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Abstract—The availability of positional information is of great
importance in many commercial, governmental, and military
applications. Localization is commonly accomplished thragh the
use of radio communication between mobile devices (agentahd
fixed infrastructure (anchors). However, precise determimtion
of agent positions is a challenging task, especially in hansenvi-
ronments due to radio blockage or limited anchor deployment
In these situations, cooperation among agents can significtly
improve localization accuracy and reduce localization owdge
probabilities. A general framework of analyzing the fundamental
limits of wideband localization has been developed in Part |
of the paper. Here, we build on this framework and establish
the fundamental limits of wideband cooperative location-svare
networks. Our analysis is based on the waveforms received at
the nodes, in conjunction with Fisher information inequality.
We provide a geometrical interpretation of equivalent Fister
information for cooperative networks. This approach allows us
to succinctly derive fundamental performance limits and treir
scaling behaviors, and to treat anchors and agents in a unifie
way from the perspective of localization accuracy. Our reslis
yield important insights into how and when cooperation is
beneficial.

Index Terms—Cooperative localization, Cramér-Rao bound
(CRB), equivalent Fisher information (EFI), information i nequal-
ity, ranging information (RI), squared position error bound
(SPEB).

. INTRODUCTION
The availability of absolute or relative positional infoam

tion is of great importance in many applications, such as

localization services in cellular networks, search-agstue
operations, asset tracking, blue force tracking, vehiolet-r
ing, and intruder detection [1]-[8]. Location-aware nethg
generally consist of two kinds of nodes: anchors and age
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Fig. 1. Cooperative localization: the anchors (A, B, C, ajccBmmunicate
with the agents (1 and 2). agent 1 is not in the communicatiaging range
of anchor C and D, while agent 2 is not in the communicatiowieg range
of anchor A and B. Neither agents can trilaterate its pasibased solely on
the information from its neighboring anchors. However, memation between
agent 1 and 2 enables both agents to be localized.

(see Fig. 1), where anchors have known positions while agent
have unknown positions. Conventionally, each agent Izeali
itself based on range measurements from at least three dis-
tinct anchors (in two-dimensional localization). Two comm
examples include the global positioning system (GPS) [9],
[10] and beacon localization [11], [12]. In GPS, an agent
can determine its location based on the signals received fro

a constellation of GPS satellites. However, GPS does not
operate well in harsh environments, such as indoors or in
urban canyons, since the signals cannot propagate through
Ig?tt%stacles [71-[9]. Beacon localization, on the other haeligs

on terrestrial anchors, such as WiFi access points or GSkK! bas
stations [11], [12]. However, in areas where network cogera

is sparse, e.g., in emergency situations, localizatioorgran

be unacceptably large.

Conventionally, high-accuracy localization can only be
achieved using high-power anchors or a high-density anchor
deployment, both of which are cost-prohibitive and impicadt
in realistic settings. Hence, there is a need for localirati
systems that can achieve high accuracy in harsh envirosment
with limited infrastructure requirements [6]—[8]. A praxl
way to address this need is through a combinationidéband
transmissionand cooperative localization The fine delay
resolution and robustness of wide bandwidth or ultra-wide
bandwidth (UWB) transmission enable accurate and reliable
range (distance) measurements in harsh environments [13]—
[18].! Hence, these transmission techniques are particularly

10ther aspects of UWB technology can be found in [19]-[25].
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well-suited for localization. Cooperative localizatioa an (EFIM) using eigen-decomposition, providing insights
emerging paradigm that circumvents the needs for high-powe into the network localization problem.

high-density anchor deployment, and offers additionahloc « We derive scaling lawsfor the SPEB for both dense
ization accuracy by enabling the agents to help each other and extended location-aware networks, characterizing the
in estimating their positions [5], [6], [26]-[28]. In Fig., Tor behavior of cooperative location-aware networks in an
example, since each agent is in the communication/ranging asymptotic regime.

range of only two anchors, neither agents can trilaterate ithe proposed framework generalizes the existing work or non
position based solely on the information from its neighbgri cooperative localization [29] to cooperative networksvide
anchors. However, cooperation enables both agents to jR§ights into the network localization problem, and candgui
localized. the design and deployment of location-aware networks.
Understanding the fundamental limits of localization ig-cr  The rest of the paper is organized as follows. Section I
cial not only for providing a performance benchmark but alsgresents the system model and the concept of SPEB. In Section
for guiding the deployment and operation of location-awaigi, we apply the notion of EFI to derive the SPEB. Then in
networks. Localization accuracy is fundamentally limithee  Section 1V, we provide a geometric interpretation of EFIM
to random phenomena such as noise, fading, shadowing, @sdocalization and derive scaling laws for the SPEB. Hipal
multipath propagation. The impact of these phenomena hasmerical results are given in Section V, and conclusioes ar
been investigated for non-cooperative localization [8], [ drawn in the last section.
[29]-[31]. However, little is known regarding the bounds fo Notation: The notationE,{-} is the expectation operator
cooperative localization. In particular, bounds on thepara- ith respect to the random vectoxs A = B and A = B
tive localization performance were previously derived2d][ denote that the matriA — B is positive definite and positive
[28] using only specific ranging models. In other words, éhegemi-definite, respectively;{tr} denotes the trace of a square
works start from signal metrics, extracted from the reagivenatrix; [-]” denotes the transpose of its argumeénf;,

waveforms? Such a process may discard information relevagknotes théth n x 7 submatrix that starts from elementk —
for localization. Furthermore, the statistical models floose 1)+ 1 on the diagonal of its argumerj;], .. denotes a
signal metrics depend heavily on the measurement processgsmatrix composed of the rows to r, and the columns,
For instance, the ranging error of the time-of-arrival (TOAto ¢, of its argument; and| - || denotes the Euclidean norm of
metric is commonly modeled as additive Gaussian [27], [28ls argument. We also denote Hyx) the probability density

[31]. However, other studies (both theoretical [15], [389] function (PDF)fx (x) of the random vectoK unless specified
and experimental [8], [18]) indicate that the ranging efi®r otherwise.

not Gaussian. Hence, when deriving the fundamental linfits o

localization accuracy, it is important to start from theeiwed

waveforms rather than from signal metrics extracted from

those waveforms. In this section, we describe the wideband channel model
In Part | [29], we have developed a general framework @d formulat_e the chalization problem. We briefly review th

characterize the localization accuracy of a given agerthig information inequality and the performance measure called

paper, we build on the framework and determine fundamen®’EB.

properties ofcooperativelocation-aware networks employing

wideband transmission. The main contributions of this papg. signal Model

are as follows:

Il. SYSTEM MODEL

_ o o Consider a synchronous network consisting’\af anchors
o We derive the fundamental limits of localization accuracyor beacons) and/, agents with fixed topologyAnchors have
for wideband wireless cooperative networks in terms @ferfect knowledge of their positions, while each agentuattis
a performance measure called Smuared position error {5 estimate its position based on the waveforms received
bound(SPEB). . _ _ ~ from neighboring nodes (see Fig. 1). Unlike conventional
- We employ the notion oequivalent Fisher information |ocalization techniques, we consider a cooperative ggttin
(EFI) to derive the network localization information, andyhere agents utilize waveforms received from neighboring
show that this information can be decomposed into basigents in addition to those from anchors. The set of agents is
building blocks associated with every pair of the nodegenoted byNa = {1,2,..., Na}, while the set of anchors is
called theranging information(RI). o Np = {Na+1,Na+2,...,Na+ Np}. The position of node
« We quantify the contribution of the a priori knowledge of; is denoted bypy 2 [z, |74 Let ¢;; denote the angle
the channel parameters and the agents’ positions t0 #&m nodek to nodej, i.e.,

network localization information, and show that agents o
and anchors can be treated inuaified way anchors are brj = tan™ ! Ik Y ,
special agents with infinite a priori position knowledge. Tk — %)

» We put forth ageometric mterpretatlormf the EFI matrix SWe consider synchronous networks for notional convenier@er ap-

proach is also valid for asynchronous networks, where dsvinploy round-
2Commonly used signal metrics include time-of-arrival (TYOX], [8],  trip time-of-flight measurements [25], [40].

[15], [17], [32], time-difference-of-arrival (TDOA) [33][34], angle-of-arrival 4For convenience, we focus on two-dimensional localizatidrere p;, €

(AOA) [7], [35], and received signal strength (RSS) [7], [3B7]. R2, and we will later mention extensions to three-dimensidoaalization.
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andqy; = [cos¢y; sin¢y; |7 denote the corresponding unitin which ry; is obtained from the Karhunen-Loéve (KL)
vector. expansion ofry;(t) [42], [43]. We tacitly assume that when
The received waveform at theth agent £ € N3) from the nodesj andk cannot communicate directly, the corresponding
jth node § € Np UNZ\{k}) can be written as [24], [41] entry ry; is omitted inr.
Ly, We car:ent;)w i(;ltrodu;]:e agl estimateér r(])f the unknownd
() — (0 _ @ ) paramete ased on the observatian The mean square
i (8) = ;a’” ° (t Tkj) tat), te[0Tw), (1) error (MSE) matrix of@ satisfies the information inequality
where s(t) is a known wideband waveform with Fourier[42] 144]
transform.S(f), ag} and T,E? are the amplitude and delay, E, o {(9 —6)(6 - O)T} o -1 3)
respectively, of thdth path? L;; is the number of multipath " -0
componentsz; () represents the observation noise, modelggh e, is the Fisher information matrix (FIM) fo,2 given
as additive white Gaussian processes with two-sided po
spectral densityV, /2, and|[ 0, Top) is the observation interval.
The relationship between the positions of nodes and theslela 52
of the propagation paths is Jo =Erp {_W In f(r, 9)} ; (4)
o _ 1

Ty = 7| IPe =Pl + b;(gﬂa J €N UNA\{E},  (2) in which f(r,8) is the joint PDF of the observation and
the parameter vect@®. For an estimatg,, of the kth agent’s

wherec is the propagation speed of the signal, azé?i > 0 position, equation (3) implies that

is a range bias induced by non-line-of-sight (NLOS) propaga

tion. Line-of-sight (LOS) signals occur when the directipat Ero {(Br — Pr)(Dr —Pr)" } = [J;1]2X2 .

between nodes andj is unobstructed, such thafj) =0. "

One natural measure for position accuracy is the average
squared position erroff, ¢ {||px — pxl|*}, which can be
bounded below byP(p;) defined in the following.

We first introducet) as the vector of unknown parameters, pefinition 1 (Squared Position Error Bound [29])The
squared position error bound (SPEB) of tkéh agent is

o AT
BZ{PT o] o6l .. OJTVa} ; defined to be

whereP consists of all the agents’ positions _
J P P(pk)étr{[Jal]Qsz}.

T
p=[ol Bl - oh ] _ . _
P1 P2 PN Since the error of the position estimgig — p;, is a vector,

and 6, is the vector of the multipath parameters associatégnay also be of interest to know the position error in a garti
with the waveforms received at thgh agent ular direction. The directional position error along a giveit
vectoru is the position error projected on it, i.e1! (pr —pr),

and its average squared eriyo {||u"(pr — px)||*} can be
bounded below byP(ps; u) defined in the following.
in which ky; is the vector of the multipath parameters asso- Definition 2 (Directional Position Error Bound)The
ciated withry; (¢),” directional position error bound (DPEB) of theth agent
T with constraintuI (Pr — px) = 0 is defined to be
Kuj = [ bY o) . b gl }

B. Error Bounds on Position Estimation

0, T T T T
ok—["”vk,l v Bk Frger Hk,Na-s—Nb}

kj kj kj T o1
. . Plpriu) =u' [Jg'], ,, u,
Secondly, we introduce as the vector representation of all '

; i [T T T T .
the received waveforms, given hy= [r; ry - ry]’, whereu, u; € R? are unit vectors such thdti, u, ) = 0.
where Proposition 1: The SPEB of thekth agent is the sum of
T T T T T the DPEBs in any two orthogonal directions, i.e.,
T = r e r r e r
k1 kk—1 k41 k,Na+Np )
. . . P(pr) = P(pr;u) + P(priuL). (5)
5We consider the general case where the wideband channet iseoes-
sarily reciprocal. Our results can be easily specializethéoreciprocal case, ) .
where we have.,; = Ly, al(f]? = O‘g‘lk)' andrlgé) = 7—;2 hencebgj = byk) Proof: See Appendlx A. U
fori=1,2,..., L.
6In cases where the channel is reciprocal, only half of thetipath 8With a slight abuse of notationt, ¢{-} in (3) and (4) will be used

parameters are needed. Without loss of generality, we (EW{W;IJ),bS; : for deterministic, random, and hybrid cases, with the ustderding that the

kic Nak > expectation operation is not performed over the detertignemponents of
J & J g 0 [43], [44]. Note also that for the deterministic componettite lower bound
"The biasb](cl,.) = 0 for LOS signals. From the perspective of Bayesiaris valid for their unbiased estimates.

estimation, it can be thought of as a random parameter withite a priori 9In higher dimensions, this notion can be extend to the mositirror in

Fisher information [29]. any subspaces, such as a hyperplane.
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C. Joint PDF of Observations and Parameters IIl. EVALUATION OF FIM

Evaluation of (4) requires knowledge of the joint distri- In this section, we briefly review the notion of EFI [29] and
bution f(r,8). We can write f(r,0) = f(r|0) f(0), where apply it to derive the SPEB for each agent. We consider both
f(r|0) is the likelihood function, andf(@) is the a priori the cases with and without a priori knowledge of the agents’
distribution of the paramete#.1° In this section, we describe positions. We also introduce the concept of RI, which turns
the structure of both functions in detail. out to be the basic building block for the EFIM.

Since the received waveformg;(¢) are independent con-

ditioned on the parameté, f(r|6) can be expressed as [42]'A. Equivalent Fisher Information Matrix and Ranging Infor-

[43] mation
fixloy =] I f@wle), (6)  We saw in the previous section that the SPEB can be
kENa jENDUNa\{k} obtained by inverting the FIMIo in (4). However,J is a
where matrix of very high dimensions, while only a much smaller
Li; submatrix [J, '], ., is of interest. To gain insights into

Tob a a
f(ry;10) o< exp {Ni / T1; (t) Z ag} s (t — T,g?) dt localization problem, we will employ the notions of EFIM and
0Jo =1 ' RI [29]. For the completeness of the paper, we briefly review

1 [ L 2 the notions in the following.
oL / ol s (t _ T;El-)) dr b Definition 3 (Equivalent Fisher Information Matrix):
NoJo | ™ ! Given a parameter vectdt = [0] 0] ]T and the FIMJ of
(7) the form
When the multipath parametess,; are independent condi- A B
tioned on the nodes’ positiors$,f(#) can be expressed as Jo = BT C |’

1(0) =1 (P) kl_j\[/ 1(0x[P) where® € RN, 6, € R*, A € R™", B € R*(N-n)

e andC € RW—)x(N=n) with n < N, the equivalent Fisher
=r®) I] T rslP), (8)  information matrix (EFIM) for6; is given by
kENa FENLUNA\{k} A -
Je(6) 2 A-BC'B". (11)

where f(P) is the joint PDF of all the agents’ positions,
and f(k;|P) is the joint PDF of the multipath parameters Note that the EFIM retains all the necessary information to
Ki; conditioned on the agents’ positions. Based on existinggrive the information inequality for the parametyr, in a
propagation models for wideband and UWB channels [14ense thafJ, '], xn = [Je(61)]7", so that the MSE matrix
[25], the joint PDF of the channel parameters can be furthef the estimates o, is “bounded” below by J¢(8;) ]‘1_ The

written as [29]: right-hand side of (11) is known as the Schur's complement
ki [P) = Flrpildes) g) of matrix A [45], and it has been used for simplifying the
flrii[P) = f(reis] ’“-’)_ ®) Cres [31], [32], 146,
wheredy,; = |[px — p;| for k € Na andj € Np UNa\{k}. Definition 4 (Ranging Information)The ranging informa-
Combining (8) and (6) leads to tion (RI) is a2 x 2 matrix of the form\ J,(¢), where) is a
In f(r,8) = In f(ry;|0) + In f(ry; [P nonnegative number called the ranging information intgnsi
fx.8) k;,aj;,b{ (r516) (] )} (RI) and the matrixJ(¢) is called the ranging direction

matrix (RDM) with the following structure:
+> Y [1nf(rkj|0) + 1nf(mkj|P)}

kENa JEN\{k} 3.(6) & cos?¢  cos¢psing
+Inf(P), (10) ' cos¢sing  sin’¢

where the first and second groups of summation account fofrne RDM J,(4) has exactly one non-zero eigenvalue equal
the information from anchors and that from agents’ coopgfy | ith corresponding eigenvectay = [cos ¢ singb]T,
ation, respectively, and the last term accounts for therinfq.e_, J.(¢) = aq'. Thus, the corresponding RI is “one-
mation from the a priori knowledge of the agents’ positiongnensional” along the direction.

This implies that the FIM for@ in (4) can be written as
Jo = Jp + J§ + J5, whereJy, JS, and J§ correspond to
the localization information from anchors, agents’ coapien,
and a priori knowledge of the agents’ positions, respelgtive

B. Fisher Information Analysis without A Priori Position
Knowledge

1o o o In this section, we consider the case in which a priori
o frzgr)l a subset of the parameters are deterministic, theyliammated knowledge of the agents’ pOSitiOI’IS is unavailable, iféP)

11This is a common model for analyzing wideband communicatioess 1S €liminated from (8). We first prove a general theorem,
two nodes are close to each other so that the channels frorirdaribde  describing the structure of the EFIM, followed by a special

to them are correlated. Our analysis can also account forcthreelated ; i ;
channels, in which case the SPEB will be higher than thatesponding case, where there is no a priori knOW|edge regardlng the

to the independent channels. channel parameters.
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Theorem 1:When a priori knowledge of the agents’ posiwhere s is the effective bandwidth of transmitted waveform
tions is unavailable, and the channel parameters corregppn s(t)

to different waveforms are mutually independent, the EFdK f
the agents’ positions is 2V, x 2N, matrix, structured as (12)
at the bottom of the page, whe® (p,) and Cj; can be
expressed in terms of the RI:

T2r) = D Mg Jr(dng)

JENy

and

Crj = Cjr = (Mj + Ajr) Ir(d;),

g |s<f>|2df> v
ISR

-

SNRY is the SNR of thefirst path in7;():

2 %)
D17 52218 (f)Pdf
Ny ’

SNRY = (13)

and0 < xi; < 1 is called thepath-overlap coefficientvhich

depends on the first contiguous-clustén LOS signals.

with A\; given by (35) in Appendix B.
Proof: See Appendix B. O
Remark 1:We make the following remarks.

« To obtain the SPEB of a specific agent, we can apply
EFI analysis again and further redutgP) into a2 x 2
EFIM.

o The RI is the basic building block of the EFIM for
localization, and each RI corresponds to an individual
received waveform. The RIN;; is determined by the .
power and bandwidth of the received waveform, the
multipath propagation, as well as the a priori channel
knowledge. Note that each received waveform provides
only one-dimensional information for localization along
the anglegy;.

o The EFIM J¢(P) can be decomposed into localization
information from anchors and that from agents’ cooper-
ation. The former part is represented as a block-diagonal
matrix whose non-zero elements a®(py,), for the kth
agent, and eacld4 (px) is a weighted sum of RDMs
over anchors. Hence the localization information from

Proof: See Appendix C. O

Remark 2:We make the following remarks.

The theorem shows that when a priori knowledge of
channel parameters is unavailable, the NLOS signals do
not contribute to localization accuracy, and hence these
signals can be discarded. This agrees with the previous
observations in [8], [31], [32] although the authors con-
sidered different models.

For LOS signals, the RIl is determined by the first
contiguous-cluster [29], implying that it is not necessary
to process the latter multipath components. In particular,
the RIl is determined by the effective bandwidth the

first path’s SNR, and the propagation effect characterized
by Xu;-

Since xi; > 0, path-overlap always deteriorates the
accuracy unlesgy; = 0, in which the first signal compo-
nents(t — 7,5;)) does not overlap with later components

s(t— T]gé)) for [ > 1.

anchors is not inter-related among agents. The latt€r Fisher Information Analysis with A Priori Position Knowl
part is a highly structured matrix consisting of RIsdge
Cy;. Hence the localization information from agents’ \we now consider the case in which the a priori knowledge

cooperation is highly inter-related. This is intuitive 8in ot the agents’ positions, characterized p§P), is available.
the effectiveness of the localization information provlde\y,e first derive the EFIM. based on which we prove that

by a particular agent depends on its position error.

agents and anchors can be treated in a unified way under this

Theorem 2:When a priori knowledge of the agents’ posiframework. We then present a special scenario in which the
tions and the channel parameters is unavailable, the EFtM # priori knowledge of the agents’ positions satisfies certai

the agents’ positions is 2N, x 2N, matrix, structured as in
(12) shown at the bottom of the page, with the R}, given

by

conditions so that we can gain insights into the EFIM.
Theorem 3:When a priori knowledge of the agents’ posi-
tions is available, and the channel parameters correspgndi

Api — {87T252/02 - (I = xx;)SN R;(é-) , LOS signal 12The first contiguous-cluster is the first group of non-disjgiaths. Two
J = ; paths that arrive at time; andr; are called non-disjoint ifr; — 7] is less
0, NLOS signa) than the duration o§(t) [29]. ’ ’
[ Je(p)+ X Cuy —Ci —Cin |
jENa\{l}
—Ci Je(p2)+ X Cayy —Can,
Je(P) = ) (12)
—Ci,N, —Ca,n, Jepn)+ X Cwiy
L JENa\{Na}
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to different waveforms are mutually independent, the EFIMhere Py, is the vectorP without rows2k — 1 to 2k, and
for the agents’ positions is 2V, x 2N, matrix, given by3 [Je(P) |} is the matrixJe(P) without rows2k — 1 to 2k and
columns2k — 1 to 2k.

Jo(P) = J¢(P) + JS(P) + Ep, (14) Proof: See Appendix E. O
where Remark 4:The theorem shows mathematically that agents
are equivalent to anchors if they have infinite a priori posit
[JA(P)] _ {Zjer Ry(ryj), k=m, knowledge, which agrees with our intuition. As such, it is
€ 2k—1:2k,2m—1:2m 0, k#m, not necessary to distinguish between agents and anchass. Th
view will facilitate the analysis of location-aware netwstand
c the design of localization algorithms: every agent cant titea
[Je (P) } 2k—1:2k,2m—1:2m information coming from anchors and other cooperating &gen
, R.(r1:) + Ro(r k=m in a unified way.
= {?T{Na\{k}[ kf({kj) Rl i 7 The general expression of the EFIM for the case with a
[Ro(rim) + R (rmi) ] 7 m, priori position knowledge is given in (14), which is much raor
and involved than that for the case without position knowledge i
92 (12). However, in the special case when
=r = Er{~gpgprn ()} Ep {9(P)} = g(Er (P}). (16)

with Ry(r;) € R**? given by (15) shown at the bottom offor the functionsg(-) involved in the derivation of the EFIM
the page. Block matrid®y; (x,y) in (15) is defined as (27) (see Appendix D}# we can gain insight into the structure of
in Appendix B. the EFIM as shown by the following corollary.
Proof: See Appendix D. O Corollary 1: When the a priori distribution of the agents’

Remark 3:The EFIM for agents’ positions is derived inpositions satisfies (16), and the channel parameters corre-
(14) for the case when a priori knowledge of the agentsponding to different waveforms are mutually independent,
positions is available. Compared to (12) in the Theorem the EFIM for the agents’ positions is 2V, x 2N, matrix,
the EFIM in (14) retains the same structure of the localiati structured as (17) shown at the bottom of the page, where
information from both anchors and cooperation, exceptahat J2 (p;) and Cy; can be expressed in terms of the RI:
Rls in Theorem 3 are obtained by averaging2he2 matrices

over the possible agents’ positions. In addition, the iaesibn I8 (pr) = Z Atej Tr(Drj)
information from the position knowledge is characterizad i JEND
terms of an additive componeBip. This knowledge improves and
localization becausEp is positive semi-definite. ~ A& (Y Y T
Based on the result of Theorem 3, we can now treat anchors Cs = Cie = (g + Agk) Ir(dny).
and agents in a unified way, as will be shown in the followinghereP = Ep {P}, )., is the RII given in (35) evaluated at
theorem. P, and¢y; is the angle fronp,, to p,.
Theorem 4:Anchors are equivalent to agents with infinite  Proof: See Appendix D. O

a priori position knowledge in the following sense: when the
k.th agent has |r21f|r12|te a priori position knowledge, i®,, = D. DisCussions
limg2_, o, diag{¢?, %}, then

We will now discuss the results derived in the previous

Je(Pr) = [Je(P) ] sections. Our discussion includes 1) the EFIM for the agents

BNote thatJe(P) in (14) does not depend on any particular value of the #This occurs when every agent's a priori position distribatis concen-
random vectorP, whereasJe(P) in (12) is a function of the deterministic trated in a small area relative to the distance between teetamnd the other
vector P. nodes, so thay(P) is flat in that area.

Ri(ri;) = Ep {®r; (dij, dij) qrj qu} — Ep {ar; ®;(dij, pr)} Ep {®rj(kij, ki) " Ep {®k;(Pr, dij) qu} (15)

[ Je(p)+ > Cy —Ci e —-Cin, |
j_ENa\{l} B B B
—Ci2 J2(p2)+ X Cay —Ca N,
Je(P) = JEN\{2} L= 17)
—Cin, —Can, Jepn)+ Y Cw,y
L JENING} ]
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in non-cooperative localization, 2) an application of tlee ¢ andJS(P) is given by (18) shown at the bottom of the page,

operative localization to tracking, 3) a recursive method in which Cy, 11 = vi Jr(¢pr.r+1) With ¢y 111 denoting the

construct an EFIM for large networks, and 4) the extension émgle fromp;, to pr+1 and

three-dimensional scenarios. 92
1) Non-Cooperative LocalizationWhen the agents do not v = Eg {_W In f (dk|pk,pk+1)} .

cooperate, the matrices corresponding to the agents’ caope k

tionin (12) in Theorem 1 and (17) in Corollary 1 are discarde®y further applying the notion of EFI, we can obtain the EFIM

In particular, the EFIMJ¢(P) in Theorem 1 reverts to Je(pi) for each positionp;. Note that this analysis can be
_ A A A extended to cooperation among multiple mobile agents over
Je(P) = diag{Jg (p1) , Je (P2), .- , e (P.) } » time, so that both cooperation over space and time are eplor

simultaneously.
3) Recursive Formula for EFIMThe structure of the EFIM
in (12) and (17) enables us to extend the EFIM when agents
join or leave the cooperative network. We will develop a
Jo(P) = diag{JA(p1),JA(p2), ... .7 (px.)} + Ep. recursive formula to construct the EFIM in the following.
* Consider a network witlh agents in cooperation without a
Furthermore, when the agents’ positions are independenPriori knowledge of their positions, and the EFIM for agénts
priori, Ep = diag{Zp,, Ep,, - - -, Epy, } and the2 x 2 EFIM  positionsJe(P,,) whereP,, = [p] -+ p, |7 can be obtained
for the kth agent can be written ak(py.) = JA (pr) + Ep, - by (12). If a new agent enters t_he (_:ooperative network, then
2) Spatial vs. Temporal Cooperation for Localization: the EFIM for then + 1 agents is given by (19), shown at
Rather than multiple agents in cooperation, a single agemt ¢he bottom of the page, whetks ;... is the EFIM for the
“cooperate” with itself over time. Such temporal coopesati (7+1)th agent corresponding to the localization information
localization can easily be analyzed within our framewoik, 4"0m anchors,M,, ., is the localization information from
follows. the cooperation between tfie + 1)th agent and the other
Consider a single agent moving in sequenceévtalifferent 29€Nts, given by
positions according to piecewise linear walk and receiving

and hence the x 2 EFIM for the kth agent is equal to
Je(pr) = J4(px). Similarly, the EFIMJ¢(P) in Corollary
1 reverts to

waveforms from neighboring anchors at each position. The Monis = di89{Cns1, Contsy ooy Cunia}s
N positions can be written & = [p] pJ - pJT\,]T, and andK, € R*"*? s given by

we can consider the scenario dsagents in cooperation. The T
likelihood of the observation is K, = [ Lyo Ioxz2 -+ Ioxe } :

. N N1 . Note that when the a priori knowledge of the agents’ pos#tion
f (I‘ad|@) = H H f (rrjlpr, Pj) H f (dk|pkapk+1) s is available, we need to consider the contributiorEsf, and
k=1jENp k=1 the EFIM for then + 1 agents can be constructed in a similar
way.
Similarly, when a certain agent, say leaves the network,
we need to eliminate rowdk — 1 to 2k and columnk — 1
"o 2k in Je(Py,), as well as subtract all correspondi@yg; for

whered = [d; d» - cZN,l]T in which d, is the
measurement of the distandg = ||px — pr+1|| betweenpy,
and p,1.1° By applying Theorem 1, we have the EFIM fo

_ A c
P asJe(P) = Jg (P) + Jg(P) where j € Na\{k} from the diagonal ofl¢(P,,).
JAP) = diag{JA JA A 4) Extension to 3D_Local|zat|onAII the results optalneq
e (P) 9{Je (p1). Je(p2), - Je(P)} thus far can be easily extended to the three-dimensional
o ) - scenario, in whichpy = [z yx 2|". The SPEB of the
15We assume that the agent has other navigation devices, stickeréial h is defined 7 Y llowi h
measurement unit (IMU), odometer, or pedometer, to meathedistance kth agent _'S efined af(px) = [JB }3x3,k' _FO owing the .
between positions. steps leading to (12) and (17), we can obtain a corresponding
[ Cipo —Ci2 |
—Cio Cio+Cy3 —Cyj
JISP) = —Cy3 (18)
Cyoaon-1+Cn_i,v —Cn_i N
i _CN—I,N CN—l,N
Je(Pny1) = ) + Mnnis . (19)

_K;I; Mn,n+1 JA.,n+1 + K;I; Mn,n+1 Kn
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Fig. 2. Geometric interpretation of the EFIM as an informatellipse. In  Fig. 3. Updating of the information ellipse for non-coop®® localization.

the rotated coordinate system (rotated over an atijjléghe major and minor The original information ellipse of the agent is characedi by F'(u, 7, 0).

axes of the ellipse are given hyyu and /7, respectively. The RI from an additional anchor is given B(v, 0, ¢). The new information
ellipse of the agent then grows along the directigh but not along the
orthogonal direction. The new information ellipse cor@sgs toF (i, 77, ¥).

3Nax 3N, EFIM involving the RDMsJ, (1, ;) for k € Na

andj € Np UN,, where .
Note in (20) thatle(p) depends only o, n, andd, and we

Ji(p,0) & aq', will denote Je(p) by F(u,n,¥) when needed.
with ¢ and¢ denoting the angles in thg spherical coordinatess),/SPtrE?r'TD:)Smon 2: The SPEB is independent of the coordinate
andq = i i . ) .
= [cospeosg sinpeose sing] Proof: See Appendix F. O

Remark 5:The proposition implies that if we rotate the
original coordinate system by an angleprescribed by (20)
and denote the agent’s position in the new coordinatey

In this section, we present a geometric interpretation dien the SPEB is
the EFIM for localization. This interpretation not only pro )
vides insights into the essence of localization problenus, b w0 1
also facilitates the analysis of localization systems,igies P(p) =P(p*) =tr [ 0 ] = i +
of localization algorithms, and deployment of locationaaev g

networks. We begin with the non-cooperative case, and th_fbl EFIM in th dinat tem is di | and th
extend to the cooperative case. Based on these results, & Vi In Ihe new coordinate system IS diagona, and tus
I?]e localization information in these new axes is decoupled

derive scaling laws of the SPEB for both non-cooperative ar& tv. the SPEB is also d led in th i
cooperative location-aware networks. onsequently, the IS a0 decoupled In these two or-
thogonal directions.

Definition 5 (Information Ellipse):Let J be a2 x 2 positive
A. Interpretation for Non-Cooperative Localization definite matrix. The information ellipse o is defined as the
When an agent only communicates with neighboring asets of pointsx € R? such that
chors, the EFIM can be written ¥s

IV. GEOMETRICINTERPRETATION OFEFIM FOR
LOCALIZATION

I

xJ 'x"=1.
1

Je(p) = > A Jil(¢) £ Uy 0

JENy

0 T

Uy, (20) ) . :
n Geometrically, the EFIM in (20) corresponds to an informa-
tion ellipse with major and minor axes equal {g: and /7,

wherey andn are the eigenvalues df(p), with 1 > 7, and  respectively, and a rotatiahfrom the reference coordinate, as

Uy is a rotation matrix with angle, given by depicted in Fig. 2. Hence, the information ellipse is corteile
cost  — sind characterized by:, n, andd. Note that the Rl is expressed
Uy = ) as\J;(¢) = F()\,0,¢), and it corresponds to a degenerate
[ sind  cosv ] ellipse. In the following proposition, we will show how an

The first and second columns &, are the eigenvectorsanChor contributes to the information ellipse of an agent.
corresponding to eigenvalues and 5, respectively. By the  Proposition 3:Let Je(p) = F(u,7,7) and P(p) denote

properties of eigenvalues, we have the EFIM and the SPEB of an agent, respectively. When that
agent obtains RF (v, 0, ¢) from a new anchor, the new EFIM
ptn=tr{Je(P)} = > X\ for the agent will be
JENy

16To simplify the notation, we will suppress the agent’s indexthe

subscript. =F(u,n, 19) +F(v,0,9),
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where the parameters for the new information ellipse are

1
P W + 5\/[M_n+ycosz¢/]2 + 12 sin? 2¢/
1
j= P =+ veos29/) 4 v2sin? 297
g J2 (p2)

~ 1 sin 2¢)
19:19+—arctan—y5m ¢ ,
2 W —mn—+ vcos2¢

with ¢ 2 6 — 9. Correspondingly, the new SPEB becomes ~ A9eNt! |
- 11 p+n+v -
Pp ==+ =-= - . (21) --] L
P =5 pn +v [+ (n—mn)sin® ¢/ (
Remark 6: The geometric interpretation for the proposition N ' i

is depicted in Fig. 3. For a fixed Rli, we see from (21) that

O , .

'P(p) can be _mmlmlzed through’ (equivalently, throughp) Fig. 4. Updating of the information ellipse for cooperatil@alization.

in the denominator: Based on the anchors, thth agent has informatiod2 (py, ). The cooperative

5 L+n+uv information between the two agents is given 6y > = F(v,0, ¢1,2). The
min 'P(p) = total EFIM for agent 1 is therle(p1) = J&(p1) + £1,2C1,2. The new
@ /L(n + V) information ellipse grows along the line connecting the @mgents.

and the minimum is achieved whef = ¥ 4+ 7/2. In such

a case, the anchor is along the direction of the eigenvector

corresponding to the smallest eigenvaiueObserve also that RI for that agent obtained from cooperation with aggnthe

the denominator in (21) is equal fo 77, which is proportional EFIM Je(py) for agentk can be bounded as follows:

to the squaredreaof the new information ellipse correspond- L U

. ~ ' - . J =<J =<J

ing to Je(p). Hence, for a fixedv, the minimum SPEB is e(Pr) = Je(pr) = Je(Pr),

achieved when the new anchor is along the minor axis where

the information ellipse corresponding & (p). Equivalently,

this choice of anchor position maximizes the area of the new Js(pr) = I8 (1) + Z 51'51 Cri s (22)
information ellipse. JENa\{k}
On the other hand, the maximum SPEB occurs when the
anchor is along the direction of the eigenvector correspond Ipe) =T2pe)+ Y. &;Cu (23)
ing to the largest eigenvalug, i.e., the major axis of the JEN\{k}
info_rm_ation ellipse corresponding ﬂ}e(p): Equiyalently, this with coefficientso < gllgj < ¢Y. < 1 given by (44) and (46).
minimizes the area of the new information ellipse, and thus  pyof: See Appendix F.J 0
~ w+n+v Remark 7:The bounds for the EFIM can be written as
wax P(p) = i+ v) weighted sums of RIs from the neighboring nodes, and such

linear forms can facilitate analysis and design of location
aware networks. Moreover, it turns out thf%g = g}jj when
there are only two agents in cooperation, leading to the
following corollary.

| . - Corollary 2: Let J&(p1) = F(u1,71,91) and J3(ps) =
where the left-hand side/; = lim, .o ming P(p), and the F(uo,12,792) denote the EFIMs for agent 1 and 2 from

and the maximum is achieved when= 9 + x. Note also that

i <B(p) <P(p).

right-hand sideP (p) = lim, o P(p). anchors, respectively, and 1€t; o = F(v12,0, ¢ 2) denote
the RI from their cooperation. The EFIMs for the two agents
B. Interpretation for Cooperative Localization are given, respectively, by (see also Fig. 4)
The EFIM for all the agents in cooperative location-aware Je(p1) = J5(p1) +&oviadi(d12),

network is given respectively by (17) and (12) for the casgg,q
with and without a priori position knowledge. Further appty
the notion of EFI, one can obtain the EFIM for individual Je(p2) = J&(p2) + S21 v12 Je(¢12)
agents. In general, the exact EFIM expression for the idéivi,yneare
ual agents is complicated. However, we can find lower and
upper bounds on the individual EFIM to gain some insights &1 2
into the localization problem.

Proposition 4: Let J4(px) = F(ux,nr, ;) denote the and
EFIM for agentk that corresponds to the localization infor- Eoq = 1 ,
mation from anchors, and I€t;; = F(vy;,0, ¢x;) denote the T 1+ 2 A1(d12)

1
14 v1200(h10)]
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with Definition 6 (Scaling of SPEB)Consider a network with
T 1A -1 nodes randomly located in a given area. We say that the SPEB
Ar(d12) =aiz [Je(P)] " a2, of individual agents scales ad(f(n)) for some function
fork =1,2. f(n), denoted byP(p) € O(f(n)), if there are deterministic
Remark 8:The results follow directly from Proposition 4.constants) < ¢; < ¢z < +oc such that
We make the .followmg remarks. . P{e1f(n) < P(p) < caf(n)} = 1 — e(n), (24)
» Cooperation provides agent 1 with Bl 212 Jr(¢1,2)
with 0 < &5 < 1. Hence agent 1 obtains a RIIWherelim, . ¢(n) = 0.
12112 from cooperation instead of the full Ri . Theorem 5:In dense networks, the SPEB of each agent
This degradation in RIl is due to the inherent uncertain§cales aso(1/Np) for non-cooperative localization, and as
of the second agent's position. We introduce éfflective ©(1/(No + Na)) for cooperative localization.
RII 715 = &2 11 2. Proof: See Appendix G. O
« The effective RIl has the following geometric interpreta- Theorem 6:In extended networks with an amplitude loss
tion. The valueA, (¢, ») is the DPEB of agent 2 (basedexponent,'” the SPEB of each agent scales as
solely on the anchors) along the anglg, between the

L . O(1/logNy), b=1,
two agents. This implies that the larger the uncertainty Pp) e lon b1
of agent 2 along the anglg, », the less effective coop- p (1), - -4
eration is. For a givem\y(¢12), the effective RIl7; O(1/N,™ ), 0<b<1,

increases monotonically with, », and has the following for non-cooperative localization, and
asymptotic limits:

L O(1/1log(Np+ Na)), b=1,
2 =0, P(p) e O(1), b>1,
11211300 DLQ = 1/A2(¢1,2) . @(1/(Nb + Na)b_l), 0<b< 1,

1%

. . for cooperative localization.
Hence the maximum effective RIl that agent 2 can Proof: See Appendix G. .

provide to agent 1 equals the inverse of the DPEB of Remark 9:We make the following remarks.

agent 2 (based solely on the anchors) along the angle . )
¢1.o between the two agents. « Indense networks, the SPEB scales inversely proportional

« When i) the two agents happen to be oriented such that © the number of anchors for non-cooperative localization,
¢ = 95, and ii) agent 2 is certain about its position and inversely proportional to the number of nodes for

along that angle o = +00), then As(6,2) = 0 and cpoperative localization. The gain from coope_ration is
Je(p1) = JA(p1) + C1o, ie., agent 2 can be thought given by ©(1 + Na/Np), and hence the benefl_t is most
of as an anchor from the standpoint of providing RI ~ Pronounced when the number of anchors is limited.
to agent 1. From this perspective, anchors and agents MOreover, itis provenin Appendix G thatn) decreases
are equivalent for localization, where anchors are special €XPonentially with the number of nodes.

agents with zero SPEB, or equivalently, infinifé (py) o In extended networks with an amplitude Ioss_ exponent
in all directions. equal to 1, the SPEB scales inversely proportional to the

logarithm of the number of anchors for non-cooperative
localization, and inversely proportional to the logarithm
of the number of nodes for cooperative localization. This
implies that the SPEB in extended networks decreases
much more slowly than that in dense networks, and the
gain from cooperation is now reduced @(log(Ny +

C. Scaling Laws for Location-Aware Networks

In this section, we derive scaling laws of the SPEB for both
non-cooperative and cooperative location-aware networks
Scaling laws give us insight into the benefit of cooperation

for localization in large networks. As we will see, agentsl an
anchors contribute equally to the scaling laws for cooperat
location-aware networks.

We focus on two types of random networkiensenetworks
and extendechetworks [47], [48]. In both types of networks,
we consider theV, anchors andV, agents randomly located

Na)/log Np). Moreover, it is shown in Appendix G that
¢(n) decreases ascp(—(logn)?/8)/logn.

In extended networks with an amplitude loss exponent
greater than 1, the SPEB converges to a strict positive
value as the network grows. This agrees with our intu-
ition that as more nodes are added, the benefit of the

(uniformly distributed) in the plane. In dense networksliad additional nodes diminishes due to the rapidly decaying
nodes increases the node density, while the area remains RIl provided by those nodes. It can be shown that the
constant. In extended networks, the area increases piapairt SPEB converges to a smaller value in the cooperative
to the number of nodes, while both the anchor and the case than that in the non-cooperative case, i.e., a constant
agent densities remain constant. Without loss of gengralit  gain can be obtained by cooperation.
we consider one round of transmission from each node to
another. All transmission powers are the same, while |6E[gd- 7Note that the amplitude I_oss exponenb,i&while_z the cprresponding power

. . . . loss exponent i2b. The amplitude loss exponebtis environment-dependent
small-scale fading can be arbitrary. Medium access corrol, g can range from approximately 0.8 (e.g., hallways inbigiings) to 4

assumed so that these signals do not interfere with one@motte.g., dense urban environments) [49].
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Fig. 5. Effective RII§; 2 v1 2 as a function of the Rk 2, for Ja o =  Fig. 6. Typical network deployment of two sets of anchorg (sequares,
F(u2 = 2,m2 = 1,92 = 0), and different angle of arrivap; . set II: diamonds) andVa = 15 agents. The agents are distributed uniformly

over the[—10,10] x [—10, 10] map, while the locations of the anchors are
controlled byD.

V. NUMERICAL RESULTS

In this section, we examine several numerical exampl 10°
pertaining to cooperative localization and illustrate gpical
applications of our analytical results. S

- Q= = =@ == =0 == Q== =0 == 0= = =@ = = =

A. Effective Ranging Information — \

We first investigate the behavior of the effective Ril, fi’ 10" ?::’51 T e e
from Corollary 2 when two agents cooperate. The effecti % AN
RIl 7, o is plotted in Fig. 5 as a function of the Ri} o for Z S
JA(p2) = F(ua = 2,12 = 1,95 = 0) and various values of = Ny
¢1.2. The corresponding asymptotic limits are also plotted fc —— 4 Anchors | LIl
large values of, ». We observe that effective RIl increase: . '_';'_‘32:222:2 I TtesIr- =
from 0 to 1/As(¢12) as the Rllvy o increases. For a fixed - & = Non-coop 7
RIl, the second agent will provide the maximum effectivi . . . .
RIl at ¢, 2 = v9, along which angle the second agent he 2 10 Zr\?umber of a"é’ems 40 50

the minimum DPEB (i.e.l/u2 = 0.5). On the other hand,
the second agent will provide the minimum effective RIl atig. 7. The average SPEB as a function of the number of agentsei
¢1,2 = Y2 + /2, along which angle the second agent has thetwork for various anchor configuration® (= 10).

maximum DPEB (i.e.l/n, = 1).

B. Benefit of Cooperation configuration set Il yields a lower SPEB. Intuitively, this i

We now consider the SPEB performance as a functiGiye to the fact that the anchors in set I (distam:érom th_e
of the number of agents for cooperative localization. THegNter) cover the area better than the anchors in set | fdista
network configuration is shown in Fig. 6. The agents random}@D from the center). o
(uniformly distributed) reside in a 20 m by 20 m area. Theee ar D€fine the upper and lower approximations of agkist
two sets of anchors (shown as squares (set ) and diamords %eEB as
1) in _Fig. 6), yvith a configuration determi_ned by thg paraemet PY(pr) 2 tr { [Jé(pk)] —1}

D. Since fading does not affect the scaling behavior as shown

Section IV-C, we consider a network with signals that obe§/

the free-space path-loss model for simplicity, so that thie R Pt(pr) £ tr{[,]g(pk)rl} ,
)\kj 0.6 1/dzj'

Figure 7 shows the average SPEB over all the agents awleere J5(p;) and JY(px) are given by (22) and (23), re-
function of the number of agents, obtained by Monte Carkpectively, in Theorem 4. Figure 8 shows the average ratio of
simulation, forD = 10. We see that as the number of agenthie lower and upper approximations of the SPEB, obtained by
increases, the average SPEB decreases significantly, lyoughionte Carlo simulation, for anchor set I, set Il, and botlsset
proportional to the number of agents. Note that the anchéten there are only two agents in cooperation, the bounds
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Fig. 8. Ratio of upper and lower approximations of the SPBB(p) and Fig. 9. The mean SPEB with respective to anchor deploymemereT are
PU(p), as a function of the number of agents for anchor set |, sednitf Na = 15 agents.
both.

[-10m,10m] area. The figure shows that intelligent anchor
coincide, as we expect from Corollary 2. As the number afeployment can be beneficial compared to random deploy-
agents increases, the ratio deviates from 1, or equivglenthent, indicating the need for anchor deployment strategies
the approximations become looser, due to the fact that upper
approximation ignores more cooperative information, &l t VI. CONCLUSION
lower approximation considers more agents to be equivalentin this paper, we have investigated the fundamental limts o
to anchors. Nevertheless, the ratio converges to a positihe localization accuracy for wideband cooperative |aati
constant, implying that the upper and lower approximaticaware networks. We have derived the squared position error
decrease at the same rate in an asymptotical regime, as shbaund (SPEB) by applying the notion of equivalent Fisher
in the proof of Theorem 5. information (EFI) to characterize the localization acoyra
Since our analysis exploits the received waveforms rather
than specific signal metrics, the SPEB incorporaéisthe
localization information inherent in the received wavefsr

Finally, we investigate the effect of anchor deployment iQur methodology unifies the localization information from
more detail. We consider a scenario wity, = 15 agents. anchors and that from cooperation among agents in a carionica
The anchor placement is controlled through(see Fig. 6). form, viz. ranging information (RI), and the total localiza
Figure 9 shows the average SPEB as a functionDofor information is a sum of these individual RIs. We have put
different anchor configurations (set I, set Il, and both )setgorth a geometrical interpretation of the EFIM based on eige
We see that the SPEB first decreases, and then increagesomposition, and this interpretation has facilitatesl ttreo-
as a function ofD. When D is close to 0, all the anchorsretical analysis of the localization information for coogkive
are located closely in the middle of the area, and hence thetworks. We have also derived scaling laws for the SPEB
RIs from those anchors to a particular agent are nearly iim both dense and extended networks, showing the benefit
the same direction. This will greatly increase the error @f cooperation in an asymptotic regime. Our results provide
each agent’s position since eveF§(py,) is close to singular, fundamental new insights into the essence of the locatimati
resulting in poor overall SPEB performance. As the anchopsoblem, and can be used as guidelines for localizatioresyst
begin to move away from the center, they provide Ris alonrsign as well as benchmarks for cooperative location@war
different directions to each agent, which lowers the averagetworks.

SPEB. Then, as the distances of the anchors to the center

increase further, the anchors become far away from more and APPENDIXA

more agents. Hence the RIl decreases due to the path-loss PROOF OFPROPOSITION1

phenomena, and this leads to the increase in the average SPEB Proof: The right-hand side of (5) can be written as
Observe also that anchor set | is better than anchor set Il for P( )+ P( u)

D < 7m. This is because, for a fixeB < 7m, anchor set Pr; Pl L

C. Anchor Deployment

| can cover a larger area. F@ > 7m, anchor set | suffers = { 2X2 B } +tr{uI [J51]2X27k ul}

more from path-loss than anchor set Il. 1 . T
For the sake of comparison, we have also included the tr{ Jo 2><2k }—i—tr{[Je ]2><2,k uL uL}

average SPEB when 8 anchors are deployed 1) according to set tr{ ,] 1 } — P(pr)

I and Il simultaneously, and 2) randomly ofi-a10 m, 10 m] x 2x2 k ’
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where we have used the faatu’ + u uI =L O Structure of Y ( P, ék, P): Since ® (ky;, ki;) = 0 for
i £ ] find that
APPENDIXB i#J, we find tha
PROOF OFTHEOREM 1 Z T (Pvé,ﬁp) = Z Z Y (P, Kij, P)
We proceed in two steps: we first show that the EFIM is keNa kENa jEND
structured as in (12), and then derive the details of the RI. + Z Z Y1 (P, ki, P)
_— kENa JEN\{k
A. Derivation of the EFIM Structure Y j_l\jf Mk
When a priori knowledge of the agents’ positions is unavail- - A ©
able, the log-likelihood function in (10) becomes whereM, € R2Nax2Na s g block-diagonal matrix, consisting
of 2 x 2 block matrices, given b
In f(r,k|P) = Z Z [lnf(rkj|pk,pj,nkj) g y
kENa JENDUNA\{F} [MA Lok 1.2k 2m—1:2m
+1nf(nk]|pk7pj):| ) (25) _ Ejer Tkj (pka/kjvpk) ) k= m,
wherex denotes the vector of the channel parameters contain- 0, k#m.

ing all ky; with k € N3 andj € NpUNG\{k}. For notational

. | On the other handM¢ € R?N=x2Na jg also a block-matrix,
convenience, we now introduce

) consisting of2 x 2 block matrices, given by (30) shown at the
B(x,y) 2 E {_3 In f(r,n|P)} (26) bottom of the page.
ay - r,K T b . A -
Ox0y Structure ofJ¢(P): Combining these results, we find that

0? the EFIM in (28) can be written as
Ppi(x,y) £ Er,m{ ~ FxdyT [lnf(rkﬂpmpja Kij) (28)

Je(P) = {KA —MA} +{KC—MC}, (31)

+1n iy o) b @7 _

from anchors from cooperation
as well as from which we obtain (12). In (12), JA(px) =
YT(x,y.2) £ ®(x,y) [®(y,y)] " ®(y,2), %j_eﬁ/b Rkﬁ‘kj) and gkj " thlez Ry, (rk;) + Ri(rje) in
_ which we have introduced the RI:
Yi(x,y.2) 2 @ri(xy) [ 1 (y.y)] ' Pks(y.2) -
Since ®(0;,0;) = 0 for k # j, the EFIM for P can be Ri(rrj) = ®uj (Pr: Pr) = Ty (Prs £rj, Pr) - (32)
derived as Note that in the derivation, we used
Jo(P) = & (P,P) — k;v 58 (P,Ok,P) . (28) 1 (e, Po) = i (e P)

Structure of® (P, P): Due to the structure in (25), we canand

express® (P,P) as
P ( ) Yim (Pk, Kkm> Pm) = — X km (Pk, Kkm, Pk) -

®(P,P) = P, (P, P ®.; (P, P
(P, P) Z Z ki (P, P) + Z Z v (P, P) Since J¢(P) in (12) can be expressed in terms of the RIs

Naje: NajENS , . .
X kENa jEND kE€Na jENa\{k} Ry (ry;), for k € My andj € My UNZ\{k}, we will examine

= Ka + Kc, next the details of the Rls.
whereK, € R2Nax2Na s a block-diagonal matrix, consisting
of 2 x 2 block matrices, given by B. Details of the Ranging Information
(Kn Lyt 1mans 10 — {Zjer ®; (Pr,Pr), k=m, ~ We now consider the detailed expression of théRR(ry;)
' 0, k#m. in(32). We first introduce

On the other handKc € R2Nex2Na is also a block-matrix, = (xy) A E {_82 In f(ij|pkapj)}
consisting of2 x 2 block matrices, given by (29) shown at the I " ox dyT ’
bottom of the page. and

(K] _ ) 2 iena gy [®ri (PryPR) + Rk (PR, PR) | R=m, (29)
2k—1:2k,2m—1:2m i’km (pk, pm) + i’mk (pkypm) ’ k # m.
; Yij (Prs Kkjs Pr) + Xk (Prs Kjk, Pr) ], k=m,
[MC]Qkfl:Qk.,mel:Qm = Z]GNa\{k} [ ! ( ! ! ( ! )] (30)
Tkm (pkankmapm)'i"rmk (pkynmkapm) 5 k #m
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U, 2K _32111 f(rwj|Pr: Pjs Kij) (33) where
J r,K 8’%]” 8'2?}; ) . 1
! kkj ‘I’kj kkj

87232 SNRY)

1 1) (2 ~(2) (Lrs)  ~(Li) 7T Xkj = (37)
where ky; = [ Toj i Tey Qg Tkjkj dkjkj ] :
with N(lj) £ ak)/

From (2) and (9), we note thal,; = ||pr — p;|| and that

[ (vkj|Pk, Pj, Kij) and f (ki |pr, p;) only depend omy, p;
throughdy,;. Using the chain rule, we have

is called path-overlap coefficient [29].

We next show that only the first contiguous-cluster contains
information for localization. Let us focus op;. If the length
of the first contiguous-cluster in the received waveforrﬁ,i§,

ddy; ddy; wherel < L;; < Ly;, we have [29
®; (Pr, Pk) = 8pk;: Py (dij, diy) ﬁ ; h= 129]
y _ T y T, 0
and ky; 2 [ K, o } and ¥, 2 [ Kk 7
adk 8d;€j X
Yij (Phs kg, Pr) = 5 T (dkjs Kkjs dicj) Dol ) ) ~
b Py wherek,,; € R?Eki—1 @, € RCLe—1DxC2Lii—1) " and X is
and henceRy, (ry;) can be expressed as a block matrix that is irrelevant to the rest of the derivatio
- Hence (37) becomes
Ry (vhj) = Pij (dij, dij) akj ai; .
— Yy (dij, kg, dij) dij A o= ki Wiy ki
;=
= Nj Qkj 4l (34) 87242 SNR!)
where qu; £ 0dy;/0pr =  —0dij/Op; = which depends only on the firsk,; paths, implying that
[cos ¢r; sin ¢y, ]T, and \; is given by (35) shown at the only the first contiguous-cluster of LOS signals contains
bottom of the page, wherg; 2| 1 0 ... 1 0 }T information for localization. O
1 J - .
2L APPENDIXD

PROOF OFTHEOREM 3 AND COROLLARY 1
APPENDIXC

PROOF OFTHEOREM 2 Proof: When the a priori knowledge of the agents’

position is available, the derivation of EFIM, equation 25
Proof: When a priori channel knowledge is unavailablegecomes

we haveZy;(di;,dr;) = 0, and E;(dkj, kr;) = 0. For
NLOS signals, the RIl in (35) becomes,; = 0 since In f(r,0) Z Z |:1nf(rkj|l)kapj7"5kj)
Brj(kkj, kKj) = 0. For LOS signals, however, after some KENa JENHUNG\{k}
algebra, the RIl becomes (36) shown at the bottom of the
page, Wher&y,;(ky;, kij) = limg=_, . diag{t?,0} since the +1In f(“kj|pkapj)} +In f(P).
Fisher information for knowrlbgj) = 0 is infinity. To simplify _ ) o ) )
(36), we partition®,; as ' Follqwmg the notations and derlvat_lons in Appendix B-A, we
obtain the EFIM given by (14). This completes the proof of
uﬁj k{g Theorem 3. Note that the structure of (14) is similar to that
Uiy = Ky, W of (31) except the additional ter@p.
’ ’ The EFIM in (14) is applicable to general case. Note that

whereu?; = 8742 SNR(l obtained from (33) through someRk(rka) in this case cannot be further simplified as that in (34)

algebra. Ast® — oo in (36) we have since we need to take expectation over the random parameter
) s P in (32). However, when condition (16) holds for functions
A = 87°p (1- ng)SNRI(gJ 7 Dyj (dijs dij) k) Afjr kg Prj(dij, Pr), and®y; (K, ki),

c? the expectations of those functions with respecPt@an be

1
)‘kJ = [lkg Wij 1y + c? Ekj (dkj, diz)

—1 T
- (113- Ui + By (dij, ij)) (‘I’kj + PBrj(Kny, f‘ékj)) (123- Ui + PBgj(dij, ij)) ] (35)

1 —1
Aj = 5 Ii, W, (‘I’kj + Ekj('%jaﬁkj)) Erj(Kkjy Kig) Liej (36)
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replaced by the values of the functionsRit In such a case, B. Proof of Proposition 4

the Rl in (15) can be written as Proof: Without loss of generality, we focus on the first

Riu(rij) = Aj Ir(dws) agent. . .
- - - Lower Bound: Consider the EFIMIS(P) shown in (42)
where )\;; is the RII given in (35) evaluated &, and¢y,; is at the bottom of the page. It can be obtained frdaiP)

the angle fromp;, to p;. [1 by setting allC; = 0 for 1 < k,j < Na This EFIM
corresponds to the situation where cooperation among sgent
APPENDIXE 2 to N, is completely ignored. One can show using elementary
PROOF OFTHEOREM 4 algebra thatJ5(P) =< Je(P), which agrees with intuition

since the cooperation information among agents 2Vtpis
not exploited. Applying the notion of EFI, we have the EFIM
for the first agent as

Proof: Consider a cooperative network witN, agents,
whose overall EFIM is given by (14). If ageana
has infinite a priori position knowledge, i.eZ;,.
lim2_, o diag{t?,¢*}, then we apply the notion of EFI to J5(p1) = J5(p1)

eliminate the parameter vectpry. in (14) and have -1
P piv, in (14) + Z [Cl,j —Cy; (Jé(pj) + Cl,j) Cl,g}.
Je(P1;- -, PNe-1) = [Je(P)]z(Nr1)x2(er) ) (38) JENa\{1}

where we have used (39) shown at the bottom of the pageSince Ci; = 114y, Jq¢1 where qg, ;
Note that if we let\] 2 AG U {Na}, A2 2 Ao\ {Na}, and  [cosér; sinéy; |7, we can expres3s(p) as
R;C(I‘k,]va) = Rk(rNa,k) + Rk(rk,]\/a) for & € Na/ in (38),

[I>

the structure of (38) becomes the same as that of (14), with Js(p1) =Jo(p1) + Z &, Crj, (43)
a dimension decrease by 2. Therefore, the nevRR(r; x,) JEN\{1}

is fully utilizable, i.e., agentV, with infinite a priori position A A 1
knowledge is effectively an anchor. o Wheredh; 21— q¢1 (Je(@j) + Crj)  dg,- The

coefficient¢t j can be S|mpI|f|ed as

APPENDIXF glj:1_yl_’jqﬂv_¢l ,_
PROOFS FORSECTION IV " rY .
A. Proof of Proposition 2 : < [ Hi + V1 qﬁjm,jq&_%,j) a9, —¢1
Proof: If the current coordinate system is rotated by angle 1 &
¢ and translated bypy = [z vo]|", then the position of S (44)
the agent in the new coordinate systempis= U, p + po. Lt w15 A(01,5)
Consequently, the EFIM fop is where
. [op]" 0 L2 Ui
Je(p) = {%] Je(p) [%} Ag(915) = o cos™ (0 = fuy) + o i (0 = )
= U} Je(p) Uy . (40)  Upper Bound:Consider the EFIMIY(P) shown in (45) at

he bottom of the next page. It can be obtained frdgP)
y doubling the diagonal elemen€,; and setting the off-

diagonal elements-C;; = 0 for 1 < k,j < Na. One
which agrees with intuition since more cooperation informa
[0 tion among agents 2 tdV, is assumed in (45). Applying the

Due to the cyclic property of the trace operator [45], w
immediately find that

: t?
A Z Ry, (rn, ;) + | Y [Ra(rn) + Rug(rjn) ] + 2 ] =0 (39)
JENy JENa\{Na}
[ I+ Y Gy —Ci2 —Civ,
JEN\{1}
. A
IL(P) = Ci2 Je(p2) + Cip2 0 (42)

_Cl,Na O Jé(pNa) =+ Cl-,Na h
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notion of EFI and following the similar analysis leading tdincelimg Touwo (6) = 0, there existsK; € N such that

(43) and (44), we obtain the EFIM for agent 1 as P{¢u) > 6} <e€/4, VK > K;. Note also that
Jg(pl) - Jé\(pl) + Z gi{j Cijs P {¢(7K+1) <T= 5} < (7 —9) f¢(7K+1)(7T —9),
jENa\{l}

and hence, for the sam&y, P{¢rxi1) <7 — 38} < €/4,

where VK > K;. Similar arguments show that there exists
v = L 46) K2 € N such thatP {¢ix41) <m/2—6} < €¢/4 and
J 1+V1,jAj(¢lg) ]P){¢(5K) >7T/2+6}<6/4., VK > Ko.
in which Combining the above results, we have with a probability
1—¢
~ 1 ~ 1 ~ ’
A' i) — —/ 2('[9— ) — si 2(19_ ')7
#(9015) aj cos” (Vs =g ) 1j S (0 = g [0, 4], j=1,...,K,
with ﬂjyﬁjyandgj Satisfying ¢(j)€ [71'/2—5, 7T/2+5], _]:3K+1,,5K,
' C Ap) Z [t —0,m), j=7K+1,...,N,
F(fi;,7,0;) = JA(p;) + 2Cjy .
s e KENN{1.5} ! when K > max { K1, K»}. Therefore,
| N N
>N sin’ (b — o))
APPENDIX G k=1j7=k+1
PROOF OF THESCALING LAWS K 5K
- . . . > in? — i
Lemma 1:Let ¢;'s be N i.i.d. random variables with uni- - ; _ﬂzl;rlsm (@) = 4))
form distribution ovef{ 0, 27). Then, for any0 < € < 1, there a J;K -
exist anNy € N, such thatv N > N, .
° ° + > Y sin’(dw — o)
N N N2 E=3K+1j=7TK+1
P ZZSin2(¢k —¢j) < 59 ( <€ (47) , (KK 5K 8K -
k=1 j=1 > in2(l
. . . _2.21—1-2 llem(2 20)
Proof: First, we note that replacing; with ¢; mod = k=1j=3K+1  k=3K+1j=7K+1
preserves the value efn®(¢;, — ¢;). Hence, we can consider = K2, (50)

¢;’'s to be i.i.d. and uniformly distributed if0, 7). »
We order theN ¢;’s, such thatd < ¢y < ¢y < --- < where> denotes an inequality with probability approaching
@y < m. Using order statistics [50], we find that the joinbne asK — oco. SubstitutingV = 8K, and noting that the

PDF of theg;’s is summation in (50) considers only half the terms (wijtk k),
NI we arrive at (47).
f(®a), )5 - - Ov) = 7'r_N Li0<p) <) < <dpm<r} > Moreover, the probability in (49) decreases exponentially

(48) Wwith K, because if lettingix = f4,, (9),

where 1 is the indicator function. From (48), the marginal g5, (8K +8)(8K +7)---(8K+1) 1 (5 7
PDF of ¢(;, can be derived as [50] lim = PR
(k) Koo G (TK+T7)(TK+6)---(TK+1)K 6 \6

1 N k— N—k <1, (51)
fﬁb(k)(x) :F_N(k—l)'(N—k)' € l(ﬂ'_'r) ]1{0S1<7r}'

and hence one can see than (47) decreases exponentially
Now consider a larg&y = 8K for some integef, and lets £  with N. O
7/6. The functionfy,, (z) has a maximum at = /8, and Lemma 2:Let \;'s be N i.i.d. random variables with arbi-
is monotonically decreasing iw/8, ) D [4, w). Therefore, trary distribution on the suppof), Amax]. If P{\; < Ao} <

we have e < 1/2 for some)g € [0, Amax], then
]P){gf)(K) > 5} < (m—19) f¢(K) (0). (49) ]P){/\(N/2+l) < /\0} < EN, (52)
[ J2(p1)+ X Gy —Ci2 —Cin, |
JENa\{1}
—Cl,g Jé(pg) + 0172 =+ Z 2 027]‘ O
(P = eNal) 45)
-Ci,n, 0 Je(pn,) +Cinv.+ Y 2Cuy,;
L FENA\{1,Na} i
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where \(;) is the order statistics ok; such thatd < \;) < By the Cauchy-Schwarz inequality, we have
A(2)§-~§)\(N),and€: \/46(1—6). 1
Proof: Denote the probability density and distribution of tr{lJe(P1)] "} - tr{Je(p1)} = 4.

Ai by f and F, respectively. ConsideN = 2K for some Since the inequality (53) together with the fact that
integer K* andz € [0, Amax| such thatF\(z) < 1/2. Using  tr{J,(¢, ;)} = 1 imply that tr{Je(p1)} < AmaxNo, We have

the order statistics, we have that
N —1
. ‘ = > )
e (@)= Y (N) Fa@)! (1 - Fa(a))" ™ P = elpa I} = 4/ Cnaco)
j=K+1 N Therefore,P(p1) € Q(1/Ny).
N _ N On the other hand, for the lower bound, we first order the
< Z 2N Fy(z) (1 — Fa(x))" 7 Ny RIl A1 ;’s, and then the probability of(x, /21) < Amin iS
Jj=K+1 exponentially small by Lemma 2, i.e.,
> F J 3
<2V (1= F(2)N Z _B@) P{A\(vo/2+1) < Amin} <, (54)
o N @)
P X for some constartt € (0,1). Let ] denote the set of anchors
= #(I()) {4 Fy(x) (1 — F,\(x))} with RII' Ay such thatj > Np/2 + 1, and we have that
— I\ (z
N
< (VIB@T-R@) . P{min 3. Je(d15) < Jelp1) p 21— €1, (55)
JENY

where the first inequality follows fron(uj;[) < 2N the second N _ _
inequality is due to the extension of finite summation, ared tiyvhere the outage probabiligy decreases exponentially with
last inequality follows fromF) (z) < 1/2. Replacingz with ~Nb. Moreover, since

Ao gives (52). O 1
2Ny /2
| Y Jilens) = E/g :
A. Proof of Theorem 5 JENY Zke/\/b’ Zje/\/b’ sin®(¢1.x — ¢1.5)
Proof: We consider first the non-cooperative case, fol- (56)

lowed by the cooperative case. In either case, without "DSSaPppIying Lemma 1 gives
generality, we focus on the first agent at positjon

Non-cooperative caseWe will show that P(p;) € -t 198
Q(1/Np) andP(p1) € O(1/Np), which implies thatP(p1) € P tr Z Je(o15) < >1—e,
@(1/Nb)_18 Amin N b Amin Np
: b
For an amplitude loss expondntsignal powers decay with (57)
the distance followingsNR(r) oc 1/r2%. We can express the
RIl from a node at distance as for sufficiently largeNy. The inequality in (55) implies that
7 —1
/\(T) =—1 70 <7r<Tmax} * 1
r2o rosrsmd Pp1) < rtr Z Ji(¢1,5) 5
wherer, is the minimum distance between nodes determined min JEN

by the node’s physical size;nax is the maximum distance ] -
between nodes determined by the fixed area associated #{l N€NCE& (p1) < 128/ (Amin Np) with probability approach-
dense network setting, and random varialfleaccounts for N9 On€ asNy — oc. Therefore,P(p1) € O(1/No) with

the large- and small-scale fading. Sirite. Z < z; for some Probability 1. o
21 € RY, there exists € (0, z;) such thatP {Z < zp} < e. Note that since both the outage probabitityin (55) ande,

for a givene, € (0,1). Thus, the RII from thejth anchor is in (57) decrease _expone_ntially wifk, the outage prob_ability_
bounded a® < Amin < A1.; < Amax With probability ¢(Np) of the scaling law in (24) decreases exponentially with

Np.
P{Amin <Aij <Amaxt <1—e€., Cooperative casefor the cooperative case, we will use the
o o lower and upper approximations of the EFIM from (22) and
whereAmin = 20/Tmax aNd Amax = 21/75"- (23). The upper approximation gives
On one hand, we have Z
Jd(p1) =Jo(p1) + &;Cy;
Je(P1) = Amax D Je(015) (53) ) T dmw
JEN:
i = Z A Je(d1;),
18Similar to the definition of notation®(f(n)), the notationg(n) € FENUNa\{1}

Q(f(n)) and g(n) € O(f(n)) denote, respectively, that(n) is bounded . oo . .
below byc: f(n) and above by f(n) with probability approaching one as where the inequality is obtained by treating all other agent

n — oo, for some constant; andca. to be anchors, i.egﬂj =1 (j € Na). In this case, there are
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equivalentlyN,+ N,—1 anchors, and similar analysis as in théote thatV, oc R?, we can show that the mean scales as
non-cooperative case shows tfRatp;) € Q(1/(Np + Na)).

On the other hand, from the lower approximation, we have, © (1/Nb), b>1,
with probability approaching one, that E{\} € ¢ ©(logNp/ Np), b=1, (61)
O (1/Ng 0<b<1
) =m0+ Y &, 0 (1/85) <b<l,
JENa\{1} and the variance always scales as
v Z Jr(¢1,j)a (58)
JENORA (1) Var{\} € ©(1/Np) . (62)

wherer > 0 is a given lower bound on both the RiL ; (j € Whenb > 1, it follows that, for fixed densities of anchors
M) and the effective Rllg'l-_’j v1,; (j € Na). From Lemma and agents, #J¢(p1)} € ©(1) with probability approaching
2, we can find sucl¥ for the dense network setting, becausene asN, — +o0, which implies thatP(p;) € ©(1).

there exist constant$ < c¢1,co < 400 such that\; ; > ¢, We will show that whenb = 1, the P(p;) scales as
vi; > c1, andAj(¢1,;) < co with probability approaching ©(1/log Ny) and©(1/log(Ny + Na)) for the non-cooperative
one; defining? = ¢1/(1 + ¢1 - c2) implies \;; > © and case and cooperative case, respectively. Using a simitar ar
§rjvy > vosincedr; = [1+A;(¢1;)v,;] . Applying gument, we can easily show that for< b < 1 the SPEB
Lemma 1 and 2, and following a similar line of reasoning ascales a®(1/N.™') and ©(1/(Ny + Na)*~!) for the non-
in the non-cooperative case, we fidp;) € O(1/(Np+Na)) cooperative case and cooperative case, respectively.

with probability approaching one a&},, N, — +oc. Thus, Non-cooperative caseb(= 1): We introduce a random
we conclude that the SPEB in cooperative networks scalesvasiable Yy, = Zjer A1,5/ log(Np). From (61) and (62),
O(1/(No+ Na)). 0 we have

B. Proof of Theorem 6 NlbiglooE Yn} =0,

Proof: Let p, denote the density of anchor nodes unif'or some constant. and
formly distributed in an extended network. Consider an area '
within distanceR to agent 1, then the expected number of j, E{|Yn, — C|2}

anchors within that area &, = pp 7R2. Following a similar Np—00

analysis leading to (54), we can show that the effect of large = NELHOO Var{Yn,} + N})igloo IE{Yn,} — C|
and small-scale fading together with path-loss on the Ril ca )

be bounded as; /r?* < A(r) < co/r?® for some constants T N{,ﬂnoﬁ (E{Yn} — ) - E{Yiv, — E{Yn}}

0 < ¢1 < ¢ < 400, With an outage probability exponentially —-0.

decreasing withV, and N,. This implies that, with probability

approaching one, the large- and small-scale fading will ndhis implies that) ..\, A\1,; scales a®(log Np) with prob-
affect the scaling law? and hence we can consider the RIRbility approaching one, and hencede(p1)} € © (log Np).

from a node at distance as Using a similar analysis as in Appendix G-A, we can show
1 that P(p1) € Q(1/log Np).
Alr) = 20 Lr>ro} 5 For the upper bound, using the same argument as in Lemma

for the analysis of the scaling laws. Since each anchor ks We can show that with probability approaching one, there

uniformly distributed in the given area, the PDF of the RIR'€/Nb/8 anchors with angle;. € [0,7/6] and Ny/8 anchors
can be written as with angle¢,, € [7/3,7/2] to the agent. We denote these two

disjoint sets of anchors hy; and A5, and define

je(Pl)é Z A Je(01,5)

1 _ b+l

fN) = bR =12 AT Ty Revca<yrzey s

with mean JENTUN:

1 r2o2_pR2o2

mol%T/rQ , b>1, and

In R —Inr? 0

E{A} =9 =7 b=1, 59) X
2-2b_ 2-2b * L ) )
L gy SEESES (D SRR EACTORS 5 DEYS PGS
JEN JEN2

and second moment
Then, we have

T§—4b7R2—4b

ﬁw, b> 1, ) B 1 B 1
E{N} =14 7w b=1, (60) tf{[Je(pl)]_ } = tr{[Je(pl)} } = tr{[Jz(pl)} }
L SRR g<ch<t, (63)

2b—1 R2—1r2 ’
where the first inequality comes fronf; UN> C A, and the
9t will be shown that the overall outage is dominated by thatisp di i q d y he f Mlh NQh— é\lngB .
topology for a large number of nodes, and thus we can ignageotitage §econ iInequality Is due to the fact that the Increases
due to fading. if we set¢,; = n/6 for j € N7 and ¢ ; = w/3 for
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j € N2.2° Since bothy”

A1 andz EN, ALj scale as

O(log Np), P(p) € O(l/log Nb) with probab|I|ty approaching
one. Therefore, the SPEB in non-cooperative extended net-
works scales a®(1/log Np).

We finally check the probability of outage, i.i}ja\/b AL
is not in ©(log Ny). For a fixed largeNy, the distribution

of > icn; Aj/VNp can be approximated as the normal
[10]

distribution N (log Np/+/Np, 1/ Np), and hencé&

(‘ Z ALy — long’ > — 1ong)

JEND
1
=2Q (5 log Nb>

1
- log Np o

(7]

(8]

El

[11]

[12]

p{—%logQNb}, (64) [13]

whereQ(-) is the tail probability function of standard normal, ,

distribution. Approximations and bounds for the tail preba

bility function can be found in [51]-[53]. Moreover, when[15

0 < b < 1 a similar argument leads to

7(

> e N

kENy

> 1)
_2Q<%N1b)

. ——N2 2b

1
S 65
N,;—beXp{ g (69)

b

[16]

[17]

(18]

Cooperative caseb(= 1): The cooperative case can be
proved similar to the above non-cooperative case in corjurit’]
tion with the cooperative case of Theorem 5. It turns out that
the SPEB can be shown to scaledd /log(N, + Na)) when

all other agents are considered to be anchors. We can also

[20]

show that, with probability approaching one, the SPEB scale
asO(1/log(Np + Na)), using the lower approximation of the2)

EFIM, and an argument similar to (63).

O
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