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On the Number ofi-Perfect Binary Codes:
a Lower Bound

Denis S. Krotov and Sergey V. Avgustinovich

Abstract— We present a construction of1-perfect binary codes, which
gives a new lower bound on the number of such codes. We conject
that this lower bound is asymptotically tight.

Index terms—automorphism, lower bound, perfect binary codes

I. INTRODUCTION

The paper is devoted to the problem of enumeration-perfect
binary codes. Such codes, as any optimal codes, are extoinjeats
of the theory of error-correcting codes. In addition, perrfeodes are
a special type of combinatorial configurations. The cormsioa of
1-perfect binary codes presented in the current paper ghesnost

Il. PRELIMINARIES

Let F" (Fg., F&4) be the set of the binarg-words (with even or
odd number of ones, respectively) with the Hamming distahead
mod?2 coordinate-wise addition. Givenc F", putwt(z) £ d(Z,0).
The neighborhoodof S C F™ is the set(S) = .. Q(Z) where
Qz) £ {g € F* |d(7,7) = 1}.

A setC C F" is called adistanced code (of lengthn) if the
Hamming distance between any two different word<’inis not less
thand. An extendedl-perfect codeis a setC C F%, such that the
neighborhoods of the words @f are pairwise disjoint anf(C) =
FZ,. It follows that C is a distancet code of cardinality|C| =

zeS

powerful known class of such codes and leads to a lower boand d.l/n = 2"7'°¢"~" andn is a power of2. On the other hand, if the

their number.
The first known construction [13] of nonlinedrperfect binary
codes gives the lower bound

n
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on the numbeB(n — 1) of 1-perfect codes of length—1 = 2™ —1
(here and in what follow¥g meandog,). This bound was improved
in [3] and [9], where some useful ideas exploited in this papere
proposed. The best known lower bound [6] is

n _

logZ —1

B(n—-1) > 1)

The result of [6] was formulated in the terms of a partial cH<g
of the generalized concatenation construction (see, [@4]), which

codeC C Fg, has distance and|C| = 2"~'°¢"~!, then, obviously,
C is an extended-perfect code. In what follows we assume=
2™ > 16.

The following formulas define some useful s&ts, A* ¢ F%, and
give a representation of the extended Hamming code:

t

vt &2 {(0,0,0,...,0)€ F"|v e F& '}, @)
t=1,....m—1
AL &2 vt
AL &2 Vi AT = | (rr AT, 3)
revt
t=2,....m—1
H & aA™ % 4

allows to construct-perfect binary codes from distan2e-ary MDS  The following is straightforward:

codes (only the casg = 4 is useful for the lower bound), ai-ary  proposition 1: The setH defined by [(#) is a linear extended
quasigroups (of ordet). The lower bound on the number afary perfect code, i.e., the extended Hamming code (see e. §1[g]),

quasigroups of ordet given in [6] is asymptotically tight [7], [12]; which is the only linear extendettperfect code, up to coordinate
therefore, such a way to evaluate the numberlgferfect binary permutation.

codes has been exhausted.

The best known upper bound [1] on the numbet -gferfect binary
Codes is‘22n*(3/2)logn+log log(en).

The local-automorphism method presented in this work igtéun
development of the methods [13], [3], [9], [6]. Since theseone-

We say that a set¢ C Fg, is a component of order €
{1,...,m — 1} if |G] = |A" and Q(G) = Q(A"). Lett €
{1,...om—1}andg € F*" " x 02" "; we say that a set
M C Fy., is a p-component(of ordert) if M = G + i for some
componentG' of ordert.

to-one correspondence betweksperfect binary codes and extended | et Aut(F") denote the group of isometrieB™ (it coincides

1-perfect binary codes, the results are formulated in tefretended
1-perfect binary codes.

This is author's version of the correspondence in
IEEE Transactions on Information Theory 54(4) 2008, 17865| Digital

with the automorphism group of the distance-one graph™dy. It is
known that each isometry € Aut(F™) has a unique representation
g(-) = v + «(-) whered is a shift vectorfrom F" andr is a

"€oordinate permutation. Ifr = Id, i.e., g(-) = v + -, then the
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group of isometrieg; of F™ such thatg(S) = S. For a collection
S ={S1,...,S5:} of subsets off™, by Aut(S) denote the group of
isometriesg of F™ such that for eacly € S the setg(.S) is also in

S. In what follows we use calligraphic letters to denote sohgs

of Aut(F™). Put

A" 2 Aut(Q(AY))

where A? is specified by[(B).

Proposition 2: (a) Lett € {2,...,m—1} and let for eachi € V*
the setB; be ap-component of ordet — 1. Then the setB =
Uaev+ Br is a component of order.
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7, we see

(b) If B is a component of ordefr and ¢* € A, theng’(B) is a wherep is some permutation oli’*. So, we see thdi-(-) £ p
component of ordet too. h(¥ + -) belongs to.A'"*. Then, replacing® by § = p~*
(c) A component of ordem — 1 is an extended -perfect code.  that [8) holds withg}; £ h,59sq-

Proof: (a) follows from [3), the definition of a component of So, using[(b), we can step-by-step replace the operators A*
order ¢, and the equality(i + A*~') = Q(Bg), which holds by by d... € D', starting from¢ = m — 1 and finishing witht = 1. =
the definition ofi-component of ordet — 1. Therefore the following construction gives the same setaafes

(b) and (c) are straightforward from the definitions. m as Constructiofill.

Construction 2 (LA, upper bound)Assume that for any integer
m t € {2,...,m} and for any words’; € V%, i =¢t,...,m — 1, we

€ D'~ in particular,g € D™~'. Then the set

Propositior[ P is all we need to see that the following coms$ion  gefined by the formulag5) is an extendegerfect code.
leads to an extendettperfect code. The idea of the construction is As we will see below (Theorefl 1), almost at (+ ~o) codes
to take the Hamming code and apply isometrieg'dfto parts of the represented by Constructibh 2 have a unique representatiorihis
code in such a way that the neighborhood of the part does moigeh  gives a good upper estimation
We call such isometrielocal automorphismsa local automorphism
acts on a part of the code and does not change the neighbodfiood

THE LA CONSTRUCTION OFEXTENDED 1-PERFECTCODES

that part. At the first stage we take components of ordes such
parts; at the second stage, components of dzdand so on. At the
last stage, we “turn” the whole code.

Construction 1 (LA — local automorphismsiissume for any in-
tegert € {2,...,m} and for any words’; € V', i =t,...,m —
we have a local automorphiswt, ...~ , € A'™"'; in particular,
g € A™ ! Then (as follows by induction om from Proposition

[2) the setC represented by the following formulas is an extende

1-perfect code.

Ab, s BV eV
Af?t+1,._,Fm,1 £ U (Ft +gFtwﬂ“mfl(Af“:,.l_,?m,l))7
FreV?
t=2,....m—1
C 2 g(A™ ). (5)

In Construction lL each code can be obtained in more than ofE ...

way. To evaluate the number of the codes that can be corstirirct
this way we need stronger restrictions on local automomsis
Let

B' 2 Aut(A")

B éAut({HQ(At’l)}Fevt), t=2,...,m—1

Foreacht = 1,...,m—1 we fix a setD’ of representatives of cosets
from At/Bt. Moreover, we choose the representatives in such a w;

that the following holds: for two coset®:, D> € A*/B* and their
representatived;, ds € D*, di € D1, d2 € Da, the equalityD; =
7Dy with some translation implies di = 7d» (this condition is
essential for the definition of degenerate collection arap&sition 3
below).

It can be shown by induction that

Proposition 3: The restrictiongr,,....-,, , € D'~' do not reduce
the set of codes that can be represented by (5).

Proof: Assume that

N R GE ()
FeV?t

where GL™! is a component of order— 1 and g- € A'~! for all
7€V Letg € A® andg = dh whered € D andh € B*.
We claim that

g(G") =d(G"") where G2 U (@+95(Gha"))
gevt

(6)

for someg; € A*~"' and permutatiorp : V* — V*. Indeed, by the
definition of B¢, for all 7 € V* we have

h(F+ QAN =p ' F QAT

m—2
Kra(n) < |'Dm*1| H |Dt|‘Vt+1HVt+2"<“"Vm71‘
t=1
for the numberK,4(n) of different extendedl-perfect codes of
lengthn obtained by the method of local automorphisih8) i. e., by
Constructiof Il of]2. To show that the number of different LAle®
is close to this value, we need some more restrictiong-0n. =, _,.
AssumelL is a linear subspace df™ and for eachr € L we have
- € D' andgr(-) = 07 +7(+). We say that the collectiofigr }rc 1.
IS degeneratéf the following conditions hold:
e the permutationr= does not depend on, i.e., 7= = = for all
rekL;
o the set{r + v |7 € L} is an affine subspace df".
Otherwise we say thafgr}=c1. is nondegenerate
Construction 3 (LA, lower bound)tn addition to the conditions
of Construction 2 we require that the collectigr,,.....7,,_,
{gre,im_1 € D' '}reve is nondegenerate for every <
, M — 1}, Ti41 € Vt+1, ey Tm—1 € ym-l

@)

IV. CALCULATIONS

In this section we establish some facts concerning thetsteiof
order+ components and related objects, on which the main result is
based. GiverG C Fg,, put

O(G) = {7 € Fg, |(z) C QG)};

clearly, G C ©(G) and Q(O(G)) = Q(G). The following fact is
o straightforward:

Proposition 4: For eachG, G’ C Fg, the equality(G) = Q(G)
meansO(G) = ©(G’) and vice versa.
For eacht = 1,...,m andz = (Zo,...,%s_;) € (F*" )% =
F™ define the generalized parity check

Proposition 5: Let 1 < t < m—1; then the following claims hold:
(@) p'(z) =0 for all z € A%
(ar) |At| _ 227”7’5(2t71)7t;
(b) A" = {z € F" |wt(p'(z)) = 1};
(b) (A = 22" e,
(c) if t <m —1, then©(A*) = {7z € F™|p'(z) = 0};
©)if t <m —1, then|©(A")| = 22" "C"-1,
() ©(A™ ) = F.

Proof: (a) and (') are straightforward from the definition of

A*,

(") Since the code distance ef* is 4, we have|Q(AY)| = n|A’|.

(b) It follows from (a) thatwt(p(z)) = 1 for all £ € Q(A"). On
the other hand, by (b’), we hay@(A")| = [{z € F" |wt(p'(z)) =
1}



(c) It follows from (b) thatp’(z) = 0 implies z € ©(A'). permutation subgroup an®’ C B! is the translation subgroup of
Assumep’(z) # 0. If ¢t < m — 1, then there isj € Q(z) such B'.

8

that wt(p'(g)) > 1; therefore,z ¢ O(A"). Using Propositiof}6(d), we see that an arbitrary permutatiom
(c") follows from (c). O" does not break the columns ff ;):,; and, moreover, in each
(¢ It follows from (b) or (b) that Q(A™ ') = F&,; thus column the permutation does not change the parity of rowesiad or

O(A™ Y = F.. B changes the parity of all row-indexes. (Indeed, in the ¢asen — 1
In what follows we will use the ‘array’ representation of relents for any other coordinate permutation we can find a weigh® or

of F™: weight4 word z such thatz satisfies[(B) butrz does not.) It can be
- (xf),o, " xégmft,l, xﬁ,o, L xétfl’szt,l) _ (xﬁ,j)i,j directly checked that all such permutations belong3to

(o) In the caset = m — 1 the groupB® contains some other
where indexesi, j change in lexicographical order. I.e., for eachpermutations and this case can be easily calculated directl m
t=1,...,m—1an element in F" can be viewed a8’ x 2™ *- Corollary 1: |D™ 7| = n!/6((n/4)))*. If t < m — 1, then

array ogm—t gm—t

b xt e T ¢ 2" 1o 2

( e T e ) D7l =2 (2(2*1!)2) =2 <§ [QH ) )
LEt l’t e l’t _ . n : n
26-1,0 2t —1,1 2t-1,2m=t 1 In particular, |D'| = 2, |D?| = 2- 31, |D?*| = 2-35%, |DY| =

In these termsp(z) is the sum of rows of(z} ;) ;. For further 2- 643576 .
calculations, we introduce the sets We say that an ordercomponent’ is bold if <G> = B* where
1A o1 <G> means the affine span ¢ (i. e., the minimal affine subspace
B =V including G; if G > 0, then the affine span coincides with the linear
Bt A& Vt+@(At71), t=2,....,m—1 span).
The next proposition helps us to see that all codes given by

Proposition 6: The setsB? satisfy the following properties: ; L .
P fy g prop Constructior B are pairwise different.

t_ = n t=\ _ N t — .
(d) B ={z e F"|p'(z) =0 and ) ;ﬂixw 0}; ) Proposition 8: Let 1 < t < m — 1; for each7 € V! let G be a
() |BY = [©(A)]/2: > bold order{t — 1) component ang; € D*~*. Put
n gt
(d) Aut(B?) = B. G2 | F+97(Gr)).

Proof: (d) and (d’) are straightforward. Far= 1 the claim

FeEVt
(d") trivially holds. Assumet > 1. Using Propositiorl 4, we get v
Bt = Aut({7 + (A" ") },cv+). Moreover, Then . . . .
(a) G is bold if and only if the collectiorq gr }-cy+ is nondegenerate;
~ 1 B ~ 1 (b) if g~ € D! andG% is an order(t— 1) component for alF € V*
Aut({F + (A" D}trevt) = Aut( Lgt(r +6(4 ))> (it is not necessary to assume ti@@t are bold), then
TE
= Aut(B") G= | 7 +9:Gh)

because, as follows from Propositioh 5(c), the sets©(A* ') are eV
connected components of distarzgraph of BY. m impliesG; = G- andg; = g- forall 7 € V"

Proposition 7: Let1 < t < m—1; then the following claims hold: Proof: (a) By the definition of bold component we have
(@) if t < m —1, then A* = (P* £ Q) < R* where <Gr> = B""!; thus

« for groupsG and G’, the notationG < G’ means a semidirect <G> = < U (7 + g-(Gr))>

product with a normal subgroug@’;

FeEV?
e P! ~ S,m—_: is the subgroup of column permutations :
. =< 7+ g7 (<GF>))>
(@)1 — ()i U rror(<6>)

o O ~ (SQt)2m7t is the set of collections of permutations in i i1
every column(go, . .., dom—r_1) : (2} ;)ig = (2, 3).5)id0 =< Ut(H—gf(B ))>
m— ’ FeV
e RY~ 22" "D i the set of translations+, z € ©(A");
@) A™ "t~ 8, K 257 L
(b) if t <m — 1, thenB* = (P* £ Q") K R" where

Sinceg-(B*™1) is a half of©(A*~1), the affine sparcG> coincides
either with |\« (7 + ©(A'™")) = B (i.e., G is bold) or with
Urev: (F+ g=(B*™1)) (G is not bold). It is clear that the last case

~ et A
« Q' (S2m/<7t(5%t71)2)2 Q' C QY occurs if and only if the setg-(B~'), 7 € V*, are translations of
« Rt~ 73" 7Yl is the set of translations:, 2 € V' +  each other (i. e.g- have a common coordinate permutation) and the
O(A"™ ') wherer:(z) £ z + 2. translation vectors compose an affine functionioh
() B™ ' = A™2 L {75, T(11110...0) }- (b) It suffices to show that for arbitrary,g’ € D'~' and

Proof: (a) First we observe thatl’ = Aut(©(A")). Since, by bold componentsGo, G of order ¢t — 1 the inequalityg’ # g
Proposition[5(c),0(A") is linear, it holds A® = O' < R where implies ¢'(Gg) # g(Go). This holds because, by the definitions of
O! C A" consists of coordinate permutations aRd C A’ is a D'~ ' and bold components and the fact tiglt ' = Aut(B'!)
group of translations. (Propositior 6(d")),g’ # g implies ¢'(<G(>) # g(<Go>). [ |

It follows from Propositiorb(c) that?® consists of the permu-  Proposition 9:If 1 <t < m — 1, then the number of degenerate
tations that do not break columns, i.e., an admissible petion collections{gr € D'}.c\ 11 is |D| - [VIT].
permutes columns and permutes elements in each column. Proof: Assumel <t < m — 1. As follows from Propositiofi]7
(@") follows from Propositiod 5(c”). and the fact that9(A')/B* = 2 (Proposition[$(d’)), for each
(b) By Propositior[E(d”),Awe hav@i: Aut(B"). Since B' is  coordinate permutation there are2 or 0 elementso such that the
linear, it holdsB' = O' K R' where O' C B' is the coordinate automorphismo + 7(-) belongs toD*. Thus we have:



1) The number of different coordinate permutations T is
|Dt|/2.

2) For each admissible coordinate permutatiothe number of
collections{z + 7(-) }rcy¢+1 Of automorphisms fronD* such that

the code is the dimension of its affine span; we say thh{parfect
code of lengthn — 1 is of rank +p if its rank is rz + p where
ry is the dimension of the linearperfect code (Hamming code) of
corresponding length. (The notion ‘affine span’ means theesas

the set{7 -+ | ¥ € V'*'} is an affine subspace equals the number dinear span’ if the code contain, but the affine span is invariant

two-value functionsf : V' — {51, 0, } satisfyingf(71) + f(72) +
f(73) = f(F1 +72+73) for any 7y, 72,73 € VT, i.e., the number
2|V of affine {0, 1}-value functions ori/***,

By the definition of degenerate collection, the propositisn

for the code translations.) We know that the LA constructipves
almost all codes of rank-1 and almost all codes of rank2 (and,
of course, some other codes). Moreover, if the affine sparxésl fi
then the number of-perfect codes of rank-1 equals asymptotically

proved. [ ]
22%7101;3 1
V. ALOWERBOUND ON THENUMBER OF 1-PERFECTCODES
Denote byIN(LA(n) the number of different extendetiperfect and of rank+-2,
codes given by Constructidd 3.
Theorem 1:The extended -perfect codes from Constructibh 3 are 22%—logg - (32%—1 . 22%—1%2 —1)

pairwise different. The number of such codes equals

7% m—1 s £ Vit " [Vigal [ Vin—1l
Kra(n) =|D |H(|D Vel D |'|Vt+1|)

t=1

g

)2
2.2 [k/Q)
o —los gk —1
£ YF o3
_[k/Q] .9

In particular, K,.(16) = 15692092416000000, I:(LA(32) ~
2236379 The following is the asymptotic formula fak ., 4 (n):

Eod
[
N
Kl
&
w3

m—2
|'D7”*1| H |Dt|‘vt+1HVt+2"‘“"Vm—1‘

t=1

RLA(TL) ~

o1
-(6435%2"° .

(G ) o

Proof: The number of ways to define an éxtendenerfect code
using formulas[{p) with restrictions of Constructigh 3 camn dmsily
calculated by Corollary]1 and Propositich 9. Proposifibrugrgntees
that different local automorphisms give different codes. [ ]
Since there is a one-to-one correspondence (deleting sheyebol)
between extendedl-perfect codes and-perfect codeswe have the
following:

Theorem 2 (A lower bound)The numberB(n — 1) of 1-perfect
binary codes of lengtlh — 1 = 2™ — 1 satisfies

B(n—1) > Kpa(n) (10)

where the exact expression and the asymptotic fornﬁrgjg(n) are
given in Theorenf]1.
As we can see, the previous lower boutid - (32

22777 [6] consists of two multipliersK = 2, 4) of ().

logZ —1 21

(if we do not fix the affine span of code, then these values meist b
multiplied by the indexem!/Q"/Q(g -1)(3-2)...(3 — %) and
n!/24”/4(% —1)(§ —2)...(% — %) respectively). This knowledge
comes from the representation bperfect binary codes of rank1
and+2 [2] and the asymptotic numbaf+122"+1(140(1)) of n-ary
quasigroups of ordet [7], [12].

Remark 1:All the codes given by Constructidd 3 have the rank
deficiencyRD = 2 (the maximum rank of extendeldperfect binary
codes of lengtm > 16 equalsn — 1, see [4]; so, the rank deficiency
is defined aRD(C) £ (n — 1) — rank(C)) and (as follows from
the bounddim (kernel(C')) > 28P(©) for binary 1-perfect codes of
rank at least+2, see [11, Corollary 2.6]) the dimension of kernel at
least4, wherekernel(C) £ {k|C + k = C}. The last fact means
that the construction gives at least

Kpa(n)
nl2n—>5

nonequivalent extendetperfect binary codes of length and

RLA(TL)
(n —1)127=5

nonequivalentl-perfect binary codes of length— 1, wheren!2m 1
is the number of isometries dfy, and (n —1)!2"! is the number
of isometries of ™.

Yes, ConjecturE]1 implies that almost all (extendegherfect codes
have the ranke — 3, which is not full (- — 1 for extended!-perfect
codes of lengtm), and even not fore-fully/{ — 2). This lacks support
from the lengthi6 codes, see [15] (the most part of codes has rank
14 = n — 2, but the number of full-rank extendedperfect codes
of length 16 is small indeed, see. [17],[18]), but the LA construction
has not “gathered power” when= 16 (m = 4). Indeed, form = 4,
among the three multipliers dfl(9), the first orte={ 1) is almost the
same as the second+£ 2), and the multipliem!/6((n/4)!)* is the
largest, while asymptotically the first multiplier is the sagowerful
one. On the other hand, the fact that almost all codes havéutiot
rank can be expected. For example, this holds4fary distance2
MDS codes #-ary quasigroups of ordet, see [12], [16]); the rank
(over Z2) has three different values for these codes (rank 1 for

Conjecture 1: The lower bound[{T0) is asymptotically tight, i. e. linear codes of length, rankn—% = log, |Z3" 71| for ‘semilinear’
@) is the asymptotic number of-perfect binary codes of length codes, and rank), but the class with the middle rank value is the

n—1=2m—-1.
This conjecture is supported by our knowledge abbyterfect
codes of small ranks, i.e., of rankl and of rank+2. The rank of

most powerful. It is also notable that the number of noneglaivt
order16 Steiner quadruple systems of full ramk is smaller than of
rank 14 [5].
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O uncie 1-coBeplIeHHBIX ABOMYHBIX KOJOB: HUXKHsA OIIEHKA

. C. KPOTOB, C. B. ABI'NCTHUHOBY

AnHOoTanmua

IIpenmoxkena KOHCTPYKIMS 1-COBEPIIEHHBIX JIBOUYHBIX KO-
JIOB, JAIOIIAsI HOBYIO OIEHKY CHU3Y YHCJIA TAKWX KOAOB. MbI
peanojiaraeM, 9To 3Ta OINEHKa aCUMIITOTHYECKH TOYHA.

Kaouesvie caro6a — aBromopdusm, OMEHKa CHU3Y, COBEP-
MIE€HHbII IBOMYHBIA KO,

1 Bseaenune

Pabora mocssiena mpobiiemMe mepedncienns 1-COBepIIeHHbIX
JBOUYHBIX KOJOB. TaKI/Ie KOAbI, KaK 1 JIIO6bIe OIITUMaJIbHBIE
KO/JIbI, SIBJSIIOTCS SKCTPEMAJIbHBIMA OOBEKTAMH TEOPHH KOP-
PEeKTUPYIOMUX KOA0B. B TO 2Ke BpeMsi, COBEPIIIEHHBIE KOIbI —
9TO 0COOBIit BU KOMOMHATOPHBIX KOoH(puUrypamuit. Koncrpyk-
oA 1—COBepH_IeHHbIX JABOHUYIHBIX KOJIOB, IIPEIJIOKECHHAA B Ha-
crosreii pabore, TaeT CaMbIi MOIIHBIN M3BECTHBINH KJIACC Ta-
KHX KOJOB U IIPUBOAUT K OICHKE CHU3Yy HUX 4HHUCJId.

[Tepsas ussecruas koucrpykuus [13] nesuneiinbix 1-cosep-
LIEHHBIX JBOUYHBIX KO/IOB JIA€T OIEHKY

L

92%

L

921

L

n n
710g§71 22§

710g%71 710g%71

Bn—-1) >

uyncia B(n — 1) Takux KomoB miamHbl n — 1 = 2™ — 1 (31€ch
u gajee jiorapudM uMeeT OoCHOBaHUE 2). DTa OLEHKA YIIyd-
wasiach B [3] u [9]; Hekoropble uaeu, peJIOKEHHbIE B 9TUX
CTaThbsX, UCIOJB3YIOTCA U B HacTosmel pabore. Hammydmras
u3BeCTHAs paHee oueHka cHuly [6] umeer Bux

n

227

n _

. 921

n_y

. 327

—logZ -1 logZ —1

Bn—-1) >

(1)

Pesynbrar [6] chopmynupoBan B TepMUHAX YACTHOIO CJly4asi
[10] oGobmieHHoit KackaaHO KOHCTPpYKImH (cM., Hamp., [14]),

IEEE Transactions
1760-1765, DOI

*T0 aBTOPCKHUII [E€peBOS 3aMETKH B
on  Information  Theory 54(4) 2008,
10.1109/TTT.2008.917692, (©2008 IEEE.

TMaTepI/IaH HACTOSIIEH 3aMEeTKM YaCTHUYHO JOKJaJbiBajcsa Ha 10it
Mexaynapoguoit Koudepennuu no Anrebpantteckoit u Kombunaropuoit
Teopuu Komupoauus ACCT-10, 3senuropoy, Poccusi, cenrsiops 2006,
u, B KpaTkoii ¢dopme, Ha Bcepoccuiickoit koudepennuu “J/luckpeTHbIH
aHasm3 u ucciaegosanue onepamuil’ DAOR’2004, Hosocubupck, Poccust,
uioHb-ui0Jb 2004, [c.95.

tAgnpec asropos: MucTuryr maremaruku um. C. JI. CoGosesa CO
PAH, npocnekt Akagemuka Komriora 4, HoBocubupck, 630090, Poccus
(e-mail: krotov@math.nsc.ru, avgust@math.nsc.ru)

KOTODbIH [MO3BOJIIET CTPOUTH 1-COBEPIIEHHBIE JIBOMYHBIE KO-
nbl w3 g-uaabix MJIP-kon0B ¢ paccrognuem 2 (a1 HUKHEHR
OLIEHKH MOJIE3eH JIMIIb Caydail ¢ = 4), uim n-apHbIX KBa-
surpynn (nopsizika ¢ = 4). Huxkuas oneHka 4yucia n-apHbIX
KBa3urpyiul uopsijaka 4, gannas B [6], acumuroruuecku rouna
[7],[12], ciaenosarensuo, sror cuocod oueHku ducia 1-cosep-
IMIEHHBIX JTBOMYHBIX KOJIOB MCUYEPITaH.

Haunyuwas ussecrnas ouenka csepxy [I] uucia 1-cosep-

on—(3/2)logn+log log(en)

IIIEHHBIX JTBOMYHBIX KOJIOB UMEET B, 2 .

Mero;, J10KaJIbHBIX ABTOMOP(MU3MOB, [IPEJJIOKEHHbIN B Ha-
crodineil pabore, ABJIAETC TAJbHERIITNM PA3SBUTUEM METOIOB
[13],[31,[9],[6]. ITockombKy mMeeTcsi B3aMMHOOJHO3HAYHOE CO-
OTBETCTBUE MEXKIY 1-COBEPIIEHHBIMU JIBOUYHBIMU KONAMU W
PACIIUPEHHBIMY 1-COBEPIIEHHBIMUA TBOUIHBIMUA KOJAMU, DE-
3yJbTaThbl C(OOPMYIUPOBAHBL B TEPMUHAX IIOCJIETHUX.

2 IlpenBapuresibHble CBeJIeHUA

Mycrs F™ (F2 / FZ) — MHOXKECIBO JIBOUYHBIX M-CJIOB (C
9YeTHBIM / HEYETHBIM YHCJIOM €JWHHI], COOTBETCTBEHHO) C
merpukoil Xemmuura d(+,) U HOKOODAMHATHBIM CJIOXKEHM-
eMm mo momymio 2. s cioBa & € F™ ompenenum ero eec
wt(Z) = d(z,0). Oxpecmmuocmvro muozkectsa S C F™ Gynem
cuutars Muoxkectso Q(S) £ (J..q Q(T), rae Qz) £ {§ €
F"|d(y,z) =1}.

MuoxkecrBo C' C F™ Ha3blBaeTCsd K0JOM C PACCTNOAHUEM
d (daunwe n), eciu paccrosiuue XeMMUHIA MEXK/Y JIIOObIMU
JByMsi passinmyHbiMu cioBamu u3 C' He menblre d. Pacwu-
pennoili 1-cosepwennoti Kod — takoe muoxkectso C C F,
91O OKpecTHOCTU CjioB u3 C' IOmapHO He MEPeceKaloTcs U
Q(C) = F,. Kak caeayer u3 oupenenenust, C' CyTb KOZ C
paccroguuem 4 momuoctu |C| = |F% |/n = 2n~len—1 y n —
crenenb apoiiku. C apyroit croponst, jaobdoit kox C C FJ ¢
paccroarmem 4 mommoctu |C| = 2771°8"=1 ogepuano, cyTh
pacumpenHbiii 1-coBepuiennbiit Koz, Jlasiee Mbl cuuTaeMm, 410
n =2M > 16.

Caenyromue GhOpMyJIbl ONPEIENSIOT HEKUE BCIIOMOTATE b
Hble MHOXKecTBa, Vi, A C F u naior npejcTabieHue paciiy-
PEHHOrO KOMa XEeMMUHIA:

TeS

vVt 2 {(3,5,0,...,0) € F"|o e F2" '}, (2)


http://arxiv.org/abs/math/0608278v3
http://arxiv.org/find/grp_math/1/au:+Krotov_Denis/0/1/0/all/0/1
http://arxiv.org/find/grp_math/1/au:+Avgustinovich_Sergey/0/1/0/all/0/1
http://ieeexplore.ieee.org/xpl/RecentIssue.jsp?punumber=18
http://dx.doi.org/10.1109/TIT.2008.917692
http://math.nsc.ru/conference/DAOR'04/main.html
http://math.nsc.ru/conference/DAOR'04/main.html
http://math.nsc.ru/conference/DAOR'04/main.html
http://www.math.nsc.ru/conference/DAOR'04/daor4.pdf

t=1,....m—1
At 2 vt
At A Vt+At71: U(f-FAt*l), (3)
FEV?
t=2,....m-—1
H £ Am 1 (4)

Henocpencreserno mposepsiercst ciaemaytomuii pakr:

Ilpenmoxenue 1. Mnoowcecmeo H, onpedeasemoe ¢op-
myaamu @2)-@), seasemcs aunelinom pacwupentoim 1-
COBEPULEHHBIM KOOOM, TN. €. PACUWUPEHHbIM KOOoM Xemmurza
(cm., nanp., |8, §1.7]), xomopwii, xax ussecmuo, ecmov edun-
CcmeeHHbIll AUHEeTHUT pacwupennvill 1-cosepuennvili Kod, ¢
MOYHOCTIIBI0 00 NEPECTNAHOBKY KOOPIUHA.

Bynem rosoputs, uro MHO)kKecTBO G C F[! aBisiercst Kom-
nonenmot nopadxa t € {1,...,m — 1}, eciu |G| = |A'| u
QG) = QUAY). Iyers t € {1,....m—1} ufp € F?" " x
O"‘szt; Oysem rosopurb, uro muoxecrso M C FI' saBis-
ercs [i-komnonenmot (nopsaika t), ecnu M = G + g jys
HEKOTOPO# KOMIOHEHTHI (G MOpsiaka t.

ITycts Aut(F™) obosnadaer rpymmy m3omerpuit F™ (ko-
TOpas COBIAJAET C Ipymmoil aBroMopdu3mMoB rpada pac-
crosinuit 1 Ha Bepunax F™). U3BecrHo, 410 KaxKias u30-
merpus g € Aut(F™) mMmeeT eIMHCTBEHHOE IIPECTABICHUE
g9(-) = 0+m(:), tne ¥ — eexmop cdeuza u3 F™ u m mepecTaHos-
ka koopaunar. Ecqu m = Id, r.e. g(-) = 0 + -, T0O usomerpus
g Ha3bIBaeTcsa cdeuzom. s muoxkectsa S C F™ obo3nadamm
gepe3 Aut(S) rpynny msomerpmit ¢ € Aut(F") rakux, 9ro
g9(S) = S. Ona mabopa S = {S1,...,5;} nogmuoxkecrs F™
o6o3radnm vepe3 Aut(S) rpymmy msomerpuii g € Aut(F"™)
TaKMX, 9TO JJIs Kak1oro S € S MHoxKecTBO ¢(S) TakkKe mpu-
maagexut S. /lajgee Mbr 6y1eM UCIOIb30BaTH KAJLATpaduae-
ckue OyKBbI it 0603HadeHns noarpyn Aut(F™). ITomoxnm

A2 Aut(Q(AY),

rie A onpenensierca dbopmynavu ([2)-(3).
IIpennoxenue 2. (a) Hyemv t € {2,...,m — 1} u nycmo
dan Kasicdozo i € V' mmooicecmeo By ecmu fi-xomnonenma
nopadia t — 1. Tozda mnoocecmeo B = J, oy Bp a6asemea
Komnonenmoti nopsadka t.

(b) Ecau B — womnonenma nopadka t u g* € A', mo g*(B)
— makoice KOMNOHERMA NOPAIKa t.

(c) Komnonenma nopadka m — 1 A6AAEMCA PACUUPEHHBLM
1-cosepuwentvim x00oMm.

Aoxasameavcmeo: I1.(a) cnenyer u3 ([B)), onpenenenns kom-
NOHEHTHI mopsiKa ¢t u pasencrsa Qi+ A1) = Q(B;), koro-
PO€ BBIIOJIHSETCS 1O ONPEJIEJIEHHIO [i-KOMIIOHEHTHI MOPSIIKA
t—1.

ITu.(b) u (c) ciepyror UpsMO U3 OLIPEJEIICHUIA. O

3 JIA KOHCTpPYKIlus pacIInpPeHHbBIX |-
COBEPHIEHHBIX KOJ/0B

[pemmoxenus [2] mocrarodno, 4To0BI yIOCTOBEPUTHCS, UTO
KOHCTPYKIIWS, TTPUBEIECHHAS HUXKE, CTPOUT PACIIHPEHHbIE 1-
coBepIeHHble KOjbl. Vesi KOHCTPYKIME — CTaprys ¢ KOJa
XeMMuHTA, MPUMEHATH m3omerpuu F" K dacTsaM KOma Ta-
KM 00pa30M, 9T0ObI OKPECTHOCTH ITUX 9ACTEH HE MEHSIINCD.
MbI HA3bIBAEM TaKHe H30METPUU AOKAALHOLMY GETNOMOPPHUS-
MAMU; TIOKAJIHHBIA aBTOMOP(MU3M JIefICTBYeT HA YaCThb KOJA,
He MeHsIsl ee okpecTHOCTH. Ha mepBoM 3Tane Mbl 6epem B Ka-
YECTBE TAKUX Yacrell KOMIOHEHTBI MOPsiJiKa 1, HA BTOPOM —
KOMIIOHEHTBI HOpsAKa 2, u Tak Jajee. Ha nociennem srane
MbI “KpyTuM” BeCh KO/,

Koncrpykmusa 1 (JIA — nokanbable aBroMopdwus-
Mbl). Ilycmov das kasicdozo yenozo t € {2,...,m} u dan
Kaotcdozo caosa T; € V', i = t,...,m — 1 onpedeaen s0-

Kaavhoili aemomoppusm gr, ., € A7l 6 wacmmocmu,
g € A" L. Tozda (xax caedyem undyxuyueti no t us Ilped-
aooicenus [2) muoorcecneo C, npedcmasaernoe caedyouyumu
GopMYAAMU, ABAAEMCA PacuLUPerHbLM 1-cosepuentbim Ko-
dom.

AL . &2V eV
A 2 U (Rt grmn (A 1)),
eVt
t=2,...m—1
C & g(Am™h). (5)

B Koucrpykmun [0 kazxaprii ko mosrygaercsa 6oJee 9em og1-
HAM CIIO0cOO0M. UTOOBI OMEHUTH UUC/IO KOJOB, IOJIYIaeMbIX
TaKuM 00pa30M, HyKHBI 00JIee CTPOrue OrPDAHUYCHUS HA, JIO-
KaJIbHbIE aBTOMOPMU3MBI.

IlycTs

B' & Aut(Ah)

Bt £ Aut({F—FQ(At*l)};th), t=2...,m— 1
Hns xaxgoro t = 1,...,m — 1 3abuxcupyem MuOXKecTB0 DY

npejcrapuTeseii cmexxubix kaaccos us A!/Bt. Bosee Toro,
MBI BBIOEpEM IMPEJCTABUTEICH TaKuM 00pa30oM, YTOOBI BbI-
LIOJIHSLJIOCH CJIEYOILEEe YCJIOBUE: JJIs JABYX CME2KHbIX KJIACCOB
D1, Dy € A'/Bt u ux npeacrasureneit di,ds € DY, dy € Dy,
dy € Dy, paBerctBo D1 = 7Ds ¢ HEKOTOPBIM CIBHTOM T BJIE-
ger dy = 7dy (3TO yCIOBHUE CYIIECTBEHHO B ONPEIEJECHUN BbI-
poxaenHoro nabopa u B I[Ipenjoxenun [§ nuzxke).
ITo uHAYKIKMKM MOXKHO [IOKA3aTh, 4TO

t—1
IIpennoxxenne 3. Oepanuvenus gr,. . 7., € D He
YMEHDWAIOT MHONHCECTNB0 k0006, NPEICTNABAEHHBLT POPMY-

aamu (5.



Zloxaszameavcmeo: Ilycrto
Gt 2 U (7 + g-(GE)),
FEVY

rne GL~! — kommonenta nopsinka t — 1 u gz € A1 s Beex
reVilycrs g€ Al ug=dh,rned € D' u h € B'.
Mbl yTBEpAK 1a€M, 9TO

rne G4 U ((j—f—gé

gevt

9(G") = d(G"), G) (6

ans HekoTopsix gr € A'"! m mepecramosku p : V' — V7.
IeiicTBuTenbHO, O ompenenennto Bt nna xaxnoro ¥ € V?
uMeeM

h(F + QA1) = p~tF £ Q(ATY),

rae p — HeKoTopad mepecTanoBka Ha VY. Taxum obpasom,
MbL BuuM, 40 hi(-) £ p~ 7 + h(F + -) npunaiexur AL,
Hanee, mogcraBiass q = p_lf BMecTo 7, MblL BuguM, 4ro (6]
BBLIOJIHACTCH C g5 = hpggpg.

Taxkum o6pazom, ucnosb3ys (Bl), MbI MOXKeM mIar 3a marom
3aMennTh omeparoper g . € A’ wa d_ € D', craprys ¢ t =
m — 1 u 3akanumBad t = 1. g

CuleioBare/ibHO, ClIEAYIOIAd KOHCTPYKLMs JAaeT TO 2Ke
MHOKECTBO KOZIOB, uTo 1 Koncrpykmms [

Koucrpykuuss 2 (JIA, oumenka cBepxy). Ilycmo o
Kaotc0oz0 yeaoeo t € {2,...,m} u dan aobwux cros 7; € V',
C t—1.
i=t,...,m—1, mo umeem gz, . 5. , € D71 6 wacmnocmu,
g € D™, Tozda mnosicecmeo C, onpedersemoe dopmyramu
@), asasemes pacwupentom 1-cosepuwernoim K00oM.

Kak mbt yBugum nuxke (Teopema [, nouru sce (n — o0)
KOApL, upeacrasiaennsle Koncrpykuueii 2, umetor exuncrsen-
HOE IIPEJICTABJIEHUE, ITO JAET XOPOLLYIO OLEHKY CBEPXY

m—2
Ky a(n) < [P T D VeVl Vol
t=1

(7)

qucya K 4 (n) pa3nudHbiXx pacHIMPEHHBIX 1-COBEPIIEHHBIX KO-
JIOB JIJIMHBI 7, TOJIYYEHHBIX METOJOM JIOKAJIBHBIX aBTOMOD-
dbuszmos (JA4), 1. e. Koucrpykuueii [luau 2l Yrober nokazars,
9TO YUC/IO Pa3aMIHbIX JIA KOZ0B 6JIM3KO K 9TOMY 3HAYEHUTO,
MBI BBEJIEM €Il[e HEKOTOPbIe OIPAHUYECHU HA G, . 7 ;-

[Iycts L — nuneltHOE MOATPOCTPAHCTBO F™ U Aj1d KaxKa0r0
7 € L nveem g € D' u g-(-) = vr + 77(-). Bynem rosoputs,
910 HA0OD {gr}rer 6bIPOIHCIEHHBIT, €CTIM BBINOJHEHBI CJIELY-
IOIIUE yCJIOBUSL:

® 11EPECTAHOBKA T HE 3aBUCHT OT T, T.€. Ty = T JJI BCEX
relkL;

® MHOXKeCTBO {7+ U5 | 7 € L} ectb addunHOE 10AIIPOCTPAH-
ctBo F'™.

B nporusaOM citydae GymeM roBopuTh, 9To HaOOD {gr }reL
HeewuLPoCIeHH L.

Koucrpykmust 3 (JIA, omenka cumusy). Jonoanumenn-
1o K yeaosuam Koncmpyrwyuu [2 mor mpebyem, wmobo, na-
00p Cryyyom1 = {g7s,..70, 1 € Dt’l}ﬂevt OBl HEBBLPOHC-
dennvim Ona xascowr t € {2,....m —1}, 7q € VIFL
= m—1
Tm_1 €V .

4  Bpruauciienusa

B srom paszzene Mbl ycraHOBEM HEKTOPbIE (DAKTHI KACATEb-
HO CTPYKTYPbl KOMIIOHEHT MOPsi/JIKA ¢ U CBSA3aHHBIX C HUMHU
00bEKTOB, Ha KOTOPBIX 6a3UPyeTcs M0KA3ATEILCTBO OCHOBHO-
ro pesyabrara. g nogmuoxecrsa G C F monoxuM

O(G) 2 {z € F' |Q®z) C

oueuHo, G C O(G) u Q(O(G)) = Q(G). Cnenyrouumit dakr

TaK2Ke CjejlyeT HPAMO U3 Ollpe/lesIeHuid:

{ze QUG

IIpeanoxenune 4. Jas moboz nodmmnoscecme G,G' C FL
pasencmsa Q(G) = Q(G') u O(G) = O(G') sxeusarenmmoL.

Hus wkaxapix t = 1,..., ,Tot_1) €
(F2"")2" = F™ onpenenny 0G0BIIEHHYIO IPOBEPKY HA, UeT-
HOCTb

mu T = (Zo,...

2t—1
IAGEDPES
i=0
IIpenmnoxenune 5. Ilycmo 1 <t < m—1. Tozda svinosneros

medymuwe ymeeporcdenus:

) pt(z )zf) das ecer T € Al;
2’”*t(2f—1)—

(a
( 7

(b) (At)*{IEF”th( (7)) =1}
(7

(
(c
(¢

b) (A1) = 22" C e,
c) ecaut <m—1, mo@(At)—{xEF”|p( ) =0};

N ecaut <m —1, mo |©(AY)] = 22" @),

) ©(Am1) = F.

Jokasamenvcmeo: (a) u (a’) CaeayOT IpAMO U3 OIpeIese-

mua At

(b’) Tlockombky A! umeer KomoBoe paccrosiHue 4, umeem
(AN = n|A1].

(b) U3 (a) cnenyer, aro wit(p'(z)) = 1 ana seex T € Q(AY).
C npyroit croponbr, cornacho (b’), umeem |[Q(AY)| = |{z €
F [ wt(pt (z)) = 1} )

(c) Cornacuo (b), us pasencrsa p'(z) = 0 cnexyer T €
O(AY). donycrum, uro pt(z) # 0. Eciu t < m — 1, To naii-
nercst § € Q) rakoe, uro wi(p'(y)) > 1. Caenosareibho,
T ¢ O(AY).

(¢’) cnexer u3 (c).



(¢”) U3 (b) u (b’) cienyer, uro Q(A™~ 1) = F7 . orkyna
O(A™ 1) = Fn. O
asiee MbI GyzeM MOJIB30BATHC MPEICTABICHHEM JJIeMEH-

ToB u3 I B BuJe MaccUBOB:
= (ot t t t — (pt ). .
z = (20,0, oy L ogm—t_1,%1 05 '7;62"—1,27"4—1) = (‘Ti,j)hjv

e HHIEKCHI i, ] H3MEHSIOTCA B JTEKCUKOrPaIIeCKOM 0PI
ke. T.e. gaa gkaxxkgoro t = 1,...,m — 1 snemedr T u3z F"
MOZKHO IIPEJICTaBUTh KaK Marpuly pasmepa 2! x 2m—¢

¢
Loom—t_1

¢ t t
Lot 1,0 Lot_1,1 «++ Tot_qom—t_q
B srux repmunax p'(ZT) ecrb cymMmma CrpoK MaTpuip (] ;)i .
Jl71e maTbHEHITX BLEIMHCICHHH, OIpeIe/uM MHOKECTBA,
Vl
t t—1
Vi oA,

(1>

Bl

Bt & t=2,....m—1

IIpensoxxenne 6. Mnooicecmsa Bt obaadarom caedyroujumu

ceolticmeamu:
(d) B'={zeF"|p'@) =0u Y af;=0} (8)
j, 96€TH.©
(@) |B'| = |©(A")|/2;
(d”) Aut(B') = Bt.
[toxazameavcmeo: Iu. (d) u (d’) oueBuunbt. dua t = 1
yreepxkaenue (d”) TpuBmasHo BbimonHsiercs. IIycrs ¢ > 1.

[Monb3ysick [Ipemioxkenuem E nomywaem B = Aut({r +
O(A* Y };cv+). Bonee Toro,

Aut({F +O(A" }reve) = Aut(U (r+®(At_1))>

= Aut(B"),

LOCKOJIbKY, Kak caemyer u3 IIpemioxenus Bl(c), muoxecrsa
7+ O(A™!) apasroTca KOMIIOHEeHTaM1 CBA3HOCTH rpada pac-
croguuit 2 MHOXKecTBa Bt O

Ilpenmoxenue 7. IIycmo 1 < t < m — 1, moada eephvi
caedyrousue Parmon:
(a) ecaut <m—1, mo A' = (P* X Q") A R*, 2de

e Odas zpynn G and G’ obosnanenue G X G' ucnoavsyemea
0NA UT NOAYNPAMOZ0 npouseedenua, 2de G — nopmans-
HaA nodepynna;

o Pt ~ Som—+ — nodepynna nepecmanosor cmoabyoe | :

(@} 5)ig = (@ y05))iis

o Ot ~

60 6 Kascdom cmoabue (o, . . .

(S2t)2m7t — MH02ICECTB0 HADOPOS8 nepecmaro-
s om—i_1) ¢ (f )iy —
t .
(I¢j (i)vj)iﬂ- ’

o R ~ zZTEY

O(A");
() A"~ S, K Z37Y;
(b) ecaut <m —1, mo Bt = (P! £ Q') AR, ede

— MHOICECTNBO cO6U2068 Z+, Z €

o O ~ (S5 A (Spi-1)2)2""", Ot C Q;
o« Rt~ ngit(zt_l)_l — MHOHCECTB0 c06U2068 T3, Z € V4
O(AT™Y), 2de 72(%) £ 2+ 7.

(b)) B™~ =A™ L {15, T11110..0) } -

Joxasameavcmeo: (a) Bamerum chauana, uro A' =
Aut(©(A")). Mockombky 1o Ipemnoxkenuto Bl(c) muoxecTso
O(A?) nmmeitnoe, BoimosHeno pasencrso Af = O A RY, rue
Ot C A* cocronT mM3 nepecTaHoOBOK KoopauHaT u RY C Al —
IPYIIIA CABUIOB.

U3 Ipengoxenus Blc) cremyer, uro O cocrour u3 nepe-
CTAHOBOK, HE MEHSIONUX pa3bueHue Ha CTOJOIbBI, T.€. JIOIIY-
CTHMAas [IEPECTAHOBKA, [IEPECTAB/ISAET CTOIOIBI MEXK Ty CODOit
U IEPECTAB/IACT JIEMEHTbI BHYTPU KazKJI0rO CTOJIONA.

(a”) cnemyer u3 IIpemmoxenus Blc”).

(b) Mo Ipenjioxenuto B(d”) umeem B! = Aut(B?). Ilo-
CKOJIbKY MuOKecTBO B jiumeiino, spmonseno B = ot A R,
rae Of C B! — moarpymnma mepecTaHoBOK KoopAmHaT 1 R C
B! — noxarpynma casuros rpynmbr BY.

IMonb3yscey Ipennoxenuem [Bd), mbr Buaum, 910 1MIpOU3-
BOJIbHAS IEPECTAHOBKA, U3 O! e menser pa30ueHue Ha, CTOJIO-
LIl MaCCUBa, (xij)” u, 60j1€€ TOrO, B KaxKJI0M CTOJIOIE Iepe-
CTAaHOBKA HE MEHSIeT YETHOCTh MHIEKCOB CTPOK JINOO MEHs-
€T YEeTHOCTH OJHOBPEMEHHO BCEX UHJEKCOB CTPOK. ([leficTBu-
TEJIbHO, B ciry4ae t < m— 1 jig ja1060i Apyroil mepecraHoBKU
T MBI MOYKeM HAHTHU CJIOBO T Beca 2 uau 4 Takoe, 9TO T yHO-
sierBopsier (), a 7% — ner.) JIerko y6eauThCs, 4TO BCE TAKUe
HepecTaHoOBKU HpuHaIexKar BY.

(b’) B cywae t = m — 1 rpynma B' conepkut HEKOTOpbBIE
J100aBOYHbBIE IIEPECTAHOBKH, M 3TOT CJIyYail JIErKO [IPOBEPSACT-
CsI HEIIOCPE/ICTBEHHO. ([

Caenctsue 1. [D™~ Y =n!/6((n/4)))*. Ecaut < m—1, mo

211

= (o) 2(300))

B wacmmocmu, |DY| = 2, |D?| = 2-3%, |D3| = 2. 355,
|D*| = 2 - 643515

Bynem rosopurs, aro komnonenra G nopsiika t naommas,
ecn <G> = BY, rne <G> osnauaer abduaEyo 060I0UKY
muoxecrBa G (1. e. munumasibaoe abdUHHOE LHOALPOCTPAH-
cTBO, BKIIO9aomee G; B caydae G 3 0 apdumnag 060109Ka
COBIIAJIAET C JINHEHHOI 000TI0YKOIA).



Curenyroniiee npeiozKeHne NOSCHET, 0YeMy BCe KOJIbL 13
Koucrpykiuu [Bl monapuo pasjudmst.

Ilpenmoxenue 8. Ilycmov 1 < t < m — 1. Jlaa waorcdozo
7 € V! nyemv Gr ecmv naomnaa xomnonenma nopadxa (t—1)
u gr € DL, Ionosicum

G= U (7 + 97(Gr)).

revt

Tozda

(a) Komnonenma G naomuas ecau U MoAbKO ecat Habop
{grtrevt Heevposcienmbiil;

(b) ecau g € D™ u dan xaswcdozo 7 € V! mmoorcecmeo G
— Komnonenma nopadka (t — 1) (3decv mor ne nodpasyme-
saem, wmo kommnonenma G 00A3a4MENLHO NAOMHAA), TO U3
pasencmea

FeV?
caedyem G = Gr u gk = gr daa ecex T € V.

Jokazamenvcmeo: (a) Ilo onpeseaeHuio MIOTHON KOMIIO-
HenThl uMeeM <G> = B'~! orkyna

< U (F+QF(G?))>
reVt

< |J F+ ge(<Gr>))>
revt

< | C+g(B))>.
FeV?

<G> =

Hockonbky gi(B'™!) — momouna or O(A'™1), addunnas
obosouka <G> cosnanaer 6o ¢ (Jqcy. (F+ O(AF1)) = B
(r.e. G mnornas), 60 ¢ Jqcy (7 + g=(B*™1)) (G ne mnor-
Has). ZlcHO, 9TO moC/IeAHuI CIyYail UMEeT MECTO €CJIU U TOJIb-
Ko ecin MHOXKecTBa gr(B™Y), ¥ € V!, — capurm apyr apyra
(T.€. gr UMEIOT OMHY W Ty 7K€ TEePECTAHOBKY KOODIWHAT) W
BEKTOPbL CABUIOB 06pa3yior abdunnyio Gyuxuuio na V7.
(b) JocTaTogHo MOKA3aTh, 9TO s MPOU3BOJBHBIX ¢, g €
D! u nonmmbix komnonent Gy, Gfy nopaaka t — 1 us g’ # g
crenyer ¢’ (G) # g(Go). DTO BEpHO, MOCKOJBKY W3 ONpe-
nemernit D'~ ¥ HONHBIX KOMIOHEHT W paBeHcTBa B'™! =
Aut(B'~1) (Ilpepmoskenne [6(d”)) mmeem: g’ # g moapasyme-
Baer ¢'(<GL>) # g(<Go>). O
Ilpemgioxkenne 9. Fcau 1 <t < m — 1, mo wucao 8vipootc-
dernnvir nabopos {gy € D }rcyit1 pasno |DY| - [VEFL].

Loxazameavemeo: Ilycts 1 < t < m — 1. Kak cuexyer
u3 Ipeoxenus [7l u pasencrsa O(A')/Bt = 2 (Ilpemoxe-
ume [6(d’)), nrs kaxk ol nepecTaHOBKU KOOPIMHAT T MMEETC s
2 wym 0 371eMEeHTOB U TaKuX, 4T0 aBroMopdusm v + 7(+) npu-
magnexur Di. Orcioma mMeeM ciegyomee:

1) Yucsio pasiudHbIX 1epecTaHoBOK Koopuuar B D! pasHo
D|/2.

2) Just KaxKA0# JIOLYyCTUMOI 116PECTAHOBKU KOODIAMHAT 77
qucio Takux HaObOpoB {U; + m(+)}reyet1 aBTOMOPGDU3MOB
u3 D!, uro muoxkectso {F + U7 |7 € VIT1} ectb addbunnoe
MOIPOCTPAHCTBO, PABHO 9YHCJY JABY3HAYHBIX (QyHKIWH f :
Vil — {%1, 02}, ynosaersopsionux cootnoutenuio f () +
f(72) + f(73) = f(F1 + 72 + 3) mis mobbIX 71,72, 73 € VI
r.e. wucay 2|V adbdunnbix {0, 1}-3naunbix GyHKImit Ha
Vt-i-l_

Ilo ompermeneHuio BBIPOXKIEHHOIO HAOOpA, MPEIJIOKEHUE
JIOKa3aHo. O

5 HwuxnHaa oreHka
4qucJa 1-coBepHIeHHbIX KOJ0B

O6o3unauum uepe3 K, 4(n) 9UCI0 pa3IUIHBIX PACHIUPEHHBIX
1-coBepImeHHbIX KOJOB, MpeacTapagembrx Korncrpyknueii Bl

Teopema 1. Pacwupennoie 1-cosepwernnovie x00or u3 Kow-
cmpyryuu [ nonapro pasauvnw. Jucao maxux x00oe pasHo

m—2
Reatm) = [0 T (/' = D1 Vi
t=1

B 6(;!!)4 H

k=2,48,...,7

no_q

)|Vt+2\'~~~'|Vm—1\
2

B wacmmocmu, I}LA(IG) = 15692092416000000, IN(LA(32) ~

23363'79. Caedyrowas dopmyaa daem aCUMNIMOMUKY “UCAA
K, .(n):

m—2
Roian) v [t T o iteeste o

t=1

6 (%’)4 k=2,48,.... %

n _ n _
5 log2 1

L3528 92%
(6435210 L 92T e

()" =) 6 (n!!)‘*




Zloxasameavcmeo: Uucao crmocobOB OIpene/nTb PacIiu-
pennbiii 1-coBepmennsrtit kox o Gopmymram ([B) ¢ orpannge-
ausmu Korcrpykiuwm [ terko mocunrars npu nomormm Coes-
creus(lln Ipennoxenns [ [Ipennoxenne § rapanrupyer, aro
pa3audHble HAOOPBI JIOKAJTHHBIX aBTOMOP(HU3MOB JIAIOT Pa3-
JIMYHBIE KOJIbL. O

[TockombKy wmMeeTcsT B3aMMHOOTHO3HAYHOE COOTBETCTBHE
(yaasieHre moc/ieHero CUMBOJIA) MEXK/Y DACIIUPEHHBIMU 1-
COBEPIIIEHHBIMU KOJAMA U 1-CO8EPUIEHHBIMU K00AMU, TMEEM
CJIe Iy IOIIIEe:

Teopema 2 (Huxkusisi omenka). Yucao B(n — 1) 1-
COBEPULEHHBLL 080UNHBLEL K0006 daunv, n — 1 = 2™ — 1 ydo-
BAEMBOPAEIT HEPABEHCTNEY

B(n—1) > K, (n), (10)
2de MouHoe 8HLLPAdICERUE U ACUMNMOMUKE OAA IN(LA(TL) npeo-
cmasaens, 6 Teopeme [1l

n _

Kak JIerko 3aMeTHTb, IpeablIylmas OIeHKa 22°
no_q n
(32"

loggfl

) 221710g%71

2,4) nz (@).
T'unoresa 1. Ouenka [I0) acumnmomuuecku mowna, m. e.

@) — acumnmomura wucaa 1-cosepwennns dsouwHbLT K0J06
daunnt n —1=2"—1,

) [6] cocrour u3 nBYyx MHOXKHTesel (k =

OTa TMIO0Te3a MOATBEPIKIACTCI UMEOIeics nHdopManei
006 1-COBEpPIIEHHBIX KOJAAX MAJBIX PAHIOB, T.€. PAHroB +1 u
+2. Panz (rank) xoma — pasmepuocrb ero adduunoii obo-
JIOYKU; CKAayKeM, 9TO 1-COBEpIIEHHbIH KO/, JiuHbl 1 — 1 ecThb
KO/l paHra -+p, €CjJad ero paHr paseH ry + p, I'le ry — pas-
MEPHOCTb JIMHERHOrO 1-COBEpIIeHHOro Ko4a (K0o1a XeMMUHra,)
roit ke nymubl. (Tepmun ‘addunnas 0b6omouka’ o3HAIAET TO
2K, 4TO U ‘JuHelHad 060JI04Ka’ JIId KOJ0B, cojepxkamux 0,
Ho addunHag 000JI09KA WHBAPUAHTHA OTHOCHUTE/IHLHO CJIIBHU-
ros koza.) U3Becrro, uro JIA KOHCTDYKIMs JAeT IIOYTH BCE
KOIbI paHra +1 u mouru BCe KOAbI paHra +2 (4, pasymeer-
csl, Kozibl OoJIbIiero panra). Bojee Toro, ipu hbUKCUpOBaHHOMN
addunnoit 060/109Ke INUCTO 1-COBEPIIEHHBIX KOA0B paHra —+ 1
ACHMIITOTUYECKH PABHO

n _ n _
5 log2 1

22

3

a paHra +2 —

n _

22°

n _

. 921

logZ -1 logZ —1

ol )

(ecsn ne dukcuposarb addunnyo 000/104Ky KOzA, TO ITU
2

3HAMEHUS HYIKHO YMHOKHUTD Ha, n! /2" (5-1)(5-2)...(5—

) unl/24"/4(% —1) (% —2)... (% — %) coorsercrsenno). Dru

JAHHDIE CJIE/LYIOT U3 LPE/CTABICHHUs 1-COBEPLICHHDIX JABOUY-

HbIX K008 panra +1 1 +2 [2] u acammrormkm 3712271 (1 4

0(1)) uncaa n-apubx KBaszurpymn nopsaka 4 [7],[12].

3ameuanne 1. Bee konpr n3 Koncrpyknuu Bl umeror nedpu-
uur panra RD = 2 (MakcumasibHbL BO3MOXKHBINH paHr pac-
IAPEHHOTO 1-COBEPITEHHOT0 KOIA JJINHBI 1 > 16 paBer n— 1,
cM. [4]; rakum obpasoM, medUIMT paHra ONPEIEISeTcs Kak
RD(C) £ (n—1) —rank(C)) u (kak ciejpyer u3 HepaBeHCTBa,
dim(kernel(C)) > 2RP(©) g npomanbix 1-coBepIIEHHBIX KO-
2108 panra +2 u 6ousbiue, cM. [11), Corollary 2.6]) pasmepuocrb
anpa (kernel) me menbime 4, re kernel(C) £ {k|C +k = C}.
[Tocenumit bakT o3HAUALT, ITO KOHCTPYKIHS JaeT HE MEHee

Ko a(n)

nl2n—>5

HEIKBUBAJEHTHBIX PACITUPEHHBIX 1-COBEPIIEHHBIX JIBOUTHBIX
KOJ/IOB JJIMHBI N U

Ko a(n)
(n— 1)12n—5

HEIKBUBAJICHTHBIX 1-COBEPIIEHHBIX [BOUYHBIX KOJOB JIJTHHbI
n —1, tae n!2" "t — gucyao uzomerpuit FL u (n — 1)127~1 —
4ncsio u3omerpuit F7 L,

Ha, Tunoresalllmoapasymvesaer, 4ro nouTu Bee (PaCIupeH-
Hble) 1-CcOBepIIeHHbIE KOJIbI UMEIOT PAHI 1 — 3, KOTOPBIA HE
ABJIsAeTCs 10JAHbIM (1 — 1 jy1st pacIuMpPeHHbIX 1-coBEPLIEHHbIX
KOJIOB JJIMHbL M), ¥ JaKe He Lpeuionsbiii (n — 2). 1o ue
HOJTBEPKIAAETCs s KOmoB AuuHbl 16, cM. [I5] (keraru, pac-
MIUPEHHBIX 1-COBEPIIEHHBIX KOJOB JJIWHBI 16 TOJHOrO paHra
JeiicrBuTenbHo Magio, cM. [17],[18]), Ho JIA KoHCTpYKIus ere
He “nabpasia oboporsl” upu n = 16 (m = 4). B camom zeue,
upu m = 4 cpeau rpex muoxkureneil (@) uepsbiit (t = 1)
UMEeT II0YTU TAKyIO K€ BeJMdMHY, 4TO u BTopoil (t = 2), a
vuokuTes 1! /6((n/4)!1)* aBiserca BanboTBITIM, B TO BpeMms
KaK ACUMITOTHYECKU IIePBBIA MHOXKUTEJIb — CAMBIA MOITHBIN.
C apyroit croposbl, (PakT, 4YTO HOYTH BCE KOJbl HE MMEIT
IIOJTHBIN PaHT, B i ObL1 Obl ciopupu3om. Hanpumep, ana-
JioruvHoe sijeHne u3BectHo g MJIP-komoB ¢ paccrosauem
2 B uerbipexOykBeHHOM ajibaBure (N-apHbIX KBA3UTPYIIIL 110-
panka 4, cm. [12],[16]), y xoropsix panr (nan Z3) umeer Tpu
BO3MOXKHbBIX 3Ha4YeHus (panr n — 1 i JIUHEHHbIX KOJO0B /111~
HbL 1, paur n— 5 = log, |Z2" Y pist ‘mostysumeiinbix’, 1 pamr
n), UpUYEM ACUMIITOTHYECKH II04TU BCE KOJbL UMEIOT CPeIHUil
panr. CTouT TakKe 3aMEeTHTb, YTO YUC/IO HEIKBHUBAJEHTHBIX
cucteM Tpoek IllTeitnepa mopsiaka 16 mosrHOTO panra 15 MeHb-
e, ueM paxra 14 [5].
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