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Abstract

For general memoryless systems, the typical information theoretic solution - when exists - has a “single-letter”
form. This reflects the fact that optimum performance can be approached by a random code (or a random binning
scheme), generated using independent and identically distributed copies of some single-letter distribution. Is that the
form of the solution of any (information theoretic) problem? In fact, some counter examples are known. The most
famous is the “two help one” problem: Korner and Marton showed that if we want to decode the modulo-two sum
of two binary sources from their independent encodings, then linear coding is better than random coding. In this
paper we provide another counter example, the “doubly-dirty” multiple access channel (MAC). Like the Korner-
Marton problem, this is a multi-terminal scenario where side information is distributed among several terminals;
each transmitter knows part of the channel interference but the receiver is not aware of any part of it. We give an
explicit solution for the capacity region of a binary version of the doubly-dirty MAC, demonstrate how the capacity
region can be approached using a linear coding scheme, and prove that the “best known single-letter region” is
strictly contained in it. We also state a conjecture regarding a similar rate loss of single letter characterization in

the Gaussian case.

Index Terms

Multi-user information theory, random binning, linear lattice binning, dirty paper coding, lattice strategies,

Korner-Marton problem.

I. INTRODUCTION

Consider the two-user / double-state memoryless multiple access channel (MAC) with transition and state

probability distributions
P(y|z1,22,s1,52) and P(s1,s2), (1
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Fig. 1. Doubly-dirty MAC

respectively, where the states S; and S, are known non-causally to user 1 and user 2, respectively. A special case
of (1) is the additive channel shown in Fig. 1. In this channel, called the doubly-dirty MAC (after Costa’s “writing
on dirty paper” [1]), the total channel noise consists of three independent components: S; and S, the interference
signals, that are known to user 1 and user 2, respectively, and Z, the unknown noise, which is known to neither.
The channel inputs X; and X5 may be subject to some average cost constraint.

Neither the capacity region of (1) nor that of the special case of Fig. 1 are known. In this paper we consider
a particular binary version of the doubly-dirty MAC of Fig. 1, where all variables are in Zo, i.e., {0,1}, and the

unknown noise Z = 0. The channel output of the binary doubly-dirty MAC is given by
Y=X10Xo85 @S5, )

where @ denotes the mod 2 addition (xor), and Sy, Sy are Bernoulli(1/2) and independent. Each of the codewords
x; € Zy is a function of the message WW; and the interference vector s; € Z, and must satisfy the input constraint,
%wH(xi) < ¢, i=1,2, where 0 < ¢q1,q2 < 1/2 and wg(-) is the Hamming weight. The coding rates R; and Ry
of the two users are given as usual by R; = %log |[W;l|, where W; is the set of messages of user i, and n is the
length of the codeword.

The double state MAC (1) generalizes the point to point channel with side information (SI) at the transmitter
considered by Gel’fand and Pinsker [2]. They prove their direct coding theorem using the framework of random
binning, which is widely used in the analysis of multi-terminal source and channel coding problems [3]. They

obtain a general capacity expression which involves an auxiliary random variable U':

€= max (H(U|S) - HUIY)) 3)

where the maximization is over all the joint distributions of the form p(u, s,y, x) = p(s)p(u, z|s)p(y|z, s).
The channel in (1) with only one informed encoder (i.e., where S2 = {()}) was considered recently by Somekh-
Baruch et al. [4] and Kotagiri and Laneman [5]. The common message (W; = Ws) capacity of this channel is

known [4], and it involves using random binning by the informed user. For the binary “one dirty user” case (i.e.,



(2) with S = 0), we show that Somekh-Baruch’s common-message capacity becomes (see Appendix I)

C’com = Hb(q1)a (4)

where Hy(r) = —xlogy(x) — (1 —z)logy(1—x) is the binary entropy function. Clearly, the doubly-dirty individual-

message case is harder. Thus, it follows from (4) that the rate-sum in the setting of Fig. 1 is upper bounded by

Ri + Ry < min {Hb<Q1)7 Hb(QQ)}- )

In Theorem 1 we show that this upper bound is in fact tight.
One approach to find achievable rates for the doubly-dirty MAC, is to extend the Gel’fand and Pinsker solution
[2] to the two-user / double-state case. As shown by Jafar [6], this extension leads to the following pentagonal

inner bound for the capacity region of (1):
R(UL,Up) = {(Rl,Rg) : Ry < I(U1,Y|Us) — I(Uy; S1)
Ry < I(U2,Y|Uy) — I(Uz; S2) (6)
Ri+ Ry < I(Uy,Us,Y) — I(Uy; S1) — I(Us; Sg)}

for some P(Uy,Us, X1, X2|S1,52) = P(U1, X1|S1)P(Usz, X2|S2). In fact, by a standard time-sharing argument

[3], the closure of the convex hull of the set of all rate pairs (R;, Ro) satisfying (7),
RBSL £ cl conv {(Rl, Rg) (S R(Ul, UQ) . P(Ul, UQ, Xl, XQ‘Sl, SQ) = P(Ul, Xl‘Sl)P<U2, XQ’SQ)}, (7)

is also achievable!. To the best of our knowledge, the set R gy, is the best currently known single-letter charac-
terization for the rate region of the MAC with side information at the transmitters (1), and in particular, for the
doubly-dirty MAC (2)*. The achievability of (7) can be proved, as usual, by an i.i.d random binning scheme [6].

A different method to cancel known interference is by “linear strategies”, i.e, binning based on the cosets of a
linear code [8], [9], [10]. In the sequel, we show that the outer bound (5) can indeed be achieved by a linear coding
scheme. Hence, the set of rate pairs (R, R2) satisfying (5) is the capacity region of the binary doubly-dirty MAC.
In contrast, we show that the single-letter region (7) is strictly contained in this capacity region. Hence, a random
binning scheme based on this extension of the Gel’fand-Pinsker solution [2] is not optimal for this problem.

A similar observation has been made by Korner-Marton [11] for the “two help one” source coding problem.
For a specific binary version known as the “modulo-two sum” problem, they showed that the minimum possible

'As in the Gel’fand and Pinsker solution, for a finite alphabet system it is enough to optimize over auxiliary variables U; and Us whose
alphabet size is bounded in terms of the size of the input and state alphabets.

“For the case where the users have also a common message Wy to be transmitted jointly by both encoders, (7) can be improved by
adding another auxiliary random variable Uy which plays the role of the common auxiliary r.v. in Marton’s inner bound for the non-degraded

broadcast channel [7]. In this case, the joint distribution of (Uy, U1, Usz) is given by P(Uo, U1, Usz) = P(Uo)P(U1|Uo)P(U2|Uy), i.e, Ui

and U, are conditionally independent given Up.



rate sum is achieved by a linear coding scheme, while the best known single-letter expression for this problem is
strictly higher. See the discussion in [11, Section IV] and in the end of Section III.

Although the “single-letter characterization” is a fundamental concept in information theory, it has not been gen-
erally defined [12, p.35]. Csiszar and Korner [13, p.259] suggested to define it through the notion of computability,
i.e., a problem has a single-letter solution if there exists an algorithm which can decide if a point belongs to an
e-neighborhood of the achievable rate region with polynomial complexity in 1/e. Since we are not aware of any
other computable solution to our problem, we shall refer to (7) as the “best known single-letter characterization”.

An extension of these observations to continuous channels would be of interest. Costa [1] considered the single-
user case of the dirty channel problem Y = X 4+ .5 4+ Z, where the interference S and the noise Z are assumed to
be i.i.d. Gaussian with variances Q and N, respectively, and the input X is subject to a power constraint P. He
showed that in this case, the transmitter side-information capacity (3) coincides with the zero-interference capacity

%logQ(l + SNR), where SNR = P/N. Selecting the auxiliary random variable U in (3) such that

U=X+as, (®)

P

where X and S are independent, and taking o = 5,

the formula (3) and its associated random binning scheme
are capacity achieving. The continuous (Gaussian) version of the doubly-dirty MAC of Fig. 1 was considered in
[10]. It was shown that by using a linear structure, i.e., lattice strategies [8], the full capacity region is achieved
in the limit of high SNR and high lattice dimension. In contrast, it was shown that for () — oo no positive rate is
achievable by using the natural generalization of Costa’s strategy (8) to the two user case, while a (scalar) modulo
addition version of (8) looses ~ 0.254 bit in the sum capacity. We shall further elaborate on this issue in Section IV.

Similar observations regarding the advantage of modulo-lattice modulation with respect to a separation based
solution were made by Nazer and Gastpar [14], in the context of computation over linear Gaussian networks, and
also by Krithivasan and Pradhan [15] for multi-terminal rate distortion problems.

The paper is organized as follows. In Section II the capacity region for the binary doubly-dirty MAC (2) is
derived, and linear coding is shown to be optimal. Section III develops a closed form expression for the best
known single-letter characterization (7) for this channel, and demonstrates that it is strictly contained in the the

true capacity region. In Section IV we consider the Gaussian doubly-dirty MAC, and state a conjecture regarding

the capacity loss of single-letter characterization in this case.
II. THE CAPACITY REGION OF THE BINARY DOUBLY-DIRTY MAC
The following theorem characterizes the capacity region of the binary doubly-dirty MAC of Fig. 1.
Theorem 1. The capacity region of the binary doubly-dirty MAC (2) is the set of all rate pairs (R1, Rs) satisfying
Clq1, q2) = {(Rl,R2) : R1 + Ry < min {Hb(m)aHb(%)}}- )

Proof: The converse part: As explained in the Introduction (5), one way to derive an upper bound for the

rate-sum is through the general one-dirty-user capacity formula [4], which we derive explicitly for the binary case



in Appendix 1. Here we show directly the converse part, which is similar to the proof of the outer bound for the
Gaussian case in [16], [10]. We assume that user 1 and user 2 intend to transmit a common message W. An upper
bound on the rate of this message clearly upper bounds the sum rate R; + Rs in the individual messages case.

Thus,

n(Ry + Re) < HW)
— H(W[Y™) + I(W:Y™)

< I(W;Y™) + nen (10)
=HY") - H(Y" W)+ nep,

=H(Y™") - HY"W,57,85) — I(S, S2: Y [W) + ney

= H(Y™) — I(S}, S5; Y"|W) + ne, (11)
= H(Y™) — H(ST, 55 |W) + H(SY, S3|[W,Y") + nen

< —n+ H(SPW,Y™) + H(SEW, Y™, SP) + nen (12)
< H(XT & X5 @& SIW, Y™, S7) + nen (13)
= H(X3W,Y", ST) + ne, (14)
< nHy(g2) + nen, (15)

)

where (10) follows from Fano’s inequality where €, — 0 as the error probability Pe(n goes to zero for n — o0;
(11) follows since Y is fully known given W, S; and So; (12) follows from the chain rule for entropy, and due
to H(Y™) <n and H(ST,Sy|W) = H(ST) + H(S%) = 2n since W, ST and S5 are mutually independent; (13)
follows since H(ST|W,Y") <n and Y" = X' ® X3 @ ST ® S3; (14) follows since X' is a function of (W, S7),
finally (15) follows since H (X3 |W,Y™, ST) < H(X%) < nHp(q2).

In the same way we can show that Ry + Ry < Hy(q1) + €,. The converse part follows since for n — oo we
have that €, — 0, thus P\ — 0.

The direct part is based on the scheme for the point-to-point binary dirty paper channel [9]. We define ¢ £
min{q1, ¢2}. In view of the converse part, it is sufficient to show achievability of the point (R, R2) = (Hp(q),0),
since the outer bound may be achieved by time sharing with the symmetric point (R, R2) = (0, Hy(q)). The corner
point (R1, R2) = (Hp(g),0) corresponds to the “helper problem”, i.e., user 2 tries to help user 1 to transmit at its
highest rate. The encoders and decoder are described using a binary linear code C(n, k) with parity check matrix
H. Letve Zg_k be a syndrome of the code C, where we note that each syndrome represents a different coset of
the linear code C. Let f(v) denote the “leader” of (or the minimum weight vector in) the coset associated with
the syndrome v [17, Chap. 6], hence f: {0,1}" % — {0,1}" . For a € Z, we define the n-dimensional modulo

operation over the code C as

amod C £ f(Ha),



which is the leader of the coset to which the vector a belongs.
o Encoder of user 1: Let the transmitted message vy € Zg_k be a syndrome in C, and let X; = f(vi1) be

its coset leader. In particular vi = HX;. Transmit the modulo of the code C with respect to the difference

between x; and s, i.e.,
x1 = (X1 ®s1) mod C = f(vy & Hsy).
o Encoder of user 2: (functions as a “helper” for user 1). Transmit
x9 = sy mod C = f(Hsy).

o Decoder:
1. Reconstruct X; by fq =1y mod C.
2. Reconstruct the transmitted coset of user 1 by vi = H f(l.
In fact, the transmitted coset can be reconstructed directly as vi = H x| =H (y mod C) = Hy, where the

last equality follows since y mod C and y are in the same coset.

It follows that the decoder correctly decodes the message coset v, since
v = H- (ymodc)
=H. ([il Ds1 Psg DS D sy mod(C)
= Hx;
= Vi,

where the third equality follows since X; and x; mod C are in the same coset. It is left to relate the coding rate

Ry = Llog (’{0, 1}”"’“‘) =1 — k/n to the input constraint q. Form [18], there exists a binary linear code with

T n
covering radius p that satisfies £ < 1 — H,(p/n) + ¢ where ¢ — 0 as n — oo. The achievability of the point
(Hp(q),0) follows by using ¢ = p/n, thus Ry = 1 — k/n > Hy(q) — €, while wg(x1) = wy(f(vi @ Hsy)) < p

and wy(x2) = wy(f(Hs2)) < p, hence

%EwH{xl} = %EU/H{]C(VI © Hs1)} <q

Bup{x) = Bun{f(Hs)} < q

This completes the proof of the direct part of the theorem. 0
As stated above, the achievability for the capacity region follows by time sharing the corner points (Hp(g),0) and

(0, Hy(q)) where ¢ = min{q1,g2}. It is also interesting to see how to achieve the rate sum Hj(q) for an arbitrary

rate pair (R, R2) without time sharing. For that, let the message of user 1 be m; € ZIQl and the message of user



2 be my € 72 where l1 + I = n — k. We define the following syndromes in C
2 g sy
vi2[m; 00 ... 0 ez ”
la

vo 2[00 ... 0 my] €zs7"
Iy

A
V =V] D Va.

Clearly, given the syndrome v the syndromes v; and v, are fully known and the messages m; and my as well.

Let X; = f(v;) be the coset leader of v; for ¢ = 1,2. In this case the transmission scheme is as follow:

« Encoder of user 1: transmit x; = (X1 ®s1) mod C = f(vy; & Hsy).
« Encoder of user 2: transmit xo = (X2 @ s2) mod C = f(vo @ Hso).

o Decoder: reconstruct v = H - (y mod (C).

Therefore, we have that

The sum capacity is achieved since R; + Ry = % = 2% > Hy(q) — € where ¢ — 0 as n — oo which satisfies

the input constraints.

III. A SINGLE-LETTER CHARACTERIZATION FOR THE CAPACITY REGION

In this section we characterize the best known single-letter region (7) for the binary doubly-dirty MAC (2),
and show that it is strictly contained in the capacity region (9). For simplicity, we shall assume identical input

constraints, i.e., g1 = q2 = q.

Definition 1. For a given q, the best known single-letter rate region for the binary doubly-dirty MAC (2), denoted
by Rpsr(q), is the set of all rate pairs (R, Ra) satisfying (7) with the additional constraints that EX1, EXy < q.

In the following theorem we give a closed form expression for Rpsr(q).

Theorem 2. The best known single-letter rate region for the binary doubly-dirty MAC (2) is a triangular region

given by
+
Ripsr(q) = {(Rl, Ro):Ri+ Ry < u.c.e[2Hb(q) _ 1} } (16)

where u.c.e is the upper convex envelope with respect to q, and [x]* = max{0, x}.

Fig. 2 shows the sum capacity of the binary doubly-dirty MAC (9) versus the best known single-letter rate sum
(16) for equal input constraints. The latter is strictly contained in the capacity region which is achieved by a linear

code. The quantity [2Hy(q) — 1]T is not a convex - N function with respect to q. The upper convex envelope of



[2Hy(q) — 1]T is achieved by time-sharing between the points ¢ = 0 and ¢ = ¢* £ 1 — 1/+/2, therefore it is given
by
2Hy(q) =1, ¢"<g¢<1/2

Rat o < { , a7
C*q, 0<qg<q"

where C* & 2(a)=1
q* .
Proof: The direct part is shown by choosing in (6) U = S1 @ X7 and Uy = 5o @ X9, where X1, Xo ~

Bernoulli(¢) and X3, X, S1, Sy are independent. From (6) the achievable rate sum is given by

Ry + Ry = I(Uy,Us;Y) — I(Uy, Us; S1, S2)

= H(U1|S1) + H(U3|S2) — H(Uy, Us|Uy @ Us) (18)
= H(U1151) + H(U2|S2) — H(Uh|Uy & Uz) — H(Uz|Ur & Uz, Uh) (19)
= H(X1) + H(X2) — H(U1|Uy @ Uy) (20)
= 2H(q) — 1, 21D

where (18) follows since Y = U; & Us; (19) follows from the chain rule for entropy; (20) follows since U, is fully
known given Uy @ Us, U; thus H(Us|U; & Uy, Uy) = 0; (21) follows since H (X;) < Hy(q) and since Uy, Us are
independent with P(U; = 1) = 1/2 thus H(U1|U; & Uz) = H(Up) = 1.

The converse part of the proof is given in Appendix II. 0
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ook |—~ Sum capacity - Hb(q) - -7 |
— Best known single letter -
— [2Hb(g)-1]" -7
0.8F | — Frad@) P .
7
7
/ *
0.7} . q -
Ve
7
7
Ve
0.6 : N -
N
e,
g o5 g ~
© . - X —
o // /&’\
/ &
/ MO
0.4 ; g’\{b .
/ &Y
/
0.3 s/ o
/
/
0.2f -/ .
/
/
/
01f, -
/
O | | | | | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
q

Fig. 2. The rate sum of binary doubly-dirty MAC vs. best known single-letter rate sum with input constraints £X;, EX> < q.



We see that the binary doubly-dirty MAC is a memoryless channel coding problem, where the capacity region
is achievable by a linear code, while the best known single-letter rate region is strictly contained in the capacity
region. This may be explained by the fact that each user has only partial side information, and distributed random
binning is unable to capture the linear structure of the channel.

In order to understand the limitation of random binning versus a linear code, we consider these two schemes
for high enough ¢, that is 2H,(q) — 1 > 0. The random binning scheme uses U; = X; & S; where X; ~
Bernoulli(¢) and S; ~ Bernoulli(1/2) are independent, therefore Y = U; @ Uz where U; ~ Bernoulli(1/2) for
1 = 1,2. Each transmitter maps the message (bin) W; into a codeword u; which is with high probability at a
Hamming distance of ng from s;. Therefore, given the vectors (s,s%), the available input space is approximately
onH(UnUa]81,8:)  — gnH(X1.X2) — 92nH(4) -~ Given the received vector y, the residual ambiguity is given by
onH (UL URY) — gn[HY)+HUYU0] = 97 since H(U|Y) = 1 and H(Us|Y,Uy) = 0. As a result, the achievable
rate sum is given by

linput space]|

~ 2Hp(q) — 1.
[residual ambiguity space\) ()

The linear coding scheme shown in Theorem 1 has the same input space size as the random binning scheme, i.e.,
22nH(a) | since each user has 2"H+(9) cosets. However, given the received vector y there are onHu(q) possible pairs
of cosets, i.e., the residual ambiguity is only 2"/(2) Therefore, the linear code achieves rate sum of R; + Ry ~
2Hy(q) — Hy(q) = Hp(q). The advantage of the linear coding scheme results from the “ordered structure” of the
linear code, which decreases the residual ambiguity from 1 bit in random coding to Hp(q).

The following example illustrates the above arguments for the case that user 2 is a “helper” for user 1, i.e,

Ry = 0, and user 1 transmits at his highest rate for each technique (random binning or linear coding). Table I

summarizes the rates and codebooks sizes for each user for ¢ = 0.3, that is Hy(q) =~ 0.88 bit.

Random binning Linear code
Rate sum 2H,(q) — 1 = 0.76 bit Hy(q) = 0.88 bit
Codewords per bin/coset ol (Ui;Si) — gnll—Hu(@)] — 90-12n | on[l—Hy(a)] — 90-12n
Helper (user 2) - codebook size gnd (U2iS2) — gnll=Hp(@)] — 9012n | gnll=H}(g)] — 90-12n
User 1 - codebook size 20.76n20.12n — 20.88n 20.1277,20.8871 —9on
Number of possible codeword pairs 20-88n90.12n _ gn gnoo-12n _ gl.12n
TABLE 1

RANDOM BINNING AND LINEAR CODING SCHEMES CODEBOOKS SIZES FOR THE HELPER PROBLEM WITH ¢ = 0.3.

Korner and Marton [11] observed a similar behavior for the “two help one” source coding problem shown in
Fig. 3. In this problem, there are three binary sources X,Y, Z, where Z = X @Y, and the joint distribution of X
and Y is symmetric with P(X # Y') = 6. The goal is to encode the sources X and Y separately such that Z can
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Fig. 3. The Korner-Marton configuration.

be reconstructed losslessly. Korner and Marton showed that the rate sum required is at least
R, + R, >2H(Z), (22)

and furthermore, this rate sum can be achieved by a linear code: each encoder transmits the syndrome of the
observed source relative to a good linear binary code for a BSC with crossover probability 6.

In contrast, the “one help one” problem [19], [20] has a closed single-letter expression for the rate region, which
corresponds to a random binning coding scheme. Korner and Marton [11] generalize the expression of [19], [20]

to the “two help one” problem, and show that the minimal rate sum required using this expression is given by
R, + R, > H(X,Y). (23)

The region (23) corresponds to Slepian-Wolf encoding of X and Y, and it can also be derived from the Burger-Tung
achievable region [21] for distributed coding for X and Y with one reconstruction Z under the distortion measure
d(X,Y, Z Y2 X oY ®Z. Clearly, the region (6) is strictly contained in the Korner-Marton region R,+R, > 2H (Z)
(22) (since H(X,Y) =1+ H(Z) > 2H(Z) for Z ~ Bernoulli(#), where 6 # 3). For further background on related

source coding problems, see [15].

IV. THE GAUSSIAN DOUBLY-DIRTY MAC

In this section we introduce our conjecture regarding the rate loss of the best known single-letter characterization
for the capacity region of the two-user Gaussian doubly-dirty MAC at high SNR. The Gaussian doubly-dirty MAC
[10] is given by

Y =X +Xo+ 81+ 5+ 72, (24)

where Z ~ N(0,N) is independent of Xi, X5,S57,S59, and where user 1 and user 2 must satisfy the power
constraints, %Z?:l Xi < P; and %Z;;l X22i < P, see Fig. 1. The interference signals .S; and S are known
non-causally to the transmitters of user 1 and user 2, respectively. We shall assume that S; and S5 are independent
Gaussian with variances going to infinity, i.e., S; ~ N(0,Q;) where Q; — oo for i = 1,2. The signal to noise

ratios for the two users are SNR; = % and SNRy = %.



The capacity region at high SNR, i.e., SNR;, SN Ry > 1, is given by [10],

min{Pl, Pg})

~ (25)

1
R1+R2§210g2<

and it is achievable by a modulo lattice coding scheme of dimension going to infinity. In contrast, it was shown in
[10] that at high SNR and strong independent Gaussian interferences, the natural generalization of Costa’s strategy
(8) for the two users case, i.e., with auxiliary random variables U; = X + 51 and Us = X5 + S, is not able to

achieve any positive rate. A better choice for U; and U, suggested in [10] is a modulo version of Costa’s strategy

(8),
Ui* = [Xz -+ Sz] mod A;, (26)

where A; = +/12P;, and where X; ~ Unif ([—%, A7)) is independent of S;, for i = 1,2. In this case the rate loss
with respect to (25) is %logg (%) ~ 0.254 bit.

The best known single-letter capacity region for the Gaussian doubly-dirty MAC (24) is defined as the set of
all rate pairs (Rj, Rg) satisfying (7), where X; and Xo are restricted to the power constraints EX12 < P; and
EX2 < P,. We believe that for high SNR and strong interference, the modulo-A strategy (26) is an optimum
choice for (X7, X9, Uy, Us) in (7) for the Gaussian doubly-dirty MAC. This implies the following conjecture about

the rate loss of the best known single-letter characterization.

Conjecture 1. For the Gaussian doubly-dirty MAC, at high SNR and strong interference, the best known single-letter

expression RES; (7) looses

1
¢ — Ry = 3 log, (%) ~ 0.254 bit, 27)

with respect to the sum capacity C**™ (25).

Note that the right hand side of (27) is the well known “shaping loss” [22] (equivalent to a 1.53dB power loss).

A heuristic approach to attack the proof of this conjecture is to follow the steps of the proof of the converse
part in the binary case (Theorem 2). First, in Lemma 6 we derive a simplified single-letter formula, émax(Pl, Py),
which is analogous to Lemma 1 in the binary case. The next step would be to optimize this expression. However,
an optimal choice for the auxiliary random variables V1, VY, V2, VJ (provided in the binary case by Lemma 2 and
Lemma 3) is unfortunately still missing for the Gaussian case. The expression in Lemma 6 is close in spirit to the
point-to-point dirty tape capacity for high SNR and strong interference [8]. In [8] it is shown that optimizing the
capacity is equivalent to minimum entropy-constrained scalar quantization in high resolution, which is achieved
by a lattice quantizer. Clearly, if we could show a similar lemma for the two variable pairs in the maximization
of Lemma 6, i.e., that it is achieved by a pair of lattice quantizers, then the conjecture would be an immediate
consequence.

It should be noted that the above discussion is valid only for strong interferences S; and Ss. For interference
with finite power, it seems that cancelling the interference part of the time and staying silence the rest of the time

(like in the time-sharing region 0 < ¢ < ¢* in the binary case) may achieve better rates.



V. SUMMARY

A memoryless information theoretic problem is considered open as long as we are missing a general single-letter
characterization for its information performance. This goes hand in hand with the optimality of the random coding
approach for those problems which are currently solved. We examined this traditional view for the memoryless
doubly-dirty MAC.

In the binary case, we showed that the best known single letter characterization is strictly contained in the region
achievable by linear coding, and that the latter is in fact the full capacity region of the problem. In the Gaussian
case, we conjectured that the best known single-letter characterization suffers an inherent rate loss (equal to the
well known “shaping loss” 0.5log(mwe/6)), and we provide a partial proof. This is in contrast to the asymptotic
optimality (dimension — co) of lattice strategies, as recently shown in [10].

The underlying reason for these performance gaps is that random binning is in general not optimal when side
information is distributed among more than one terminal in the network. In the specific case of the doubly-dirty
MAC (like in Korner-Marton’s modulo-two sum problem [11] and similar settings [14], [15]), the linear structure

of the network allows to show that linear binning is not only better, but it is capacity achieving.

APPENDIX I

A CLOSED FORM EXPRESSION FOR THE CAPACITY OF THE BINARY MAC WITH ONE DIRTY USER
We consider the binary dirty MAC (2) with Sy = 0,

Y =X 6 Xyd 5, (28)

where 57 ~ Bernoulli(1/2) is known non-causally at the encoder of user 1 with the input constraints %WH(xz) < g

for ¢ = 1,2. We show that the common message (IW; = Wy = W) capacity of this channel is given by

C'com = Hb (Q1 ) . (29)

To prove (29), consider the general expression for the common message capacity of the MAC with one informed
user [4], given by
Ceom = H)l(aX {I(UlaXQ;Y) _I(U17X2;Sl)}a (30)
where the maximization is over al the joint distributions

P(S1,X1,X2,U1,Y) = P(S1)P(X2)P(U1| X2, S1)P(X1]S1, Ur) P(Y| X1, X2, 51).

The converse part of (29) follows since for any Uy, X1, X5, the common message rate R, can be upper bounded



by

Reom = 1(Ur, X2;Y) — I(Uy, X2; 51)

= H(S1|Uy, Xa) — H(Y|Uy, Xa) + H(Y) — H(S1)

< H(S|Uy, Xs) — H(Y|Uy, X») G1)

= H(S1|U1, X2) — H(X1 & $1|U1, X») (32)

= H(51|T) — H(X1 @ 5T) (33)
- ET{H(SllT 1) — H(X,® Si|T = t)} (34)
= Br{Hylor) — Hy(5) |, (35)

where (31) follows since H(Y) < 1 and H(S;) = 1; (32) follows since Y = X; @& X9 & S1; (33) follows
the definition 7 £ (U, Xo); (34) follows from the definition of the conditional entropy; (35) follows from the
following definitions a; = P(S; = 1|T = t) and 3; = P(S1 ® X1 = 1|T = t) for any t € T. We also define

Qi £ P(X1 =1|T = t) = E{X1|T = t}, therefore the input constraint of user 1 can be written as
EXy = ErE{Xi|T =t} = BEr{q} < a1 (36)

Without loss of generality, we can only consider o, 3, g1 € [0,1/2] in (35) for any ¢ € T Thus,

Reom < Br{ Hyow) = Hy ([ = au)*) | (37)
< ET{Hb(QI\t)} (38)
< H, (ET{‘Jl\t}> (39)
< Hy(q1), (40)

where (37) follows from (35) and since Hy(f5;) > Hb([at — q1|t]+), where [x]T = maz{z,0}; (38) follows since
Hy(oy) — Hb<[at — q1|t]+> is increasing in a; for oy < gy < 1/2 and decreasing in oy for q;; < ay < 1/2, thus
the maximum is for oy = qq); (39) follows from Jensen’s inequality since Hy () is convex-N; (40) follows from the
input constraint for user 1 (36). The converse part follows since the outer bound is valid for any U; and X7, Xy
that satisfy the input constraints.

The direct part is shown by using U; = X7 © S; where X7 and S; are independent with X; ~ Bernoulli(q; ),
thus U; ~ Bernoulli(1/2). Furthermore, X ~ Bernoulli(g2) which is independent of Xi,U;,S;. In this case
Y = U; @ Xy, hence Y ~ Bernoulli(1/2). Using this choice for Uy, X1, X», the achievable common message rate

is given by
Reom = I(U1, X2;Y) — I(Ux, X2; 51)
= H(51|U1,X2) — H(Y|Uy, X2) + H(Y) — H(S1)
= H(X1) (41)

= Hy(q1),



where (41) follows since H(S1|U1, X2) = H(S1|U1) = H(X1), H(Y|U1,X2) =0, HY)=1and H(S:) =

APPENDIX II

PROOF OF THE CONVERSE PART OF THEOREM 2

The proof of the converse part follows from Lemma 1, Lemma 2 and Lemma 3, whereas Lemma 5 and Lemma 4
are technical results which assist in the derivation of Lemma 3.

Let us define the following functions:
+
F(Pyyg Prg) 2 [H(V) + H(VG) = HV & V3) 1], “2)
where [z]T = max(0, z); its (g1, g2)-constrained maximization with respect to V1, V/, Vo, Vy € Zy where (V1, V)
and (Va,Vy) are independent, i.e.,

A
= max F(Py v, Py, v 43
ymax (Pyv,,vis Py, vy) 43)

st P(V; £ V) < g, for i =1,2;

Fmam(CIb QQ)

and the upper convex envelope of F,q.(q1,g2) with respect to g1, go

Fmam(le Q2) £ U-C'e{Fmam(QM CI2)}- (44)

In the following lemma we give an outer bound for the single-letter region (7) of the binary doubly-dirty MAC in

the spirit of [23, Lemma 3] and [8, Proposition 1].

Lemma 1. The best known single-letter rate sum (7) of the binary doubly-dirty MAC (2) with input constraint q1

and qo is upper bounded by
Rl + RZ S Fmaz((hy Q2)- (45)

Proof: An outer bound on the best known single-letter region (7) is given by

- +
Ry (U, Us) 2 [ I(Uy, Us; Y) = I(U3, Us; 1, 82)| (46)
_ :H(SllUl) + H(So|Uz) — H(Y|UL, Us) + H(Y) — H(S) — H(&)} i (47)
- +
< _H(51|U1)+H(52|U2) —H(Y|U1,U2)—1] (48)
= EUl,Ug{H(Sl|U1 ZU1)+H(SQ|U2 :’LLQ) (Y|U1 =u,Us —UQ —1 ] 49)

< EUl,Ug{ [H(51|U1 = ul) + H(SQ’UQ = UQ) (Y‘Ul =u, Uy = UQ) — 1 } (50)

S EU17U2 {F<P31731@X1|U1=u17PSQ,S2®X2|U2=1L2> } (51)
< Bv, v { Fonae (@110, 921, } (52)
< Fma:r (EU1QI|u17EU2q2\uz) (53)
< Fma:): (q1, q2)> (54)



where (48) follows since H(S1) = H(S2) =1 and H(Y') < 1; (49) follows from the definition of the conditional
entropy; (50) follows since [Exz|t < E{z*}; (51) follows from the definition of the function F(Py, v, Py, v;)
(42), likewise (52) follows from the definition of the function F,,q (q1,q2) (44), and from the definition

Qilu; = P(S; # X; ® SilU; = w;) = P(X; = 1|U; = w;), fori=1,2;

(53) follows from Jensen’s inequality since Fmax(ql,qQ) is a concave function; (54) follows from the input

constraints where

=) Pu)P(X; = 1|U; = u;)

=Y P(ui)gyu, < g, for i=1,2. (55)
u; €U;

The lemma now follows since the upper bound (54) for the rate sum is independent of U; and Us, hence it also
bounds the single-letter region Rpsr,(q). O

A simplified expression for the function F,4.(q1,q2) of (43) is shown in the following lemma.

Lemma 2. The function Fy,q.(q1,q2) (43) is given by

Frae(q1,q2) =  max Hy(a1) + Hp(ag) — Hb([al — " * g — QQ]+) - 1r (56)
’ a1,02€[0,1/2] ’

where * is the binary convolution, i.e., v xy = (1 — )y + (1 — y)z.

Proof: The function Fy,q.(q1, ¢2) is defined in (42) and (43) where V1, V{/, Vo, V] are binary random variables.

Let us define the following probabilities:

for ¢ = 1,2. We thus have

P(V{ =1) = (1 — )& + ai(1 — ) £ gev, 6ivi)

P(V; # V) = aiyi + (1 — ;)8 = h(a, 6;,7%),
for ¢ = 1, 2. The maximization (43) can be written as

+
Frnaz(q1,g2) = max |:Hb(041) + Hp(az2) — min H, <9(041, d1,71) * g(a, 5%72)) - 1} - (57)

1,02 1,01,72,02
h(ai,0i,7i)<qi, i=1,2

This maximization has two equivalent solutions (a9, a9) and (1 — af,1 — a§) where 0 < of, o9 < 0.5, since any
other («v, ) can only increase the inner minimization in (57) which results in a lower F,,,4,(q1,g2). Therefore,

without loss of generality we may assume that 0 < a;j, ap < 0.5.



To prove the lemma we need to show that for any «; the inner minimization is achieved by
0; =0, =min{l,¢;/a;}, i =1,2.

In other words, V/ has the smallest possible probability for 1 under the constraint that P(V; # V/) < ¢;, implying
that the transition from V; to V;/ is a “Z channel”. The inner minimization requires that P(V;/ = 1) will be minimized

restricted to the constraint P(V; # V;’ ) < i, therefore it is equivalent to the following minimization

min  g(ag, 0v), i =1,2.
h(aijgig::)ﬁqi
For a; < g, the solution is 6; = 0 and 7; = 1 since in this case g(«;,7;,d;) = 0 and the constraint is satisfied.
For ¢ < a; < 0.5, in order to minimize g(«;,7;,9d;), it is required that é; € [0,¢/(1 — a;)] will be minimal and
vi € [0,q/a;] will be maximal such that the constraint is satisfied. Clearly, the best choice is for ¢; = 0 and

vi = q/a;, in this case the constraint is satisfies and g(a, 7, 0;) = a; — q. O

The next lemma gives an explicit upper bound for F,.,(q1,g2) (43) for the case that g1 = go. Let

flxz) =2~ ) (58)
(o
and let
G = max, f(z). (59)

Since f(z) is differentiable, we can characterize ¢. by differentiating f(z) with respect to x and equating to zero,

thus we get that
4z — 82 +102° — 67+ 1 = 0.

This fourth order polynomial has two complex roots and two real roots, where one of its real roots is a local
minimum and the other root is a local maximum. Specifically, this local maximum maximizes f(z) for the interval

x € [0,1/2] and it achieves g. ~ 0.1501 which occurs at x ~ 0.257.

Lemma 3. For q; = g3 = q, we have that:

Fmax(Qa Q) = 2Hb(Q) - 17 e < q < ]-/2
Fraz(q,q) < C*q, 0<q<qe (60)
Fr42(0,0) =0, q =0,

where q. is defined in (59), while C* = % and ¢* 21 —1/v/2 ~ 0.3 are defined in (17).

Note that in the first case (¢. < g < 1/2) in (56) is achieved by or; = as = ¢, while in the third case (¢ = 0) (56)
is achieved by a; = ag = 1/2 as shown in Fig. 5. Although, we do not have an explicit expression for Fj,,4.(q, q)
in the range 0 < ¢ < ¢, the bound F),4.(q,q) < C*q is sufficient for the purpose of proving Theorem 2 because

dec < ¢*. In Fig. 4 a numerical characterization of F,,,.(q,q) is plotted.
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Fig. 4. Numerical results of Fiqz(q, q) (56) for ¢ € [0,0.12] (Fig. 2 is the same plot for g € [0,0.5]) .

Proof: Define
F(o1,02,q) = Hy(on) + Hy(az) — Hy(Jon — ¢ % [aa — ¢]7) — 1.

From the discussion above about the cases of equality in (60), Lemma 3 will follow by showing that F'(ay, oz, q)

is otherwise smaller, i.e.,

F(ag,a9,q) < { ¢"e. 02e=2¢ (61)

2Hy(q) =1, ¢ <q<1/2
for all 0 < ay, a9 < 1/2. It is easy to see that for oy, as < ¢ the function F'(«, g, q) is monotonically increasing
with a1, ag, and thus F(ai,a0,q9) < F(q,q,q) = 2Hp(q) — 1. For a1 < g and ¢ < ay < 1/2, F(aq,a2,q)
is increasing with «; and decreasing with «w, and thus F(a1,a9,q) < F(q,q,q) = 2Hy(q) — 1. Clearly, from
symmetry, also for ag < g and ¢ < ag < 1/2, F(aq,a2,q) < 2H,(q) — 1. As a consequence, we have to show
that (61) is satisfied only for ¢ < ay, a9 < 1/2. Likewise, in the sequel we may assume without loss of generality

that ¢ < ap < g < 1/2.

The bound for the interval q. < q < 1/2: in this case (61) is equivalent to the following bound

Hb((al —q) * (a2 — Q)) — Hy(an) — Hyp(az) +2Hy(q) > 0, for gc < ¢ < az <ag <1/2. (62)
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Fig. 5. The optimal &1 = a2 = a(q) which maximizes (56).

The LHS is lower bounded by

Hb((al —q)* (g - Q)> — Hy(a1) — Hy(az) + 2Hy(q)

> Hy(ar — q) — Hy(on) — Hy(az) 4 2Hy(q) (63)
> Hy(on — q) — 2Hp(on) + 2Hy(q) (64)
>0, (65)

where (63) follows since Hb((al —q) * (ag — q)) > Hp(a1 — q); (64) follows since ap < ap < 1/2; (65) follows
from Lemma 4 below.

The bound for the interval 0 < q < ¢.: in this case (61) is equivalent to the following bound
Hb((a1 —a)* (a2 — Q)) > Hy(on) + Hy(az) =1 =C"-q, for 0<g<as <ag < ge. (66)
For fixed a1 and as, let us denote the RHS and the LHS of (66) as
ai(a) 2 Hy (01— q) * (0 — )
9r(q) & Hy(a1) + Hy(az) —1 = C* - q.

The function g;(¢q) is convex-N in ¢, since it is a composition of the function Hy(x) which is non-decreasing
convex-N in the range [0,1/2] and the function [o; — ¢ * [ — ¢] which is convex-N in ¢ [24]. Since g¢,(q) is

linear function in ¢ and ¢;(q) is convex-N function in ¢, the bound (66) is satisfied if the interval edges (¢ = 0 and



q = ) satisfy this bound. For ¢ = 0, (66) holds since
gi(qg = 0) = Hy(ay * o)
> max{Hy(o), Hy(c2)}
> min{Hy(a ), Hy(a2)}
> Hy(a1) + Hy(ag) — 1
=gr(q=0).

For ¢ = a5 where 0 < g < ¢., the bound (66) is satisfied since

gr(q = a2) = Hy(an) + Hp(ag) — 1 = C* - g (67)
< Hy(an) — Hp(q") + Hp(0.5¢") — 0.5 (68)
< Hy(cr) — Hy(qe) (69)
< Hy(aq) — Hp(aw) (70)
< Hy(ag — ag) (71)
= gi1(q = a2), (72)

where (68) follows from Lemma 5 since arg max,,eo,1/2] 9r(a2) = 0.5¢%, and since C* = %;(69) follows
since for ¢* = 1—1/+/2 and ¢, defined in (59), we have H,(1—1/v/2)—H;,(0.5(1—1/v/2))+0.5 ~ 0.68... > Hy(qc);
(70) follows since q. > aw, thus Hy(q.) > Hp(az); (71) follows since Hp(a) — Hp(ap — ae) is decreing in a,
thus Hy(a1) — Hp(a1 — a2) < Hy(ag) for ag < a3 < 1/2. Therefore, the bound (66) follows which completes the
proof. O

Lemma 4 and Lemma 5 are auxiliary lemmas used in the proof of Lemma 3.
Lemma 4. For q. < q < a1 < 1/2, the following inequality is satisfied
filen) & Hy(on — q) — 2Hy(cn) + 2Hp(q) > 0. (73)

Proof: Since fi(aq = q) = 0, it is sufficient to show that fi(«;) is non-decreasing function in «y, i.e.,
d%lfl(al) > 0 for ¢. < g < ay < 1/2, therefore

d

Js () = logy (

al_q—1>—2log2(;1—1)20. (74)

Due to monotonicity of the log function (74) is equivalent to
1
2
1
1+ (a . 1)

where f(-) was defined in (58). Since by the definition of ¢. (59) f(z) < ¢. Vx € [0,1/2], it follows that

= f(o), (75)

q= o —

flan) < qV aq if . < g, and in particular for ¢. < ¢ < «q, which implies (75) as desired. OJ
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Lemma 5. Let
fo(x) = Hy(z) =1 —-C" -z, (76)
where x € [0,1/2], and C* = Mb({;# where ¢* = 1 — 1/+/2. The maximum of f»(x) is achieved by

arg max fa(z) =0.5¢" = %(1 —1/V2). (77)

Proof: By differentiating fo(x) with respect to  and comparing to zero, we get that

d 11—z
0=— =1 ( ) - C*, 78
T pa(w) = logy (— (78)
thus z° = 2071“ maximizes fo(x) since the second derivative is negative, i.e., g—i f2(x)|z=ze < 0. The lemma is
followed since x° = 2071“ = 0.5¢". O

We are now in a position to summarize the proof of Theorem 2.

Proof of Theorem 2 - Converse Part. The rate sum is upper bounded by

Ri+ Ry < U.C.G{Fmam(qa Q)} 7
c*. , 0<qg<q
< u.c.e{ ! = } ®0
2Hb(q) -1, ¢ <q< 1/2

- u.c.e{[QHb(q) - 1]+}, 1)

where (79) follows from Lemma 1; (80) follows from Lemma 3; and (81) follows since (80) is equal to the upper

convex envelope of [2Hb(q) — 1]™.

APPENDIX III

A SIMPLIFIED OUTER BOUND FOR THE SUM CAPACITY IN THE STRONG INTERFERENCE GAUSSIAN CASE

Lemma 6. The best known single-letter sum capacity (7) of the Gaussian doubly-dirty MAC (24) with power

constraints P1, P», and strong interferences (QQ1, Q2 — o) is upper bounded by

+
Ri+ Ry < u.c.e{ sup {h(Vl) + h(Va) — h(V] + V3 + Z) + h(S1 + S2) — h(S1) — h(Sz)} }, (82)
Vi,V Vo,V

where u.c.e is the upper convex envelope operation with respect to Py and Py, and [z]* = max(0, ). The supremum

is over all V1, V{,Va, V4 such that (V1,V]) is independent of (Va, V), and
B{(.-V})*} <P,
h(Vi) < h(S),
fori=1,2.
Proof: Let us define the following functions (corresponds to F(PVMVI/, PVQ,VZ;) of (42))

G(fvives fravy) 2 [h(Vl) + h(Va) — h(V{ + V4 + Z) + h(S1 + Sa) — h(S1) — h(SQ)] " (83)
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The second function is the following maximization of (83) with respect to Vi, V{, Va, V5.

Gmaa(P1, P2) £ sup  G(fvvys fuavy) (84)
Vi, Vi Ve, Vg
st B{(Vi=V))?} < P, (Vi) S h(S), for i=1,2
Finally, we define the upper convex envelope of Gy (P1, P2) with respect to P, and P:

Gonas (P, P2) 2 u.c.e{Gmax(Pl, P2)}. (85)

Clearly if we take only the rate sum equation in (6) we get an outer bound on the best known single-letter region,

+

Ry (U1, Uz) £ [1(U1,Uss Y) = I(UL, Ui S1, 52)] (86)
= [M(S1|U0) + h(Sa[2) — A(YIUL, Ta) + h(Y) ~ h(S1) — h(S2)] (87)

. +
< _h(S1’U1) + h(S2|Uz) — h(Y|U1,Us) 4 h(S1 + S2) — h(S1) — h(SQ):| +o(1) (88)

- +
- EUhUQ{h(SHU1 = 1)+ h(Se|Us = up) — h(Y|Uy = ur, Us = us) + h(Sy + Sa) — h(S) — h(SQ)} +o(1)

_ (89)
< EUl,Uz{ [h(51|U1 = ul) + h(SQ‘UQ = UQ) — h(Xl + 51+ X9+ 59+ Z’Ul =uy,Us = UQ)

Jr
+ h(S1+ S2) — h(S1) — h(SQ)} } +o(1) (90)

= Eu, v, {G<fshsl+X1U1u1f52,52+X2U2u2> } + o(1) On
< EUl,Ug {amax (Pl\ul ’ P2|u2)} + 0(1) 92)
< émaa: (EU1 Pl\ulaEU2P2|uz) + 0(1> (93)
Sémaa:(PhPQ) +0(1)7 (94)

where (88) follows since h(Y) < h(S; + S2) + o(1) where o(1) — 0 as Q1,Q2 — oo; (89) follows from the
definition of the conditional entropy; (90) follows since [Ez|T < E{x"} and since Y = X + S1 + X2 + So + Z;
(91) follows from the definition of the function G( fvives beVQr) (83), likewise (92) follows from the definition of
the function G4 (P1, P2) (85), and since h(S;|U;) < h(S;) and from the definition

Py, & E{X2U; = wi}, fori=1,2;

(93) follows from Jensen’s inequality since émm(Pl,Pg) is a concave function; (94) follows from the input

constraints where
EX} = By, E{X}|Ui = wi} = Ey,Py,, < P,, for i=1,2. (95)

The lemma follows since the upper bound (94) for the rate sum is now independent of U; and Us, hence it also

bound the single-letter region Rpgr (P, P»). O
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