all bounded away from zero with high probability as n goes to infinity and under
the condition that they are all bounded away from zero, the amount ®" can be affected from a change in
one of the node positions is bounded by logn. The concentration inequality in Theorem 5.3 can then be
used to show that ®" concentrates around its mean with deviation of order less than n2** for any € > 0.

Proof of Proposition 5.2: Let us ﬁ% i > 0. As in the one-dimensional case, the probability that any of
(x5, =1,...,n) is smaller than n~(z*#) is bounded above by

P (:I:mm < n’(%“)) <nP (3:1 < n’(%“‘)) =n*
since the x;’s are uniformly and independently distributed on [0, +/n]. On the other hand, under the
condition that x,,;, > n_(%”), (L1, Lo, ..., Ly,) is still a family of independent random variables where
each L; is now uniformly distributed on the set [n‘(%ﬂ‘), \/ﬁ] x [0, y/n].

We continue the rest of our analysis conditioned on #ny, > n~ @™, Let (Ly,...,Ly_1,L,) and
(Li,...,Ln_1, L) be two configurations that differ only in the last coordinate, that is, the position of the
nth node. Let ¥ ! be defined as the following function of n — 1 node locations:

UYLy, ..., Ly_y) = logdet(I + VnPG" *{Ly,..., L,_1}).
Next, we bound the variation of the function " between the two configurations:
|®"(Ly, ..., Ly_1,Ly) — ®"(Ly,..., Ly, L))
<|®"(L1,..., Ln-1, L) = 9" YLy, ..., Ly

+ ULy, Lyey) — ®™(Ly, ..., L1, L) (36)
Concentrating on the first term in (36), let A; < --- < A, be the eigenvalues of the n x n symmetric matrix
I +vnPG"{Ly,...,Ly,_1,L,} and A\; < --- <\, be the eigenvalues of the n — 1 x n — 1 symmetric
matrix [ + vnPG" ' {L,..., L, 1}. Note that by the interlacing property of symmetric matrices, we

have X )
IS S S S <A <A S A

Moreover, all the eigenvalues are greater than 1 since G™ is a non-negative definite matrix. Expressing
the functions ®" and ¥"~! in terms of these eigenvalues and recalling that the logarithm function is
monotonically increasing yields

n n—1
D"(Ly, ..., L) — WYL, oo L) = ‘ S log A — > logh,
=1 =1

n—1

=log\, — Z(log Ai — log \;)
i=1
< log \,..

The largestleigenvalue A\, of I ++/nPG%" can be bounded by the trace of the matrix and the condition
Tmin > 1~ 2T implies that

‘ VnP
log A, < log ) <1 + < a1(p) + c2(p) logn
i=1 '
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where ¢ (1), co(p) > 0 are constants independent of n. The argument for the first term in (36) holds
similarly for the second term. Furthermore, since the numbering of the nodes is arbitrary, the same bound
applies whenever the two configurations differ in a single node location, this single node being any of
the n nodes. We can therefore apply Theorem 5.3 and obtain

P (|<I>" —EB[0"]] > An%+€) <P (:cmin < n*<%+ﬂ>) +P (\CP” — B[0"]] > Ani*e

B 2)\2n2a
<n*+2exp|— 5
4 (c1(p) + cop) logn)

for all A > 0. Choosing i = 3 completes the proof of the proposition. [

1
Tmin 2 n*(§+#)>

Combining the expectation result in (35) with Proposition 5.2 yields
P < K, \/ﬁn2<51+4> (logn)®,  with high probability,
which completes the proof of Theorem 2.2. [

VI. TRANSPORT CAPACITY OF RANDOM NETWORKS

In the previous sections, the situation where order n communicating pairs wish to establish commu-
nication at a common rate R?,, has been considered. In the present section, a more general result on the
transport capacity of the network is obtained, without any prior assumption on the traffic demand. Our
technique follows the approach developed in [2].

Let us first consider one-dimensional networks, where the nodes are arbitrarily located on a line and
numbered in increasing order along the line. The sum in (§) can be split into two parts, one rendering
the information transfer from left to right and the other from right to left

Z Rijrij = Z Rijri; + Z Rijrij. (37)

i£j i<j 1>
Considering only the information transfer from left to right and noticing that the same arguments apply
for the second term in (37), we have

n—1 n
ZRijrij = Z Z RijTZJ Z Z ’JZT"C k+1 = Zrkkﬂ (Z Z RU) (38)

B i=1 j=i+1 i=1 j=i+1 i=1 j=k+1

1<)
Notice that the expression in brackets in the last equality in (38) refers to the total information flow from
left to right across a cut passing between the nodes k and k+1. Considering both of the terms in (37)
yields,

n—1
ZRisz‘j = Zm,kﬂ Z Ri; + Z Ri; |- (39)
j k=1 i\j i,
ij i<h<; j<h<i

Equation (39) allows to get a simple upper bound on the transport capacity of arbitrary one-dimensional
networks, that is

1<k<n-—1

n) = supz R;jr;; <2L max CH*P(N) (40)

iz#’]j
where L is the length of the one-dimensional network, N, is a cut-set passing between nodes k and k + 1
and CP(\},) is the total information flow through this cut-set in either direction, whichever is maximal.
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Equation (40) implies that if one can uniformly bound above the total information flow through any cut-set
of an arbitrary network, then the transport capacity is simply bounded above by twice this bound times
the total length of the network. Once we have the uniform upper bound in (20) on the achievable sum-rate
through any cut-set of a one-dimensional network, it is easy to apply (40) to random networks: in a linear
random extended network, the minimum distance between any two nodes in the network is larger than
nl%w with high probability for any v > 0. Hence by (20), for all 1 < k£ < n — 1 the achievable sum-rate
is bounded above by

CEIP(N}) < 2Kip (2 +7)% (logn)?,

which in turn yields
T.(n) < Kzn(logn)® with high probability

for a constant K3 > 0 and independent of n.

Remark 6.1: The above result says that the transport capacity of a network of n nodes independently
and uniformly distributed on [—n, n| is at most linear in n, up to logarithmic factors. Note moreover that
this result holds for any attenuation coefficient 6 > 0. This result has to be compared to the result in [2],
where a super-linear behavior in n of the transport capacity was obtained for small values of § > 0. The
discrepancy between the two results is explained by the fact that in [2], the distance between the two
farthest nodes is itself super-linear in n, whereas in the present situation, the nodes are constrained to an
interval of length 2n.

It is not difficult to apply the same argument to planar networks. Starting with the sum in (5),

Z Rijri; < Z Rij(wi; + yij) = Z Rijxij + Z Rijyi; (41)

irj irj irj irj

i i i i
where z;; and y;; refer to the positive horizontal and vertical distances between nodes i and j respectively
and inequality follows from triangle inequality. Note that the resulting terms in (41) have an interesting
interpretation: the supremum of each term over all feasible rate matrices will yield the directional transport

capacity of the network in the given direction x or y. With the bound in (41), we are back to the one-
dimensional case. Substituting the expression in (39) for each of the terms in (41) yields

n—1 n—1

ZRijrij < Zl’k,kﬂ Z Rij + Z R +Zyk,k+1 Z Rij + Z Rij |- (42)

ij k=1 ij ij k=1 ij ij

i#j i<k<j j<k<i i<k<j j<k<i
Notice that (42) inherently carries the assumptions made for linear networks. In the first term, the nodes
are assumed to be numbered in increasing z-coordinate; while in the second term, the nodes are numbered
according to their y-coordinate. Equation (42) can also be viewed as considering n — 1 vertical and n — 1
horizontal cut-sets respectively, each cut-set passing between two successive nodes. Similarly to the one-
dimensional case, the equation allows us to establish the following simple upper bound on the transport
capacity of two-dimensional networks,

T.(n) < 2L, Jpax C2P(NE) + 2L, Jnax C2P(NY) (43)
where x and y refer to two arbitrary orthogonal directions in the plane, L, and L, are the total lengths
of the network in these directions, N is a cut-set perpendicular to the direction z and C?P(N}) is the
total flow through this cut-set. N} and C2P(N}) are defined in a similar way. The upper bound in (43)
can be applied to two-dimensional random networks as follows: The minimum horizontal (or vertical)
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distance between any two nodes in the network is greater than — /2 + with high probability for any v > 0.
Hence if we consider a family of n2+“f vertical and n2+7 horizontal cuts of the domain D, such that
successive cuts are separated by — /2 + vertical or horizontal distance respectively, with high probability
this family contains cut-sets N7,k =1,...,n —1land N,k =1,...,n — 1. Below we show that the

expected flow through any cut of the planar network is bounded above by K, N N7 (logn)? for some
constant K, > 0 independent of n with probability larger than 1 — % as stated in Proposition 5.2.
Applying the union bound on this probability and choosing 0 < v < 1 allows to establish concentration
simultaneously for all the 2n?*7 cuts considered. We conclude that the transport capacity of a uniformly

distributed two-dimensional random network is bounded above by
T.(n) < Kynn? (logn)®, with high probability,
for a constant /K, independent of n.

The expected flow through a vertical or horizontal cut that divide the domain into two asymmetric parts
can be bounded above by making slight modifications in the analysis in Section V. The idea goes as
follows: Consider a vertical cut that divides the domain D into two asymmetric parts: [—(2 — a)+/n, 0] X
[0,+/n] and [0, a\/n| x [0,4/n], where 0 < a < 2 and we have shifted our coordinate system to align
with the cut considered. Similarly to Section V, let us concentrate on the first strip which has n; nodes
before the introduction of the mirror users, and let us denote the number of nodes in the right-hand side
of the cut by n/, which implies that there are n, — n} nodes located on the left-hand side. After the
introduction of the “mirror” users (“mirror” with respect to the current cut considered), we still have two
half strips with symmetrical configuration as before, but the n; right hand-side nodes will not be uniformly
distributed over the right-half strip in this case. Instead, n) of the n; right-hand side nodes are uniformly
and independently distributed on [0, ay/n] x [0, €], and the rest n; — n) are uniformly and independently
distributed on [0, (2 — a)y/n] x [0, €]. The analysis in Section V follows without any change up to (30).
The estimates (32) and (34) should be verified for the new case. Below we verify estimate (34), (32) can
be verified in a similar manner.

Ex [1og det (I n \/ﬁDé)]
Zlog <1+\/_ e )M)] ]

n’l/oaﬁ \/_log(1+\/_( )5+2)dx

t ) /0(2—a>f . _1)\/_ log (1 + VNP (2a:)6+2> da:]

< am 1 1—dn (2—a)ny 1

ikt K ,n20+ |
ST gym e T T e T

<™ K i | (44)
Jn 147N ogn

Ex

= l?n&

1—4n
K14n2(5+2> log n

when € = n~"7 with n > 0. Note that the upper bound in (44) is independent of the cut considered. The
rest of the analysis follows in complete analogy with Section V.

VII. CONCLUSION

We have established information theoretic upper bounds on the maximally achievable rate per commu-
nication pair and the transport capacity in one and two-dimensional random wireless networks when the
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medium is not absorptive and the attenuation is moderate. Our results show that in the absence of small
scale fading, the low attenuation regime does not behave significantly different from the high attenuation
regime.
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APPENDIX [
NON-NEGATIVITY OF THE MATRICES H AND (

Let us first consider the one-dimensional case. The entries of the matrix A" are given by

i 1 00 p ta/2—1 (2 b )t
n = = t 67 TjTTk s
T (g ay)or? /0 ['(e/2)

where I' is the Euler Gamma function. This implies that ™ is non-negative definite, since

n oo ta/2_1 n . 2
Zijcjck:/O th(a/2) Ze e; |l >0.

jk=1 j=1

Let us now consider the two-dimensional case. We have the following expression for the entries of the
matrix G™: 1

((z; + zp)’ + (y; — yk)?)

so using the fact that the Fourier transform of

faly) =

—
jk — a/4’

1
(a2 +y2)**
is given by (see [13, formulas 1.2.7 and 1.18.29])

a—2

~ 2

f©) = Ca(£) T Kap(ale).
where K, is the modified Bessel function of second kind and of order v, we obtain that

a—2
C, §l 0\ T €y
G =—21[d Ko , & (Y5 —yr)
=y e () K (e

Since by formula 9.6.23 in [14], we have

k= YT

,rl/

= —— dt e~ "0 ginh? (¢ ,
2" T(v + %) /0 ®)

for v > —%, we obtain that the matrix /M whose entries are given by

M= (L >a4_2Ka4—2((xj+xk)!£|)

Tj+ T

is non-negative definite. So GG™ is a convex combination of products of symmetric non-negative definite
matrices, it is therefore itself non-negative definite.
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APPENDIX II
NON-NEGATIVITY OF THE MATRIX H — G’

In this appendix, we prove that the matrix whose entries are given by

2

1 ‘ 1
P N ;
PO et w)t o T ()2 +y)
is non-negative definite. Obviously, it is sufficient to prove that
1 1
Ho— Q" — _
j ik (xj + 21)0 ((z; +$k>2+y)g

is a non-negative definite matrix for each y, since H — G’ is a convex combination of matrices of this
type. The proof is actually straightforward when the following equivalent expression for the entries of G”
is considered

1 & .
"no_ dt d inht 6—1 _—|&|(cosht)(zj+xr)—iky
ik WF((S) A /IV% £(|§|S1H ) €

2 /°° /OO 0 4191~ €(cosh )z i)
= dt d€(&sinh t)°™ e SO IETTER) cog(Ey
0 s i ( ) (&y)

where I is the Euler Gamma function. The expression is valid for ) > 0 and can be obtained by considering
[13, formulas 1.2.7 and 1.18.29] and [14, formula 9.6.23]. Noticing that

2 [e.e] o0
Hjp = — / dt / d¢ (& sinh ¢)°~ e~ Sleosh D)z tei)
! m'(d) Jo 0 ( )

yields
> (Hj— Gl) cjer = T3 / dt/ d¢(sinh )™ (D " cjem et (1 — cos€y) > 0
Py m['(d) Jo 0 j=1

which proves the desired result.
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