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Abstract

In a bi-directional relay channel, two nodes wish to exchange independent messages over a shared
wireless half-duplex channel with the help of a relay. In this paper, we derive achievable rate regions
for four new half-duplex protocols and compare these to four existing half-duplex protocols and outer
bounds. In time, our protocols consist of either two or three phases. In the two phase protocols, both users
simultaneously transmit during the first phase and the relay alone transmits during the second phase, while
in the three phase protocol the two users sequentially transmit followed by a transmission from the relay.
The relay may forward information in one of four manners; we outline existing Amplify and Forward
(AF), Decode and Forward (DF), Lattice based, and Compress and Forward (CF) relaying schemes and
introduce the novel Mixed Forward scheme. The latter is a combination of CF in one direction and DF
in the other. We derive achievable rate regions for the CF and Mixed relaying schemes for the two and
three phase protocols. We provide a comprehensive treatment of eight possible half-duplex bi-directional
relaying protocols in Gaussian noise, obtaining their relative performance under different SNR and relay

geometries.
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I. INTRODUCTION

Bi-directional relay channels, or wireless channels in which two nodes (a and b)! wish to exchange
independent messages with the help of a third relay node r, are both of theoretical and practical interest.
Such channels may be relevant to ad hoc networks as well as to networks with a centralized controller
through which all messages must pass. From an information theoretic perspective, an understanding
of these fundamental bi-directional channels would bring us closer to a coherent picture of multi-user
information theory. To this end, we study bi-directional relay channels with the goal of determining
spectrally efficient achievable rate regions and tight outer bounds to the capacity region. In this work, we
consider half-duplex communication in which a node may either transmit or receive at a given moment,
but not both. This is in contrast to full-duplex operation where nodes transmit and receive on the same
antenna and frequency simultaneously. Unfortunately, full-duplex operation may not be practically feasible
as the intensity of the near field of the transmitted signal is much higher than that of the far field of the
received signal, motivating the consideration of half-duplex operation. Our goal is to determine spectrally
efficient (measured in bits per channel use) transmission schemes and outer bounds for the half-duplex
bi-directional relay channel and compare their performance in a number of scenarios. These scenarios
highlight the fact that different protocols may be optimal under different channel conditions. An obvious
half-duplex bi-directional relay protocol is the four phase protocol,a — r,r — b, b — r and r — a, where
the phases are listed chronologically. However, this protocol is spectrally inefficient and does not take
full advantage of the broadcast nature of the wireless channel. One way to take advantage of the shared
wireless medium is to combine the second and the fourth phases into a single broadcast transmission
by using, for example, network coding [1]. That is, if the relay r can decode the messages w, and wy
from nodes a and b respectively, it is sufficient for the relay r to broadcast w, & wp to both a and b.
Alternative capacity achieving strategies for this second downlink phase alone are proposed using tailored
binning strategies in [12], [22], [32]. In this paper we consider two possible bi-directional relay protocols
which differ in their number of phases. Throughout this work, phases will denote temporal phases, or
durations. The three phase protocol is called the Time Division Broadcast (TDBC) protocol, while the two
phase protocol is called the Multiple Access Broadcast (MABC) protocol. One of the main conceptual

differences between these two protocols is the possibility of side-information in the TDBC protocol but

"We call the nodes a and b ferminal and source nodes interchangeably.
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not in the MABC protocol. By side-information we mean information obtained from the wireless channel
in a particular phase which may be combined with information obtained in different stages to potentially

improve decoding or increase transmission rates. The two considered protocols may be described as:

1) TDBC protocol: this consists of the three phases a — r, b — r and a <— r — b; only a single
node is transmitting during a given phase. By the broadcast nature of the wireless channel, the
non-transmitting nodes may listen in and obtain “side information” about the transmissions of the
other nodes, which in turn may improve rates.

2) MABC protocol: this protocol combines the first two phases of the TDBC protocol and consists
of the two phases a — r <— b and a <— r — b. Due to the half-duplex assumption, during phase
1 both source nodes are transmitting and thus cannot obtain any “side information” regarding the
other nodes’ transmission. It may nonetheless be spectrally efficient since it has less phases than

the TDBC protocol and may take advantage of the multiple-access channel in phase 1.

We consider restricted protocols in the sense that the receivers must decode their messages at the
end of the third phase (TDBC) or second phase (MABC) and collaboration across multiple successive
runs of the protocols are not possible. For each of the MABC and TDBC protocols, the relay may
process and forward the received signals differently. These different forwarding schemes are motivated by
different relaying capabilities or assumptions (about the required complexity or knowledge). Combining
the relaying schemes with the temporal protocols, we can obtain various protocols whose rate regions
are not in general subsets of one another. The relative benefits and merits of the four relaying schemes

are summarized in Table I. The five relaying schemes we consider are:

1) Amplify and Forward (AF): the relay r constructs its symbol by symbol replication of the received
symbol. The AF scheme does not require any computation for relaying except for simple symbol
based addition, and carries noise incurred in the first stage(s) forward during the relaying stage.

2) Decode and Forward (DF): the relay decodes both messages from nodes a and b before re-encoding
them for transmission. The DF scheme requires the full codebooks of both a and b and a large
amount of computation at the relay r.

3) Compress and Forward (CF): the relay does not decode the messages of a and b, nor does it simply
amplify the received signal, but it performs something in between these two extremes. It compresses
the received signal, which it then transmits. To do so, the relay does not require the codebooks of

the source nodes, but it does require the channel output distribution p(y,) at the relay.
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4) Mixed Forward: the relay decodes and forwards (DF) the data traveling in one direction (a — b),
while it compresses and forwards (CF) the data traveling in the other direction (a <— b). For the
mixed scheme, one of the codebooks and the channel output distribution are needed at the relay.

5) Lattice Forward (for Gaussian noise channels only): for MABC protocols where a multiple access
channel exists in the first phase, it may be more spectrally efficient to directly decode and forward a
linear combination of the transmitted codewords. By employing structured lattice codes [20], [33],
one may exploit the linear relationship between channel inputs and outputs to decode a sum of the

codewords rather than individual codewords as is the case when using random codebooks.

A large portion of the results presented will focus on the CF-forwarding scheme, which is seen as an
alternative to DF forwarding that is slightly less computationally expensive and may lead to increased
rates due to the lack of decoding required at relay nodes. In the CF scheme the relay searches the
compression codebook to find an appropriate codeword: this is similar to the decoding operation in the
DF scheme, but the CF scheme’s complexity is controllable by the choice of the CF codebook. Some of
these protocols and relaying schemes have been considered in the past. Very little work has considered
the three phase TDBC protocol; only [13] and [15] have considered the DF TDBC protocol. In the latter,
network coding in Z& is used to encode the message of relay r from the estimated messages 1, and Wp.
In contrast, the 2-phase MABC protocols have been much more thoroughly considered. The works of
[24] and [25] consider the MABC protocol with an “amplify and denoise” relaying scheme. In [17], [18]
lattice codes are used at the terminal nodes for the Gaussian channel in the MABC protocol, allowing
the relay to decode a combination of the transmitted messages. The capacity region of the broadcast
phase in the MABC protocol, assuming the relay has both messages w, and wy, (and each terminal node
has its own message side information) is found in [12], [21], [32]. In [31] and [19] Slepian-Wolf coding
is extended to lossy broadcast channels with side information at the receivers. In [13], achievable rate
regions and outer bounds of the MABC protocol and the TDBC protocol with the DF relaying scheme
are derived. In this work we place a particular focus on CF relaying schemes as well as on the numerical
comparison of different schemes in AWGN. Uni-directional CF relaying in the full-duplex channel is first
introduced in [5]. An achievable region in the CF MABC protocol is derived in [27] and enhanced in
[29], while an achievable region of the partial DF MABC protocol is derived in [28]. In [9] a comparison
between DF and CF schemes in full-duplex channels is performed, while in [26] a comparison of AF
and DF schemes with two relays in the MABC protocol is performed. In this paper, we derive achievable

regions for new CF and mixed relaying schemes in both the TDBC and MABC half-duplex protocols.
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TABLE 1

COMPARISON BETWEEN FOUR RELAYING SCHEMES

Relaying Complexity Noise at relay Relay needs
AF very low carried plus noise at rx nothing
DF high perfectly eliminated full codebooks
CF low carried plus distortion p(yr)
Mixed moderate partially carried one codebook, p(yr)
Lattice (Gaussian only) high eliminated, decode the sum of codewords full codebooks

We also obtain outer bounds for the TDBC and MABC protocols based on cut-set bounds. We compare
the achievable rate regions of the novel schemes with the regions and outer bounds derived in [13] as
well as a simple AF scheme, and an extension of the lattice-based schemes (previously presented for full-
duplex channels) to half-duplex channels in Gaussian noise. We thus present a comprehensive overview
of the bi-directional relay channel which highlights the relative performance and tradeoffs of the different
schemes under different channel conditions and relay processing capabilities. Notably, we find that under
some channel conditions the mixed TDBC protocol outperforms the other protocols and similarly, there
are channel conditions for which the CF TDBC protocol has the best performance. We also see that in
the high SNR region the sum rate of the Lattice DF MABC protocol is very close to the outer bound;
we show that this gap may be bounded by 1 bit.

This paper is structured as follows: in Section II, we introduce our notation. In Section III we
derive achievable rate regions for the CF and mixed relaying schemes. In Section IV we obtain explicit
expressions for these, new lattice based, and previous rate regions and outer bounds in Gaussian noise. In
Section V, we numerically compute these bounds in the Gaussian noise channel and compare the results

for different powers and channel conditions.

II. PRELIMINARIES

In this work, we will determine and compare the rate regions of eight bi-directional half-duplex relay
protocols. We will mainly consider the less-studied 3 phase Time Division Broadcast (TDBC) protocol
as well as provide a slight generalization of the 2 phase Multiple Access Broadcast (MABC) versions of
Amplify and Forward (AF), Decode and Forward (DF), Compress and Forward (CF), Lattice forwarding
(for the Gaussian channel under MABC protocol only), as well as a Mixed scheme which combines

Decode and Forward in one direction with Compress and Forward in the other. The AF, DF protocol
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regions and the CF MABC protocol region have been derived in prior work [13], [25], [27] while an
improvement of the [27] CF MABC, the CF TDBC, Lattice MABC and Mixed MABC and TDBC

protocol regions described in Section III are determined here.

A. Notation and Definitions

We consider two terminal nodes a and b, and one relay node r. Terminal node a has a message W,
uniformly distributed in {0, ..., |2"f| — 1} =: S, to be decoded at node b at rate R,. Node b has an
independent message W), uniformly distributed in {0, ..., |[2"% | — 1} =: S}, to be decoded at node a at
rate RR,. The relay node r may assist in the bi-directional endeavor. The nodes are assumed to be half-
duplex, which implies that they cannot simultaneously transmit and receive data. As a result, achievability
schemes are protocol dependent; a protocol defines which nodes transmit during each temporal phase.
The protocols considered have either 2 (MABC) or 3 (TDBC) phases. The relative time duration of the
oth phase is denoted by A, > 0, where ), Ay = 1. For a given block size n, A, denotes the normalized

(by n) duration of the ¢t"

phase, and in achievability schemes we will require lim,, .o, Az, = Ay. The

channel input and output at channel use k£ at node ¢ are denoted by the random variables Xf € A; and

Yik € Y; respectively, for i € {a,b,r}. Channel inputs are related to channel outputs according to a

discrete memoryless channel. We note that the distributions of Xf and Yf depend on the value of k,

e.g. for k < Ay, -n we are in phase 1, for A; ,n < k < (A, + Ag,)n we are in phase 2 and for

(A1n + Azy)n < k < n we are in phase 3 (in TDBC protocols only). With a slight abuse of notation,
0

we use X, to denote the random variable with alphabet X; and input distribution p (z;) during phase

¢. As multiple nodes may transmit during a particular phase, we let X ’g := {XPF|i € S} denote the set
of transmissions by all nodes in the set S at time %, and let X g) = {Xi(g)\i € S} denote a set of
random variables with channel input distribution p(*)(xg) for phase ¢, where xg := {z;]i € S}. Lower
case letters z; will denote instances of the upper case X; which lie in the calligraphic alphabets X;.
Boldface x; represents a vector indexed by time at node i. Finally, let xg := {x;|i € S} denote a set
of vectors corresponding to nodes in the set S indexed by time. We will be constructing Compress and
Forward schemes in which received signals are compressed or quantized before being re-transmitted. Y;
denotes the compressed representation of the received signal at node ¢, which lies in the corresponding
compression alphabet )Z for node 7. 371 is not necessarily equal to );. However, in our numerical Gaussian
results in Sections IV and V, X; = ), = )Z = C, Vi. Encoders, decoders and associated probability of
errors are defined as follows: let Wgp := {W;;li € S, j € T, S,T C M} denote the set of messages

from nodes in set S to nodes in set 7. We note that if node ¢ does not have a message for node 7,
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then W; ; = (). The encoder at node 7 at channel use k is a function Xik(W{i}’M, Y- ,Y;k_l) € X
the decoder at node 7 after all n channel uses is a function iji(Yil, -, Y Wi am) which produces
an estimate of the message W;,;. We define error events E;; := {W;; # W;;(.)} for decoding the
message W; ; at node j at the end of the block of length n, and EZ-(? as the error event at node j in
which node j attempts to decode w; at the end of phase ¢. Let A(g)(UV) represent the set of e-typical
(u(ﬁ),v(@) sequences of length n - Ay, according to the distributions U and V in phase ¢ and let
DO (u,v) := {(u®,v®) € AO(UV)} denote the event that u and v are jointly typical. In general,
joint typicality is non-transitive. However, by using strong joint-typicality, and the fact the distributions
of interest will generally form Markov chains X — Y — Y we will be able to argue joint typicality
between x and ¥ by the Markov lemma of Lemma 4.1 in [2] and the extended Markov lemma (Lemma
3 of [23], Remark 30 of [14]).

A set of rates R; ; is said to be achievable for a protocol with phase durations {A,} if there exist
encoders/decoders of block length n = 1,2, ... with both P[E; ;] — 0 and Ay, — A as n — oo for all
1, 7, £. An achievable rate region (resp. capacity region) is the closure of a set of (resp. all) achievable rate
tuples for fixed {A,}. Finally, we let () denote a discrete time-sharing random variable with distribution

p(q) and let A denote the complement of the set A. [z]* := max{xz,0} for x € R.

B. Compress and Forward using two joint typicality decoders

In Compress and Forward protocols, unlike in Decode and Forward protocols, the relay node r does
not decode the message w, or wy. Thus, network coding techniques such as the algebraic group operation
w, @ wp used in [13] cannot be used to generate w, for the current CF schemes. Instead, two jointly

typical decoders at each node are used to decode w.

o
Xa(we) ./\ / Ys
o—0—0
./ | |

X6 (wo) 5

Fig. 1. The data flow in the compress and forward MABC protocol

To illustrate this in the MABC protocol, consider the decoder at node a which wishes to decode the relay

message w, in order to ultimately decode the desired message from node b, wy. After phase 2, node a has
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the known sequences xgl)(wa) and yg ). Node a then finds the set of all y( )(w,) and x.* (wy) such that

(xa ( )( a)s ys )(wr)) and (x (2 )( r), yg )) are two pairs of jointly typical sequences, as shown in Fig. 1.
Node a then decodes w; correctly if there exists a unique w, such that (x; (t )(wa), yE )( ) € AD(X,Y;)

and (XS )( ),y & ) € A®(X,Y,) and declares a decoding error otherwise.

III. ACHIEVABLE RATE REGIONS FOR COMPRESS AND FORWARD AND MIXED PROTOCOLS

In this Section we present three new achievable rate regions in Theorems 1 (3-phase CF TDBC) and
2 (3-phase Mixed TDBC), and a slight improvement of [27] in Theorem 3 (2-phase CF MABC). As
an aside, we provide the negative result that the logical extension of the 2-phase MABC protocol to a
Mixed forwarding scheme (DF in one direction and CF in the other) always lies within the DF MABC
region of [13]. These regions, derived here for the discrete memoryless channel, will be extended to the
Gaussian noise channel in sections IV and V, where we present an additional 2-phase achievable MABC

region which exploits structured lattice codes to decode sums of messages.

A. TDBC Protocol

Our main results in this section are the derivation of two new achievable rate regions for the 3-phase
TDBC protocol: one using CF in both directions, and one using CF in one direction and DF in the other,
which we term “Mixed” forwarding. In phase 1 and 2, each of the terminal nodes transmits. During
phase 3, the “relay broadcast” phase, the relay transmits in two sub-phases — separated in time due to
simplicity. In the first relay-broadcast sub-phase, we use the Marton-broadcast-like scheme [16], in which
two different messages are transmitted to the two receivers. In this scheme, neither receiver uses side
information (w, at node a and wy at node b) to decode the messages. In the second relay-broadcasting
phase, we assume a compound channel, i.e., a common message is transmitted to the two receivers which
have different side information. Because we use two sub-phases, different proportions of the messages
W, and W), are transmitted during the two sub-phases. We let «, (resp. ap) denote the fraction of the
information content of W, (resp. W},) transmitted by Marton-broadcasting-like scheme; the remainder is
broadcast in the compound-channel-like scheme. For convenience of analysis, we denote the first part
of the relay-broadcast phase as phase 3 and the second as phase 4. During phase 1, node a sends w,

(1)

using codeword x, ’(w,). Since node b is silent, direct-link side information is available at node b. The
relay receives the signal ys ) according to p" (y,|z,) and compresses it to a signal yS )(wa(]) with the
index wag. A similar process is performed during phase 2 in sending message wy from node b to node

a with the help of the relay which compresses the received signal to the index wy . Then the relay
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broadcasts a portion (o, and ap) of the compression messages w,o and wyg using a scheme similar to
that in Marton’s broadcast channel region during phase 3 and sends a common message as in a compound
channel during phase 4. The main challenge lies in finding the optimum compression strategies and ratios
between two relay broadcasting schemes by exploiting the terminal nodes’ own messages and direct-link
side information.

Theorem 1: An achievable rate region of the half-duplex bi-directional relay channel with the compress

and forward TDBC protocol is the closure of the set of all points (R,, R},) satisfying

R, < A I(xEY v v V1) ()
Ry < MoI(X 92 v |Q) @)
subject to
a1 7 V1Q) < AUV ¥V |Q) (3)
apAoI (VP Y(2 Q) < AsI(UP; v1Q) 4)
A 1YY 1Q) + abA21<14<2>; v21Q) < AU v, P1Q) + As1(UP); YAV |Q) — AU U
)
(1= 02) A (VY Y 1Q) + A1 (v VP X P, Q) < A (XY i) + A1 (7Y vP1Q)  ©)

(1 - o) AT (%2 %21Q) + A1 (v %V XD, Q) < A (X v ) + 201 (7 Y1Q) ()
where 0 < a,, ap < 1 over all joint distributions,

p(q7 Tay, ThyLry Yas Yoy Yr, @r)

= P(Q)P(l) (xav yb7 yr7 gr|Q)p(2) ($b7 yaa yh QFIQ)p(s) (u37 Ub, -Tr’ ya7 yb|Q)P(4) (J"I’u ya, yb) (8)

where
P (@2, Yo, e, 9rlg) = P (@l )™ (Wb, yielwa)p™ (Gl 9) )
PP (@b, Ya, r, i) = P (260)® Wa, yrl26)p® (Gilyr, @) (10)
P (ta, up, T, ya, yblq) = PP (1, up|@)p® (¢ |ua, b, ¢)p™® (ya, Yol ) (11)
P (@, ya, ) = P (2)p™ (Ya, yolr) (12)
with |Q| < 13, || < |Q||V| + 3 over the alphabet X, x X, x X2 x V3 x V2 x Y x )2, O

Remark 1: We note that the division of the relay broadcast phase into two sub-phases allows for a

simple reduction of the protocol to known transmission schemes. In particular, if the direct-links a — b and
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b — a are very weak, i.e., I(Yr(l); Yb(l)) and I(Y,@); Yb(Q)) are very small and the users’ own messages
are of limited use to cancel out interference in phase 4, i.e., I(Yr(l);ffr(l)|Xa(l)) ~ I(Yr(l);f/,(l)) and
1 (}/}(2); ﬁ(2)|Xé2)) ~ T (Yr(Q); 17,(2)) a classical broadcast channel may be more beneficial and we may
let Ay — 0, aa,ap — 1 such that the relay phase corresponds to a classical broadcast channel. At the
opposite extreme, when the direct links provide a large amount of side-information, i.e., (Yr(l); Yb(l))
and 1 (Yr@); Yb(Q)) are large and the users’ own message knowledge may be used to cancel out almost all
“interference” in a broadcast scheme in which a common message is sent, i.e., I (Yr(l); Yr(l)\Xa(,l)) and
I(Yr(2); Y,Q)IXS)) are very small, we may set Az — 0, oy, ap, — 0. 2 The detailed proof is provided in
Appendix A.

Remark 2: Strong typicality is required for the proof of Theorem 1 in order to apply the Markov
lemma to (X;l),Xl()l)) — Yr(l) — }Afr(l) for each given ¢. Since strong typicality is defined for discrete
alphabets, Theorem 1 cannot be directly extended to continuous alphabets. However, the extended Markov
lemma (see Remark 30 of [14] as well as Lemma 3 of [23]) shows that for Gaussian distributions, the
Markov lemma still applies.

Remark 3: We use coded time sharing [10] so that (3)—(7) will hold for a larger set of distributions than
for regular time-sharing. For regular time-sharing, these equations would need to hold for all individual
distributions, that is, aaAll(Yr(l);f/r(l)) < AgI(Ua(g);Yb(?’)) for all p{)(y,,7,) in (3). However, with
coded time sharing, we only need these constraints to hold for the convex combination of the individual
mutual information terms, that is, aaAll(Yr(l); Yr(l)]Q) < A3I(U§3); Yb(3)) for all p(l)(yr,g)r), yielding
a larger set of distributions over which the rate region is taken and therefore a possibly larger achievable
rate region.

When the direct forward and reverse links are of different strength, a scheme in which one direction
uses a CF and the other uses a DF relaying scheme may provide a larger rate region than if both links
use CF. In the next theorem, we provide a rate region for a TDBC scenario in which the forward link
uses DF and the reverse link uses CF.

Theorem 2: An achievable rate region for the half-duplex bi-directional relay channel with a mixed
TDBC protocol, where the a — r — b link uses decode and forward and the a <— r <— b link uses

compress and forward, is the closure of the set of all points (R,, R},) satisfying

Ry < min { A 1(x: v ), A1 (x5 YY) + a1y 1Q) - 2a1@s U@} (3)

This choice of As, aa, ap is on the boundary of the closure of the achievable rate region.
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Ry < 80(X7: VP v ?|Q) (14)
subject to
AT (YD YO, Q) < min{As (U, U viP1Q), A1 0 0 viP1Q)y - a5)
over all joint distributions,

p(Q) Ly, Thy Lry Ub, Ury Yay Yb, Yr, Qr) = p(Q)p(l) (JUaa Yb, yr)P(2) (l‘b, Yas Yr, Qr‘Q)P(g) (Ub, Ury Tyy Ya, yb|(1)

(16)
where
P (@a, yb, ) = P (@a)p™ (Yo, v |7a) (17)
P (@b, Ya, v Gel @) = P (@6l0)p® (ya, v l26) P (el @) (18)
PP (ua, b, tie, e, Y, yblg) = p (ub, el @)p™ (2 up, ur, )p™ (va, yolr) (19)

with |Q] < 6, || < |Q||)i| + 2 over the alphabet X, x Xy x X, X Uy X Uy x V2 X V2 X V2 x Y. O

Proof outline : We use random (Slepian-Wolf-like) binning to exploit the overheard side information
and a Gel’fand-Pinsker coding scheme to broadcast two separate messages from the relay to the terminal
nodes. Theorem 2 then follows the same argument as the proof of Theorem 1. We note that the mixed
TDBC protocol, the DF TDBC and the CF TDBC protocol are not generally ordered in terms of
performance, i.e., one can find channel scenarios in which each one achieves “better” rates than the

others.

B. MABC Protocol

During phase 1, nodes a and b simultaneously send independent messages w, and wyp as codewords

Xgl)(wa) and xﬁl)(wb) to the relay, forming a classical multiple-access channel. Since we assume half-

duplex nodes, neither a nor b can receive the message of the other during phase 1 and hence no direct-
link side information is available at the terminal nodes. The relay receives the signal ysl) according to
p(l)(yr]a:a, xp). Rather than attempting to decode message w, and wy, (as in a DF scheme), it compresses

the received ysl) into a signal ySI) (wy). The index w, is then mapped in a one-to-one fashion to the

codeword XEQ) (w,) which is broadcast in phase 2 back to the relays. The challenge here is to determine the
optimal compression strategy such that just enough information is carried back to the nodes to decode
the opposite node’s message, by fully exploiting the own-message side-information available at each

terminal.
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Theorem 3: An achievable rate region of the half-duplex bi-directional relay channel with the compress

and forward MABC protocol is the closure of the set of all points (R,, R},) satisfying

Ry < A (XY V01X, Q) (20)
Ry < A I(XY; V01XV, Q) @1
subject to
APV IXY, Q) < A1(xP v ) (22)
A 701X Q) < A1(xP; 7)) (23)
over all joint distributions,
(0, Tay b, T, Yas Uos Yo ) = P (0, %, 26, Y, )PP (21, Yo, ) (24)
where
P(q, 2y 2, 51, ) = PV (@)p™ (22l 0)p™ (6 ]0)p™ (w22, 7)™ (3|, @) (25)
P2 (e, yar v6) = PP (2)p® (ya, yolr) (26)
with |Q| < 4, |5/r| < |Q|| V| + 4 over the alphabet X, x A} X Xy X Va X Vp X Vp X V.. |

Remark 4: The bound of Theorem 3 is essentially independently derived in [27]. We do however note

that equation (25) is a slight extension of the work in [27], as we use p( (yr\yr, ) instead of p(l)(gr|y,),

i.e., in [27] the compression codewords 5’5 ) are generated according to p(M (g,) = 3= pM ()pM (G|,

while in (25) the space of compression distributions p™) (7|q) = 3= p™ (¢|q)p™ (Jr|yr, ¢) is in general
larger. By conditioning on ¢, one can “fine-tune” the distribution of Qr(l) for each given ¢ and the left
side of (22) and (23) may be reduced. This is because the distributions of Xa(l) and Xél), and hence
Yr(l), depend on q. For example, let p(l)(q =1) = oy and p(l)(q =2) =1—ay, where 0 < a,, <
7 (we), wn €
{0,1,---[27 |}, where Ry = a,Aq,(I1(Y, (1)'Y(1)\ = 1) + ¢). Likewise, we generate 95”72(10,2)

M) 4o o) 1 Z (y 01 y02) ang 5 = (g1 502y 4

1. For ¢ = 1 we optimize p")(¢,|1) and generate (A, - n)-length sequence y,
for ¢ = 2. To compress y; ) to yr ’, we construct yy
choose w, = (wy1, wy2) if both (ys ) ,yS ) (wy1)) and (yr (), 2,3751) (wy2)) are jointly typical. Then the
rate R, = Ry + Ryo = A1 (Yr(l); )A/r(l) |Q). However, if one generated yS” from the distribution p(l)(y)r)
then R, = A1 (Y(1)~ }Af,(l)) which in general could be either smaller or greater than Al (Y,(l); fﬁ(l)\Q)
depending on the particular p()(y,|q) and p(V (4|, ¢), but for optimized p™) (§|yr, ¢) is always smaller

or equal with equality only in degenerate cases. A similar argument may be found in [7].
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In the TDBC protocol, we provided achievable rate regions for both CF and Mixed (CF one way,
DF the other) forwarding schemes. In general, no strict relationship between the CF, DF and Mixed
forwarding schemes exists for the TDBC protocol. In the MABC protocol, the CF and DF forwarding
schemes will be shown numerically to not contain each other in two-way AWGN channels. We do not
present a Mixed MABC region in which CF is used in one direction and DF in the other as in such a
scheme 1) one message (w,) still has to be decoded at the relay, and 2) the compressed signal (3,) contains
less information than the received signal (y,). Using these, one may show that a MABC protocol with a
Mixed forwarding scheme which uses techniques similar to those used in the Mixed TDBC protocol is

completely included in the DF MABC protocol. As such, the Mixed MABC region is omitted.

IV. GAUSSIAN CASE

We now assume all links in the bi-directional relay channel are subject to independent, identically
distributed white Gaussian noise. The commonly considered Gaussian channel will allow us to visually
compare different achievable rate regions for the bi-directional relaying channel. Definitions of codes, rate,
and achievability in the memoryless Gaussian channels are analogous to those of the discrete memoryless
channels. The achievable rate regions for the Gaussian noise channel are obtained by evaluation of the
previously derived rate regions for Gaussian input distributions. We note that since strong typicality —
needed for the CF forwarding schemes — does not apply to continuous random variables, the achievable
rate regions from the theorems in the previous section do not directly apply to continuous domains.
However, for the Gaussian input distributions and additive Gaussian noise which we will assume in the
following, the Markov lemma of [23], which generalizes the Markov lemma to the continuous domains,
ensures that the achievable rate regions in the previous section are valid for AWGN channels. The

corresponding Gaussian channel model is:

Ya[m] = hea Xy [m] + hpa Xp[m] + Za[m] (27)
Yb [m] = hrer[m} + habXa [m] + Zb [m] (28)
Yi[m] = har Xa[m] + hpe Xp[m] + Z;[m] (29)

where X,[m], X,[m] and X,[m] follow the input distributions x{¥ ~en (0, Ps), Xée) ~ CN(0, Py,) and
x9 ~ CN(0,P), m € [n Z?;é Ajn+ 1,n2§:0 Ajn)], and CN(i1,0?) denotes a complex Gaussian
random variable with mean p and variance o2, and ¢ corresponds to the appropriate phase. If node i is

transmitting, its transmit power is bounded by P;, i.e., E[|X;|?] < P;. If node i is receiving, its input
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symbol during that phase does not exist in the above mathematical channel model. For example, in the

first phase of the TDBC protocol, the corresponding channel model is :
Yolm] = hapXalm] + Zy[m] (30)
Y [m] = hae Xa[m] + Z,[m]. 31)

In the above h;; (€ C) is the effective channel gain between transmitter ¢ and receiver j. We assume
that the channel is reciprocal such that h;; = hj;; and each node is fully aware of hgr, hpe and hyp (ice.
full CSI). The noise at all receivers Z,, Zy,, Z, is of unit power, additive, white Gaussian, complex and
circularly symmetric. For convenience of analysis, we also define the function C(z) := logy(1 + x). For

¢ .
& are zero mean Gaussians and define

the analysis of the Compress and Forward scheme, we assume Y,
Py(é) =F HY,(E)\Q] , Pg) = E[|Yr(£) 2] and ag) =F HY,“) v, |]. Then the relation between the received
Y;[m] and the compressed Y;[m] are given by the following equivalent channel model:

A

Ye[m] = hee[m]Ye[m] + Zi[m], 32)

~

where Y;[m], Y;[m] and Z;[m] follow the distributions Y;\”) ~ CA/ (O,Py)), VO ~ N (O,Pg(g)) and

(0§)?

Z?(Z) ~ CN(0, pgf) — W) and hy[m] = %, where m € [n Zg;é Ajn+ 1,n2§:0 Aj ). We note
that in the following, Pg(ﬁ) and ag) are variables corresponding to the compression that are numerically
optimized. We consider five different relaying schemes for the MABC and TDBC bi-directional protocols:
Amplify and Forward (AF), Decode and Forward (DF), Lattice Forwarding (Lattice), Compress and
Forward (CF), and Mixed Forward (Mixed). In addition to achievable rate regions, we apply outer bounds

for the MABC and TDBC protocols to the Gaussian channel.

A. Amplify and Forward

In the amplify and forward scheme, all phase durations are equal, since relaying is performed on a
symbol by symbol basis. Therefore, A = Ay = % for the MABC protocol and A} = Ay = Az = %
for the TDBD protocol. Furthermore, relay r scales the received symbol y, by \/PE; to meet the transmit
power constraint of P,. The following are achievable rate regions for the amplify and forward relaying:

¢ MABC Protocol

1 |har|2|hbr|2PaPr >
R, < =C 33
’ 2 <|har2Pa+’hbr|2pb+‘hbr|2pr+1 ( )
1 |har|2‘hbr|2PbPr )
Ry, < =C 34
° 2 <|har2Pa+’hbr|2pb+‘har|2pr—|—l 34
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o TDBC Protocol

1 |har‘2’hbr|2PaPr
R, < =C | |hap|*P. 35
] <’ ab| a+yha,\2Pa+\hb,y2Pb+2yhb,\2P,+2 (35)
1 |Par|?| e |2 Po P
R, < =C [ |hap|? P 2 r 36

B. Decode and Forward
Applying Theorems 2 and 3 in [13] to the Gaussian case, we obtain the following achievable rate
regions:

e MABC Protocol

R, < min{A;C(|har|?Ps), AoC(|hp|* P} (37)
Ry < min{A1C(|hur|2Py), AoC(|har|2P)} (38)
Ra + Ry < A1C(Jhar|* Py + |hie|* Pp) (39)
« TDBC Protocol
Ry < min{A;C(|har|*Pa), A1C(|hab > Pa) + AsC(|he|*Pr) } (40)
Ry < min{AyC(|hpe|* Po), A2C (|hab|*Po) + AsC(|har|* Pr)} (41)

When obtaining the regions numerically, we optimize A,’s for the given channel mutual informations to

maximize the achievable rate regions.

C. Compress and Forward

Applying Theorem 3 and 1 to the Gaussian case, we obtain the following achievable rate regions:
« MABC Protocol
(032 1har 2P

R, < A C i T i 42)

PP — (a2 (P - 1)

(12 h 2P

By <€\ (1(>U§ - g)' o @)

Pg (Py')? —(oy " )?(By " — 1)

where,
2 2
Al — min - C(|hbr| Pr) ’ - C(|har| Pr)
Uyl 2 har2 a Jyl 2 hbr2 b
o (it ) + ) © (St ) - clhatr)

(44)
PV = |har Py + |he|* Py + 1. (45)
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o TDBC Protocol One can show that Marton’s bound in (3) — (5) is equivalent to the capacity region

of the Gaussian broadcast channel with Costa’s setup as follows: let |h| > |hew| and we set

Uplm] = Vi[m] + aUs[m]
In phase 3§ Y;[m] = hea(Vi[m] + Ua[m]) + Za[m)] (46)
Yo[m] = hep(Vi[m] + Us[m]) + Zy[m]

where V[m] and U,[m] follow the distributions V') ~ CA/(0,8P,), US¥ ~ CcN(0,(1 — B)P,)
respectively during phase 3, m € [n(Ay, 4+ Agy) +1,n], where (0 < 8 < 1) and E[Vr(g) Ut(,g)] =0,

ie., 1/}(3), U§3) are independent. We also take o = W%.

(3).y(3)y — h?(1—B) P
(U7 Y, ") =C (l\hrl\zﬁPHrl )

1O — 10 U8y = € (|ha|?8P)

Then

(47)

We similarly obtain the bounds for |h,a| < |h|. We note that the broadcast phase regions correspond
to the capacity region of the Gaussian broadcast channel without own-message side-information

(equations (15.11) and (15.12) in [4]). The following rates are achievable:

(1)2h 2P
Ro < DiC | haof2Py + s I L

(48)
P2 = (o 2p - 1)
(2)\2 2
Ry < AxC ‘hab‘2Pb + ?) (2()05 ) |h(b2r)’ 2Pb ) (49)
Pg (Py7)? = (oy7)? (B~ — 1)
where,
(0,")? )
if [hra| < bl : 02t C | —— =g | <AsC (Blhw[*R) (50)
Py Py (o 7)?
Yy
(037)? < B) | P)
apAsC , (51)
P;Q)Péz) L Blhral?Pr + 1
. (o{M)2 < WMP)
otherwise : «a,A1C < As3C 52)
al1 PURYD — (52 N\ Bl 2B+ 1 (
(01(42)) ( 2 )
apAsC < AsC (Blhea|*P.), (53)
Py@)PZSQ) (0.(2))2 2
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and

(03 (03")?
(1= as)AC + AyC
R~ ol PP - @ PP
(1)y2 2 2
< AC(her*P) + A1 C | —5——55 (o )" apl |h,ay(11)3a (54)
(Py )QPQ (Ihab|*Pa + 1) = (03 ")?[hab |* | hral* P
(0”2 (042
(1 —ap)AsC + A C
P?Q(Q)Py@) . (0?52))2 Pg(l)(Py(l))Q _ (U:l(jl))2py(1)
(07)?|hab s |* Py
< AyC(Jhar*P) + AsC PP P — ) (55)
(Py~)? Py (|hab|*Po + 1) = (o) |hab|*| hru|* Py
PV = |hat Py + 1 (56)
PP = |hpe|* Py + 1 (57)
0<ay,ap,B<l1. (58)

Again, we numerically optimize P@(Z), al(f), Ay, aa, ap and [ to maximize the region’s boundary.

D. Lattice Forwarding

The two-way relay channel is a canonical example for which, at least in full-duplex channels, the use of
structured codes such as lattice codes for AWGN channels, is beneficial, particularly in highly symmetric
high SNR scenarios. In [17], [18], [30] achievable rate regions for the full-duplex two-way relay channel
using lattice codes are derived. The structure offered by lattice codes allows for a sum of the messages
to be decoded at the relay, forming a type of lattice-based Decode and Forward scheme. Prior work has
considered full-duplex rate regions employing lattice codes without [17], [18], and recently with [30]
direct links. We adapt the scheme of [17] to the case in which nodes are half-duplex and follow an
MABC protocol. We note that for the full duplex scheme with direct links of [30], the direct link cannot
be used in an MABC-like fashion due to the half-duplex nature of the nodes and as such the benefits
over the scheme of [17] under MABC constraints disappears.

« MABC Protocol

The focus of this work is not on lattice codes; we do however state a new region for the half-duplex
DF MABC protocol which employs lattices at the terminal nodes. This region is derived directly
from that of [17] by taking the two phases into account; its proof follows immediately from [17]

and is omitted. One may show that the following rates may be achieved using lattice codes:
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. P, "
R, < min { [Al log (P Iy + ]har|2Pa>] ,AQC(‘hrtﬂR)} (59)
a

P +
Ry, < min { [Allog <P erPb + ’hbr‘QPb>:| 7A2C(’hra’2pr)} : (60)
a

« TDBC protocol
One may derive an achievable rate region for the DF TDBC protocol in which terminal nodes employ
lattice codes. However, this would not improve the rate region over a random-coding-based region
as the gains of lattice codes stem from removing the multiple-access-like constraints at the relay
node (i.e. removing the sum-rate constraint); in a TDBC protocol this multiple access phase does not

exist and as such we do not present an achievable rate region for the Lattice-based TDBC protocol.

E. Mixed Forward

Applying Theorem 3 to the Gaussian case with Costa’s setup in [3] the channel in the relay broadcast
phase for the Mixed MABC protocol is given by:
Um] = Vi[m] + aUy|[m)|
In phase 2 ¢ Ya[m] = hea(Vi[m] + Ub[m]) + Za[m] (61)
h (Vr[m] + Ub[m]) + Zb[m]

Yy

m] rb

where Vi[m] and Uy[m] follow V2 ~ CA(0, BP,), Ué2) ~ CN(0,(1 — B)P,) during phase 2, m €
A1, -n+1,n],0<p<1, and Vr(Q), UéQ) are independent. Then we obtain the following achievable

rate region, where we numerically optimize «, (3, P;e), a?(f) and A, to maximize the boundary.

o TDBC Protocol

R, < min {A10(|har|2pa)v
) BP,(|hp 2P, + 1)
A1C(Jhap|"Fa) + Aslog <|h,b|2(1 ~a)2B(1— B)PZ 1 AP, + a2(1 - B)R) }
(62)

(o) e 2P
PP = (2R + ()

Ry < AoC | |hab|* Py + (63)
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. a?(1 —
MC | == @ | <min {A30(|hra]2P,), A3C <|h,a|2(1 —a)’!(1-B)P. + (ﬂ))}
PP — (o B
Y
(64)
P = |h|*P, + 1 (65)
P |hab|* Py |heb|* Py 66)

 [habPPo+ 1 [hePPe+ 1
« MABC Protocol
The Mixed MABC protocol is not presented separately as it was shown be contained in the DF
MABC region.

F. Outer Bound

Applying Theorems 2 and 4 in [13] to the Gaussian case, we obtain the following outer bounds. We
optimize Ay’s for given channel gains (and hence given mutual information expressions) to maximize

these outer bounds.
« MABC Protocol
Ry < min{A1C(|har|2Ps), Ao C(|hpe |2 Pr)} (67)
Ry, < min{A1C(|he|*Pp), AoC(|har |2 P;)} (68)
« TDBC Protocol
Ry < min{AyC(|har|*Pa + [hab|* Pa), A1C(|hab|* Pa) + AsC(|he|* P) } (69)
Ry, < min{AsC(|hpe|* Py + [hab|* Po), AoC (|hab|* Po) + AsC(|har|* )} (70)

Ry + Ry < A1C(|har|*Py) + A2C(|hie|* Pp) (71)

V. ACHIEVABLE RATE REGIONS IN THE GAUSSIAN CHANNEL

In order to obtain an intuitive feel for the regions and to illustrate that the regions are not subsets
of one another, the bounds described in Section IV are plotted in this section for a number of different
channel configurations. We first compare the rate regions obtained by the bi-directional protocols and
outer bounds in cases in which the links are symmetric (hy = hpr = 1, hap = 0.2) as well as asymmetric
(har = 0.6, Ay, = 20, hap = 0.5 and hy = 20, hp, = 0.6, hap = 0.5) for transmit SNRs of 0 and 20dB.

We then proceed to examine the maximal sum-rate R, + Ry, of the 10 schemes (8 achievable rate regions
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and 2 outer bounds) as a function of the transmit SNR. We find that different schemes are optimal under

different channel conditions. We provide further discussions in the following subsections.

A. Achievable rate region comparisons

1) Symmetric Case: In this case hy = hp, = 1 (Figs. 2, 3). In the low SNR regime, the DF MABC
protocol dominates the other protocols. The MABC protocol in general outperforms the TDBC protocol
as the benefits of side information and reduced interference are relatively small in this regime. The DF
scheme outperforms the other schemes since the relatively large amount of noise in the first phase (and
the second phase in the TDBC protocol) can be eliminated in the DF scheme, which cannot be done
using the other schemes. In contrast, the DF TDBC protocol dominates the other protocols at high SNR
since the direct link is strong enough to convey information in this regime. In the high SNR regime
(when P, = B, = P, = P is sufficiently large), the Lattice MABC protocol outperforms the CF, AF and
random-coding based DF MABC protocols. Furthermore, from [17] it may be shown that the achievable
region of the Lattice MABC protocol is within 1 bit of the MABC outer bound regardless of channel
conditions. In the TDBC protocol, the CF scheme does not outperform the DF scheme as the DF uses
two parallel channels in phase one and three while CF uses one channel in phase one with two receivers.
In other words, RPF < A1C(:) + A3C(-) for the DF as opposed to RS < A;C(3-) for the CF
scheme. However, under the MABC protocol, the CF scheme outperforms DF in the high SNR regime.
This is because the interference of the transmission of two terminal nodes affects the DF MABC scheme
due to the multiple-access nature but not the CF scheme (as it does not decode the signals). In Figs. 2
and 3, AF is always outer bounded by the CF scheme. We thus expect that when relay r does not know
the full codebooks of a and b (and hence cannot decode as in the DF scheme), that CF (in which some
compression codebook knowledge is assumed at the relay) is a better choice than the AF scheme. In
the low SNR regime, the achievable rate region of the DF MABC protocol and the outer bound of the
MABC protocol are visibly tight, while in the high SNR regime, the achievable rate region of the Lattice
DF and CF MABC protocols are tight. For the TDBC protocol, there is a very small gap between the
achievable rate region of the DF TDBC protocol and the TDBC outer bound since interference is not

present in the TDBC protocol. Hence decoding at the relay is intuitively, at least, nearly optimal.

2) Asymmetric Cases: In these cases h, = 0.6, hy, = 20, hy, = 0.5 (Figs. 4, 5) and h,e = 20, hy, =
0.6, hap, = 0.5 (Figs. 6, 7). Note that these two asymmetric cases are different for the mixed forwarding

scheme, which assumes CF in one direction and DF in the other. In the low SNR regime, the CF TDBC
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Fig. 2. Comparison of bi-directional regions with A, Fig. 3. Comparison of bi-directional regions with ha,
hor =1, hay =02, P, =F, =F =0dBand N, = N, hor = 1, hay = 0.2, P, = B, = P, = 20 dB and N,
N, =1. N, =N, = 1.

and mixed TDBC protocols achieve the best performance in Fig. 4 and Fig. 6, respectively. However,
in the high SNR regime, the DF and Lattice MABC protocols and the DF TDBC protocol yields larger
regions than the other protocols. In contrast to the symmetric case, the AF MABC protocol is not outer
bounded by the CF MABC protocol. We note that the mixed forwarding scheme is the only one in which
the relative performance of the schemes changes depending on which of the asymmetric scenarios is
considered. In particular, in the mixed TDBC protocol, if h,, > hy,, we obtain a larger achievable rate
region than the plain DF TDBC protocol as the first link is more critical to the performance of the DF

scheme. As the SNR increases, the difference between the two asymmetric cases decreases.

B. Maximum Sum Data Rate

In this subsection we plot the maximum sum-rate R, + Ry as a function of the transmit SNR for the
symmetric case of the previous subsection. As expected, different schemes dominate for different SNR
values. The sum-rate is proportional to the SNR in dB scale since the sum-rate is roughly the logarithm
of the SNR. At high SNR, the Lattice-based MABC protocol very closely approximates the outer bound.
As discussed in the previous subsection, the achievable rate region of the Lattice MABC protocol is
within 1 bit of the MABC outer bound. In Fig. 8 at around 12 dB the relative performance of the CF
MABC protocol and the DF MABC protocol changes. At lower SNRs, the DF MABC protocol is better,
while at higher SNRs, the Lattice and CF MABC protocols are better. We also note that the AF MABC

protocol is always worse than the CF MABC protocol in the symmetric case (Fig. 8). In the TDBC
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Comparison of bi-directional regions with h, =
0.6, hor = 20, hapb = 0.5, P, = B, = P, = 20 dB and
Ny =Ny, =N, =1.

Fig. 7. Comparison of bi-directional regions with h,r = 20,
hor = 0.6, hap = 0.5, P, = B, = P, =20 dB and N, =
N, =N, = 1.

protocol, the sum-rate of the mixed TDBC protocol lies between the DF scheme and the CF scheme in

Fig. 8.

VI. CONCLUSION

In this paper, we have derived achievable rate regions for 4 new half-duplex bi-directional relaying

protocols and have provided a comprehensive numerical comparison of the half-duplex two-way achiev-
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Fig. 8. Maximum sum-rate of the 8 bi-directional protocols and 2 outer bounds at different SNR. Here hor = hyr = 1 and
hap = 0.2

able rate regions and outer bounds assuming Gaussian input distributions in AWGN channels. For the
MABC protocol, DF (with random or lattice codebooks) or CF is the optimal scheme, depending on the
given channel and SNR regime. In particular, the new half-duplex lattice DF MABC protocol performs
well for symmetric, high SNR channels. In asymmetric cases, Mixed protocols which employ DF in one
direction and CF in the other perform well, as different forwarding schemes in the two directions may
be more tailored to the different channel conditions in the two directions. In the TDBC protocol, the
relative performance of the forwarding schemes depends on the given channel conditions. Notably, we
have determined an example of a channel condition in which the mixed TDBC protocol outperforms the
other proposed protocols. In general, the MABC protocol outperforms the TDBC protocol in the low

SNR regime, while the reverse is true in the high SNR regime.

APPENDIX A

PROOF OF THEOREM 1
Proof: Random code generation: For simplicity of exposition, we take |Q| = 1. For any sequence
Ay, converging to Ay :
1) Phase 1: Generate random (n - Aj ,,)-length sequences
o xV(w,) iid. with pD(2,), wa € Sa = {0,1,---, [2°F] — 1}
o 5D (ws0) iid. with pO(G) = 5, pD (pD Gelye)  ws0 € {0, 1, , [27F0] — 1} = S0
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and generate a partition of S,0 randomly by independently assigning every index w,o € Sa0 to a
set S04, with a uniform distribution over the indices i € {0, ..., |27 | — 1) := S,1. We denote
by sa0(wao) the index i of S,0; to which w,o belongs.
2) Phase 2: Generate random (n - As ,,)-length sequences
o x\?(wp) iid. with p@ (), wp € Sp = {0,1,---, [2"F] — 1}
o 339 (wpo) iid. with p@ () = 32, PP G (Gelyr) . wpo € {0,1,-++, [27F0 | — 1} =: Spo
and generate a partition of Spg randomly by independently assigning every index wpy € Spo to a
set Spo,;» With a uniform distribution over the indices ¢ € {0,..., |27 | — 1} =: Sp1. We denote
by spo(wpo) the index 7 of Spp; to which wyy belongs.
3) Phase 3: Generate random (n - Ag ,)-length sequences
o ¥ (wyo) iid with p® (uy), was € {0,1, -+, [27F2| — 1} =: S,y
o u (wyy) iid with p@® (up), wep € {0,1, -+, [27F02 ] — 1} =: Spy
and define bin B; := {wao|wa € [(j — 1) - [2"Fe—Fa) | 41 j . |2n(Fe=Ra) ]} for j € S,.
Likewise, Cj, := {wpa|wpy € [(k — 1) - [27U2=Fo) | 4 1 . |27(Be2=Bo) |1} for k € Spy.
4) Phase 4: Generate random (n - Ay, )-length sequences
. x$4) (wa0, wpo) 1.1.d with pW (), wao € Sao and wpy € Spo-
Encoding: During phase 1 (resp. phase 2), the encoder of node a (resp. b) sends the codeword xgl)(wa)

(resp. Xf)(wb)). At the end of phase 1, relay r compresses the received signal yﬁl) into the message

w,o if there exists a w,g such that (yfl),ygl)(wao)) € A(l)(erfr). Similarly, r compresses y£2) into the

message wyg at the end of phase 2. There exist such w,g and wpg with high probability if

Rao = Ayl (Y %) 4 ¢ (72)
Roo = Do n IV ®; 7)€ (73)

and n is sufficiently large. We choose R,1, Rp1, Ra2 and Rpo as:

Ra1 = aaRag = aa (A1 LY V) 46 (74)
Ri1 = apReo = ap(Ba,n I (YD 1)) 4 ¢) (75)
and
Ray < Rag = Mg (U, V) — 4e (76)
Ry < Ry = D3n (U YAY) — de. (77
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From the code constructions of w,2 and wye, R, and Ry, have to be less than R, and Ryo, respectively.
Then the relay constructs wa1 = Sao(wao) and wp; = Spo(whp). To choose w,o and wyg, the relay first
selects the bins B, , and Cy,, and then it searches for a pair (wa2,wps) € By, X Cy,, such that

(U (wa2), ul()3)(wb2)) € A®)(U,Uy). Such a (w9, wpy) exists with high probability if

Ra1 + Ro1 < Raz + Reg — A3, J(U Uy — ¢ (78)

from the Lemma in [8]. The relay then sends x£3) generated i.i.d. according to p(3) (z¢|ua, up) with

ul? (wa2) and ul()?’) (wp2) during phase 3. Finally, the relay sends xM (wa0, wpp) during phase 4.
Decoding: Node a decodes wyo after phase 3 using jointly typical decoding. Then a estimates Wy
from the bin index of wyy. Node a decodes wy if there exists a unique Wy such that wyy € Sho i,
() (a0, o) ¥5") € AD(X,Ya), (e (wa), 97 (@a0) € AV (XaY7) and (9, (wno) . ¥5”) € AP (F;Y3)
. After decoding w0, node a decodes wy, using jointly typical decoding of the sequence (xff), 952) (Wpo), ng)).

Similarly, node b decodes w,. Error analysis:

P|Eya) < PIESY UES UEY)] (79)
< PIES) + PIER|ER) + PIE)| B 0 B (80)

Then,
PIESD] <P[Uu, DV (ye, 91(w20))] + PlUusg D (¥, 5 (w50))] + PlUutz 1000 D) (W (waz), e (w))]+
P[D® (up(wh2), ¥a)] + PlUssys, D) (s (42), ¥a)] @1)
<de+ Qn(RbrAS,nI(U;s);)@“))+3e)’ (82)

and
P[ES|ER)] <P[D™ (x,(wa0, who), ya)l+
P Ugﬂ‘)ziao D(4) (Xr(UN)aOa wa), Ya)a D(l) (Xa (wa)a f’r(lbao)),

D (§,(10b0), ya), $b0(10b0) = wbl} +

PUyy 2w D™ (% (wa0, W60 ¥a), D (3¢ (W060), Ya)s 560 (Wb0) = wWhi] (83)

< 4 9BaotRoo A n XD YD) = Ay TV X)) = 8 IV YE2) e Ruo ) 4

9n(Roo =R I(X YY) D0 IV Y ) —a Reo e (84)
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In (84), the bound for Rpg in the second term is implied by that in the third term since R,g —
AL (VY Xy = AL 1 (v, v x ) + € > 0. Thus,

PIEMIES) 0B <PID® (xp(wb), Yo, 9+(wh0))] + PlUssysan, D (% (t6), Yo, I (who))] (85

,a

<e 4 BB W I(XP TP Y. 436) (86)

Since € > 0 is arbitrary, a proper choice of ay, the conditions of Theorem 1, (77), and the AEP property
guarantee that the right hand sides of (82), (84) and (86) corresponding to (77), (7) and (2) vanish as
n — oo. Similarly, P[E, y] — 0 as n — oo. By the Carathéodory theorem in [11], it is sufficient to restrict
|Q| < 13 since the number of corresponding mutual information terms in Theorem 1 is thirteen. Similarly,
|/] < 1Q||Y| + 3. A more detailed argument of the cardinality bounds may be found in Appendix C in

[6]. To apply a coded time sharing random variable (), generate random sequences q of length n i.i.d.

according to p(g). Then define q'¥) as the length n - Ay, sequence (g™ 1At L ,q”'Zfz1 Ain),

such that q = (q(V,--- ,q(*). We then employ coded time sharing with q) for phase ¢ in the manner

of [10]. |
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