IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 56, NO. 5, MAY 2010

2053

The Power of Convex Relaxation:
Near-Optimal Matrix Completion

Emmanuel J. Candes, Associate Member, IEEE, and Terence Tao

Abstract—This paper is concerned with the problem of recov-
ering an unknown matrix from a small fraction of its entries. This
is known as the matrix completion problem, and comes up in a
great number of applications, including the famous Netflix Prize
and other similar questions in collaborative filtering. In general,
accurate recovery of a matrix from a small number of entries is
impossible, but the knowledge that the unknown matrix has low
rank radically changes this premise, making the search for solu-
tions meaningful. This paper presents optimality results quanti-
fying the minimum number of entries needed to recover a matrix
of rank r exactly by any method whatsoever (the information theo-
retic limit). More importantly, the paper shows that, under certain
incoherence assumptions on the singular vectors of the matrix, re-
covery is possible by solving a convenient convex program as soon
as the number of entries is on the order of the information theo-
retic limit (up to logarithmic factors). This convex program simply
finds, among all matrices consistent with the observed entries, that
with minimum nuclear norm. As an example, we show that on the
order of nr log(n) samples are needed to recover a random n X n
matrix of rank » by any method, and to be sure, nuclear norm min-
imization succeeds as soon as the number of entries is of the form
nrpolylog(n).

Index Terms—Duality in optimization, free probability,
low-rank matrices, matrix completion, nuclear norm mini-
mization, random matrices and techniques from random matrix
theory, semidefinite programming.

1. INTRODUCTION

A. Motivation

MAGINE we have an nq X mo array of reall numbers and
that we are interested in knowing the value of each of the
nins entries in this array. Suppose, however, that we only get
to see a small number of the entries so that most of the elements
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IMuch of the discussion below, as well as our main results, applies also to
the case of complex matrix completion, with some minor adjustments in the
absolute constants; but for simplicity we restrict attention to the real case.

about which we wish information are simply missing. Is it pos-
sible from the available entries to guess the many entries that
we have not seen? This problem is now known as the matrix
completion problem [7], and comes up in a great number of ap-
plications, including the famous Netflix Prize and other similar
questions in collaborative filtering [12]. In a nutshell, collabora-
tive filtering is the task of making automatic predictions about
the interests of a user by collecting taste information from many
users. Netflix is a commercial company implementing collabo-
rative filtering, and seeks to predict users’ movie preferences
from just a few ratings per user. There are many other such rec-
ommendation systems proposed by Amazon, Barnes and Noble,
and Apple Inc. to name just a few. In each instance, we have a
partial list about a user’s preferences for a few rated items, and
would like to predict his/her preferences for all items from this
and other information gleaned from many other users.

In mathematical terms, the problem may be posed as fol-
lows: we have a data matrix M € R™*™2 which we would
like to know as precisely as possible. Unfortunately, the only
information available about M is a sampled set of entries M;;,
(i,7) € Q, where Q is a subset of the complete set of en-
tries [n1] X [n2] (here, and in the sequel, [n] denotes the list
{1,...,n}). Clearly, this problem is ill-posed for there is no
way to guess the missing entries without making any assump-
tion about the matrix M.

An increasingly common assumption in the field is to
suppose that the unknown matrix M has low rank or has ap-
proximately low rank. In a recommendation system, this makes
sense because often times, only a few factors contribute to an
individual’s taste. In [7], the authors showed that this premise
radically changes the problem, making the search for solutions
meaningful. Before reviewing these results, we would like to
emphasize that the problem of recovering a low-rank matrix
from a sample of its entries, and by extension from fewer linear
functionals about the matrix, comes up in many application
areas other than collaborative filtering. For instance, the com-
pletion problem also arises in computer vision. There, many
pixels may be missing in digital images because of occlusion or
tracking failures in a video sequence. Recovering a scene and
inferring camera motion from a sequence of images is a ma-
trix completion problem known as the structure-from-motion
problem [9], [24]. Other examples include system identification
in control [20], multiclass learning in data analysis [1]-[3],
global positioning—e.g., of sensors in a network—from partial
distance information [5], [22], [23], remote sensing applica-
tions in signal processing where we would like to infer a full
covariance matrix from partially observed correlations [26],
and many statistical problems involving succinct factor models.

0018-9448/$26.00 © 2010 IEEE
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B. Minimal Sampling

This paper is concerned with the theoretical underpinnings of
matrix completion and more specifically in quantifying the min-
imum number of entries needed to recover a matrix of rank r ex-
actly. This number generally depends on the matrix we wish to
recover. For simplicity, assume that the unknown rank-r matrix
M is n X n. Then it is not hard to see that matrix completion is
impossible unless the number of samples m is at least 2nr — 72,
as a matrix of rank r depends on this many degrees of freedom.
The singular value decomposition (SVD)

M = Z LUKV, 1.1)
ke[r]
where o1, ...,0, > 0 are the singular values, and the singular

vectors ui,...,u, € R = R™ and v41,...,v, € R™ = R"
are two sets of orthonormal vectors, is useful to reveal these
degrees of freedom. Informally, the singular values o1 > --- >
o, depend on r degrees of freedom, the left singular vectors uy,
on(n—1)+(n—2)+---+(n—r) =nr—r(r+1)/2 degrees
of freedom, and similarly for the right singular vectors vj. If
m < 2nr — 2, no matter which entries are available, there can
be an infinite number of matrices of rank at most r with exactly
the same entries, and so exact matrix completion is impossible.
In fact, if the observed locations are sampled at random, we will
see later that the minimum number of samples is better thought
of as being on the order of nr log n rather than nr because of a
coupon collector’s effect.

In this paper, we are interested in identifying large classes of
matrices which can provably be recovered by a tractable algo-
rithm from a number of samples approaching the above limit,
i.e., from about nrlogn samples. Before continuing, it is con-
venient to introduce some notation that will be used throughout:
let Pg : R"*™ — R™*" be the orthogonal projection onto the
subspace of matrices which vanish outside of Q ((,7) € Q if
and only if M;; is observed); that is, Y = Pq(X) is defined as

v — J Xijs (5,5) €9Q
I 0, otherwise

so that the information about M is given by Pq (M ). The matrix
M can, in principle, be recovered from Pgq, (M) if it is the unique
matrix of rank less than or equal to 7 that is consistent with the
data. In other words, if M is the unique solution to

minimize

rank(X)

subjectto  Pq(X) = Po(M). (1.2)
Knowing when this happens is a delicate question which shall be
addressed later. For the moment, note that attempting recovery
via (I.2) is not practical as rank minimization is in general an
NP-hard problem for which there are no known algorithms ca-
pable of solving problems in practical time once, say, n > 10.
In [7], it was proved 1) that matrix completion is not as ill-
posed as previously thought and 2) that exact matrix comple-
tion is possible by convex programming. The authors of [7] pro-
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posed recovering the unknown matrix by solving the nuclear
norm minimization problem

minimize

X

subjectto  Pq(X) = Po(M) (1.3)

where the nuclear norm || X||. of a matrix X is defined as the
sum of its singular values

X =) 0a(X)

i

(1.4)

[problem (I.3) is a semidefinite program [11]]. They proved that
if © is sampled uniformly at random among all subset of cardi-
nality m and M obeys a low coherence condition which we will
review later, then with large probability, the unique solution to
(1.3) is exactly M, provided that the number of samples obeys

m > Cn6/5rlogn (1.5)

(to be completely exact, there is a restriction on the range of
values that r can take on).

In (I.5), the number of samples per degree of freedom is not
logarithmic or polylogarithmic in the dimension, and one would
like to know whether better results approaching the nrlogn
limit are possible. This paper provides a positive answer. In de-
tail, this work develops many useful matrix models for which
nuclear norm minimization is guaranteed to succeed as soon as
the number of entries is of the form nrpolylog(n).

C. Main Results

A contribution of this paper is the development simple hy-
potheses about the matrix M which make it recoverable by
semidefinite programming from nearly minimally sampled en-
tries. To state our assumptions, we recall the SVD of M (I.1)
and denote by Py (resp. Py ) the orthogonal projections onto the
column (resp. row) space of M; i.e., the span of the left (resp.
right) singular vectors. Note that

Py = Z wul; Py = Z vV 1.6)
i€[r] i€[r]
Next, define the matrix E as
E:= Z w;vy. (L.7)

i€[r]

We observe that F interacts well with Py and Py, in particular,
obeying the identities

PyE=FE=EPy; E'E=Py; EE*=Py.

One can view F as a sort of matrix-valued “sign pattern” for
M (compare (1.7) with (I.1)), and is also closely related to the
subgradient 9|| M ||, of the nuclear norm at M (see (II1.2)).

It is clear that some assumptions on the singular vectors u;,
v; (or on the spaces U, V') are needed in order to have a hope of
efficient matrix completion. For instance, if u; and v; are Kro-
necker delta functions at positions 4, j respectively, then the sin-

gular value o can only be recovered if one actually samples the
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(4, 7) coordinate, which is only likely if one is sampling a sig-
nificant fraction of the entire matrix. Thus, we need the vectors
u;, v; to be “spread out” or “incoherent” in some sense. In our
arguments, it will be convenient to phrase incoherence assump-
tion using the projection matrices Py, Py and the sign pattern
matrix £. More precisely, our assumptions are as follows.

Al There exists u1 > 0 such that for all pairs (a,a’) €

[nl] X [nl] and (b/ bl) € [ng] X [ng]

‘<6a7 PUea’> - L]-a:u/ < Mlﬁ (ISa)
ny ni

en Prew) — - 1yy| < T (18b)
N9 N9

A2 There exists 2 > 0 such that forall (a, b) € [n1] % [n2]

| Eap| < p2 1.9)

Jr
V1nin2 '
We will say that the matrix M obeys the strong incoherence
property with parameter p if one can take p; and po both less
than or equal to p (this property is related to, but slightly dif-
ferent from, the incoherence property, which will be discussed
in Section I-F1).

Remark. Our assumptions only involve the singular vectors
UL,y Upy V1, - .., U of M; the singular values o1, . .., 0, are
completely unconstrained. This lack of dependence on the sin-
gular values is a consequence of the geometry of the nuclear
norm [and, in particular, the fact that the subgradient || X ||. of
this norm is independent of the singular values, see (II.2)].

Itis not hard to see that ;» must be greater than 1. For instance,

(1.9) implies

(a,b)€[n1]X[n2]

= |l?ab|2 S ,U,%T

which forces po > 1. The Frobenius norm identities

r=IPuli= D I Prea)l

a,a’€[ny]

and (I.8a), (I.8b) also place a similar lower bound on 1.

We will show that 1) matrices obeying the strong incoherence
property with a small value of the parameter x can be recovered
from fewer entries and that 2) many matrices of interest obey the
strong incoherence property with a small p. We will shortly de-
velop three models: the uniformly bounded orthogonal model,
the low-rank low-coherence model, and the random orthogonal
model, which all illustrate the point that if the singular vectors
of M are “spread out” in the sense that their amplitudes all have
about the same size, then the parameter y is low. In some sense,
“most” low-rank matrices obey the strong incoherence prop-
erty with 4 = O (y/logn), where n = max(n1,n2). Here,
O(:) is the standard asymptotic notation, which is reviewed in
Section I-H.

Our first matrix completion result is as follows.

Theorem 1.1 (Matrix Completion I): Let M € R™ *"2 be a
fixed matrix of rank » = O(1) obeying the strong incoherence
property with parameter p. Write n := max(n1,ns). Suppose
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we observe m entries of M with locations sampled uniformly
at random. Then there is a positive numerical constant C' such
that if

m > Cp*n(logn)? (1.10)
then M is the unique solution to (I.3) with probability at least
1 — n~3. In other words: with high probability, nuclear-norm
minimization recovers all the entries of M with no error.

This result is noteworthy for two reasons. The first is that the
matrix model is deterministic and only needs the strong inco-
herence assumption. The second is more substantial. Consider
the class of bounded rank matrices obeying pn = O(1). We shall
see that no method whatsoever can recover those matrices unless
the number of entries obeys m > conlogn for some positive
numerical constant cg; that is, the information theoretic limit.
Thus, Theorem 1.1 asserts that exact recovery by nuclear-norm
minimization occurs nearly as soon as it is information theo-
retically possible. Indeed, if the number of samples is slightly
larger, by a logarithmic factor, than the information theoretic
limit, then (I.3) fills in the missing entries with no error.

We stated Theorem 1.1 for bounded ranks, but our proof gives
a result for all values of r. Indeed, the argument will establish
that the recovery is exact with high probability provided that

m > Cu*nr?(logn)?. 1.11)
When r = O(1), this is Theorem 1.1. We will prove a stronger
and near-optimal result below (Theorem 1.2) in which we re-
place the quadratic dependence on r with linear dependence.
The reason why we state Theorem 1.1 first is that its proof is
somewhat simpler than that of Theorem 1.2, and we hope that
it will provide the reader with a useful lead-in to the claims and
proof of our main result.

Theorem 1.2 (Matrix Completion 1I): Under the same hy-
potheses as in Theorem 1.1, there is a numerical constant C' such
that if

m > Cp’nrlog®n (1.12)

M is the unique solution to (I.3) with probability at least 1 —
-3
n .
This result is general and nonasymptotic.
The proof of Theorems 1.1, 1.2 will occupy the bulk of the
paper, starting at Section III.

D. A Surprise

We find it unexpected that nuclear norm-minimization works
so well, for reasons we now pause to discuss. For simplicity,
consider matrices with a strong incoherence parameter
polylogarithmic in the dimension. We know that for the rank
minimization program (I.2) to succeed, or equivalently for the
problem to be well posed, the number of samples must exceed
a constant times n7r log n. However, Theorem 1.2 proves that
the convex relaxation is rigorously exact nearly as soon as our
problem has a unique low-rank solution. The surprise here is
that admittedly, there is a priori no good reason to suspect that
convex relaxation might work so well. There is a priori no good
reason to suspect that the gap between what combinatorial and
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convex optimization can do is this small. In this sense, we find
these findings a little unexpected.

The reader will note an analogy with the recent literature on
compressed sensing, which shows that under some conditions,
the sparsest solution to an underdetermined system of linear
equations is that with minimum ¢; norm.

E. Model Matrices

We now discuss model matrices which obey the conditions
(1.8) and (1.9) for small values of the strong incoherence param-
eter u. For simplicity we restrict attention to the square matrix
cas€ n; = N9 = n.

1) Uniformly Bounded Model: In this section, we shall show,
roughly speaking, that almost all n x n matrices M with singular
vectors obeying the size property

Nlukllew llvklle. <V ps/n

with up = O(1) also satisfy the assumptions A1 and A2 with
pi1, 2 = O (y/logn). This justifies our earlier claim that when
the singular vectors are spread out, then the strong incoherence
property holds for a small value of .

We define a random model obeying (I.13) as follows: take
two arbitrary families of n orthonormal vectors [uy, . . . , u,,] and
[v1,...,v,] obeying (I.13). We allow the u; and v; to be deter-
ministic; for instance, one could have u; = v; for all ¢ € [n].

1) Select r left singular vectors wq(1), - - - ; Ua(r) at random
with replacement from the first family, and r right sin-
gular vectors vg(1), . - . , Ug(,) from the second family, also
at random. We do not require that the 3 are chosen inde-
pendently from the «; for instance one could have (k) =
a(k) for all k € [r].

2) Set M := Zke[r] ekakuﬂ(k)vz(k), where the signs
€1,...,60 € {—=1,41} are chosen independently at
random (with probability 1/2 of each choice of sign), and
01,...,0, > 0 are arbitrary distinct positive numbers
(which are allowed to depend on the previous random
choices).

We emphasize that the only assumptions about the families
[t1,...,uy,] and [v1,...,v,] is that they have small compo-
nents. For example, they may be the same. Also note that this
model allows for any kind of dependence between the left and
right singular selected vectors. For instance, we may select the
same columns as to obtain a symmetric matrix as in the case
where the two families are the same. Thus, one can think of our
model as producing a generic matrix with uniformly bounded
singular vectors.

We now show that Py, Py, and E obey (1.8) and (1.9), with
p1, 2 = O (upv/logn), with large probability. For (I.9), ob-
serve that

(113)

E= " entia(eUhu
ke(r]

and {er } is a sequence of i.i.d. £1 symmetric random variables.
Then Hoeftding’s inequality shows that uo = O (/L BVlog n);
see [7] for details.
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For (1.8), we will use a beautiful concentration-of-measure
result of McDiarmid.

Theorem 1.3 : [19] Let{a1,...,ay} be asequence of scalars
obeying |a;| < a. Choose a random set S of size s without
replacement from {1,...,n} and let Y = }°._ a;. Then for
eacht > 0

+2
P(Y —EY| > t) < 2e™ 2saz. 1.14)

From (1.6), we have

Py = Z URUE,

keS

Y = <PUea7PUea’> = Z<6a7uk><uk;ea’>
keS

where S := {«(1),...,a(r)}. For any fixed a,a’ € [n], set

and note that EY' = ~1,—,. Since [(eq, ur)(ur, €a')| < pn/n,
we apply (I.14) and obtain

P <|<PUea7PUea’> — 1{,,,:(1/}7‘/7’L| > /\.U'Bﬁ> < 267)\2/2_
n

Taking A proportional to y/log n and applying the union bound
fora,a’ € [n] proves (1.8) with probability at least 1 —n =3 (say)
with 43 = O (/LB\/M).

Combining this computation with Theorems 1.1, 1.2, we have
established the following corollary (here and below, MC is a
shorthand for matrix completion):

Corollary 1.4 (MC, Uniformly Bounded Model): Let M be
a matrix sampled from a uniformly bounded model. Under the
hypotheses of Theorem 1.1, if

m > Cuinr log" n

M is the unique solution to (I.3) with probability at least 1 —
n~3. As we shall see below, when r = O(1), it suffices to have

m > Cugpn log? n.

Remark. For large values of the rank, the assumption that the
£+, norm of the singular vectors is O (1/+/n) is not sufficient
to conclude that (1.8) holds with y; = O (y/logn). Thus, the
extra randomization step (in which we select the 7 singular vec-
tors from a list of n possible vectors) is in some sense necessary.
As an example, take [ug,...,u,] to be the first  columns of
the Hadamard transform where each row corresponds to a fre-
quency. Then ||ug|le.. = 1/+/n, butif r < n/2, the first two
rows of [ug,..., u,.] are identical. Hence

(Pyey, Pyes) = r/n.

Obviously, this does not scale like /7 /n. Similarly, the sign flip
(step 2) is also necessary as otherwise, we could have £ = Py
as in the case where [u1,...,u,] = [v1,...,v,] and the same
columns are selected. Here

1 r

max F,, = max ||PUea||2 > — E ||PUea||2 = —

a a n n
a
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which does not scale like /7 /n either.

2) Low-Rank Low-Coherence Model: When the rank is
small, the assumption that the singular vectors are spread is
sufficient to show that the parameter p is small. To see this,
suppose that the singular vectors obey (I.13). Then

<PUea7PUea’> - 1{a:a’}£ < m;[p(] ||PUea||2 < M
n a€ln
(1.15)
The first inequality follows from the Cauchy-Schwarz in-
equality

[(Prea, Puea)| < ||Pyealll| Poea||

for a # a’ and from the Frobenius norm bound

1 T
max ||Pyea||? > =|| Pyl = —.
max | Pueal* 2 ~l1Polfp = =
This gives p; < ppy/r. Also, by another application of
Cauchy—Schwarz, we have

|Eqp| < max || Pyeg|| max || Pyep|| < KBl
a€ln] be[n] n

1.16)
so that we also have ps < pp+/7. In short, p < /.

Our low-rank low-coherence model assumes that » = O(1)
and that the singular vectors obey (I.13). When pup = O(1), this
model obeys the strong incoherence property with . = O(1).
In this case, Theorem 1.1 specializes as follows.

Corollary 1.5 (MC, Low-Rank Low-Coherence Model): Let
M be a matrix of bounded rank (r = O(1)) whose singular
vectors obey (I.13). Under the hypotheses of Theorem 1.1, if

m > Cugnlog’n

then M is the unique solution to (I.3) with probability at least
1—-n73

3) Random Orthogonal Model: Our last model is borrowed
from [7] and assumes that the column matrices [u1, . . ., u,] and
[v1,...,v,] are independent random orthogonal matrices, with
no assumptions whatsoever on the singular values o1, ...,0,.
Note that this is a special case of the uniformly bounded
model since this is equivalent to selecting two n X n random
orthonormal bases, and then selecting the singular vectors as
in Section I-E1. Since we know that the maximum entry of

an n X n random orthogonal matrix is bounded by a constant

times 10% with large probability, then Section I-E1 shows

that this model obeys the strong incoherence property with
= O(logn). Theorems 1.1, 1.2 then give:

Corollary 1.6 (MC, Random Orthogonal Model): Let M be
a matrix sampled from the random orthogonal model. Under the
hypotheses of Theorem 1.1, if

m > Cnrlog®n

then M is the unique solution to (I.3) with probability at least
1 — n=3. The exponent 8 can be lowered to 7 when r > logn
and to 6 when r = O(1).

As mentioned earlier, we have a lower bound m > 2nr — r
for matrix completion, which can be improved to m >

2
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Cnrlog n under reasonable hypotheses on the matrix M. Thus,
the hypothesis on m in Corollary 1.6 cannot be substantially
improved. However, it is likely that by specializing the proofs
of our general results (Theorems 1.1 and 1.2) to this special
case, one may be able to improve the power of the logarithm
here, though it seems that a substantial effort would be needed
to reach the optimal level of nrlogn even in the bounded
rank case. Speaking of logarithmic improvements, we have
shown that 4 = O(logn), which is sharp since for r = 1,
one cannot hope for better estimates. For » much larger than
log n, however, one can improve this to 1 = O (y/logn). As
far as p11 is concerned, this is essentially a consequence of the
Johnson-Lindenstrauss lemma. For a # a’, write

1
(Preaq, Preqar)= 7 (IPreq + Prea||* — |Prea — Prea||?) .

We claim that for each a # a’

2r

‘||PU(ea e -] <

vrlogn (L.17)
n

with probability at least 1 —n~?, say. This inequality is, indeed,

well known. Observe that || Py z|| has the same distribution than

the Euclidean norm of the first » components of a vector uni-

formly distributed on the n — 1 dimensional sphere of radius

||z||- Then we have [4]

P<\/§<1 — O)llall < Py < \/gu - e)llle)

< 26—521“/4 + 26_6277'/4.

logn

Choosing x = e, £ €./, € = Cow/T, and applying the
union bound proves the claim as long as 7 is sufficiently
larger than log n. Finally, since a bound on the diagonal term
|Prea]|* — r/n in (1.8) follows from the same inequality by
simply choosing z = e,, we have y; = O (y/logn). Similar
arguments for p exist but we forgo the details.

E Comparison With Other Work

1) Nuclear Norm Minimization: The mathematical study of
matrix completion began with [7], which made slightly different
incoherence assumptions than in this paper. Namely, let us say
that the matrix M obeys the incoherence property with a param-
eter o > 0 if

Ko™ Ko™
—, ||Pves]® < =—
ni U

| Preal? < (1.18)
for all a € [n1], b € [n2]. Again, this implies pg > 1.

In [7], it was shown that if a fixed matrix M obeys the inco-
herence property with parameter (o, then nuclear minimization
succeeds with large probability if

6/5 (1.19)

m > Cugn°’°rlogn
provided that por < n'/%.

Now consider a matrix M obeying the strong incoherence
property with = O(1). Then since po > 1, (I.19) guar-
antees exact reconstruction only if m > Cn%®rlogn (and
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r = O(n'/?)) while our results only need nrpolylog(n) sam-
ples. Hence, our results provide a substantial improvement over
(I.19) at least in the regime which permits minimal sampling.

We would like to note that there are obvious relationships
between the best incoherence parameter 1o and the best strong
incoherence parameters ji1, o for a given matrix M, which we
take to be square for simplicity. On the one hand, (I1.8) implies
that

P

r
[Preal® < — +
n n

so that one can take p19 < 1+ p1/+/7. This shows that one can
apply results from the incoherence model [in which we only
know (I.18)] to our model (in which we assume strong incoher-
ence). On the other hand

LT
(Pea, Poew)| < | Poea|| Prea | < 55

so that u1 < po+/r. Similarly, o < po+/7 so that one can
transfer results in the other direction as well. The point of using
A1 rather than (I.18) is that it will prove useful in giving simple
estimates about the coefficients of a linear transformation,
which plays a crucial role in the analysis.

We would like to mention another important paper [21] in-
spired by compressed sensing, and which also recovers low-rank
matrices from partial information. The model in [21], however,
assumes some sort of Gaussian measurements and is completely
different from the completion problem discussed in this paper.

2) Spectral Methods: An interesting new approach to the
matrix completion problem has been recently introduced in
[14].2 This algorithm starts by trimming each row and column
with too many entries; i.e., one replaces the entries in those
rows and columns by zero. Then one computes the SVD of the
trimmed matrix and truncate it as to only keep the top r singular
values (note that one would need to know r a priori). Then
under some conditions (including the incoherence property
(L.18) with 4 = O(1)), this work shows that accurate—not
exact—recovery is possible from a minimal number of samples,
namely, on the order of O(nr) samples. Having said this, this
work is not directly comparable to ours because it operates in a
different regime. First, the results, unlike ours, are asymptotic
and valid only in a regime where the dimensions of the matrix
tend to infinity in a fixed ratio. Second, there is a strong as-
sumption about the range of the singular values the unknown
matrix can take on while we make no such assumption; they
must be clustered so that no singular value can be too large
or too small compared to the others. Finally, this work only
shows approximate recovery—not exact recovery as we do
here—although exact recovery results have been announced.
This work is of course very interesting because it may show that
methods—other than convex optimization—can also achieve
minimal sampling bounds.

G. Lower Bounds

We would like to conclude the tour of the results introduced
in this paper with a simple lower bound, which highlights the

2A journal version [13] has appeared since the original submission of our
paper
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fundamental role played by the coherence in controlling what is
information-theoretically possible.

Theorem 1.7 (Uniqueness Implies a Miminimal Sampling
Rate): Fix1 < m,r <mand o > 1,let 0 < § < 1/2, and
suppose that we do not have the condition

m > n? (1 _ et IOg(%)) . (1.20)
Easier to read, suppose we do not have
m > (1 — €)uonrlog (Zn_é) (1.21)

where € := /9" ]og (& ). Then there exist infinitely many

pairs of distinct n X n matrices M # M’ of rank at most
and obeying the incoherence property (I.18) with parameter i
such that P (M) = Pq(M’) with probability at least 6. Here,
each entry is observed with probability p = m/n? indepen-
dently from the others.

Clearly, even if one knows the rank and the coherence of a
matrix ahead of time, then no algorithm can be guaranteed to
succeed based on the knowledge of Pg, (M) only, since they are
many candidates which are consistent with these data. We prove
this theorem in Section II. Informally, Theorem 1.7 asserts that
(1.20) is a necessary condition for matrix completion to work
with high probability if all we know about the matrix M is that it
has rank at most r and the incoherence property with parameter
Ho-

Recall that the number of degrees of freedom of a rank-r ma-
trix is 2nr(1 — r/2n). Hence, to recover an arbitrary rank-r
matrix with the incoherence property with parameter py with
any decent probability by any method whatsoever, the minimum
number of samples must be about the number of degrees of
freedom times 19 log n; in other words, the oversampling factor
is directly proportional to the coherence. Since poy > 1, this
justifies our earlier assertions that nrlogn samples are really
needed.

In the Bernoulli model used in Theorem 1.7, the number
of entries is a binomial random variable sharply concentrated
around its mean m. There is very little difference between
this model and the uniform model which assumes that €2 is
sampled uniformly at random among all subsets of cardinality
m. Results holding for one hold for the other with only very
minor adjustments. Because we are concerned with essential
difficulties, not technical ones, we will often prove our results
using the Bernoulli model, and indicate how the results may
easily be adapted to the uniform model.

H. Notation

Before continuing, we provide here a brief summary of the
notation used throughout the paper. To simplify the notation,
we shall work exclusively with square matrices, thus

ny = N2 =nN.

The results for nonsquare matrices (with n = max(ny,ns)) are
proven in exactly the same fashion, but will add more subscripts
to a notational system which is already quite complicated, and
we will leave the details to the interested reader. We will also
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assume that n > C for some sufficiently large absolute constant

C, as our results are vacuous in the regime n = O(1).
Throughout, we will always assume that mm is at least as large

as 2nr, thus

1.22)

2r <mp, p:=m/n’

A variety of norms on matrices X € R™*" will be discussed.
The spectral norm (or operator norm) of a matrix is denoted by

1X][:= sup

eRn:||x]| =1

[Xzl| = sup o;(X).

1<j<n

The Euclidean inner product between two matrices is defined
by the formula

(X,Y) := trace(X™*Y)

and the corresponding Euclidean norm, called the Frobenius
norm or Hilbert—Schmidt norm, is denoted

Z o;(X
The nuclear norm of a matrix X is denoted
X[ = > oi(X
j=1

For vectors, we will only consider the usual Euclidean £ norm
which we simply write as ||z]|.

Further, we will also manipulate linear transformations which
act on the space R™*™ matrices such as Pq, and we will use
calligraphic letters for these operators as in A(X). In partic-
ular, the identity operator on this space will be denoted by 7 :
R"*™ — R"™*™, and should not be confused with the identity
matrix / € R™*™. The only norm we will consider for these
operators is their spectral norm (the top singular value)

M-

1/2

IX]|F == (X, X)"/? =

Al = [MA(X

sup
<

Thus, for instance
[Pall = 1.

We use the usual asymptotic notation, for instance writing
O(M) to denote a quantity bounded in magnitude by CM for
some absolute constant C' > 0. We will sometimes raise such
notation to some power, for instance O(M)* would denote a
quantity bounded in magnitude by (CM)M for some absolute
constant C' > 0. We also write X <Y for X = O(Y), and
poly(X) for O(1 + | X[)°M).

We use 1g to denote the indicator function of an event £/,
e.g., la—a equals 1 when a = o’ and 0 when a # o.

If A is a finite set, we use |A] to denote its cardinality.

We record some (standard) conventions involving empty
sets. The set [n] := {1,...,n} is understood to be the empty
set when n = (. We also make the usual conventions that
an empty sum ) ., f(x) is zero, and an empty product
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[I.co f(x) is one. Note, however, that a k-fold sum such as

a1,anefn) S (a1, ..., ax) does not vanish when k = 0, but
is instead equal to a single summand f() with the empty tuple
() € [n]° as the input; thus, for instance, the identity

k
k
>, Ilf@)=| > fa
ay,...,ap€[n] i=1 a€ln]
is valid both for positive integers k£ and for & = 0 (and both

for nonzero f and for zero f, recalling of course that 0° = 1).
We will refer to sums over the empty tuple as trivial sums to
distinguish them from empty sums.

II. LOWER BOUNDS

This section proves Theorem 1.7, which asserts that no
method can recover an arbitrary n X n matrix of rank  and
coherence at most pp unless the number of random samples
obeys (1.20). As stated in the theorem, we establish lower
bounds for the Bernoulli model, which then apply to the model
where exactly m entries are selected uniformly at random, see
the Appendix for details.

It may be best to consider a simple example first to under-
stand the main idea behind the proof of Theorem 1.7. Suppose
that 7 = 1, o > 1 in which case M = zy*. For simplicity,
suppose that y is fixed, say y = (1,...,1), and z is chosen ar-
bitrarily from the cube [1, /7ig] " of R™. One easily verifies that
M obeys the coherence property with parameter jo (and in fact
also obeys the strong incoherence property with a comparable
parameter). Then to recover M, we need to see at least one entry
per row. For instance, if the first row is unsampled, one has no
information about the first coordinate z1 of = other than that it
liesin [1, /1], and so the claim follows in this case by varying
z1 along the infinite set [1, \//TO] .

Now under the Bernoulli model, the number of observed en-
tries in the first row—and in any fixed row or column—is a bi-
nomial random variable with a number of trials equal to n» and
a probability of success equal to p. Therefore, the probability
7o that any row is unsampled is equal to 79 = (1 — p)". By
independence, the probability that all rows are sampled at least
once is (1 — 7)™, and any method succeeding with probability
greater 1 — 6 would need

(1—-m)">1-6
or —nmy > nlog(l — mp) > log(1l — §). When § < 1/2,
log(1 — 6) > —26, and, thus, any method would need

7I'0§—.
n

This is the desired conclusion when pg > 1,7 = 1.

This type of simple analysis easily extends to general values
of the rank r and of the coherence. Without loss of generality,
assume that £ := ﬁ is an integer, and consider a (self-adjoint)
n X n matrix M of rank r of the form

r

%

M = E OrUrUy
k=1
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where the oy, are drawn arbitrarily from (0, 1] (say), and the
singular vectors u1, . .., u, are defined as follows:

Be={(k—1l+1,(k—1)+2,... kt}

that is to say, uj vanishes everywhere except on a support of ¢
consecutive indices. Clearly, this matrix is incoherent with pa-
rameter jio in the sense of (I.18). Because the supports of the
singular vectors are disjoint, M is a block-diagonal matrix with
diagonal blocks of size £ x £. We now argue as before. Recovery
with positive probability is impossible unless we have sampled
at least one entry per row of each diagonal block, since other-
wise we would be forced to guess at least one of the o, based on
no information (other than that o, lies in [0, 1]), and the theorem
will follow by varying this singular value. Now the probability
1 that the first row of the first block—and any fixed row of any
fixed block—is unsampled is equal to (1 — p)*. Therefore, any
method succeeding with probability greater 1 — § would need

(1—7(1)”’21—5

which implies 71 < 28 /7 just as before. With 71 = (1 —p)*, a
simple algebraic manipulation gives (1.20) under the Bernoulli
model. The second part of the theorem, namely, (I.21) follows
from 1 — e™ > x — 22 /2 whenever = > 0.

III. STRATEGY AND NOVELTY

This section outlines the strategy for proving our main results,
Theorems 1.1 and 1.2. The proofs of these theorems are the same
up to a point where the arguments to estimate the moments of
a certain random matrix differ. In this section, we present the
common part of the proof, leading to two key moment estimates,
while the proofs of these crucial estimates are the object of later
sections.

One can, of course, prove our claims for the Bernoulli model
with p = m/n? and transfer the results to the uniform model,
by using the arguments in the appendix. For example, the prob-
ability that the recovery via (I.3) is not exact is at most twice
that under the Bernoulli model.

A. Duality

We begin by recalling some calculations from [7, Section 3].
From standard duality theory, we know that the correct matrix
M € R™ " is a solution to (I.3) if and only if there exists a
dual certificate Y € R™*™ with the property that Po(Y) is a
subgradient of the nuclear norm at M, which we write as

Po(Y) € O||M |- (IT1.1)

We recall the projection matrices Py, Py and the companion
matrix F defined by (1.6), (I.7). It is known [16], [25] that

M|, = {E +W W eR™, PyW =0

WPy =0, W] <1} a2
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There is a more compact way to write (II1.2). Let 7" C R™*™ be
the span of matrices of the form uy* and zv}, and let T beits
orthogonal complement. Let Py : R"*™ — T be the orthogonal
projection onto 7'; one easily verifies the explicit formula
PT(X) =Py X +XPy - PyXPy (I1.3)

and note that the complementary projection Pr. := 7 — Pr is
given by the formula

Pro(X)=(I - Py)X(I - Py). (I1L.4)
In particular, Py is a contraction
| Pre|l < 1. (IIL.5)

Then Z € 0||M]||., if and only if
PT(Z) = E,and “’PTL (Z)“ <1

With these preliminaries in place, [7] establishes the following
result.

Lemma 3.1 (Dual Certificate Implies Matrix Completion):
Let the notation be as above. Suppose that the following two
conditions hold.

1) There exists Y € R™*™ obeying:

a) Po(Y)=Y,;
b) Pr(Y) = E;
O Pre (V)] < 1.

2) The restriction Pg |7: T — Pq(R™*™) of the (sampling)

operator P, restricted to 7' is injective.
Then M is the unique solution to the convex program (I.3).
Proof: See [7, Lemma 3.1]. [ |

The second sufficient condition, namely, the injectivity of the
restriction to P, has been studied in [7]. We recall a useful re-
sult.

Theorem 3.2 (Rudelson Selection Estimate): [7, Theorem
4.1] Suppose € is sampled according to the Bernoulli model
and put n := max(n1,n2). Assume that M obeys (I.18). Then
there is a numerical constant Cr such that for all 3 > 1, we
have the bound

p HPrPoPr — pPr| < a (I1L6)

with probability at least 1 — 3n~? provided that o < 1, where

a is the quantity
0= Cp [ uonr (B logn)'
m

We will apply this theorem with § := 4 (say). The statement
(II1.6) is stronger than the injectivity of the restriction of P,
to T'. Indeed, take m sufficiently large so that ¢ < 1. Then if
X € T, we have

(I1L.7)

PrPa(X) — pX|[r < apl|X|r

and obviously, Pq(X) cannot vanish unless X = 0.
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In order for the condition a < 1 to hold, we must have

m > Cyugnrlogn (I11.8)
for a suitably large constant Cy. However, this follows from the
hypotheses in either Theorem 1.1 or Theorem 1.2, for reasons
that we now pause to explain. In either of these theorems, we
have

m > Cyiunrlogn (I11.9)
for some large constant C;. Recall from Section I-F1 that pg <
14+ p1/v/r < 14 p/+/r, and so (I11.9) implies (II1.8) whenever
o > 2 (say). When po < 2, we can also deduce (II1.8) from
(II1.9) by applying the trivial bound p > 1 noted in the intro-
duction.

In summary, to prove Theorem 1.1 or Theorem 1.2, it suffices
(under the hypotheses of these theorems) to exhibit a dual ma-
trix Y obeying the first sufficient condition of Lemma 3.1, with
probability at least 1 — n =3 /2 (say). This is the objective of the
remaining sections of the paper.

B. Dual Certificate

Whenever the map Pq |r: T — Po(R™*™) restricted to T
is injective, the linear map

T—-T
X — PrPoPr(X)

is invertible, and we denote its inverse by (PrPoPr)~t : T —
T Introduce the dual matrix ¥ € Pqo(R™*™) C R™*™ defined
via
Y = PoPr(PrPoPr) ' E. (1I1.10)
By construction, Po(Y) =Y, Pr(Y) = E, and, therefore, we
will establish that M is the unique minimizer if one can show
that
|Pre(Y)] < 1. IIL.11)
The dual matrix Y would then certify that M is the unique solu-
tion, and this is the reason why we will refer to Y as a candidate
certificate. This certificate was also used in [7].
Before continuing, we would like to offer a little motivation
for the choice of the dual matrix Y. It is not difficult to check
that (II1.10) is actually the solution to the following problem:

121l 7
subjectto  PrPq(Z) = E.

minimize

Note that by the Pythagorean identity, Y obeys
IVIE = 1Pr(V)IE + [Pre(NIE =7+ [Pre (V)Z-

The interpretation is now clear: among all matrices obeying
Pa(Z) = Z and Pr(Z) = E, Y is that element which mini-
mizes ||Pr. (Z)||r. By forcing the Frobenius norm of Prp. (Y)
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to be small, it is reasonable to expect that its spectral norm will
be sufficiently small, as well. In that sense, Y defined via (I11.10)
is a very suitable candidate.

Even though this is a different problem, our candidate certifi-
cate resembles—and is inspired by—that constructed in [8] to
show that /; minimization recovers sparse vectors from mini-
mally sampled data.

C. Neumann Series

We now develop a useful formula for the candidate certificate,
and begin by introducing a normalized version Qg : R"*"™ —
R"™*™ of Pg, defined by the formula

Qq = l’PQ -7 (II1.12)
p

where Z : R™*™ — R™ " is the identity operator on ma-

trices (not the identity matrix I € R™*™!). Note that with the

Bernoulli model for selecting €2, that Qg has expectation zero.
From (II1.12) we have PrPqoPr = pPr(Z + Qq)Pr, and

owing to Theorem 3.2, one can write (PrPqPr) ™! as the con-

vergent Neumann series

p(PrPaPr)™" =Y (=1)*(PrQaPr)*.

E>0

From the identity Pr. Py = 0, we conclude that Pp. PoPr =
p(Pr1 QoPr). One can, therefore, express the candidate cer-
tificate Y (II1.10) as

Pro(Y) = Y (=1)"Prs Qa(PrQaPr)" (E)

E>0

= > (1) Pr+(QaPr)* Qa(E)

k>0

where we have used P2 = Pr and Pr(E) = E. By the triangle
inequality and (IIL.5), it thus suffices to show that

S Il(QePr)*Qa(B)| < 1

k>0

with probability at least 1 — n =3 /2.

It is not hard to bound the tail of the series thanks to Theorem
3.2. First, this theorem bounds the spectral norm of PrQqPr
by the quantity a in (III.7). This gives that for each & > 1,
||(PTQQPT)k(E)||F < a*||E||r = a*/r and, therefore

1(QaPr)* Qa(B)| y = 1QaPr(PrQaPr)* (E)l|r
<||QaPrllak /7.

Second, this theorem also bounds ||QqPr|| (recall that this is
the spectral norm) since

||QQPT||2 = ma
1 X <1

(QaPr(X), QuPr(X))
= (X, ProgPr(X)).
Expanding the identity P2 = Pq in terms of Qgq, we obtain

0 = ~[(1-2)Qn + (1= p)7] (IIL13)
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and, thus, for all || X||r < 1

p(X, PrQ4Pr(X)) = (1 — 2p)(X, PrQoPr(X))
+ (L= p)IPr(X)|IF

<a+1.

Hence, ||QqPr|| < v/(a + 1)/p. For each ko > 0, this gives

3r 6r
E)|p <t/ akgﬂ—ako
||F Zp k;g P

provided that a < 1/2. With p = m/n? and a defined by (I11.7)
with 8 = 4, we have

> |1(QaPr)* Qal

k>ko

kg+1

wonrlogn\ 2
I < v o (Mo oEn)

Z ||(QQPT>kQQ(E)

k> ko

with probability at least 1 —n~*. When kg+1 > logn, n ToFT <
= ¢, and thus for each such a kg

1
3 (@uPrFQa(E)] < 0 (105"

k>ko

nlogn

kg+1

(IIL.14)

with the same probability.

To summarize this section, we conclude that since both our
results assume that m > couonrlogn for some sufficiently
large numerical constant ¢y (see the discussion at the end of
Section III-A), it now suffices to show that

[log n|

3 [(aPr)tQar] < &

k=0

(IL.15)

(say) with probability at least 1 — n=3 /4.

D. Centering

We have already normalized Pq, to have “mean zero” in some
sense by replacing it with Q. Now we perform a similar oper-
ation for the projection Py : X — Py X + X Py — Py X Py.
The eigenvalues of Pr are centered around

o = trace(Pr)/n* =2p—p*, p:=r/n (I11.16)
which follows from the fact that Pr is an orthogonal projection
onto a space of dimension 2nr — r2. Therefore, we simply split
Pr as

Pr=0Qr+pT (I11.17)
so that the eigenvalues of Qr are centered around zero. From
now on, p and p’ will always be the numbers defined above.

Lemma 3.3 (Replacing Pr With Qr): Let 0 < o < 1. Con-
sider the event

k+1

1(Q0Qr)* Qu(E)|| <o %, forall 0 <k < k. (IIL1Y)
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Then on this event, we have that for all 0 < k < ko,

1 + 4k+1

|(QaPr)*Qa(E)| < (I11.19)

provided that 8nr/m < /2.
From (II1.19) and the geometric series formula, we obtain the
corollary

ko—1

> I(QaPr)*Qa(B)|| < 5V

k=0

1

1 —ags (I11.20)
Let oo be such that the right-hand side is less than 1/4, say.
Applying this with ¢ = o¢, we conclude that to prove (III.15)
with probability at least 1 — n=2/4, it suffices by the union
bound to show that (III.18) holds for this value of o (note that
the hypothesis 8nr/m < /2 follows from the hypotheses in
either Theorem 1.1 or Theorem 1.2).

Lemma 3.3, which is proven in the Appendix, is useful be-
cause the operator Qr is easier to work with than Pr in the
sense that it is more homogeneous, and obeys better estimates.
If we split the projections Py, Py as

Py =pIl+Qu, Pv=pl+Qv (I1.21)
then Qr obeys
r(X)=(1-p)QuX +(1-p)XQv - QuXQy.

Let Ug q7, V31 denote the matrix elements of Q, Qv
Ua,a’ = <6a7 QUea’> = (ea7 PUea’> — pla=a (IIL.22)

and similarly for V4 3. The coefficients cqp 411 of Q7 obey

Cab,a’b! ‘= <eGeZ7 QT)(ea’ez')
=1 =p)lp=pUsar + (1 = p)lo=a Vi pr
—Ugar V- (I11.23)

An immediate consequence of this, under the assumptions (I1.8),
is the estimate

lCabsar| < (Laar + 11,21,/)“7‘1/; + BT (I11.24)
When p = O(1), these coefficients are bounded by
O(y/r/n) when a = da' or b = V' while in contrast, if
we stayed with Pr rather than Qp, the diagonal coeffi-
cients would be as large as r/n. However, our lemma states
that boundmg H QQQT) Qa(E || automatically bounds
|| (QaPr)kQq(E H by nearly the same quantity. This is the

main advantage of replacing Py by Qr in our analysis.

E. Key Estimates

To summarize the previous discussion, and in particular
the bounds (II1.20) and (III.14), we see that everything re-
duces to bounding the spectral norm of (QqQ7)* Qo (E) for
k =0,1,..., [logn]. Providing good upper bounds on these
quantities is the crux of the argument. We use the moment
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method, controlling a spectral norm of a matrix by the trace of a
high power of that matrix. We will prove two moment estimates
which ultimately imply our two main results (Theorems 1.1
and 1.2), respectively. The first such estimate is as follows:

Theorem 3.4 (Moment Bound I): For a fixed k > 0, set A =
(Qa9r)*Qa(E). Under the assumptions of Theorem 1.1, we
have that for each 7 > 0

j i 2 G(k+1
E [trace(A"A)') = O(j(k + 1)) 7 On ()T

Ty =t (I11.25)

provided that n, > nrz and n > coj(k+ 1) for some numerical
constant cg.

By Markov’s inequality, this result automatically estimates
the norm of (QqQr)*Qq(F) and immediately gives the fol-
lowing corollary.

Corollary 3.5 (Existence of Dual Certificate I): Under the
assumptions of Theorem 1.1, the matrix Y (III.10) is a dual
certificate, and obeys || Py (V)|| < 1/2 with probability at least
1 — n~3 provided that m obeys (1.10).

Proof: Set A = (QaQr)*Qq(FE) with k < logn, and set
o < 0. By Markov’s inequality
k41 E||A|%

(Al 2 o) < Sl

Now choose j > 0 to be the smallest integer such that j(k+1) >
logn. Since

|A|% < trace(A*A)
Theorem 3.4 gives

P([l4] > 05 < 470+D

for some
o[tk
om
where we have used the fact that nﬂ'<k1+1) < nﬁ = ¢. Hence,
if

21.2
m > ¢ rullosn)” (1126)

a

for some numerical constant Cy, we have v < 1/4 and

P (|l(@e@r)*Qu(B)]| = o) <n~*.

Therefore

U {H(QQQT)’“QQ(E)H > g%}

0<k<logn

has probability less than or equal to n~*logn < n=3/2 for
n > 2. Since the corollary assumes » = O(1), then (IIL.26)
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together with (IT1.20) and (III.14) proves the claim thanks to our
choice of 0. [ |

Of course, Theorem 1.1 follows immediately from Corollary
3.5 and Lemma 3.1. In the same way, our second result (The-
orem 1.2) follows from a more refined estimate stated below.

Theorem 3.6 (Moment Bound II): For a fixed k& > 0, set
A = (Q0q97)¥Qq(E). Under the assumptions of Theorem 1.2,
we have that for each j > 0 [r, is given in (II1.25)]

. . .
(j(k+1)) m“u)f("“) (I11.27)

E[trace(A*A)7] < ( —

provided that n > ¢oj(k + 1) for some numerical constant cg.
Just as before, this theorem immediately implies the fol-
lowing corollary.

Corollary 3.7 (Existence of Dual Certificate II): Under the
assumptions of Theorem 1.2, the matrix Y (III.10) is a dual
certificate, and obeys || P+ (V)|| < 1/2 with probability at least
1 — n~3 provided that m obeys (I1.12).

The proof is identical to that of Corollary 3.5 and is omitted.
Again, Corollary 3.7 and Lemma 3.1 immediately imply The-
orem 1.2.

We have learned that verifying that Y is a valid dual certifi-
cate reduces to (II1.25) and (II1.27), and we conclude this section
by giving a road map to the proofs. In Section IV, we will de-
velop a formula for E trace(A* A)7, which is our starting point
for bounding this quantity. Then Section V develops the first
and perhaps easier bound (II1.25) while Section VI refines the
argument by exploiting clever cancellations, and establishes the
nearly optimal bound (II1.27).

F. Novelty

As explained earlier, this paper derives near-optimal sam-
pling results which are stronger than those in [7]. One of
the reasons underlying this improvement is that we use
completely different techniques. In detail, [7] constructs
the dual certificate (III.10) and proceeds by showing that
IPro(Y)|| < 1 by bounding each term in the series
Y k>0 ||(QQPT)kQQ(E)“ < 1. Further, to prove that the
early terms (small values of k) are appropriately small, the
authors employ a sophisticated array of tools from asymptotic
geometric analysis, including noncommutative Khintchine in-
equalities [17], decoupling techniques of Bourgain and Tzafiri
and of de la Pefia [10], and large deviations inequalities [15].
They bound each term individually up to & = 4 and use the
same argument as that in Section III-C to bound the rest of the
series. Since the tail starts at ko = 5, this gives that a sufficient
condition is that the number of samples exceeds a constant
times 11915/ >nr log n. Bounding each term ||( Qo Pr)* Qa(E)||
with the tools put forth in [7] for larger values of k& becomes
increasingly delicate because of the coupling between the
indicator variables defining the random set 2. In addition, the
noncommutative Khintchine inequality seems less effective in
higher dimensions; that is, for large values of k. Informally
speaking, the reason for this seems to be that the types of
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random sums that appear in the moments (QqPr)* Qq(E) for
large k involve complicated combinations of the coefficients of
‘Pr that are not simply components of some product matrix, and
which do not simplify substantially after a direct application of
the Khintchine inequality.

In this paper, we use a very different strategy to estimate
the spectral norm of (QqoQr)*Qq(FE), and employ moment
methods, which have a long history in random matrix theory,
dating back at least to the classical work of Wigner [27]. We
raise the matrix A := (QqQr)*Qa(F) to a large power 5 so
that

o1/ (A) = || A||¥ ~ trace(A*A) = > 07 (A)

i€[n]

(the largest element dominates the sum). We then need to com-
pute the expectation of the right-hand side, and reduce matters
to a purely combinatorial question involving the statistics of var-
ious types of paths in a plane. It is rather remarkable that car-
rying out these combinatorial calculations nearly give the quan-
titatively correct answer; the moment method seems to come
close to giving the ultimate limit of performance one can expect
from nuclear-norm minimization.

As we shall shortly see, the expression trace(A* A)7 expands
as a sum over “paths” of products of various coefficients of the
operators Qq, Qr and the matrix . These paths can be viewed
as complicated variants of Dyck paths. However, it does not
seem that one can simply invoke standard moment method cal-
culations in the literature to compute this sum, as in order to
obtain efficient bounds, we will need to take full advantage of
identities such as PrPr = Pr (which capture certain cancel-
lation properties of the coefficients of Pr or Qr) to simplify
various components of this sum. It is only after performing such
simplifications that one can afford to estimate all the coefficients
by absolute values and count paths to conclude the argument.

IV. MOMENTS

Let 5 > 0 be a fixed integer. The goal of this section is to
develop a formula for

X := Etrace(A*A). av.1

This will clearly be of use in the proofs of the moment bounds
(Theorems 3.4, 3.6).

A. First Step: Expansion
We first write the matrix A in components as
A= Z Aab €ab

a,bE[n]

for some scalars A, where e, is the standard basis for the
n X n matrices and A, is the (a, b)th entry of A. Then

Z H AaibiAaH—lbi

bi,...,b;€[n]

trace(A*A)! =

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 56, NO. 5, MAY 2010

where we adopt the cyclic convention a;41 = a1. Equivalently,
we can write

(IV.2)

1
trace(A*A)j = Z H H Aaiubi

i€[j] n=0

where the sum is over all a; ,,, b; ,, € [n] fori € [j], n € {0,1}
obeying the compatibility conditions

Qi1 = Gi+1,03 bi,l = bi,(] for all 7 € [J]

with the cyclic convention a;4+1,0 = a1,0.

Example. If j = 2, then we can write trace(A* A)7 as

>

ay,az2,b1,b2€[n]

Aa1b1 Aa2b1 A(L2b2 Aa1b2

or equivalently as

2 1
Z H H A"'ivwbi»u

i=1 p=0

the
(11,0701,17@2,0702,1751,071)1,17172,0,52,1 €
compatibility conditions

over all
[n] obeying the

where sum is

ai,1 = az,0; Aa2,1 = 1,03 b1,1 = b1,0; bz,l = 52,0-

Remark. The sum in (IV.2) can be viewed being taken over
all closed paths of length 25 in [n] x [n], where the edges of the
paths alternate between “horizontal rook moves” and “vertical
rook moves” respectively; see Fig. 1.

Second, write Q1 and Qg in coefficients as

QT(ea’b’) = Z Cab,a’t' €ab

ab

where cqp 41 1s given by (1I1.23), and
Qaleav) = Earvr Carty
where &,;, are the iid, zero-expectation random variables
1
ab = El(a,b)eﬂ - L

With this, we have

>

ay,by,...,ar,br €[n]

Aﬂroabo =

I I Cay_1bi_1,a;b;

le[k]
k
X (H gf,,,bl) Eap,  (IV.3)
=0

for any ag, by € [n]. Note that this formula is even valid in the
base case k = 0, where it simplifies to just A, b, = Eagby Eagbo
due to our conventions on trivial sums and empty products.
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ay,0,b1,0) (ag,1,b3,1)

(a2,04b2,0)

a11,b1))

az,1,b2)1)  (as0,b30)

4

Fig. 1. Typical pathin [r] X [r] that appears in the expansion of trace(A* A)7,
here with 7 = 3.

Example. If k = 2, then

>

ay,az,by,ba€[n]

Aﬂroabo =

faobo Cagbg,a1,by
Xfalbl Calbl ,(Lgbz é‘azbg Ea2b2 .

Remark. One can view the right-hand side of (IV.3) as the
sum over paths of length k + 1 in [n] x [n] starting at the desig-
nated point (ag, bg) and ending at some arbitrary point (ay, by ).
Each edge (from (a;, b;) to (a;4+1, b;+1)) may be a horizontal or
vertical “rook move” (in that at least one of the a or b coordi-
nates does not change3), or a “non-rook move” in which both the
a and b coordinates change. It will be important later on to keep
track of which edges are rook moves and which ones are not,
basically because of the presence of the delta functions 1,—,,
1p—p in (II1.23). Each edge in this path is weighted by a ¢ factor,
and each vertex in the path is weighted by a ¢ factor, with the
final vertex also weighted by an additional F factor. It is impor-
tant to note that the path is allowed to cross itself, in which case
weights such as 2, €2, etc. may appear, see Fig. 2.

Inserting (IV.3) into (IV.2), we see that X can thus be ex-
panded as

1
E E H H H Caj pa—1bi pi—1,ai,u,105 4,1

+ ieli n=o L \zefn
k
! Hfai.p.lbi.p,.l Eai.;b.kbi.;t.k (IV.4)
=0

where the sum ) _, is over all combinations of a; , 1, b; ;.1 € [n]
fori € [j], p € {0,1} and 0 < I < k obeying the compatibility
conditions

bi,l,O = bi’()_’(] forall 7 € [J]

@i,1,0 = Ai+1,0,0; (IV.5)

3Unlike the ordinary rules of chess, we will consider the trivial move when
a;+1 = a; and b; 1, = b, to also qualify as a “rook move”, which is simulta-
neously a horizontal and a vertical rook move.
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b
>
Sagbo -
asbs
.Eu,r,h-‘
Cagbo,a1by Casba,asbs
Cayby,azb2
a €a1b1 e L §a2b2
Cazbs,asbs
Cazbz,azbs
b, L]
v Saba
Fig. 2. Typical path appearing in the expansion (IV.3) of A, s, here with

k = 5. Each vertex of the path gives rise to a ¢ factor (with the final vertex,
coloured in red, providing an additional E factor), while each edge of the path
provides a ¢ factor. Note that the path is certainly allowed to cross itself (leading
to the ¢ factors being raised to powers greater than 1, as is for instance the case
here at (a1,b1) = (a4, bs)), and that the edges of the path may be horizontal,
vertical, or neither.

with the cyclic convention a;11,0,0 = a1,0,0-

Example. Continuing our running example 7 = k = 2, we
have

2 1
X=E E H H (gai.“.obi,u,oCai,u,obi.“.o,ai.u.1bi,“,1

% i=1p=0

'Eaf,t,ﬂh, 1 Cai b 1,00 20, ,2£a7, ,2177,L,2Ea1, 2bi 2
[’ w w [’ W w w [’ W [’

where a; ,; fori =1,2, 01 =0,1,1 = 0,1, 2 obey the compat-
ibility conditions
ai,1,0 =0a2,0,0; 02,1,0 = Aa1,0,0

bi,1,0 =b1,00; b2,1,0=b2,0,0-

Note that despite the small values of j and k, this is already
a rather complicated sum, ranging over n?**1) = n12 sum-
mands, each of which is the product of 4j(k + 1) = 24 terms.

Remark. The expansion (IV.4) is the sum over a sort of com-
binatorial “spider”’, whose “body” is a closed path of length 27 in
[n] X [n] of alternating horizontal and vertical rook moves, and
whose 27 “legs” are paths of length &, emanating out of each
vertex of the body. The various “segments” of the legs (which
can be either rook or non-rook moves) acquire a weight of c,
and the “joints” of the legs acquire a weight of &, with an addi-
tional weight of E at the tip of each leg. To complicate things
further, it is certainly possible for a vertex of one leg to overlap
with another vertex from either the same leg or a different leg,
introducing weights such as ¢ 2, ¢ 3. etc.; see Fig. 3. As one can
see, the set of possible configurations that this “spider” can be
in is rather large and complicated.

B. Second Step: Collecting Rows and Columns

We now group the terms in the expansion (IV.4) into a
bounded number of components, depending on how the various
horizontal coordinates a;,; and vertical coordinates b; ,
overlap.
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b >
€ o 6B . ¢
e ————Po— o
/ X
4 3
a £
€
EE o E—CVOEE
Y £ ¢

& E

A4

Fig. 3. “Spider” with j = 3 and k& = 2, with the “body” in boldface lines and
the “legs” as directed paths from the body to the tips (marked in red).

It is convenient to order the 2j(k + 1) tuples (¢, i, 1) € [J] X
{0,1} x {0,...,k} lexicographically by declaring (i, u,l) <
(&', ) ifi < i',orifi =4 and p < p/, orif ¢ = ¢’ and
pw=p andl < I,

We then define the indices s; .1, i .0 € {1,2,3,...} recur-
sively forall (4, 41, 1) € [j]x{0, 1} x[k] by setting s1 0.0 = 1 and
declaring s; ,, 1 = sir 1 if there exists (7', p', 1) < (i, p,1)
with a;/ = a; ., or equal to the first positive integer not
equal to any of the s;s v v for (', /', 1") < (i, p, 1) otherwise.
Define t; ,, ; using b; ,, ; similarly. We observe the cyclic condi-
tion
(IV.6)

$i1,0 = Si41,0,0; ti10=tioo forall i€ [j]

with the cyclic convention s;.41,0,0 = $1,0,0-

Example. Suppose that j = 2, k = 1, and n > 30, with the
(@i 1, bi 1) given in lexicographical ordering as

(@1,0,0,b0,0,0) = (17, 30)
(a1,01,b001) =(13,27)
(@1,1,0,b0,1,0) =(28,30)
(a1,1,1,b0,1,1) =(13,25)
(@2,0,0,b1,0,0) = (28,11)
(a2,0,1,b1,0,1) = (17,27)
(a2,1,0,01,1,0) = (17,11)
(a2,1,1,b1,1,1) = (13,27)

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 56, NO. 5, MAY 2010

Then we would have

Observe that the conditions (IV.5) hold for this example, which
then forces (IV.6) to hold also.

In addition to the property (IV.6), we see from construction
of (s, t) that for any (4, 1, 1) € [§]x{0,1} x{0,..., k}, the sets

(5P, 1 1) = (1 110 < (i, 1)}
{0 V) = (@ 1) < (s 1)}
are initial segments, i.e., of the form [m] for some integer m.
Let us call pairs (s, t) of sequences with this property, as well as
the property (IV.6), admissible; thus, for instance, the sequences

in the above example are admissible. Given an admissible pair
(s,t), if we define the sets .J, K by

J = {50t (i) € [j] x {0,1} x {0, k}}
K o= {ti00 0 (i) € [j] x {0,1} x {0,...,k}}
(IV.8)

av.m

then we observe that J = [|J|], K = [|K]|]. Also, if (s,t)
arose from a; ,, 1, b; 1 in the above manner, there exist unique
injections o : J — [n], f: K — [n]suchthata; ,; = a(si 1)
and b,;,ml = B(ti,u,l)-

Example. Continuing the previous example, we have J = [3],
K = [4], with the injections « : [3] — [n] and (3 : [4] — [n]

defined by
a(l):=17; «(2):=13; «(3):=28
and
B(1):=30; [(2):=27; [(3):=25 p[(4):=11.

Conversely, any admissible pair (s, t) and injections «, (3 de-
termine a; ,; and b; ,, ;. Because of this, we can thus expand X
as shown in the equation at the bottom of the page, where the
outer sum is over all admissible pairs (s, ), and the inner sum
is over all injections.

X =

> XTI

(s,t)admissible

o, i€[j] p=0

H ca(57~u~lf1 VB(tip1—1),0(8i,0,0) Bt 1)

le[k]

k
. (H €a<s7,u,,>ﬂ<tw>> Ea(s,,u,m(tu,t,n]

1=0
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Remark. As with the preceding identities, the above formula
is also valid when k = 0 (with our conventions on trivial sums
and empty products), in which case it simplifies to

1
PO DY | | CXAPRET

X =
(s,t)admissible  «,8 i€[j] n=0
XEa(Si.p,.O)/B(ti.}L.O).
Remark. One can think of (s,f) as describing
the combinatorial ~“configuration” of the “spider”

(@i, bi 1)) (i) €[] x {0,1} x{0,...,k}—it determines which
vertices of the spider are equal to, or on the same row or
column as, other vertices of the spider. The injections «, 3
then enumerate the ways in which such a configuration can be
“represented” inside the grid [n] x [n].

C. Third Step: Computing the Expectation

The expansion we have for X looks quite complicated.
However, the fact that the &,, are independent and have
mean zero allows us to simplify this expansion to a sig-
nificant degree. Indeed, observe that the random variable
E = [Lepy HL:O Hf:o a(si )B(t:,.,) has zero expectation
if there is any pair in JJ X K which can be expressed exactly
once in the form (s; . 1,%; ,.1). Thus, we may assume that no
pair can be expressed exactly once in this manner. If § is a
Bernoulli variable with P(§ = 1) = p = 1 — P(§ = 0), then
for each s > 0, one easily computes

E(6—p)" =p(1—p) [(1—p)* "+ (=1)p"""]

G
p

The value of the expectation of = does not depend on the choice

and hence

<p'.

of v or 3, and the calculation above shows that = obeys
_ 1
Bl < o=t
where
Q:={(sipi i) : (6 1) € [1] x{0,1} x {0,..., k}}
cJxK. av.9)

Applying this estimate and the triangle inequality, we can thus
bound X by (IV.10)

2.

(s,t) strongly admissible

1
Z H H |:< Hc“(si#hl1)ﬂ(ti.#.ll)s”(si,u,l)ﬂ(ti,y,l))

.8 i€[j] p=0 - Melk]

X < (l/p)Qj(kH)—IQI

X

(1V.10)

’ E(’(Si,-ﬁm)ﬂ(ti,u,k'):|

where the sum is over those admissible (s, ¢) such that each ele-
ment of €2 is visited at least twice by the sequence (sm,l, ti,u,l)§

2067

we shall call such (s,t) strongly admissible. We will use the
bound (IV.10) as a starting point for proving the moment esti-
mates (I11.25) and (II1.27).

Example. The pair (s,t) in the Example in Section IV-B
is admissible but not strongly admissible, because not
every element of the set 2 (which, in this example, is
{(1,1),(2,2),(3,1),(2,3),(3,4),(1,2),(1,4)}) is visited
twice by the (s,1).

Remark. Once again, the formula (IV.10) is valid when k& = 0,
with the usual conventions on empty products (in particular, the
factor involving the c coefficients can be deleted in this case).

V. QUADRATIC BOUND IN THE RANK

This section establishes (II[.25) under the assumptions of
Theorem 1.1, which is the easier of the two moment estimates.
Here we shall just take the absolute values in (IV.10) inside the
summation and use the estimates on the coefficients given to
us by hypothesis. Indeed, starting with (IV.10) and applying
(IV.9), we see that the product Hie[j] HL:O | Ea(si )8t 00l
is bounded by (\/ﬁ /n) 2J, where we recall that 7, = p?r.
Letting @ be the set of all (¢, i, 1) € [j] X {0,1} x [k] such that
Sipu,l—1 75 Si,p,l and ti”uylfl 75 ti,,u,l and applymg (11124), we
see that

1
H H H |Ca(si.;z.171)/3(ti.p,.l—1)ya(si.p,.l)ﬁ(ti.p,.l)|

1€[5] n=0l€e[k]

Thinking of the sequence {(si .1,%i,u,1)} as a pathin J x K,
we have that (i,u,l) € @ if and only if the move from
(Si,pi—1,ti pi—1) to (Sip1,tip1) is neither horizontal nor
vertical; per our earlier discussion, this is a “non-rook” move.
All in all, this gives

>

(s,t) strongly admissible

X < 27k (1/p)2i kD=1l

y Z (\/a/n)Zj(kJrl)HQ\ .

a,B
Example. The example in Section IV-B is admis-
sible, but not strongly admissible. Nevertheless, the

above definitions can still be applied, and we see that
Q@ = {(1,0,1),(1,1,1),(2,0,1),(2,1,1)} in this case,
because all of the four associated moves are non-rook moves.

As the number of injections «, 3 is at most n!7!, nl¥! re-
spectively, we thus have the first equation shown at the bottom
of the next page, which we rearrange slightly as in the second
equation shown at the bottom of the next page. Since (s, t) is
strongly admissible and every point in €2 needs to be visited at
least twice, we see that

Q] <j(k+1).
Also, since  C [7] x {0,1} x [k], we have the trivial bound

Q| < 2jk.
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This ensures that

@ +2|Q] - 3j(k+1) <0
and
2j(k+1) — 9] > j(k +1).

2

e and

From the hypotheses of Theorem 1.1, we have np > r
thus

pHIE-IQI-19]

ﬁ)j(kﬂ)

X<(w

>

(s,t) str. admiss.

Remark. In the case where & = 0 in which Q = (), one can
easily obtain a better estimate, namely, (if np > 7,,)

2r i
X< [ =£
() ¥

s,t) str. admiss.

Call a triple (¢, u, 1) recycled if we have sy, v = 8; 1 OF
tir v = ti 0 for some (¢, p',1") < (4, p, 1), and totally recy-
cled if (si’,,u’,l’ati’,u’,l’) = (Si,u,ly ti,,u,l) for some (i/, ,LLI7 l/) <
(4, u,1). Let Q' denote the set of all (¢, 4,1) € @ which are re-
cycled.

M1+ =l0]

Example. The example in Section IV-B is admissible, but not
strongly admissible. Nevertheless, the above definitions can still
be applied, and we see that the triples

(1,1,0),(1,1,1),(2,0,0),(2,0,1),(2,1,0),(2,1,1)

are all recycled (because they either reuse an existing value of
s or t or both), while the triple (2,1, 1) is totally recycled (it
visits the same location as the earlier triple (1,0, 1)). Thus, in
this case, we have Q' = {(1,1,1),(2,0,1),(2,1,1)}.

We observe that if (7, u, 1) € [j] x {0, 1} x [k] is not recycled,
then it must have been reached from (¢, i, ! — 1) by a non-rook
move, and thus, (4, t, () lies in Q.

Lemma 5.1 (Exponent Bound): For any admissible tuple, we
bave |J] + K| — Q] — 2] < —1@/] + 1.

Proof: We let (i, u,l) increase from (1,0,0) to (4,1, k)

and see how each (4, i, !) influences the quantity |J| + | K| —

[Q\Q - 19].
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First, we see that the triple (1, 0, 0) initializes |.J|, | K|, |?| =
1and |Q\Q'| = 0,0 |J| + |K| — |Q\Q'| — |2] = 1 at this
initial stage. Now we see how each subsequent (%, i1, ) adjusts
this quantity.

If (7, u,1) is totally recycled, then J, K, Q, Q\Q’ are un-
changed by the addition of (¢, i1, 1), and so |J|+|K|— |Q\Q'| —
|| does not change.

If (4, u, 1) is recycled but not totally recycled, then one of .J,
K increases in size by at most one, as does 2, but the other set
of .J, K remains unchanged, as does Q\Q’, and so |.J| + | K| —
|Q\Q’| — |€2| does not increase. If (4, 11, 1) is not recycled at all,
then (by (IV.6)) we must have [ > 0, and then (by definition of
Q, Q) we have (i, u,0) € Q\Q', and so |Q\Q'| and |2 both
increase by one. Meanwhile, |.J| and | K| increase by 1, and so
|J|+|K|—|Q\Q’'|—|€| does not change. Putting all this together
we obtain the claim. ]

This lemma gives

g2\ FHD
np

Remark. When k£ = 0, we have the better bound
2r J
X< (=£ .
() ¥ o«

str. admiss.
To estimate the above sum, we need to count strongly admis-
sible pairs. This is achieved by the following lemma.

Z n-1Q1+1

str. admiss.

Lemma 5.2 (Pair Counting): For fixed ¢ > 0, the number of
strongly admissible pairs (s, t) with |Q’| = ¢ isatmost O(j(k+
1))2j(k+1)+q.

Proof: First, observe that once one fixes ¢, the number of
possible choices for @’ is (Zfl k) , which we can bound crudely by
22i(k+1) < 92i(k+1)+4 S0 we may without loss of generality
assume that Q’ is fixed. For similar reasons we may assume ()
is fixed.

As with the proof of Lemma 5.1, we increment (4, i, ) from
(1,0,0) to (4, 1, k) and upper bound how many choices we have
available for s; ,, 1, t; .1 at each stage.

There are no choices available for 51 ¢ o, 1,0,0, Which must
both be one. Now suppose that (7, u,1) > (1,0,0). There are
several cases. If [ = 0, then by (IV.6) one of s; ,, 1, ¢; ;.1 has no

X S 22jk

>

(s,t) str. admiss.

(1/p)2j(k+1)—|Q|n|J|+|K| (m/n)zj(k+1)+|Q|

X < 27k

>

(s,t) str. admiss.

P

2\ kDl
(&) p2 PR30k |+ K - [Ql-19
1
n
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choices available to it, while the other has at most O(j(k + 1))
choices. If | > 0 and (¢, u,1) ¢ Q, then at least one of s; ,, ;,
t;,u,1 18 necessarily equal to its predecessor; there are at most
two choices available for which index is equal in this fashion,
and then there are O(j(k + 1)) choices for the other index.

If { > 0and (i,p,1) € Q\Q', then both s; ,; and ¢; ,; are
new, and are thus equal to the first positive integer not already
occupied by ;s 1 or ti . respectively for (i, p/ 1) <
(4, p,1). So there is only one choice available in this case.

Finally, if (4, 1,1) € Q’, then there can be O(j(k+1)) choices
for both s; ,,; and ¢; . ;.

Multiplying together all these bounds, we obtain that the
number of strongly admissible pairs is bounded by

OG(k + 1))2J'+2jk—\Q\+2|Q'\ =O0(j(k+ 1))2j(k+1)—|Q\Q'\+|/|

which proves the claim (here we discard the |Q \ Q’| factor). m

Using the above lemma we obtain

2 J(k+1) 2jk
X < |~ O(i(k + 1))2k+D+a,—a
<(3) a 0wy

q=0

Under the assumption n > ¢oj(k + 1) for some numerical con-
stant cg, we can sum the series and obtain Theorem 3.4.

Remark. When k£ = 0, we have the better bound

J
X < 0(j)¥n <2&> .
np

VI. LINEAR BOUND IN THE RANK

We now prove the more sophisticated moment estimate
(II1.27) under the hypotheses of Theorem 1.2. Here, we cannot
afford to take absolute values immediately, as in the proof
of (III.25), but first must exploit some algebraic cancellation
properties in the coefficients cqp o737, Fap appearing in (IV.10)
to simplify the sum.

A. Cancellation Identities

Recall from (II1.23) that the coefficients cqp 45 are defined
in terms of the coefficients U, ,/, Vr introduced in (II1.22).
We recall the symmetries Uy o0 = Uqyrq, Vopr = Vi, and the
projection identities

Z Ua,a’Ua’,a” = (1 — 2p) Ua,a”

—|— P (1 — p) 1(,:,1,/1 (VI])
Z %71)/%/71)// = (1 — Zp) %71)//
b/

+p (1 — p) lyp—prr. (V1.2)

The first identity follows from the matrix identity

Z Ua,a’Ua’,a” = <ea7 Q%}ea”>
a/
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after one writes the projection identity P2 = Py in terms of
Qu using (II1.21), and similarly for the second identity.
In a similar vein, we also have the identities

> UswBap=(0=p)Eap =Y EapVirp  (VL3)
a’ b

which simply come from QuE = PyE — pE = (1 — p)E
together with EQy = EPy — pE = (1 — p)E. Finally, we
observe the two equalities

Z Ea,bEa’,b = Ua,a’ + p1a=a’
b

> BapFay =Viy + plo=p. (V14)

The first identity follows from the fact that ), F, , Fq 5 is the
(a,a’)th element of EE* = Py = Qu + pl, and the second
one similarly follows from the identity E*FE = Py = Qv +pl.

B. Reduction to a Summand Bound

Just as before, our goal is to estimate

X :=Etrace(A*A), A= (QaQr)"QgE.
We recall the bound (IV.10), and expand each of the ¢ coeffi-
cients using (II1.23) into three terms. To describe the resulting
expansion of the sum we need more notation. Define an admis-
sible quadruplet (s,t, Ly, Ly ) to be an admissible pair (s, 1),
together with two sets Ly, Ly with Ly U Ly = [j] x {0,1} x
[k], such that s; , ;-1 = s;,,; whenever (i,p,l) € ([j] x
{0,1} x [k])\Ly, and ¢; ;-1 = t;,, whenever (i,pu,l) €
([7] x {0,1} x [ED\Ly. If (s,¢) is also strongly admissible,
we say that (s, t, Ly, Lv) is a strongly admissible quadruplet.
The sets Ly\Ly, Ly\Ly, Ly N Ly will correspond to
the three terms 1—p Uq o’ la=a’ Vo,pr» Ua,a’ Vb appearing in
(II1.23). With this notation, we expand the product

1
H H H Casipa—1)Btiui—1),0(si,u.0)B(ti 1)

i€lj] n=0 I€[k]
as

Z (1 — p)lEv\Ev HIEv\Lul(_1)lconty]
Ly, Ly

I

L (&,n,D)ELU\LY

I

| (4,1, ) ELV\LU

I/R(ti.p,.l—l)zﬂ(ti.u.l)Ua(si.p,.l—l)aa(sq’.p,.l)

1a(si.;t,l—1):a(si.p,l)‘//[i(ti.p.l—l)vfi(ti.p,l)

H U”(Si,u,l—l)y(’(si,p.l)Vﬁ(ti,u,l—l)yﬁ(ti,p.l)
_(’i,,u,l)eﬁ[/ﬂﬁv

where the sum is over all pairs (Ly,Ly) as above. We
pause to explain the expansion above as this is likely to be
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helpful to the nonspecialist: we are interested in the product
[Lep (Tl(l) + TZ(Z) + Tél)) , which can be expanded as

[T (1 + 70+ 1) =

€[]

> =

ki,k2,....k;€[3] i€[j]

Another way to look at this formula is to let I; be the set of
indices 2 with k; = 1 and similarly for I5 and I3 so that

1€[5] i€ly i€l i€l3
With this, we have

IT (10 + 2 + 1) =

i€[j]

IR IR EL

Iy,I3,13 1€l i€l i€ls

where the sum is over all partitions (Iy,Is,13) of [j].
This is how we obtain the expansion above in which
(Lu\Lv,Ly\Ly,Ly N Ly) is the partition of interest.
Now, we rearrange this expansion as

Z (1 _ p)ij—|£U|’1£V|(_1)|LUOLV\
Luy,Lyv
X H U(’(Si,u,l—l)y(’(si.u.l)
L (ip 1) €Ly

X T Vec.ose,.
L (i, 1)ELY

From (IV.10) and the triangle inequality, it follows from

S (p) e 21O X ]
(s,t,Lu,Lv)

X <

where the sum ranges over all strongly admissible quadruplets,
and

1
Z H H Ea(si )8t )

Xt Lo, Ly =
a8 |ielj] n=0
X I Vetsipivratsinn
| (G, D)ELY

X H Vﬂ(ti,u,l—l)vﬂ(ti,u,l)
| iDLy

Remark. A strongly admissible quadruplet can be viewed
as the configuration of a “spider” with several additional con-
straints. First, the spider must visit each of its vertices at least
twice (strong admissibility). When (4, u1, 1) € [§] x {0,1} x [k]
lies out of Ly, then only horizontal rook moves are allowed
when reaching (4, u, !) from (¢, 1, [ —1); similarly, when (%, p, [)
lies out of Ly, then only vertical rook moves are allowed from
(4,u,0 — 1) to (i,p,!0). In particular, non-rook moves are
only allowed inside Ly N Ly ; in the notation of the previous
section, we have Q@ C Ly N Ly . Note though that while one
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has the right to execute a non-rook move to Ly N Ly, it is
not mandatory; it could still be that (s; ,, 1—1,%; ,1—1) shares a
common row or column (or even both) with (s; 1, i 1)

We claim the following fundamental bound on the summand
|XS,t,CU-,£V |

Proposition 6.1 (Summand Bound): Let (s,t, Ly, Ly) be a
strongly admissible quadruplet. Then we have

| Xstco.col SOGKE+ 1))2j(k+1)(Tu/n)2j(k+1)—|9|n.

Assuming this proposition, we have

>

(s,t,Lu,Lv)

X < O(j(k + 1))%k+1) )2ik+D)—12ly,

Tu/np

and since |Q] < j(k + 1) (by strong admissibility) and r < np,
and the number of (s,¢, Ly, Ly) can be crudely bounded by
Ok + 1)+

X <O0@Gk+ 1))6j(k+1)( ./np)? d(k+1),,

This gives (III.27) as desired. The bound on the number
of quadruplets follows from the fact that there are at most
((k41))%*+D strongly admissible pairs and that the number
of (L, Ly) per pair is at most 327 (k+1)

Remark. It seems clear that the exponent 6 can be lowered by
a finer analysis, for instance by using counting bounds such as
Lemma 5.2. However, substantial effort seems to be required in
order to obtain the optimal exponent of 1 here.

C. Proof of Proposition 6.1

To prove the proposition, it is convenient to generalize it by
allowing k to depend on 4, . More precisely, define a configu-
ration C = (4, k, J, K, s,t, Ly, Ly) to be the following set of
data.

e An integer j > 1, and a map k : [j] x {0,1}

{0,1,2,...}, generating a set " := {(4, 4, 1) : 2 € [J], p €
* Finite sets .JJ, K, and surjective maps s : I' — .J and

t : I' — K obeying (IV.6).
e Sets Lg7, Ly such that

LyULy =T, = {(i,u,l) EF:Z>0}

and such that s;, ;-1 = s;,,; whenever (i,u,l) €
' \Ly,andt; ;-1 = t; ,,; whenever (i, u, 1) € T \Ly.

Remark. Note that we do not require configurations to be
strongly admissible, although for our application of Proposition
6.1 strong admissibility is required. Similarly, we no longer re-
quire that the segments (IV.7) be initial segments. This removal
of hypotheses will give us a convenient amount of flexibility in
a certain induction argument that we shall perform shortly. One
can think of a configuration as describing a “generalized spider”
whose legs are allowed to be of unequal length, but for which
certain of the segments/certain parts of the segments (indicated
by the sets Ly, L) are required to be horizontal or vertical.
The freedom to extend or shorten the legs of the spider sepa-
rately will be of importance when we use the identities (VL.1),
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Ly, Ly Ly

Ly > c

v

v Ly Ly, Ly Lu

Fig. 4. Generalized spider (note the variable leg lengths). A vertex labeled just
by £ must have been reached from its predecessor by a vertical rook move,
while a vertex labeled just by £y must have been reached by a horizontal rook
move. Vertices labeled by both £, and £ may be reached from their prede-
cessor by a non-rook move, but they are still allowed to lie on the same row or
column as their predecessor, as is the case in the leg on the bottom left of this
figure. The sets £, £ indicate which U and V' terms will show up in the
expansion (VL5).

(VL.3), (V1.4) to simplify the expression X, ; £, ¢, , see Fig. 4.

Given a configuration C, define the quantity X¢ by the for-
mula

XC =

1
Y I IT Batstiamtimm ot

a,B |ig[j] n=0

I Uatstmiatsumn
L (i,u,1)ELY

I Veetumi-).se6.umn (VL5)

L (i) €LY

where « : J — [n], 8 : K — [n] range over all injections. To
prove Proposition 6.1, it then suffices to show that

| Xe| < (Co(1+ |J| + |K|))|‘]|+‘K|(ru/n)lr‘_lgln (VL6)
for some absolute constant Cy > 0, where

Q= {(s(4, p, 1), (2, p, 1)) = (3,1, 1) €T}

since Proposition 6.1 then follows from the special case in which
k(i,u) = k is constant and (s,t) is strongly admissible, in
which case we have

I+ K| <219 <P =2j(k+1)

(by strong admissibility).

To prove the claim (VI.6) we will perform strong induction
on the quantity |.J| + |K|; thus, we assume that the claim has
already been proven for all configurations with a strictly smaller
value of |J| 4 | K| (this inductive hypothesis can be vacuous for
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very small values of |J| + | K|).# Then, for fixed |J| 4+ |K|, we
perform strong induction on | £y N Ly |, assuming that the claim
has already been proven for all configurations with the same
value of |J| + |K| and a strictly smaller value of |Ly N Ly|.

Remark. Roughly speaking, the inductive hypothesis is as-
serting that the target estimate (V1.6) has already been proven
for all generalized spider configurations which are “simpler”
than the current configuration, either by using fewer rows and
columns, or by using the same number of rows and columns but
by having fewer opportunities for non-rook moves.

As we shall shortly see, whenever we invoke the inner in-
duction hypothesis (decreasing | Ly N Ly |, keeping |J| + | K|
fixed) we are replacing the expression X with another expres-
sion X covered by this hypothesis; this causes no degrada-
tion in the constant. However, when we invoke the outer in-
duction hypothesis (decreasing |J| + |K|), we will be split-
ting up X¢ into about O(1 + |J| + |K|) terms X¢/, each of
which is covered by this hypothesis; this causes a degradation
of O(1+ |J| + |K]) in the constants and is thus responsible for
the loss of (Co(1 + |J| + |K|)I7I+1X] in (VL6).

For future reference we observe that we may take r, < n, as
the hypotheses of Theorem 1.1 are vacuous otherwise (m cannot
exceed n?).

To prove (VI.6) we divide into several cases.

1) First Case: An Unguarded Non-Rook Move: Suppose first
that Ly N Ly contains an element (4o, 110, lo) with the property
that

(Si01ﬂ0710_17ti0=”’0110) Z Q. (VL7)

Note that this forces the edge from (i, u.10—15 tig,pug,lo—1) 1O
(Sig. 0,10+ Lig, 10,1, ) to be partially “unguarded” in the sense that
one of the opposite vertices of the rectangle that this edge is
inscribed in is not visited by the (s, t) pair.

When we have such an unguarded non-rook move, we can
“erase” the element (%o, uug,lp) from Ly N Ly by replacing
C = (4,k,J,K,s,t, Ly, Ly) by the “stretched” variant C' =
(4’ ,k' J', K’ s t' 77, L), defined as follows.

o 4 —J,J —J andK' = K.

. k (z w) = k(i, p) for (i, u) # (io, o), and k' (ig, o) :=
k(io, uo) + 1.
s“”7 wz = (Sipi.tipy) whenever (i,p) #

(L() o), or when (2, 1) = (ig, o) and I < lp.
St Uit ) = (Sii—1,tipi-1) whenever (i, 1) =
(io, /L()) and | > l().

/ / — (g .

Sig,po0,lo? tioauo Ao ) = (510 o, lo—1 ti, 1o ,5lo )

4The principle of strong induction asserts that if P(n) is a property involving
a natural number n, and for every natural number 72, the statement that P(m)
holds for all m < n implies that P(n) holds, then P(n) holds for all n. Unlike
the ordinary principle of induction, the principle of strong induction does not
require a separate “base case”: if n = 0, then the claim “P(m) holds for all
m < n” is vacuously true, and the implication “P(rn) holds for all m < n
implies that P(n) holds” is equivalent to asserting that (0) holds. In the cur-
rent argument, if |.J| 4+ | K| is extremely small, what happens in practice is that
the cases which would require one to decrease | J| + | K| further cannot occur,
and other cases are activated instead, so the (vacuous) induction hypothesis is
not actually used.
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Y

(sio p0,lo—1s Lo, puo,lo —1)

_>_

Ly

A\ 2

(sio,uo Jo+1s tio,uo,lo+1)

v ﬁU.\)\

~

(5'50 yhoslos tio,Mo,lo)
s i s
Ly, Ly
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t A -
>
(Siog) JO_I.%’ tio - 10—1) (Sio 10,00 tio,uo,lo)
Ly »CV
VvV

Ly 7 (Sio po,lo+1s tio,umlo-l-l)

YV

L\(Sio,uo Jo+2» Lig,po J0+2)
Ly

~

Fig.5. Fragment of a leg showing how an unguarded non-rook move from (s; 10,10 =1 tig,ug.00—1) 10 (Sig.ug.l0 5 tig.ug.lo ) 1S converted into two rook moves,
thus decreasing | £y N L+/| by one. Note that the labels further down the leg have to be incremented by one.

¢ We have

v =10, m1) € Ly : (3,1) # (io, po)}
U{(io, 1o, 1) € Lo+ 1 <lo}
U {(’L.(),/J/(),l‘i‘ 1) : (i0>N0>l) € LU

I>1g+ 1}
U { (40, o, lo + 1)}
and

Ly = {(i,p1,1) € Ly = (i, 1) # (io, p0)}
U { (%0, po, 1) € Ly : 1 < lp}
U {(40, o, ! + 1) : (40, o,!) € Lv
I>1y+1}
U {(io, 10, 0)}-

All of this is illustrated in Fig. 5.

One can check that C’ is still a configuration, and X¢/ is ex-
actly equal to X¢; informally what has happened here is that a
single “non-rook” move (which contributed both a U, . factor
and a V},  factor to the summand in X¢) has been replaced with
an equivalent pair of two rook moves (one of which contributes
the U, o factor, and the other contributes the V}, 3 factor). Ob-
serve that, |IV| = |T'| + 1 and || = |©2] + 1 (here we use the
nonguarded hypothesis (V1.7)), while |.J'| + |K'| = |J| + | K|
and |L;; N LY, | = |Ly N Ly| — 1. Thus, in this case, we see
that the claim follows from the (second) induction hypothesis.
We may thus eliminate this case and assume that

(s’io,uo,lo—lvtio#o,lo) € ) whenever (i07 o, lo) € LyNLy.
(VLS8)

For similar reasons we may assume

(s’io,uo,lwtio,uo,lo*l) € Q) whenever (io, /L()Jo) € Ly N Ly.

(VL.9)

2) Second Case: A Low Multiplicity Row or Column, No Un-

guarded Non-Rook Moves: Next, given any = € .J, define the
row multiplicity T, to be

T = {(i, p, 1) € Ly s(i,p, 1) =}
+ |{(7’7M/l) €Ly : 3(i7u7l - 1) = .CE}|
+ 1{( ) € [5] x {0, 1} = 52, p, k(s ) =}

and similarly for any y € K, define the column multiplicity 7Y
to be

™ ={(i,p,1) € Ly t(i, u, 1) = y}|
+ {(i, p,1) € LV = t(i, 1,1 — 1) = y}]
+ {0 w) € [5] % {0, 1} = £(6, 1, k(i 1)) = y} -

Remark. Informally, 7,, measures the number of times «(z)
appears in (VL5), and similarly for 7¥ and (3(y). Beware that
T, 18 not simply counting the number of times the spider visits
row s = z since the definition excludes those indices (i, i, 1) €
Ly N Ly implying horizontal moves, and similarly, 79 is not
simply counting the number of visits to column ¢ = y.

By surjectivity we know that 7., 7Y are strictly positive for
eachz € J,y € K. We also observe that 7., 7¥ must be even.
To see this, write

>

(i,u,1)ELY

(1s(i,u,l):z + 1s(i,u,l—1):x)

DY

(&,p)€l5]x{0,1}

Te =

Lo i k(i) =a-
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s=uzx
I SN — e — — — _ _
Ly Ly Ly 4 Ly
s=a"
Ly, Ly
(@)
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S=x
s=z"
Ly, Ly
s=2% _ _
CU/ ‘CV 4 EV 7 Lv
(b)

Fig. 6. In (a), a multiplicity 2 row is shown. After using the identity (VI.1), the contribution of this configuration is replaced with a number of terms one of which
is shown in (b), in which the = row is deleted and replaced with another existing row Z.

Now observe that if (i,u,l) € Ty \Ly, then 1, = =
1s(i,p,1—1)==- Thus, we have

>

(i,p,1)€T 4

(1s(i,p,l)=$ + 15(1’,/;,171):3:)

>

i.ueli]x (0.1}

7, mod 2 =

Ls(i,pa,ke(iyp)) = MOd 2

but we can telescope this to

>

i,u€[j]x{0,1}

T, mod 2 = Lo, p,0)=2 mod 2

and the right-hand side vanishes by (IV.6), showing that 7, is
even, and similarly 7Y is even.

In this subsection, we dispose of the case of a low-multiplicity
row, or more precisely when 7, = 2 for some x € J. By sym-
metry, the argument will also dispose of the case of a low-mul-
tiplicity column, when 7Y = 2 for some y € K.

Suppose that 7,, = 2 for some z € .J. We first remark that this
implies that there does not exist (%, u,[) € Ly with s(4, p, 1) =
s(é,pu,l — 1) = x. We argue by contradiction and define [*
to be the first integer larger than [ for which (i, u,1*) € Ly.
First, suppose that [* does not exist (which, for instance, hap-
pens when | = k(%, 11)). Then in this case it is not hard to see
that s(z, u, k(i,)) = x since for (i,u,l") ¢ Ly, we have
s(i,p, ") = s(i,pu, " — 1). In this case, 7, exceeds 2. Else,
I* does exist but then s(i, u,I* — 1) = x since s(i, p,l’") =
s(i,p, ! — 1) for I < I’ < I*. Again, 7, exceeds 2 and this
is a contradiction. Thus, if (4, 4,l) € Ly and s(i, pu,l) = =z,
then s(i,u,l — 1) # =, and similarly if (i, u,l) € Ly and
s(i, p,l — 1) = x, then s(i, p, 1) # x.

Now let us look at the terms in (VI.5) which involve o(z).
Since 7, = 2, there are only two such terms, and each of the
terms are either of the form Uq (1), (/) OF Ea(x),s(y) fOr some
y € K orz’ € J\{z}. We now have to divide into three sub-
cases.

Subcase 1: (VL5) Contains Two Terms Uy(s)a(a’)
Ua(z),a(z): Fig. 6(a) for a typical configuration in which
this is the case.

The idea is to use the identity (VI.1) to “delete” the row x,
thus reducing |.J| + | K| and allowing us to use an induction
hypothesis. Accordingly, let us define .JJ := J\{z}, and let & :
J — [n] be the restriction of « to .J. We also write a := «(x)
for the deleted row a.

We now isolate the two terms Uy (z),a(z')» Ua(z),a(z) from
the rest of (VL.5), expressing this sum as

DS

&, ac[n]\&(J)

Ua,&(x’)Ua,d(x”)

where the . . . denotes the product of all the terms in (V1.5) other

than Uy, (2),a(2') @0d Uq (2, a(a'7)» but with « replaced by &, and

@, ( ranging over injections from J and K to [n], respectively.
From (VI.1), we have

Z Ua,&(.r’)Ua,&(:r”) = (1—2p) Ud(zl)7&(xll)+p (1—p) 11/:3://

a€ln]
and thus
Z Ua,,&(m’)Ua,,Fw(m”) = (1 — 2p) U&(m’),(w(m”)
a€[n]\&(7)
+p (1 — p) 1= — Z Ud(i),&(m’)Ud(i),&(m”)~ (VL.10)

zeJ

Consider the contribution of one of the final terms
Ua(#),a(2')Ua(),a(«) Of (VI.10). This contribution is equal to
Xc/, where C’ is formed from C by replacing J with J, and
replacing every occurrence of x in the range of a with Z, but
leaving all other components of C unchanged (see Fig. 6(b)).
Observe that |I7| = |T, |¥] < |Q|, || + |K'| < |J] + | K],
so the contribution of these terms is acceptable by the (first)
induction hypothesis (for Cj large enough).
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Fig. 7. Another term arising from the configuration in Fig. 6(a), in which two U factors have been collapsed into one. Note the reduction in length of the config-

uration by one.

%,
,
0,

Fig. 8. Another collapse of two U factors into one. This time, the presence of the £ label means that the length of the configuration remains unchanged; but the
guarded nature of the collapsed non-rook move [evidenced here by the point (a)] ensures that the support €2 of the configuration shrinks by at least one instead.

Next, we consider the contribution of the term Uz, (1), &(2'7) Of
(V1.10). This contribution is equal to X¢, where C” is formed
from C by replacing .J with J, replacing every occurrence of x
in the range of o with z’, and also deleting the one element
(70, pto,lp) in Ly from T'y (relabeling the remaining triples
(0, po, 1) for lp < 1 < k(ig, o) by decrementing [ by 1)
that gave rise to Uy(z),a(x') unless this element (4q, 10, lo) also
lies in Ly, in which case one removes (g, fo, lo) from Ly but
leaves it in Ly (and does not relabel any further triples) (see
Fig. 7 for an example of the former case, and Fig. 8 for the latter
case). One observes that [I''| > |I'| — 1, |Q”] < || — 1 (here
we use (VL.8), (VL.9)), |J”| + |K"| < |J| + |K|, and so this
term also is controlled by the (first) induction hypothesis (for
Cy large enough).

Finally, we consider the contribution of the term pl,/—.~
of (VI.10), which of course is only nontrivial when z/ = z”.
This contribution is equal to pX¢, where C"’ is formed from
C by deleting = from .J, replacing every occurrence of x in
the range of o with 2’ = z”, and also deleting the two el-
ements (4o, f10,0), (41, p1,01) of Ly from T'y that gave rise
to the factors Uy (2),a(2')s Ua(z),a(z) 10 (VL5), unless these
elements also lie in Ly, in which case one deletes them just

from Ly but leaves them in £y and I';; one also decrements
the labels of any subsequent (7g, po,1), (1, pt1,1) accordingly
(see Fig. 9). One observes that [TV| — || > [T| - || — 1,
[T 4+ |K"| < |J| 4+ | K], and so this term also is controlled
by the induction hypothesis [note we need to use the additional
p factor (which is less than 7, /n) in order to make up for a pos-
sible decrease in |I'| — || by 1].

This deals with the case when there are two U terms involving
ax).

Subcase 2: (VL5) Contains a Term U(,(m),(,(_,:/) and a Term
Eo(2),8(y)° A typical case here is depicted in Fig. 10.

The strategy here is similar to Subcase 1, except that one uses
(VL3) instead of (VI.1). Letting J , @, a be as before, we can
express (VL5) as

DS

a,p aen]\&(7J)

Ua,&(m’)Ea,/i(y)

where the . . . denotes the product of all the terms in (V1.5) other
than Uy (2),a(2) and Eq(2),5(y)» but with a replaced by ¢, and
&, [ ranging over injections from .J and K to [n], respectively.

Authorized licensed use limited to: CALIFORNIA INSTITUTE OF TECHNOLOGY. Downloaded on June 11,2010 at 22:23:27 UTC from IEEE Xplore. Restrictions apply.



CANDES AND TAO: POWER OF CONVEX RELAXATION: NEAR-OPTIMAL MATRIX COMPLETION

&
o
R

2075

Ly Ly

Fig. 9. Collapse of two U factors (with identical indices) to a p1_,__. factor. The point marked (a) indicates the guarded nature of the non-rook move on the

right. Note that |I"| — |£2| can decrease by at most 1 (and will often stay constant or even increase).
s—q Ly, Ly
s=2x ‘CU £V ﬁ\ -
= = — @ g & S= Ly N Ly
Z Lo
s=1' ﬁ
fr— — fr— — — -_ /
Ly, Ly S _ﬁULEV E.V 'C.‘

Fig. 10. Configuration involving a U and E factor on the left. After applying (V1.3), one gets some terms associated to configuations such as those in the upper
right, in which the 2 row has been deleted and replaced with another existing row &, plus a term coming from a configuration in the lower right, in which the U E/

terms have been collapsed to a single E term.

From (VI.3), we have

Y Vs Ba ) = (1= p) Bagr o)
ae[n]

and hence

>

a€[n]\&(J)

Ua,a@)Eapy) = (1 = p) Baan).p)

B Ud(;),&(z’)Ed(j),ﬁ(y)~ (VL11D)
S

()

81

The contribution of the final terms in (VI.11) are treated in ex-
actly the same way as the final terms in (VI.10), and the main
term F5 (1), (y) 18 treated in exactly the same way as the term
Us(2'),a(z') in (VI.10) This concludes the treatment of the case
when there is one U term and one F term involving «(z).

Subcase 3: (VL5) Contains Two Terms E'(,(l,),ﬂ(y),
Eq(2),8(y) A typical case here is depicted in 11. The strategy
here is similar to that in the previous two subcases, but now
one uses (VIL.4) rather than (VI.1). The combinatorics of the
situation are, however, slightly different.

By considering the path from FE, () g(y) © Eaa)p0y)
along the spider, we see (from the hypothesis 7, = 2) that

this path must be completely horizontal (with no elements of
Ly present), and the two legs of the spider that give rise to
Eu(2),8(y)> Ea(e),p(y) at their tips must be adjacent, with their
bases connected by a horizontal line segment. In other words,
up to interchange of y and ¢/, and cyclic permutation of the [j]
indices, we may assume that

(s(1,1,k(z,1)),¢(1,1,k(4,1)))
(5(2,0,k(2,0)),%(2,0,k(2,0)))

with
s(1,1,1) = 5(2,0,') = =

forall0 <! < k(1,1) and 0 < I’ < k(2,0), where the index
2 is understood to be identified with 1 in the degenerate case
j = 1. Also, Ly cannot contain any triple of the form (1, 1,1)
for I € [k(1,1)] or (2,0,I') for I' € [k(2,0)] (and so all these
triples lie in £y instead).

For technical reasons we need to deal with the degenerate case
7 = 1 separately. In this case, s is identically equal to z, and so
(VL5) simplifies to

DD Eapw)Basw

1 k(L)
I I Vacami-y.set.mm):
B |a€n] n=0 [=0
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(1,1,k(1,1))  (1,1,1) (1,1,0)(2,0,0) (2,0,%(2,0))
(1,0,0)
7z
(2,1,0)
Fig. 11. Multiplicity 2 row with two Es, which are necessarily at the ends of two

adjacent legs of the spider. Here, we use (1, ¢, [) as shorthand for (s; . 1, t;,,.,1)-

In the extreme degenerate case when k(1,0) = k(1,1) = 0,
the sum is just Za,be[n] E2, = r, which is acceptable, so we
may assume that £(1,0) + k(1,1) > 0. We may assume that the
column multiplicity 7% > 4 for every § € K, since otherwise
we could use (the reflected form of) one of the previous two
subcases to conclude (VI1.6) from the induction hypothesis (note
when y = 1/, it is not possible for 7¥ to equal 2 since k(1,0) +
k(1,1) > 0).
Using (V1.4) followed by (I.8a) we have

Z Eq gy Pa sy = VTu/n+ ly=yr/n<ru/n

a€n]

and so by (I.8b), we can bound

| Xel =) (ru/n) (V7a/n)

8

k(1,0)+k(1,1)

The number of possible 3 is at most nlEl 50 to establish (VL.6)
in this case it suffices to show that

k(1,0)+k(1,1)

nEl(r,/n) (/Tu/m) < (ru/n)IT1= 1%y,

Observe that in this degenerate case j = 1, we have || = | K|
and [T'| = k(1,0)4+%(1,1)+2. One then checks that the claim is
true when 7, = 1, so it suffices to check that the other extreme
case T, = n,i.e.,

|K| — %(k(LO) +k(1,1) <1

but as 7Y > 4 for all y, every element in K must be visited at
least twice (in other words k(1,0) + k(1,1) > 2|K]|), and the
claim follows.

Now we deal with the nondegenerate case j > 1. Letting J,
@, a be as in previous subcases, we can express (VL.5) as

ool Y EapwBasw (VL12)
&,p acn)\&(J)
where the . . . denotes the product of all the terms in (VL.5) other

than Ey (1) a(y) and FEa(2),3(y') bu~t with « replaced by &, and
@, (3 ranging over injections from .J and K to [n] respectively.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 56, NO. 5, MAY 2010

From (VI.4), we have

Z Eapy)Ea,8v) = Va).8(y) + Ply=y'
ae[n]

and hence

>

a€n]\a(7)

Eo sy Eape) = Vow).sw) + Ply=y

a Z Es),8) Fa@),p¢). (VL13)

zeJ

The final terms are treated here in exactly the same way as the
final terms in (VI.10) or (VI.11). Now we consider the main
term Vj(,) 5(,)- The contribution of this term will be of the
form X, where the configuration C’ is formed from C by “de-
taching” the two legs (i, ) = (1,1),(2,0) from the spider,
“gluing them together” at the tips using the V() () term,
and then “inserting” those two legs into the base of the (7, 1) =
(1,0) leg. To explain this procedure more formally, observe that
the . .. term in (VI.12) can be expanded further (isolating out the
terms coming from (7, 1) = (1, 1),(2,0)) as

k(2,0)
H Va(t(2,0,1-1)),8(t(2,0,0))
1=1
H Va(s(1,1,1-1)),8(s(1,1,1))
I=k(1,1)
where the ... now denotes all the terms that do not come from

(¢,) = (1,1) or (i,) = (2,0), and we have reversed the
order of the second product for reasons that will be clearer later.
Recalling that y = ¢(1,1,%k(1,1)) and v = (2,0, k(2,0)), we
see that the contribution of the first term of (VI.13) to (V1.12) is
now of the form

[k(2,0)
ST Vac@oi-1).seeon
ap | 1=t

- ‘fﬂ(f(? 0.5(2:00)).A(+(1,1.k(1.1)))

H Va(s(1,1,1-1)),8(s(1,1,)
1=k (1,1)

bBut this expression is simply X¢+, where the configuration of
C’ is formed from C in the following fashion.
e j'isequaltoj—1,.J" isequal to.J, and K’ is equal to K.

o« K/(1,0) := k(2,0)+ 1+ k(1,1) + k(1,0), and k' (i, 1) :=
k(i + 1, p) for (i, p) # (1,0).
e The path {(s/(1,0,1),#/(1,0,0)) : I = 0,...,K(1,0)} is

formed by concatenating the path {(s(1,0,0),%(2,0,1)) :

l = 0,...,k(2,0)}, with an edge from
(s(1,0,0),%(2,0,%(2,0))) to (s(1,0, 0) t(1,1,k(1,1))),
with the path {(s(1,0,0),¢(1,1,1)) : | = k( 1),...,0},
with the path {(s(1,0,1),#(1,0,1)) : { ., k(1,0)}.
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L

(1,0, k(2,0) +1/f\

\ \
\ » (1,0,k(2,0))

¢! 0k(2/0)+k1 1)+1) (1 0,0)

1,1,0)

Fig. 12. Configuation from Fig. 11 after collapsing the two E’s to a V', which is represented by a long curved line rather than a straight line for clarity. Note the

substantial relabeling of vertices.

» Forany (i,u) # (i,0), the path {(s'(i, u.1), (i, u.1)) :

1 =0,...K(i,p)} is equal to the path {(s(,p,1),t(i +
L) :1=0,....k(i+1,u)}.
* We have

v ={(1,0,k(2,0) + 1+ k(1,1) +1) : (1,0,1) € Ly}
U {(L7u7l) : (Z+ lljfll) € ‘CU}
and
L= {(1,0,K(2,0) + 1+ k(1,1) 4+ 1) : (1,0,1) € Ly}
U{<Z7/1’7 ) : (L+ 17/1',l> € ﬁV}
U{(1,0,1),...,(1,0,k(2,0) + 1 + k(1,1))}.

This construction is represented in Fig. 12.

One can check that this is indeed a configuration. One has
[ ']+ [K'| <[]+ [K]. [T =[] = 1, and [] < [ -1,
and so this contribution to (VI.6) is acceptable from the (first)
induction hypothesis.

This handles the contribution of the Vp(, g(,) term.
The ply—, term is treated similarly, except that there is
no edge between the points (s(1,0,0),¢(2,0,%k(2,0))) and
(s(1,0,0),¢(1,1,k(1,1))) (which are now equal, since
y = 7). This reduces the analogue of || to |T'| — 2, but the
additional factor of p (which is at most 7, /n) compensates for
this. We omit the details. This concludes the treatment of the
third subcase.

3) Third Case: High Multiplicity Rows and Columns: After
eliminating all of the previous cases, we may now may assume
(since 7, is even) that

T, >4 for all x € J (VL.14)
and similarly we may assume that
7Y >4 for all y € K. (VI.15)

We have now made the maximum use we can of the cancella-
tion identities (VI.1), (VL.3), (V1.4), and have no further use for
them. Instead, we shall now place absolute values everywhere
and estimate X using (1.9), (I.8a), (1.8b), obtaining the bound

| Xe| < nVIHIEIO (\/T—H/n)\l"l-i-lﬁurwﬂ .

Comparing this with (V1.6), we see that it will suffice (by taking
Cy large enough) to show that

plJIHIE] (\/ﬁ/n)lFHlﬁUﬂﬁvl < (rp/n)/T1=19p,

Using the extreme cases r, = 1 and r, = n as test cases, we
see that our task is to show that

[T+ |K| < |[LunLy|+ Q|+ 1 (VL.16)
and

|71+ K| < (|F|+|EUOEV

)+ (VL17)

The first inequality (VI.16) is proven by Lemma 5.1 because
Q C Ly N Ly, and thus |Q| < |Ly N Ly |. The second is a
consequence of the double counting identity

AT+ KD <3 m+ S =2I0| + 2|Ly 0 Ly

rzeJ yeK

where the inequality follows from (VI.14)—(VI.15) (and we
don’t even need the +1 in this case).

VII. DISCUSSION

Interestingly, there is an emerging literature on the develop-
ment of efficient algorithms for solving the nuclear-norm mini-
mization problem (I.3) [6], [18]. For instance, in [6], the authors
show that the singular-value thresholding algorithm can solve
certain problem instances in which the matrix has close to a bil-
lion unknown entries in a matter of minutes on a personal com-
puter. Hence, the near-optimal sampling results introduced in
this paper are practical and, therefore, should be of consequence
to practitioners interested in recovering low-rank matrices from
just a few entries.

To be broadly applicable, however, the matrix completion
problem needs to be robust vis a vis noise. That is, if one is
given a few entries of a low-rank matrix contaminated with a
small amount of noise, one would like to be able to guess the
missing entries, perhaps not exactly, but accurately. We actually
believe that the methods and results developed in this paper are
amenable to the study of “the noisy matrix completion problem”
and hope to report on our progress in a later paper.

APPENDIX

1) Equivalence Between the Uniform and Bernoulli
Models:

2) Lower Bounds: For the sake of completeness, we
explain how Theorem 1.7 implies nearly identical results for
the uniform model. We have established the lower bound by
showing that there are two fixed matrices M # M’ for which
Pa(M) = Pq(M') with probability greater than § unless m
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obeys the bound (1.20). Suppose that 2 is sampled according
to the Bernoulli model with p’ > m/n? and let F be the event
{Pa(M) = Po(M')}. Then

nz

=Y P(F|1Q=k)
k=

0

P(QI= k)

m—1

ZPIQI—k +Z (Fllef = kP2 = k)

_P(IQI <m) +P(F| IQI =m)

IN

where we have used the fact that for & > m, P(F'||Q] = m) >
P(F ||| = k). The conditional distribution of € given its car-
dinality is uniform and, therefore

PUnif(m)(F) Z PBer(p’)(F) - PBer(p’)(|Q| < m)

in which Puypifm) and Ppey,) are probabilities calcu-
lated under the uniform and Bernoulli models. If we choose
p’ = 2m/n?, we have that Py, (|Q] < m) < §/2 provided
6 is not ridiculously small. Thus, if Ppe(,/)(F') > 6, we have

Punitm) (F) > 6/2.

In short, we get a lower bound for the uniform model by ap-
plying the bound for the Bernoulli model with a value of p =
2m? /n and a probability of failure equal to 2.

3) Upper Bounds: We prove the claim stated at the onset of
Section IIT which states that the probability of failure under the
uniform model is at most twice that under the Bernoulli model.
Let F be the event that the recovery via (I.3) is not exact. With
our earlier notations

3
W

|]:DBer(p)(F| |Q| = k)PBer(p)(|Q| = k)
0

PBer(p) (F) =

£l
Il

|]:DBer(p)(F| |Q| = k)PBer(p)(|Q| = k)

NE

£l
Il

0

> PBer(p)(F | |Q| = m) Z PBer(p)(|Q| = k)
k=0
1
> P
=5 Umf(m)( )

where we have used Ppe, () (F' ||| = k) > Ppex(p) (F Q] =
m) for k < m (the probability of failure is nonincreasing in the
size of the observed set), and Ppe(p) (|2 < m) > 1/2.

A. Proof of Lemma 3.3

In this section, we will make frequent use of (III.3) and of the
similar identity
Q2 =(1-20)Qr +p'(1-p)T (VIIL1)

which is obtained by squaring both sides of (III.17) together
with PZ = Pr. We begin with two lemmas.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 56, NO. 5, MAY 2010

Lemma 8.1: For each k > 0, we have

(QaPr)*Qq

k

Z (k) (Qa9r) Qq +Zﬂ( (QaOr)!
7=0 7=0
e

+3 1M 0r(000r) 9

i=0

k=3
+) 5](-k) Qr(QaQr)’

=0

(VIIL2)

where starting from a(()o) = 1, the sequences {a®}, {3(M},
{v®)}, and {6(®)} are inductively defined via

ot = [af + (1= )]
P(1=2p) 1 () (k)
+ 5 o 4 (1= )]
+1i=00 [807 + (1= p)5("]

ﬂj(k+1) _ [ﬂ(k) (1- P/)(S](-Ii)l}
1-2p
+ p(1=2p) [ﬁj(-k) + (1 - Pl)‘s]('k)} Li>o
p
1—
+ Ljmop' — [aék) +(1- P')%()k)}
p
and
(k) (k)
P [ (1= )'Y]+1]
stk _ (L=
; L S s
p

Mo+ -]

_r(l-p)

'Yj('k+1)

In the above recurrence relations, we adopt the convention that
(k) = 0 whenever j is not in the range specified by (VIIL.2),
and similarly for ﬂ( ), 'y(k) and 63(»]“).
Proof: The proof operates by induction. The claim for k =
0 is straightforward. To compute the coefficient sequences of
(QaPr)**t1Qq from those of (QaPr)*¥Qq, use the identity
Pr = Qr + p'T to decompose (QaPr)*T1Qq as follows:

(QaPr) Qo= Qo071 (QaPr)*Qa+ o' Qa(QaPr)* Qq.

Then expanding (QoPr)* Qq as in (VIIL.2), and using the two
identities

Q0(Q00r)’ Qq
- %(QQQTVQQ‘F%QT(QQQT)j_IQQ’ j>0
and

Q0(Qa9r)’
j=0

QQ7
- { =200 0r) + 122 07(Q00r) ™t >0
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which both follow from (III.13), gives the desired recurrence
relation. The calculation is rather straightforward and omitted.
H

We note that the recurrence relations give a( ) = 1 for all
k>0

k k— pP(L—p
R s JE A Cht )
P
for all £ > 1, and
/
w _PA-p) -1 _p(L-p)
yM, = =P ,
k—2 P k—1 P
2
s® _PL=p) s-1) _ <p’(1 —p))
k—3 P k—2 P

forall k > 2 and k > 3, respectively.

Lemma 8.2: Put A = p’/p and observe that by assumption
(1.22), A < 1. Then for all 5,k > 0, we have

max (‘ag’“)‘ 7 ‘,BJ(.’“)‘ 7 "yj(k)‘ , ‘5}’”’) < A4k vz

Proof: We prove the lemma by induction on k. The claim
is true for k& = 0. Suppose it is true up to k, we then use the
recurrence relations given by Lemma 8.1 to establish the claim
up to k+1. Indetails, since |[1—p'| < 1,p’ < Aand|1-2p| < 1,
the recurrence relation for a(**1) gives

A
i []

k+1—j
2

<o gk, 0 4 20T [ 1gk
+oalsltigky
< 2)\|’A~+1

e VL DY e P

+ 2l kg,
S )\ |—k+;,]

which proves the claim for the sequence {a(*)}. We bound
3(k+ )’

in exactly the same way and omit the details. Now the

recurrence relation for y(**1) gives

5] < afodf| + ]
< oAl T+1yk
< gk 1\

which proves the claim for the sequence {7(*)}. The quantity
|§J(-k+1)| is bounded in exactly the same way, which concludes
the proof of the lemma. [ |

‘We are now well positioned to prove Lemma 3.3 and begin by
recording a useful fact. Since for any X, ||Pr. (X)|| < || X,
and

Qr =Pr—pI= - 0T =

(ZT—-"Pr) (1=p)T = Pr.
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the triangular inequality gives that for all X

1Rz (X))l < 2[1X]I. (VIIL4)

Now

||(QQPT)kQQ(E)“

kol

o] (Qur) Qu(B)|

7=0

e
[
—

+ 3187 (Qeor) (B)|

ESNS
!
o o

¥ |Qr(Q0Qr) Qu(E)|

+
(]

> .
[l
w O

+ 5 (8
J

|Qr(QnQr) (E)||

I
<)

and it follows from (VIIIL.4) that
“(QQPT)kQQ(E)H
k
<> (|| + 25" llc@agry Qu(m)]

j=
* Z (| + 2[5} ll(@o@ry (B

J=0

For j = 0, we have ||(QuQr)/(E)|| = 1 while for

j>0

IEl =

H(QQQT || = || QQQT 719607 ( )||

=(1=p)[[(QuQr) *Qa(E)|

since Q7 (FE) = (1 — p’)(E). By using the size estimates given
by Lemma 8.2 on the coefficients, we have

2 l(aPr)*Qa(m)|

k—1
Slgkz_l+4 |—2—|O—2 +4kZ)\|—2—|0—2
3 j=0 j=0
| S k1 k-1 j k—j
< -0 2 + 4k 5 Z/\(T}U P
3 =
k—1
+4k052)\|-k2_] o7
=0
| [ k kol k—j k—j
< oz 44k (O’T—{—0'7) )\|—T—|0' R
3 =
Now
R XA 1 2
2 -T2 [E— J— —
jzo)\f lo—%3 <<\/5+0>1—§S3\/E
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where the last inequality holds provided that 4\ < ¢3/2. The
conclusion is

1(QaPr)* Qa(E)| < (14 4*+)o ™+

which is what we needed to establish.
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