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Abstract: The adjacency matrix associated with a convolutional code collects in a
detailed manner information about the weight distribution of the code. A MacWilliams
Identity Conjecture, stating that the adjacency matrix of a code fully determines the
adjacency matrix of the dual code, will be formulated, and an explicit formula for the
transformation will be stated. The formula involves the MacWilliams matrix known from
complete weight enumerators of block codes. The conjecture will be proven for the class
of convolutional codes where either the code itself or its dual does not have Forney indices
bigger than one. For the general case the conjecture is backed up by many examples, and
a weaker version will be established.
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1 Introduction

Two of the most famous results in block code theory are MacWilliams’ Identity Theorem
and Equivalence Theorem [12], [I3]. The first one relates the weight enumerator of a
block code to that of its dual code. The second one states that two isometric codes are
monomially equivalent. The impact of these theorems for practical as well as theoretical
purposes is well-known, see for instance [14, Ch. 11.3, Ch. 6.5, Ch. 19.2] or the classification
of constant weight codes in [, Thm. 7.9.5].

The paramount importance of the weight function in coding theory makes an under-
standing of weight enumerators, isometries, and, more explicitly, possible versions of the
MacWilliams Theorems a must for the analysis of any class of codes. For instance, after
realizing the relevance of block codes over finite rings, both theorems have seen general-
izations to this class of codes, see for instance [22] and [2]. For convolutional codes the
question of a MacWilliams Identity Theorem has been posed already about 30 years ago.
In 1977 Shearer /McEliece [20] considered the weight enumerator for convolutional codes as
introduced by Viterbi [21]. It is a formal power series in two variables counting the number
of irreducible (“atomic”) codewords of given weight and length; for the coding-theoretic
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relevance see, e. g., [21), Sec. VII] and [9, Sec. 4.3]. Unfortunately, a simple example in [20]
made clear that a MacWilliams Identity does not exist for these objects. A main step
forward has been made in 1992 when Abdel-Ghaffar [I] considered a more refined weight
counting object: the weight enumerator state diagram. For unit constraint-length codes
he derives a MacWilliams Identity in form of a list of separate formulas relating the labels
of this diagram to those of the dual code.

In this paper we will present a MacWilliams Identity for the class of convolutional codes
where either the code or its dual does not have Forney indices bigger than one. Duality of
codes will be defined in the standard way based on the vanishing of the canonical bilinear
form on F[z]"™. Our result generalizes not only the block code case, but also Abdel-Ghaffar’s
transformation for unit constraint-length codes. We will show in Section B that the list of
identities given in [I] can be written in closed form just like in our MacWilliams Identity.
In addition to the result just mentioned we will also formulate an explicit conjecture on a
MacWilliams Identity for all classes of convolutional codes. It is backed up by a wealth of
examples, and a weaker version will be proven.

The weight counting object in our considerations is the so-called adjacency matrix of the
encoder. This matrix has been discussed in detail by McEliece [I7], but appears already in
different notations earlier in the literature. Indeed, one can show that it basically coincides
with the labels of the weight enumerator state diagram as considered in [I]. The adjacency
matrix is defined via a state space description of the encoder as introduced in [I5]. In this
sense our approach follows a series of papers where system theoretic methods have been
used successfully in order to investigate convolutional codes, see for instance [I8], [T9], [3],
and [8]. The matrix is labeled by the set of all state pairs, and each entry contains the
weight enumerator of all outputs associated with the corresponding state pair. The whole
matrix contains considerably more detailed information about the code than the weight
enumerator discussed above. Indeed, it is well-known [I7], 5] how to derive the latter
from the adjacency matrix. Furthermore, in [B] it has been shown that, after factoring
out the group of state space isomorphisms, the adjacency matrix turns into an invariant
of the code, called the generalized adjacency matrix.

The main outline of our arguments is as follows. In the next section we will introduce
two block codes canonically associated with a convolutional code. They are crosswise dual
to the corresponding block codes of the dual convolutional code. Later on this fact will
allow us to apply the MacWilliams Identity for block codes suitably. Indeed, in Section
we will introduce the adjacency matrix A and show that its nontrivial entries are given
by the weight enumerators of certain cosets of these block codes. The main ingredient for
relating A with the adjacency matrix of the dual will be a certain transformation matrix H
as it also appears for the complete weight enumerator of block codes. This matrix will be
studied in Section Bl and a first application to the adjacency matrix will be carried out.
In Section Bl we will be able to show our main results. Firstly, we prove that entrywise
application of the block code MacWilliams Identity for the matrix HA!H ! will result in a
matrix that up to reordering of the entries coincides with the adjacency matrix of the dual
code. Secondly, for codes where the dual does not have Forney indices bigger than one we
will show that the reordering of the entries comes from a state space isomorphism. As a
consequence, the resulting matrix is indeed a representative of the generalized adjacency
matrix of the dual code. This is exactly the contents of our MacWilliams Identity Theorem.



We end the introduction with recalling the basic notions of convolutional codes. Through-
out this paper let

F = F, be a finite field with ¢ = p® elements where p is prime and s € N. (1.1)
A k-dimensional convolutional code of length n is a submodule C of F[z]" of the form
C=imG = {uG|ue F2]*}

where G is a basic matrix in F[z]F*", i. e. there exists some matrix G' € F[z]"*¥ such that

GG = I;,. In other words, G is noncatastrophic and delay-free. We call G an encoder and
the number § := max{deg~ | v is a k-minor of G} is said to be the degree of the code C. A
code having these parameters is called an (n, k,§) code. A basic matrix G € F[z]**" with
TOWS g1,..., gk € F[z]" is said to be minimal if Zle deg(g;) = 0. For characterizations
of minimality see, e. g., [4, Main Thm.] or [T6, Thm. A.2]. It is well-known [ p. 495]
that each convolutional code C admits a minimal encoder G. The row degrees deg g; of
a minimal encoder G are uniquely determined up to ordering and are called the Forney
indices of the code or of the encoder. It follows that a convolutional code has a constant

encoder matrix if and only if the degree is zero. In that case the code can be regarded as
a block code.

The weight of convolutional codewords is defined straightforwardly. We simply extend
the ordinary Hamming weight wt(wi, ..., wy,) = #{i | w; # 0} defined on F" to polyno-
mial vectors in the following way. For v = Z;V:O v 27 € F[z]", where 1) € F”, we put
the weight of v to be wt(v) = Z;V:o wt(v)).

Finally we fix the following notions. For § > 0 we will denote by e1,...,es the unit
vectors in F?. For any matrix M € F®*? we denote by im M := {uM | v € F*} and
ker M := {u € F* | uM = 0} the image and kernel, respectively, of the canonical linear
mapping u — ulM associated with M. Moreover, for any subset S C F* we denote by
(S) the F-linear subspace generated by S. If S = {ay,...,a;} is finite we simply write
(a1, ...,a;) for (S). We will also use the notation (a,U) := (a) + U for any a € F* and
any linear subspace U C F¥.

2 Preliminaries

The controller canonical form of an encoder is a well-known means of describing convolu-
tional codes. Since our paper is completely based on this description we will first present
the definition of the controller canonical form and thereafter discuss some of the basic
properties as needed later on. It also allows us to conveniently introduce the two block
codes associated with a convolutional code that are crucial for our investigation.

Definition 2.1 Let G € F[2]**" be a basic and minimal matrix with Forney indices

01, ...,0p > 0 = 0,11 = ... = 0 and degree § := Zle 0;. Let G have the rows g; =
Ziizo givz’, i =1,...,k, where g;, € F". For i = 1,...,r define the matrices
01 gi,1
A; = ( ) EF™ Bi=(1 0 -+ 0)€F% C;=]| : | €eFm
1
0 9i,5;



Then the controller canonical form of G is defined as the matrix quadruple (A, B,C, D) €
FJXJ % FkX5 % F&Xn % Fkxn where

Aq B Bi o) g1,0
(@ ) e (D) 0 (1) e
Ay B C‘T 91;,0

As is made precise next the controller canonical form describes the encoding process of
the matrix G in form of a state space system.

Remark 2.2 It is easily seen [B, Prop. 2.1, Thm. 2.3] that G(z) = B(z~'1 — A)~'C + D.
As a consequence, one has for u =Yg uz" € F[z]¥ and v = Dm0 vezt € Fl2]”

Ti+1 = .Z'tA + UtB

v:uG<:>{ v = 2,0+ uD

for all t > 0} where o = 0.

From now on we will assume our data to be as follows.

General Assumption 2.3 Let C C F[z]" be an (n,k,d) code with minimal encoder
matrix G € F[z]**". Furthermore, assume that the Forney indices of C are given by
0y ..oy 0p >0 = 06,41 = ... = 6 and let (A, B,C, D) be the corresponding controller
canonical form.

The two index sets
Ti={L, 140,148 +08,...,1+ 312 &} T ={01,01+082...,55_18; =0} (2.1)

will be helpful in the sequel. One easily derives the following properties.

Remark 2.4 One has AB' =0 and BB' = (IS 8). Furthermore, im B = (¢; | i € Z) and
ker B = im (0(4—p)xr; [k—r) C F*. Finally,
1, ifi=jeZI

0, else,

1, ifi=j¢7T

0, else,

1, ifi=j¢J

0, else.

(B'B)i; = { , (ATA);; = { , (AAY); ;= {

As a consequence, A'A + B'B = Ij.

The following two block codes will play a crucial role throughout the paper.

Definition 2.5 For C as above we define C.onst := CNEF™ to be the block code consisting of
the constant codewords in C. Moreover, let C,, := im (g) C F" and definer € {0,...,n—k}
such that dimC, =k + .

The following properties of these codes are easily seen from the controller canonical form.

Remark 2.6 (1) Suppose the encoder matrix G is as in Definition BTl Then C, =
im (g) =(giv|i=1,....k,v=0,...,9). Recalling that two different encoders of C
differ only by a left unimodular transformation it follows immediately that the block
code C,, does not depend on the choice of the encoder G but rather is an invariant of
the code C. Since rank D = k it is clear that the dimension of C,, is indeed at least k.
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(2) One has dimCconst = kK — r and precisely, with the notation from (1),
Ceonst = (gi |i=r+1,...,k) = (ker B)D := {uD | u € ker B}. (2.2)

This also shows Cconst C CC. Furthermore we have im D = im B*D @ C const-

In accordance with block code theory the dual of a convolutional code is defined with
respect to the canonical bilinear form

B:Fla]" xFl2]" — Flzl,  ((a1,...,an), (b, ..., bn)) — > agb;.
j=1

With this notation the dual code is explicitly defined as
C:={w e Flz]" | B(w,v) =0 for all v € C}. (2.3)

In the sequel we will also let 3 denote the canonical bilinear form on F¢ for any ¢ € N. In
that case we will use the notation U+ := {v € F* | 8(v,u) = 0 for all u € U} C F* for the
orthogonal of a subspace U C F. The different notation C versus UL for the dual of a
convolutional code C versus a block code U is simply to avoid cumbersome notation later
on. It is well known [I7, Thm. 7.1] that

if C is an (n, k, ) code, then C is an (n,n — k,§) code. (2.4)

The two block codes from Definition and the corresponding objects C’CA and C, const for

the dual code C behave as follows under duality.

Proposition 2.7 One has (C’C)l = CACOHSt. As a consequence, C has exactly n — k — 7

zero Forney indices and 7 nonzero Forney indices. Moreover, dim C@ =n—k+r.

PROOF: Using the notation and statement of Remark EZ6(1) we obtain

c€(C’C)l<:>ﬂ(c,gi,,,):0foralli:1,...,/<;,1/:0,...,5,-
<:>ﬂ(c,gi):0f0rallz':1,...,k<:>c€CAﬂF”:CACOHSt,

where the second equivalence uses the fact that ¢ is a constant vector. The consequences
are clear from the definition of r and 7. O

Example 2.8 Let ¢ =2, n =5, k =2, and C C F5[2] be the code generated by the basic
1+z+22 22 22 1 2
1 1 0 1 0.Thus§-3,51—3,52—0,and

r = 1. The associated controller canonical form is

010
A= OOl,B:<100>,C:
0 00

and minimal encoder G =

—_
=)

0
1
0

)
—_

(s
—
(@]
(@]
Il
7N\
—_
= O

000

—_
=)
)
(=]

Using Equation (Z2)) we obtain Ccopst = im (1 1 01 0) while C, = Fg As a conse-
quence, 7 = 3. It can easily be checked that the dual code Cis generated by the basic and



R 1 2 0 142 0
minimal matrix G = |0 z =z z 1 |. Indeed, it has 7 = 3 nonzero Forney indices
0 0 1 0 z
as stated in Proposition EZ71 The controller canonical form is

R R R 01 010 R 1 0010
A=0,B=I;5,C=(0 1 1 1 0),D=1{(0 0 0 0 1
0 00 O01 00100
Moreover,
00100
0 0001 P~
C(? = 1m 01010 ) Cconst - {O}
1 0 010

This is indeed in compliance with Proposition 7 since (Cc

)J_ = Cconst and (CCA)J_ = Cconst'

Let us now return to the general case. Block code theory allows us to apply the
MacWilliams transformation to the block codes in Proposition Z7l Before doing so it
will be useful to define the weight enumerator for arbitrary affine sets in F™ as it will be
needed in the following sections. Recall the Hamming weight wt(a) for a € F™.

Definition 2.9 Let C[W]<,, denote the vector space of polynomials over C of degree at
most n. For any affine subspace S C F” we define the weight enumerator of S to be the
polynomial we(S) := > ", a;jWi € C[W]<y, where o := #{a € S| wt(a) = j}. We also
put we(()) = 0.

Recall that the classical MacWilliams Identity for block codes states that for k-dimensional
codes C C F" = IE‘Z‘ one has
we(Ct) = q_kH(we(C)), (2.5)

where H is the MacWilliams transformation
H: CW]ey — CWen, HOW) = 1+ - D) F(ly).  (26)

Observe that the mapping H is C-linear and satisfies H?(f) = ¢"f. It should be kept
in mind that H depends on the parameters n and ¢. Since throughout this paper these
parameters will be fixed we do not indicate them explicitly.

Let us now return to convolutional codes. Using (1)) and Proposition 27 one immedi-
ately obtains

~

Corollary 2.10 ¢**"we(Cconst) = H(WG(CC)).

3 The Adjacency Matrix of a Code

The (weight) adjacency matrix as defined next has been introduced in [I7] and studied in
detail in [5]. The aim of this section is to survey the structure and redundancies of the



adjacency matrix for a given convolutional code. Let the data be as in ([LII) and General
Assumption Recall from Remark that the controller canonical form leads to a
state space description of the encoding process where the input is given by the coefficients
of the message stream while the output is the sequence of codeword coefficients. The
following matrix collects for each possible pair of states (X,Y’) the information whether
via a suitable input u a transition from X to Y is possible, i. e., whether Y = XA +uB
for some u, and if so, collects the weights of all associated outputs v = XC + uD.

Definition 3.1 We call F° the state space of the encoder G (or of the controller canonical
form). Define F := % x F%. The (weight) adjacency matriz A(G) = (A\x.y) € (C[W]qéxqé
is defined to be the matrix indexed by (X,Y’) € F with the entries

Axy = we({XC +uD |u€FF:Y = XA +uB}) € C[W]<p.

A pair of states (X,Y) € F is called connected if Axy # 0, else it is called disconnected.
The set of all connected state pairs is denoted by A C F.

Observe that in the case § = 0 the matrices A, B, C' do not exist while D = G. As
a consequence, A = Ao = we(C) is the ordinary weight enumerator of the block code
C={uG |uecFrF} CF",

Example 3.2 Let the data be as in Example In order to explicitly display the
adjacency matrices corresponding to G and G we need to fix an ordering on the state
space F% Let us choose the lexicographic ordering, that is, we will order the row and
column indices according to

(0,0,0), (0,0,1), (0,1,0), (0,1,1), (1,0,0), (1,0,1), (1,1,0), (1,1,1). (3.1)

Then it is lengthy, but straightforward to see that

14+W3 0 0 0 W+W?2 0 0 0
W+W?2 0 0 0 W+W?2 0 0 0
0 W24w? 0 0 0 W+w4 0 0
AG) = 0 wiw? 0 0 0 W24+w? 0 0
0 0 W24+Ww3 0 0 0 W24+Ww3 0
0 0 W+w4 0 0 0 W24Ww3 0
0 0 0 Wi4w4 0 0 0 Wi4w4
0 0 0 wWi4w4 0 0 0 W24W5

For instance, in order to compute the entry in the 4th row and 2nd column put X :=
(0,1,1), Y := (0,0,1). Using the controller canonical form as given in Example 28 one
has XA +uB =Y if and only if u € {(0,0), (0,1)} and thus

Axy = we{XC +uD|u € {(0,0), (0,1)}} = we{(1,1,1,0,0), (0,0,1,1,0)} = W? + W?.

Likewise we obtain for the dual code

1 wow w? w2 w? w3 wt
W ow? o1 woow3s wt w2 w?
w3 w2 wt w3 w3 w2 w4t wi
wt w3 w3 w2 wt w? w3 w2
w2 w3 w3 wt w?2 w3 w3 wt
w3 wt w2 w3 w3 wt w2 w?
w 1 w2 w w3 w2 wt w?
w2 W W 1wt w3 w3 w2




Later in Theorem we will see that these two adjacency matrices determine each other
in form of a generalized MacWilliams identity.

Remark 3.3 The adjacency matrix contains very detailed information about the code.
Firstly, it is well-known that the classical path weight enumerator of a convolutional code
[9, p. 154] can be computed from the adjacency matrix, for details see in [I7], [, Thm. 3.8],
and [9, Sec. 3.10]. Secondly, at the end of Section 3 in [5] it has been outlined that the
extended row distances [I0] as well as the active burst distances [6] can be recovered from
the adjacency matrix. As explained in [I0], [6] these parameters are closely related to the
error-correcting performance of the code.

It is clear from Definition Bl that the adjacency matrix depends on the chosen en-
coder G. This dependence, however, can nicely be described. Since we will make intensive
use of the notation later on we introduce the following.

Definition 3.4 For any P € GLs(F) define P(P) € GL,s(C) by P(P)xy =1if Y = XP
and P(P)x,y = 0 else. Furthermore, let IT := {P(P) | P € GLs(F)} denote the subgroup
of all such permutation matrices.

By definition, the matrix P(P) corresponds to the permutation on the set F® induced
by the isomorphism P. Notice that P is an isomorphism of groups and basically is the
canonical faithful permutation representation of the group GLg(F). Obviously, we have
for any A € C[W]?°*¢" and any P := P(P) € II the identity

(PAP™Y) y = Axpyp for all (X,Y) € F. (3.2)
Now we can collect the following facts about the adjacency matrix.

Remark 3.5

(a) Using the obvious fact wt(av) = wt(v) for any o € F* and v € F” one immediately
has Axy = Aax,ay for all @ € F*. Hence A(G) is invariant under conjugation with
permutation matrices that are induced by scalar multiplication on Fo, i. e., under
conjugation with matrices P(P) where P = ol for some a € F*.

(b) In [B, Thm. 4.1] it has been shown that if G1, Gy € F[2]**" are two minimal encoders
of C then A(G1) = PA(G2)P~! for some P € II. Hence the equivalence class of A(G)
modulo conjugation by II, where G is any minimal encoder, forms an invariant of the
code. It is called the generalized adjacency matriz of C.

(c) Combining (b) and (a) we see that the equivalence class of A(G) is already fully
obtained by conjugating A(G) with matrices P(P) where P is in the projective linear
group GL§(F)/{al | « € F*}. This reduces the computational effort when computing
examples.

Let us now return to Definition Bl Notice that (X,Y) € F is connected if and only if
there exists some u € F* such that (X,Y) = (X, XA +uB). Using rank B = r we obtain

Proposition 3.6 A =im (é g) is an F-vector space of dimension § + .



Later on we will also need the dual of A in F. With the help of Remark 4l it can easily
be calculated and is given as follows.

Lemma 3.7 At = {(X,-XA) | X = (X1,...,Xs) € F such that X; =0 for j € J}.

In the next lemma will show that the nontrivial entries Ax y of the adjacency matrix
can be described as weight enumerators of certain cosets of the block code Cconst- More
precisely, we will relate them to the F-vector space homomorphism

¢:F T, (X,Y)r— XC+YB!D. (3.3)
Recall the notation (a,U) as introduced at the end of Section [l

Lemma 3.8 For any state pair (X,Y) € A we have A\xy = we(cp(X, Y) +Cconst). More-
over,

We(cconst)7 HC‘;D(Xy Y) € Cconst7

Axy =
q%l <We(<<,0(X, Y), Cconst>) — We(Cconst)>, else.

PROOF: First notice that for any (X,Y) € A the set {u € F¥ | Y — XA = uB} is non-
empty. Right-multiplying the defining equation of this set with B! we get upon use of
Remark B4 that Y B! = uBB?, which says that the first r entries of u are completely
determined by Y. This shows {u € F¥ | Y — XA = uB} C YB! +im (0, I;_,). From
im (0, Ix_,) = ker B, see Remark [Z4] we conclude that these two affine subspaces coincide.
Hence, using Remark Z6)(2), we obtain

Ax,y = we(XC + (YB' + ker B)D) = we(p(X,Y) + (ker B)D) = we(p(X,Y) 4 Coonst)-

This shows the first part of the lemma. If ¢(X,Y) € Ceonst, we immediately conclude
Axy = We(Cconst). Otherwise we have Ay y = we(p(X,Y) + Ceonst) = We(a(go(X,Y) +
Cconst)) = we(atp(X, Y)+ Cconst) for all o € F*. Moreover,

<<,0(X,Y), Cconst> = U (O“;D(ny) +Cconst)7
a€cF

where due to ¢(X,Y) ¢ Cconst this union is disjoint. From this the last assertion can be
deduced. O

The lemma shows that the mapping ¢ and the block code Cconst along with the knowl-
edge of A fully determine A(G). Moreover, to find out how many state pairs (X,Y) € A
are mapped to Cconst, we will slightly modify the mapping .

Lemma 3.9 The homomorphism
oA — CC/Cconsta (ny) — QD(X,Y) + Ceonst

is well-defined, surjective and satisfies
(a) ker ® = {(X,Y) € A | p(X,Y) € Ceonst },
(b) dimker ® = 6 — 7, where T is as in Definition Z3.



PROOF: The well-definedness of ¢ simply follows from im¢ C C,. As for the surjectivity
notice that any row of (g) that is not in Ccopst 1S a row of the matrix ( B gt D), see also

Remark EZ0(2). Moreover, by Remark 24 we have im (BgtD) = im <é g) (B€D> = @(A),

where the latter follows from the definition of the mapping ¢ along with Proposition
All this implies the surjectivity of ®. Now part (a) is trivial. The surjectivity together
with dim A = § + r yields (b) since dim C,=k+ 7 while dim C const = k — 7. a

Let us illustrate the results so far by the previous example.

Example 3.10 Consider again the data from Example and We can observe the
following properties of the two adjacency matrices.

(1) The matrix A(G) has exactly 2% = 16 nonzero entries, while A(@) has exactly 26 = 64
nonzero entries. This is in compliance with Proposition applied to C as well as C.

-~

(2) Each nonzero entry of A(G) is the sum of two monomials, while each entry of A(G)
is a monomial. This also follows from the first part of Lemma since #C const = 2
while Ceonst = {0}.

(3) There are 4 entries in A(é) that are equal to 1. This also follows from application
of Lemma and Lemma to the dual code: we obtain 29" = 4 times the case
/)\\Xy = we(CA const) = 1 while the second case appearing in Lemma B8 being the
difference of the weight enumerators of two block codes, never contains the monomial
1 = WY, Along the same line of arguments one can also explain that Ao,0 is the only
entry of A(G) containing the monomial 1 = W?.

As a consequence of Lemma one has
(A) + Ceonst = C,. (3.4)
We are now prepared to clarify some more redundancies in the adjacency matrix of C.

Proposition 3.11 Let A* C A be any subspace such that A = A* @ ker . Moreover,
define A= := ((0,¢;) | i ¢ Z) C F. Then

(a) A® A~ =F, hence A* G ker® ¢ A~ = F.

(b) For (X,Y) € A~ and (X',Y') € A one has Ax1xy+y =0 if and only if (X,Y") # 0.
(c) For (X,Y) € A* and (X',Y") € ker ® one has Ax4+x/ y+y’ = Ax,y-

Proor: (a) AN A~ = {0} follows from e; ¢ im B for i ¢ Z. The rest is clear since
dim A~ =§ —r = 2§ —dimA. (b) is obvious from the first direct sum in (a) and the
definition of A. As for (c¢) notice that by linearity and Lemma Bd(a) p(X,Y) — (X +
XY +Y') € Ceonst- Hence p(X,Y) +Ceonst = @(X + X', Y +Y") + Cconst and the result
follows from Lemma O

Concerning Proposition BITlc) it is worth mentioning that the converse statement
Axy = Agy = (X,Y) - (X,Y) € ker®] is in general not true as different affine
sets may well have the same weight enumerator. Moreover, notice that the results above
are obviously true for any direct complement of A in F. Our particular choice of A~ will
play an important role due to the following corollary.
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Corollary 3.12 One has p[a- = 0 and C, = U x y)ea- (@(X,Y) + Ceonst) With the
union being disjoint.

PRrROOF: The first part follows directly from the definition of all objects involved. The
inclusion “2” of the second statement is obvious. For the other inclusion let XC + uD €
C, for some (X,u) € Fot+k. Using that im D = im B'D + Cconst, see Remark 20(2),
this yields XC + uD = XC + YB'D + a for some Y € F° and @ € Ceonst. Hence
XC+uD € o(X,Y) + Cconst where (X,Y) € F. Now p|p- = 0 and Lemma B9(a) imply
that without loss of generality (X,Y) € A*. The disjointness of the union follows from
A* Nker @ = {0} with the same lemma. O

We will conclude this chapter by computing the sum over all entries of the adjacency
matrix of a convolutional code in order to demonstrate how the terminology developed
above facilitates this task. The result will be needed later on for proving Theorem E7]

Proposition 3.13 The entries of the adjacency matrix satisfy

Z Axy =we(C¢) and Z Axy = Z )\Xy—q e(C’c).

(X,)Y)eA* (X, Y)eF (X,)Y)eA

PRrROOF: Using Lemma B8 and Corollary we obtain

S dxy= Y we(@(X,Y) + Coonst) = we(Cp).

(X,)Y)eA (X,)Y)eA

Next notice that 3y y)ex Ax,y = X2 (x.y)ea AX,y as any disconnected state pair (X,Y)
satisfies Ax y = 0. Hence with Proposition BITl(c) and Lemma BX(b) we get

Y. o Mxv= ), Yo Axsxyer = D) > Axy
(X,Y)eA (X,V)ckerd (X,Y)eA* (X,V)ekerd (X,Y)EA*
= Z we(C,) = ¢ We(C'C). O

(X,Y)€Eker @

It is straightforward to verify the second result of this proposition for Example Z§/B2

4 The MacW:illiams Matrices

Recall the notation from (1) and fix some § € N. In this section we will define a set
of complex matrices that are essential for our transformation formula as discussed in the
next section, and we will collect some of their properties. To define the matrices we will
use complex-valued characters on F°, i. e., group homomorphisms (F, 4+) — (C*,). Tt is
a well known fact [T, Thm. 5.5], that, using a fixed primitive p-th root of unity ¢ € C, the
character group on F? is given as {¢"((X:)) | X € FO}, where 7 : F — Fp, a — > 5, La?'
is the usual trace form and 3 is the canonical bilinear form on FO. It will be convenient
to define

x o= B TS CF for all X e FO. (4.1)

For easier reference we list the following properties.
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Remark 4.1 (a) The character fx is nontrivial if and only if X # 0. This follows from
the fact that for X # 0 we have #im (X, -) = ¢, while the F)-linear and surjective
mapping 7 satisfies # ker7 = p*~! = %.

(b) Applying a standard result on characters [T, Thm. 5.4] we have ) y-cps Ox(Y) = 0 if
X # 0 while >y cps 00(Y) = ¢°.

(c) For all X, Y € F and all P € GLs(F) we have 0x(Y) = 6y (X) and Oxp(Y) =
Ox (Y P).

(d) For all X,Y, Zy, Z, € F one has 0x(Z1)0y(Z2) = 0(x,v)(Z1, Z2) where the latter is
defined on F?® analogously to (), that is, Oxvy(Z1, Z2) := ¢TBUXY)(21,22)) with B

also denoting the canonical bilinear form on F2°.

Definition 4.2 Let ( € C* be a fixed primitive p-th root of unity. For P € GLg(FF) we
define the P-MacWilliams matriz as

N[>

H(P) =q (HXP(Y))(X,Y)e]-' S (Cq5><q5.

For simplicity we also put H := H(I). For § = 0 we simply have H = 1.

Remark 4.3 Notice that the MacWilliams matrices depend on §. Since this parameter
will be fixed throughout our paper (except for the examples and Remark EH) we will
not explicitly denote this dependence. Moreover, the matrices depend on the choice of the
primitive root {. This dependence, however, can easily be described. Suppose (; and (s are
two primitive p-th roots of unity and let 1 and Ho be the corresponding I-MacWilliams
matrices. Then Cfl = (o for some 0 < d < p and, using the F,-linearity of 7, it is easy
to check that Ho = P(dI)H1 = H1P(d~'I). Making use of Remark [5l(a) this results in
HoA'HS 1= HIAHT Uand HoAHy = H1AH;. Since all later expressions will be of either
of these forms, our results later on do not depend on the choice of (.

Obviously, the matrix H is symmetric. Moreover, all MacWilliams matrices are in-
vertible since the ¢° different characters are linearly independent in the vector space of
C-valued functions on F0. However, the inverse of these matrices can even easily be cal-
culated. Recall the matrices P(P) from Definition B4l

Lemma 4.4 One has H?> = P(—I) and hence H* = I. Furthermore,
H(P) = P(P)YH = HP((P")™") for all P € GLs(F).

In particular the inverse of a MacWilliams matrix is a MacWilliams matrix again.

PROOF: For the computation of H? fix any pair (X,Y) € F. Then, upon using the rules
in Remark ET(b) and (c),

1, fY =-X
H)xy =07 > 0x(2)02(0) =¢70 Y Oxv(2)={ 7 — P(~D)xy.
A=X A= O’ else

The rest of the lemma can be checked in the same way using again Remark ETl(c). a
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Example 4.5 Let p = ¢ = 2 and 6 = 3. Then ( = —1 and with respect to the lexico-
graphic ordering (1] on Fj we obtain

1 1 1 1 1 1 1
-1 1 -1 1 -1 1 -1
1 -1 -1 1 1 -1 -1

Sl
o
e = T e N

1 -1 -1 -1 -1 1 1
-1 -1 1 -1 1 1 -1

Remark 4.6 It should be mentioned that the MacWilliams matrices as presented here
appear already in classical block code theory in the context of complete weight enumera-
tors. Given a block code C' C F" the complete weight enumerator is defined as

cwe(C) := Z ﬁXci € C[X, | a€F].

(cl,...,cn)EC i=1

Obviously, we obtain the ordinary weight enumerator we(C) from cwe(C) by putting
Xo=1and X, = W for all a« € F*. Let now § = 1 and H € C7%7 be the cor-
responding MacWilliams matrix. Then H is the standard matrix interpretation of the
C-vector space automorphism h : (X, |a € F)e — (X, | a € F) defined via h(X,) =
g2 S per ("9 X, Extending h to a C-algebra-homomorphism on C[X, | a € F] it
is well-known [I4, Ch. 5.6, Thm. 10] that the complete weight enumerators of a k-
dimensional block code C' C Fy and its dual satisfy the MacWilliams identity cwe(CL) =
q_k+gh(cwe(0)). At this point it is not clear to us why the MacWilliams matrix appears
in the seemingly unrelated contexts of complete weight enumerators for block codes and
adjacency matrices for convolutional codes.

In the next section we will investigate a conjecture concerning a MacWilliams Identity
Theorem for the adjacency matrices of convolutional codes and their duals. It states
that for the data as in General Assumption and for any P € GL;(F) the matrix
g "H(H(P)A(G)'H(P)™!) is a representative of the generalized adjacency matrix of C
(in the sense of Remark B(b)), see Conjecture Using Lemma B4l and the fact
H! = H one easily observes that HA(G)H = P(—I) (HA(G)tH_l)t. Therefore the matrix
HA(G)H will be particularly helpful and will be studied first. Let, as usual, the data be
as in General Assumption and Definition Bl and remember 7 from Proposition 271
Put

€X7y = (HA(G)H)X,Y for (X,Y) e F. (4.2)

The entries £x )y can be described explicitly. In the sequel we will use for any pair (X,Y) €
F the short notation (X,Y): := ((X,Y))" to denote the orthogonal space in F. The
following result will be crucial for the MacWilliams Identity Conjecture as studied in the
next section.
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Theorem 4.7 Let (X,Y) € F. Then

0, if (X,Y) ¢ (ker @)+,
Ixy =4 ¢ "we(C,), if (X,Y) e AL,

D <q 2 (21, 22)e(X,Y )L N1, 22 — qé_?We(Cc)) else.

Furthermore,
€X+U,Y+V = fxy for all (U, V) S AJ‘.

The last statement can be regarded as a counterpart to Proposition B-ITc). In fact, both
these invariance properties will be needed to derive a correspondence between the matrix
HA(G)H and the adjacency matrix of the dual code in Section Bl

ProoF: Fix (X,Y) € F.
1) We begin with proving the identity

1
q5€x,y = Z A2y, 25 — =1 Z A2y, Zs- (4.3)
(Z1,Z2)e(X,Y)+ (Z1,Z2)¢(X,Y)+

Using Remark BZT(d), we have

Plxy = Z Ox(Z1)Azy,2,02,(Y) = Z O0x,v) (21, Z2) Az, 2,
71, ZoE€FS (Z1,Z2)eF

If (X,Y) = (0,0), Equation ([3]) follows. Thus let (X,Y) # (0,0). Choose (Vi,V2) € F
such that F = (X,Y)+ @ ((V4,V3)). This allows, recalling Remark BH(a), to further
simplify ¢x y. Indeed,

Plxy = Z Z Ox vy (21 + aVi, Za + aVa) Az +avi, Zo+avs
a€F (7,,22)€(X,Y )"

= Z Ox,v)(aVi,alr) Z AZy+aVi, ZataVa

= (Z1,22)€(X,Y )L
= Z Az, 7, + Z 0(x,y)(aV1,als) Z AZy+Vi, Zo+ Vi
(Zl,ZQ)G(X,Y)J‘ aclF* (Zl,ZQ)G(X,Y)J‘

Since (X,Y) # (0,0) the character a + 0(x,y)(aV1,aV2) is nontrivial on F and thus

P lxy = Z Az, 2y — Z AZy1+ Vi, Zo+Va (4.4)
(Z1,22)€(X,Y )+ (Z1,22)€(X,Y )+
1
= Z AZ1,Zy — q——l Z AZ1, 22 5
(Z1,22)€(X,Y )+ (Z1,22)E (XY

where the last identity is again derived from Remark BH(a) considering that (X,Y)" is a
subspace of F. This completes the proof of 3.

2) Now we will prove each case of the second assertion separately. First let (X,Y) ¢
(ker ®)*. This implies ker ® ¢ (X,Y)1. Hence (V4, V) above can be chosen in ker ® and
therefore Proposition BITl(c) along with #4)) yields ¢xy = 0.
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3) Let (X,Y) € At, which implies A C (X,Y)" and therefore (F\(X,Y)+) N A = 0.
Using Equation (3]) together with the fact that Az, z, = 0 for (Z1, Z2) & A one gets

1 -7
qMX,Y = Z )\Zl’Zz_q——l Z )‘Z1,Zz = Z )‘Zl,Zz = q6 WG(CC),
(Z1,Z2)e(X,Y)LNA (Z1,Z2)e(F\(X,Y)1)NA (Z1,Z2)eA

where the last identity follows from Proposition
4) Finally, for the last case let (X,Y) € (ker ®)*\A+. Thus, ker® C (X,Y)*, but
A ¢ (X,Y)t. Again, using Equation {@3)) together with Proposition B-I3, we obtain

1
Ixy = =1 ((q -1) Z A2y, 7y — Z )‘ZLZz)

(Z1,Z2)e(X,Y)+ (Z1,Z2)¢(X,Y)+

= #( Z A2y 2y — q‘s_?we(C’C)).

S q
(g —1) (Z1,Z2)e(X,Y)+

5) It remains to show {x pyy+y = Lx,y for any (U, V) € At. Since At C (ker @) the
statement is obvious in the first two cases of /x y. For the remaining case notice that in
the expression for £xy we have

Z )\Zl,Zz = Z )‘Z1,Zz = Z )‘ZLZz

(Z],ZQ)G(X,Y)J‘ (Zl,Zz)E(X,Y)LﬂA (Zl,ZQ)G(X“FU,Y‘i’V)J‘nA
for any (U,V) € At. This completes the proof. O

At this point it is possible to derive a formula for the MacWilliams transformation H
as defined in (0 applied to the entries £xy. It will play a central role in the next
section. Recall from (Z3) the notation C for the dual code of C. Notice from (E2) that
the polynomials £xy are in C[W]<,, so that indeed the mapping H can be applied.

Proposition 4.8 Let (X,Y) € F. Then

0, if (X,Y) ¢ (ker @)+,

q_kH(EX,Y) = We(cconst)a if (X,Y) c AJ‘7
q_% <We(<5const7 o(X,Y))) — We(CAconSt)>, else,

1L~
where in the last case ¢(X,Y) is any element in [gp((X, Y)+n A*) + Cconst] \ Cconst-

Proor: Use the form of ¢xy as given in Theorem EE7 The first case is immediate
as H(0) = 0. The second case is exactly Corollary The third case requires more
work. Thus, let (X,Y) € (ker @)1\ AL, hence ker ® C (X,Y)4, but A ¢ (X, V)1, As
a consequence, (X,Y )t N A is a hyperplane of A and ker ® is contained in (X,Y)+ N A.
Using the direct complement A* of ker ® in A as introduced in Proposition BTl we obtain
(X,Y)FNnA=((X,Y)"NA*) @ker ® and (X,Y )= NA* is a hyperplane in A*. With the
help of Proposition BITlc) and Lemma B3(b) we get

Z 21,2, = Z Aoz =q"" Z AZ1,2,-

(Z1,Z2)e(X,Y)+ (Z1,Z2)e(X,Y)LtNnA (Z1,Z2)e(X,Y)LNnA*
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By Lemma Az, 7, = We (go(Zl, Zs)+C Const) and these cosets are pairwise disjoint for
(Z1,75) € (X,Y)+ N A*, see Corollary Therefore we obtain

> dm=0" > we(0(Z1, Z2) + Coonst) = ¢° " we(H(X,Y))
(Z1,Z2)e(X,Y)+ (Z1,Z2)e(X,Y)LNnA*
where

H(X,Y) := U (¢(Z1, Za) + Ceonst) = (X, V)X N A*) + Coonst-

(Z1,22)€(X,Y)NA*

We will show next that H (X, Y )L = (Ceonst, ¢(X,Y)) for some element ¢(X,Y). In order
to do so we need to compute the dimension of H(X,Y). Since ker o N A* = {0} we have
dim ¢ ((X,Y)* N A*) = dim ((X,Y)* N A*) = dim A* — 1. Furthermore, Lemma B(a)
shows that @(A*) N Cconst = {0}. As a consequence,

dlmH(X7Y) =dimA* — 1+ dimCeopst =k +7— 1.

This implies dim H(X,Y)* =n -k -7+ 1 = dim(?const + 1. Furthermore, H(X,Y) C
im ¢ + Cconst = C,, and along with Proposition P this yields Ceonss € H(X,Y)*. All this
shows that there exists some ¢(X,Y) € H(X,Y)*\ C const such that

H(X,Y)* = (Coonst, c(X,Y)).
Now we can compute ¢ *H(£x y). From Theorem BT we derive
1 -7
D ST )

¢ H(Cxy) = 0 FH(
7°(q
(Z1,Z2)e(X,Y)+

— q_%q—?—k(qﬂ(we(H(X,Y))) ~ H(we(C,)))
gk AR e
i (q ¢ we((Ceonsts ¢(X,Y))) — ¢ +Twe(CconSt)>,

where the last identity is again due to (Z) and Corollary ZT0l This proves the desired
result. O

The last proposition together with Lemma reveals an immediate resemblance of
the entries ¢ FH(¢ x,y) to that of any given adjacency matrix of the dual code of C.
Indeed, firstly notice that both matrices have the same number of zero entries since
# (ker @)L = ¢t is exactly the number of connected state pairs of the dual code. More-
over, Proposition EE8 tells us that q_kH(Ex,y) has #A1 = ¢~ entries equal to We((?const).
Applying Lemmas and to the dual code C we see that the adjacency matrix of the
dual code has the same number of entries equal to we(CA const)- The remaining entries
also have an analogous form. All this indicates that there might be a strong relation be-
tween ¢ *(H((x,y)) and the adjacency matrix of the dual code. This will be formulated
in a precise conjecture in the next section and proven for a specific class of codes. The
difficulty for proving this will be, among other things, that we need a concrete descrip-
tion of the mapping (ker ®)+\ A+ — F, (X,Y) + ¢(X,Y) as used in the last part of
Proposition
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5 A MacWilliams Identity for Convolutional Codes

In this section we will formulate the MacWilliams identity and prove it for a particular
class of codes. Let again the data be as in (L)) and General Assumption Denote the
associated adjacency matrix A(G) simply by A. Furthermore, let C be the dual code. We
fix the following notation.

General Assumption 5.1 Let C have encoder matrix CAJ € Flz ]("=k)*" and let the corre-
sponding controller canonical form be denoted by (A B C D) Moreover let the associated
adjacency matrix be written as A = ()\ X y) and let A be the space of connected state
pairs for C. Fmally, we define the mappings © and ® for the code C analogously to (B3
and Lemma B3 and, the spaces A~ and A* analogously to Proposition BTl Recall from
by Proposition 271 that C has 7 nonzero Forney indices.

We know from (Z4) that C and C both have degree § and thus the adjacency matrices A
and A are both in C[W]4" %%’ As a consequence we have all results of Section B literally
available in a ~ -version, and we will make frequent use of them.

Notice that duality implies GG! = 0. From Remark we know that
G(z)=B(z"'I-A)"'C+D, G(z)=B(z"'I—A)"'C+D.
Since D, D both have full row rank this implies
im D = ker D" (5.1)

Now we can formulate our conjecture. Recall the definition of the MacWilliams matrix H
from Definition

Conjecture 5.2 The matrix q_kH(’HAt’H_l), where H is applied entrywise to the given

matrix, is a representative of the generalized adjacency matrix of C. In other words, there
exists some P € GLs(F) such that

B\\X,Y = q_kH(('HAtH_l)Xpyp) for all (X,Y) € F. (5.2)

Recall from Remark B(b) that the adjacency matrices for two different minimal encoders
of C differ by conjugation with a suitable matrix P(P) € II. This explains the presence
of the matrix P € GLs(FF) above. Of course, P depends on the chosen encoders G and G
It is worth mentioning that in the case 6 = 0 Identity (B2)) immediately leads to the
MacWilliams identity for block codes as given in (ZH). Notice also that, due to Lemma E4]
and Equation ([B2), the conjecture implies the same statement if we replace H by an
arbitrary Q-MacWilliams matrix H(Q).

The conjecture is backed up by many numerical examples. A proof, however, is still
open for the general case. As a first step a somewhat weaker result will be proven in
Theorem [0l Thereafter we will fully prove the conjecture for codes where 6 = 7 or § = r.
In that case we will even be able to precisely tell which transformation matrix P € GLs(F),
depending on G and G, to choose for (E2) to be true. We need the following lemma. It
still applies to the general situation.
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Lemma 5.3 Let

cct  C(B'D) 25%28
- (Etﬁct 0 ) S

Then

(a) im M C (ker @) .

(b) ker ® @& A~ C ker M.

(c) im M N A+ = {0}.

(d) M is injective on A*.

(e) rank M = r+7 and M@AL = (ker &)L where M :=im M= {(X,Y)M | (X,Y) € A*}.

PROOF: First notice that by @&Il) M! = (BtD> (Ct (B'D)*) and therefore
ﬂ((X/,Y/), (X,Y)M) = (X" Y YM'(X,Y) = B(cp(X/,Y/), @(X,Y)) (5.3)

for all (X,Y), (X', Y’) € F. Remember also that (X,Y) € CCA for all (X,Y) € F.

(a) follows from (B3) since for (X', Y”’) € ker @ we have p(X',Y”) € Ceonst = (CCA)l.

(b) If (X,Y) € ker® & A~ then 3(X,Y) € Ceonst by Corollary and Lemma B3(a).
Thus §(X,Y) € (C,)* while (X', Y’) € C, for all (X',Y’) € F. Now (B3) along with
the regularity of the bilinear form g shows (X,Y )M = (0,0).

(c) Let (X,Y)M € A*. Then by (B3) we have §(X,Y) € ¢(A)*. Since also P(X,Y) €
CCA = (Cconst)™, we obtain from (B4 and Proposition EZZthat $(X,Y) € C const- But then
(X,Y) € ker ® and (b) implies (X,Y)M = (0,0).

(d) Let (X,Y)M = 0 for some (X,Y) € A*. Similarly to (c) we obtain by use of (3)
and (B4

P(X,Y) € (im QD)J_ N CCA = (im QD)J_ N (Cconst)J_ = (imy + C’const) C’const

But this means that (X,Y) € ker® and the assumption (X,Y) € A* finally yields
(X,Y) =(0,0).

(e) The rank assertion follows from (d) and (b) since dim A* = 7+7 and dim(ker PHA ™) =
20 — (r +7). The rest is immediate from the above and dim(ker ®)* — dim A+ = r +7. O

The following result will be crucial for investigating Conjecture
Theorem 5.4 Let M € F2°*20 be as in Lemma[i3 Then

Axy = ¢ "H({(xyyu) for all (X,Y) € A

PrOOF: Recall that A =ker® ® A*. For (X',Y') € ker® and (X,Y) € A* we have
)\X’+X yiiy = )\X y due to Proposition BTTl(c). Furthermore, £ x ynar+(x,v)m = {(x,v)m
by LemmaB=3(b). Hence it suffices to show the result for (X,Y) € A*. For (X,Y) = (0,0)
the result is obviously true by Lemma B3R and Proposition Thus let (X,Y) # (0,0).
By Lemma BE3j(e) this yields (X,Y)M € (ker ®)-\ AL. Hence q_kH(E(Xy)M) needs
to be computed according to the last case in Proposition In order to do so we
need to find a vector c((X Y )M ) satisfying the requirements given there. We will show
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that @(X,Y) is such a vector. First of all, it is clear that p(X,Y) € C’CA = (Ceonst)™-
Moreover, due to (X,Y) € A*\{0} we have §(X,Y) & Ceonst- Finally applying (B3)
to (X', Y") € ((X,Y)M)" n A* shows that 3(X,Y) € [go(((X,Y)M)L N A*)]l. All
this shows that we may choose ¢((X,Y)M) in Proposition as ¢(X,Y). Now that
proposition yields

_ 1 =N ~ ~
q kH(e(X,Y)M) = q—1<We(<(p(X,Y), Cconst>) - We(cconst))y

and this coincides with A x,y due to Lemma O

For the sequel let G be any direct complement of (ker )+ in F. Due to Lemma B3)(e)
we have the following decompositions of F.

A
F = A* D ker & D A~
ft foJ/ fll le (5.4)
F = M ©® AL O] g
(ker @)+

where, due to identical dimensions, there exist isomorphisms in each column. For fy we
choose the isomorphism induced by the matrix M from Lemma B3, and thus M =im M
as before. This picture leads to the following result.

Theorem 5.5 Consider the diagram (E4]) and let the isomorphism fy be induced by
the matrix M from Lemma [5:3 Fix any isomorphisms fi and fo in the diagram. Let
f = fo® f1 ® fo be the associated automorphism on F. Then

Axy = ¢ FH((HAH) f(xy)) for all (X,Y) € F. (5.5)

As a consequence,

~

Ap-1—y,x) = ¢ "H((HA"H V) xy) for all (X,Y) € F.

In particular, the entries of the matrices A and q_kH(’HAt”H_l) coincide up to reordering.

PrOOF: Recall from ([2) that (HAH)yxy) = {f(x,y)- We have to consider three cases.
1) If (X,Y) € A, then f(X,Y) & (ker ®)* and Xxy =0= q_kH(Ef(X,y)) due to the very
definition of A and Proposition

2) If (X,Y) € ker @ then $(X,Y) € Ceonst and f(X,Y) € AL, Now Lemma EH as well as
Proposition yield Axy = We((?const) = q_kH(Ef(va)).

3) For the remaining case we have (X,Y) € A\ ker ®. Writing (X,Y) = (X1, Y1)+(Xa2, Y2)
where (X1,Y1) € A* and (X, Y3) € ker ®, Proposition BTI(c) yields /)\\X7y = /)\\thl while
Theorem BT implies £¢(x y) = {(x,,y;)m- Now the result follows from Theorem B4

For the second statement put I" := HA*H~'. Notice first that LemmaBZ and the definition
of P(—I) as given in B4l yield HAH = P(—I)I'*. This implies (HAH)xy = I'y_x. Now
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we obtain from (BH) qu(X,y) = ¢ *H(Ty_x) and thus /)\\ffl(_Y’X) =q¢ *H(Txy). This
concludes the proof. O

It needs to be stressed that the theorem does not prove Conjecture since we did
not show that f~1(-Y, X) = (XQ,Y Q) for some suitable Q € GLs(F) and all (X,Y) €
F. The difficulty in proving Conjecture consists precisely in finding isomorphisms
fo, f1, fo for Diagram (&4 such that f~!(—Y, X) has such a form. This will be accom-
plished next for the class of convolutional codes for which either r or 7 is equal to d.

We begin with the case where 7 = 0. Notice that this is equivalent to saying that all
nonzero Forney indices of C have value one. Therefore, in this case

~ A ~ D) At D A~
G = Dl +z ¢ where D = Di) _ (BD and rank @) - n—=Fk  (5.6)
D2 0 D2 D2 D2

where the last part follows from minimality of the encoder G. Furthermore, im ﬁg = Cconst -
We will need the following technical lemma.

Lemma 5.6 Let 7 = 6. Then the controller canonical forms satisty
(1) B'DC* € GLs(F),
(2) CD'B+ CC'A = —B'DC".

PROOF: (1) Since 7= § we have B! = (I5,0) and thus B'D consists of the first § rows
of D. As a consequence, B!'D has full row rank 4. Suppose now that rank B!DC? < 6.
Since DD' = 0 this implies rank B'D (Ct D') < 4. Hence there exists a nonzero vector

a € F9 such that aBtD(C’t,Dt) = 0. In other words, aB'D € (C’C)L = Ceonst, Where

the last identity follow from Proposition EZ1 Now the full row rank of B!D shows that
im B'D N Ceonst # {0}, a contradiction to Remark Z6l(2) applied to the code C. Hence
rank B!DC? = §.

(2) By duality we have GG' = 0. From Remark P23 we know that the controller canonical
forms determine the corresponding encoders via

G(z)=B(z'I-A)'C+D=BY ZA™'C+Dand G(z) =BY #A7'C+D
>1 >1

where due to nilpotency the sums are finite. Slnce r = ¢ all Forney indices of C are at
most one and therefore A = 0. Hence G = 2BC + D. Now we compute

0=GG" = 2(DC'B' + BCD') + Y~ 2/ (DC!(A) ' B! + Eéct(At)l—2Bt).
1>2

Hence the coefficients of 2!, 1 > 1, are zero. Left multiplying the coefficient of z by Et,
right multiplying it by B, and using BB = I this implies the identity

B'DC'B'B + CD'B = 0. (5.7)
Furthermore, if we multiply the coefficient of 2! by Bt from the left and by BA! from
the right we obtain
0= (B'DCYH AN ~'B! + CCH(AY' 2BY) BA! = (B'DC'A' + CCY) ((AH)'2B!BAY)
= (B'DC! A + CCY) ((AHY(I — A'A)AY)
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where the last identity is due to Remark 241 Addition of these equations yields

0= (B'DC'A" + CC") Y~ (AN 724171 — (A")'714") = B'DC'A'A + CC' A,

1>2

where the last identity follows from the nilpotency of A. Now we conclude with Remark EZ4]
and the aid of (1)

CC'A=—-B'DC'A'A = —B'DC' + B'DC'B'B = —B'DC' — CD'B,
which is what we wanted. O

Now we can present an isomorphism f; for Diagram (B&.4]).

Lemma 5.7 Let 7 = §. Define

—CA’Ct aotA 2620
M = F .
= (0 )
Then

(a) im M7 C AL

(b) ker ® N ker M; = {0}.

(c) rank My =6 — 7.

As a consequence, M, induces an isomorphism f; : ker ® — AL,

PrROOF: (a) Using Lemma BT it suffices to show that (éCt)ij =0forall 1 <i<§ and
j € J. From (B8] we see that all rows in C are leading coefficient rows in G. By definition
of the controller canonical form the jth rows of C, where j € J, are leading coefficient
rows of the encoder G. Now GG = 0 implies the desired result. As a consequence we also
have rank My < 6 —r.

(b) From Lemma B8 we know that B!DC* € GLs(F). Let now (X,Y) € ker ® N ker M.
Then XCC* = 0 and, due to LemmaE=3(b) we also have (X,Y)M = 0. As a consequence,
XCC!' 4+ YB!DC! = YB!DC" = 0 and from the above we conclude Y = 0. Now (X,0) €
ker & yields p(X,0) = X C cC, const- Using the full row rank of the rightmost matrix
in (B8) we conclude X = 0.

(c) follows from (a) and (b) since dimker ® = § — r. 0

Now we are able to prove our main result. The crucial step will be a suitable choice for
the space A*. Recall that, so far, A* was just any direct complement of ker ® in A. As
we will see below, ker M7 is such a direct complement.

Theore/{nAE).S Let 7 = §, that is, each Forney index of the code C is at most 1. Then
Q := —B'DC" € GLs(F) and

Axy = ¢ FH(HAH VY xqyq) for all (X,Y) € F.

As a consequence,

A =g PH(PQHAHT'P@Q)T), (5.8)

where the MacWilliams transformation H has to be applied entrywise.
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PROOF: The invertibility of @ = B'DC" has been shown in LemmaEB(1). Choose the
matrices M and M; as in Lemmas b3 and B By Lemma E6(2) we have

M+ My = <—0Q %2> € GLQ&(F). (5.9)
Notice that due to 7 = § we have F = A. In particular, the last column of Diagram B4l
is trivial. Lemma B0 shows that A* := ker Mj is a direct complement of ker d in F. Now
define the automorphism f : 7 — F as f(X,Y) = (X,Y)(M + M;). Using Lemma B3
and LemmaB.7 in particular A* = ker M and ker o C ker M, we see that f is of the form
f = fo® f1 as required in Diagram (&4]). Here f(] and f; are induced by the matrices M

and My, respectively. It is easy to see that f~ H-Y,X) = (XQ 71, YQ™!) and therefore
Theorem yields AXQ Lyg-1 = ¢ "H((HA"H- )X,Y)- Using (B2) this implies the
desired result. O
Example 5.9 Note that the code C from Example satisfies 7 = 4. Hence we can apply
Theorem to this code. The automorphism @) can be calculated as Q = (é §é and,

using the lexicographic ordering (BJ), the permutation matrix is given by

00 0O0O0OO0ODO

e,

—~

O

~—

I
e aelalalaoBolal S
o= OO O OO
[l el eloNoBol
— o O O o oo
(el eniien Bl an el =
S oo+ O OO
(ool all S =)
OO OO oo

Using this as well as the adjacency matrices given in Example and the MacWilliams
matrix H in Example one can check straightforwardly Identity (B.]).

We can easily transfer our result to convolutional codes with § = r.

Theorem 5.10 Let 0 = r, that is, each Forney index of the code C is at most 1. Then
P :=—CD'B € GLs(F) and for all (X,Y) € F we have Ax,y = ¢ "H((HA"H Y xpyp).
In other words,

~

A =g "H(P(PYHA'H'P(P)™).

Proor: Notice that we can apply Theorem B3 to the code C. Hence Q = —B!DC! is
regular and, since dimC = n—k, we obtain A = ¢ "*kH(P(Q)’HAt’H P@)~). Applying
H?(f) = ¢"f and the C-linearity of H we arrive at ¢ "H(H'P(Q)'AP(Q)H) = A'.
Transposing this equation and remembering that H! = H while P(Q)! = P(Q)~!, one
gets N

A =g "HHPQ)TAP@QHT).

Now Lemma B4 yields HP(Q)™! = HP(Q 1) = P(Q")H = P(P)H. This concludes the
proof. a

Incorporating the permutation matrix into the MacWilliams matrix, see Lemma 4l we
can state Theorems and BT in terms of P-MacWilliams matrices only.
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Corollary 5.11
(1) If 7 =4, then Q = —B'DC* € GLs(F) and A = ¢ FH(H(Q)A'H(Q) ™).
(2) Ifr =4, then P = —~CD'B € GL;(F) and A = ¢""H(H(P)A'H(P)™).

Using the notion of the generalized adjacency matrix as defined in Remark BIl(b) we
obtain the following consequence, formulated independently of any chosen representation.

Theorem 5.12 Let r = § or 7 = ¢. Then the generalized adjacency matrix of C uniquely
determines the generalized adjacency matrix of the dual code C. More precisely, let [A]
and [A] be the generalized adjacency matrices of C and C, respectively. Then, in a sugges-

tive notation, R
[A] = ¢ "H(H[A]"H ).

We close this section with an example supporting Conjecture that is not covered by
the cases in Theorem or Theorem B.T0

Example 5.13 Let ¢ = 3, thus F = F3, and G = (14'1'32 zhe (2]) Put C = imG. Then G
is a minimal basic matrix and thus C is a (3,2,2) code. The dual code is given by
C = imG where G = (2+z 2+ 222 2+z). Notice that » = 7 = 1 # §. Using
the controller canonical forms one can straightforwardly compute the adjacency matri-
ces A, A e C[W]9%9. Then, via a systematic search one finds that Identity (52) is satisfied
if one chooses the regular matrix P = (1 1) € GLa(F3). In the same way one can establish
plenty of examples.

6 Unit Constraint-Length Codes

In the last section we want to have a closer look at codes with degree § = 1, also called
unit constraint-length codes or unit memory codes. Notice that in this caser =7 =6 = 1.
The situation now becomes particularly simple since, firstly, GLs(F) = F* and, secondly,
the adjacency matrices A and A do not depend on the choice of the encoder matrices G
and G. The latter is a consequence of Equation (32 along with Remark BTla), (b).
Notice also that in Diagram (B54)) the second and third column are trivial. Using once more
Remark BH|(a), we finally see that the statements of both Theorem and Theorem
reduce to the nice short formula

A =q FH(HAH. (6.1)

In the paper [I] the so-called weight enumerator state diagram has been studied for
codes with degree one. They are defined as the state diagram of the encoder where
each directed edge is labeled by the weight enumerator of a certain affine code. A type
of MacWilliams identity has been derived for these objects [I, Thm. 4]. It consists of a
separate transformation formula for each of these labels. After some notational adjustment
one can show that the weight enumerator state diagram is in essence identical to the
adjacency matrix of the code. Furthermore, if stated in our notation, the MacWilliams
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identity in [T, Thm. 4] reads as

5 ¢ " TH00 + (¢~ D01 + LyerMy)) i (X,Y) =(0,0) (6.2)
Xy = ’
q_k_lH()\Qo +qAx,y — Ao — ZYE]F )‘LY) else.

In the sequel we will briefly sketch that this result coincides with Identity (E1J). In order
to do so use again fxy as introduced in (EZ). Then (ET) turns into

Axy =q¢ FH((_y x) for all (X,Y) € F. (6.3)

Now we are in a position to derive ([E2)). Consider first the case (X,Y) = (0,0). Recalling
Theorem E7 Proposition BI3, and Remark B5a) we find

qlop = W = DY Axy=Xo+ > dov+ Y Y Axy

(X,Y)eF Y €F* XeF* YeF

= )\070 + (q — 1) )\071 + Z )\1,y .
YeF
Using (E3]) this yields the first case of ([E2). For the second case let (X,Y) € F\(0,0).
Since At = {0} and (ker )+ = F one observes that in Theorem E7 the third case has to
be applied. Along with Proposition and Remark B (a) this yields

1 1
qE_Y’X - q_—l (q Z >‘Z1,ZQ - WG(CC)) = ﬁ <q Z )‘aX,aY - WG(CC))
(Z1,Z2)e(-Y,X)+ a€clR

1

“ i1 <Q(q —1DAxy +qlopo — Z )\Zl,Zz)
(Z1,22)eF
1
=g Axy + oo — -1 Z AZ1. 2o = qAxy + X0,0 — Ao — Z ALy
(Z1,22)€F\{(0,0)} YeF

Combining this with (83)) leads to the second case of (E2).

Conclusion

In this paper we studied the adjacency matrices for convolutional codes. We introduced
a transformation consisting of conjugation with the MacWilliams matrix followed by en-
trywise application of the MacWilliams Identity for block codes. We proved that the
resulting matrix coincides up to reordering of the entries with the adjacency matrix of
the dual code, and we presented the reordering mapping explicitly. This result can be
regarded as a weak MacWilliams Identity for convolutional codes. However, we strongly
believe that the reordering of the entries can even be expressed in terms of an isomor-
phism on the state space, and indeed, we proved this statement for a particular class of
convolutional codes. The general case has to remain open for future research.
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