Typical Peak Sidelobe Level of Binary Sequences

Noga Alon, Simon Litsyn, and Alexander Shpunt

ABSTRACT. For a binary sequence Sp, = {s; : 1 =1,2,...,n} € {£1}", n>1,
the peak sidelobe level (PSL) is defined as

n—k
M(Sn) = g i Sitk|-
( n) k:l,gl,.a.‘}.(,n71| v stz+k|

It is shown that the distribution of M (Sy,) is strongly concentrated, and asymp-
totically almost surely,

MW
7(Sn) = T=ZEL € [1 - o(1), V)

Explicit bounds for the number of sequences outside this range are provided.
This improves on the best earlier known result due to Moon and Moser [19]
- . 1
claiming that the typical v(Sn) € [0 (\/ﬁ) ,2]
a conjecture of Dmitriev and Jedwab [4] on the growth rate of the typical peak

sidelobe. Finally, it is shown that modulo some natural conjecture, the typical
~(Sn) equals /2.

, and settles to the affirmative

1. Introduction and Definitions

Let S, = {s; : i =1,2,..,n} € A,, n > 1, where A,, = F", F = {+1,-1}.
Define

n—k
Mk(Sn) = Zsi8i+k7 k= 1,27,...,77,—1.
i=1

The peak sidelobe level (PSL) M (S,,) of a sequence S,, is
M(S) = max [M(S,) n> L

3 hyeaey

Let i, stand for the optimal value of the PSL over the set A,,:

Mn = Sinéﬂn M(Sn)
Binary sequences with low PSL are important for synchronization, commu-
nications and radar pulse design, see e.g. [6, 7, 12, 21, 22]. In theoretical
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physics, study of the PSL landscape was introduced by Bernasconi via the so-
called Bernasconi model [3], which is fascinating for the fact of being completely
deterministic, but nevertheless having highly disordered ground states (sequences
with the lowest PSL) and thus possessing similarities to the real glasses, with many
features of a glass transition exhibited [3, 11].

Study of the problem started in 1950’s. A special attention has been given to
estimation of typical PSL. Since this is our central interest in this paper, let us
mention several relevant results. Moon and Moser [19] proved that for almost all
sequences,

k(n) < M(S,) < (2+€)vnlnn,
for any x(n) = o(y/n). Mercer [18] showed that

tn < (V2+€)Vnlnn.

Apparently the suggested approach also allows proving that this bound is indeed
true for most of the sequences (see comments at the bottom of p.670 in [18]).
Dmitriev and Jedwab [4] conjectured and provided an experimental evidence that
the typical PSL behaves as O(vnlnn). The same was presumed without proof by
Ein-Dor, Kanter and Kinzel [5].

In this paper we prove that indeed, for almost all binary sequences .S,, of length
n, M(S,) = ©(v/nlnn). Moreover, it is shown that asymptotically almost surely

M(Sn)
(1'1) '7(571) \/m € [1 0(1)’\/5]'

The results of the paper have an application in another problem related to
estimation of the ”level of randomness” of finite sequences from F". Mauduit and
Sérkdzy [17] introduced the correlation measure of order r, which is defined for a
sequence S, as

k

E Si14+4iSig+i-Sip+il -
i=1

Cr(Sn) = max max
0<i1<...<i.<n—1 k=1,2,..., n—ir

In other words, this is just the maximum of the absolute value of the mutual corre-
lation of  continuous runs of vector’s entries. In [1] Alon, Kohayakawa, Mauduit,
Morreira and Rodl showed that asymptotically almost surely

C,(Sn) 2 7
(1.2) 02(Sp)=———=¢€|=,- ).
nin () <5 4)

Noticing that M (S,,) < C2(S,), we conclude that any lower bound on the typical
M(S,) is a lower bound for the typical C3(S,) as well. Therefore, our results
(slightly) improve the lower bound on g2 = 2v/2 &~ 0.57 in (1.2) to 1. The same
improvement can be easily achieved for any r using the method in the paper.

The paper proceeds as follows. In the next short section we sketch a quick proof,
based on the approach in [1], that for almost all sequences S, (1 —o(1))vVnlnn <
M(S,) < (vV2+0(1))vnInn. We then proceed to give a detailed analysis that pro-
vides a somewhat better control of the error terms in the above estimates. In Section
3 we recall a theorem due to Moon and Moser [19] for the number of sequences S,
such that My (S,) =r for any k =1,2,....n— 1, and r = —n,...,n — 1,n. We then
provide estimates for binomial coefficients allowing approximation of the Moon-
Moser formula by tails of the Gaussian distribution with vanishing error. Section 4
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is devoted to proving the upper bound in (1.1). To do so, we relate, via the Moon-
Moser theorem, the number of sequences S, with M(S,) > /2n(lnn+ d(n)) to
certain binomial sums. Accurate estimates using bounds developed in Section 3
allow establishing the sought inequality. Section 5 derives a lower bound for the
number of sequences S,, with M (S,,) > y/n(Inn + §(n)), by looking only at auto-
correlations with shifts > n/2. This allows considering My (Sy), k = n/2+1,...,n, as
a collection of linear forms with coefficients s1, ..., s,,/2 and variables s,, /241, .., Sn-
We then apply the Azuma inequality to show concentration of M (S,,), and the re-
sults of Sections 4 and 5 to accurately locate the mean of M (S,,), and thus establish
the lower bound in (1.1). In Section 6 we argue that modulo a plausible conjecture,
and using the Azuma inequality, for most S,

Y(Sn) = V2(1 + o(1)).

We attempted to make the paper as self-contained as possible. To achieve
this we had included several sketchy proofs of relevant results from other papers
conveying ideas of importance for our presentation.

2. A quick sketch

In this short section we sketch a quick proof that for almost all sequences S,
(1 —o(1)VnInn < M(S,) < (V2 +o(1))Vninn.

The upper bound is simple; for each fixed k, the sum M(S,,) is easily seen to be
a sum of n — k independent random variables, each attaining the values —1 and 1
with equal probability. It thus follows by standard estimates (c.f., for example, [2],
Corollary A.1.2) that for a random sequence S,,, the probability that |M(S,)| > a
is at most 2e~*/2(n—k) < 9¢=a%/2n  Thys, for a = (v/2 + 6)vnlnn, where § > 0
is arbitrarily small, this probability is much smaller than 1/n (for all sufficiently
large n), and it thus follows that with high probability, all n numbers M(S,,) are
smaller than (v/2 + 6)v/nInn, providing the required upper bound.

To prove the lower bound, we consider only values of k satisfying k > n/2. It
turns out that for k, ¢ which are both bigger than n/2, the 2n — (k + ¢) products
S1514ky S252+ky -+« Sn—kSns S1514+05 25244, - - - y Sp—eSy, are random and independent
members of {—1,1}. A detailed proof of this simple yet somewhat surprising fact
appears in Section 5. For each k, n/2 < k < n/2 + n/lnn, let Xj denote the
indicator random variable whose value is 1 if the event |My(S,)| > (1 —d)vnlnn
(which we denote here by Ej) occurs, and is 0 otherwise. Our objective is to show
that asymptotically almost surely, the sum X =5 J2<k<n/24+n/Inn X} is positive.
By standard estimates, for each fixed k, the probability that Ej occurs is bigger
than, say, In® n/n (for every fixed § > 0 and all sufficiently large n.) This means
that the expectation E(X) of X is at least Inn. The crucial point is that since the
indicator random variables X}, are pariwise independent, the variance Var(X) of X
is the sum of variances of the variables X}, and is thus smaller than the expectation
of X. Therefore, by Chebyshev’s Inequality, the probability that X is zero is at
most Var(X)/(E(X))? < 1/E(X) < 1/Inn, implying that asymptotically almost
surely X is positive, as needed.

The detailed proof, with a more careful treatment of the error terms, is given in
the next sections. The proof of the lower bound we present in Section 5 is slightly
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different than the one indicated above, as it seems interesting to describe an alter-
native approach which derives the bound by combining the pairwise independence
of the random variables described above with Azuma’s Inequality.

3. Auxiliary Results

Let g(n,k,r) denote the number of sequences S,, such that My(S,) = r.
Throughout we shall adopt the convention that the binomial coefficient (’;T) equals
0 if « is not an integer and 1 if m =2z = —1.

THEOREM 3.1 (Moon-Moser [19]). Forr = —n,..,n—1,n, andk =1,...,n—1,

n—=k
s ) :2k<<n—k>-(5+zdk>)>'

PROOF. See a sketch in Appendix. O

In the derivation of our bounds, we will need the following estimates for bino-
mial coefficients.

LEMMA 3.2. For0 < €1 < \/3/32, and all n, such that n- (% — 61) 1S an integer,

n 2 2
3.1 27", <1 Sy e 3e2.
) (o)) SOy e <ad

Moreover, for 0 < e; < (2n)~'/* and n > 164, such that n - (% - 61) is an
integer,

n 2 > 3 1
3.2 27" >(1—g) -/ —- e 2" “net + —.
(3.2) (n (4 el)) > (1-<) m € o 2< 1 + on

2
PRrROOF. See Appendix. O

COROLLARY 3.3.

37"2 2 r?
k < 2.1 . e 2(n—k)
gl kor) < ( +4(n—k)2> -k ¢ ’

g(”? k? ,r)

v

3rd 1 2 __r?
2. (1 — — . e 2(n—k)
R2Mm—k3 2n-k) m(n—k)

ProoOF. Apply Lemma 3.2 to Theorem 3.1. (]

The next result addresses the question of how well sums of binomial coefficients

can be approximated by the Gaussian complementary cumulative distribution func-
tion (CCDF). Henceforth, the Gaussian CCDF is defined by

1 o0 2 1 o0 2
P, = — 2t = —/ —tdt.
c () 5] © - z/\/ie

LEMMA 3.4. Let
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Then, for n > 164 and vnlnlnn < d < n/2, the following inequalities hold

(3.3) 27" S(n,d) < (1+¢3)- Pao <\;iﬁ> , < %,

and for vVnlnlnn < d < (2n)3/4,

d /732 1 5d*
. n > . n/32 )
(3.4) 2 S(n,d) > (1 —«) - Pg (f) —e , < m + e

PRrROOF. See Appendix. O
The bounds on S(n,d) in Lemma 3.4 are given in terms of Pg (%) In certain

cases we would like to provide more explicit bounds, which can be achieved with
the following

LEMMA 3.5. Ford >0, n >0,

VIt (1 D) pp (L) < Y2k
Jrd &2 Jrd

Proor. Use, for x > 0,

NG

2 2

e 7 1 2 RO e *
1-— ) <— “dt < )
ﬁx( 2562)\/77/36 ¢ R

It will turn out that a specific form of d is of interest. The following explicit
bounds will be useful.

LEMMA 3.6. Ford=/2n(Inn+4d(n)) <%, and k=1,2,..,n—1,

O

< d ) 1 e—9(n) _nnti(n)
Pe L )
vn—k 2n /r(Inn+d(n))
d 1 e—9(n) Innts(n)
P > — e o+ " (1—kn' = (2(Inn+4d(n)))7 ).
“ (Vnk) - 2n 7(lnn + 6(n)) ( (2( (n))) )
PRrROOF. See Appendix. O

4. An Upper Bound on M(S,) for Almost all S,
For d < "T’k, the number of sequences S,, such that My(S,) > d, is given by

n—

G(n,k,d) = ig(n,k,r) =2k f <(n B k)n (_1k_ . ))

r=d 2 n—k
We have the following
LEMMA 4.1. For any d not exceeding %} and growing faster than vn — k,

d (n—k) _\/@ d (n—k)
P0<m>-(1—§4 )—e 2 <Pr(My >d) < Pg N .<1_|_g3 ),

where "M = (nffz)s_ — ﬁ and {" ) = T4 are as given by Lemma 3.4.
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PROOF. The probability that an arbitrary chosen binary sequence .S,, has M, >
d equals 27" - G(n, k,d). Use Lemma 3.4 with n — k in place of n. O

Combining Lemmas 4.1 and 3.6, and using e > 1 4+ x for x > 0, we have

1 —1
n 1 —8(n) n . N 7d
2_";G(n,k,d) < 5 < e Rk <1+>

n /r(nn+o(n) “— n—k
e 9(n) n
S -

om m(lnn + 6(n)) . Inn+46(n)

Consequently, we have the following

- (1+ o(1)).

COROLLARY 4.2. Under the conditions of Lemma 4.1,

o—3(n)
(4.1) Pr(M(S,) > v/2n(Inn +d(n))) < NCTEENIE (1 +0(1)).

PROOF. Straightforward

n—1

n—1
Pr( _max Mg >d) < S Pr(My>d) = 27") G(n,k,d)
k=1

k=1,2,..,n—
k=1
1 efé(n)

2" Va(un +o(n)

<

(1+0(1)),

o

and

P M, d=2-P M d).
r(,_max  |My| > d) r(,_pax My > d)

For example, taking 6(n) = —1.5Inlnn + Slnlnn, we obtain

COROLLARY 4.3.

(4.2) Pr(M(S,) > v/2n(Inn — 1.5Inlnn + Blnlnn)) < O ( é ) .
In” n

O
For the sake of comparison, let us derive a lower bound for 27" - %", G(n, k,d).
For notational convenience, in what follows f < ¢ stands for f = o(g).

LEMMA 4.4. For d = +/2n(Inn +06(n)), /n < d < n®/%,

n—1
]_ e_é(n)
27" G(n,k,d) > — - —(1—o0(1
kz::l ( ) 2¢ /m(lnn+d6(n))2 ( )
PROOF. Use Lemma 3.4 and note that for v/n < d < n?/* and k < 2(n/d)?,
ey
P ST o).
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Hence,

n—1 1 675(71) lnn:ﬁ&(n) n—k n nt-5(m)
27N Gnkd) > e | Y e G | (1 - 0(1))
2 o Jamn o)\ = n

1 6*5(") In n+48(n)

n
nn+o(n)

Y

n m(lnn 4+ o(n)) n

k=1

1 e 0(n) n n+Inn+d(n

1 e—9(n)

= —- 7 (1—0(1)).
2¢ /m(Inn+d(n))2 ( @)

O

We see that the lower and upper bounds for 27" 22;11 G(n, k,d) differ only by
a multiplicative constant.

5. A Lower Bound on M(S,) for Almost all S,

Notice that Mz, Mz 4, ..., M, are linear in s1,82...,$2 and in sz41, ..., Sn,
and therefore can be written collectively as a linear system

Mz $1 S2 83 -+ Sz_1 Sz Sz41
M%_;,_l 0 S1 S92 S%_g 5%—1 S%J’_Q
M, _o o o o --- S1 So Sn—1
M, _+ 0O 0 0 O S1 Sn

This linearity allows us to prove independence of Mz ;1 and Mz, ; ; for
1<i<j<3,in Lemma 5.1. Using the independence and the inclusion-exclusion
principle, we provide a lower bound for the upper tail on the probability of the
number of sequences S,, with M (S,,) > v/nlnn + 6(n), Theorem 5.2.

Next, we use Azuma’s bound to show that since M(S,,) satisfies a Lipschitz
condition, the distribution of M(S,,) is concentrated, though we cannot indicate
where its expectation lies. However, noticing that the expectation cannot be too
small, since otherwise its upper tail, - an upper bound on the probability that
M(S,) > y/nlnn+ d(n),- will contradict the earlier derived lower bound on the
probability of the same event, we conclude that the expectation cannot be less than
approximately vnlnn.

LEMMA 5.1. Forany 1 <i<j <%, andd >0,

Pr([My i1 > dA[Myyj ] >d) = Pr(|Mgiia| > d) - Pr(|My ;] > d).

—k
o e € TR 3 n (1 - o(1))

- o e (s e M oy
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Proor. For 1 <i < j < 5, we consider two forms,
M%+i—1 =S818244 + 828524441+ ...+ Sn_jp18,
and
M%+j71 = 81824 + 82814541 + ...+ S2_j118n.

Notice that the number of product terms in the second form, § —j + 1, is
less than the number of product terms in the first one, § — i+ 1. Let us form a
vector of length n — 2j + 2, having the first half consisting of the first § —j +1
product terms from Mz ;1 and the second half containing the product terms from

Mz 4 -1, namely,

x = (X(1)7X(2))

= (313%+i7525%+i+1a .- ~7S%fj+13n7j+i|513%+j7325%+j+17 .. ~7S%7j+15n)'
Let us show that when

y= (51,527~-~,5%—j+1)
. Z_ji1
assumes all possible values from I , and
z= (5%+ia5%+i+17 ooy 8n)

i

. 41 .
assumes all possible values from [F3 , then x assumes all possible values from

F5 %72 equal number of times, 2777,

N2
Notice that w = (w1, w(?) ¢ (F;/Z_jﬂ) , assumes all possible values from

F3 %12 exactly once if and only if the vector (w(), w(?) s« w(®)) where * stands

for the coordinate-wise multiplication of vectors, also assumes all possible values
of IF;L_QJ +2 exactly once. Indeed, for a fixed w), w(2) assumes all possible values
exactly once. The same is clearly true for w(t) « w(® for a fixed w(!) and w(?®

. S |
running over all possibilities in 3 .
correct since the transform is involution.

Using x(M) and x® in place of w(!) and w(?) in the previous, and noticing that
the variables sz_jy2,...,82_;41 do not appear in either x(M or x) we conclude
that

In the opposite direction, the same is

(X(l)a 82 _j428n—jditls e 5%—i+13n|x(2))
assumes each of its 2" ~7772 possible values exactly 27=% times.
Consequently, Mz ;1 and Mz ;1 are independent forall1 <:<j < 3. U

THEOREM 5.2. Let

(5.1) d=+/n(lnn+4d(n)), Vn<d<n®*

Then
Pr(M(S,) > d) > 2e ) (1 —o(1))
YT T n /r(lnn + 6(n)) '

PrOOF. For any subset of sequences S,, from A,,, and any subset IC of indices
k belonging to {1,2,...,n — 1},

br (k_lf%%’_(n_l | Mi(Sn)| 2 d) > Pr (glea,g | My (Sn)| > d) .
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In particular, for m = o(n),

L4m
> > >
o <k=£3ff’z_1 | Mi(Sn)| 2 d) > Z Pr (| My (S,)| = d)
5+m
- Pr (|M;(Sn)| = d A |M;(S,)| > d).
6,j=5,i#]

LEMMA 5.3. For any i <m, m = o(n) and 6(n) > —lnn,
2 e_é(n)

n m(lnn + d(n)) (1 =ol))-

Pr(\M%H,l(Snﬂ > /n(lnn + 5(n))) >
ProoOF. By construction,
Mz i1(Sn) = 81524+ 82850 1ip1 + o+ 8524180,

therefore by Theorem 3.1,

(n_; 2—4+1

2 2

Applying Lemmas 3.4, 3.5 with n — § —i+ 1 and d = \/n(lnn +é(n)), we have

Pr (M%Hﬂ(sn) > \/n(lnn—+6(n))) —92%-itl. g (g —i+1, \/m)

> VI et (1 LB 1o,
~ r(nn +6(n)) 2(Inn +46(n))
For i =1,2,...,m, m = o(n) we then have
1 e—é(n)
(5.2) Pr (M%M_l(sn) > /n(lnn + (5(n))) T (1—o(1)).

Note that by symmetry,
Pr(|M;(Sn)| > d AN |M;(Sy)| > d) =4-Pr(M;(Sn) > dAM;(S,) > d).

2m e - (1—o(1)) 2m? (1+o0(1))-e 20
" m(lnn 4+ d(n)) n2 m(Inn +8(n))

Pr( max | Mg(S,)| > d) >

k=1,2,..n—1

For m =n/Inn,

2¢79(") . (1 — o(1)) 2e=2(") (1 + (1))
Pr( _max |Mk(Sn)|2d> > . ~ T 5
k=1,2,..n—1 Inn-y/r(lnn+o6(n)) (nn)?-w(nn+d(n))
—6(n)
- 2 (1 o(1).
lnn-+/7m(lnn+d(n))
This accomplishes the proof of Theorem 5.2. a

Using the lower bound from Theorem 5.2 and the Azuma inequality, we will
provide a lower bound for the mean of M (S,,).
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LEMMA 5.4 (Azuma, c.f. e.g. [15, 16]). Let z1, 22, ..., 2, be independent random
variables, with z; taking values in a set Aj. Assume that a function f: Ay x Ay X
-+ A, — R satisfies, for some constants bj,j =1,2,3,...,n, the following Lipschitz
condition: if two vectors z, 2 differ only in the j’th coordinate, then |f(z)— f(27)] <
b;.
Then, the random variable X = f(z1,22,...,20), A\ = E(X), satisfies, for any
t>0,

Pr(X > A +1t)

IN

N
exp{—2t?/ Z b7}
1

Pr(X <A-—t)

IN

exp{—2t?/ Z b?}

For

X = M,
pomax [ Ml,

we note that b; =2,j =1,2,...,n — 1, and therefore, for t = vnlnn — J,
(\/nlnn/\)2>

k=1,..n—1 k=1,. 2n

Pr( max |Mg| > A\ t) = Pr( max \Mk| > Vnlnn) <exp (

On the other hand,

2
Pr( max |My| > vVnlnn) > (1—-0(1))
k=1,.,n—1 m(lnn)3
For consistency we require
Inn — \)? 2
exp (-2 (1~ o(1),
2n 7(lnn)3

and therefore,
(Vnlnn —A\)? < 3nlnlnn- (1 -o(1)),
and consequently

A>Vnlnn—V3nnlnn - (1 - o(1)) > Valnn (1 - 31““”) (1 - o(1)).

Inn

Written differently,

A> \/n(lnn— 2v3lnninlnn+ 3lnlnn)(1 — o(1)).

We have thus shown that
E{k max Mk|} > Vnlnn- (1—o0(1)).
=L.n=
JFrom here, straightforward application of the Azuma inequality gives us

COROLLARY 5.5. For almost all S,,, M(S,) =©(vVnlnn).

206nlInl
Pr(k max |My| < Vnlnn — \/Zﬁnlnlnn) < exp (_ﬁnann) = (Inn)=".
=1,..,n— n

O
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6. The M (S,,) Concentration, Modulo a Conjecture

For notational convenience, let us introduce the following definitions

Ap(d) = {IMy|>d}, k=1,.,n—1;
Aklkz (d) = Akl (d) A Akz (d)7 kl 7& k2;
Eiyky(diyd2) = {[My,| = di} AM{|My,| = d2}, ki # ko.

The number of sequences in a set S is denoted by #S.
The following was suggested to us by Alex Koreiko.

CONJECTURE 6.1 (Koreiko [10]). For dy,ds = 6(v/nlnn),
#EIQ(dl7d2) Z #Eklkz (d17 d2)a k17 k2 = 1a 27 ey U — 1a kl 7é k2'

O
Though we were not able to prove that the previous is correct, we can show
that modulo Conjecture 6.1, the following holds:

LEMMA 6.2. Let
d=+/2n(lnn+ 6(n))),
For ky, ke = 1,2,....n — 1, k1 # ko, we have (modulo Conjecture 6.1),

Pr (A1, (@) < 2200

PROOF. As put forward by Moon and Moser in [19],

e 2™ (14 0(1)).

(n—=D+d1 (n—1)—d;

For d; = \/2n(Inn + §;(n (v2nInn), i = 1,2, we have

(n—3)—dy

(n 3)+d1
2 2
#E12(d1,d2) = 2<(n—3)+d1 (;_ dy+da—1 ))((n—3)—d1< + —dy—1 ))
2 2 7 2((n—3)+d1) 2 2((n 3)—d1)
(n*32)+d1 (n 2) di
+ 2((n—3)+d1 (;_ di+do+1 ))((n—3)—d1 (1+ dy—dy+1 ))
2 7 2((n—3)+dy) 2 2 T 2((n—3)—dy)
< om 1+0(1) 0.5(n —3)((d1 — 1)? 4+ d3) — (d1 — 1)d1d2
BEENCEDET A (n =37
1
4L oon 1+O(1) ox _O.5(n—3)((d1+1)2+d§)—(d1+l)d1d2
3@ (n—3)7 &
(51(n)+52(n))
< 26—(1+o(1)).

n3

For d = /2n(Inn + d(n)

ey 24 2d
# Ak, (d) = Z Z # Bk, (dr, da) <> Z #E12(d1,d2) + Ag
1=d do=d di=d d3=
< d2-#E12(d,d)+AG§2”-M-e‘25(")-(1+0(1)),
n

where Ag = n-(G(n,ki,2d) + G(n, k2, 2d)) < # Ak, 1k, (d).

(n=D+d1 4 (n*12)*d1 -1 2 1 _1
_ 2 2
#E12(d1,d2) =2 ( 1 (n—2)—ds )(1 ((nfz)ﬂb B 1)> + <1 ((n72)7d2 B 1))( 1 (n—2)—dy >
27 2 s\ 2 s\ 2 27 2
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d

Lemma 6.2 along with Lemma 4.4 enable us to derive a tight lower bound for
Pr(maxg=12,. n-1|Mk| > /2n(lun + §(n))).

COROLLARY 6.3. For 3lnlnn < d(n) < &1 — Inn,

eié(n)
6.1) Pr( max |Mg|>+2n(Inn+4d(n))) > = (1 —o0(1)).
(O1) Pr(_pmox Ml 2 20l 500) 2 21 olh)
PRrROOF. Let d = /2n(lnn + 6(n)).
Pr(k: ?21?.};—1 |Mg| >d) = 2- Pr(k: {Izlf.l.)./(n_le > d)
n—1 n—1 n—1
> 2) Pr(My>d) -4 Y Pr(My, >d, M, > d)
k=1 k1=1ko=1
o 8(lnn +6(m)e 27 ) - (1 - o(1))
> - — 8(lnn+d(n))e =™ | - (1 —o(1)).
(e\/ﬂlnn—i-é(n))2 >

For §(n) > 5Inlnn(1 + o(1)), the union bound dominates and we obtain the
claim.

O

Now we may repeat the steps in the end of Section 5, but this time using
Corollary 6.3, giving

2
Pr( max |M|> V2n(Inn 4+ 3Inlnn)) > ————(1 — o(1)).
k=1,..n—1 ey/m(Inn)?

Together with the Azuma inequality, it provides us with a tighter lower bound for
the mean of M (S,,). Indeed, the consistency requirement yields

1
WY (1 - o(1)).

exp{— s ;nA)z} >

Therefore,

(t—X)?2 < Znlnlnn(l — o(1)),

| ©

and consequently

A>/2n(Inn + 3Inlnn)—3 nlnlnn(l_o(l)) >V2nlnn (1 - g\/ 1?::;:) (1—0(1)).

2
Written differently it is

A> \/Zn(lnn —3vVInnlnlnn +2.25Inlnn)(1 — o(1)).

We have thus shown that

E{ max 1|M,€|} >V2nlnn- (1 —o(1)).

k=1,..,n—

JFrom here, the straightforward application of the Azuma inequality gives

COROLLARY 6.4. For almost all S,,, M(S,) = v2nlnn.
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7. Appendix

7.1. Proof of Theorem 3.1. The original proof appears in [19], here it is
sketched for completeness. If

My(Sn) =D sisitr =1,

there must be an excess of r/2 values of ¢ with s;s;4x = +1. Hence, the set
{1,2,...,m — k} can be partitioned into two subsets A and B, with (n — k + r)/2
and (n — k — r)/2 respectively, such that

7.1 Sivk = S, if i€ A,
+
and
(72) Si+k = —Sq, if i€ B.
There are ( "% ) choices for the subsets A and B and there are 2 choices
("—k)'< 2'*‘2(7;71@))

for the first k elements of S,,. Once these choices are made, the remaining elements
Sm = S(m—k)+k are determined recursively by (7.1) or (7.2). O

7.2. Proof of Lemma 3.2. Let us first show the upper bound. For 0 < ¢; <
1/2 and any n > 0, we have

n! < 1 1
1 1 — ’ 1 —e1)n’
(- Gma) - Gra)t ™ omn (=) (b4l (3 -a))
where we have used (c.f. e.g. [14])
(7.3) V2 n" Y2 e R s <l < V271 - pt T2 L et
Therefore, for 0 < ¢; < % and any n > 0,
(7.4) ( 1n ) < I .e”He(%—ﬂ),
n-(3-a) 2mn (L — €2)
where H.(z) = —xlnz — (1 — 2) In(1 — ) stands for the natural entropy function.
Using also
1 ) 1
(7.5) H, ;A <In2 — 27, f0r0<61<§,
and
1

<1+%x, for0<z<

ool w

11—z
we have (e < 3/32)

n 1 2 2 2
7.6 < - - . nln2—2ne7 <9om. (1 +3 AN \/> —2n51.
(7.6) (n (3 —61)> - omn (L — ¢2) ¢ <2 ( €1) €

1€

Now to the lower bound. Using (7.3), we have for 0 < €; < % and any n > 0,

— 1 1
nl 1 e 12(%+51)n 12(%751)7@

> . .
(- G=e))t (- GHa)' ™ Jamn(—a) (L4 e)FroIm@ _)Ee)n
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Therefore, for 0 < ¢; < % and any n > 0,

( n ) > 1 e He(d—e1)=1/(n(3-1267))
n(5—e) 2mn (1 —€2)
For 0 < €; < (2n)~Y/4, and n > 164,
1 1 1
H, (2—61) 21n2—26%—%e‘11, and ———5- < —

Since e™* > 1 — x for = > 0, we have
n 2 2 3 1
7.7 >y — e (1 - pet— — ).
S N R R (o LE R

7.3. Proof of Lemma 3.4. Let us first prove (3.3). Let

3

n
2

2. S(n,d) = i(n_(f‘_ k))+ 3 (n.(n_k)>Sl(n,d)+52(n,d).

1
k=4 2 n k=ko+1 2 n

Then,

Taking into account that the terms of Ss(n,d) are monotonously decreasing, let
us bound S3(n,d) from above by the product of the first (biggest) term and the
number of terms in the sum, using Lemma 3.2

41 /2 3 3n n
. —/—=11-= I I e 16 . —3n/16.
(7.8) Sa(n,d) < 64\/;< 8> Vn-e 16 < ’/47r e

As for Si(n,d), we apply the upper bound of Lemma 3.2, to get

2 - 3k2\  ok2/m
Sl(n,d)§ m};(l*l*ng)e .
=2

Bounding the sum with an integral, noting that for d > v/nlInlnn the integrands
are monotonously decreasing functions of k, and recalling

P, (d) ! /Oo e dz
G\ —(F— | = —F= )
vV
[2 & _ [ 2 2 d
. Z e—QkZ/n < e '6_57 +PG <> ,
Lt ™ Vn
-2
[2 3 =2k gy 3d2d+1) _a2 3 d
.. - " 2. n — . P — ).
™m 2n ;; n - V3275 €’ Jr471 ¢ vn
=39

By assumption, we have

3d(2d +1)/V32 < V2d?, (d/n)>+1 < \/7/2,

we have
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and

Summing up and using (7.8),

d 3 ~%n
(7.9) 27" S(n,d) < Pg () : (1 + ) + e,
n
Noting that

n a2 n d n a2
1 et (1- MY <po [ L)< /L e 5
(7.10) Voraz ¢ ( d2>_ G(ﬁ)—\/ oz ¢

under the imposed conditions,

d2

e 2n vV 2md n d 6.5d d

11 < VA (e ) op (L) <22 p (L)
(7-1) \/ﬁ‘n<+d2n> G( ><nG(>

We finally have,
(7.12)

d 6.55d 3n_ d2 d 6.6d
2 m. <Pol—) (1+ =g Bt ) <cpPs(—) (1+—=
sty < 75 (G5) - (10 B e 808 ) <ro () (1455).

where we have bounded  3/4 < d/20, d?/(2n) <n/8 and e~ 15 < d/(25n).
Now, let us prove (3.4). Starting from the lower bound in Lemma 3.2,

) 3kt 1 2 o
SN — . —_— e
= 2n3  2n ™

=3

() () (@) VEE e

To complete the proof let us provide an upper bound for

(n/2)%

3

=

(n?/2)
2" S(n,d) >

(]

2
SS(n7d) - % : - 213

2

3kY ok

Note that the maximum of k*e=2%"/" is reached for k2 = n. If d > 2+/n, the
summands in S3(n,d) are monotonously decreasing and the sum can be bounded
from above by an integral as follows:

1
R
n”/2)4
2 ( ) 3kt —2k?/n 3 1 [ 4 2
. E 53 € < — /= e dx.
™ y 2n qnV m fau
\/7

=5 2n
On the other hand, if VInlnn < d/y/n < 2 (which can only happen when Inlnn <
2, i.e. for n < 1619), the summands increase for d/2 < k < /n and decrease

thereafter. The biggest summand is < 4e™2 < 4e—(d=1)%/2
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Clearly, Sg (n,d) can be bounded from above in both cases as

/ 3 2 _ld-1? 1>2
—2k? /n 22 g, 4 —x2
Z 2n3 8n V mn 4 \/7/1 1 du

V2n

B i d—1 ((d—1)? r34 32 e_(d;n?
T 320 [V n d—1

(1)

Analogously to (7.11), we have

IN

(d—1)?2
T .26(d — 1 d—1 26d d -1
(7.13) e _826Md=l) p (do1) _826d p
Lumping the contributions,
d—1 32 d—1)2 d?
(7.14) (d—1)° b3y 2 sl < 4.55%,
d—1 n
we get

4 4
2 Z 3k o2 n 3 /1 [37.6d +3ﬁ Pe d—1
™o 2n3 8n V 7 | 4v/2n2 4 vn
45d* d—1 5d* d
P, —Pg | —
1m%ﬁg(¢ﬁ)<ﬁ GQM)
where in the last inequality we used

d—1 d—1 d*/n d d
P 22 ) < d-D/2n . L= 04-P~ | — ).
G(ﬁ)—e d " &n-1"° <30t-Fa

Finally, noting that

1
i 8
Py ((g) 4) < V8 VA /i3 e—./n/32’

™
we have
1 5d* d
1 9-n. >(1- = 22 ) po (L) - eV,
(7.15) Stnd) > (1- 50 - 25 ) re () -

7.4. Proof of Lemma 3.6. For x > 0, we have

2

ﬁ( 2x2> \F/ fars
P () = \F/ et

T = \/n(ln:;l—]f(n)) = \/(lnn—|— o(n)) + 7k(ln;zi—]cz(n))7

Noting that

we have
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d 1 e9(m) E [ s\ mioim
Pl —) <« = — /12 (n) ,
¢ <W = k) = 20 Jx(lntomn) 7 (1)
d 1 e9(m) E [ s\ mioim 1
Po| —— > — . [1— 2 (nef™ (1—
¢ (Mn—k) ~ 2n /w(lnn+d(n)) n ( ) 2(Inn + d(n))

Further, using

1
1l—-z<+v1—-—2<1, 1+m§71 , for0<ax<1,
—x

—d(n _k n
pG< d ) A S (emoo) Ko/
vn—Fk/) T 2n /m(lnn+ d(n))
- 1 e=%(n) _lnntatn)

)

2n m(lnn 4+ d(n))

%
|

d 1 e k " TR 1
Pe (m) P ey YL (me?m) T (1 T 2mnt o)

O
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