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Shannon Meets Nyquist:
Capacity of Sampled Gaussian Channels

Yuxin Chen, Yonina C. Eldar, and Andrea J. Goldsmith

Abstract—We explore two fundamental questions at the in-
tersection of sampling theory and information theory: how
channel capacity is affected by sampling below the channel’s
Nyquist rate, and what sub-Nyquist sampling strategy should
be employed to maximize capacity. In particular, we derive
the capacity of sampled analog channels for three prevalent
sampling strategies: sampling with filtering, sampling with filter
banks, and sampling with modulation and filter banks. These
sampling mechanisms subsume most nonuniform sampling tech-
niques applied in practice. Our analyses illuminate interesting
connections between under-sampled channels and multiple-input
multiple-output channels. The optimal sampling structures are
shown to extract out the frequencies with the highest SNR
from each aliased frequency set, while suppressing aliasing
and out-of-band noise. We also highlight connections between
undersampled channel capacity and minimum mean-squared
error (MSE) estimation from sampled data. In particular, we
show that the filters maximizing capacity and the ones minimizing
MSE are equivalent under both filtering and filter-bank sampling
strategies. These results demonstrate the effect upon channel
capacity of sub-Nyquist sampling techniques, and characterize
the tradeoff between information rate and sampling rate.

Index Terms—sampling rate, channel capacity, sampled analog
channels, sub-Nyquist sampling

I. INTRODUCTION

The capacity of continuous-time Gaussian channels and
the corresponding capacity-achieving water-filling power al-
location strategy over frequency are well-known [If], and
provide much insight and performance targets for practical
communication system design. These results implicitly assume
sampling above the Nyquist rate at the receiver end. However,
channels that are not bandlimited have an infinite Nyquist rate
and hence cannot be sampled at that rate. Moreover, hardware
and power limitations often preclude sampling at the Nyquist
rate associated with the channel bandwidth, especially for
wideband communication systems. This gives rise to several
natural questions at the intersection of sampling theory and
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information theory, which we will explore in this paper: (1)
how much information, in the Shannon sense, can be conveyed
through undersampled analog channels; (2) under a sub-
Nyquist sampling-rate constraint, which sampling structures
should be chosen in order to maximize information rate.

A. Related Work

The derivation of the capacity of linear time-invariant (LTT)
channels was pioneered by Shannon [2]]. Making use of
the asymptotic spectral properties of Toeplitz operators [3],
this capacity result established the optimality of a water-
filling power allocation based on signal-to-noise ratio (SNR)
across the frequency domain [1]]. Similar results for discrete-
time Gaussian channels have also been derived using Fourier
analysis [4]. On the other hand, the Shannon-Nyquist sampling
theorem, which dictates that channel capacity is preserved
when the received signal is sampled at or above the Nyquist
rate, has frequently been used to transform analog channels
into their discrete counterparts (e.g. [5]], [6]). For instance, this
paradigm of discretization was employed by Medard to bound
the maximum mutual information in time-varying channels
[7]. However, all of these works focus on analog channel
capacity sampled at or above the Nyquist rate, and do not
account for the effect upon capacity of reduced-rate sampling.

The Nyquist rate is the sampling rate required for perfect re-
construction of bandlimited analog signals or, more generally,
the class of signals lying in shift-invariant subspaces. Vari-
ous sampling methods at this sampling rate for bandlimited
functions have been proposed. One example is recurrent non-
uniform sampling proposed by Yen [8], which samples the
signal in such a way that all sample points are divided into
blocks where each block contains IV points and has a recurrent
period. Another example is generalized multi-branch sampling
first analyzed by Papoulis [9], in which the input is sampled
through M linear systems. For perfect recovery, these methods
require sampling at an aggregate rate above the Nyquist rate.

In practice, however, the Nyquist rate may be excessive
for perfect reconstruction of signals that possess certain
structures. For example, consider multiband signals, whose
spectral content resides continuously within several subbands
over a wide spectrum, as might occur in a cognitive radio
system. If the spectral support is known a priori, then the
sampling rate requirement for perfect recovery is the sum of
the subband bandwidths, termed the Landau rate [[10]. One
type of sampling mechanism that can reconstruct multiband
signals sampled at the Landau rate is a filter bank followed by
sampling, studied in [[11]], [12]. The basic sampling paradigm
of these works is to apply a bank of prefilters to the input,
each followed by a uniform sampler.



When the channel or signal structure is unknown, sub-
Nyquist sampling approaches have been recently developed
to exploit the structure of various classes of input signals,
such as multiband signals [13]. In particular, sampling with
modulation and filter banks is very effective for signal recon-
struction, where the key step is to scramble spectral contents
from different subbands through the modulation operation. Ex-
amples includes the modulated wideband converter proposed
by Mishali er al. [13[], [14]]. In fact, modulation and filter-
bank sampling represents a very general class of realizable
nonuniform sampling techniques applied in practice.

Most of the above sampling theoretic work aims at find-
ing optimal sampling methods that admit perfect recovery
of a class of analog signals from noiseless samples. There
has also been work on minimum reconstruction error from
noisy samples based on certain statistical measures (e.g. mean
squared error (MSE)). Another line of work pioneered by
Berger et. al. [15]-[18] investigated joint optimization of
the transmitted pulse shape and receiver prefiltering in pulse
amplitude modulation over a sub-sampled analog channel. In
this work the optimal receiver prefilter that minimizes the
MSE between the original signal and the reconstructed signal
is shown to prevent aliasing. However, this work does not
consider optimal sampling techniques based on capacity as
a metric. The optimal filters derived in [15], [[16] are used to
determine an SNR metric which in turn is used to approximate
sampled channel capacity based on the formula for capacity
of bandlimited AWGN channels. However, this approximation
does not correspond to the precise channel capacity we derive
herein, nor is the capacity of more general undersampled
analog channels considered.

The tradeoff between capacity and hardware complexity has
been studied in another line of work on sampling precision
[19], [20]. These works demonstrate that, due to quantization,
oversampling can be beneficial in increasing achievable data
rates. The focus of these works is on the effect of oversampling
upon capacity loss due to quantization error, rather than the
effect of quantization-free subsampling upon channel capacity.

B. Contribution

In this paper, we explore sampled Gaussian channels with
the following three classes of sampling mechanisms: (1) a filter
followed by sampling: the analog channel output is prefiltered
by an LTI filter followed by an ideal uniform sampler (see Fig.
[2); (2) filter banks followed by sampling: the analog channel
output is passed through a bank of LTI filters, each followed
by an ideal uniform sampler (see Fig. [3); (3) modulation
and filter banks followed by sampling: the channel output is
passed through M branches, where each branch is prefiltered
by an LTI filter, modulated by different modulation sequences,
passed through another LTI filter and then sampled uniformly.
Our main contributions are summarized as follows.

« Filtering followed by sampling. We derive the sampled
channel capacity in the presence of both white and
colored noise. Due to aliasing, the sampled channel
can be represented as a multiple-input single output
(MISO) Gaussian channel in the spectral domain, while

Table 1
SUMMARY OF NOTATION AND PARAMETERS

L1 set of measurable functions f such that [ |f|dp < oo

S+ set of positive semidefinite matrices

h(t),H(f) impulse response, and frequency response of the analog
channel

si(t), Si(f) impulse response, and frequency response of the ith

post-modulation filter

pi(t), Pi(f) impulse response, and frequency response of the ith

pre-modulation filter

Sn(f), Sz(f)  power spectral density of the noise 7(t) and the
stationary input signal x(t)

M number of prefilters

fs» Ts aggregate sampling rate, and the corresponding
sampling interval (Ts = 1/f)

¢ (t) modulating sequence in the ith channel

Ty period of the modulating sequence g; (¢)

Frobenius norm, £5 norm

max {z, 0}, max {logz,0}

l-llgs 111l
[«]", logt z

the optimal input effectively performs maximum ratio
combining. The optimal prefilter is derived and shown
to extract out the frequency with the highest SNR while
suppressing signals from all other frequencies and hence
preventing aliasing. This prefilter also minimizes the
MSE between the original signal and the reconstructed
signal, illuminating a connection between capacity and
MMSE estimation.

o Filter banks followed by sampling. A closed-form
expression for sampled channel capacity is derived, along
with analysis that relates it to a multiple-input multiple-
output (MIMO) Gaussian channel. We also derive optimal
filter banks that maximize capacity. The M filters select
the M frequencies with highest SNRs and zero out
signals from all other frequencies. This alias-suppressing
strategy is also shown to minimize the MSE between
the original and reconstructed signals. This mechanism
often achieves larger sampled channel capacity than a
single filter followed by sampling if the channel is
non-monotonic, and it achieves the analog capacity of
multiband channels at the Landau rate if the number of
branches is appropriately chosen.

o Modulation and filter banks followed by sampling.
For modulation sequences that are periodic with period
T,, we derive the sampled channel capacity and show
its connection to a general MIMO Gaussian channel in
the frequency domain. For sampling following a single
branch of modulation and filtering, we provide an algo-
rithm to identify the optimal modulation sequence for
piece-wise flat channels when T} is an integer multiple
of the sampling period. We also show that the optimal
single-branch mechanism is equivalent to an optimal filter
bank with each branch sampled at a period 75,.

One interesting fact we discover for all these techniques is
the non-monotonicity of capacity with sampling rate, which
indicates that at certain sampling rates, channel degrees of
freedom are lost. Thus, more sophisticated sampling tech-
niques are needed to maximize achievable data rates at sub-
Nyquist sampling rates in order to preserve all channel degrees
of freedom.



C. Organization

The remainder of this paper is organized as follows. In
Section [[Il we describe the problem formulation of sampled
analog channels. The capacity results for three classes of
sampling strategies are presented in Sections [[lIHV] In each
section, we analyze and interpret the main theorems based
on Fourier analysis and MIMO channel capacity, and identify
sampling structures that maximize capacity. The connection
between the capacity-maximizing samplers and the MMSE
samplers is provided in Section [VIl Proofs of the main
theorems are provided in the appendices, and the notation is
summarized in Table [

II. PRELIMINARIES: CAPACITY OF UNDERSAMPLED
CHANNELS

A. Capacity Definition

We consider the continuous-time additive Gaussian channel
(see [1, Chapter 8]), where the channel is modeled as an
LTI filter with impulse response h(t) and frequency response
H(f) = [>_ h(t)exp(—j2r ft)dt. The transmit signal z(t)
is time-constrained to the interval (0,T]. The analog channel
output is given as

r(t) = h(t) * x(t) + n(t), (1)

and is observed over| (0,77, where 7(t) is stationary zero-
mean Gaussian noise. We assume throughout the paper that
perfect channel state information, i.e. perfect knowledge of
h(t), is known at both the transmitter and the receiver. The
analog channel capacity is defined as [1, Section 8.1]

C= lim % sup [ ({x(t)}f;o ; {r(t)}tT:o) )

where the supremum is over all input distributions subject to an
average power constraint E(7 [, lz(7)|> d7) < P. Since any
given analog channel can be converted to a countable number
of independent parallel discrete channels by a Karhunen-Loeve
decomposition, the capacity metric quantifies the maximum
mutual information between the input and output of these
discrete channels. If we denote [r]T = max{z,0} and
logt # = max{0,logz}, then the analog channel capacity
is given as follows.

Theorem 1. [|I| Theorem 8.5.1] Consider an analog channel
with power constraint P and noise power spectral density
S, (f). Assume that |H(]2|2 /Sy(f) is bounded and inte-
grable, and that either [~ S, (f)df < oo or that S,(f)

is white. Then the analog channel capacity is given by

_ L[ H ()
C= 5/_@@10@;+ (Vcsn(f)> df, )

where v satisfies
Sy(f)

[l

'We impose the assumption that both the transmit signal and the observed
signal are constrained to finite time intervals to allow for a rigorous definition
of channel capacity. In particular, as per Gallager’s analysis [1, Chapter 8],
we first calculate the capacity for finite time intervals and then take the limit
of the interval to infinity.

+
] df = P. 3)

For a channel whose bandwidth lies in [—B,B], if we
remove the noise outside the channel bandwidth via prefilter-
ing and sample the output at a rate f > 2B, then we can
perfectly recover all information conveyed within the channel
bandwidth, which allows (2) to be achieved without sampling
loss. For this reason, we will use the terminology Nyquist-rate
channel capacity for the analog channel capacity (2), which
is commensurate with sampling at or above the Nyquist rate
of the received signal after optimized prefiltering.

Under sub-Nyquist sampling, the capacity depends on the
sampling mechanism and its sampling rate. Specifically, the
channel output r(t) is now passed through the receiver’s
analog front end, which may include a filter, a bank of M
filters, or a bank of preprocessors consisting of filters and
modulation modules, yielding a collection of analog outputs
{y:(t) : 1 <i< M}. We assume that the analog outputs are
observed over the time interval (0, 7] and then passed through
ideal uniform samplers, yielding a set of digital sequences
{yi[n] : n€Z, 1 <i< M}, as illustrated in Fig. [I] Here,
each branch is uniformly sampled at a sampling rate of fs/M
samples per second.

Sampler
yi(t)
e, 20 T
2(t) H(f) l r(t) H : :
E— Preprosessor % -—> Ys[n
or o o T
. ‘\ .
Preprosessor m. -
Figure 1. Sampled Gaussian channel. The input x(t), constrained to (0,77,

is passed through M branches of the receiver analog front end to yield
analog outputs {y;(¢) : 1 <¢ < M}; each y;(¢) is observed over (0,7
and uniformly sampled at a rate fs/M to yield the sampled sequence y;[n].
The preprocessor can be a filter, or combination of a filter and a modulator.

Define y[n] = [yi[n],---,ym[n]], and denote by
I ({x(t)}tho ; {y[n]}tho) the mutual information between the
input z(t) on the interval 0 < ¢ < T and the samples {y[n]}
observed on the interval 0 < ¢ < T'. We pose the problem of
finding the capacity C(fs) of sampled channels as quantifying
the maximum mutual information in the limit as 7" — oco. The
sampled channel capacity can then be expressed as

O = Jim msu T (tO} g vy

where the supremum is over all possible input distributions
subject to an average power constraint E(+ fOT lz(7)]? dr) <
P. We restrict the transmit signal z(t) to be continuous with
bounded variance (i.e. sup, E |z(t)|” < 00), and restrict the
probability measure of x(¢) to be uniformly continuous. This
restriction simplifies some mathematical analysis, while still
encompassing most practical signals of interests El

B. Sampling Mechanisms

In this subsection, we describe three classes of sampling
strategies with increasing complexity. In particular, we start

2Note that this condition is not necessary for our main theorems. An
alternative proof based on correlation functions is provided in [21], which
does not require this condition.



from sampling following a single filter, and extend our results
to incorporate filter banks and modulation banks.

1) Filtering followed by sampling: Ideal uniform sampling
is performed by sampling the analog signal uniformly at a rate
fs = T, where T, denotes the sampling interval. In order
to avoid aliasing, suppress out-of-band noise, and compensate
for linear distortion of practical sampling devices, a prefilter
is often added prior to the ideal uniform sampler [22]. Our
sampling process thus includes a general analog prefilter, as
illustrated in Fig. ] Specifically, before sampling, we prefilter
the received signal with an LTT filter that has impulse response
s(t) and frequency response S (f), where we assume that h(t)
and s(t) are both bounded and continuous. The filtered output
is observed over (0,7 and can be written as

y(t) = s(t)  (h(t) x 2(t) + (1)),

We then sample y(¢) using an ideal uniform sampler, leading
to the sampled sequence

te(0,7]. (4

y[n] = y(nTs).
n(t) -
.
KR
r(t) y(t

Figure 2. Filtering followed by sampling: the analog channel output () is
linearly filtered prior to ideal uniform sampling.
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Figure 3. A filter bank followed by sampling: the received analog signal
r(t) is passed through M branches. In the ith branch, the signal r(¢) is
passed through an LTI prefilter with impulse response s; ( f), and then sampled
uniformly at a rate fs/M.

2) Sampling following Filter Banks: Sampling following a
single filter often falls short of exploiting channel structure. In
particular, although Nyquist-rate uniform sampling preserves
information for bandlimited signals, for multiband signals it
does not ensure perfect reconstruction at the Landau rate (i.e.
the total widths of spectral support). That is because uniform
sampling at sub-Nyquist rates may suppress information by
collapsing subbands, resulting in fewer degrees of freedom.
This motivates us to investigate certain nonuniform sampling
mechanisms. We begin by considering a popular class of non-
uniform sampling mechanisms, where the received signal is
preprocessed by a bank of filters. Most practical nonuniform

sampling techniques [9]], [11]], [12] fall under filter-bank sam-
pling and modulation-bank sampling (as described in Section
[I-B3). Note that the filters may introduce delays, so that this
approach subsumes that of a filter bank with different sampling
times at each branch.

In this sampling strategy, we replace the single prefilter in
Fig. [2| by a bank of M analog filters each followed by ideal
sampling at rate f;/M, as illustrated in Fig. [3] We denote by
s;(t) and S; (f) the impulse response and frequency response
of the ith LTI filter, respectively. The filtered analog output in
the ith branch prior to sampling is then given as

yi(t) = (h(t) * s:()) * 2(t) + s:(t) *1(t),

These filtered signals are then sampled uniformly to yield

te(0,T]. (5

yiln] £ y;(nMT,) and y[n] 2 [yi[n],ge[nl, -, yarln],

where T = f7 1.

3) Modulation and Filter Banks Followed by Sampling:
We generalize the filter-bank sampling strategy by adding an
additional filter bank and a modulation bank, which includes
as special cases a broad class of nonuniform sampling methods
that are applied in both theory and practice. Specifically, the
sampling system with sampling rate f, comprises M branches.
In the ith branch, the received signal r(t) is prefiltered by an
LTI filter with impulse response p;(¢) and frequency response
P;(f), modulated by a periodic waveform ¢;(t) of period
Ty, filtered by another LTI filter with impulse response s;(t)
and frequency response S;(f), and then sampled uniformly
at a rate f,/M = (MT,)" ", as illustrated in Fig. 4| The
first prefilter P;(f) will be useful in removing out-of-band
noise, while the periodic waveforms scramble spectral contents
from different aliased sets, thus bringing in more design
flexibility that may potentially lead to better exploitation of
channel structure. By taking advantage of random modulation
sequences to achieve incoherence among different branches,
this sampling mechanism has proven useful for sub-sampling
multiband signals [[13].

q,(1) t=n(MT)

0 @10 Jr e
i q,(1) t=n(MT,)

—> W’/\"’y“[”]
ro] e g (0) . it

7O @A 0 o

Figure 4. Modulation and filter banks followed by sampling: in each branch,
the received signal is prefiltered by an LTI filter with impulse response p; (t),
modulated by a periodic waveform g;(t), filtered by another LTI filter with
impulse response s;(t), and then sampled at a rate fs/M.

In the ith branch, the analog signal after post-modulation
filtering prior to sampling can be written as

yi(t) = si(t) * (@i(t) - [pi(t) * (h(t) x z(t) + n(E))]),  (©)



resulting in the digital sequence of samples

yiln] = yi(nMT,) and y[n] = [y [n], - ,yar [n]]"

III. A FILTER FOLLOWED BY SAMPLING
A. Main Results

The sampled channel capacity under sampling with filtering
is stated in the following theorem.

Theorem 2. Consider the system shown Fig. |2} where 7(t)
is Gaussian noise with power spectral density S, (f). Assume
that h(t), s(t), S(f)\/Sy(f) are all continuous, bounded
and absolutely Riemann integrable. Additionally, suppose that

hy(t) == F~1 (\/%) satisfies hy(t) = o(t™°) for some

constantE] € > 1. The capacity C(fs) of the sampled channel
with a power constraint P is then given parametrically as

fs
clra= [, ot erinda, @
where v satisfies
fs
[ = -r ®)

Here, we denote

SSH(f = Uf)S(f — 1)

P(f) = = 5 :
l2|s(f_lfb)| Sn(f_lfa)

As expected, applying the prefilter modifies the channel gain
and colors the noise accordingly. The color of the noise is
reflected in the denominator term of the corresponding SNR in
at each f € [—f,/2, fs/2] within the sampling bandwidth.
The channel and prefilter response leads to an equivalent
frequency-selective channel, and the ideal uniform sampling
that follows generates a folded version of the non-sampled
channel capacity. Specifically, this capacity expression differs
from the analog capacity given in Theorem |l|in that the SNR
in the sampled scenario is 7*(f) in contrast to | H(f)|> /Sy (f)
for the non-sampled scenario. Water filling over 1/~°(f)
determines the optimal power allocation.

B. Approximate Analysis

Rather than providing here a rigorous proof of Theorem [2]
we first develop an approximate analysis by relating the aliased
channel to MISO channels, which allows for a communication
theoretic interpretation. The rigorous analysis, which is de-
ferred to Appendix [A] makes use of a discretization argument
and asymptotic spectral properties of Toeplitz matrices.

Consider first the equivalence between the sampled channel
and a MISO channel at a single frequency f € [—fs/2, fs/2].
As part of the approximation, we suppose the Fourier trans-
form X (f) of the transmitted signal exist . The Fourier

3This condition is used in Appendixas a sufficient condition to guarantee
asymptotic properties of Toeplitz matrices. A similar condition will be used
in Theorems [4] and [}

4The Fourier transform of the input signal typically does not exist since
the input may be a stationary process.

transform of the sampled signal at any f € [—fs/2, fs/2]
is given by

%ZH(f—kfs)S(f—kfs)X(f—kfs)

S kez

)

due to aliasing. The summing operation allows us to treat the
aliased channel at each f within the sampling bandwidth as a
separate MISO channel with countably many input branches
and a single output branch, as illustrated in Fig. 5

By assumption, the noise has spectral density S, (f), so that
the filtered noise has power spectral density S,(f)|S(f)[*.
The power spectral density of the sampled noise sequence
at f € [—fs/2,fs/2] is then given by >, , S, (f —
Lf)|S(f = Ufs)°. If we term {f —If, | | € Z} the aliased
frequency set for f, then the amount of power allocated
to X(f — lfs) should “match” the corresponding channel
gain within each aliased set in order to achieve capacity.
Specifically, denote by G(f) the transmitted signal for every
f €[—fs/2, fs/2]. This signal is multiplied by a constant gain
cay (I € Z), and sent through the [th input branch, i.e.

X (f =1fs) = carG(f), VIELZ,
where c is a normalizing constant, and

o= 1) S (1)

SH(f = 11)S(f = 1))

The resulting SNR can be expressed as the sum of SNRs (as
shown in [23]]) at each branch. Since the sampling operation
combines signal components at frequencies from each aliased
set {f —Ifs |l € Z}, itis equivalent to having a set of parallel
MISO channels, each indexed by some f € [—fs/2, fs/2]. The
water-filling strategy is optimal in allocating power among the

set of parallel channels, which yields the parametric equation
and completes our approximate analysis.

(10)

H(f k) :S(fka;)

) x(f-#,) —'®_'® noise
cay, /,’/ : (PSD: S,(f) )

Y v x¥(r)
b—

ca H(f+K) S(firkf\)

®

* x(r+4)

Figure 5. Equivalent MISO Gaussian channel for a given f € [—fs/2, fs/2]
under filtering followed by sampling. The additive noise has power spectral

density Sp(f) = 31z Sn(f = Ufs) IS(f — 1fs)?.

C. Proof Sketch

Since the Fourier transform is not well-defined for signals
with infinite energy, there exist technical flaws lurking in the
approximate treatment of the previous subsection. The key
step to circumvent these issues is to explore the asymptotic
properties of Toeplitz matrices/operators. This approach was



used by Gallager [1, Theorem 8.5.1] to prove the analog
channel capacity theorem. Under uniform sampling, however,
the sampled channel no longer acts as a Toeplitz operator, but
instead becomes a block-Toeplitz operator. Since conventional
approaches [1, Chapter 8.4] do not accommodate for block-
Toeplitz matrices, a new analysis framework is needed. We
provide here a roadmap of our analysis framework, and defer
the complete proof to Appendix

1) Discrete Approximation: The channel response and the
filter response are both assumed to be continuous, which
motivates us to use a discrete-time approximation in order
to transform the continuous-time operator into its discrete
counterpart. We discretize a time domain process by point-
wise sampling with period A, e.g. h(t) is transformed into
{h[n]} by setting h[n] = h(nA). For any given T, this
allows us to use a finite-dimensional matrix to approximate
the continuous-time block-Toeplitz operator. Then, due to the
continuity assumption, an exact capacity expression can be
obtained by letting A go to zero.

2) Spectral properties of block-Toeplitz matrices: After
discretization, the input-output relation is similar to a MIMO
discrete-time system. Applying MIMO channel capacity re-
sults leads to the capacity for a given 7' and A. The channel
capacity is then obtained by taking 7' to infinity and A to
zero, which can be related to the channel matrix’s spectrum
using Toeplitz theory. Since the filtered noise is non-white
and correlated across time, we need to whiten it first. This,
however, destroys the Toeplitz properties of the original system
matrix. In order to apply established results in Toeplitz theory,
we make use of the concept of asymprotic equivalence [24]]
that builds connections between Toeplitz matrices and non-
Toeplitz matrices. This allows us to relate the capacity limit
with spectral properties of the channel and filter response.

D. Optimal Prefilters

1) Derivation of optimal prefilters: Since different prefilters
lead to different channel capacities, a natural question is how
to choose S(f) to maximize capacity. The optimizing prefilter
is given in the following theorem.

Theorem 3. Consider the system shown in Fig. 2} and define
— |H(f*lfs)‘2
877 (f - lfS)

for any integer 1. Suppose that in each aliased set
{f =1fs |1l €Z}, there exists k such that

n(f) :

Y(f) = supvi(f)-
leZ

Then the capacity in (7) is maximized by the filter with
frequency response

17 lf’yk(f) :SUPleZ'Yl(f)a
0, otherwise,

for any [ € [_f8/27f8/2]'

Proof: Tt can be observed from that the frequency
response S(f) at any f can only affect the SNR at f mod fs,

indicating that we can optimize for frequencies f; and

fa (f1 # foi f1, f2 € [*%, f?}
SNR at each f in the aliased channel is given by

V() =D mlHN),

leZ

) separately. Specifically, the

where

_ SIS -
ez IS(F = 1f)2 Sy (f = 1fs)

and ), \;(f) = 1. That said, 7°(f) is a convex combination
of {v,l € Z}, and is thus upper bounded by sup,c; ;. This
bound can be attained by the filter given in (TT). [ ]

The optimal prefilter puts all its mass in those fre-
quencies with the highest SNR within each aliased set
{f = 1fs |l € Z}. Even if the optimal prefilter does not exist,
we can find a prefilter that achieves an information rate
arbitrarily close to the maximum capacity once sup;cz ¥i(f)
exists. The existence of the supremum is guaranteed under
mild conditions, e.g. when +;(f) is bounded.

2) Interpretations: Recall that S(f) is applied after the
noise is added. One distinguishing feature in the subsampled
channel is the non-invertibility of the prefiltering operation,
i.e. we cannot recover the analog channel output from sub-
Nyquist samples. As shown above, the aliased SNR is a convex
combination of SNRs at all aliased branches, indicating that
S(f) plays the role of “weighting” different branches. As
in maximum ratio combining (MRC), those frequencies with
larger SNRs should be given larger weight, while those that
suffer from poor channel gains should be suppressed.

The problem of finding optimal prefilters corresponds to
Jjoint optimization over all input and filter responses. Looking
at the equivalent aliased channel for a given frequency f €
[—fs/2, fs/2] as illustrated in Fig. |5, we have full control over
both X (f) and S(f). Although MRC at the transmitter side
maximizes the combiner SNR for a MISO channel [23], it
turns out to be suboptimal for our joint optimization problem.
Rather, the optimal solution is to perform selection combining
[23]] by setting S(f — Ifs) to one for some | = [y, as well
as noise suppression by setting S(f — [fs) to zero for all
other [s. In fact, setting S(f) to zero precludes the undesired
effects of noise from low SNR frequencies, which is crucial
in maximizing data rate.

Another interesting observation is that optimal prefiltering
equivalently generates an alias-free channel. After passing
through an optimal prefilter, all frequencies modulo f, except
the one with the highest SNR are removed, and hence the
optimal prefilter suppresses aliasing and out-of-band noise.
This alias-suppressing phenomena, while different from many
sub-Nyquist works that advocate mixing instead of alias sup-
pressing [[13]], arises from the fact that we have control over
the input shape.

A(f)

E. Numerical examples

1) Additive Gaussian Noise Channel without Prefiltering:
The first example we consider is the additive Gaussian noise
channel. The channel gain is flat within the channel bandwidth
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Figure 6. Capacity of sampled additive Gaussian noise channel under ideal
uniform sampling without filtering. (a) The channel gain and the PSD of
the noise. (b) Sampled channel capacity v.s. analog channel capacity under a
power constraint P = 5.

B =0.5,ie H(f)=1if f € [-B,B] and H(f) = 0 oth-
erwise. The noise is modeled as a measurable and stationary
Gaussian process with the power spectral density plotted in
Fig. [f[a). This is the noise model adopted by Lapidoth in [25]]
to approximate white noise, which avoids the infinite variance
of the standard model for unfiltered white noise. We employ
ideal point-wise sampling without filtering.

Since the noise bandwidth is larger than the channel band-
width, ideal uniform sampling without prefiltering does not
allow analog capacity to be achieved when sampling at a
rate equal to twice the channel bandwidth, i.e. the Nyquist
rate. Increasing the sampling rate above twice the channel
bandwidth (but below the noise bandwidth) spreads the total
noise power over a larger sampling bandwidth, reducing the
noise density at each frequency. This allows the sampled
capacity to continue increasing when sampling above the
Nyquist rate, as illustrated in Fig. [6(b). It can be seen that the
capacity does not increase monotonically with the sampling
rate. We will discuss this phenomena in more detail in Section
11-E3|

2) Optimally Filtered Channel: In general, the frequency
response of the optimal prefilter is discontinuous, which may
be hard to realize in practice. However, for certain classes
of channel models, the prefilter has a smooth frequency
response. One example of this channel class is a monotone
channel, whose channel response obeys |H (f1)|* /Sn(f1) >
\H(f2)|” /S, (f2) for any f; > fo. Theorem [3| implies that
the optimizing prefilter for a monotone channel reduces to a
low-pass filter with cutoff frequency fs/2.

For non-monotone channels, the optimal prefilter may not
be a low-pass filter, as illustrated in Fig. [7} Fig. [7(b) shows
the optimal filter for the channel given in Fig. [/(a) with f, =
0.4 fyyq, which is no longer a low-pass filter.
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Figure 7.  Capacity of optimally filtered channel: (a) frequency response

of the original channel; (b) optimal prefilter associated with this channel for
sampling rate 0.4; (c) optimally filtered channel response with sampling rate
0.4; (d) capacity vs sampling rate for the optimal prefilter and for the matched
filter.

3) Capacity Non-monotonicity: When the channel is not
monotone, a somewhat counter-intuitive fact arises: the chan-
nel capacity C/(f5) is not necessarily a non-decreasing function
of the sampling rate f. This occurs, for example, in multiband
channels as illustrated in Fig. (8 Here, the Fourier transform
of the channel response is concentrated in two sub-intervals
within the overall channel bandwidth. Specifically, the entire
channel bandwidth is contained in [—0.5,0.5] with Nyquist
rate fxyg = 1, and that the channel frequency response is
given by

- {1 e AU

. (12)
0, otherwise.

If this channel is sampled at a rate f; = ngYQ, then aliasing
occurs and leads to an aliased channel with one subband
(and hence one degree of freedom). However, if sampling is
performed at a rate f, = % fnyq. It can be easily verified
that the two subbands remain non-overlapping in the aliased
channel, resulting in two degrees of freedom.

The tradeoff curve between capacity and sampling rate with
an optimal prefilter is plotted in Fig. [§[b). This curve indicates
that increasing the sampling rate may not necessarily increase
capacity for certain channel structures. In other words, a single
filter followed by sampling largely constrains our ability to
exploit channel and signal structures. This is not the case
for more general sampling structures, as we show in the next
section.
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Figure 8. Sampled channel capacity for a multiband channel under filter-bank
sampling. (a) Channel gain of the mulnband channel. The power constraint is
P = 10, and the noise power is o = 1. (b) Sampled channel capacity for a
single filter followed by sampling and for a filter bank followed by sampling
for a bank of two filters and of four filters.

IV. A BANK OF FILTERS FOLLOWED BY SAMPLING

A. Main Results

We now treat filter-bank sampling, in which the channel
output is filtered and sampled through M multiple branches
as illustrated in Fig. 3]

In order to state our capacity results, we introduce two
matrices F; and F;, defined in the Fourier domain. Here, F';
is an infinite matrix of m rows and infinitely many columns
and F;, is a diagonal infinite matrix such that for every i
(1 £ < k) and every integer [:

Ufs
®=5 (15 ) s (- 5.

Lfs
®n =1 (1= s (=),
Theorem 4. Consider the system shown in Fig. [3] Assume

that h(t) and s;(t) (1 <i < M) are all continuous, bounded
and absolutely Riemann integrable. Additionally, assume that

hy(t) == F~1 <\;%) satisfies hy(t) = o(t~°) for some

constant € > 1 and that ¥, is right-invertible for every
1
f. Define F, (F F*) "2 F,. The capacity C(fs) of the

sampled channel with a power constraint P is given as

ety = [ ff ;flog (vxi (FEAFSES) ) df.
TIM

fs M
2M
/ fs
2M 1=1

A (PR, FiF)

where

df = P.

Here, \; (FSFhF;‘LF§> denotes the ith largest eigenvalue of
F.F,F;F.

Remark 1. We can express this capacity in a more traditional
MIMO capacity form as

3] - -
C(fs) = max / —logdet (I + FF,QF; F: ) df,
(fs) athiea _ 42 g (M R QF}, ) f
(13)

%FS and

where F, é(

F.,F5)™~

o-{au 1= &
/7 Tr(Q(f))df:P.}

The optimal {Q(f)} corresponds to a water-filling power
allocation strategy based on the singular values of the equiva-
lent channel matrix FSFh, where F), is associated with the
original channel and F, arises from prefiltering and noise
whitening. For each f € [—f,/2M, fs/2M], the integrand in
(13) can be interpreted as a MIMO capacity formula. We have
M receive branches, and can still optimize the transmitted
signals {X ( f- lf;;) |l e Z} at a countable number of input
branches, but this time we have M receive branches. The
channel capacity is achieved when the transmit signals are
designed to decouple this MIMO channel into M parallel
channels (and hence M degrees of freedom), each associated
with one of its singular directions.

Q(f) € Sy

s ) . . noise: PSD=8(f)

Figure 9. Equivalent MIMO Gaussian channel for a frequency f €
[—fs/2M, fs/2M] under sampling with a bank of M filters. Here, S (f) =

Sien Sulf = Ufs/M)|Si(f = Ufs /M)



B. Approximate Analysis

The sampled analog channel under filter-bank sampling
can be studied through its connection with MIMO Gaussian
channels (see Fig. [9). Consider first a single frequency f €
[—fs/2M, fs/2M]. Since we employ a bank of filters each
followed by an ideal uniform sampler, the equivalent channel
has M receive branches, each corresponding to one branch of
filtered sampling at rate fs/M. The noise received in the ith
branch is zero-mean Gaussian with spectral density

lfS lfS fS fS
1€z

indicating the mutual correlation of noise at different branches.
The received noise vector can be whitened by multiplying
Y(f)=[,Y(f),Y(f=fs)--]" by an M x M whitening
matrix (F4(f)F%(f)) 2. Since the whitening operation is
invertible, it preserves capacity. After whitening, the channel
of Fig. [9 at frequency f has the following channel matrix

(Fs(/)F:(f) "2 Fo(f)Fu(f) = Fo(/)Fu(f).

MIMO Gaussian channel capacity results [26] immediately
imply that the capacity of the channel in Fig. 0] at any f €
[—fs/2M, fs/2M] can be expressed as

g 3 log det [T+ B (NFAQUIFLOF()] (9)

subject to the constraints that trace (Q(f)) < P(f) and
Q(f) € Sy, where Q(f) denotes the power allocation matrix.
Performing water-filling power allocation across all parallel
channels leads to our capacity expression.

(14)

C. Optimal Filter Bank

1) Derivation of optimal filter banks: In general,
logdet[Ins + FSFhQFZ];"z] is not perfectly determined by
F.(f) and Fj,(f) at a single frequency f, but also depends
on the water-level, since the optimal power allocation strategy
relies on the power constraint P/U as well as Fg and Fy,
across all f. In other words, logdet[Is + F FhQF*F*] is
a function of all singular values of F F;, and the universal
water-level associated with optimal power allocation. Given
two sets of singular values, we cannot determine which set is
preferable without accounting for the water-level, unless one
set is element-wise larger than the other. That said, if there
exists a prefilter that maximizes all singular values simultane-
ously, then this prefilter will be universally optimal regardless
of the water-level. Fortunately, such optimal schemes exist, as
we characterize in Theorem

Since F,(f) is a diagonal matrix, Ay (F;F}) denotes the
kth largest entry of F;,F} . The optimal filter bank can then
be given as follows.

Theorem 5. Consider the system shown in Fig. [3| Suppose
{f—ﬁ ZEZ} cmdeachk(

k < M), there exists an integer | such that *=—4—+ i

_ifs
equal to the k™ largest element in wi)
Sn(ff M )

that for each aliased set

capacity (I3) under filter-bank sampling is then maximized by
a bank of filters for which the frequency response of the k"
filter is given by

L pltr

s(r-%) =10 U s0o®)

otherwise,
fs
foralll€Z,1 <k <M and f € [ 5M 7 30

maximum channel capacity is given by

=M (Fr(NFL(f));

(16)
} The resulting

fs/2M
— / Zlog (v- M (FRED)Af,  (17)
f8/2Mk; 1
where v is chosen such that
foj2M M 1
Ve +———=r| df =P (18)
/fs/2M ,; { Ak (FhFh):| +

Proof: See Appendix [C] [ |
The choice of prefilters in (I6) achieves the upper bounds on
all singular values, and is hence universally optimal regardless
of the water level. Since Fs has orthonormal rows, it acts
as an orthogonal projection and outputs an M -dimensional
subspace. The rows of the diagonal matrix F;, are orthogonal
to each other. Therefore, the subspace closest to the channel
space spanned by F} corresponds to the M rows of F
containing the highest channel gains out of the entire aliased
frequency set { f- l]{;;
then achieved when the filter bank outputs M frequencies
with the highest SNR among the set of frequencies equivalent
modulo fﬁ and suppresses noise from all other branches.
We note that if we consider the enlarged aliased set
{f = 1fs/M |l € Z}, then the optimal filter bank is equivalent
to generating an alias-free channel over the frequency interval
[—fs/2M, fs/2M]. This again arises from the nature of the
joint-optimization problem: since we are allowed to control
the input shape and sampling jointly, we can adjust the input
shape based on the channel structure in each branch, which
turn out to be alias-suppressing.

l e Z}. The maximum data rate is

D. Discussion and Numerical Examples

In a monotone channel, the optimal filter bank will sequen-
tially crop out the M best frequency bands, each of bandwidth
fs/M. Concatenating all of these frequency bands results in a
low-pass filter with cut-off frequency f5/2, which is equivalent
to single-branch sampling with an optimal filter. In other
words, for monotone channels, using filter banks harvests no
gain in capacity compared to a single branch with a filter
followed by sampling.

For more general channels, the capacity is not necessarily
a monotone function of f,;. Consider again the multiband
channel where the channel response is concentrated in two
sub-intervals, as illustrated in Fig. Bka). As discussed above,
sampling following a single filter only allows us to select
the best single frequency with the highest SNR out of the
set {f —1fs |l € Z}, while sampling following filter banks

i |1 ez},

allows us to select the best f out of the set { f—



Consequently, the channel capacity with filter-bank sampling
exceeds that of sampling with a single filter, but neither
capacity is monotonically increasing in fs. This is shown in
Fig.[§b). Specifically, we see in this figure that when we apply
a bank of two filters prior to sampling, the capacity curve is
still non-monotonic but outperforms a single filter followed by
sampling.

Another consequence of our results is that when the number
of branches is optimally chosen, the Nyquist-rate channel
capacity can be achieved by sampling at any rate above the
Landau rate. In order to show this, we introduce the following
notion of a channel permutation. We call H (f) a permutation
of a channel response H(f) at rate f if, for any f,

H(f —1f)]? H(f —1f))

Sn(f_lfS) Sn(f_lfS)
The following proposition characterizes a sufficient condition
that allows the Nyquist-rate channel capacity to be achieved
at any sampling rate above the Landau rate.

Proposition 1. If there exists a permutation H(f) of H(f)
at rate % such that the support of H(f) is [—f1/2, fr./2],
then optimal sampling following a bank of M filters achieves
Nyquist-rate capacity when fs > fr.

Examples of channels satisfying Proposition [I] include any
multiband channel with N subbands among which K sub-
bands have non-zero channel gain. For any fs > fr = % fnyas
we are always able to permute the channel at rate fs/K to
generate a band-limited channel of spectral support size fr.
Hence, sampling above the Landau rate following K filters
achieves the Nyquist-rate channel capacity. This is illustrated
in Fig. [§[(b) where sampling with a four-branch filter bank has a
higher capacity than sampling with a single filter, and achieves
the Nyquist-rate capacity whenever f; > %fNYQ. The optimal
filter-bank sampling for most general channels is identified
in [21], where both the number of branches and per-branch
sampling rate are allowed to vary.

V. MODULATION AND FILTER BANKS FOLLOWED BY
SAMPLING

A. Main Results

We now treat modulation and filter banks followed by
sampling. Assume that T, == MT, = gTq where a and
b are coprime integers, and that the Fourier transform of
qi(t) is given as Y, ctd(f — L f,). Before stating our theorem,
we introduce the following two Fourier symbol matrices F”
and F". The aM x co-dimensional matrix F" contains M
submatrices with the ath submatrix given by an a X oco-
dimensional matrix FZF?. Here, forany v € Z, 1 <[ < g,
and 1 < o < M, we have

ZC“S ( —|—ufq—|—qu>

- exp (—jQﬂ'lMTS (f —ufy —v%))] .

(Fg)l,v

The matrices F? and F" are infinite diagonal matrices such

that for every integer [:
®2) =P (=1 102) 5, (<1 +100),

o (f f+ z%)
h _
(), - —
Sy (—r+1%)
Theorem 6. Consider the system shown in Fig. 4| Assume that

h(t), pi(t) and s;(t) (1 < i < M) are all continuous, bounded
and absolutely Riemann integrable, F" is right invertible, and

that the Fourier transform of q;(t) is given as >, ci5(f —1f,).
Additionally, suppose that h,(t) == F~! (\Z%) satisfies

hy(t) = o(t™°) for some constant € > 1. We further assume
that aMTs = bl where a and b are coprime integers. The
capacity C(fs) of the sampled channel with a power constraint
P is given by

ct) 7/2“”[ Zlog (vxi (@) =2 Emn.

2aM =1

FheF* (FTF7)” )) af, (19

where v is chosen such that
alM

/2(1]\/1 Z V— /\ 1 ( FnFn*) 1 Fth

Fhepn (F"F"*)*E)] df.

Remark 2. The right invertibility of ¥ ensures that the sam-
pling method is non-degenerate, e.g. the modulation sequence
cannot be zero.

The optimal v corresponds to a water-filling power alloca-
tion strategy based on the1 singular values of the equivalent
channel matrix (F7F7*)” 2 F"F", where (F7F"*)” 2 is due
to noise prewhitening and F7F" is the equivalent channel
matrix after modulation and filtering. This result can again be
interpreted by viewing (I9) as the MIMO Gaussian channel
capacity of the equivalent channel. We note that a closed-
form capacity expression may be hard to obtain for general
modulating sequences ¢;(t). This is because the multiplication
operation corresponds to convolution in the frequency domain
which does not preserve Toeplitz properties of the original
operator associated with the channel filter. When ¢;(t) is
periodic, however, it can be mapped to a spike train in the
frequency domain, which preserves block Toeplitz properties,
as described in more detail in Appendix

B. Approximate Analysis

The Fourier transform of the signal prior to modulation in
the ith branch at a given frequency f can be expressed as
Pi(f)R(f), where R(f) = H(f)X(f)+N(f). Multiplication
of this pre-modulation signal with the modulation sequence
qi(t) = >, cd(f —1f,) corresponds to convolution in the
frequency domain.



Recall that b1, = aMT, with integers a and b. We
therefore divide all samples {y;[k] | kK € Z} in the ith branch
into a groups, where the /th (0 < | < a) group contains
{yill + ka] | k € Z}. Hence, each group is equivalent to the
samples obtained by sampling at rate f;/Ma = f,/b. The
sampling system, when restricted to the output on each group
of the sampling set, can be treated as LTI, thus justifying its
equivalent representation in the spectral domain. Specifically,
for the ith branch, we denote by

gf](tﬂ') = /Si(t —71)qi(T1)p(11 — 7)d7

the output response of the preprocessing system at time ¢ due
to an input impulse at time 7. We then introduce a new LTI
impulse response 91( ) associated with the Ith group such that
git) = gn(lTS,lT — t). It can easily be shown that when
{(l +ka)T, | k € Z} is employed, the
preprocessing system associated with gn(t 7) results in the
same sampled output as the one associated with g;(¢). This
allows us to treat the samples of each distinct group as the
ones obtained by an LTI preprocessing system followed by
uniform sampling.

Suppose the channel output R(f) is passed through the
LTI preprocessing system associated with the [th group of
the ith branch, i.e. the one associated with g} (¢). The Fourier
transform of the output of this LTI system prior to uniform
sampling, as marked in Fig [T0[b), can be written as

V()

A

SP(NR(f) (Si(f) exp (j2n fIL. )

the same sampling set

£y s

u

=P()R(f) S Si (f — ufy) exp (jQﬂ'lTs (f - ufq)) .

u

After uniform sampling at rate f,/b, the Fourier transform of
the samples in the [th group can be expressed as

v =37 (r-4)
En(Hl )

S <f —uf, - ?) exp (j?vrlfs (f —uly = qu))

S (1) r(s- o).

where
A% s, ( f - ”bf"> :

exp (jZWZTs (f—ufq qu)). (20)

Since the sampled outputs of the original sampling system
are equivalent to the union of samples obtained by Ma LTI
systems each followed by uniform sampling at rate f,/b, we
can transform the true sampling system into a MIMO Gaussian
channel with an infinite number of input branches and finitely

15t branch

— " branch

A L

i —'; .
v
7’@ & the /' group in the ih branch
R(f——" .
b Ao (f)
P 10
P SR N
R(f) —>® > ® N, >
P(f+%) A;‘—l o)) 7 (f f associated with the samples
v v i **")
) | {y[l+ka]kEZ}
il
(b)

Figure 10. Equivalent MIMO Gaussian channel for a given f € [0, f4/b)
under sampling with modulation banks and filter banks. (a) The overall MIMO
representation, where each branch has a output each corresponding to a
distinct group. (b) The MISO representation of the [th group in the ith branch,
where A} (f) is defined in . This is associated with the set of samples
{yill + ka] | k € Z}.

many output branches, as illustrated in Fig. [I0] The well-
known formula for the capacity of a MIMO channel can now
be used to derive our capacity results.

We note that due to the convolution in the spectral domain,
the frequency response of the sampled output at frequency
f is a linear combination of frequency components {X (f)}
and {N(f)} from several different aliased frequency sets. We
define the modulated aliased frequency set as a generalization
of the aliased set. Specifically, for each f, the modulated
If, —kfs | Lk € Z}. By our

assumption that f, = g fs with a and b being relatively prime,
simple results in number theory imply that

{fo-tfs—ki Lk e 2} ={fo—1fu/b| 1€ 2}
:{fo—lfs/a\leZ}.

In other words, for a given fo € [—f,/2b, fs/20],
the sampled output at f; depends on the input in the
entire modulated aliased set. Since the sampling band-
width at each branch is f,, all outputs at frequencies

aliased set is given b { f-

5We note that although each modulated aliased set is countable, it may be
a dense set when fy/fs is irrational. Under the assumption in Theorem
however, the elements in the set have a minimum spacing of fg/b.



{fo —Ufy /b |l €Z; — fo/2< fo—1f,)b< fs/2} rely on
the inputs in the same modulated aliased set. This can be
treated as a Gaussian MIMO channel with a countable number
of input branches at the frequency set { fo—1 fg/ alle Z}
and aM groups of output branches, each associated with one
group of sample sequences in one branch. As an example, we
illustrate in Fig. [I0] the equivalent MIMO Gaussian channel
under sampling following a single branch of modulation and
filtering, when S(f) =0 for all f ¢ [—fs/2, fs/2].

The effective frequencies of this frequency-selective MIMO
Gaussian channel range from — f, /2b to f,/2b, which gives us
a set of parallel channels each representing a single frequency
f. The water-filling power allocation strategy is then applied
to achieve capacity.

A rigorous proof of Theorem [6] based on Toeplitz properties
is provided in Appendix [D]

C. An Upper Bound on Sampled Capacity

Following the same analysis of optimal filter-bank sampling
developed in Section we can derive an upper bound on
the sampled channel capacity.

Corollary 1. Consider the system shown in Fig. 4| Suppose

that for each aliased set {f —if,/b|i € Z} and each k (1 <
|H(f—Lfq/b)|?
A S (=17 /t)

is equal to the k™ largest element in {% | i€ Z}.
The capacity ({I9) under sampling following modulation and

filter banks can be upper bounded by

fa/2b
Al [la
cr(fy 2l /

2 —fa/2b 1

k < aM), there exists an integer | such that

aM
log* (v- A (FuFR))Af, (2D
where v is chosen such that
aM 1

fq/2b +
-—————| df =P 22
/—fq/%,;_:1 {V Ak (FhFZ)] / (22)

Proof: By observing that (F" F”*)_% F" has orthonormal
rows, we can derive the result using Proposition din Appendix
]

The upper bound of Corollary [I] coincides with the upper
bound on sampled capacity under aM -branch filter-bank sam-
pling. This basically implies that for a given sampling rate
fs, modulation and filter bank sampling does not outperform
filter-bank sampling in maximizing sampled channel capacity.
In other words, we can always achieve the same performance
by adding more branches in filter-bank sampling.

Note however that this upper bound may not be tight, since
we restrict our analysis to periodic modulation sequences.
General modulation is not discussed here.

D. Single-branch Sampling with Modulation and Filtering v.s.
Filter-bank Sampling

Although the class of modulation and filter bank sampling
does not provide capacity gain compared with filter-bank
sampling, it may potentially provide implementation advan-
tages, depending on the modulation period T7. Specifically,

Channel Gain
25 T

Subband 1 Subband 3

channel gain: H(f)

05 :
: Subband 2:

-0.5,

frequency: f

Figure 11. The channel gain of Example [I| The noise is of unit power
spectral density.

modulation-bank sampling may achieve a larger capacity re-
gion than that achievable by filter-bank sampling with the same
number of branches. We consider here two special cases of
single-branch modulation sampling, and investigate whether
any hardware benefit can be harvested.

1) fs/M = f,/a for some integer a: In this case, the
modulated aliased set is {f —kfs/M —if, |k, 1€ Z} =
{f —kfs/M | k € Z}, which is equivalent to the original
aliased frequency set. That said, the sampled output Y (f)
is still a linear combination of {R (f — kfs/M) | k € Z}. But
since linear combinations of these components can be attained
by simply adjusting the prefilter response S( f), the modulation
bank does not provide any further design degrees of freedom,
and hence does not improve the capacity region achievable by
sampling with a bank of M filters.

2) f¢/M = bf, for some integer b: In this
case, the modulated aliased set is enlarged to
{f—kfs/M—1fy|k,leZ} = {f—-1f,|l€Z}, which
may potentially provide implementation gain compared with
filter-bank sampling with the same number of branches. We
illustrate this in the following example.

Example 1. Suppose that the channel contains 3 subbands
with channel gains as plotted in Fig.[T1] and that the noise is of
unit spectral density within these 3 subbands and O otherwise.

(1) Let us first consider single-branch sampling with filtering
with fs = 2. As illustrated in Fig. Subband 1 and 3 are
mixed together due to aliasing. According to Section
the optimal prefilter without modulation would be a band-
pass filter with passband [—1.5,0.5], resulting in a channel
containing 2 subbands with respective channel gains 2 and 1.

(ii) If we add a modulation sequence with period T, = 2T,
then the channel structure can be better exploited. Specifically,
suppose that the modulation sequence obeys c” = 1, ¢3 = 1,
and ¢* = 0 for all other 4’s, and that the post-modulation filter
is a band-pass filter with passbands [—1.5,—0.5] U [3.5,4.5].
We can see that this moves spectral contents of Subband 1
and Subband 3 to frequency bands [—1.5, —0.5] and [3.5,4.5],
respectively, which are alias-free. Therefore, we obtain a two-
subband channel with respective channel gains both equal to 2,
thus outperforming a single branch of sampling with filtering.



More generally, let us consider the following scenario.
Suppose that the channel of bandwidth W = % fs is equally
divided into 2L subbands each of bandwidth f, = f,/K for
some integers K and L. The SNR |H (f)[? /Sy(f) within
each subband is assumed to be flat. For instance, in the
presence of white noise, if f;, < B, with B, being the
coherence bandwidth [23]], the channel gain (and hence the
SNR) is roughly equal across the subband. Algorithm 1 given
below generates an alias-free sampled analog channel, which
is achieved by moving the K subbands with the highest
SNRs to alias-free locations. By Corollary (1] this algorithm
determines an optimal sampling mechanism that maximizes
capacity under a single branch of sampling with modulation
and filtering. Specifically, take any f € [—f,/2, f,/2], and the
algorithm works as follows.

Algorithm 1
1. Initializze. Find the K largest elements in
{H;S(f]%ﬁq)‘) |l€Z,fL§l§L71}.Denoteby
{l; | 1 <i < K} the index set of these K elements
such that [y > 1y > --- > [g. Set
L* :=min{k |k € Z,k > 2L,k mod K =0} .
2. Fori=1:K

Leta:=74-L*+i—1.

Set ¢* =1, and S(f + af,) = 1.

Algorithm 1 first selects the K subbands with the highest
SNR, and then moves each of the selected subbands to a
new location by appropriately setting {ci}, which guarantees
that (1) the movement does not corrupt any of the previously
chosen locations; (2) the contents in the newly chosen loca-
tions will be alias-free. The post-modulation filter is applied
to suppress the frequency contents outside the set of newly
chosen subband locations. One drawback of this algorithm is
that we need to preserve as many as 2L K subbands in order
to make it work.

The performance of Algorithm 1 is equivalent to the one
using an optimal filter bank followed by sampling with sam-
pling rate f, at each branch. Hence, single-branch sampling
effectively achieves the same performance as multi-branch
filter-bank sampling. This approach may be preferred since
building multiple analog filters is often expensive (in terms of
power consumption, size, or cost). We note, however, that for
a given overall sampling rate, modulation-bank sampling does
not outperform filter-bank sampling with an arbitrary number
of branches. The result is formally stated as follows.

Proposition 2. Consider the setup in Theorem [6] For a
given overall sampling rate fs, sampling with M branches of
optimal modulation and filter banks does not achieve higher
sampled capacity compared to sampling with an optimal bank
of aM filters.

Hence, the main advantage of applying a modulation bank
is a hardware benefit, namely, using fewer branches and hence
less analog circuitry to achieve the same capacity.

VI. CONNECTIONS BETWEEN CAPACITY AND MMSE

In Sections and we derived respectively the
optimal prefilter and the optimal filter bank that maximize

capacity. It turns out that such choices of sampling methods
coincide with the optimal prefilter / filter bank that minimize
the MSE between the Gaussian channel input and the signal
reconstructed from sampling the channel output, as detailed
below.

Consider the following sampling problem. Let z(t) be
a zero-mean wide-sense stationary (WSS) stochastic signal
whose power spectral density (PSD) Sx (f) satisfies a power
constraintlﬂ ffooo Sx(f)df = P. This input is passed through
a channel consisting of an LTI filter and additive stationary
Gaussian noise. We sample the channel output using a filter
bank at a fixed rate fs/M in each branch, and recover a linear
MMSE estimate Z(t) of x(¢) from its samples in the sense of
minimizing E(|z(t) — Z(t)|*) for t € R. We propose to jointly
optimize x(t) and the sampling method. Specifically, our joint
optimization problem can now be posed as follows: for which
input process z(t) and for which filter bank is the estimation
error E(|z(t) — #(¢)|*) minimized for ¢ € R.

It turns out that the optimal input and the optimal filter
bank coincide with those maximizing channel capacity, which
is captured in the following proposition.

Proposition 3. Suppose the channel input x(t) is any WSS
signal. For a given sampling system, let I(t) denote the
optimal linear estimate of x(t) from the digital sequence
{y[n]}. Then the capacity-optimizing filter bank given in (16
and its corresponding optimal input x(t) minimize the linear
MSE E(|z(t) — 2(t)|*) over all possible LTI filter banks.

Proof: See Appendix [E] [ |
Proposition |3|implies that the input signal and the filter bank
optimizing channel capacity also minimize the MSE between
the original input signal and its reconstructed output. We
note that if the samples {y[n]} and z(¢) are jointly Gaussian
random variables, then the MMSE estimate Z(¢) for a given
input process x(t) is linear in {y[n]}. That said, for Gaus-
sian inputs passed through Gaussian channels, the capacity-
maximizing filter bank also minimizes the MSE even if we
take into account nonlinear estimation. Thus, under sampling
with filter-banks for Gaussian channels, information theory
reconciles with sampling theory through the SNR metric when
determining optimal systems. Intuitively, high SNR typically
leads to large capacity and small MSE.

Proposition [3] includes the optimal prefilter under single-
prefilter sampling as a special case. We note that a similar
MSE minimization problem was investigated decades ago with
applications in PAM [[17]], [18]]: a given random input z(t) is
prefiltered, corrupted by noise, uniformly sampled, and then
postfiltered to yield a linear estimate #(¢). The goal in that
work was to minimize the MSE between x(t) and Z(t) over all
prefiltering (or pulse shaping) and postfiltering mechanisms.
While our problem differs from this PAM design problem by

SWe restrict our attention to WSS input signals. This restriction, while
falling short of generality, allows us to derive sampling results in a simple
way.



optimizing directly over the random input instead of the pulse
shape, the two problems are similar in spirit and result in the
same alias-suppressing filter. However, earlier work did not
account for filter-bank sampling or make connections between
minimizing MSE and maximizing capacity.

VII. CONCLUSIONS AND FUTURE WORK

We have characterized sampled channel capacity as a func-
tion of sampling rate for different sampling methods, thereby
forming a new connection between sampling theory and infor-
mation theory. We show how the capacity of a sampled analog
channel is affected by reduced sampling rate and identify
optimal sampling structures for several classes of sampling
methods, which exploit structure in the sampling design. These
results also indicate that capacity is not always monotonic in
sampling rate, and illuminate an intriguing connection between
MIMO channel capacity and capacity of undersampled analog
channels. The capacity optimizing sampling structures are
shown to extract the frequency components with highest SNRs
from each aliased set, and hence suppress aliasing and out-of-
band noise. We also show that for Gaussian inputs over Gaus-
sian channels, the optimal filter / filter bank also minimizes the
MSE between the channel input and the reconstructed signal.
Our work establishes a framework for using the information-
theoretic metric of capacity to optimize sampling structures,
offering a different angle from traditional design of sampling
methods based on other performance metrics.

Our work uncovers additional questions at the intersection
of sampling theory and information theory. For instance, an
upper bound on sampled capacity under sampling rate con-
straints for more general nonuniform sampling methods would
allow us to evaluate which sampling mechanisms are capacity-
achieving for any channel. Moreover, for channels where there
is a gap between achievable rates and the capacity upper
bound, these results might provide insight into new sampling
mechanisms that might close the gap to capacity. Investigation
of capacity under more general nonuniform sampling tech-
niques is an interesting topic that is studied in our companion
paper [21]]. In addition, the optimal sampling structure for
time-varying channels will require different analysis than used
in the time-invariant case. It is also interesting to investigate
what sampling mechanisms are optimal for channels when the
channel state is partially or fully unknown. A deeper under-
standing of how to exploit channel structure may also guide
the design of sampling mechanisms for multiuser channels that
require more sophisticated cooperation schemes among users
and are impacted in a more complex way by subsampling.

APPENDIX A
PROOF OF THEOREM [2]

We begin by an outline of the proof. A discretization
argument is first used to approximate arbitrarily well the
analog signals by discrete-time signals, which allows us to
make use of the properties of Toeplitz matrices instead of
the more general Toeplitz operators. By noise whitening, we
effectively convert the sampled channel to a MIMO channel
with ii.d. noise for any finite time interval. Finally, the

asymptotic properties of Toeplitz matrices are exploited in
order to relate the eigenvalue distribution of the equivalent
channel matrix with the Fourier representation of both channel
filters and prefilters. The proofs of several auxiliary lemmas
are deferred to Appendix [F}

Instead of directly proving Theorem [2] we prove the the-
orem for a simpler scenario where the noise 7(t) is of unit
spectral density. In this case, our goal is to prove that the
capacity is equivalent to

| 2 H(f = U)S(F = 1f)F
C(f) == log™ d
U=3) " s sG P !
LEZ

where the water level v can be calculated through the follow-

ing equation
/§<y SIS = 1P >+dfp
—5 0 S H(F - 1)S(F - 1)

This capacity result under white noise can then be immedi-
ately extended to accommodate for colored noise. Suppose
the additive noise is of power spectral density S, (f). We
can then split the channel filter H (f) 1nt0 two parts W1th

respective frequency response H (f) /1/S,(f) and /S,

Equivalently, the channel input is passed through an LTI ﬁlter
with frequency response H (f)/+/S,(f), contaminated by
white noise, and then passed through a filter with transfer
function /S, (f)S(f) followed by an ideal sampler with
rate f,. This equivalent representation immediately leads to
the capacity in the presence of colored noise by substituting
corresponding terms into the capacity with white noise.

A. Channel Discretization and Diagonalization

Given that h(t) is continuous and Riemann integrable, one
approach to study the continuous-time problem is via reduction
to an equivalent discrete-time problem [27, Chapter 16]. In
this subsection, we describe the method of obtaining our
equivspace discretization approximations to the continuous-
time problems, which will allow us to exploit the properties
of block-Toeplitz matrices instead of the more complicated
block-Toeplitz operators.

For notational simplicity, we define

1 A
gm,:—/ g (uTls —vA+7)dr
5 A'()

for any function g(¢). If g(¢) is a continuous function, then
im0 guw = g (uTs — vA), where v may be a function of
A. We also define h(t) := h(t) * s(t). Set T = nT, and
T = kA for some integers n and k, and define

h; = A- VM,O; iLi,h T jLi,kq 5

S; =A. [52’0752'17"' 5i,k—1}7
(x"), == Z/ (tA+71)dr (0 <i<nk),
1 .
(), = x/ (iA+7)dr (i€2).



We also define

hy h, h_q
~ hl hO h—71,+2
H" := ) : ) ;
hn—l hn—2 hO
So S_1
g s1 So
Sp—1 Sn-2

With these definitions, the original channel model can be
approximated with the following discretized channel:
y" = H"x" + S™. (23)
As can be seen, H" is a fat block Toeplitz matrix. Moreover,
S™S™* is asymptotically equivalent to a Toeplitz matrix, as
will be shown in Appendix [A-C| We note that each element
n; is a zero-mean Gaussian variable with variance E(|n;|*) =
1/A. In addition, E (n;n;) = 0 for any 7 # [, implying that 7
is an i.i.d. Gaussian vector. The filtered noise S™7 is no longer
i.i.d. Gaussian, which motivates us to whiten the noise ﬁrst.1
The prewhitening matrix is given by SI := (S"S"*)™ 2,
which follows from the fact that

ES|S"n (SyS™n)" = SUS"E (") S"™* Sy

= (878™) (s78™) = <1
This basically implies that S} S™ projects the i.i.d. Gaussian
noise 7 onto an n-dimensional subspace, and that S (S™7) is
now n-dimensional i.i.d. Gaussian noise. Left-multiplication
with this whitening matrix yields a new output

yn - (Snsn*)—% (I:Inxn + Snn>

Here, n™ consists of independent zero-mean Gaussian ele-
ments with variance 1/A. Since the prewhitening operation
Sy is invertible, we have

I(x™"y") =1(x"y"). 24)
In this paper, we will use I A (x";y") and I (x™;y") in-
terchangeably to denote the mutual information between the
nk-dimensional vector x™ and y".

Moreover, when xz(t) is of bounded variance (i.e.
sup, E|z(t)]> < oo) and the additive noise is Gaus-
sian, it has been shown [28|] that the mutual information
is weakly continuous in the input distribution. Therefore,
limgoo Ir.a (753" = 1 (fe (0} fy 1) - As &
increases, the discretized sequence becomes a finer approxi-
mation to the continuous-time signal. The uniform continuity
of the probability measure of x(¢) and the continuity of mutual
information immediately imply that lim,, n%l gA (X" y™)
converges uniformly in k. We also observe that for every given
n, limy 00 Ip, A (X™;y™) exists due to the continuity condition

of the mutual information. Therefore, applying the Moore-
Osgood theorem in real analysis allows us to exchange the
order of limits.

Based on the above arguments, the capacity of the sampled
analog channel can be expressed as the following limit

lim lim T sup
k—oon—oo n
o 5 p(z): L E([|x]12)<P

C(fs) = Ik,A (Xnvyn)

= lim lim E my").

sup
k—oon—oco N

p(@):HE(x[13)<P

Ilc,A (X

Note that it suffices to investigate the case where 7' is an inte-
ger multiple of T}, since limy_,o = sup I (z(0,T; {y[n]}) =
lim,, 00 ﬁ sup I (z(0,nTs]; {y[n]}).

B. Preliminaries on Toeplitz Matrices

Before proceeding to the proof of the theorem, we briefly
introduce several basic definitions and properties related to
Toeplitz matrices. Interested readers are referred to [3]], [24]]
for more details.

A Toeplitz matrix is an n X n matrix T™ where (T"), ; =
tr—;, which implies that a Toeplitz matrix T is uniquely
defined by the sequence {tr}. A special case of Toeplitz
matrices is circulant matrices where every row of the matrix
C" is a right cyclic shift of the row above it. The Fourier series
(or symbol) with respect to the sequence of Toeplitz matrices
{T" :=[ty—1;k, 1 =0,1,--- ;n—1] : n € Z} is given by

+oo
F(w) = Z tpexp (jkw), w € [—m, .

k=—o0

(25)

Since the sequence {t¢)} uniquely determines F'(w) and vice
versa, we denote by T"(F') the Toeplitz matrix generated by
F (and hence {t;}). We also define a related circulant matrix
C"(F) with top row (c{”,c{™, -+, ™), where

’ »n—1
n—1 . ..
n 1 2mi 2mjik
cé):nZF<n>exp( " )
i=0

One key concept in our proof is asymptotic equivalence,
which is formally defined as follows [24].

(26)

Definition 1 (Asymptotic Equivalence). Two sequences of
n X n matrices {A"} and {B"} are said to be asymptotically
equivalent if

(1) A™ and B™ are uniformly bounded, i.e. there exists a
constant ¢ independent of n such that

[A™]l, B[, <c<o0o, m=1,2,--- (27

(2) limy,—s 0o ﬁ |A™ — B"|| = 0.

We will abbreviate asymptotic equivalence of {A™} and
{B"} by A™ ~ B"™. Two important results regarding asymp-
totic equivalence are given in the following lemmas [24].

Lemma 1. Suppose A" ~ B™ with eigenvalues {an i}
and {Bn 1}, respectively. Let g(x) be an arbitrary continuous



n—1

Sfunction. Then if the limits lim, .o + =D 0 9 (n k) and

limy, o0 £ ) Dy ég (Bn,k) exist, we have

n—1 n—1
1 .1
lim_ - I;)g (n) = lim - 1;)9 (Brk) -

Lemma 2. (a) Suppose a sequence of Toeplitz matrices
T" where (T");; = ti—; satisfies that {t;} is absolutely
summable. Suppose the Fourier series F(w) related to T"
is positive and T™ is Hermitian. Then we have

T"(F) ~ C"(F).

(28)

(29)

If we further assume that there exists a constant € > 0 such
that F (w) > € > 0 for all w € [0, 2], then we have

T"(F)~' ~ C"(F)~! = C"(1/F) ~T" (1/F).  (30)

(b) Suppose A™ ~ B"™ and C" ~ D", then A"C" ~
B/I'LDW,.

Toeplitz or block Toeplitz matrices have well-known asymp-
totic spectral properties [3]], [29]. The notion of asymptotic
equivalence allows us to approximate non-Toeplitz matrices
by Toeplitz matrices, which will be used in the next subsection
to analyze the spectral properties of the channel matrix.

C. Capacity via Convergence of the Discrete Model

After channel discretization, we can calculate the capacity
for each finite duration 7" using well-known MIMO Gaussian
channel capacity, which, however, depends on the spectrum of
the truncated channel and may vary dramatically for different
T. By our definition of capacity, we will pass 7' to infinty
and see whether the finite-duration capacity converges, and
if so, whether there is a closed-form expression for the
limit. Fortunately, the beautiful asymptotic properties of block-
Toeplitz matrices guarantees the existance of the limit and
allows for a closed-form solution using the frequency response
of h(t) and s(t).

To see this, we first construct a new channel whose capacity
is easier to obtain, and will show that the new channel has
asymptotically equivalent channel capacity as the original
channel. As detailed below, each key matrix associated with
the new channel is a Toeplitz matrix, whose spectrum can be
well approximated in the asymptotic regime [24].

Consider the spectral properties of the Hermitian matrices
H"H"* and S"S™* . We can see that

Z h; ;.

t=—j+1

(H”H") (H”H") G1)

ij

Obviously, H"H"™ is not a Toeplitz matrix. Instead of in-
vestigating the eigenvalue distribution of H"H"* directly, we
look at a new Hermitian Toeplitz matrix H" associated with
H"H"* such that for any i < j:

* 0 -~ -
H") - (H") - b, ;. 0t 32
Lemma 3. The above definition of H" implies that
H" ~ H"H™. (33)

Proof: See Appendix [F-A] [ ]
On the other hand, for any 1 < i < j < n, we have

(S"S™),, = (S"S™)} Z Sj—ittS;. (34
t=—0o0
Hence, the Hermitian matrix Sm .= S"S™* is still Toeplitz.

However, the matrix of interest in the capacity will be
(S”S"*)_l/ ? instead. We therefore construct an asymptoti-
cally equivalent circulant matrix C™ as defined in (26), which
will preserves the Toeplitz property when we take (C™)~ 1/2
[24]. Formally speaking, (S"S™*)™" can be related to (C") ™"

as follows.

Lemma 4. If there exists some constant €5 > 0 such that for

all f e |5, %],
SIS —Uf)f > e >0 (35)
lez
holds, then (C™)™" ~ (Sm8™*) ™!
Proof: See Appendix [F-B] [ ]

(m)

One of the most useful properties of a circulant matrix C"
is that its eigenvectors {uc i

are

1 . )
ugm) — % (17 e—27r]m/n’ . 76—27'r](n—1)m/n) ) (36)
Suppose the eigenvalue decomposition of C™ is given as
C"=U.A.U;, (37

where U, is a Fourier coefficient matrix, and A, is a diagonal
matrix where each element in the diagonal is positive.

The concept of asymptotic equivalence allows us to explic-
itly relate our matrices of interest to both circulant matrices
and Toeplitz matrices, whose asymptotic spectral densities
have been well studied.

Lemma 5. For any continuous function g(x), we have

1 n
lim — A
nggon;g( )

fs 2
(e [H(f = U)S(f = 1fs)] )
:T‘; df’
/ g’ ( IR

where 1)\1‘ denotes thle ith eigenvalue of
(Snsn*)— 3 HrH™* (Snsn*)— 3
Proof: See Appendix [F-C| [ |

We can now prove the capacity result. The standard capacity
results for parallel channels |1, Theorem 7.5.1] implies that the
capacity of the discretized sampled analog channel is given by
the parametric equations

1
CT = ﬁ Zlog+ (V)\i) 5

s -2l

where v is the water level of the optimal power alloca-
tion over this discrete model, as can be calculated through

(38)

— 1N (39)



(39). Smce this capacity depends on the eigenvalues of
(S™S™) ™~ R E (02 (8 (S™S™)~ 2, then by Lemma |5} the con-
vergence as 1" — oo is guaranteed and the capacity C =
limr_, o Cr can be expressed using H(f) and S(f). Specif-
ically,

11
lim Cr(v) = lim Tzilog [VAi]

T—o0
L fel2 S en | H(f lfS)S(f—lfs)|2>
2/—fS/Q g < Zlez|5(f_lfs)|2 f

Similarly, (39) can be transformed into

Pk 1
PTS_—I/A_ﬁZ:[V

_7 /fS/2 ly_ ZZGZ‘S(f_ZfsNZ 1+df
2 Sien | H(f —1f)S(f — L) ’

which completes the proof.

—1/N]"

APPENDIX B
PROOF OF THEOREM [4]

We follow similar steps as in the proof of Theorem [2} we
approximate the sampled channel using a discretized model
first, whiten the noise, and then find capacity of the equivalent
channel matrix. Due to the use of filter banks, the equivalent
channel matrix is no longer asymptotically equivalent to a
Toeplitz matrix, but instead a block-Toeplitz matrix. This
motivates us to exploit the asymptotic properties of block-
Toeplitz matrices.

A. Channel Discretization and Diagonalization

Let TS = MTj, and suppose we have T = nTS and TS =
kA with integers n and k. Similarly, we can define

hi(t) := h(t) * s;(t), and
hl = [Ei (lT) B (zTS _ A) e Ry (zTS (k- 1)A)} .

We introduce the following two matrices as

ho hl ot
il po ot
I’:I"AL — 1 1 1
Bl oRn? o o
s? st
sl g
and ST = A .
sn.—l Sn.—2
We also set (x") )i =z fo (1A +7)d7 (0 <i < nk),
and (n), = Afo (tA+7)dr (i € Z). Defining y" =
[yl[o} ‘,yl[n_l] y2[0], -y y2[n — 1], -+ yp[n —1]]
leads to the discretized channel model
Hy S
Hj S3
y" = . x" + _ 7.
HY S

Whitening the noise gives us

St Hy
N Sy H _
- S| [sy S ] S| Xt
St HY,

where 7 is i.i.d. Gaussian variable with variance 1/A. We can
express capacity of the sampled analog channel under filter-
bank sampling as the following limit

_ s -
C(f) = Jim lim S supl (x"55").

k—o00 n—o00 n

Here, the supremum is taken over all distribution of x™ subject
to a power constraint LIE (||xn||§> < P.

B. Capacity via Convergence of the Discrete Model

We can see that for any 1 < u,v < m,

SuSy =S, (40)
where the Toeplitz matrix Su

I1<i<j<n

is defined such that for any

v

oo
)

(81.) = (1)
J t=—o00
Let S® = [Sp*,S5*,--- ,S™]". Then the Hermitian block
Toeplitz matrix
S:’711,1 §711,2 §7ll,M
Sn = S?*l Sg-LvQ SS,M
Shra Shre Shi,
satisfies Sn = S™S™.  Additionally, we define
H} , (1 <u,v< M), where
(i) = S wo(). @
t=—o0
and we let H” = _I:I’f*, I:IS*, ceey I:I’Al/}"] . The block Toeplitz
matrix i
iy, Ay, H;
| Hirn Hipo HY v
satisfies
n— oo F
1 .
<lim —— Y HHu ,— B H™| = 0.
oo M 1<u,v<M f
— H"~H'H™ (43)



_ The M x M Fourier symbol matrix Fz(f) associated with
S™ has elements [F; (f)], , given by

Fs (Hluw
9 k=1
5 (ZS (=f+ufs)exo (—j2r (£ -1 f) z'A))

So (1 + i) exp (~i2m (£~ 215 iA)) |

>
?22 ~ > S (—f + llfs) Sy (—f + lzfs)
s =0 \lq,l2

exp (—j27r (la — I1) fsiA)>

?Z% (F+17) 85 (1 +17).

S

Denote by {T" (F; )} the sequence of block Toeplitz ma-
trices generated by F "(f). and denote by T}, (F;') the
(I1,12) Toeplitz block of T" (F5'). It can be verified that

Z Tll,lz

lo=1

M
3 Sl2 i3 ™ ~ T, (Z [Fgl]lhlg [F5}12,13>

lo=1

=T"(0[ly —1s]),

which immediately yields

-1
T (F;)§" ~ T — T (F;!) ~ (§7)  ~(s"s™)”

(44)
Therefore, for any continuous function g(z), [29, Theorem
5.4] implies that

lim

00 nM Zg( { S"S™) " H'H™ (snsn*)—%})

S (et

21v17, 1

Denote Fi = (FSF;‘Y% F,, then the capacity of parallel
channels [1f], which is achieved via water filling power al-
location, yields

C(fs)

— lim S 10g™ (vA: {(S7s™)F HUE (Sm8m)E )

n— oo

/4
A

2nMT,
;bg( P (F IR ) af

M
, > log" (vAi (FIFLF;FL)) df,
VT i=1

2M i=

g

where
M [ 1 *
P= / Z v— | df
S o (FUEE)
- +
M 1
- Z v i w Ei* d'f
= | ANFiFLFrFS
This completes the proof.
APPENDIX C

PROOF OF THEOREM [3]

Theorem [5] immediately follows from the following propo-
sition.

Proposition 4. The kth largest eigenvalue Ay of the positive
semidefinite matrix F;F,F; F% is bounded by

0< A <\ (FRF), 1<k<M. (45)

These upper bounds can be attained simultaneously by the
filter (16).
Proof: Recall that at a given f, F'j, is an infinite diagonal

matrix satisfying (Fy),, = H (f - %) for all | € Z, and

that F, = (FSF:)_% F.. Hence, FSFhF;‘;f‘: isan M x M
dimensional matrix. We observe that

F, (F) = (F,F)) T F,F* (F,F) 2 =1,  (46)
which indicates that tlle rows of f‘s are orthonormal. Hence,
the operator norm of F is no larger than 1, which leads to

~ ~ - 2
A (FSFhF;F;) - HF‘SF"HQ <|[FRll? = M (FLF).

Denote by {ey, k > 1} the standard basis where e is
a vector with a 1 in the kth coordinate and 0 otherwise.
We introduce the index set {i1,d2,---,ias} such that e;,
(1 <k < M) is the eigenvector associated with the kth largest
eigenvalues of the diagonal matrix F;,F7.

Suppose that vy, is the eigenvector associated with the kth

largest eigenvalue \j of FSFhF*F* and denote by (f‘s)
k

s
the kth column of F,. Since FSFhF,’;Fz is Hermitian posi-
tive semidefinite, its eigendecomposition yields an orthogonal
basis of eigenvectors. Observe that {vy,---, vy} spans a k-

dimensional space and that {(FS) ,1<7<k—1% spans
J

a subspace of dimension no more than k£ — 1. For any k > 2,
there exists k& scalars aq,--- ,a; such that

k k
S aivi L {(F) 1<j< kl} and > apv; # 0.
i=1 4 i=1
(47)
This allows us to define the following unit vector
k
WEY =, (48)

i=1

Z] 1 |a]|



which is orthogonal to {(FS) L1 <k~ 1}. We observe
J
that

k
~ ~ 2 Q; ~ ~
F:F,FiF:v H = E — _F.F,F;Fiv;
H h h SVk 5 4 h h V.

k 3
i=1 /2251 laj| 9

22,2
=y G ™ s . (49)
i=1 Zj:l |a|
Define u; := ]?‘f;\?k. From we can see that (uy), =
<(F) 4 ,vi> = 0 holds for all i € {i1, iz, -+ ,i5_1 }. In other
words, u; L {ei17 R P } This further implies that
N . 2 _ o2 N 2
3 < |[EREEw ], < B[, [FEEa],
1 F w5 (50)
sup 1P F x5 (51)

xJ_span{ei1 R Y

= A\; (F,F}) (52)

INIA

by observing that F',F} is a diagonal matrix.
Setting

(-%)
Lo [E (- )] = e e E ).

0, otherwise,

yields f‘s = F, and hence FSFhF;"LFS is a diagonal matrix
such that
(FSFhFZF’S‘>k = M (FLF7). (53)

)

Apparently, this choice of Si(f) allows the upper bounds
M (FFFE:) = 0 (B0F)), VI<E<M (54

to be attained simultaneously. ]

By extracting out the M frequencies with the highest SNR
from each aliased set {f — [fs/M || € Z}, we achieve \, =
A, (FF3), thus achieving the maximum capacity.

APPENDIX D
PROOF OF THEOREM

Following similar steps as in the proof of Theorem {4 we
approximately convert the sampled channel into its discrete
counterpart, and calculate the capacity of the discretized
channel model after noise whitening. We note that the impulse
response of the sampled channel is no longer LTI due to the
use of modulation banks. But the periodicity assumption of the
modulation sequences allows us to treat the channel matrix as
blockwise LTI, which provides a way to exploit the properties
of block-Toeplitz matrices.

Again, we give a proof for the scenario where noise is
white Gaussian with unit spectral density. The capacity ex-
pression in the presence of colored noise can immediately be
derived by replacing P;(f) with P;(f)\/S,(f) and H(f) with

H(f)/v/Sn(f).

In the ¢th branch, the noise component at time ¢ is given by
si (1) * (qi(t) - (pi(t) * (1))
=/ drys; (t — 71)/ qi (11) pi (11 — 72) 1 (12) d72
T1 T2

:/T2 </T15i (t —=71)qi (1) pi (11 — 72) d7-1> 7 (72) dr
Z/T2 g (t, 72)n(2)dr2,

A
where g} (t,72) = /si (t—11)¢q (1) pi (1 — 12)dry.
Let TS = MT,. Our assumption dT;, = aTs immediately
leads to

g; (t +aTy, 7+ qu>
=/ si <t+aT~s —7'1) gi (11) pi (7'1 —T—afs) dry
T1
:/ si(t—71)q (m+0Ty)p; (1 —7)dm
T1
= [ st = anpn - r)dn =gl (7).
T1

implying that g} (¢,7) is a block-Toeplitz function.
Similarly, the signal component

s (0) % @) (u(®)  h(0) < 2() = [ gl (1. m)a(ra)drs

T2

where

gr(t, 72) = /Sz (t—71)q(m) /pi (11 — 12 — 73) h(73)dT3dm,

T1 73

which  also  satisfies the  block-Toeplitz  property
gl (t +aTy, 7+ qu) =gl (t,7).
Suppose that 7' = nT and T = kA hold for some integers

n and k. We can introduce two matrices G and G such that
VYmeZ,0<l<n

G =97 IT,,mA),
(Gf)lm = gl (1Ty, mA

Setting y" = [5:[0],5:[1],-- ,y:[n — 1]]" leads to similar
discretized approximation as in the proof of Theorem

y'=GIx" +Gy. (55)

Here, 7 is a i.i.d. zero-mean Gaussian vector where each entry
is of variance 1/A.

Hence, G” and G are block Toeplitz matrices satisfying

(G?)Ha,m.‘,—ak = (G?)l,m and (G?)l+a7m+ak = (G?)l,m'



Using the same definition of x™ and 7 as in Appendix [B] we
can express the system equation as

G G
G} G}
y' = ) x" + : n. (56)
Gl Gl
Whitening the noise component yields
_1
sl [
N G, G, G 3
Yn = : : . Xn + 1, (57)
Gy ] L Gls Gl

where 7] is i.i.d. Gaussian noise with variance 1/A.

In order to calculate the capacity limit, we need to investi-
gate the Fourier symbols associated with these block Toeplitz
matrices.

Lemma 6. At a given frequency f, the Fourier symbol
with respect to GG} is given by akF{FLFFL", and
the Fourier symbol with respect to GZGZ is given by
akF]FE R FI R} Here for any (I,v) such that v € 7
and 1 <1 < a, we have

:ZCZSQ< f—i—ufq-&-qu)'

exp (j27rlf; (f —ufy — v‘%))

Also, F? and F" are infinite diagonal matrices such that for
alll € Z

(Fg)l,l =P (*fJFlfT;q) ;
(Fh)z,l =H <_f+lf7q>'

Proof: See Appendix [ |

Define G" such that its («, 3) subblock is GZGZ*, and G"

such that its (a, 3) subblock is G G}*. Proceeding similarly
as in the proof of Theorem ] we obtain

F(G") = akF"F"* and ]—'(Gh) — akF"FhFM R

where F7 contain M x 1 submatrices. The («, 1) submatrix
of F7 is given by FIF?.

Denote F7# 2 (F”F"*)fé F". For any continuous function
g(x), [29, Theorem 5.4] implies that

naM

lim 1M > ()\i {(Gﬁ)*% G" (GW)*%})

n—oo Na
1=

fs  aM

o

2a =1

FniFhFh*Fr]i*)) df

20

Then capacity of parallel channels, achieved via water-filling
power allocation, yields

naM log™ (v); {(G7) "2 gh (G) 2
et = 3 = G (e })

fs

:/ 3

2a

aM
log" (vA; (FFMEMF™)) df,
=1

where the water level v can be computed through the following
parametric equation

naM 1 +
P = lim v —
n—rco na ; /\i{(G”)fé Gh (G”)fé}
57 aM 1 +
:/ i Z v el -3 af-
-0 /\1{(('}") 2 GL(GT]) 2}
APPENDIX E

PROOF OF PROPOSITION[3]

Denote by y*(t) the analog signal after passing through the
k™ prefilter prior to ideal sampling. When both the input signal

x(t) and the noise 7(¢) are Gaussian, the MMSE estimator of

a(t) from samples {y¥[n] | 1 <k < M} is linear. Recall that
T, = MT, and f, = f,/M. A linear estimator of z(¢) from
y[n] can be given as

a(t) =Y g"(t—kT.) - y(kT.), (58)
kEZ
where we use the vector form g(t) = [g*(¢),--- , g™ (¢)]" and

y(t) = [y*(t),---,yM(t)]" for notational simplicity. Here,
g'(t) denotes the interpolation function operating upon the
samples in the [ branch. We propose to find the optimal
estimator g(t) that minimizes the mean square estimation error

(2
E (jo() - ()]
From the orthogonality principle, the MMSE estimate (¢)
obeys

E (x(t)y*(lfs)) —E (gz(t)y*(lfs)) . Vi€

Since z(t) and 7)(t) are both stationary Gaussian processes,
we can define Rxy (7) := E (z(t)y*(t — 7)) to be the cross
correlation function between x(t) and y(t), and Ry (1) :=
E (y(t)y*(t — 7)) the autocorrelation function of y(¢). Plug-
ging into (59) leads to the following relation

Ry (t—11.) =Y g" (t = ¥1.) Ry (KT, —IT,).
kez
Replacing ¢ by ¢ + IT, , we can equivalently express it as
Ry () = Y g" (t+17, — kT,) Ry (KT, - 17,)
kez
_ sz) Ry (ZT) ,

St

€z
which is equivalent to the convolution of g(t) and Ry (¢) -
Siezd (¢ 11).

for some t.

(59)

(60)



Let F(-) denote Fourier transform operator. Define the
cross spectral density Sxy (f) := F (Rxy(t)) and Sy (f) =
F (Ry (t)). By taking the Fourier transform on both sides of

(60) , we have

Sxv(f) = G(f)F (RY(T) Z‘S(T - lTs)) ;

leZ
which immediately yields that Vf [— 7.2 f /2}

—1

G(f) = Sxv () [f (R Y b - zi))

lEZ

= Sxy(f) (Z Sy (£- zfs)>_1.

lez

Since the noise 7(t) is independent of x(t), the cross correla-
tion function Rxy () is

Rxy () =E (z(t+ 1)

[(s1xhx2)" (), -, (smxhx2)" (1)]).

which allows the cross spectral density to be derived as
S ()]

Additionally, the spectral density of y(¢) can be given as the
following M x M matrix

Sxy (f) = H*(/)Sx () [ST(f), - (61)

Sy(f) = (IH(AF Sx(H)+8,()) S(HS* (). (6

with S,,(f) denoting the spectral density of the noise 7(t), and

S(f) = [S1(f)s-++ Sm( ]
Define
K(f) =Y (IH(f = 1P Sx(f =1f) + N (F = 1£.)

IEZ

S(f - lfs)S*(f - lfs)

The Wiener-Hopf linear reconstruction filter can now be
written as

G(f) = H*(f)Sx(/)S*(HK (/)
Define Rx(7) = E (z(t)z*(t — 7)). Since [7_ Sx(f)df =
Rx(0), the resulting MSE is
&) =E (Jo@*) ~E (j2@))
—E (Je()]*) ~ E (@(1)" (1))

= Rx(0) E(x (Zg (t —IT})

yar, >> )
l€Z

> Rxy(t—IT.)g(t —ITy).

IEZ

= Rx (0) —

21

Since F(g(—t)) = (G*(f))" and Sxy =
H*(f)Sx(f)S*(f), Parseval’s identity implies that
€)= [ [sx(h -G (nskylaf

| [sxn-1tnssnrs x-nsw] as
fs/2 e
- lz Sx(f —1f.)

~T,VE(S, f) - 1] df.

f9/2 l=—00
Suppose that  we impose power constraints
Sz Sx(f — Uf) = P(f). and define ((f) =
[H(f)Sx (f)]*S*()K}()S(f). For a given input

process x(t), the problem of finding the optimal prefilter
S(f) that minimizes MSE then becomes

Vg(fa fs) ' 17

maximize
{S(f—1fs),l€n}

where the objective function can be alternatively rewritten in
matrix form

race {F;(FhF (F, (FyF; + F,)F)~! FFhF;(} (63)

Here Fx and F, are diagonal matrices such that (F ) =
Sx(f —1fs) and (Fy),, = S,(f + kfs). We observe that

trace {F)}FhF (F, (FyF; + F,)F)~! FFhF;(}

—trace {(FS (FyF: + F,)F5)~! FthFXF;F’;}

©trace {(YY") 'Y (FuF; + F,)  FyFxFy

(FyFj, + F,) 2 Y}

® race {(FhF;‘L +F,) T R EXF Y (YY) Y}

Surace { (F,F;, + F,) ™ FAFxF; ¥V |

(d)
< sup
Z-Z =1,

M
=Y n(D
i=1

where (a) follows by introducing Y := F, (F,F} + )l (b)
follows from the fact that Fy,, Fx, F,, are all d1agonal matri-
ces, (c) follows by 1ntroc}ugmg Y = (YYl*) Y and (d) fol-
lows by observing that YY* = (YY*) 2 YY* (YY*)™ 7=
I. Here, D is an infinite diagonal matrix such that
Dit = lll:{({\ s sy In other words, the
upper bound is the sum of the M largest D;; which

are a55001ated with M frequency points of highest SNR
L (JFU2)
Therefore, when restrlcted to the set of all permutations

of {Sx(f),Sx(f £ fs),- -}, the minimum MSE is achieved
when assigning the M largest Sx(f + lfs) to M branches
with the largest SNR. In this case, the corresponding optimal
filter can be chosen such that

Sk(f _lfs) = {

trace {z (F,F; +F,)"" F;LFXF;‘LZ*}

(64)

1, ifl=Fk
ot (65)
0, otherwise.



where k is the index of the k™ largest element in
{IH(f = 1£)P /S,(f =15 s L 2.
APPENDIX F
PROOFS OF AUXILIARY LEMMAS
A. Proof of Lemma

For any 7 < j, we have

(A - Av)

ij

—J
Z flj—i+t}~12k +

t=—00

> hiihil (66)

t=n—j+1

Since h(t) is absolutely summable and Riemann integrable,
for sufficiently small A, there exists a constant ¢ such that

- ~
2z th 1
and R? to capture the two residual terms respectively, i.e.

> hj_iuh;

< c. In the following analysis, we define R!

—Jj
R = Z h;_; by, and R}, =

t=—o00 t=n—j+1
In order to prove that HH™ ~ ﬂ” we need to
prove (1) lim,, ;o = = HH"H"* H” = 0, or equivalently,

lim,, o0 % HR2HF =0 and lim,,_ o + - HR1||F =0; (2) the /o
norms of both H*H"* and H" are uniformly bounded, i.e.
3M, such that ||[H"H™ || < M, < oo and ||| < M, <
oo for all n.

(1) We first prove that hmn_>DO HH”H”* H" = 0.
By our assumptions, we have h(t) = o (t7¢) for someFe > 1.
Since s(t) is absolutely integrable, h(t) = o (¢~ €) also holds.
Without loss of generality, we suppose that j > i.

(a) if i > n2, by the assumption /(t) = o () for some
€ > 1, one has

—J
Ry < 3 o] ]
t=—o0
_j ~
) 3 il
) Z HhtH <ec max

T>n2

< (mmg Hh_T

T>n2e

< | max
1

T>n2e

o))

(b) if j > nz,
-J
X N 3
Ry < 3 [ [
t=—o0
) |
1) 7<—j

(X

i

i

i

1

(67)

t

h;

IN

o0

IN

C max
1

T>n2e o0

(68)

I

o

S)
R
Ells
~

!
A~
Ells
~

22

©if j < nz and i < ni, we have

0o 2
R4 < (30 e |5
:oooo 2
< ( Z flj_H_t 1) (mz%mx’ Bt 00)2
OOOO 2 0o 2
(S ) (£ 04
<t (69)

By combining inequality (67), (68) and (69), we can obtain

1 2
lim — [|R!
1 LR
. 2
=1lim —| > |Ry| + > R,
n—oo N L
i,j<n2e 7,>n2e 0rj>n2e
. 1 1 112 jE 112
< lim — |n< max ‘R| +2n""2  max |Ru
n—oo N .. 1 vJ . . 1 v
R 1,]<mn 2€ i 0r j>mn2e
. 10 2 a1 1
= lim = |nect+ 220 = )| =0
n—oo n, n

Similarly, we can show that

2 _
,};Hgog IR?[|; =0,

which immediately implies that

:O.

lim = HH" HH™
F

n—o00 N,

(2) We now proceed to show that HI:I"I:I"*

and HI:I"
2 2

are uniformly bounded. Since H" is a Toeplitz matrix, apply-
ing [24) Lemma 6] and [24] Section 4.1] yields

.
o2 5 i S
t=—00 =0

Additionally, since H" is a block Toeplitz matrix, [29, Corol-
lary 4.2] allows us to bound the norm as

HF —supz:‘FhZ ‘
) < (Sl

i i

flt S 202.

"
Ty

=,

<3 (2106),

Hence, by definition of asymptotic equivalence, we have H" ~
HH™.



B. Proof of Lemma

We know that S"S™* = S”,
Recall that (S”

1z
Fourier series related to {C"} can be given as

5

i=—00

hence, C" ~ Sn = Sngn*,
= > Si—14tS;. For a given k, the

Fck(w) = Z si+tsz> exp(jiw). (70)

t=—0o0

By Lemma in order to show (C™) ™" ~ (878™*) ™" we will
need to show that F*(w) is uniformly bounded away from 0.

When £k is sufficiently large, the Riemann integrability of
s(t) implies that

Ay ( / (t—i—z’TS)s(t)*dt) exp (jiw)

1=—00

T s

. < Z 5(t— ZTJ) exp (ij> dr.
T
‘We observe that

/—:O </_‘: s+ T)s(t>*dt> exp (j ;%) dr
— </_Z s(t+ 1) exp (J;s (t+7)) dT)
</:o s(t) exp <j£t> dt> *
o)l

Since F¥(w) corresponds to the Fourier transform of the
signals obtained by uniformly sampling f s(t 4+ 7)s(t)*dt,
we can immediately see that

2

k( w 27
mew-z X G (E-F) ™
If for all w € [—7, ], we have
2
> (-7 e @

’L_*OC
for some constant ¢, then o, (C") = inf, FF(w) > %,

which leads to H(C”f1 < 2
Let =" =C"

2 .
— S™S™*. Since S"S™* ~ C™, we can have
lim,, o0 % |Z"| » = 0, which implies that

nLH;o )7 < lm\fll e ][ (C™)),
T, 1
< lim ||z = 0.
< Jim Res 7 15

The Taylor expansion of (S"Sn*)—l
(Snsn*)fl _ (Cn . En)il
2
=™ <I+ "4 (E" (cn)—l) +> .

yields

=" (C")”

23

Hence, we can bound

hm — H (S"S™*)™

< e, @ (Fl=e],)) o

C. Proof of Lemma P

—1
2

Since (C”)_% and (S”) are both Hermitian and positive

semidefinite, we have (C”)_% ~ (§7) *. The asymptotic

equivalence allows us to relate £ 3" | g();) to the function
associated with the spectrum of the cuculant matrix C” in
stead of S™. One nice property is that (C")™? = U,A. z uU:
is still a circulant matrix. Combining the above results with
Lemma [T] yields

Note that (C”)fé H" (C”)fé is simply multiplication of
3 Toeplitz matrices. This allows us to untangle F.(w) and
F; (w), hence separating H(f) and S(f).

Specifically, denote by F, (w), F.(w), Fj} (w), Fj, (w)
the Fourier series related to (C”)1 , C" H” and H",
respectively. We note that F, . (w), F, (w) and F; (w) are all
scalars since their related matrlces are Toeplitz, whlle F; (w)

is a 1 x k vector since H is block Toeplitz. Then for any
continuous function g(x), applying [24, Theorem 12] yields

lim % ig {Ai ((S”S“)*% s (snsn*)f%) }
= lim % ig {,\i ((cn)*% H" (Cn),%)}
1

=5 g (F' (W) F; (w) Fh (w) dw

€o.5 Co.5
n

=t 2320 {u (07 )}

i=1
1 (7 F; (w)
=— dw.
) (F /)™
Now we only need to show that both F} (w) and F (w)
have simple close-form expressions. We observe that H,, is
asymptotically equivalent to H"H"*, and the eigenvalues of
H™H"* are exactly the square of the corresponding singular

values of H". Hence, we know from [29] that for any
continuous function g(x):

i 1o () = i 3 1)

i=1
1 T
prs

g (02 (Fﬁ(w))) dw

—T

where Fj(w) can be expressed as Fj(w) =



[Fﬁ,o(w)a e ,F};k_l(w)}. Here, for any 0 < i < k:

—+oo
Fi(@) =AY hyiexp (juw)
=A Z h(uT, —iA) exp (juw) .
UEZ

= g2 (F;L(w))

Through algebraic manipulation, we have that

The above analysis implies that F} (w)

ZH —f+1fs)exp (—j2m (f — 1fs)iA),

=

which yields
k—1 2
Fy (f) = o (Fy2nf) = S |y p(2m))
=0

EE| 0

1=
A2
ELn
exp (—j2m (Io — l1) fstA)
A?
=75 Z (=f+0f) H* (=f +12fs)
5 1,l2

[Zexp( j2m (la — 1) k)}

(—f+1f) S (—f+1f)

2

(=f +1fs)exp (=j2m (f — Ufs) i)

(—f+lf) H (—f +1afs)-

A
=7 2 lH
s
Similarly, we have

(73)

YIS

leZ

F+1f)P

S

Combining the above results yields

n

i L (e s )

i=1
fa/2 " L H (- +lfs)5(—f+lfs)|2>
:Ts l=—00 d
/mg< o NS (=F+1f)) !

This completes the proof.

D. Proof of Lemma [f]

Denote by K the Fourier symbol associated with the block
Toeplitz matrix GJ.. We know that the Fourier transform of

24

g (t,7) with respect to 7 is given by

g (t,7)exp (—j2nfr)dr

\

:/ / $i(t —711)qi (1) pi (11 — T2) exp (—j2mw f72) drydms

pl (11 — m2)exp (j2rf (11 — 12)) dre

/ si (t—711)¢q (1) exp (—j2mfr)dm
Pi(~=f)- l (= f) exp (—j2mtf) - 20“5 —qu)]
e lZ S5 (—f + ufy) exp (—j2nt (f ufq))] .

Introduce the notation S¢(f) 23 (f)exp ( jorlT, f ) For any
(I,m) such that 1 < [ < a and 1 < m < ak, the (I,m)
entry of the Fourier symbol K[ can be related to the sampling
sequence of g7 IT,, TP at a rate f; with a phase shift mA,
and hence it can be calculated as follows

:ZPi ( f—I—qu) exp <j27r (f—qu> mA)
S

Using the fact that 2%~ exp (]27T ((vz — ) L ) mA)

akd [va — v1], we get through algebraic mampulatlon that
. J [
K" _ q q
(KQKB )l,d —ak EU Pa< J 4o —f+uv
w1 ge fq
E et S, —f—l—u1fq+vb :
U2 ge fq
E Cg Op —f+U2fq+U?

Define another matrix F} such that

:ZCZSQ< f—i—ufq-&-qu>'

exp <j27rlTS (f —ufy — qu>)

It can be easily seen that

K!K]' = akFIF.F2F .

Replacing P, by P,H immediately gives us the Fourier
symbol for G’;Gg*.
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