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Abstract—Properties of scalar quantization with rth power
distortion and constrained Rényi entropy of order « € (0,1) are
investigated. For an asymptotically (high-rate) optimal sequence
of quantizers, the contribution to the Rényi entropy due to source
values in a fixed interval is identified in terms of the ‘“entropy
density” of the quantizer sequence. This extends results related
to the well-known point density concept in optimal fixed-rate
quantization. A dual of the entropy density result quantifies the
distortion contribution of a given interval to the overall distortion.
The distortion loss resulting from a mismatch of source densities
in the design of an asymptotically optimal sequence of quantizers
is also determined. This extends Bucklew’s fixed-rate (o = 0) and
Gray et al.’s variable-rate (o« = 1) mismatch results to general
values of the entropy order parameter a.

Index Terms—Asymptotic quantization theory, distortion den-
sity, entropy density, quantizer mismatch, Rényi-entropy.

I. INTRODUCTION

SYMPTOTIC quantization theory studies the perfor-
mance of quantizers of a fixed dimension in the limit
of high rates (low distortion). This approach complements
Shannon’s rate-distortion theory where optimal codes of a
fixed rate (distortion) are investigated as the dimension be-
comes asymptotically large. Panter and Dite [26] were the
first to derive a formula for the mean square distortion of
optimum scalar quantizers as the number of quantization
levels becomes asymptotically large. Zador’s classic work
[29] for vector quantizers determined the asymptotic behavior
of the minimum quantizer distortion under a constraint on
either the log-cardinality of the quantizer codebook (fixed-rate
quantization) or the Shannon entropy of the quantizer output
(entropy-constrained quantization). Zador’s results were later
clarified and generalized by Bucklew and Wise [6] and Graf
and Luschgy [12] for the fixed-rate case, and by Gray et al.
[14] for the entropy-constrained case. Gray and Neuhoff [16]
provide a historical overview of related results.
One way to unify and extend the fixed and variable-rate
results is to define the quantizer’s rate by the Rényi entropy
of order « of its output. This generalized rate concept includes
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the traditional rate definitions as special cases since o = 0 cor-
responds to fixed-rate quantization, while setting o = 1 yields
variable-rate quantization. This approach was first suggested in
[13] as an alternative to the Lagrangian rate definition consid-
ered there which simultaneously controls codebook size and
output (Shannon) entropy. Further motivation for using Rényi
entropy as quantization rate can be obtained from axiomatic
considerations [27], [1], as well as from the operational role of
the Rényi entropy in variable-length lossless coding [8], [17],
[2].

The theory of quantization with Rényi a-entropy constraint
has recently been explored in [18], [19], [20], [21]. In par-
ticular, [19] derived the sharp asymptotic behavior of the rth
power distortion of optimal d-dimensional vector quantizers
for « > 1+ r/d. In [21] the technically more challenging
o < 1 case was considered and the asymptotically optimal
rth power distortion was determined for scalar quantization
(d = 1) and a fairly large class of source densities. Thus,
at least for scalar quantization, only the case a € (1,1 + r)
remains open, and it is conjectured in [21] that the main result
there remains valid in this range of the parameter «.

In addition to the asymptotic behavior of the optimal quan-
tizer performance, asymptotic quantization theory has also
been concerned with more subtle properties of (asymptoti-
cally) optimal quantizers. One such property is the existence,
for a sequence of quantizers, of the so-called quantizer point
density function, loosely defined as a probability density
which, when integrated over a region, gives the fraction of the
quantization levels contained in that region. More formally,
a point density, if exists, is the probability density function
of the limit distribution of the output levels of a sequence of
quantizers. Point densities and the closely related companding
quantizers have been instrumental in the early pioneering
investigations into optimal scalar and vector quantization [3],
[26], [22], [10] (see also [24] for a rigorous reformulation of
Bennett’s result for the vector case and [16] for the history
of these results). Bucklew [7] was the first to rigorously
establish the existence of the point density function for an
asymptotically optimal sequence of fixed-rate quantizers. To
our knowledge, no such rigorous result is known for variable-
rate quantization. The concept of quantizer point density has
been very useful in analyzing the performance of quantizers
in a distributed setting (e.g. [28], [25]).

Asymptotic quantization theory has also been successful
in providing mismatch results that quantify the loss in per-
formance when a sequence of quantizers that is asymptoti-
cally optimal for one source is applied to a different source.
Mismatch results are theoretically important and in practice
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they may provide a means for quantifying the performance
of code designs that are based on source models estimated
from data. For fixed-rate vector quantization Bucklew [7]
was the first to prove such a rigorous mismatch result. The
variable-rate analog of this result was proved in [15] where
connections with mismatch results in rate-distortion theory
and robust lossy coding were also pointed out. More recently,
Na [23] determined sharp asymptotic formulas for variance-
mismatched scalar quantization of Laplacian sources.

In this paper we extend some of the more refined results of
fixed and variable-rate asymptotic quantization theory in the
framework of quantization with Rényi entropy constraint of
order « € (0,1). The concept of a quantizer point density is a
problematic one for (Rényi) entropy-constrained quantization
since (near) optimal quantizers can have an arbitrarily large
number of levels in any bounded region. Instead, we investi-
gate the Rényi entropy contribution of a given interval to the
overall rate. One of our main results, Theorem 2, shows that
for a large class of source densities and an asymptotically opti-
mal sequence of quantizers, this contribution can be quantified
by the so called entropy density of the sequence. A dual of this
result, Corollary 1, quantifies the distortion contribution of a
given region to the overall distortion in terms of the so-called
distortion density. Interestingly, it turns out that the entropy
and distortion densities are equal in the cases we investigate
(Remark 5). Our other main contribution, Theorem 3, is a
mismatch formula for a sequence of asymptotically optimal
Rényi entropy constrained scalar quantizers. From our density
and mismatch results we can recover the known results for the
traditional rate definitions by formally setting & = 0 or a = 1.

The rest of the paper is organized as follows. In the next
section we formulate the quantization problem and give a
somewhat informal overview of our results in the context of
prior work. In Section III the entropy and distortion density
results are presented and proved. The mismatch problem is
considered in Section IV. Concluding remarks are given in
Section V.

II. PRELIMINARIES AND OVERVIEW OF RESULTS

A. Rényi entropy and quantization

We begin with the definition of Rényi entropy of order a.
Let N := {1,2,...} and let p = (p1,p2,...) € [0,1]N be a
probability vector, i.e. > .-, p; = 1. For any a € (0,00)\ {1},
the Rényi entropy of order a, H*(p) € [0, oc], is defined as
(see [27] or [1])

R 1 ad
H°(p) = —— log (Zﬁ) -
=1

Remark 1: All logarithms in this paper have base e. Setting
0% := 0, we can extend the definition to @ = 0, obtaining

HO(p) = log (card{i € N : p; > 0}) (1)

where card denotes cardinality. Also, using the convention
Olog0 := 0, it is easy to see that letting o — 1 yields the

regular (Shannon) entropy of p:

H'(p) := lim H*(p) = = pilogp;
=1

a—1

assuming H“(p) is finite for some o < 1.

Let X be a real-valued random variable with distribution .
Let I C N be an index set (thus I is either finite or countably
infinite) and S = {.9; : ¢ € [} a Borel measurable partition of
the real line R. Moreover let C = {¢; : i € I} be set of distinct
points in R. Then (S;, ¢;);er defines a (scalar) quantizer q :
R — C such that

q(z) = ¢ if and only if x € 5;.

We call C the codebook and the ¢, the codepoints (or quantiza-
tion levels). Each S; € S is called codecell. Clearly C = ¢(R)
is the range of ¢ and

S={q"'(2): 2 € q(R)}

where ¢71(z) = {z € R : q(z) = z}. Let Q denote the
set of scalar quantizers, i.e., the set of all Borel-measurable
mappings ¢ : R — R with a countable range. The discrete
random variable ¢(X) is a quantized version of the random
variable X. With any enumeration {41, 2, ...} of I we define

HS(Q) = ﬁa(p’(sil)au(slé)v .- )

as the Rényi entropy of order o of g with respect to p. Thus
H}(q) is the log-cardinality of the codebook of ¢ (we assume
without loss of generality that each codecell of ¢ has positive
probability) and H Plb (¢) is the Shannon entropy of the quantizer
output.

For r > 1 and ¢ € Q we measure the approximation error
between X and ¢(X) by the the rth power distortion defined
by

Dyla) = EIX ~a(0)" = [ o~ g(o)]" duo).
For any R > 0 we define
Dy (R) =inf{D,(q) : g € Q, H;(q) < R}

the optimal quantization distortion of p under Rényi entropy
constraint R. We call a quantizer ¢ optimal for p under the
entropy constraint R if D, (¢q) = Djj(R) and H{(q) < R. In
particular, Dg (R) is the minimum distortion of any quantizer
with codebook size not exceeding e”, while D}, (R) is the
minimum distortion under Shannon entropy constraint R.

In the rest of this paper all distributions to be quantized will
be absolutely continuous with respect to the Lebesgue measure
A on the real line. If such a distribution p has probability
density function g, then we will use the notation y = g\. We
denote by supp(u) the support of p (the smallest closed set
whose complement has zero p measure). If @ = g, then we
define supp(g) = supp(u). We will also assume throughout
the paper that the rth moment of 1 is finite, i.e. [ |z|" du(z) <
oo. This condition is sufficient (but not necessary) for D (R)
to be finite for all R > 0.

It has been shown in [20] that under the above conditions,
the set of all quantizers Q in the definition of Dﬁ‘ can



IEEE TRANSACTIONS ON INFORMATION THEORY

be replaced by the set of quantizers having finitely many
codecells, each of which is an interval. In view of this, we
will assume throughout the whole paper that the codecells of
every quantizer ¢ € Q are intervals (but we do not restrict
the number of codecells to be finite) and each codepoint is
contained in the interior of the associated codecell.

B. Asymptotic optimality and conditional distributions

The main result of [21] implies that under suitable assump-
tions on the source density g, for all o < 1,

1 B
1~ TRDOL — rh 1(9) 2
R € (1) (1 —l—r)2re @)
where 81 = %Jff and

1
hﬂl(g) =13 3 1og</gﬁ1 d)\)

is the Rényi differential entropy of order 3; of g.

We can formally recover Zador’s classical results [29] in
the scalar setting from (2). Letting o = 0, we have §; = ﬁ
and e (9) = (f g a )T = lgll o, yielding Zador’s
formula for fixed-rate scalar quantization.+ For o = 1, we have
B =1 and erh19) = erh(9) | where h(g) = — [ gloggd\ is
the Shannon differential entropy of g, and (2) becomes Zador’s
formula for variable-rate scalar quantization. In view of (2) we
call a sequence of quantizers (q,)nen asymptotically optimal
if H}(gn) — oo and

_ L e
(1+mr)2r

Suppose I is a bounded interval with positive ; probability.
We denote by p(-|I) the conditional distribution for p given
I and by g; the corresponding conditional density (so that
w(-|I) = gr\). We show in Theorem 2 that for o € (0, 1) any
quantizer sequence (g, ) that is asymptotically optimal for
is also asymptotically optimal for pu(-|]), i.e.,

Jim 0D, (g,) =

LAY
— " . 3
1+r2° )
Although this result is not very surprising, it will be very useful
in establishing further, more subtle properties of asymptoti-
cally optimal quantizers.

im0 @) Dy (0) =

C. Entropy and distortion densities

Let N,,(I) denote the number of codepoints of ¢,, contained
in an interval I. Let & = 0 and let (g,) be a sequence of
asymptotically optimal n-level quantizers (so that Hg(qn) =
log n). Specialized to the scalar case, one important result of
Bucklew [7] shows that

No(I) [, 977 dA

Thus the probability density gﬁlr/ Ik g1+% dA can be inter-
preted as the point density function for the codepoints of
asymptotically optimal quantizers (see also [12, Thm. 7.5]).
Point densities are useful in gaining insight into the structure

of (asymptotically) optimal quantizers and can be used to
construct such quantizers via a companding construction.

Unfortunately, no rigorous point density results are known
for « = 1. In fact, even the definition of a point density
function is problematic for entropy-constrained quantization
since for sources with a density, at any rate R > 0 there exist
near-optimal quantizers that have an arbitrarily large number
of codepoints contained in a given bounded interval. Thus an
analog of (4) cannot hold for an arbitrary sequence of asymp-
totically optimal quantizers, although heuristic arguments in-
dicate that under some structural restrictions asymptotically
optimal variable-rate quantizers have a uniform point density
(see, e.g., [11], [10]).

To define a tractable analog of the point density function,
recall that u(-|I) denotes the conditional distribution for p
given I. In view of (1), we have N, (I) = eHicin(an) and
n = efi(a) Thus the fraction of codepoints contained in [
on the left hand side of (4) can be rewritten as
Nn(I) eHB(.‘I)(q"L)

n oHilan) ©®)

This ratio represents the relative contribution of the interval [
to the total Rényi entropy of order oo = 0.

The interpretation in (5) motivates us to define the Rényi
entropy contribution of an interval I in a similar way for
general «.. In Theorem 2, we identify the limit of this entropy
contribution: Under appropriate conditions on the source den-
sity, for any « € (0,1) and asymptotically optimal sequence
(gn), we have
(1= H 1y (an) B f] 9,31 d\ T

Tg® ax
It is easy to see that (6) reduces to the traditional point density
result (4) for a = 0.

In Corollary 1 we present an almost immediate consequence

of (6) and (3) which concerns the distortion contribution of an
arbitrary finite interval [I:

f[ |x - qn(x)|r ,u(d.%') _ f[ 961 dX
D;L(QH) f]R g51 dA
Thus the probability density g%t/ [ g”* d\ can be interpreted

as either the (Rényi) entropy density or the distortion density
of any asymptotically optimal quantizer sequence (g, ).

lim
n—oo (1—=a)Hi(gn)

(6)

lim
n— o0

D. Mismatch

For scalar quantization Bucklew’s fixed-rate mismatch result
[7, Thm. 2] can be stated as follows: If a sequence of n-level
quantizers (g, ) that is asymptotically optimal for a source with
distribution g = g\ is applied to a source with distribution
v = fA, then (under some assumptions on g and f)

1 f

—dA

lim TLTDV(qn) = m g'f'

n—oo

1

where g, = g7/ [ gﬁ dA is the optimal point density
function for © = g\ from (4). This is a generalization of
a classical result of Bennett [3] who considered companding
quantization and mean square distortion. The integral on the
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right hand side is often called Bennett’s integral. In view of
(4), and after some calculations, we obtain that the asymptotic
performance loss due to mismatch is

D
lim —2—" (an)

— o7 Diyr(frllgs) 7
2% Di(logn) ¢ @

where f, = f =2 /] f T d) is the optimal point density for

v = fAand
1 log </ uptT d)\> )
a—1

denotes the Rényi divergence of order av # 1 between densities
u and v. (Thus the loss is always greater than one unless
w="uv).

For the entropy-constrained case the main result of [15]
implies that if (g,,) is asymptotically optimal for u = g\, but
it is used for v = f\, then

Do (ullv) =

L ' (erDislle),
(1+mr)2r
Here Di(fllg) = D(fllg) = [ flogLdh is the Kullback-
Leibler divergence (relative entropy) between f and g. From
(4) the loss due to mismatch is

lim 7Du<qn)
n—oo DL (H}(qn))

lim erH,f(qn)DV(qn) —

n—0o0

— " Dilfll9), 9)

In Theorem 3 we present a result on mismatch for quantiza-
tion with constrained Rényi entropy of order o € (0,1). The
result states that if (g,,) is asymptotically optimal for ;= g,
but is applied to v = fA, then

lim e @)D, (qy)

n—o0o
_ ﬁefma(f\lga,r) / f dX

(IL+r (gar)"
where .
g@
Jar = 71 (10)
[ 972 dA
with 8, = 159 (note that go, = g.). The loss due to

mismatch can be expressed as

Dy (qn) er(DlJrr(fO,nga-,r)*Da (fllga,r))
lim = — - 3D
n—o0o Dg(Hg(qn)) e” (Diyr(fo,rll fa,r)=Da(fll fa,r))
The loss can be seen to be always greater than one unless
1 = v (see Remark 6 following Theorem 3). Setting formally
o =0 or o =1 (or, more precisely, letting « | 0 or a 1T 1) in
the above formula yields the known cases (7) and (9).

III. ENTROPY DENSITY AND RELATED RESULTS

Throughout this section we assume that ;1 = g\. For r > 1

and a € [0,147) \ {1} let
l—a+oar l—a+r
e

Definition 1: Let C(r) =

- (12)

m and define, for o €

0,147\ {1},
Qur (1) = C(r) < [ dA) :

whenever the integral is finite. Note that Q. (1) € (0, 0).
We call Q,,(1) the quantization coefficient of .

Definition 2: A one-dimensional probability density func-
tion g is called weakly unimodal if it is continuous on its
support and there exists an ly > 0 such that {x : g(z) >} is
a compact interval for every [ € (0,lp).

Note that every weakly unimodal density is bounded and
its support is a (possibly unbounded) interval. Clearly, all
continuous unimodal densities are weakly unimodal. The class
of weakly unimodal densities includes many parametric source
density classes commonly used in modeling information
sources such as exponential, Laplacian, Gaussian, generalized
Gaussian, and all bounded gamma and beta densities.

The following is one of the main results in [21].

Theorem 1 ([21, Thm 3.4]): For r > 1 and a € (0, 1), if
1 has a weakly unimodal density g and [ |2|"" du(z) < oo
for some § > 0, then Qq (1) is well defined and

: rR o _
ngnooe DH(R)—QQ,T(M)'

Remark 2: (a) The theorem and (2) express the same
asymptotic result since

B2
([ )" -emo.

The quantization coefficient @), can also be expressed in
terms of Rényi divergences (8) and the density g, , introduced
in (10). One can easily verify that

B2
(/gﬁl d)\> :gmmnga,r)/ 9
(gar)

Furthermore, for any density h with [ 7 d\ < o,

g
——dX
/ hr
1
g1+r

147 14+r
</gl+1T d>\> / L) AO-0E) gy
fgm d\

loll 3, [ (o)) ay

e’ Di1+r(go,r[R) .

13)

= gl

T+r

Substituting = g, and combining with (13) we obtain

B2
(/gﬁl d)\) _ ||g||ﬁeT(D1+r(90.T|‘ga,l‘)_IDa(f]Hga,T)).

(b) Theorem 3.4 in [21] also covers the more exotic a €
[—00,0) case, but for technical reasons we require that o €
(0,1). The weak unimodality condition is a technical one and
most likely can be significantly relaxed.

Definition 3: A sequence of quantizer (g,)nen With
Hp(gn) — 00 as n — oo is called a-asymptotically optimal
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for p if (@)
D,(q
lim — 2 =1,
n—oo D3 (H (gn))

Remark 3: In what follows we will simply write “asymptot-
ically optimal” instead of “a-asymptotically optimal.” Under
the conditions of Theorem 1, a quantizer sequence (g,) with
H(gn) — oo is asymptotically optimal for y if and only if

lim 67>Hﬁ(qn)Dﬂ(qn) = Qaﬂ‘(:u)'

n—oo

For any measurable A C R with u(A) > 0 we denote by
1(-|A) the conditional probability for p given A. Let ¢,d €
R be such that ¢ < d and p((c,d]) € (0,1), but otherwise
arbitrary. In the following theorem, we let A; = (¢, d], As =
R \ Aq, and Wi = /J/(|Az) for i € {1,2}

Theorem 2: Let r > 1 and o € (0,1). Let p = gA,
where the density function g is weakly unimodal and satisfies
[ lz|"*° du(z) < oo for some § > 0. Let (gy)nen be an
asymptotically optimal sequence for u. Then, for i € {1,2},

(1_04)Ha. (Qn) f gﬁl d>\ B
Jim TG © [gaan A 08
and (g,) 1is asymptotically optimal for p;, ie.,
limy, 00 HY, (gn) = oo and
lim e D, (gn) = Qaur (1i). (15)

n—oo

Remark 4: (a) As discussed in Section II-C, the ratio on
the left hand side of (14) can be interpreted as the relative
contribution to Rényi entropy of interval I. The theorem
determines the limit of this relative entropy contribution for
a sequence of asymptotically optimal quantizers. The method
used in the proof is a generalization of the approach developed
by Bucklew [7] for the case o = 0.

(b) Using a € (0,1) and the condition [ |2|" ™ du(z) < oo,
the integral in the definition of @, ,(x) can be shown to
be finite by an application of Holder’s inequality as in [12,
Remark 6.3 (a)]. For the same reason, Qo ,(14;) is finite for
i€ {1,2}.

In the proof of the theorem we will need the following
lemma which is proved in the Appendix.

Lemma 1: Under the conditions of Theorem 2 the follow-
ing hold: For i € {1,2},

ILm Hp (gn) = 00 (16)
and for all p € R,
: 11(g, " (gn()))*
lim ~ =0 )
neo Zaeqn(R) p(gn(a))®
and . N

oo ZaEqn(R) 1223 (q’fjl (a))a

Proof of Theorem 2. We begin the proof by showing that (14)
holds if we additionally assume that for i € {1, 2},

T(H,,CLX (Q'IL)*H;!?; (QH)

limsupe ) < . (19)

n— oo

In this case, any subsequence of (g, ) has a sub-subsequence,
which we also denote by (g,), such that

i S (@)= HE, (@) _ gres (20)
n—roo

for some d € [0, 00). The obvious bound
eT(HE(q'n)*H:fl(Qn)) 2 N(Al)% (21)

implies that d > 0. In what follows we show that d is
independent of the choice of the sub-subsequence (and thus
the limit in (20) holds for the original sequence) and explicitly
identify d.

For any two sequences (u,) and (v,) of positive reals we
write u,, ~ v, if u
lim = =1. (22)
n—00 Uy,
Note that if u,, ~ v,, and u, ~ v/,
and wu, - ul, ~ v, -V,

then (un,+ul,) ~
. We can rewrite (20) as

(vn+op,)

Q- Hg @) L ey e

el (23)
We note that

erHia) D (g )
— qu)zlu

— Z eT(H[f(qn)*H,?i(qn))’u(Ai)eTH

i=1

m Qn

59D (gn). (24)

Since the cells of g, are intervals, at most two of them may
intersect both A1 = (¢,d] and A; = R\ (¢, d] (namely, those
containing ¢ and d). Then (18) implies

e (i (an)—H, (an))

o HE (an) ( (1—a)HE, <qn> e

rH (qn

~ 6

gy (a)®

aeqn(R a)CAs

rH7 (qn

~ e 1704)(

o | - Hg @) _ Z (g, *(a))”

a€qn(R): g7 " (a)C Ay
~ eTHﬁ(‘Zn)M(AQ)% X

% (eu—a)H::(qn) _ e(lw)Hﬁl(qnm(Al)a) =

In view of (23) we conclude

HE, (4:))
~ BTH;f(q")/L(AQ)% X
" (6(1a>H5<qn> L

d M
1 T
(1 - g/i(Al) ) ‘

CHUSE

= p(Ag)Te
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Applying (25) and (20) to (24) we obtain
Qa,r(1)
~ erHﬁ(q")DN(qn)
— eT(Hff(qn)—H}fl(%))MAI)eTHffl(qn)Dm(qn)
+ eT(Hff(qn)*H@(qn))’u(Az)eerfz(qn)DHQ (¢n)
~ dTE p(Ay)e™n D, ()

1—a

. 1
T (A (1 - du(Al)"‘> <
x p(As)e" i1 D (g,)
= /-L(‘Al)ﬁlﬁ2 (:u(Al)_O‘d)m BTHSI (qn)Dul (Qn)

1 11—«
+N(A2)6152 (1 1 ) X
T p(A)"od

x i) D (q,). (26)
Since H{,(gn) — oo by (16), Theorem 1 implies'
lim inf erHﬁi(qn)Dm (qn) Z Qa,r(ﬂi)a { € {17 2} (27)

n—oo

and thus the limit inferior of the the right hand side of (26) is
lower bounded by

(M(Al)_ad) = QQ,T(MI)U(Al)ﬁlﬁQ

T

1 1—a
+ (1_1> Quar (1) p(A2) 172
w(Ar)~>d

= C(r) (u(Ay)d) ™" (/A g dA)Bz

o B2
1
+o@r) | ———— / g7 dx) . (28)
1= Tm=—=a A

In view of the definition of @), ,(p), combining (26) and (28)

yields 5
( / g dA) > F(d) (29)
where
L B2
F(d) = (u(A) “d)™= (/A g d)\)
1 ﬁ ﬁ2
= ( / g d)\)
n(Ar)=d Az
Now let f 8
do = p(Ay)" 2 (30)

fA1 P d\

and note that the bound (21) implies d~'u(A41)* € (0,1].
Moreover, from (19) we actually obtain d~*u(A;)* € (0,1).
Thus if d # dy, then Lemma 4 in the Appendix gives
F(d) > F(do). Moreover, a simple calculation yields F'(dy) =
(fg™ d/\)ﬂz. Hence we deduce from (29) that d = d.

IStrictly speaking, Theorem 1 ([21, Thm 3.4]) does not apply for po since
its density g2 is not weakly unimodal. However, g2 is the mixture of two
weakly unimodal densities with well-separated supports, and the proof of
[21, Thm 3.4] can easily be extended to this case.

Because we chose an arbitrary convergent subsequence in (20),
we obtain that (20) actually holds with d = dy for the original
quantizer sequence. This and (30) yield (14) for ¢ = 1. Also,
(25) and (30) imply (14) for ¢ = 2.

As next step we will prove that (15) is true under the
assumption (19). We proceed indirectly. Assume first that
(15) is not true for ¢ = 1. Then by (27) we can choose a
subsequence of (g,), also denoted by (g,), such that

lim eTH‘C‘Xl(qn)D,ul(Qn) > Qom"(:ul)

- v (/A (u(ih)fl ‘“)

We deduce from (24) and (14) that

B2

limsup e @) D,,, (4,)

n— oo
g Bl 52
o[, () a) o
since otherwise we would have
limsup "7 @) D, (g,,)
n— o0
2 pa-l B2
) (L)
> C(r - g tdA
( );(IAigﬁld)\ "
= Qar(p)

which would contradict the asymptotic optimality of (g, ). But
the right hand side of (31) is Qq,(u2), which contradicts
(27), so (15) must hold for ¢ = 1. Similarly, we end in a
contradiction if we assume that (15) does not hold for ¢ = 2.

It remains to prove that (19) must hold. Assuming the
contrary, we have

lim inf e"(Fi; ()= Hi(an)) — .
n—oo

Since Du(Qn) > M(Al)DlLl (qn)’

0 = liminfe (Hailan)—Hi(an)
n—o0

rH® (qn) D, (gn

e Hi (a )Dﬁi(&n)) Dy, (qn)

= liminf
er1ﬁ13(qn))DH(qn)

n— oo
1(A;)
~ Qar(w)
which would imply

lim inf e i (q")Dm (qn) =0

n—oo

linrgigf et (qn)Dm (qn)s

contradicting (27). Hence (19) must hold and the proof is
complete. (|

Let (gn)nen be a sequence of quantizers and for any n > 1
and any Borel set £ C R define

M (E) = 715 (an) [E o — gu(@)[Tg(x) dA (). (32)
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Moreover, for o € [0,1+7) \ {1} let

M,(E) = C(r) (/Egﬁl dA) (/Rgﬂldglra.

Clearly, M ;l and M, are Borel-measures on R that are abso-
lutely continuous with respect to A. We define the probability
measure /i by setting, for any Borel set £ C R,

I g d
Jr g dx

Corollary 1: Let r > 1 and o € (0,1). Suppose that
= g\, where the density function g is weakly unimodal
and satisfies [ |z|"*® du(z) < oo for some & > 0. If (¢5)nen
is an asymptotically optimal sequence of quantizers for u, then
for any c¢,d € R such that —oo < ¢ < d < oo we have

Sl = ()I’“g(ﬂc)d/\(x) )

O e @@ e D
(i) Mg converges Weakly to M,.

(33)

A(E) = (34)

() lim

n—roo

Remark 5: Combining Theorem 2 and the corollary and
using the ~ notation introduced in (22), we observe that

Jeea 17— qn( )" dp(x)
fR |z — qn(z)|"dp(x)
ZGEq" (R) wigyt(a) N (e, d])>

~ — . (35)
Zaéqn (R) 1(gn ' (a))*

This means that the relative error and entropy contributions of
(gn) over any given interval asymptotically coincide.
Proof of Corollary 1. We start by proving (i). Let A = (¢, d]

and define

Jalz — gn(2)["g(x) dA(x)
Jelw = an(2)["g(x) dA(x)
Obviously we can assume without loss of generality that
u(A) € (0,1). Applying (14) and (15) in Theorem 2, we
obtain

ﬂn(A) =

e @) [ |z — g, ()] g(x) dA(x)
e @) [z — g, (x)|7 g(x) dA(x)
eT(H,‘Z(%)—H{f(M)(fln))M(A)
Qa,r(ﬂ)
e Mhicin ) [ o — g, ()" 255 dA(@)

w(A)
Qar (1)
@T(Hﬁ(Qn)*H?uA)(‘Jvt))QW(M(-\A))M(A)
Qo (1)

N (u(AV“fgﬁl dA) T Qar(p(-]A)(A)
fA gPrdA Qa,r(/’c)

Definition 1, (34), and a straightforward calculation yield that
the right hand side of (36) is equal to [i(A).

Next we prove (ii). Because (g,,) is asymptotically optimal
for 1 we have M (R) — My(R) as n — oo. Moreover, M, is
a finite measure. Due to a refined version of the Portmanteau
theorem [4, Thm. 2.4 and Example 2.3] it suffices to prove
that Mg ((e,d]) — M((c,d]) for any —oo < ¢ < d < oo. Let
A = (c,d] and assume p(A) > 0, since otherwise M;'(A) =

pn(A)=

X

X

. (36)

M,(A) = 0 for all n. Applying the definitions (32) and (33),
we obtain

My(4) fAIx—qn( )I"g(x) dA(z)
M,y(A) Dyu(4n)
rHi(an) D o (Gn)

o (f ghdN) T [ gPrdN

Since (g,) is asymptotically optimal for u and by (i) we
deduce

Cr) (f g7 dn)™ Lag 2

lim My'(A4) _ JgPrdx
noe My(A)  O(r) (f gPrdN) ™= [, g% dA
which proves (ii). O

IV. ASYMPTOTIC MISMATCH

In this section we investigate the performance of a sequence
of quantizers (qgy,) that is asymptotically optimal for the source
distribution p having density g, but is applied to the source
distribution v having density f.

Theorem 3: Let r > 1 and a € (0,1). Suppose p = g\,
v = fA, where g and f are weakly unimodal densities such
that f/g is bounded. Assume [ |z|"" du(z) < oo for some
§ > 0. If (¢n)nen is an asymptotically optimal sequence of
quantizers for p, then

agb
7}1_{1010 =) (H (an)—HJ} (an)) _ W .
and
Jim ¢4 D, (g1)
(/fa ) adA) /f 72)7" dA. (38)

Remark 6: (a) The mismatch formula (38) is best inter-
preted through the companding quantization approach. In [21,
Remark 4.12] it was shown that for a source with density g,
companding quantizers having point density & induce high-
rate asymptotics performance proportional to

==
(/gahla d/\) /gh’rd)\.

Asymptotically optimal companding is obtained by setting h =
Gor = g/P2([ g*/P2 d\)~1, which is the unique minimizer
of (39). If the sequence of companding quantizers with this
choice of h is now applied to the mismatched distribution
v = f\, then the same asymptotic performance as in (38) is
obtained. Thus the main significance of (38) is that it holds
for an arbitrary asymptotically optimal sequence (g, ). The
analogy with companding quantization suggests that although
(gn) can have infinitely many codecells, one can interpret gq ,
as the point density related to every asymptotically optimal
sequence of quantizers for p = gA.

(39)

(b) Using the notation introduced in Sections II-B and II-D,
we can rewrite the mismatch formula (38) in the equivalent
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forms
Jim_ e D, (gn)
= C(r)e "Palflgar) f 7 dA
(ga,r)
— 7(Di+4r(fo,rll9a,r)=Da(fllga,r))
— COI| g P
— QOT(V)eT(D1+r(f0,T”ga,r)_Da(nga,T)).

Formula (11) for the loss due to mismatch follows from either
of the last two expressions. The loss is always greater than
one unless ¢ = v since, according to the preceding comment,
h = fa,r is the unique minimizer of e"(Pitr(fo.rllh)=Da(flIh)
over all densities h.

(c) The condition for the boundedness of f/g is the same
as in the variable-rate mismatch result of [15]. The fixed-rate
result of Bucklew [7] requires essentially the same condition
since the only known example when the uniform integrability
condition given there is satisfied requires that f/g be bounded.

(d) The conditions of Theorem 3 are satisfied when the support
of © and v is the same compact interval I and the correspond-
ing densities g and f are continuous and bounded away from
zero on [I. But the theorem may also apply to distributions
with unbounded support. For example, if g and f are Gaussian
or Laplacian densities with mean zero and variance ai and
012,, respectively, then the conditions are met if O’i > 03.
Unfortunately, the boundedness condition is not satisfied when
0” < op or when g is Gaussian and f is Laplacian. Na
[23] obtained a mismatch result for two zero-mean Laplacian
sources with arbitrarily mismatched variances by considering
quantile quantizers, a special class of fixed-rate asymptotically

optimal quantizers closely related to companding quantizers.
Proof: Let I = supp(v). We will proceed in several steps.

1. First we prove relation (37) under the stated assumptions
on g and f/g, but additionally assuming that I is a compact
interval and

min{f(z) :x €I} > 0.

Let m > 2 and let {Iy,, : k£ = 1,...,m} be a collec-
tion of disjoint intervals of equal length A(I)/m such that
v e = 1. Let Uy, = inf Iy, and 74, = sup lym,
denote, respectively, the left and right endpoints of Iy ,.

Define

(40)

Smn = U {Qn(lk,m)a @n(Tkm)} C gn(R)

k=1
and
i(f,I) = min{f(z) : z € I'},

Note that card(Sy,,»n) < m+1land 0 < i(f,I) < s(f,I) < oc.
Since f/g < M for some M < oo, we have

v(A) < Mu(A) (41)

s(f,I) = max{f(z):z € I}.

for any measurable A C R. Thus by (17) in Lemma 1 we get

lim sup Yaes,., V(@' (a)®
n—00 Zaeqn(R)M(Qn (a))*
Yaes,., May " (a)”

< M“limsup — =0
n—00 Zann (R) N(qn 1(a))a
Noting that for any a € g, (R)\ Sy, we either have ¢, ' (a) C
Iy, for some k € {1,...,m} or v(g,(a)) = 0, the above
implies

Hg(‘In)_H::(q”))

2aqn(®) (g, " (a))™
= limsup
nTreo Zaeqn (R) :u(qn ( ))a
aeqn(]R) V(qn 1(0') N Ik,m)a
th sup —
nTreo Zann(R) M(Qn (a))a
i acor(®) (@ (@NTkm)
= lim sup - -
k=1 " Zaeqn(]R) N(Qn 1(a))a
p(gy " (@) N T ym)®
2 aeqn(®) (g (a))®
Now we observe that f/g < M and (40) imply for all n > 1,
ke{l,...,m}, and a € ¢,(R),

; -1
0< Z(fvlkﬂn) < V(Qn (a) mIk‘,,m) < S(fa Ik’,m) < 00

8(9>Ik,m) - N(qrzl(a)mlk,m) n i(gvlk,m)
43)

Combining (42) and (43) we deduce from (14) in Theorem 2
that

lim sup e =)
n—oo

(42)

lim sup (1= (H (4n)—H (qn))

n— 00
< (S( Ikm
— Z(.q Ikm
(

S Sflkm
£

Ikm

) ZGEQn(R) u(qgl(a) N Ik,m)a
lim sup —
nreo > acq, ®) Man (@)

B1 d\
g
) f[km /h dji

gﬁl dA
where [ is defined in (34) and we have defined
T < S(f7 Ik: m) > ¢
hm = 15, | ———=
2 ()

Here 14 denotes the characteristic function of A C R defined
by 1a(z) =1if x € Aand 14(z) = 0 if z ¢ A. Similarly
we obtain

(44)

~ | — \./\_/

lim inf (- (S (@) —H3 (@) > /hmdﬂ 45)

n— oo

with m
< fa Ik m) )
Z Ui 5o 703
ga Ik m)
Obviously, h,, < R, and since f, g, and f/g are continuous
on [ and the common length of the intervals I ,, converges
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to zero as m — oo,

n}iiIlmhm(x) = Tr}ijrlmﬁm(x) = (f(x)/g(x))a for all x € I.

Since the h,,, are uniformly bounded, from Fatou’s lemma and
by dominated convergence, we get

/(f/g)a di = /liminfﬁm di < liminf [ h,,dj
m—r o0 m— 00
< timsup [T di= [ (7/9)" di. 40

Combining (46) with (44) and (45) we obtain

lim (@ (HE (a0)~HE (0:)) _ /(f/g)a dji

n— oo

By the definition of [ in (34) this yields (37).

2. We now prove relation (37) under the stated assumptions.
Since f is weakly unimodal, the set Is = {z : f(x) > 0} C
I is a compact interval for all § > 0 small enough. Since
Usso Is = I, we have v(I \ Is) — 0 as § — 0, and we also
have (I \ Is) — 0 as § — 0 because /i(-|I) is absolutely
continuous with respect to v. Consequently,

lim sup

msu / (/)" d— v(I5)~® / (f/9)" di
<M(A(I\ I5) + 11— v(Ls)~*|a(Ls)) — 0 (47)

as § — 0. Set [cs,ds] := I5. Using (41) and (17) in Lemma 1
we obtain

e(l—a)(Hff (Qn)_Hs(Qn)) —

D acq.® V(a0 (a)®
2acan(®) p(gn(a))®
v(I5)™ Yaeq, @ V(@ (@) N I5)*
2Lacqn(®) p(gnt(a))®
Zaeqn(R):qgl(a)CI\IJ (g, (a)®
ZQEqn(R) M((J;l( ))e
11(q * (gn(cs)))™ + u(qn 1(
> acqn(®r) Hlan " (a)
Eaéqn(R):q;I(a)cIJ v(g, ' (a)®
e ®) Han ' (a))°
v(I5)™* Yaeqnm V(@ (@) N 15)"
> acan () Han ()
> aeqn r) Mgy (@) NI\ I5)*
Zaeqn(R) M(qrjl(a))a
Ea:Eqn(R):q;l(b)Cfé V(qgl(a) N1s)*
Y acq.®) H(gn (@)
v(I5)™ Y aeq, @ V(@ (@) N 15)*
> e ) an (a)e

limsup e(l_a)(Hy(j(‘\I{;)(Qn)_Hs(Qn))

n—oo

= lim sup
n—roo

< M lim sup

n—oo

+ M® lim sup

n— oo

qn(ds)))"
)

Ha)e

+ lim sup

n—oo

= M®limsup
n—roo

4+ lim sup

n—o0

IN

M®p(I\ Is)

+ (1 —-v(Is5)™%) x
Dacan(®):qit@cry V(@ (@) N Is)”
> acan(®) wlgn (@)

X lim sup
n—oo

v(Is) M x
15 (gn(cs)))* + 1(gy, * (g (ds)))™
EQEq”(R) M(QEI (a))~
< ME(IN\T5) +1—v(l5)"%) =0
as 6 — 0. Noting that the density of v(:|Is) satisfies the

condition imposed on f in step 1, we obtain from this step
that

X lim sup
n—roo

(48)

lim e HI 15 (an) = H i (an))
n—oo

— () / (/o) di (49)

Combining (47),(48), and (49) we obtain that given any € > 0
we can can choose § = d(¢) > 0 small enough and N =
N (9, ) large enough such that for all n > N,

(1= (HJ (gn)—H (qn)) _ /(f/g)“ dﬂ’ <e
I

which yields (37).

3. We finish the proof by proving assertion (38). Using
definition (32) we get

e B (an) / |z — gn(z)|" dv(z)
= (a0 /(f/g) M.
Thus Corollary 1 (ii) and (37) yield

Jim 120 [z = g, @) ()
_ (W) [t

Using (33) we calculate

lim "2 (@) / 1 — gn ()| dv(z)

n— oo

_([(F]9)g% AT
- (M) oo

([ dA)lT“ ([ a7 ar)
=C(r) (/ fegh—« d/\>1:a (/ fgﬂl—ldA). (50)

Using deﬁnition (12) it is easy to check that f; —a = 1;2 and
$1—1 = —1-, and hence (50) is equivalent to (38), completing
the proof O

V. CONCLUDING REMARKS

We extended point density and mismatch results in fixed and
variable-rate asymptotic quantization theory to scalar quanti-
zation with Rényi entropy constraint of order « € (0,1). We
showed that the Rényi entropy contribution of a given interval



IEEE TRANSACTIONS ON INFORMATION THEORY

to the overall rate for a sequence of asymptotically optimal
quantizers is determined by the so-called entropy density of
the sequence, an analog of the traditional quantizer point
density function. A dual of this result quantifies the distortion
contribution of a given region to the overall distortion. We also
proved a mismatch formula for a sequence of asymptotically
optimal Rényi entropy constrained scalar quantizers. One can
recover the known results for the traditional rate definitions by
formally setting o = 0 or @ = 1 in our density and mismatch
results.

A natural question is whether the density and mismatch
results of this paper can be generalized to higher dimensional
(vector) quantization. To make progress in this direction, one
first needs to generalize Theorem 1 to higher dimensions
(cf. [21, Section VIII]) to obtain an analog of Zador’s fixed
and variable-rate vector quantization results for Rényi entropy
constraint. Assuming one can prove such a result, the main
difficulty in generalizing our proofs seems to be controlling the
entropy contribution at the boundary of hypercubes (higher-
dimensional intervals).

Another interesting question is whether the coincidence of
distortion and entropy densities described by (35) in Remark 5
is particular to quantization with Rényi entropy or is a deeper
phenomenon. In particular, one can ask whether replacing
Rényi’s entropy with some more general information measure
(c.f. [9]) would preserve the existence of and the special rela-
tionship between entropy and distortion densities. Answers to
these questions would provide a more complete understanding
of some of the finer aspects of quantization theory.

As mentioned before, an analog of the fixed-rate point
density result of Bucklew [7] (see (4)) cannot hold for arbi-
trary sequences of asymptotically optimal entropy-constrained
quantizers. However, point densities play an important role in
our intuitive understanding of the structure of optimal quan-
tizers, and may provide (heuristic) guidance in constructing
(nearly) optimal quantizers. Thus it would be interesting to
find a framework within which rigorous point density result
can be proved for Rényi entropy constrained quantization (and
for traditional entropy-constrained quantization). For the scalar
case, companding quantization provides such a framework, but
for higher dimensions, the restriction to companding usually
precludes asymptotic optimality [5].

VI. APPENDIX

Proof of Lemma 1. We first show (16). The asymptotic
optimality of (g,,) for p implies that D,,(g,) — 0 as n — oo.
Since p has a density, this yields, via Lemma 2 below, the
intuitively obvious fact that

lim max{p(g, ' (a)) : a € gn(R)} = 0.
This also gives for i € {1, 2},
li_>m max{u; (g, (a)) : a € ¢g,(R)} = 0. (1)

Let p = (p1,p2,...) be a probability vector and Py, =
max{p; : ¢ € N}. Since a € (0,1), we can lower bound

2 ge" 1 - a
H"(p) 1—a10g (ZM)
i=1
1 lo < i pi \"
1 —« g max P pmax

~log (pmdxz b )

v

pmaX
= - IOg Pmax-

Combing this bound with (51) yields (16).

Next we prove (17) by contradiction. If (17) does not hold,
then there is a 7" > 0 and a subsequence of (gy,), which we
also denote by (gy,,), such that

11(q, * (qn(p)))”

li — =T. (52)
nl—)H;o Zann ®) ,U/(QH l(a))a
We have
« _ 1 ZaEqn (]R) :u‘(qn l(a))
il = 1—a1°g< o™ @)

)

+ 7 log (1(a, " (4 ()
1 EaEqn ( 1(@))

= 1—a1°g< e )" ) 9

where the inequality holds since « € (0,1). Because (g,)
is asymptotically optimal, we know that H(g,) — oo as
n — oco. But the right hand side of (53) converges to a finite
limit by assumption (52), a contradiction.

Also, (16) and an argument identical to the proof of (17)
imply that for all p € R and ¢ € {1, 2},

14i(g5, " (an(p)))™

lim =0
n—reo Zann(R /’L’L<q" ( ))a
which completes the proof. (|
Lemma 2: Assume . is a probability measure on R<, let
r > 0, and let || - || be any norm on R?. Suppose (g,) is a

sequence of d-dimensional vector quantizers (mappings g, :
R? — R? with ¢, (R) at most countable) such that

lim
n—oo R4

[z — gn(x)||" p(dx) = 0.

Then

lim max{u(g, ' (a)) : a € ¢go,(RH)} =0 (54)

n—oo
if and only if  is nonatomic, i.e., u({z}) = 0 for all z € R%,

Proof: 1f u({z}) > 0 for some x, then (g, *(q,(z))) >
u({x}) shows that (54) cannot hold. Now assume that p
is nonatomic. We proceed indirectly to prove (54). Since
[z = gn(@)||” p(dz) > f i 17 = @n (@) p(da) for all
n and a € g,(R?), if (54) does not hold then (considering
subsequences if necessary) there exist an € > 0, points

a, € R?, and measurable sets A,, C R%, such that
li_>m lx—an||” p(dx) =0, wu(A,) > e for all n. (55)
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Let B(z,0) = {x € R?: ||z — z|| < &} denote the open ball
of radius § > 0 centered at z € R?. We have for all § > 0,

[l aul (o) = 8" {40\ Blan.)
which, combined with (55), implies lim,, y1(A,, \ B(ay, ) =
0. Thus for all § > 0,
im i > e
llnrr_1>1£fu(B(an,5)) >e
This immediately implies that {a,, : n € N} is a bounded set,
since lim sup,, ||a, || = oo would yield lim inf,, u(B(ay, d)) =
0 because, as a probability measure on R?, 1 is tight. Thus
we can choose a subsequence of (a,), which we also denote
by (a,), such that a,, — a € R? as n — oo. For this
subsequence, B(ay,,d) C B(a,2d) for all n large enough,
implying, for all § > 0,

1(B(a,26)) > linrggfu(B(an, §)) > e

Since p({a}) = lims_,0 (B(a, 26)), we obtain u({a}) > ¢,
which contradicts our assumption that y is nonatomic. (]

Lemma 3: Let A > 0, B > 0, v > 0, and define F :
(0,1) - R by

Then
1 1 14y
inf{F(z):z€(0,1)} = (B Ty +A71+’v) .

If min(A, B) > 0, then F(zp) < F(z) for every z € (0,1) \
{20}, where
AT
0= T

AT+ + B1+

Proof: The assertion is obvious for the cases A =0, B =10
or A+ B = 0. Thus we can assume that A > 0 and B > 0. But
in this case the assertion follows from elementary calculus. [

A special case of the following lemma has already been
used in [7]. For the reader’s convenience we provide a detailed
proof.

Lemma 4: Let r > 1 and o« € (0,1). Let E C R be
measurable. Then,

(fa)"

B2
(fE gh al/\)ﬁ2 N (fR\E gh d>\)
RB2-1 (1— R)B2-1

= inf Re(0,1)

If u(E) € (0,1), then

B2
B2 51 B2 gﬁl dA

RB2—1 (1 - R)B2—1

for every R € (0,1) \ {Ro}, where Ry
S 9Pt dX/ [ g% dA.

Proof: The assertion follows from Lemma 3 with

y=pBF—-1=r/1—-a)>0

and
B2

B2
A:(/gﬂld)\> , B= / gt d
E R\E

(note that A > 0 and B > 0 if u(FE) € (0,1)). O
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