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On the Equal-Rate Capacity of the
AWGN Multiway Relay Channel
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Abstract—The L-user additive white Gaussian noise multiway
relay channel is investigated, where L users exchange information
at the same rate through a single relay. A new achievable rate
region, based on the functional-decode-forward coding strategy,
is derived. For the case where there are three or more users, and
all nodes transmit at the same power, the capacity is obtained. For
the case where the relay power scales with the number of users,
it is shown that both compress-forward and functional-decode-
forward achieve rates within a constant number of bits of the
capacity at all SNR levels; in addition, functional-decode-forward
outperforms compress-forward and complete-decode-forward at
high SNR levels.

Index Terms—Additive white Gaussian noise (AWGN), ca-
pacity, decode-forward, functional-decode-forward, lattice code,
multiway relay channel (MWRC).

I. INTRODUCTION

We study the additive white Gaussian noise (AWGN)
multiway relay channel (MWRC), in which L users exchange
full information at the same/equal rate via a relay. This channel
models centralized networks where users communicate among
themselves via a base station, e.g., multiuser mobile video
conference calls.

A. Main Results

We consider the AWGN MWRC with L users and one relay
where is no direct link between any pair of users, as depicted
in Fig. |1} Each user has a transmitted power constraint P, the
relay has a transmitted power constraint Py, and the receiver
noise at all users and the relay is normalized to one. Each user
is to transmit its data to all other users at the same rate. We
obtain the capacity when

LP—-1

Pogmax{ ,(LP+1)LL_1—1}. (1)

More specifically, we have

1) the capacity if L > 3 and Py = P, i.e., when there are
three or more users, and when all users and the relay
transmit at the same power;

2) achievable rates within a constant m bits of the
capacity for all P if Py = LP, i.e., when relay power
scales with the number of users.
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Fig. 1. An L-user AWGN MWRC, where Wi is user ¢’s estimate of all
other users’ messages

B. Related Work

The MWRC is an extension of the two-way relay channel
(TWRC), i.e., L = 2. Since there is an embedded relay channel
from user 1 to user 2 via the relay, and vice versa, coding
strategies proposed for relay networks [1f], [2], i.e., complete-
decode-forward compress-forward, and amplify-forward, have
been modified for the TWRC [3]], [4].

Besides the aforementioned classical relaying strategies for
relay networks, Yu et al. [S]] and Larsson et al. [|6] used the
idea of network coding [7] for the TWRC and proposed that
the relay performs a modulo-two summation of the users’
messages, and broadcasts the summation. After getting the
sum of the messages, each user can then obtain the other
user’s message by subtracting its own message from the sum.
The network-coding-like operation can also be achieved at the
modulation level, if amplify-forward is carried out using binary
phase-shift keying (BPSK) [8]] or minimum-shift keying (MSK)
modulation [9].

Since the relay needs to broadcast only the modulo-sum
of the messages (or in general a function defined such that,
having the function and its message, each user is able to
decode the message of the other user), the relay may directly
decode the function that it will broadcast without needing to
decode the individual messages. This strategy is known as
functional-decode-forward and also compute-and-forward. This
strategy was studied on the binary TWRC using binary linear
codes [10], and on the AWGN TWRC using lattice codes [10]-
[[12]. The scenario of having a relay decoding a linear function
of messages from multiple senders was studied by Nazer and

IThis coding strategy is commonly known as decode-forward. We modify
the name to distinguish this coding strategy and the functional-decode-forward
coding strategy to be discussed next.



Gastpar [[13]], [14].

Complete-decode-forward, compress-forward, and amplify-
forward for the TWRC were subsequently extended to the
MWRC by Giindiiz et al. [15]. We extended functional-decode-
forward to the binary MWRC [16]. The idea was to split
the uplink into (L — 1) blocks, and when the user pairs
(1,2),(2,3),...,(L—1, L) transmit in the blocks respectively.
In each block, the relay decodes a function (in this case, the
modulo-two sum) of the two corresponding messages, and
broadcasts the function back to the users. If each user can
decode the (L — 1) functions from the relay, it can then decode
the messages of all the other users. In this paper, we extend this
strategy to the AWGN MWRC. We propose a rotated scheme
such that for each message to be sent, the uplink is again split
into (L — 1) blocks, but different pairs of users are chosen
from {(1,2),(2,3),...,(L—1,L),(L,1)} for each message
in a round-robin fashion. This modification enables each user
to transmit at a higher power when active while keeping the
average transmitted power to P. For each block, the two active
users transmit using lattice codes as they do in the AWGN
TWRC [11].

While the aforementioned functional-decode-forward for the
binary MWRC [[16] and for the AWGN MWRC (this paper)
deals with users transmitting at the same rate, we have recently
extended this coding strategy to the finite field MWRC where
the users transmit at possibly different rates [[17]]. Note, however,
that the “rotation” of the functional-decode-forward scheme
introduced in this paper is not required for the binary MWRC
or the finite field MWRC.

The restricted MWRC was studied by Giindiiz et al. [15]
and Ong et al. [16], where each user’s transmitted signals can
only depend on it message; however, the unrestricted MWRC
is studied in this paper where each user’s transmitted signals
can depend on both its message and its previously received
signals.

It was shown by Giindiiz et al. [|[15] that for the restricted
AWGN MWRC, complete-decode-forward performs poorly at
high SNR, compress-forward achieves rates within a constant
fraction of a bit of the capacity at all SNRs, and amplify-
forward is always worse than compress-forward at all SNRs.
For the case where all nodes transmit at the same power, the
same authors noted that complete-decode-forward achieves the
capacity with “a smaller number of users”.

Note that the capacity of the restricted AWGN MWRC is
necessarily upper bounded by that of the unrestricted AWGN
MWRC. For the unrestricted AWGN MWRC with three or
more users, when all nodes transmit at the same power, we
obtain the capacity by showing that complete-decode-forward
achieves the capacity for SNR < 0 dB, and functional-decode-
forward achieves the capacity for SNR > 0 dB. As we shall
see, neither coding strategy utilizes feedback at the users, and
hence we incidentally obtain the capacity for the corresponding
restricted AWGN MWRC (for three or more users and equal
transmitted power).

For the case where the relay’s transmitted power scales with
the number of users, we show that none of the three coding
strategies can achieve the capacity upper bound. However,
we show that both compress-forward and functional-decode-

forward achieve within a constant fraction of a bit of the
capacity. At high SNR, we also show that functional-decode-
forward achieves higher rates than complete-decode-forward
and compress-forward. Furthermore, numerical results suggest
that for any L and at any SNR, either complete-decode-forward
or functional-decode-forward always outperforms compress-
forward.

C. Organization

The rest of the paper is organized as follows: In Section [T we
define the AWGN MWRC considered in this paper. We derive
an upper bound to the capacity in Section and review two
existing lower bounds to the capacity and derive a new lower
bound based on functional-decode-forward in Section [V} We
present capacity results for the AWGN MWRC in Section
Section [VI] concludes the paper.

II. CHANNEL MODEL

Fig. [I] depicts the L-user AWGN MWRC considered in
this paper, where the uplink and the downlink channels are
separated, i.e., there are no direct user-to-user links. Nodes
1,2,...,L are the users (where L > 2), and node 0 is the
relay. We denote by X; node i’s input to the channel, Y; the
channel output received by node 4, and W; node ¢’s message.
We consider full data exchange, i.e., each user is to decode
the messages from all other users.

The AWGN MWRC is defined as follows:

1) The uplink channel is the sum of all users’ channel inputs
and the relay’s receiver noise

L
Yo=Y Xi+ N,
i=1

2

where g is an i.i.d. zero-mean Gaussian random variable
with variance o.

2) The downlink consists of an independent point-to-point
AWGN channel for each user, i € {1,2,...,L}

Y, = Xo + Ny, 3)

where N, is user ¢’s receiver noise and is an i.i.d. zero-
mean Gaussian random variable with variance o?.

Consider n uses of the AWGN MWRC. We use bold
letters to define vectors of length n (in time), e.g., X =
(X[1], X[2],...,X]n]), where X[t] is the random variable
X at time ¢t. We also define Xs = {X; : i € S}. We
impose the following average transmitted power constraints
on the users and the relay: Y 7 | E[X?[t]]/n < P;, for all
je{o,1,...,L}.

Unlike previous work on the MWRC [15]], [16], we consider
the unrestricted MWRC in the sense that the transmitted signals
of each user can depend on both its message and its previously
received signals. We consider a block code of n channel uses
consisting of the following functions:

1) a set of encoding functions at each node j: X;[t] =
fi.:W;, Y51, Y502], ..., Y[t — 1]), for all j €
{0,1,...,L} and t € {1,2,...,n}, where Wy = &;



2) a decodlng function at each wuser i W; £

(Wb,lﬂ ce Wz,z 1, VV? it Ly e e Wz L) = gL(Yz, W) for
all i € {1,2,..., L}, where W, ; is user ¢’s estimate of
Wj.

Assuming that the users’ messages are independent and each
message W; is uniformly distributed in {1,2,...,2"%:}, the
average probability of error is defined as P, £ Pr {VAV” #*

W;, for some j € {1,2,...,L} and some i # j}. A rate
tuple (Ry, R, ..., Ry) is said to be achievable if and only
if (iff) the following is true: For any ¢ > 0, there exists for
sufficiently large n at least one block code defined above such
that P, < e.

We say that a node can reliably decode a message iff the
average probability that the node wrongly decodes the message
can be made arbitrarily small.

In this paper, we consider symmetrical networks, i.e., P; = P
for all users ¢ € {1,2,...,L}, and 0']2 = 1 for all nodes
j€{0,1,...,L}. So, in a symmetrical AWGN MWRC, SNRs
at all the users are equal, given by £y — Py, and the SNR at

the relay is 2 = P. Furthermore, we focus on the equal rate
R=R;, Y¥i e {1,2,...,L}. We say that the equal rate R is
achievable iff the rate tuple (R, R, ..., R) is achievable.

We define the equal-rate capacity of the MWRC (also
known as the symmetrical capacity [15]) as C 2 sup{R :
(R,R,...,R) is achievable}. The equal rate is useful in sys-
tems where all users have the same amount of information to
send, or in fair systems where every user is to be given the
same guaranteed uplink bandwidth, i.e., each user can send
data up to a certain rate, at which all other users are able to
decode.

With a slight abuse of terminology, we say that a coding
strategy “achieves” the equal rate R*, if the strategy achieves
all equal rates R < R*. So, a coding strategy is said to achieve
the equal-rate capacity if it achieves all equal rates R < C.

III. AN UPPER BOUND TO THE EQUAL-RATE CAPACITY

In this section, we derive an upper bound on the equal-
rate capacity of the AWGN MWRC. First, we quote a result
by Cover and Thomas [18, page 589]. Consider an arbitrary
network of m nodes where node i sends information to node
J at the rate R; ;. We have the following lemma:

Lemma 1: If {R; ;} are achievable, there exists some joint
probability distribution p(z1, za, ..., Z,,) such that

Z Ri,j S I(Xs;Y3c|X5c),
i€S,jES*®

forall S C {1,2,...,m}, and S° = {1,2,...,m} \ S.

Upper bounds of the type in Lemma [I] are often called
cut-set upper bounds. A cut-set upper bound to the capacity
of a network is the maximum rate that information can be
transferred across a cut separating two disjoint sets of nodes,
assuming that all nodes on each side of the cut can fully
cooperate.

By applying Lemma [I] to the AWGN MWRC, we have the
following:

“4)

Lemma 2: The equal-rate capacity of the AWGN MWRC
is upper-bounded by

< i — log(1 + ¢2P
C= ee{l,g,l.l..r,lL—l}{% og(1 + ),

AN
= Ruys.

log(1 + Po)}

(5)

Proof: Let a strict, non-empty subset of users be ¢/ C
{1,2,...,L}, and define Y° = {1,2,..., L} \ U, i.e., the set
of users not in &. We have 1 < |U{| < L — 1. Consider the cut
separating & and {0} U U°, i.e., the relay is grouped with U°.
The total information flow from U to {0} U U is Wy, with
the sum rate of |{/|R. We have the following rate constraint
on these messages, for all i/ C {1,2,...,L}:

UIR < I(Xu; Yioyuue| Xoyuue) (6a)

= h(Yoyuwe | Xoyuwe) — M(Y{oyuwe| Xu, Xgoyuue)
(6b)

X01,..,1) (60)

<h (Z Xi + N07Nuc> — h(No, Nye)

icU

2L — 1)

— (Yo, Yie

XO) XUC) - h(YOa YZ/{C

(6d)

=h (Z X; + No> + 1(Nue) = h(No) — I(Nyse)

icu

(6e)
1 ’ 1
510g27re (Z\/PZ) + o2 —510g27recr(2)

€U

(61)

1
R< ——log (1+|U]*P 6
<o og (L+[U|*P), (6g)

where ( is because (Zieu X; + NO) and Ny are indepen-
dent, and so are all N, fori € {0,1,...,L}; @ follows from
the result that Gaussian inputs {X; : i € S} maximize the
entropy subject to a second moment constraint [[18, Theorem
8.6.5], and by taking X; = X;,Vi,j € U; and (6g) follows
from our definition that 03 = 1 and P, = P, for all
1e€{1,2,...,L}.

Now, we consider the cut separating {0} U U/ and U°. The
total information flow from {0} U U to U° is again Wy, with
the sum rate of |U/|R. We have the following rate constraint

on these messages, for all i/ C {1,2,...,L}:
U|IR < I(X{o}uu; Yiie| Xue) (7a)
h(Yue| Xue) — h(Yue| Xo,1,....1}) (7b)
< h(Yye) = h(Nye) (7c)
< h(Yye) — h(N;), forsome i€ U  (7d)
1 1
R< |U| (h(Yuc) ~3 log 27re> , (7e)

where is because 02 = 1, Vi. The above must hold when
|U| = L — 1, meaning that /€ is a singleton. So, we must have

1
|L -1
1
=L —1)

R<

( log 2me(1 4+ Py) — = log 27re> (8a)

log(1 + Py), (8b)



where is because Gaussian input X maximizes the entropy
subject to a second moment constraint.

Since the rate R must be bounded by constraints (6g) for
all 1 < |U| <L -1 and (BB), we have Lemma 2] ]

IV. LOWER BOUNDS TO THE EQUAL-RATE CAPACITY

A. Existing Strategies

Giindiiz et al. [15] considered the AWGN MWRC where
users, grouped into multiple clusters, exchange information
through one relay. Users in each cluster fully exchange their
messages, but they do not exchange any information across
clusters. Setting the number of clusters to one, we get the
MWRC considered in this paper. Hence, we have the following
two achievable rates:

1) Complete-Decode-Forward: Using the complete-decode-
forward coding strategy, the relay decodes all users’ messages
on the uplink. It then re-encodes and broadcasts a function
of the messages back to the users on the downlink [4], [15]],
[19]]. The function is also constructed such that each user can
decode all other users’ messages from the function and its own
message. Complete-decode-forward can achieve the following
rate [15, Proposition 3]:

Proposition 1: Consider an AWGN MWRC. Using the
complete-decode-forward coding strategy, the following equal
rates are achievable:

1
inq —log(1+ LP
R<m1n{2L og(l1+ LP),

1

2(L-1)
©)

2) Compress-Forward: Using the compress-forward coding
strategy, the relay quantizes its received signals. It then encodes
and broadcasts the quantized signals to the users [4], [[15]], [20].
The quantization level is determined such that each user can
decode the quantized signals, which contain the sum of all users’
transmission, uplink channel noise, and quantization noise.
Subtracting its own transmission from the quantized signals,
each user then decodes other users’ messages. Compress-
forward can achieve the following rate [[15, Proposition 4]:

Proposition 2: Consider an AWGN MWRC. Using the
compress-forward coding strategy, the following equal rates
are achievable:

1 (L—1)PP,
R<30 log(H 1+ (L_1)P+ Py

Remark 1: It has been shown that the compress-forward
coding strategy always achieves a higher equal rate than that
achievable by the amplify-forward coding strategy [15, Remark
2]. Hence, amplify-forward will not be considered in this paper.

Although the aforementioned rates were derived for the
restricted AWGN MWRC, they are equally applicable for the
unrestricted AWGN MWRC considered in this paper.

> £ Rer. (10)

B. Functional-Decode-Forward

In this section, we propose a functional-decode-forward
coding strategy for the AWGN MWRC. This strategy is based
on our previous work on functional-decode-forward for the
binary MWRC [16], where the uplink transmission is split

log(1 + Po)} £ Repr.

into (L — 1) blocks of n channel uses, and the node pairs
(1,2),(2,3),...,(L —1, L) transmit using binary linear codes
in the respective blocks. For the AWGN MWRC, we propose
the following modifications for the uplink transmission:

1) We consider multiple message
wim wim™ W™ form e {1,2,... ).

2) Instead of having fixed user pairs to transmit for each
message tuple (as for the binary case), we rotate the
transmission scheme such that the pair of users that
transmit in block [ € {1,2,..., L—1} for message tuple
m e {1,2,...,} are users ({+m —2 mod L)+ 1 and
(I+m—-1 mod L)+ 1.

3) We use lattice codes for the uplink transmission.

tuples,

An example of the transmission scheme for L = 5 for the first
five message tuples is shown in Fig. 3] of Appendix
Define [z]* £ max{x,0}. We now show that functional-
decode-forward achieves the following rate:
Theorem 1: Consider an AWGN MWRC. Using the
functional-decode-forward coding strategy, the following equal
rates are achievable:

R < min {“111% (; T §P>r,
( )

Q(Lll)log(1+P0)} 2 Rppr. (1)

Proof: Consider n uses of an AWGN multiple-access
channel Yy = X; + X5 + Ny, where X; and X, are the
inputs with power > | E[X?[t]]/n = Y7, E[X3[t]]/n =
P’ and Nj is the independent zero-mean Gaussian noise with
E[Ng] = 1. Let Cagice be an n-dimensional lattice code, where
|Clattice| = 2%, If the transmitters send X; = V;+d; mod A,
for i € {1,2}, where V; € Cluice are lattice codewords, d; are
independent but fixed dither vectors, and mod A is the modulo-

lattice operation [21]], then the receiver can reliably decode
Via & V(W) + Va(Ws) mod A from Y if [11]-[14],

[22] N
1 1 ,
R<{210g<2+P>} .

Uplink: Now, for the AWGN MWRC, each user i
bijectively maps its message Wi(m) € {1,2,....2"F} to a
lattice codeword Vi(Wi(m)) € Clagice- For message tuple m,
in block [, nodes (I +m —2 mod L)+ 1 and (I + m — 1
mod L) + 1 transmit, and all the other nodes do not transmit,
ie.,

(12)

Vi+1(Wi(f1)) +dit1 mod A,
ifi=014+m—2 modL
X (W) = '
#1(Wigr) ori=Il4+m—1 modlL
0, otherwise,
(13)

where O is the all-zero vector.

The aforementioned transmission scheme repeats itself after
every L message tuples. Consider a window of L message
tuples, e.g., from the first tuple to the L-th tuple. As there
are L — 1 blocks of transmission for each message tuple,
there are all together L(L — 1) blocks of transmission. Since



we cycle the transmission scheme according to (I3)), each

node transmits in one block for two of the L message tuples,

and transmits in two blocks for the other (L — 2) of the

L message tuples. For the example of L = 5, see Ap-

pendix |A| If each user transmits with >\ E[XZ[]]/n =
1

%P = 7 when active, the average transmltted power

is then Z”L@ Y E[X2[t]]/(nL(L — 1)) = P. So, we choose
P’ fP Note that had we used the same scheme for the
binary MWRC, i.e., fixing the pairs (1,2),(2,3),...,(L—1,L)
to transmit for every message tuple, then each user could only
transmit at the average power of & 2_1 P, because all users must
transmit at the same power using the same lattice code, and
nodes 2,3, ..., L —1 each transmit in two of the L — 1 blocks
for each message tuple.

For any message tuple ¢, the user pairs that transmit in the
(L—1) blocks are {(1,2),(2,3), (3,4),...,(L—1,L),(L,1)}
except for the pair ([t+L—2 mod L]—|—17 [t+L—1 mod L]+
1). In each block where a pair of users, say users ¢ and j,
transmit, the relay decodes the function V;; £ V(W) +
V;(W;) mod A. From (I2), we know that if

1 1 L _\1"
R < [2(L -y log <2 + 2P)] ,
then the relay can reliably decode the function V'; ; in each
block. The factor 1 takes into account that there are (L —1)
blocks for each message, and P’ = %P is the transmitted
power of each active user in each block.

Downlink: Note that each function V'; ; € Ciayice,» Where
|Claice] = 27, For a message tuple, let the cascade of the
functions that the relay decodes in all the (L — 1) blocks be
W, which can be indexed by U € {1,2,...,2"(E=DEY On
the downlink, for each message tuple, the relay broadcasts the
corresponding U to all the users. As each downlink channel is
a point-to-point AWGN channel, each user can reliably decode
U if

(14)

(L-1)R< %log(lJrPo). (15)

Decoding of Other Users’ Messages: Now, consider the
first message tuple, m = 1. Suppose that each user has decoded
U sent by the relay. Since the mapping from W to U is bijective,
each user can recover W = (V1 5,Va3,...,V_1 ). From
W and the user’s own lattice codeword V;(W;), the user can
recover the codewords of all the other users [[16]. Since the
mapping from W; to V;(WW;) is also bijective for all ¢, every
user can recover all other users’ messages. It can be shown
that for every message tuple, the aforementioned operation
can be performed because the user pairs that transmit are
{(1,2),(2,3), (3,4),...,(L—1,L),(L,1)} less one.

Combining (T4) and (I3), we get Theorem [I] |

Remark 2: Note that the strategy proposed here is different
from the strategy described by Giindiiz et al. [15, Section
IV. B.], which also uses lattice codes, where there is more
than one cluster with two users in each cluster, and only the
two users in each cluster exchange messages. When only two
users exchange information, the previously proposed functional-
decode-forward strategy for the TWRC [11]], [[12] can be used.
In the MWRC considered in this paper, there is only one cluster
with L users and all users engage in full data exchange.

Remark 3: Setting L = 2 for Theorem |l| we recover the
result for the TWRC [11].

Remark 4: Note that the functional-decode-forward strategy
relies on the condition that each user can form L — 1 linearly
independent equations consisting of the other users’ messages
(after removing its own message). This suggests L. — 1 blocks
of transmission on the uplink. In each block, we are free to
choose the set of users that transmit, as long as the linear-
independence condition can be met for each user. On the one
hand, if K > 2 users transmit simultaneously in each block
(using lattice codes), for the relay to decode the modulo-sum of
the K codewords, we impose R < ﬁ log (% + P') [22).
Furthermore, the more blocks in which a user transmits, the
lower its transmitted power P’ to maintain an average of P.
On the other hand, if only one user transmits in one of the
blocks, after removing its codewords, the user will not get
L — 1 linearly independent equations from the relay. So, the
minimum number of simultaneous transmitted codewords in
each block is two if we fix the number of blocks to be L — 1.
In fact, if we have L blocks and let one user transmit in each
block, we get the complete-decode-forward rate [c.f. ©)].

Remark 5: Time-division multiple-access (TDMA) is in
general sub-optimal in terms of spectral efficiency. However,
one can show that in the symmetrical AWGN multiple-access
channel, where all transmitters have the same power constraint
and transmit at the same rate, TDMA is optimal (note that
simultaneous transmission is always optimal in the multiple-
access channel). We indeed have this configuration for the
uplink of the AWGN MWRC. It is worth noting that functional-
decode-forward, which uses TDMA on the uplink, achieves
an uplink pre-log factor of ﬁ [see the first term on the
RHS of (TI)], which is higher than the pre-log factor ﬁ of
the complete-decode-forward [see the first term on the RHS
of (9)], which uses simultaneous transmission on the uplink.
In fact, functional-decode-forward achieves the pre-log factor
of that of the uplink upper bound.

V. THE EQUAL-RATE CAPACITY

We first show that complete-decode-forward and functional-
decode-forward can achieve the equal-rate capacity upper
bound. Let Rjjp = ﬁ log(1 + Py), i.e., the last term on
the RHS of (8). Note that Ryp < R{j. So, any coding strategy
that achieves Ry also achieves C.

Next, we show a sufficient condition for the rate R{jB to be
achievable.

Theorem 2: Consider an AWGN MWRC. If

L+ ooy )—1} (16)

LP —
Py < max {
then the equal-rate capacity is

C = log(1 + Pp). (17)

1

2(L — 1)
Proof of Theorem |2} Note that L > 2 If Py < LE-1,

then %—&—%P > 1+ Py, and hence Rypr = ( 10g(1+P0)

€' In addition, if 7y < < (1+LP)*TH) - L then s log(1+
Py) < 5-log(1+ LP), and Repr = 2(L ) 1og(1 +FRy) =C.
]



Remark 6: For any L > 2, we have that

max{QlLlOg(l +LP), {Q(Ll_l)log (i * §P>r}

< ﬁ log(1+ (L —1)P)

< %log(l +P) < %glog(l +02P),
for all ¢ € {1,2,...,L — 1}, because 5, log(1 + (P) is a
monotonically decreasing function of ¢. This means the first
terms on the RHS of (9) and are strictly less than that of
(E]). So, complete-decode-forward or functional-decode-forward
can achieve the equal-rate capacity upper bound only when
Rus = R{jz, and when R[j; is achievable.

Now, we investigate two special cases of equal transmitted
power, and of scaling of the relay’s transmitted power with the
number of users.

(18a)

(18b)

A. Equal Transmitted Power for Relay and Users

In this section, we consider the case where the transmitted
power of all users and the relay is equal, i.e., Py = P. This
means the SNR is P for all nodesf| Under this condition,
the equal-rate capacity upper bound simplifies to Rygp =
2(L 7y log(1 + P).

Remark 7: Note that L is an integer greater than one. For
any fixed P, as L — oo, Ryg — 0. Any coding strategy that
achieves a non-zero equal rate can be said to approach the
capacity upper bound (in an absolute sense) as L increases.
So, in this paper, we consider non-trivial cases of fixed L and
increasing P.

We have the following capacity result:

Theorem 3: Consider the AWGN MWRC with Py = P.

1) For L > 3: The equal-rate capacity is
1
C=——log(l+ P).
5L 1) og(1+ P)
e If 0 < P < 1, the capacity is achievable by complete-
decode-forward.
o If P > 1, the capacity is achievable by functional-
decode-forward.
2) For L = 2:

19)

1 1 *
Rppr = |:2 log (2 + P>:| >C — G(P), (20)

where €(P) = min{%, m}

Remark 8: Note that limp_,o €(P) = 0 and
limp_, o 61%{;) = 0. So, functional-decode-forward achieves
the equal-rate capacity asymptotically as P increases in an
absolute sense as well as in a normalized (to the upper bound)
sense.

Remark 9: In complete-decode-forward and functional-
decode-forward, each user’s transmitted signals depend only

on the user’s messages So, Rcpr and Rppg are also achievable

>The case of equal transmitted power for L = 2 (two users) was also
considered by Wilson et al. [11].

on the restricted AWGN MWRC. Since the equal-rate capacity
of the restricted AWGN MWRC must be upper bounded by C,
we incidentally obtain the equal-rate capacity of the restricted
AWGN MWRC for L > 3 and Py = P.

Remark 10: While the observation that functional-decode-
forward achieves the capacity asymptotically for L = 2 was
made previously [11]], [I2], Theorem [3] provides an explicit
upper bound on the gap.

Proof of Theorem 3} First consider L > 3. When P > 1,
we have £P > 1 + P, and hence 1 + £P > 1+ P. So,
Rppr = Ryp = C.

From the proof of Theorem 2] we know that the COl‘ldlthIl

under which Repr = Ryg is when P < (1 + LP) -1,
L—-1
or equivalently, (11++L}f ) > 1+ P. Defining a(L, P) =
—1
LD and 3(P) = 1+ P, we now show that if 0 <
P <1, then a(L, P) > B(P). Note that a(L,0) = 5(0) = 1,
and 5 3(P) =1 for all P. In addition,
d
ﬁa([/ P)=(L-1)?0+P)"ta+LP)*2>0 21)
d? i _
ﬁa(L P)=(L-1)’L(A+P) a1+ LP)3

x (L —3—2P). (22)

Recall that L > 3. We have dPa(L P)|p_y> 1. Zra(L,P)
decreases as P increases, and dp2 a(L, P) < 0 when P > L2 g
So, there exists a point P*(L) > 0 where a(L, P) > B(P)
for P < P*(L), and (L, P) < S(P) for P > P*(L). Now,
fixing P = 1, we have

(1+1)/2>2 (23a)
1+LP

(1+P) >1+P (23b)

a(L, P) > B(P). (230)

This means P = 1 falls into the region in which «(L, P) >
B(P), meaning P*(L) > 1. So, Rcpr = Ryg for L > 3 and
0<P<L

Next, for L = 2, we have Rppr = = log ( + P) as the first
term is smaller than the second term 1n the RHS of (TI)). Note

that L logz = 1> and 455 logz = ——1— < 0. So,
d
log (x4 0) < logz + d—ylogy ((x4+96)—x) (24a)
y=z
~logz+ ——. (24b)
ST T2
Hence,
C < Ryg (25a)
1 1 1 1
<zlg|(z+P|+-—2— 25b
2°g<2 > 2(P+1)n2 (23b)
1
— R [ — 25
PF Y P L 1) In2 (25¢)
Furthermore, ¢ < Ry = 3log(l + P) =

blog (2 (4 +£)) = Hlog (5 +£) + 4 & Reor 1



In addition to the capacity results in Theorem [3] we have
the following theorem:

Theorem 4: Consider the AWGN MWRC with Py = P and
L > 3. We have the following:

1) Complete-decode-forward:

a) Rpp< C,if P>LY1—1;

b) Rcpr = C — O(log P), as P — oo.
2) Compress-Forward:

a) Rcr < C, for all P;

b) RCF_>C_2(L7171)10g(1+ﬁ),aSP—>OO.

Proof: The proof is presented in Appendix [B] ]

The aforementioned theorem implies that when there are

three or more users, of the coding strategies studied in this

paper, only functional-decode-forward achieves the equal-rate
capacity in the high SNR regime.

B. Transmitted Power for Relay Scales with L

In this section, we consider the case where the transmitted
power of all users is equal but the transmitted power of the
relay scales with the number of users, i.e., Py = LP. This can
be used to model networks in which a line-powered base station
(the relay) serves multiple mobile users, and we can increase
the transmitted power of the base station to accommodate
the addition of new users. In this case of scaling the relay’s
transmitted power, the SNR at the relay is P, but the SNR at
the user is L P. Unless otherwise stated, we take SNR to mean
the SNR at the relay, which is P.

For the case of scaling power, we have Rcpr = i log(1 +

LP), and Repr = | iy log (4 + gp)]
Remark@ that max{ Rcpr, Rrpr} < Rus. It is also possible to
show that Rcr < Ryg (see Appendix [C-C)). Therefore, none of
the coding strategies discussed in this paper can achieve Ryg.
However, we will investigate how close a rate we can achieve
compared to the upper bound R{p = ﬁ log(1 + LP).
Since R’UB — 0, as L — oo, we will consider fixed L and
increasing P.

Theorem 5: Consider the AWGN MWRC with Py = LP.
We have the following:

+
. It follows from

1) Functional-decode-forward:
a) Rppr > C — m for all P.
2) Complete-decode-forward:

a) Rcpr < Ruyg, for all P;
b) Rcpr < C — O(log P), as P — oo.

3) Compress-forward:

1+(2L-1)PY.
a) Rep > C — 2(L1—1) log 1+((L—1))P )
b) Rer = C — gy log (1+ 751 ), as P oo,
Proof: The proof is presented in Appendix [C] ]

Remark 11: Tt has been shown that compress-forward
achieves rates within a constant ﬁ bits of the equal-rate
capacity of the restricted AWGN MWRC [15, Theorem 1]. In
this paper, we further show that this coding strategy can also
achieve within a constant fraction of a bit of the equal-rate
capacity of the unrestricted AWGN MWRC when Py = LP.

2.5 T T T T T
capacity upper bound
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Fig. 2. Comparing different coding strategies and the capacity upper bound

(Pp = LP, L = 3, varying SNR = P)

Furthermore, we have the following comparison at high SNR:

Corollary 1: Consider the AWGN MWRC with Py = LP.
L—14+/(L—1)2+4L

If P> ¥ JE— then Rgpg > Rck.
Prggf} If P > W’ then LP2 . (L _
)P — 1 > 0, meaning that ﬁbg (L+L8)y >

_ 2
ﬁ log (1 + %), and thus Rrpr > Rcr. |

From 1(a) and 2(b) of Theorem [5] we know that functional-
decode-forward achieves rates within a constant fraction of a
bit of the equal-rate capacity, and the complete-decode-forward
rates are bounded away from the capacity at high SNR. From
Theorem [I] functional-decode-forward achieves higher rates
than compress-forward at high SNR. Hence, in the high SNR
regime, functional-decode-forward outperforms the other two
schemes.

Fig. 2| compares the maximum achievable rates of different
coding strategies and the capacity upper bound. We fix the
number of users at L = 3, and vary the SNR (defined as
the SNR at the relay). At low SNR, complete-decode-forward
achieves rates higher than the other two coding strategies. As
SNR increases, the performance of complete-decode-forward
degrades, as predicted in Theorem [5] As expected, functional-
decode-forward and compress-forward achieve rates within
constant gaps from the capacity upper bound, and the former
achieves a higher rate at high SNR. In this example, we
see that at any SNR, either complete-decode-forward or
functional-decode-forward outperforms compress-forward. This
phenomenon is also observed for different L, and leads to the
following conjecture:

Conjecture 1: Consider the AWGN MWRC with Py = LP.
For any L and any P, Rcr < max{Rcpr, Rrpr}-

VI. CONCLUSIONS

We extended functional-decode-forward to the AWGN
multiway relay channel (MWRC), and derived a new achievable
equal-rate region for the channel. Combining this strategy with
an existing strategy, complete-decode-forward, we obtained the
capacity for the AWGN MWRC with three or more users when
all nodes transmit at the same power. Thus the AWGN MWRC
is one that, at the time of writing, requires more than one
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Fig. 3. Functional-decode-forward for five users

coding strategy to achieve the capacity. The capacity-achieving
strategies do not utilize feedback from the channel to the users,
which implies that feedback does not increase the equal-rate
capacity of the AWGN MWRC when all nodes transmit at the
same power.

For the case when the relay power scales with the number
of users, the bottleneck of the network is no longer on the
downlink, and we demonstrated that none of functional-decode-
forward, complete-decode-forward, or compress-forward is able
to achieve the capacity upper bound. However, functional-
decode-forward and compress-forward achieve rates within a
fixed number of bits of the capacity.

Numerical results suggest that for any L and at any SNR, ei-
ther complete-decode-forward or functional-decode-forward is
able to outperform compress-forward. So, for AWGN MWRCs
with equal transmitted power and where the relay’s transmitted
power scales with the number of users, among the four
coding strategies, namely, functional-decode-forward, complete-
decode-forward, compress-forward, and amplify-forward, as far
as the transmission rate is concerned, complete-decode-forward
and functional-decode-forward will suffice.

APPENDIX A
FUNCTIONAL-DECODE-FORWARD FOR FIVE USERS

The transmission scheme for L = 5 for the first five message
tuples is shown in Fig. [3] The symbol M means that the node
(say node 7) transmits using lattice codes X; = V,(W;) +
di mod A with power Zone block E[X?H]/’n = %Pé while [
means that it does not transmit, i.e., X; = 0. Since, each node
only transmits in a fraction of 2% of the time, the average
transmitted power is P.

APPENDIX B
PROOF OF THEOREM 4]
A. Complete-Decode-Forward
If ﬁ log(1+ P) — ﬁ log(1+ LP) > 0, then Rcpp =
5 log(1 + LP). Now,

ﬁ log(1+ P) — % log(1 + LP)
_ m (Llog(1+ P) — (L — 1)log(1 + LP))
(26a)
! LP+1
2ML—1)O%O+}3(LUbg(P+1)>
(26b)

> — 1 (log(1+P) = (L—1)logL),

2L(L — 1) (26¢)

1
where the last inequality is because 1 < (L}f Y < L1

for L >3 and P > 0. So, if P > LE~! — 1, the RHS of (26b)
is strictly positive, meaning that Rcpr = i log(1+ LP), and
C — Rcpr > 0.

For any fixed L, from (26Db), as P — oo, we have Rcpp =
C - st <log(1 +P)— (L—1)log (“f

+4

=C — O(log P).

B. Compress-Forward
_ 1 (L—-1)P?

Ber = gy loe <1 RNy P) (272)
B 1 1 1+(L-1)P
T R Ty log( 1+ LP >

(27b)
1 P
1 1

For any fixed L, as P — oo, we have Rcp — Rug —

s log (1+ ﬁ)

APPENDIX C
PROOF OF THEOREM [3]

A. Functional-Decode-Forward

When Py = LP, Rppr = ﬁ log (3 + £ P). Now,

C<Rip= ﬁ log(1+ LP) (28a)
— 72(;_ 5 log (; + gp + % + §P> (28b)
L
< ﬁ (log <; + §P> + (;iéiﬁm) (28¢c)
— Repr + m (284)

where follows from 24B). So, Repr > C' — qrr—1yms-



B. Complete-Decode-Forward

When Py = LP, Repr = 57 log(1+ LP) < 57— log(1+
LP) = RI/JB < Ryg. Next,

1
Repr = Ry — [ -

2(L-1) %

1
2L} log(1+ LP)

<C+

1
2L} log(1 + LP),
(29b)

where (29b) follows from (28d) and Repr < C. So, for any
fixed L, Rcpr < C — O(log P)

1 1
2(L—1)In2 {2(L— 1)

C. Compress-Forward

1 L(L —1)P?

Rer = =1y 108 (1 TNy LP> (302)
1
1 1+(L-1)P
tom ) 8 (1 + (2L — l)P) (30b)
1 1+ (2L —1)P
/
= Ry — 1
s = o~y loe < 1+(L-1)P ) (30c)
So, R > C L _Jog (1EL=LP nd
0, ficr 2 -1 8\ 1r@z-np )» @

: 1+(2L—1)P

limp_; o0 2(L1—1) log ( 1+((L—1))P ) = 2(L1—1) log (1 + %)
We can also show that Rep < gz log(1+ (L — 1)P) <

57 log(1 4 ¢2P), for all £ € {1,2,..., L — 1}, where the last

inequality follows from (I8b). So, Rcr < Rus.

REFERENCES

[1] T. M. Cover and A. A. El Gamal, “Capacity theorems for the relay
channel,” IEEE Trans. Inf. Theory, vol. IT-25, no. 5, pp. 572-584, Sept.
1979.

G. Kramer, M. Gastpar, and P. Gupta, “Cooperative strategies and capacity

theorems for relay networks,” IEEE Trans. Inf. Theory, vol. 51, no. 9,

pp. 3037-3063, Sept. 2005.

[3] B. Rankov and A. Wittneben, “Spectral efficient signaling for half-duplex
relay channels,” in Proc. 39th Asilomar Conf. Signal Syst. Comput.,
Pacific Grove, USA, Oct. 28-Nov. 1 2005, p. 1066.

[4] ——, “Achievable rate regions for the two-way relay channel,” in Proc.
IEEFE Int. Symp. Inf. Theory (ISIT), Seattle, USA, July 9—-14 2006, pp.
1668-1672.

[5]1 Y. Wu, P. A. Chou, and S. Kung, “Information exchange in wireless
networks with network coding and physical-layer broadcast,” in Proc.
Conf. Inf. Sci. Syst. (CISS), Baltimore, USA, Mar. 16-18 2005.

[6] P. Larsson, N. Johansson, and K. E. Sunnel, “Coded bi-directional
relaying,” in Proc. 5th Scandinavian Workshop Wirel. Ad Hoc Netw.
(ADHOC), Stockholm, Sweden, May 3—4 2005, p. 15.

[71 R. Ahlswede, N. Cai, S. R. Li, and R. W. Yeung, “Network information
flow,” IEEE Trans. Inf. Theory, vol. 46, no. 4, pp. 1204-1216, July 2000.

[8] S. Zhang, S. Liew, and P. P. Lam, “Physical-layer network coding,” in
Proc. 12th Int. Conf. Mob. Comput. Netw. (MobiCom), Los Angeles,
USA, Sept. 24-29 2006, pp. 358-365.

[9] S. Katti, S. Gollakota, and D. Katabi, “Embracing wireless interference:

Analog network coding,” in Proc. 2007 ACM SIGCOMM Conf., Kyoto,

Japan, Aug. 27-31 2007, pp. 397-408.

W. Nam, S. Chung, and Y. H. Lee, “Capacity bounds for two-way

relay channels,” in Proc. Int. Zurich Semin. Commun. (IZS), Zurich,

Switzerland, Mar. 12-14 2008, pp. 144-147.

M. P. Wilson, K. Narayanan, H. D. Pfister, and A. Sprintson, “Joint

physical layer coding and network coding for bidirectional relaying,”

IEEE Trans. Inf. Theory, vol. 56, no. 11, pp. 5641-5654, Nov. 2010.

2

—

[10]

[11]

[12] W. Nam, S. Chung, and Y. H. Lee, “Capacity of the Gaussian two-way
relay channel to within % bit,” IEEE Trans. Inf. Theory, vol. 56, no. 11,
pp. 5488-5494, Nov. 2010.

B. Nazer and M. Gastpar, “The case for structured random codes in
network capacity theorems,” Eur. Trans. Telecommun., vol. 19, no. 4, pp.
455474, Apr. 2008.

——, “Compute-and-forward: Harnessing interference through structured
codes,” IEEE Trans. Inf. Theory, vol. 57, no. 10, pp. 6463—-6486, Oct.
2011.

D. Giindiiz, A. Yener, A. Goldsmith, and H. V. Poor, “The multi-way
relay channel,” in Proc. IEEE Int. Symp. Inf. Theory (ISIT), Seoul, Korea,
June 28-July 3 2009, pp. 339-343.

L. Ong, S. J. Johnson, and C. M. Kellett, “An optimal coding strategy
for the binary multi-way relay channel,” IEEE Commun. Lett., vol. 14,
no. 4, pp. 330-332, Apr. 2010.

——, “The capacity region of multiway relay channels over finite fields
with full data exchange,” IEEE Trans. Inf. Theory, vol. 57, no. 5, pp.
3016-3031, May 2011.

T. M. Cover and J. A. Thomas, Elements of Information Theory, 2nd ed.
Wiley-Interscience, 2006.

R. Knopp, “Two-way radio networks with a star topology,” in Proc. Int.
Zurich Semin. Commun. (IZS), Zurich, Switzerland, Feb. 22-24 2006,
pp. 154-157.

C. Schnurr, T. J. Oechtering, and S. Stanczak, “Achievable rates for the
restricted half-duplex two-way relay channel,” in Proc. 41st Asilomar
Conf. Signal Syst. Comput., Pacific Grove, USA, Nov. 4-7 2007, pp.
1468-1472.

U. Erez and R. Zamir, “Achieving %log(l + SNR) on the AWGN
channel with lattice encoding and decoding,” IEEE Trans. Inf. Theory,
vol. 50, no. 10, pp. 2293-2314, Oct. 2004.

——, “A modulo-lattice transformation for multiple-access channels,” in
Proc. 25th IEEE Conv. Electr. Electron. Eng. Israel, Tel Aviv, Israel,
Dec. 3-5 2008, pp. 836-840.

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

Lawrence Ong (S’05-M’10) received the BEng (1st Hons) degree in electrical
engineering from the National University of Singapore (NUS), Singapore, in
2001. He subsequently received the MPhil degree from the University of
Cambridge, UK, in 2004 and the PhD degree from NUS in 2008.

He was with MobileOne, Singapore, as a system engineer from 2001 to
2002. He was a research fellow at NUS, from 2007 to 2008. From 2008
to 2012, he was a postdoctoral researcher at The University of Newcastle,
Australia. In 2012, he was awarded the Discovery Early Career Researcher
Award (DECRA) by the Australian Research Council (ARC). He is currently
a DECRA fellow at The University of Newcastle.

Christopher M. Kellett (M’97-SM’10) received the Bachelor of Science in
Electrical Engineering and Mathematics from the University of California,
Riverside and the Master of Science and Doctor of Philosophy in Electrical and
Computer Engineering from the University of California, Santa Barbara. He
subsequently held research positions with the Centre Automatique et Systemes
at Ecole des Mines de Paris, the Department of Electrical and Electronic
Engineering at the University of Melbourne, Australia, and the Hamilton
Institute at the National University of Ireland, Maynooth. Since 2006 he has
been with the School of Electrical Engineering and Computer Science at
the University of Newcastle, Australia where he is currently an Australian
Research Council Future Fellow. In 2012, Dr. Kellett was awarded a Humboldt
Research Fellowship funded by the Alexander von Humboldt Foundation,
Germany.

Sarah J. Johnson (M’04) received the B.E. (Hons) degree in electrical
engineering in 2000, and PhD in 2004, both from the University of Newcastle,
Australia.

She has held research positions with the Wireless Signal Processing Program,
National ICT Australia and the University of Newcastle. In 2011, Dr. Johnson
was awarded a Future Fellowship by the Australian Research Council (ARC).
She is currently a future fellow at The University of Newcastle.



	I Introduction
	I-A Main Results
	I-B Related Work
	I-C Organization

	II Channel Model
	III An Upper Bound to The Equal-Rate Capacity
	IV Lower Bounds to the Equal-Rate Capacity
	IV-A Existing Strategies
	IV-A1 Complete-Decode-Forward
	IV-A2 Compress-Forward

	IV-B Functional-Decode-Forward

	V The Equal-Rate Capacity
	V-A Equal Transmitted Power for Relay and Users
	V-B Transmitted Power for Relay Scales with L

	VI Conclusions
	Appendix A: Functional-Decode-Forward for Five Users
	Appendix B: Proof of Theorem 4
	B-A Complete-Decode-Forward
	B-B Compress-Forward

	Appendix C: Proof of Theorem 5
	C-A Functional-Decode-Forward
	C-B Complete-Decode-Forward
	C-C Compress-Forward

	References
	Biographies
	Lawrence Ong
	Christopher M. Kellett
	Sarah J. Johnson


