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Abstract

We consider the problem of jointly estimating the number as well as the pa-
rameters of two-dimensional sinusoidal signals, observed in the presence of an
additive colored noise field. We begin by elaborating on the least squares estima-
tion of 2-D sinusoidal signals, when the assumed number of sinusoids is incorrect.
In the case where the number of sinusoidal signals is under-estimated we show
the almost sure convergence of the least squares estimates to the parameters of
the dominant sinusoids. In the case where this number is over-estimated, the
estimated parameter vector obtained by the least squares estimator contains a
sub-vector that converges almost surely to the correct parameters of the sinu-
soids. Based on these results, we prove the strong consistency of a new model

order selection rule.
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1 Introduction

We consider the problem of jointly estimating the number as well as the parameters of two-
dimensional sinusoidal signals, observed in the presence of an additive noise field. This problem is,
in fact, a special case of a much more general problem, [5]: From the 2-D Wold-like decomposition
we have that any 2-D regular and homogeneous discrete random field can be represented as a
sum of two mutually orthogonal components: a purely-indeterministic field and a deterministic
one. In this paper we consider the special case where the deterministic component consists of a
finite (unknown) number of sinusoidal components, while the purely-indeterministic component
is an infinite order non-symmetrical half plane, (or a quarter-plane), moving average field. This
modeling and estimation problem has fundamental theoretical importance, as well as various
applications in texture estimation of images (see, e.g., [4] and the references therein) and in wave

propagation problems (see, e.g., [I4] and the references therein).

Many algorithms have been devised to estimate the parameters of sinusoids observed in white
noise and only a small fraction of the derived methods has been extended to the case where the noise
field is colored (see, e.g., Francos et. al. [3], He [§], Kundu and Nandi [I1], Li and Stoica [12], Zhang
and Mandrekar [13], and the references therein). Most of these assume the number of sinusoids
is a-priori known. However this assumption does not always hold in practice. In the past three
decades the problem of model order selection for 1-D signals has received considerable attention.
In general, model order selection rules are based (directly or indirectly) on three popular criteria:
Akaike information criterion (AIC), the minimum description length (MDL), and the maximum
a-posteriori probability criterion (MAP). All these criteria have a common form composed of two
terms: a data term and a penalty term, where the data term is the log-likelihood function evaluated
for the assumed model. The problem of modelling multidimensional fields has received much less
attention. In [9], a MAP model order selection criterion for jointly estimating the number and the
parameters of two-dimensional sinusoids observed in the presence of an additive white Gaussian
noise field, is derived. In [I0], we proved the strong consistency of a large family of model order

selection rules, which includes the MAP based rule in [9] as a special case.

In this paper we derive a strongly consistent model order selection rule, for jointly estimating
the number of sinusoidal components and their parameters in the presence of colored noise. This
derivation extends the results of [10] to the case where the additive noise is colored, modeled by
an infinite order non-symmetrical half-plane or quarter-plane moving average representation, such
that the noise field is not necessarily Gaussian. To the best of our knowledge this is the most
general result available in the area of model-order selection rules of 2-D random fields with mixed

spectrum.



The proposed criterion has the usual form of a data term and a penalty term, where the first
is the least squares estimator evaluated for the assumed model order and the latter is proportional

to the logarithm of the data size.

Since we evaluate the data term for any assumed model order, including incorrect ones, we
should consider the problem of least squares estimation of the parameters of 2-D sinusoidal signals
when the assumed number of sinusoids is incorrect. Let P denote the number of sinusoidal signals
in the observed field and let k denote their assumed number. In the case where the number of
sinusoidal signals is under-estimated, i.e., k < P, we prove the almost sure convergence of the
least squares estimates to the parameters of the £ dominant sinusoids. In the case where the
number of sinusoidal signals is over-estimated, i.e., k > P, we prove the almost sure convergence
of the estimates obtained by the least squares estimator to the parameters of the P sinusoids in
the observed field. The additional £k — P components assumed to exist, are assigned by the least

squares estimator to the dominant components of the periodogram of the noise field.

Finally, using this result, we prove the strong consistency of a new model order selection
criterion and show how different assumptions regarding a noise field parameters affect the penalty
term of the criterion. The proposed criterion completely generalized the previous results [9], [10],
and provides a strongly consistent estimator of the number as well as of the parameters of the

sinusoidal components.

2 Notations, Definitions and Assumptions

Let {y(n,m)} be a real valued field,

P
y(n,m) = pf cos(win +vim + ) + w(n,m), (1)

i=1

where 0 <n < N—1,0 <m < M —1 and for each 1, p? is non-zero. Due to physical considerations

it is further assumed that for each 4, |p?| is bounded .

Recall that the non-symmetrical half-plan total-order is defined by

(i,7) = (s,1) iff (3,5) € {(k, Dk = 5,0 >t} U{(k, D)k > s, —00 < [ < 00} . 2)

Let D be an infinite order non-symmetrical half-plane support, defined by

D={(i,j)€Z’:i=0,0<j<oo}U{(i,j) €Z°:0<i<o00,—00<j<o0}. (3)



Hence the notations (r,s) € D and (r,s) = (0,0) are equivalent.

We assume that {w(n,m)} is an infinite order non-symmetrical half-plane MA noise field, i.e.,

win,m) = > a(r,syu(n —r,m— s), (4)

(r,s)eD

such that the following assumptions are satisfied:

Assumption 1: The field {u(n,m)} is an i.i.d. real valued zero-mean random field with

finite variance o2, such that E[|lu(n,m)|?] < oo for some o > 3 .

Assumption 2: The sequence a(i, j) is an absolutely summable deterministic sequence, i.e.,

> lafr, s)| < oc. (5)

(r,s)eD

Let f,(w,v) denote the spectral density function of the noise field {w(n,m)}. Hence,

S afr e

(r,s)eD

2
2

(6)

folw,v) =0

Assumption 3: The spatial frequencies (w?,v?) € (0,27) x (0,27), 1 < i < P are pairwise

different. In other words, w;y # w or v} # vY, when i # j.
Let {U;} be a sequence of rectangles such that ¥; = {(n,m) € Z* |0 <n < N; — 1,0 <m <
M; —1}.

Definition 1: The sequence of subsets {W;} is said to tend to infinity (we adopt the notation
U, — 00) as i — oo if
lim min(N;, M;) = oo,

1—»00
and

1—>00
To simplify notations, we shall omit in the following the subscript i. Thus, the notation W(N, M) —
oo implies that both N and M tend to infinity as functions of i, and at roughly the same rate.

Definition 2: Let O, be a bounded and closed subset of the 4k dimensional space R* x
((0,27) x (0,27))* x [0, 27)* where for any vector 0y = (p1, w1, V1,91, - - -, Prs Wk Uk, Pr) € O the
coordinate p; is non-zero and bounded for every 1 < ¢ < k while the pairs (w;, v;) are pairwise

different, so that no two regressors coincide. We shall refer to Oy as the parameter space.

From the model definition () and the above assumptions it is clear that

0 __ 0 0,0 0 0 o,0 0
‘9 - (plvwluvlvgola'-'7pk7wk7vk7§0k> S Gk



Define the loss function due to the error of the k-th order regression model

£400) = 37 32 2 (vl = 3 ottt v+ o)) )

i=1

A vector 0, € Oy, that minimizes £;(6y) is called the Least Square Estimate (LSE). In the case
where k = P, the LSE is a strongly consistent estimator of 0% (see, e.g., [I1] and the references

therein).

3 Strong Consistency of the Over- and Under-Determined
LSE

In the following subsections we establish the strong consistency of this LSE when the number of
sinusoids is under-estimated, or over-estimated. The first theorem establishes the strong consis-
tency of the least squares estimator in the case where the number of the regressors is lower than
the actual number of sinusoids. The second theorem establishes the strong consistency of the least
squares estimator in the case where the number of the regressors is higher than the actual number

of sinusoids.

3.1 Consistency of the LSE for an Under-Estimated Model Order

Let k£ denote the assumed number of observed 2-D sinusoids, where k < P. For any § > 0, define
the set As to be a subset of the parameter space O, such that each vector 6, € Ay is different

from the vector 69 by at least 4, at least in one of its coordinates, i.e.,

k
As = UVis| (8)
=1

k k k
URM] U [U (I)i(;] U [U Wi(;] U
=1 =1 i=1

where

Ris={tk €O: [pi—p)| 266>0},
Ois = {0 €Ok : |0 — )| 2 6:6>0}
Wis={0 €Oy lw;—w)| >8>0},
Vis={0, €Oy [v;—0)|>6;6>0} . (9)



To prove the main result of this section we shall need an additional assumption and the

following lemmas:

Assumption 4: For convenience, and without loss of generality, we assume that the sinusoids
are indexed according to a descending order of their amplitudes, i.e.,

0
1

mM =0

> > P> >0, (10)

where we assume that for a given k, p) > p)_; to avoid trivial ambiguities resulting from the case

where the k-th dominant component is not unique.

Lemma 1.
im i i — p 5. 11
\Il(ljl\fnl%;)rgoo 6;3225 (Li(6k) — Li(6)) >0 a.s (11)
Proof: See Appendix A for the proof. [ |

Lemma 2. Let {x,,n > 1} be a sequence of random variables. Then

Pr{z, <0i.0.} <Pr{liminfz, <0}, (12)
n—oo

where the abbreviation i.0. stands for infinitely often.
Proof: See Appendix B for the proof. [ |

The next theorem establishes the strong consistency of the least squares estimator in the case

where the number of the regressors is lower than the actual number of sinusoids.

Theorem 1. Let Assumptions 1-4 be satisfied. Then, the k-regressor parameter vector 0, =
(p1,01, 01, @1y -+ - Pros Wk, Oky i) that minimizes (1) is a strongly consistent estimator of 0) =

(p1, @i, U1, 1, - s Wiy U, ) as W(N, M) — 0o, That is,

0, — 02 a.s. as U(N, M) — . (13)

Proof: The proof follows an argument proposed by Wu [15], Lemma 1. Let
0, = (p1,01,01, 91, - -, P, Wk, Uk, 1) be a parameter vector that minimizes (7). Assume that the
proposition 0, — 0Y a.s. as W(N, M) — oo is not true. Then, there exists some ¢ > 0, such that
([1], Theorem 4.2.2, p. 69),
Pr(6, € Ay i.0.) > 0. (14)

This inequality together with the definition of 6), as a vector that minimizes £, implies



Using Lemma 2] we obtain

Pr( liminf inf (L4(0x) — Lk(6))) < 0) > Pr( inf (Lx(6r) — L£k(6))) <0 i.0.) >0, (16)

W(N,M)—)OO 0LEAS 0LEAS

which contradicts (I]). Hence,
O, — 02 a.s. as U(N, M) — co. (17)

Remark: Lemma 1 and Theorem 1 remain valid even under less restrictive assumptions
regarding the noise field {w(n,m)}. If the field {u(n,m)} is an i.i.d. real valued zero-mean
random field with finite variance o2, and the sequence a(i, j) is a square summable deterministic

sequence, i.e., Y, ocp a*(r,s) < oo, then Lemma 1 and Theorem 1 hold.

3.2 Consistency of the LSE for an Over-Estimated Model Order

Let k denote the assumed number of observed 2-D sinusoids, where k& > P. Without loss of
generality, we can assume that &k = P + 1, (as the proof for £ > P + 1 follows immediately
by repeating the same arguments). Let the periodogram (scaled by a factor of 2) of the field
{w(n,m)} be given by

2

9 N—-1M-1
L(w,v) = 5+ >N wln,m)e It (18)
n=0 m=0

The parameter spaces ©p, Op,; are defined as in Definition 2.

Theorem 2. Let Assumptions 1-4 be satisfied. Then, the parameter vector

Opt1 = (P1, 01,01, 1, - -, PP, WP, Up, PPy PP41,OP+1, VP41, Ppy1) € Opy1 that minimizes (1) with
k = P+1 regressors as W(N, M) — oo is composed of the vector Op = (p1, w1, 01, P1, - - -, PP, Wp, Up, Pp)
which is a strongly consistent estimator of 0% = (p%,w?, v9, % ... p% W, v%, V%) as U(N, M) —

00; of the pair of spatial frequencies (Wpy1,0py1) that mazimizes the periodogram of the observed
realization of the field {w(n,m)}, i.e.,

(@P—i-laf)P-l-l) = argmax ]w(w,v), (19)
(w,0)€(0,2m)2

and of the element pp,1 that satisfies

2

Pri1 = v Lw(@pr Opa) (20)



Proof: Let Opi1 = (p1,w1, 01,1, - .., PP, WP, UP, PP, PP41,WpP41, UP41, PP+1), be some vector
in the parameter space ©p,;. We have,

P+1

2
Lpi1(0pyq) = —NlM (y(n, m) — Y. p;cos(win + v;m + goz))
i=1

P 2
= ﬁ S 3 <y(n,m — 3" picos(win + vim + goz))
=0 i=1
2
<pp+1 cos(wpypin + vpyym + g0p+1))
1 ( P
+

y(n,m) — Z pi cos(w;n + vym + go,)) (pp+1 cos(wpyin + vppim + g0p+1))

= Lp(0p) + 5+ + ﬁ p%gﬂ cos(2wpi1n + 20p M + 2¢py1)
1

P P
—ﬁ ( S % cos(wdn + vdm + ) — 37 p; cos(win + vym + %))

i=1 i=1

N
)
e
+
AR

(@)

(@)

&
—~

Wp41M + Upy1m + S0P+1)) = Hy(0ps1) + Hy(Opy1) + H3(0ps1)
(21)

Wherev GP = (plvwlvvlv P15---5 PP, WP, Up, SOP) S ®P a“ndv
H1(9P+1) = ﬁp(/)l,wl, V1, P15+ -5 PP, WP, Up, SOP) = 'CP(HP)v (22)
P N—1M-1
Hy(0pyq) = PH - — Z Z n, m)ppi1cos(wpiin +vpim+ ©pi1), (23)
n=0 m=0
T
H3(0pi1) = SN p?;H cos(2wpi1n + 2vp M + 20piq)
n=0 m=0

=2

-1M-1 P
2
7 > o cos(win + vfm + ) = Y pcos(win + vim + %’))

n=0 m=0 i=1 =1
(pp+1 cos(wpyin + vpyym + g0p+1)). (24)
Let Op = (p1,01,01, 91, -+, PP, 0P, Up, op) be a vector in Op that minimizes Hy(0pyq) =

Lp(0p). From [11] (or using Theorem 1 in the previous section),

0p — 0% as. as U(N,M)— occ. (25)

The function H is a function of ppi1,wpi1, Vpyi1, ppr1 only. Evaluating the partial derivatives

of H, with respect to these variables, it is easy to verify that the extremum points of Hy are also the

7



extremum points of the periodogram of the realization of the noise field. Moreover, let p¢, w®, v, p°©
denote an extremum point of Hy. Then at this point
I, (we, v°)

N (26)

H2(p67 w67 Uev 806> = -
Hence, the minimal value of Hs is obtained at the coordinates ppi1,wpi1,Upi1, Ppi1 Where
the periodogram of {w(n, m)} is maximal. Let pp 1, wpi1, Opy1, Pps1 denote the coordinates that

minimize H,. Then we have

(@p+1,f2p+1) = argmin Hg(pp+1,WP+1,Up+1,(pP+1) = argmax Iw(w,v), (27)
(w,v)€(0,27)? (w,v)€(0,27)2
and 5
Ppa1 = N Lo (@ps Opar)- (28)

By Assumption 1, 2 and Theorem 1, [I3], we have

sup I, (w,v) = O(log NM). (29)

w,v

Therefore,

logNM) | (30)

Hy(p B O D =0
2(pP+1>WP+1>UP+1a90P+1) ( NM

Let ép+1 € Op.1 be the vector composed of the elements of the vector 0p € Op and of

PP4+1, WP+1, UP+1, PP+1, defined above, 7;.6.,
9P+1 = (plvwlvvlv P15+ -5, PP, WP, Vp, PP, PP+1,WP41, VP41, SDP+1>‘

We need to verify that this vector minimizes Lp.1(6p11) on Opyq as W(N, M) — oo .

Recall that for w € (0,27) and ¢ € [0, 2)

N-1 : 1 : w
sin ([N — 3Jw+¢) +sin (4 — ¢
Z cos(wn + ¢) = ( 2 5 s ()g) 5 ) = O(1). (31)
n=0 2
Hence, as N — oo
N-1
1
og ; cos(wn + ¢) =o(1) , (32)
and consequently
N—1
1 log N
I 2 cos(wn + @) = 0( o]gv ) . (33)



Next, we evaluate Hs. Consider the first term in (24]). By ([B33) we have

1 = log NM
SN nZ:O mzzo Ppq €OS(2wps1n 4 20p 1M + 2ppi1) = 0 (W) : (34)

for any set of values ppi1,wpi1, Upi1, Ppy1 May assume.

Consider the second term in (24). By (B3) and unless there exists some i, 1 < i < P, such
that (wpy1,vpi1) = (WP, 0?), we have as U(N, M) — oo,

1) 7

1 N—-1M-1 P IOgNM
NM Z Z Z/)gpP+1 cos(w?n+v?m+<p?) COS(WP+1n+UP+1m+QOP+1) =0 (W) , (35)
n=0 m=0 i=1

for any set of values ppy1,wpi1,Upi1, Ppy1 May assume.

Assume now that there exists some i, 1 < i < P, such that (wpy1,vps1) = (W), vY). Since by

assumption there are no two different regressors with identical spatial frequencies, it follows that
one of the estimated frequencies (w;, v;) is due to noise contribution. Hence, by interchanging the
roles of (wpy1,vps1) and (w;, v;), and repeating the above argument we conclude that this term
has the same order as in ([BH). Similarly, for the third term in (24]): By (33]) and unless there exists

some i, 1 <i < P, such that (wpy1,vpy1) = (wi, v;), we have as W(N, M) — oo,

1 N-1M-1 P logNM
NM Z Z Z pipp41 cos(win + vim + @;) cos(wpyin + vppim + @py1) = 0 (W) . (36)

n=0 m=0 i=1
However such i for which (wpy1,vps1) = (w;,v;) cannot exist, as this amounts to reducing the
number of regressors from P + 1 to P, as two of them coincide. Hence, for any 0p1 € Op; as

U(N, M) — oo
Hy(Op1) = o (%) | (37)

On the other hand, the strong consistency (25]) of the LSE under the correct model order assump-
tion implies that as W(N, M) — oo the minimal value of Lp(fp) = o> > (rs)eD a*(r, s) a.s., while
from (B0) we have for the minimal value of Hy that Hy(0py1) = O (long]LM ) Hence, the value
of H3(0p11) at any point in O, is negligible even relative to the values Lp(0p) and Hy(0pi1)

assume at their respective minimum points. Therefore, evaluating (2I]) as W(N, M) — oo we have

Lpi1(0py1) = Lp(0p) + Ho(ppi1,wpi1,Vpi1, ppi1) + Hs(Op11)
log NM)

N (38)

= Lp(0p)+ Ha(ppi1,wpi1,Upt1, p1) + 0 <

Since Lp(0p) is a function of the parameter vector p and is independent of pp. 1, wpi1, Vpi1, Ppi1,
while H, is a function of ppyq,wpy1,Upi1, ppy1 and is independent of fp, the problem of min-

imizing Lpi1(0p11) becomes separable as W(N, M) — oo. Thus minimizing (38) is equivalent

9



to separately minimizing Lp(f0p) and Hy(ppi1,wpi1, Vpi1, ppri1) as (N, M) — oo. Using the

foregoing conclusions, the theorem follows. [ |

3.3 Discussion

In the above theorems, we have considered the problem of least squares estimation of the param-
eters of 2-D sinusoidal signals observed in the presence of an additive colored noise field, when
the assumed number of sinusoids is incorrect. In the case where the number of sinusoidal signals
is under-estimated we have established the almost sure convergence of the least squares estimates
to the parameters of the dominant sinusoids. This result can be intuitively explained using the
basic principles of least squares estimation: Since the least squares estimate is the set of model
parameters that minimizes the ¢ norm of the error between the observations and the assumed
model, it follows that in the case where the model order is under-estimated the minimum error
norm is achieved when the k£ most dominant sinusoids are correctly estimated. Similarly, in the
case where the number of sinusoidal signals is over-estimated, the estimated parameter vector ob-
tained by the least squares estimator contains a 4 P-dimensional sub-vector that converges almost
surely to the correct parameters of the sinusoids, while the remaining £ — P components assumed
to exist, are assigned to the k — P most dominant spectral peaks of the noise power to further

minimize the norm of the estimation error.

4 Strong Consistency of a Family of Model Order Selec-

tion Rules

In this section we employ the results derived in the previous section in order to establish the strong

consistency of a new model order selection rule.

It is assumed that there are () competing models, where @) is finite, () > P, and that each com-
peting model k € Zg = {0,1,2,...,Q — 1} is equiprobable. Following the MDL-MAP template,
define the statistic

Xe(k) = NM log L,(8;) + Eklog NM, (39)

where € is some finite constant to be specified later, and £(0),) is the minimal value of the error

variance of the least squares estimator.

10



The number of 2-D sinusoids is estimated by minimizing y¢(k) over k € Zg, i.e.,

P = arg IZr;m { Xg(k)}. (40)

Let

Z(T,S)GD Z(q,t)GD ‘CL(T’, S)CL(Q7 t>|
Z(T,S)ED a? (T’ S) .

The objective of the next theorem is to prove the asymptotic consistency of the model order

A=

(41)

selection procedure in (40).

Theorem 3. Let Assumptions 1-4 be satisfied. Let P be given by ({0) with ¢ > 14A. Then as
W(N, M) = oo
PP as (42)
Proof:
For k < P,

Xe(k —1) = xe¢(k)

~

— NMlog Ly_1(0k—1) + E(k — 1) log NM — NMlog L (6y) — Eklog NM

—NMlg< : )glgNM. (43)

L1.(0r)

From Theorem 1 as W(N, M) — oo
6, — 0 as., (44)

and
01 — 00, as. (45)

From the definition of £ (6)), and (@)

k 2
Li(0r) = o5 (y(n, m) — 21 pi cos(w;n + U;m + @Z))

P k
= NL S 9 cos(wdn + vdm + @) + w(n,m) — 3 p; cos(win + Oym + @2)) (46)
=1 b =1 9
—  w < S p2cos(win + vdm + ¢?) + w(n, m)) :

11



From Lemma 3 in Appendix C we have that as (N, M) — oo

N—1M-1
Z w(n,m) cos(wn +vm)| — 0 a.s. (47)

n=0 m=0

Hence, from the Assumption 3, (B1]), (1) and the Strong Law of Large Numbers, we conclude
that as W(N, M) — oo

L1 (0) — o2 Z a’(r,s) + Z (h0)" a.s. (48)

2
(r,s)eD i=k+1
and similarly
P
Ek_l(ék_l) — o2 Z a*(r,s) + (P2)° a.s. (49)
9 : 9
(r,s)eD 1=k

Since 288M tends to zero, as U(N, M) — oo, then as W(N, M) — oo

NM
(Pp)?

5 5 5 5 2)&.8.
20 Z(ns)eDa’ (r,s) + Zz’:k—i—l(pi)

(VM) (xe(k — 1) — xe(k)) = log (1 n (50)

(P)?
2023, yep @2 (rs)+ 0 i1 (p))?
for k < P, the function x¢(k) is monotonically decreasing with k.

Since log (1 + is strictly positive, then x¢(k —1) > x¢(k). Hence,

We next consider the case where k = P + [ for any integer [ > 1.
Based on [I3], Theorem 1 and Assumptions 1, 2 we have that

sup 1, (w, v)

lim sup <14 as. (51)

W(N,M)—co SUP fuw(w, v)log(NM)

Based on an extension of Theorem 2 we have that a.s. as W(N, M) — oo

U

Lpyi(0py) = Lp(0p) — ~ur t 0(

log NM
NM )’

where l
U= I(w,v), (53)
i=1
is the sum of the [ largest elements of the periodogram of the noise field {w(s,t)}. Clearly

U < lsupl,(w,v). (54)

w,v

12



Similarly to ([@3)), a.s. as W(N, M) — oo

Xe(P +1) — xe(P)
= NMlog Lpsi(Opyy) +E(P +1)log NM — NMlog Lp(0p) — EPlog NM

_ llog NM + NMlog [1— — Y logNM)
NMLp(Br)
= &llog NM — ( —l—o(logNM))(l—i—o(l))
pr(fp
I'sup I,(w,v)
Ul w,v
- 1ogNM(5z S +0(1)) > logNM<§l 0(1)>
ﬁp(@p) logNM ﬁp(@p) 10gNM
sup [, (w,v)  sup fu(w,v)

= llog NM | ¢ — - o +o(1)), 55

: (5 sup fu(w,v)logNM  Lp(6p) ( )) (55)

where the second equality is obtained by substituting £p;(@p;) using the equality (52). The third
equality is due to the property that for x — 0, log(1 + z) = x(1 + o(1)), where the observation

that the term W(@) tends to zero a.s. as W(N, M) — oo is due to (&1)).

From [11] (or using Theorem 1 in the previous section),

0p — 0% as. as U(N,M)— oco. (56)

Hence, the strong consistency (B0l of the LSE under the correct model order assumption implies
that as W(N, M) — oo

Lp(Op) — o? Z a’(r,s) a.s. (57)

(r,s)eD

On the other hand using the triangle inequality

supfwwv ) < o? Z Z la(r, s)a(q,t)]. (58)

(r,s)€D (q,t)eD
Substituting (51),(57) and (58) into (B5) we conclude that
Xe(P+1) = xe(P) >0 (59)

for any integer [ > 1. Therefore, a.s. as W(N,M) — oo, the function y.(k) has a global

minimum for £k = P. [ |

13



5 Special Case

Introducing some additional restrictions on the structure of the noise field, we can establish a
tighter (in terms of &) model order selection rule. We thus modify our earlier Assumption 1, 2

regarding the noise field as follows:

Assumption 1’ The noise field {w(n,m)} is an infinite order quarter-plane MA field, i.e.,

o0

w(n,m) = Z a(r, s)u(n —r,m —s) (60)
r,s=0
where the field {u(n, m)} is an i.i.d. real valued zero-mean random field with finite variance o2,

such that Efu(n,m)?log|u(n,m)|] < co.

Assumption 2’ The sequence a(i, j) is a deterministic sequence which satisfied the condition

oo

> (r+s)a(r, s)| < oc. (61)

r,s=0

In this case, based on [7], Theorem 3.2 and Assumption 1’, 2’ we have that

sup I, (w, v)

lim sup ’ <8 as. 62
W(N,M)—o0 SUP fuw(w,v)log(NM) (©2)

The results of Theorem 1 and 2 are not affected by this assumption. The only change is in

Theorem 3. Therefore we can formulate the next theorem:

Theorem 4. Let Assumptions 17, 2°, 3 and 4 be satisfied. Let P be given by (40) with £ > 8A.
Then as V(N, M) — oo
PP as. (63)

The proof of this theorem is identical to the proof of Theorem 3, where instead of (5II) we
employ the inequality in (62]).

6 Conclusions

We have considered the problem of jointly estimating the number as well as the parameters of
two-dimensional sinusoidal signals, observed in the presence of an additive colored noise field.

We have established the strong consistency of the LSE when the number of sinusoidal signals is

14



under-estimated, or over-estimated. Based on these results, we have proved the strong consistency

of a new model order selection rule for the number of sinusoidal components.

Appendix A

Lemma 1.
liminf inf (ﬁk(é’k) — Ek(eg)) >0 a.s. (64)

\I/(N,M)—>oo 0eAs

Proof:

In the following we first show that on Ajs the sequence Ly (6;) — L1(0Y) (indexed in N, M)
is uniformly lower bounded by a strictly positive constant as W(N, M) — oo. Since the se-
quence elements are uniformly lower bounded by a strictly positive constant the sequence of infi-

mums, eing (L1(0r) — Lx(67)), is uniformly lower bounded by the same strictly positive constant
kERS

as U(N, M) — oo, and hence, liminf inf (L4(0;) — Li(6Y)).

U(N,M)—oc0 0 €A

Thus, we first prove that the sequence Ly (6;) — £1(6?) is uniformly lower bounded away from
zero on Ay as W(N, M) — oc.

2

N—1M-1 k
= (y(n, m) — > picos(win + vym + %))
= i=1

Wn 2

| Nt k . . . . 2
TNM > (y(n,M)—;m COS(Wi”+Uim+SOi)>
1

NM

n=0 m=0

N-1M-1/ P k 2
— sy 5 2 (X seostubn + et ) + wlonm) = 3 prcos(an-+ v + )

n=0 m=0 i=1 i=1

N—1M-1 P 2
. (32 deostetnt ofm + o) + wnm) )

n=0 m=0 \ i=k+1 (65)

N-1M-1 / k k 2
— sy 5 2 (X seosufn + e+ ) = 3 pcostn + vm -+ ) )

AR
—i—ﬁ > ( ST cos(w?n+v?m+g0?))

n=0 m=0 i=k+1

n

(2

k
( > p) cos(win +v)m + ) — 3 p; cos(win + vim + Spi))
=1
1

N—1M— k %
+ 357 w(n,m) ( P2 cos(wdn + vdm + ¢?) — 3= p; cos(win + v;m + gp,))
n=0 m=0 i=1 i=1
- [1 + ]2 + ]3

Thus, to check the asymptotic behavior of L.H.S. of (63) we have to evaluate ~ lim  ([;+1Iy+13)

U(N,M)—o0

15



for all vectors 0, € As:

N-1M=1 / k 2
W(Nl’%l_)oo I, = \P(va%_)oo - Py mZ:O (2:21 P2 cos(wdn + vdm + go?))
—  lim IQL Nz_l 5 i i pip? cos(win + vim + ¢;) cos(win + vim + ¢?) (66)
W(N,M)—oo | NM n=0 m=0 i=1 j=1 ! ! ! !
| NZIM1 /K 2
+ \I/(Nl,}\]};—)oo N2 2 <z:21 pi cos(w;n + v;m + <pl)> =T + T+ Ts.
Recall that for |p| < oo and ¢ € [0, 27)
R
Aim ¥ ; pcos(wn + ¢) =0, (67)

uniformly in w on any closed interval in (0,27). The same equality is hold for the sine function.

Hence, due to Assumption 3 and (&7), we have

1 N—1M-1 k 2 k (p0)2
_ : 0 0 0 0 _ i
T, = lim —— E < E_l p; cos(w;n + v, m + <pl)> = E 5 (68)

U(N,M)—o0 NM

n=0 m=0

independently of 6.

Also,
. . N=iMoL/ k 2 k (p1)?
Is= q/(Nl,}\]/(lr);oo NM <Z=Z1 picos(wim + vim.+ S02)) N z:zl 2
N-1M-1 k k (69)
+ lim NL Y30 pipjcos(win + vim + ;) cos(win 4+ vim + ;).
U(N,M)—00 n=0 m=0 =1 j=1

) are pairwise different, then on any closed interval in (0, 27) the sequence of
N-1M—-1 k &k

partial sums D37 pipj cos(win + vim + ;) cos(w;n + vym + ;) converges uniformly
n=0 m=0 i=1 j=1
i#]

to zero as W(N, M) — oo.

Hence,

~ (o)
Ty =y (70)
as W(N, M) — oo uniformly on As.

Leaving 75 unchanged we obtain

(71)

2
k
Z pip? cos(win + vim + ;) COS(%O'” + U]o_m + 902)7
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uniformly on As.

Using the similar considerations to those employed in the evaluation of (68)) we obtain

—1M-1 P
lim L= lim [ 2 Z > ( > p?cos(w?n+v?m+<p?))

U(N,M)—0c0 W(N,M)—oc0 n=0 m=0 \ i=k+1
kl P cos(win + vdm + ) — Zk:lpi cos(w;n + v;m + %))] (72)
o) [ﬁ T XS S pbcos(wm + v+ ) cos(wn + vim + o)
U(N,M)— = i=1 j=k+1

By Lemma 3 in Appendix C, we have that a.s. as W(N, M) — oo

N—1M-1 k
su n,m coswn+vm+ i Cos(w;n + vym + ©; — 0.
o |y S 5w (0 =S o )

(73)
Hence I3 — 0 a.s. as W(N, M) — oo uniformly on As. Using (1)), (72) and (73] we conclude
that a.s.

lim (L) — Lx(6)) = X <% - %) (74)
74

kP
. 2 0 0 0 0
_ W(Nl’%lﬁoo 2 pIp 2:21; PP cos(win + vym + ;) cos(wjn +vjm + gaj).

To complete the evaluation of (74]) we consider the vectors 6, € Ags. Let us first assume that
As = Ry for some ¢, 1 < g < k. Thus, the coordinate p, of each vector in this subset is different
from the corresponding coordinate pg by at least 6 > 0. Consider first the case where all the other
elements of the vector 6, € R, are identical to the corresponding elements of 6. Since by this
assumption w; = wy, v; =09, p; = Y for 1 < j <k, and p; = pY for 1 < j <k, j # ¢, on this set

we have

lim  (Ly(0k) — Li(6))) = <p—2 - &)2

W(N,M)—s00 V2 V2
g N-IM-1 kP

: 0 0 0 0

_ \II(NB\?)I—mo 7 2 2. ; ; pip; cos(win + vim + ;) cos(w;n + vjm + ¢;)
i#]

0 2 2

Pq Pq ) o
=|l—=——F] =2 =>0, 75

<\/§ V2, T2 (75)

uniformly in p,, where the second equality is due to Assumption 3 and following the arguments
employed to obtain ([Z0).

Assume next that 6, € Rys (i.e., the coordinate p, is different from the corresponding coor-

dinate p2 by at least 6 > 0) and that in addition, there exists an element p; of 6, such that

17



1<t<k t#qand |p;—p° > A\, A > 0 while all the other elements of the vector 6 are identical
to the corresponding elements of ¢9. Following a similar derivation to the one in (75) we conclude
that

0 2 0 2 2 2 2
lim Li(0y) — L.(00)) = | £ — 1L —|—(—t——> > =t = > —, 76
WleHw( +0) = Ll6) <\/§ \/i) V2 v2) T2 27 2 (76)

uniformly in p, and p;.

Consider the case where 6, € R, while there exists an element ¢; of 6, € R, such that
lor — ¢?| > n,m > 0 and all the other elements of the vector 6, are identical to the corresponding

elements of 69. Following a similar derivation to the one in (75) we conclude that
2
Py pg 0\2 _ (0)2 0y g 52
(- ) - | (%-2) + 00 - @resta-d) 124 @

U(N,M)—0co 012 2 2
% + % - ngq cos(ipg — 902)7 l=q

uniformly in p, and ¢;.

Finally, consider the case where 8, € R,s while there exists an element w; of 8, € R,s, such that
lw; — w?] > n,n > 0 and all the other elements of the vector 6 are identical to the corresponding

elements of #9. Following a similar derivation to the one in (75) we conclude that
2

{(7—7) SR 1A 8
2

W o ()
2

2

1. . f i 0 _
mint(£4(00) - £4(6)
=q
uniformly in p, and w;.

From the above analysis it is clear that  lim  (L£(0x) — Lx(6})) is lower bounded by %
W(N,M)—o0

uniformly in R ;.
Following similar reasoning, the next subset we consider is W, UV 5. We first consider a subset
of this set:

A={0, €Wy UVys: Tp, k+1<p <P, (wg,vy) = (w)00) } C Wys U Vs (79)

PP
This subset includes vectors in ©y, such that their coordinate pairs (w,, v,) are different from the
corresponding pairs of 6} and equal to some pair (wp,v)) where p > k+1. As above, the minimum
is obtained when all the other elements of 6 are identical to the corresponding elements of 69.

Hence, uniformly on A, we have

02 2
lim  (Le(0h) — £x(69)) > Lol 4 ® g0
2

(N, M)—00 2 2

(80)

032 02 0 012 0)2



where the last inequality is due to Assumption 4.

On the complementary set:
A¢ = (Wq5 U ‘/:15) \A = {Hk S Wq(; U ‘/:15 : (wq,vq) =+ (wg,vg), Vp, k+1<p<P } (81)

we have

i La(0) — L(60)) > P07 4 (0 5 G0°
o (Lx(0) = £4(0))) 2 -+ 55 2 T = (82)

Finally, on the set ®,5 the coordinate ¢, of the each vector in this subset is different from the
corresponding coordinate @2 by at least § > 0. As in previous cases , the minimum is obtained
when all the other elements of ), € ® 5 are identical to the corresponding elements of 6. Hence,
uniformly on ®,5, we have

pom(Lx(0h) — Li(07)) = (pg)? = (p3)? cos(ipg — ¢q) > (p)*(1 — cosd) = €p,; > 0. (83)

Let ¢, = min(%,eA,eAc,e%&). Collecting (79)),([R0), (82) and (83) together we conclude that
the sequence L. (0y) — L1(6Y) is lower bounded by ¢, > 0 uniformly on R, U ®,5 U W5 U Vs as
U(N, M) — 0.

By repeating the same arguments for every ¢, 1 < g < k, and by letting € = min(ey, ..., €x), we
conclude that the sequence L, (6),) — Ly (6?) (indexed in N, M) is lower bounded by ¢ > 0 uniformly
on As as U(N, M) — oc.

Hence, it follows that sequence in

, 62 (L1(0r) — L1,(6))) (indexed in N, M) is also asymptotically
k &

lower bounded by € > 0, i.e.,

0LEAs

as W(N, M) — oo.

Hence, by the definition of lim inf

.. . . 0)) >
\Il(l]l\/r,g\l/[l)n—foo 0,:225 (ﬁk(ek) Ek(Hk)) >e>0. (85)
|
Appendix B
Lemma 2. Let {x,,n > 1} be a sequence of random variables. Then
Pr{z, <0i.0.} <Pr{liminfz, <0} (86)
n—o0
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Proof: Let (£2, %, p) be some probability space. Let {z,(w),n > 1} be a sequence of random
variables. Let {4, € ¥,n > 1} be a sequence of subsets of 2, such that A, = {w € Q: x,(w) < 0}.
Define

oo

A:L”:U{w:anO}. (87)
Then
A" C{w: igf x, <0} . (88)
Hence - -
QAH - Q{w : ;gyfnxn <0} . (89)

Consider the R.H.S. of (RY)), and let y,,(w) = 1nf Z,. Since for all w € ﬂ{w ; 1nf r, < 0},
Ym(w) < 0 for all m, then by definition sup y,, (w ) < 0 as well. On the other hand if sup ym( ) <0,
then for all m, y,,(w) < 0. Hence we have the following set equality

ﬂ{w : igf zn, <0} ={w:sup igf x, < 0}. (90)
ml et m =
Rewriting (89)) we have
ﬂ U A, CH{w: sup 1nf z, <0} ={w: hmmfa:n( ) <0}, (91)

m=1n=m

where the equality on the R.H.S. of (@] follows from the definition of lim inf(-) of a sequence x,,.

n—oo
Also by definition, (| |J A, = limsup A,,. Hence, (see, e.g., [1], p. 67)
mln=m n—00
limsup 4, = {w : z,(w) <0 i.0.} C{w:liminfz,(w) < 0}. (92)
n—oo n—oo
Due to the monotonicity of the probability measure, the lemma follows. [ |

Appendix C

Let D be an infinite order non-symmetrical half-plane support defined as in (3] and let D(k, )

be a finite order non-symmetrical half-plane support, defined by

Dk, )={(i,j) €Z®:i=0,0<j<1}U{(i,j) €Z*: 0<i <k, -1 <j<I} (93)

Let the field {w(n,m)} be defined as in (), and the field {u(n,m)} is an i.i.d. real valued

2

zero-mean random field with finite second order moment, o°. The sequence a(i,j) is a square

summable deterministic sequence,
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Z a’(r,s) < oo. (94)

(r,s)eD

The next lemma is an extension of a lemma originally proposed by Hannan, [6] for the case of
1-D signals. Similar result can be found in [11], Lemma 2, but with only a partial proof. Since

this lemma is crucial for our work we will prove it here.

Lemma 3.

MZ

1 M-
sup Z w(n, m) cos wn+um)‘ — 0 a.s. as V(N, M) — oo (95)

Ly
NM

Il
=)

n

Proof:

First, it is easy to see that,

1 N—-1M-1
SLBII)) W nZ:O ZO (n7 m) COs (u)n + Vm) <
1 Nl o
silf 2NM n=0 m ow n m)eﬁ(wn+um) + Silf ;0 mzz m)e —j(wntvm)| (96)

Hence it is sufficient to prove the lemma for exponentials, i.e., we wish to prove that

w(n7 m>€j(wn+um)

— 0 a.s. as U(N, M) — o0 (97)

Define the set D(k,1)® = D\ D(k,l). Then,

w(n,m) = Z a(r, s)u(n —r,m —s) + Z a(r, s)u(n —r,m —s) = v(n,m) + z(n,m). (98)

D(k,l) D(k,1)C

Then,

1 N—-1M- 1 N—1M-— 1 N-1M %
SU.p —MZZ_ ej(wn—l—um —MZZ nm\<{—MZOZ nm} 99)

By the SLLN, the R.H.S. of the last inequality convergence, almost surely, to

1
2

E[2(0,007: = [ 0* Y alrs)?| | (100)

D(k,1)C
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which due to (@) may be made arbitrary small by taking k and [ sufficiently large.

Hence it is sufficient to prove the lemma with w(n,m) replaced by v(n, m).

z
=

1
NM <

m)ed@ntvm) u(n —r,m — s)e? @™ (101)

0

< lalr,s)]sup

ﬁmi

1 N—
iy
n=0

1™

3
Il

Since the summation is finite and {u(n,m)} is i.i.d., it is sufficient to prove the lemma with

w(n, m) replaced by u(n,m). Thus, we consider the mean square of the discussed supremum

| NolMe
E j(wn+vm)
Soll}? N u(n, m)e
’ n=0 m=0
—1M—1N-1M—-1
=F Sup(N 5 Z u(n, m)u(k, 1)l @n=RFrim=0) | (102)
v n=0 m=0 k=0 =0
By letting,
k=
" —z—i’ (103)
substitute,
N—1N-1
ZO = >
oy e (104)
Z = Z )
m=0 [=0 [r|<M meSy
where,
Sy ={n €Z:max(0,p) <n <min(N —1,p+ N — 1)}, (105)
Sy ={m €Z:max(0,r) <m < min(M — 1,r+ M — 1)},
and,
N—=p, p20
zsjl:{NJr <0 =Nl
—-r, T
RS { =M
meS M ‘l— T, r < 0



Hence, rewriting (I02)) we have

(N 2 Sup Z Z Z Z u(n — p,m — T)ej(wp+w)

|p|<N‘ |[<M neSny meSy

N—1M-1
= E ZZunm +sup Z Z Z Z u(n — p,m — r)el@PHr)
(N n=0 m=0 ‘p‘<N‘ |[<M neSn meSn
p#0  r#0
SW NMo®+ Y > E|> > um,mun—pm )] : (107)
lp|<N |r|<M neSy meSu
p#0  r#£0

where in the first equality we split up the sum into the squared term and the remainder, and then

employ the triangular inequality.

Let us investigate the second term on the R.H.S. of (I07). From the Cauchy-Schwartz inequal-
1
ity, for any r.v. z, F|z|] < E Uxﬂ ?, hence

1
212

B2 2 ulmmyuln—pm—r)

neSN meSy,

=<Z >, 2. 2 Elu(nmu(n—pm >u<n',m'>u<n'—p,m’—r>])

neSNy meSy n'€Sy m’ €Sy
1

(Z Yoo ) — p]) (M — [r])?. (108)

neSy meSy,

2 D ulmmju(n—p,m=—r)

neSN meSy,

N

which follows from the observation that for p, r # 0, the fourth order moment of the field {u(n,m)}

equals zero for all n # n’ or m # m/.

Hence we can finally write
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2

| NolMe
j (wn+vm)
E 5;111? N nz:: mz::() u(n, m)e’
1 1 1
< Wy NMo®+ > > (N —|p|)>(M — |r|)
|p|<N |r|<M
p#0  r#0
2 K 1 1
< NM+4(NM)2} < =0O(N =2M"2). 109
(VM 10003 £ S = o ) (109
where K some finite positive constant
Now following the ideas of Doob, [2]( ch. X, 6), let R and S be some positive integers such
that N > R° and M > S°, for § > 2. Hence, for any such choice of N and M, from (I09)
1 = i K
j (wn+vm)
sup — u(n, m)e’ < ) 110
NM Z Z (Rs)g ( )

n=0 m=0

Hence, if we take N = N(R) and M = M(S) to be the smallest integers not smaller then R°

and S%, respectively, then (II0) still holds

Hence, by Chebyshev inequality for every ¢ > 0
N(R)—1 M(S)—1

P\ Nme) &

N(R)—1 M(S)—1
E sup N(R)l]W(S) Z u(n m)eﬁ(WH-i-l/m)
w,v n=0 m=0 K
S 2 < )
€2(RS)?
and then since § > 2
0o 00 N(R)-1 M(S)-1 0o 00 K
Sup | —————— u(n, m)e? @Ml s e | < ZZ 5
R=1S=1 W n=0  m=0 "o s € (RS)?
Hence, by the Borel-Cantelly lemma
N(R)—1 M(S)—1
SUp | u(n, m)e? @™ 5 0 as. as U(R, S)
W N(R)M<S) n=0 m=0
24
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Now,

| N1 | NVB-LMEE)-1
sup sup |—— u(n, m)ed@ntvm _ u(n, m)ed@ntvm
NRISN<N(R+) wo | NM Z::() mZ::o NM Z::() mz::o
M(S)<M<M(S+1)
LR
< sup sup —— Z u(n, m)ed @rvm
N(RNN(R+)) wo NM = 2o
M(S)<M<M(S+1)
1 N—-1 M(S)-1
+ sup sup —— w(n, m)e?@ntvm)
N(R)<N<N(R+1) wov NM n:zN%R) mz::O ( )
M(S)<M<M(S+1)
RS
+ sup sup —— u(n, m)e?@ntvm | = [ 4 I, + I (114)
NRNNren wo N S, S,
M(S)<M<M(S+1)
Consider the first term in the previous equation. Using the triangular inequality
| M- N(R)—
L <—— Z sup Z u(n, m)e" (115)
M(S) <
m=M(S)
Let
N(R)-
a(m) = SUp =y Z u(n, m)e’"| . (116)

Since {u(n, m)} isi.i.d., it is clear that {@(m)} is an i.i.d. sequence of random variables. Moreover,

from [6] (or by repeating the derivation in (@8)-(II0) for the process u(n,m) with a fixed m) we

have

E [a(m)?]

2

Taking the mean of the square of the I; we have

N(R)-1 i
= FE |sup u(n,m)e’*" < e 117
w N(R) nzzo (n,m) R3S (117)
M(S+1)—1 M(S+1)—
E[IL) < Z Z m)i(m’)]
m/=M(S)
M(S+1)—1 M(S+1)— ) )
> Z 12 E [a(m’)?]?
m=M(S) m/=M(S)
1( (S+1)—1—M(S))2 < K _ (118)
R3M(S)? T R:S?
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Using once again the Chebyshev inequality and the Borel-Cantelli lemma we have that Iy — 0
a.s. as U(R,S) — oo. Repeating the same consideration for I, we have that I, — 0 a.s. as
U(R,S) — oo. Finally, for I3 we have

N(R+1)—1 M(R+1)— 2

LA <E ||l D Z ‘ (n.m)
n=N(R) m=M(S
N(R+1)—-1 M(S+1)-1 N(R+1)_1 M(5+1)—1
- (NRME)? ngm m%(s) ';(m m/:zms) Blfu(r, mju(w', m)l]
N(R+1)—1—N(R)*>(M(S )—1—M(5))2< i
(N(R)M(S))? STE

—~

(119)

Using again the Chebyshev inequality and the Borel-Cantelli lemma we have that I3 — 0 a.s.
as U(R,S) = o

Finally, we have that

N(R)—1 M(8)—1
u(n, m)ed@ntvm Z u(n, m)ed @m0 as. (120)
n=0

m=0

for all N(R) < N < N(R+1)and M(S) < M < M(S+1), as ¥(R,S) — oo, and hence as
W(N, M) = 0o

Since % — 1 and Ms(i)n — 1 as ¥(R,S) — oo we can replace ﬁ in the second term by

Therefore, we have

N(R)M(S)"
| Nolme 1 N(R)—1 M(S)—1
I j(wn+vm) - j(wn+vm)
sup NI nz:% mz::() u(n, m)e’ N(R)M(S) 2 mz::() u(n, m)e’ — 0 a.s. (121)

From (I2I) and (II3) the lemma follows.
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