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Abstract

Compressed sensing is a new data acquisition paradigm enabling universal, simple, and reduced-cost acquisition, by exploiting
a sparse signal model. Most notably, recovery of the signal by computationally efficient algorithms is guaranteed for certain
randomized acquisition systems. However, there is a discrepancy between the theoretical guarantees and practical applications. In
applications, including Fourier imaging in various modalities, the measurements are acquired by inner products with vectors selected
randomly (sampled) from a frame. Currently available guarantees are derived using a so-called restricted isometry property (RIP),
which has only been shown to hold under ideal assumptions. For example, the sampling from the frame needs to be independent
and identically distributed with the uniform distribution, and the frame must be tight. In practice though, one or more of the ideal
assumptions is typically violated and none of the existing guarantees applies.

Motivated by this discrepancy, we propose two related changes in the existing framework: (i) a generalized RIP called the
restricted biorthogonality property (RBOP); and (ii) correspondingly modified versions of existing greedy pursuit algorithms,
which we call oblique pursuits. Oblique pursuits are guaranteed using the RBOP without requiring ideal assumptions; hence, the
guarantees apply to practical acquisition schemes. Numerical results show that oblique pursuits also perform competitively with,

or sometimes better than their conventional counterparts.
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I. INTRODUCTION
A. Compressed Sensing

Many natural and man-made signals admit sparse representations [[1]. Compressed sensing is a new paradigm of data
acquisition that takes advantage of this property to reduce the amount of data that needs to be acquired to recover the signal
of interest. Unlike the conventional paradigm, in which large quantities of data are acquired, often followed by compression,
compressed sensing acquires minimally redundant data directly in a universal way that does not depend on the data [2]-[4].

The model for the acquisition is formally stated as the following linear system: Let f € K¢ (where K = R or K = C) be

the unknown signal. The measurement vector y € K™ obtained by sensing matrix A € K™*4 is
y=Af+w

where w € K™ denotes additive noise. In the conventional paradigm, arbitrary signal f € K¢ is stably reconstructed when

the rows of A constitute a frame for K¢, which requires redundant measurements (m > d). In contrast, compressed sensing
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aims to reconstruct signals that are (approximately) s-sparse over a dictionary D € K<™ (cf. [3]], [3]) from compressive
measurements (m < d). Let z € K" be the coefficient vector of f over D such that f ~ Dx with x being s—sparsep_-] Then,
the composition ¥ = AD can be viewed as a sensing matrix for x that produces the measurement vector y. Once an estimate
7 of x is computed, DZ provides an estimate of the unknown signal f. Hence, we may focus on the recovery of sparse x.

In an ideal case with exact sparse signal model and noise-free measurements, if any 2s columns of ¥ are linearly independent,
the unknown s-sparse x is recovered as the unique solution to the linear system Wz = y [6]-[8]]. In typical examples of
compressed sensing (e.g., ¥ is a matrix with independently and identically distributed (i.i.d.) Gaussian entries), this is often
achieved with m = 2s. However, this algebraic guarantee only shows the uniqueness of the solution. Furthermore, it is only
valid in the absence of measurement noise and no error in the sparse signal model.

In practice, both computational cost of signal recovery, and its robustness against noise and model error are of interest. For
certain matrices ¥, the unknown z is stably recovered using efficient algorithms from compressive measurements. The required
number of measurements for a stable recovery is quantified through a property of W called the restricted isometry property
(RIP) [9].

Definition 1.1: The s-restricted isometry constant 65(¥) of U is defined as the smallest J that satisfies
(L= 0)|af3 < [w]3 < (1+)]al3, Vs-sparse x. (1.1

Matrix ¥ satisfies the RIP of order s if d4(¥) < ¢ for some constant ¢ € (0, 1). Intuitively, smaller d5(¥) implies that U*Wzx is
closer to x for all s-sparse x. Although, in general, the recovery of s-sparse x from compressive measurements is NP hard even
in the noiseless case, the recovery can be accomplished efficiently (in polynomial time) and with guaranteed accuracy, when ¥
satisfies the RIP with certain parameters (order and threshold). Such results are among the major achievements of compressed
sensing theory. For example, when d25(¥) < +/2 — 1, the solution to an {1-norm-based convex optimization formulation
provides a good approximation of the unknown s-sparse x [10]. The approximation error in this result is guaranteed to be
small, and vanishes in the noiseless case. A computationally efficient alternative is provided by iterative greedy algorithms
[L1]-[14], which exploit the RIP of ¥ to compute an approximation of x. These iterative greedy algorithms provide similar
approximation guarantees when dys(¥) < ¢, where k € {2,3,4} and ¢ € (0,1) are constants specified by the algorithms.
Different applications of the RIP require different values for the parameters k and c. Henceforth, we assume that £ and c are
arbitrarily fixed constants as above.

The question of feasibility of compressed sensing then reduces to determining whether, and with how many measurements,
U satisfies the RIP Certain random matrices ¥ € K™*" satisfy d5(¥) < 0 with high probability when the number of
measurements m satisfies m = 0(5*281110‘ n) for some small integer « [[17]-[20]. This result, when combined with the
aforementioned RIP-based guarantees of the recovery algorithms, enables “compressive sensing” (m < d). For example, if

U satisfies the strong concentration property, that is, |Wx|3 is highly concentrated around its expectation for all z, then

"When w is assumed arbitrary, the model error term A(f — Dz) can be absorbed into w. Alternatively, = can be assumed approximately sparse. We
consider the former case in this paper.

2 There also exist analyses not in terms of the RIP (e.g., [15], [16]). However, these analyses only apply to certain ideal random matrices such as an i.i.d.
Gaussian matrix, which although reasonable in models for regression problems in statistics, is rarely used in practical acquisition systems.



§s(¥) < 4 holds with m = O(6=2s1n(n/s)) [17]. In words, a number m of measurements that is proportional to the number
s of nonzeros, and only logarithmic in the number n of unknowns, suffices for stable and computationally efficient recovery.
This celebrated result of compressed sensing has been extended to the case where A satisfies the strong concentration property
with §,(A) < § and D satisfies the RIP, stating that 65(AD) < 5(D) + 6 + 6 - 65(D) holds with m = O(6 2s1n(n/s)) [21].
Now, the RIP of D is often relatively easy to satisfy. Recall that the role of D is to provide a sparse representation of f.
Although redundant D (with n > d) performs better in this respect, it is often the case that f is sparse over a D that is a basis
(e.g., a piecewise smooth signal f over a wavelet basis D). In this case, d5(D) is easily bounded using the condition number
of D. Furthermore, if D is an orthonormal basis, then d5(D) = 0 for any s < n. As for the strong concentration property
of A, it is satisfied by an i.i.d. Gaussian or Bernoulli matrix [17]. This has been extended recently to any matrix satisfying
the RIP with certain parameters, when postmultiplied by a random diagonal matrix of +1 [22]]. When implementing such a
sensing system is technically feasible, it would provide a sensing matrix A that admits efficient computation [23]].

However, although the aforementioned random matrix models are interesting in theory, they are rarely used in practice. In
most practical signal acquisition systems, the linear functionals used for acquiring the measurements (rows of A) are determined
by the physics of the specific modality and by design constraints of the sensor. In compressed sensing applied to these systems
[2], [24], the sensing matrix A does not follow the aforementioned random matrix models; instead its rows are i.i.d. samples
from the uniform distribution on a set that constitutes a frame in K%[]

To describe the sensing matrix more precisely, we recall the definition of a frame [25]. We denote by Lo(€2, v) the Hilbert
space of functions defined on a compact set €2 that are square integrable with respect to a probability measure v on 2, and by
¢4 the d-dimensional Euclidean space.

Definition 1.2: Let y denote the uniform probability measure on a compact set 2. Let (¢,,).cq be a set of vectors in K.

Let @ : Ly(€2, 1) — ¢4 be the synthesis operator associated with (¢,,).eq defined as

Qh = JQ d)wh(w)d/i(w)v Vhe L2(Qv :u)v (1.2)

with its adjoint ®* : ¢¢ — Lo(€2, i), which is the corresponding analysis operator given by

(D* f)(w) = {pu, [), YweQ, Vfels (1.3)

Then, (¢, )wen is a frame, if the frame operator ®P* satisfies @ < Apin (PP*) < Apax (PP*) < B for some positive real
numbers « and S. In particular, if the frame operator ®®* is a scaled identity, then (¢y,),cq is a tight frame.
Let v be a probability measure on €. Let Z denote the complex conjugate of z € C and [m] denote the set {1,...,m}. The

sensing matrix A € K™*? is constructed from a frame (@, )wco as

%(%)g, Vk e [m], €€ [d] (1.4)

3 The use of the i.i.d. sampling may end up with a repetition of the same row. However, repeating one row of A as an additional row does not increase
the RIC of A. A similar construction of A, where the rows are selected from a frame using the Bernoulli sampling, has also been studied [4], [[18]. While
the Bernoulli sampling does not cause the repetition, the size of selection is no longer deterministic, i.e., it is concentrated around m with high probability.
The imperfection with these two sampling schemes becomes negligible as the size of A increases. We focus on the i.i.d. sampling scheme in this paper.

Ape =



for random indices (wg)j; in £ chosen i.i.d. with respect to v. We call this type of matrix a random frame matrix. It is the

model for a sensing matrix of primary interest in this paper, and we will assume henceforth that A is defined by (T.4).

Random frame matrices arise in numerous applications of compressed sensing. We list a few below. For simplicity, they are
described for the 1D case.

Example 1.3: An important example of a random frame matrix is a random partial discrete Fourier transform (DFT) matrix.
Let ¢, = [1,e772™ ... e=32m(d=1w]T be defined for w € Q = {1/d,...,(d — 1)/d,1}. In this setup, v : Q — [0,1] is a
cumulative density function on €2 and Z—Z(w) denotes the probability that w will be chosen, multiplied by d. Then, an m x d
random partial DFT matrix is constructed from (¢,,),eq using v by . The frame (¢, )weq in this example is a tight frame,
and sup,, ||¢w ¢4 /| ¢u 2. which will play a role in our subsequent discussion, achieves its minimum ﬁ. Sensing matrix of
this kind arise in practical applications of compressed sensing such as the multi-coset sampling and spectrum-blind recovery of
multiband signals at sub-Nyquist rates [7]], [26], [27]E] Similar random matrices also arise in more recent studies on compressed
sensing of analog signals [29]-[32].

Example 1.4: One author of this paper proposed the compressive acquisition of signals in Fourier imaging systems [2], [8],
[33]], which is one of the works that invented the notion of compressed sensing. This idea has been applied with refinements
to various modalities such as magnetic resonance imaging (MRI) [24], [34]], photo-acoustic tomography [35]], radar [36], radar
imaging [37]], [38]l, and astronomical imaging [39], etc. The sensing matrix A for compressed sensing in Fourier imaging
systems is a random partial Fourier transform matrix with continuous-valued frequencies (continuous random partial Fourier
matrix, henceforth), which is obtained similarly to the previous example. Let ¢, = [1,e /2™ e*jQ’T(d’l)‘”]T be defined
for w e Q = [—1,1). The frame (¢, )weq in this example is a continuous tight frame, and the quantity sup,, |pwllea /lbelea
achieves its minimum ﬁ.

Example 1.5: In MRI, the Fourier measurements are usually modeled as obtained from the input signal modified by pointwise
multiplication with a mask A\ € K%, representing the receiving coil sensitivity profile. Let A = diag(\) denote the diagonal
matrix with the elements of A on the diagonal. Let ¢, = A*[1,e=72™ ... ¢732m(d=Dw]T pe defined for w e Q = [-1, 1)
If A\ has no zero element, then (¢,,).cq is a frame that spans K¢, Otherwise, (¢, )weq is a frame for the subspace S of K¢
spanned by the standard basis vectors corresponding to the nonzero elements of A. In the latter case, letting the signal space
be S instead of K¢, we modify the inverse problem so that A constructed by is a map from S to K. Note that each
vector in the frame is multiplied from the right by A compared to that in Example In this example, unless the nonzero
elements of A have the same magnitudes, (¢,,),ecq does not satisfy the two properties coming from a Fourier system (tightness
and minimal sup,, |@w| ¢2 /| @wll¢a)- Therefore, we do not restrict our interest to the Fourier case and consider a general frame
(Puw)wen-

Because random frame matrices are so ubiquitous in compressed sensing, the analysis of their RIP is of major interest.
Although random frame matrices do not satisfy the strong concentration property, other tools are available for the analysis of
their RIP. In particular, the RIP of a partial Fourier matrix has been studied using noncommutative probability theory [18]],
[19]. The extension of this analysis to the RIP of a random frame matrix [20] enables handling a more general class of sensing

4This was the invention of compressed sensing of analog signals. See [28] for a survey of this early work.



matrices. Notably, all known analyses [18]—[20], [40] focused on the case where D corresponds to an orthonormal basis.
These analyses also assumed either the exact isotropy property, EA* A = I; [[18]]-[20], or the so-called near isotropy property,
|[EA*A — 14| = O(ﬁ) [40]. There is no alternative sufficient condition that does not require these properties. In fact though,
these RIP analyses further extend to the following Theorem (proved in Section [[II), which addresses the case of ¥ = AD,
where A is a random frame matrix and D is not necessarily an orthonormal basis, and furthermore, allows a non-vanishing
deviation from isotropy.

Theorem 1.6: Let A € K™*? be a random matrix constructed from a frame (¢, )weq by and let D = [dy,...,d,] €
K?*™ satisfy §5(D) < 1. Suppose that sup,, max; [(@,d;)| < K. Let ¥ = AD. Then, §5(¥) < 6 + |[EA*A — 1| + 05(D) +
|EA* A — I4]|6,(D) holds with high probability for m = O(62s1In" n).

The inequality in Theorem indicates that &,(¥) < ¢ holds with high probability for m = O(sln*n) if D satisfies
Ors(D) < ¢, and A satisfies |[EA*A — I < §. Combined with the aforementioned RIP-based guarantees, this result again

enables compressive sensing, when the conditions given in Theorem [I.6] are satisfied.

B. Motivation: Failure of Guarantees in Practical Applications

While the RIP is essential for all existing performance guarantees for compressed sensing with random frame sensing matrices,
it turns out that this property is satisfied only under certain nonrealistic assumptions. Most notably, although compressed
sensing has been proposed to accelerate the acquisition in imaging systems [2], [4]], [24] and some of the most widely studied
applications of compressed sensing to date are in such systems, the RIP has not been shown to hold for the associated sensing
matrices in a realistic setup. More specifically, |[EA* A — I4| is not negligible, which makes even the upper bound on J,(¥)
given by Theorem [1.6] which is the most relaxed condition on deviation from isotropy known to date, too conservative to be
used for RIP-based recovery guarantees.

One reason for the increase |[EA*A — 1| from the ideal case is the use of a nonuniform distribution in the construction
of A. In Examples and the sensing matrix A were constructed from i.i.d. samples from a tight frame (¢ ),eq. In
this case, if the i.i.d. sampling is done in accordance to the uniform distribution, then EA* A = I;. However, in practice,
ii.d. sampling using a nonuniform distribution is often preferred for natural signals: it is desirable to take more measurements
of lower frequency components, which contain more of the signal energy. Therefore, acquisition at frequencies sampled non-
uniformly with a variable density is preferred [24]. As a consequence, the exact isotropy property is violated. Depending on
the probability distribution, |[EA* A — I;| is often not negligible, and even larger than 1, which renders the upper bound on
05(¥) in Theorem useless. Therefore, no known RIP analysis applies to Fourier imaging applications.

Another reason for the increase |EA*A — I;|| from the ideal case is that (¢, ).ecq is a not tight frame. As shown in
Example even in a Fourier imaging system, (¢,,).,cq can be a non-tight frame due to the presence of a mask. Furthermore,
the application of compressed sensing is not restricted to Fourier imaging systems. The idea of compressed sensing and
recovery using sparsity also applies to other inverse problems in imaging described by non-orthogonal operators (e.g., a
Fredholm integral equations of the first kind). Optical diffusion tomography [41]] is a concrete example of compressed sensing

with such a scenario. As another example, the sensing matrix that arises in compressed sensing in shift-invariant spaces [29]]



is not necessarily obtained from a tight frame.

Yet another reason for the failure of the upper bound on §,(¥) in Theorem has to do with the dictionary D. Indeed, to
achieve 0,(¥) < ¢ with m = O(sIn* n), it is necessary that both |[EA* A — I| and &,(D) are less than a certain threshold.
However, verification of this condition for §;(D) is usually computationally expensive. For the special case where D has full
column rank (hence, d = n), d5(D) is easily bounded from above by |D*D — I,,|. In particular, if D corresponds to an
orthonormal basis, then D*D = T, which implies 65(D) = 0. Otherwise, d5(D) vanishes as D approaches an orthonormal
basis. However, it is often too restrictive to make |[D*D — I,|| less than a small threshold below 1. Moreover, without this
constraint, D can provide a better sparse representation, which is also desired for stable recovery. In particular, for a data-
adaptive D, the property that | D*D — I,| is less than a given threshold is not guaranteed. In this all too common situation, all
known RIP analyses break down: they only provide a conservative upper bound on J,(W), which does enable the RIP-based
recovery-guarantees.

In summary, in most practical compressed sensing applications, the effective sensing matrix ¥ = AD may fail to satisfy the
RIP for one or more of the following reasons: the i.i.d. sampling in the construction of A does not use the uniform distribution;
the frame used in the construction of A is not tight; or the dictionary D does not have a sufficiently small restricted isometry
constant. From these observations, we conclude that none of the existing performance guarantees for recovery algorithms

applies to the aforementioned applications of compressed sensing.

C. Contributions

Recall that unlike the £1-norm-based recovery, greedy recovery algorithms were designed to exploit the property that U* WUz ~
x for sparse x, explicitly. For example, in the derivation of the CoSaMP algorithm [11f], the procedure of applying ¥U* to
y = Wz for x sparse was called the computation of a “proxy” signal, which reveals the information about the locations of
nonzero elements of x. The same idea was also used for deriving other iterative greedy algorithms [12]-[14]. Indeed, if ¥
satisfies the RIP, then the use of the (transpose of) the same matrix ¥ to compute a proxy is a promising approach. Otherwise,
one can employ a different matrix ¥ to get a better proxy \ff*y The required property is that U*Wy ~ x for sparse z. To
improve the recovery algorithms in this direction, we first extend the RIP to a property of a pair of matrices ¥, ¥ e Kmxn
called the restricted biorthogonality property (RBOP).

Definition 1.7: The s-restricted biorthogonality constant 0,(M) of M € K™*™ is defined as the smallest ¢ that satisfies
[y, Mx) — {y,z)| < d|z|2]|yl2, Vs-sparse z,y with common support. (1.5)

The pair (¥, U) satisfies the RBOP of order s if 6,(¥*¥) < ¢ for some constant ¢ € (0, 1) Intuitively, smaller 6, (U* W)
implies that U* Wz becomes closer to z for all s-sparse x. In other words, any s columns of ¥ and ] corresponding to the
same indices behave like a biorthogonal basis. If U = W, then 6,(U* W) reduces to &,(¥); hence, the RBOP of (¥, ¥) reduces
to the RIP of W.

5As in the case of the RIP, the threshold value of ¢ for which the RBOP is said to be satisfied depends on the application.



We then modify the greedy recovery algorithms so that the modified algorithms employ both ¥ and ¥ and, in particular,
exploit the RBOP of (¥, \T/) to provide an approximation guarantee. In fact, modified thresholding and forward greedy algorithms
using a different matrix U have been already proposed by Schnass and Vandergheynst [42]]. However, our work is different from
theirs in several important respects. Schnass and Vandergheynst [42] propose to use ] numerically optimized to minimize a
version of the Babel function. However, although sufficient conditions given in terms of the Babel function are easily computable,
the resulting guarantees for the recovery performance are conservative. Furthermore, their numerical algorithm to design Uisa
heuristic, and does not provide any guarantee on the value of the Babel function achieved. In contrast, we propose an explicit
construction of ¥ so that 68(@*\11) « 1 holds. To show the construction, we recall the definition of a biorthogonal frame that
extends the notion of a biorthogonal basis.

Definition 1.8: Let (¢u,)wen and (J)w)weﬂ be sets of vectors in K% Let Ly(f2, 1) be as defined in Definition u Let
®* : 1 — Lo(Q, 1) be the analysis operator associated to (¢,,).ecq defined in . Let & : Ly(2, p1) — ¢4 be the synthesis
operator associated to ((;w)weg defined similarly to . Then, (¢, ng)weQ is a biorthogonal frame if PP* = 1,.

Matrix VU is then constructed as the composition U = AD. We construct A € K™*4 from the dual frame (qzw)weg by

—1
<E>k,z=j%[j;<wk>] @i Vhe[ml, Celd] (1.6)

where (wy,)}"; are the same indices as used to define the samples from (1),,).eq in the construction of A in (I.4). Assuming

g—;(w) > 0, then, by the construction of A and A, it follows that the pair (A, A) satisfies the dual isotropy property

EA*A = I,.

Remark 1.9: We proposed modified greedy pursuit algorithms in Section |lI| that use both ¥ = AD and U = AD and are
guaranteed using the RBOP of (¥, \Tf) Therefore, it is important to check whether ¥* = D* A* can be efficiently implemented.
The discussion on (D, 5) is deferred to the next subsections and we only discuss the computational issue with A here. In
practice, A* is implemented using fast algorithms without forming a dense matrix explicitly. For example, if A is a partial
DFT matrix, then, A* is implemented as the fast Fourier transform (FFT) applied to the zero padded vector. Likewise, if A is a
continuous partial Fourier matrix, then, the nonuniform FFT (NUFFT) [43]] can be used for fast computation. In this case, since
our construction of A in only involves row-wise rescaling of A by constant factors, A* is also implemented using the
same fast algorithms. In the more general biorthogonal case, once the synthesis operator Ais implemented as a fast algorithm,
A* is also computed efficiently using the same algorithm. In fact, in many applications, the biorthogonal dual system is given
analytically. For example, if the frame (¢,,),eq is given as a filter bank system, designing perfect reconstruction filters that
provide the corresponding biorthogonal dual frame is well studied [44]]. Similar arguments apply to the analysis operator of
analytic frames such as overcomplete DCT or wavelet packets.

Regarding the construction of D, we consider the following two cases: (i) D corresponds to a basis for K™ (d = n); (ii)
D satisfies the RIP with certain parameter. We let D= D(D*D)~! for the former case and D = D for the latter case. The

RBOP of this construction is deferred to after the exposition of new recovery algorithms.



Now, we return to the discussion of the recovery algorithms. While Schnass and Vandergheynst [42] only replaced ¥ by ]
in the steps of computing a proxy in forward greedy algorithms (MP and OMP), we also replace the orthogonal projection
used in the update of the residual in OMP by a corresponding oblique projection obtained from ¥ and 0. Therefore, we
propose a different variation of OMP called Oblique Matching Pursuit (ObMP), which is guaranteed using the RBOP of
(T, \T/) We also propose similar modifications of iterative greedy recovery algorithms and their RIP-based guarantees. The
modified algorithms are different from the original algorithms: we assign them new names, with the modifier “oblique”. For
example, SP is extended to oblique subspace pursuit (ObSP). CoSaMP, IHT, and HTP are likewise extended to ObCoSaMP,
ObIHT, ObHTP, respectively. We call these modified greedy algorithms based on the RBOP oblique pursuits. In the numerical
experiments in this paper, in scenarios where one or more of the ideal assumptions (i.i.d. sampling according to the uniform
distribution, tight frame (., )weq, or orthonormal basis D) are violated, the oblique pursuits perform better than, or at least
competitively with their conventional counterparts.

Importantly, the oblique pursuits come with RBOP-based approximation guarantees. In particular, similarly to its conventional
counterpart, each iterative oblique pursuit algorithm is guaranteed when (V¥ W) < ¢, where k € {2,3,4} and ¢ € (0,1)
are constants specified by the algorithms. The number of measurements required for the guarantees of oblique pursuits is also
similar to that required in the ideal scenario by their conventional counterparts. When combined with the subsequent RBOP
analysis of (U, \Tl) for random frame sensing matrices, the recovery by the iterative oblique pursuit algorithms is guaranteed
with m = O(sIn® n). In particular, we show that it is no longer necessary to have [EA* A — I,,| « 1. Therefore, the obtained
guarantees apply in realistic setups of the aforementioned CS applications.

The degrees of freedom added by the freedom to design U make the RBOP easier to satisfy under milder assumptions than
the RIP. In particular, with the proposed construction of ¥, the RBOP of (0, \I') holds without requiring the (near) isotropy
property of A. More specifically, depending on whether D corresponds to a basis or satisfies the RIP, the RIP analysis in
Theorem is extended to the following theorems. Recall that we proposed different constructions of U for the two cases.

Theorem 1.10: Let A, A € K™*4 be random matrices constructed from a biorthogonal frame (¢, d:w)weg by and
, respectively. Let D = [dy,...,d,] and D e K¥" (d = n) satisfy D*D = I,;. Let U = AD and ¥ = AD. Suppose
that sup,, max; (¢, d;)| < K. Then, 0,(U*W) < § holds with high probability for m = O(62sIn*n).

Theorem 1.11: Let A, A € K™*4 be random matrices constructed from a biorthogonal frame (¢, (Ew)weg by and ,
respectively. Let D = [dy, ..., d,] € K" satisfy §,(D) < 1 Let W = AD and W = AD. Suppose that sup,, max; (¢, d;)| <
K. Then, 0,(U*W¥) < & + d,(D) holds with high probability for m = O(62sIn*n).

Note that the upper bounds on 6, (¥*W¥) in Theorems and do not depend on |[EA* A — I;|. Therefore, unlike the
RIP, which breaks down when the ideal assumptions, such as i.i.d. sampling according to the uniform distribution and tight
frame, are violated, the RBOP continues to hold even with such violations.

In summary, we introduced a new tool for the design, analysis, and performance guarantees of sparse recovery algorithms,

and illustrate its application to derive new guaranteed versions of several of the most popular recovery algorithms.



D. Organization of the Paper

In Section [[I, we propose the oblique pursuit algorithms and their guarantees in terms of the RBOP. In Section we
elaborate the RBOP analysis of random frame matrices in various scenarios. The empirical performance of the oblique pursuit

algorithms is studied in Section and we conclude the paper in Section

E. Notation

Symbol N is the set of natural numbers (excluding zero), and [n] denotes the set {1,...,n} for n € N. Symbol K denotes
a scalar field, which is either the real field R or the complex field C. The vector space of d-tuples over K is denoted by K¢
for d € N. Similarly, for m,n € N, the vector space of m x n matrices over K is denoted by K",

We will use various notations on a matrix A € K", The range space spanned by the columns of A will be denoted by
R(A). The adjoint operator of A will be denoted by A*. This notation is also used for the adjoint of a linear operator that
is not necessarily a finite matrix. The jth column of A is denoted by a; and the submatrix of A with columns indexed by
J < [n] is denoted by A;. The kth row of A is denoted by a*, and the submatrix of A with rows indexed by K < [m] is
denoted by AX. Symbol e;, will denote the kth standard basis vector of K¢, where d is implicitly determined for compatibility.
The kth element of d-tuple = € K¢ is denoted by (z) ;- The kth largest singular value of A will be denoted by o (A). For
Hermitian symmetric A, A\;(A) will denote the kth largest eigenvalue of A. The Frobenius norm and the spectral norm of A
are denoted by |A|F and |A]|, respectively. The inner product is denoted by (-, -). The embedding Hilbert space, where the
inner product is defined, is not explicitly mentioned when it is obvious from the context. For a subspace S of K¢, matrices
Ps € K% and Pé- e K?*? denote the orthogonal projectors onto S and its orthogonal complement S+, respectively. For
J < [n], the coordinate projection IT; : K™ — K™ is defined by

(2), ifkelJ
(HJSC)k = (17)

0 else.
Symbols P and E will denote the probability and the expectation with respect to a certain distribution. Unless otherwise

mentioned, the distribution shall be obvious from the context.

II. OBLIQUE PURSUIT ALGORITHMS

In this section, we propose modified greedy pursuit algorithms that use both ¥ and U, and show that they are guaranteed by
the RBOP of (U, \Tl) similarly to the way that the corresponding conventional pursuit algorithms are guaranteed by the RIP of
W. The modified greedy pursuit algorithms will be called oblique pursuit algorithms, because they involve oblique projections
instead of the orthogonal projections in the conventional algorithms.

Recall that greedy pursuit algorithms seek an approximation of signal f that is exactly sparse over dictionary D. Let z* € K™
be an s-sparse vector such that

x* = arg min{|f — Dz|2 : |z|lo < s}.
zeK™

We assume that the approximation error f — Dx* is small compared to || f|2.



The measurement vector y € K™ is then given by
y=A(Dz*) + 2

where the distortion term z includes both the approximation error A(f — Dz*) in modeling f as an s-sparse signal over D,

and additive noise w,

z=A(f — Dz*) + w.
Let DZ be an estimate of f given by a greedy pursuit algorithm such that Z is exactly s-sparse. Then,

|f = Dzl < |f = D"z + | D(z" — Z) |2

< |f = Datllz + 1+ 025(D) |7 — 272

Since the first term || f — Da* |2 corresponds to a fundamental limit for any greedy algorithm, we will focus in the remainder
of this section on bounding |Z — x* .

To describe both the original greedy pursuit algorithms and our modifications, we recall the definition of the hard thresholding
operator that makes a given vector exactly s-sparse by zeroing the elements except the s-largest. Formally, H, : K™ — K" is
defined by

Hy(z) = argmin{|z —w| : [w]o < s}.

Remark 2.1: All algorithms that appear in this section extend straightforwardly to the versions that exploit the structure of
the support, a.k.a. recovery algorithms for model-based compressed sensing [45]]. The only task required in this modification is
to replace the hard thresholding operator by a projection onto s-sparse vectors with supports satisfying certain structure (e.g.,
tree). The extension to model-based CS explicitly depends on the support and is only available for the greedy algorithms. To

focus on the main contribution of this paper, we will not pursue the details in this direction here.

A. Oblique Thresholding

We start with a modification of the simple thresholding algorithm. The thresholding algorithm computes an estimate of the
support J as the indices of the s largest entries of W*y, which is the support of H,(U*y).

Let us consider a special case, where W has full column rank and y = Wz* is noise free. While exact support recovery
by naive thresholding of W*y is not guaranteed, thresholding of \I'*y with the biorthogonal dual U= (UT)* is guaranteed to
provide exact support recovery. This example leaves room to improve thresholding using another properly designed matrix 0.
In compressed sensing, we are interested in an underdetermined system given by V¥; hence, ¥ cannot have full column rank.
In this setting, the use of the canonical dual = (UT)* is not necessarily a good choice of 0.

Schnass and Vandergheynst [42] proposed a version of the thresholding algorithm that uses another matrix ¥ different from
W. We call this algorithm Oblique Thresholding (ObThres), as an example of the oblique pursuit algorithms that will appear

in the sequel.



Algorithm 1: Oblique Thresholding (ObThres)

J < supp (Hs(\f’*y));

Schnass and Vandergheynst [42, Theorem 3] showed a sufficient condition for exact support recovery by ObThres in the

noiseless case (z = 0), given by
Pi(s, U, )  minjegs [(z*),]

min; |1Z;k¢]| 2l|lz*[loo

2.1)

where the cross Babel function i1 (s, ¥, U) is defined by

fir(s, ¥, ¥) + maxmax 2 195051,
kT jeJ

Since the left-hand side of lb is easily computed for given ¥ and \T/, Schnass and Vandergheynst [42]] proposed a numerical
algorithm that designs U to minimize the left-hand side of . However, the minimization problem is not convex and there
is no guarantee for the quality of the resulting 0. Moreover, their optimality criterion for U is based on the sufficient condition
in , which is conservative (see [42, Fig. 1]). In particular, unlike the RBOP, there is no known analysis of the (cross)
Babel function of random frame matrices.

Instead, we derive an alternative sufficient condition for exact support recovery by ObThres, given in terms of the RBOP
of (U, ).

Theorem 2.2 (ObThres): Let * € K™ be s-sparse with support J* < [n]. Let y = ¥z* + z. Suppose that ¥ and ] satisfy

min |(2*);] > 20,541 (P*0) 2" + 2max [ YEL P (22)

jeg*
Then, ObThres will identify J* exactly.

Compared to the numerical construction of 0 by Schnass and Vandergheynst [42]], our construction of W in for a random
frame matrix ¥ has two advantages: it is analytic; and it guarantees the RBOP of (U, \T/) Therefore, with this construction,
the computation of 05+1(\TI*\II) for given ¥ and U, which involves a combinatorial search, is not needed.

For the noiseless case (z = 0), the sufficient condition in (2.2) reduces to

minje y+ [(2*);]

0,1 (T*T) <
AT < o

(2.3)

Even in this case though, the upper bound in (2.3) depends on both the dynamic range of x* and the sparsity level s. Therefore,
compared to the guarantees of the iterative greedy pursuit algorithms in Section [[I-C] the guarantee of ObThres is rather weak.
In fact, the other algorithms in Section outperform ObThres empirically too. However, ObThres will serve as a building

block for the iterative greedy pursuit algorithms.



B. Oblique Matching Pursuit

Matching Pursuit (MP) and Orthogonal Matching Pursuit (OMP) are forward greedy pursuit algorithms. Unlike thresholding,
which selects the support elements by a single step of hard thresholding, (O)MP increments an estimate J of the support J*

by adding one element per step chosen by a greedy criterion:
k* = arg max [(O*(y — \I@))]J 24)

where y — U7 is the residual vector computed with the estimate Z of x* spanned by WV ;.

Given the estimated support J. , OMP updates the estimate = optimally in the sense that Z satisfies
Z = argmin{|ly — Yz|2 : supp (z) < j} (2.5)
Therefore, the criterion in (2.4) for OMP reduces to

k* = arg max ! (\P*P%(q,li)y) k}

_ L 1
= argmax |<PR(%)¢,€, PR(%)@\, (2.6)

which clearly describes the idea of “orthogonal matching”.

Schnass and Vandergheynst [42]] proposed variations of MP and OMP that, using 0, replace 1| by
k* = arg max |(U*(y — v2)), | 2.7

and provided the following sufficient condition [42] Theorem 4] for exact support recovery by the OMP using (2.7)

fii(s, ¥, )

— <
min; |44

1
3 (2.8)
As for ObThres, they proposed to use a numerically designed U that minimizes the left-hand side of (the same criterion
as in their analysis of ObThres).

As discussed in the previous subsection, while easily computable for given ¥ and \Tl, this sufficient condition is conservative
and is not likely to be satisfied even when T is numerically optimized. Thus, the resulting algorithm will have no guarantee.
Another weakness of the sufficient condition in (2.8) is that it has been derived without considering the orthogonal matching
in OMP, and thus ignores the improvement of OMP over MP. Indeed, the same condition provides a partial guarantee of MP
that each step of MP will select an element of the support J*, which is not necessarily different from the previously selected
ones.

In view of the weaknesses of the approach based on coherence, we turn instead to the RIP. Davies and Wakin [46] provided
a sufficient condition for exact support recovery by OMP in terms of the RIP, which has been refined in the setting of joint
sparsity by Lee et al. [47, Proposition 7.11]. These analyses explicitly reflect the “orthogonal matching”. In particular, one

key property required for the RIP-based sufficient conditions is that the RIP is preserved under the orthogonal projection with



respect to a few columns of W, i.e., for all .J  [n] satisfying |.J| < s,
L
Ss(Piew ) Upap7) < 05(0). (2.9)

This condition is an improvement on [46, Lemma 3.2] and was shown [47, Proof of Proposition 7.11] using the interlacing
eigenvalues property of the Schur complement [47, Lemma A.2].

The objective function in the orthogonal matching in (2.6) can be rewritten as

‘<P7%(\1/j)¢kv P%(\Izj)y>| = | Z A<P7é(qxj)1/’ka P%(q/j)l/’jxl’*)j + <P7%(\1;j)¢k72>|' (2.10)
jegn\J

The RIP of ¥ together with lb imply that the left-hand side of lb is close to |(H‘I*\fx*)k , with the perturbation bounded

as a function the RIC of W. Then, orthogonal matching will choose k* as

k* = arg max_|(z*)g]-
keJ*\J

This explains why orthogonal matching is a good strategy when W satisfies the RIP.

The OMP using by Schnass and Vandergheynst [42] still employs the orthogonal matching. However, we are interested
in the scenario where ¥ does not satisfy the RIP but instead satisfies the RBOP with a certain 0. Unfortunately, unlike the
RIP of ¥, the RBOP of (U, \Tl) is no longer valid when the orthogonal projection P%(\I,j) is applied to both matrices. Instead,
we show that the RBOP of (¥, \TJ) is preserved under an oblique projection, which is analogous to the RIP result in . To
this end, we recall the definition of an oblique projection.

Definition 2.3 (Oblique projection): Let VW < H be two subspaces such that V@ W+ = H. The oblique projection onto
V along W+, denoted by Ey, yy1, is defined as a linear map Iy, yy1 : H — H that satisfies

D (Bywi)r =z, VYrel.

2) (Bywe)r =0, VYoeWt

By the definition of the oblique projection, it follows that
I”H — Eywa = EWL,V and E;’;’WJ_ = EW,VL'

When V = W, the oblique projection reduces to the orthogonal projection P onto V.

Lemma 2.4: Suppose that M, M € K™** for k < m satisfy that M*M has full rank. Then, R(M) and R(M )+ are
complementary, i.e., R(M) n R(]\/\JJ)J— = {0}.

Proof of Lemma ' Assume that there is a nonzero x € R(M) N R(M)l. Then, x = My for some y € K* and

M*My = 0 since x € R(M)* = N'(M*). Since M*M is invertible, it follows that y = 0, which is a contradiction. [ |

The RBOP of (¥, W) implies that \TJ;\I/f is invertible. Furthermore, R(V ;) and R(U 7) are complementary by Lemma [2.4
Therefore, \I/j(\TJjA\I/j)*l\T/}i is an oblique projection onto R(W¥ ;) along R(\I'j)J-. It follows that E' = 1,5 — \I'j(\fl”}\lfj)*llf/”}
is an oblique projection onto R(¥ 7)* along R(¥ ;).



Lemma 2.5: Suppose that U, T e Kmxn satisfy
0,(T* W) < 1.

Let J < [n]. Let E' =I5 — W 3(U%W ;)= 1 W%, Then,

Ty %
0,(F7 . BV

(7B ) < 0(70)

[

Remark 2.6: When U = V¥, Lemma reduces to (2.9).
Proof of Lemma [2.3} Follows directly from Lemma in the Appendix. [ |
Lemma suggests that if U does not satisfy the RIP but ¥ and ] satisfy the RBOP, then it might better to replace the

orthogonal matching by the “oblique matching” given by
k= arg max |<E*7$k, Ey)|, (2.11)

where F is an oblique projector defined as

To affect the appropriate modification in OMP, recall that orthogonal matching in corresponds to matching each column
of U with the residual y — U2 computed with a solution Z to the least square problem in 1) Similarly, oblique matching

is obtained by replacing the least square problem in (2.5) by the following weighted least square problem:
2 = argmin{| ¥y — Va)|s : supp () < J}.

We call the resulting forward greedy pursuit algorithm with the oblique matching oblique matching pursuit (ObMP). ObMP
is summarized in Algorithm 2| In particular, when U = U, ObMP reduces to the conventional OMP. Like OMP, ObMP does
not select the same support element more than once. This is guaranteed since the selected columns are within the null space

of the oblique projection associated with the oblique matching.

Algorithm 2: Oblique Matching Pursuit (ObMP)

J— @ 70
while |J| < s do

E* U*(y — U7
argkgﬁj!( (y — 92)),

J fu{k*};

i

&« argmin, {| U%(y — W) : supp (z) = J};

end

Next, we present a guarantee of ObMP in terms of the RBOP.

Proposition 2.7 (A Single Step of ObMP): Let 2* € K™ be s-sparse with support J* < [n]. Let y = Ua* + z and J & J*.



Suppose that ¥ and T satisfy

RZ2INES|

* o I % ) *
T g — 2002 (F59) [T " > (1 ST

) 2 max 191211 2l2- (2.12)

where the coordinate projection I+ s is defined in . Then, the next step of ObMP given J will identify an element of
JN\J.

The following theorem is a direct consequence of Proposition

Theorem 2.8 (ObMP): Let z* € K™ be s-sparse with support J* < [n]. Let y = Ya* + 2. Suppose that ¥ and ] satisfy

P S 1S E B o |9 [ 9 -
?Eufﬂ(x )]|(JC§{1}51¢®M 20541 (VFV) | > T 0., 0) Zm;iXH%“?”ZH% (2.13)

Then, ObMP will identify J* exactly.

If U = U, then ObMP reduces to OMP; hence, Proposition reduces to the single measurement vector case of [47,

Proposition 7.11], with the requirement on ¥ in (2.12)) reduced to
ILr\g27 oo = 20541 (D) Ly 272 > 2max [3h;]2]2] - (2.14)

In fact, the proof of Proposition in the Appendix is carried out by modifying that of [47, Proposition 7.11] so that the
non-Hermitian case is appropriately managed. Similarly, the guarantee of ObMP in Theorem [2.8| reduces to that of OMP given
by

o el
i )1 (i ST 05, 0)) > 2 .15

To satisfy the condition in (2.13)), it is required that 651 (V) < ¢ for some ¢ € (0,1) that depends on z*. As will be shown
in Section this RIP condition is often not satisfied in a typical scenario of practical applications. In contrast, 08+1(\Tl*\11)
is still satisfied with a properly designed U in the same scenario. Therefore, the guarantee of ObMP in Theorem is less
demanding than the corresponding guarantee of OMP.

We observe that the bound on the noise amplification in ObMP is larger by the factor % than in OMP. This factor
is an upper bound on the spectral norm of the oblique projection onto R (¥ 7) along R(\Tl f)J-. The analogous operator in OMP
is an orthogonal projector and the spectral norm is trivially bounded from above by 1. However, when oblique matching is
used instead of orthogonal matching, this is no longer valid. The spectral norm of the oblique projection is the reciprocal of
the cosine of the angle between the two subspaces R(V ;) and R(\Tf 7). This result is consistent with the known analysis of
oblique projectionsE]

For the noiseless case (z = 0), the sufficient condition in (2.13) reduces to

ITLy 2™ | oo

0,01 (U*0) <  min 12
s+1(P70) JedrJ+@ 2|TLyz*||s

(2.16)

Compared to the sufficient condition for ObThres in (2.3), where depending on the dynamic range of x*, the upper bound

% In a general context, unrelated to CS, it has been shown [48] that oblique projectors are suboptimal in terms of minimizing the projection residual, which
is however bounded within factor ﬁ of the optimal error.



on the RBOC can be arbitrary small, the right-hand side in l) is no smaller than 2—\1/3 for any z*. Although ObMP is
guaranteed under a milder RBOP condition than ObThres, the corresponding sufficient condition is still demanding compared
to those of iterative greedy pursuit algorithms.

However, ObThres and ObMP are important, since they provide basic building blocks for the iterative greedy pursuit
algorithms. The thresholding and OMP algorithms have been modified to ObThres and ObMP by replacing two basic blocks,
“U* followed by hardthresholding”, and “orthogonal matching”, to “P* followed by hardthresholding”, and “oblique matching”,
respectively. The modifications of these two basic blocks will similarly alter the other greedy pursuit algorithms and their RIP-
based guarantees.

In the next section, we present the oblique versions of some iterative greedy pursuit algorithms (CoSaMP, SP, IHT, and
HTP). However, the conversion to the oblique version of both algorithm and guarantee is not restricted to these examples. It

applies to any other greedy pursuit algorithm that builds on these basic blocks (e.g., Fast Nesterov’s Iterative Hard Thresholding

(FNIHT) [49]).

C. Iterative Oblique Greedy Pursuit Algorithms

Compressive Sampling Matching Pursuit (CoSaMP) [[11] and Subspace Pursuit (SP) [[12] are more sophisticated greedy
pursuit algorithms that iteratively update the s-sparse estimate of z*. At a high level, both CoSaMP and SP update the estimate

of the true support using the following procedure:

1) Augment the estimated set by adding more indices that might include the missing elements of the true support.

2) Refine the augmented set to a subset with s elements.

The two algorithms differ in the size of the increment in the augmentation. More important, SP completes each iteration by
updating the residual using an orthogonal projection, which is similar to that of OMP. CoSaMP and SP provide RIP-based
guarantees, which are comparable to those of ¢;-based solutions such as BP.

Both algorithms use the basic building blocks of correlation maximization by hard thresholding and least squares problems.
Therefore, following the same approach we used to modify thresholding and OMP to ObThres and ObMP, we modify CoSaMP
and SP to their oblique versions called Obligue CoSaMP (ObCoSaMP) and Oblique SP (ObSP), respectively. ObCoSaMP and
ObSP are summarized in Algorithm [3| and Algorithm

Algorithm 3: Oblique Compressive Matching Pursuit (ObCoSaMP)

while stop condition not satisfied do
Ji1 < supp (z;) U supp (st(\fl*(y - \If:vt)));

T argmzin{H\IJ;tH(y - \Il:c)H2 :supp (z) © Jt+1};
T4l < Hs(%);
t—1t+1;

end




Algorithm 4: Oblique Subspace Pursuit (ObSP)

while stop condition not satisfied do

Ji1 < supp (z) U supp (Hs(\ff*(y - \th)));

*

T« arg mgn{“WJt+l

(y — Vz)|, : supp (z) < fm};
Jir1 < supp (Hy(2));

Ty1 < argmin {H\Tliﬂ(y — Wz)|, : supp (z) < Jt+1};
t—1t+1;

end

Iterative Hard Thresholding (IHT) [|13]] and Hard Threshold Pursuit (HTP) |14] are two other greedy pursuit algorithms
with RIP-based guarantees. HTP is a modified version of IHT, which updates the residual using orthogonal projection like SP.
Since both IHT and HTP use the same basic building blocks used in the other greedy pursuit algorithms, they too admit the
oblique versions. We name these modified versions Oblique IHT (ObIHT) and Oblique HTP (ObHTP). ObIHT and ObHTP
are summarized in Algorithm [5] and Algorithm [6] Note that these iterative oblique greedy pursuit algorithms reduce to their

conventional counterparts when U=

Algorithm 5: Oblique Iterative Hard Thresholding (ObIHT)

while stop condition not satisfied do
Tyl — Hs (:L't + \Tl*(y — \Ifmt));
t—1t+1;

end

Algorithm 6: Oblique Hard Thresholding Pursuit (ObHTP)

while stop condition not satisfied do
Ji41 < supp (Hs (xt + \Tl*(y - ‘I’xt))>;
Ty41 < argmin {H‘I’iH (y — )|, : supp (z) < Jt+1}§

t—t+1;

end

We briefly review the currently available RIP-based guarantees of the original algorithms. The guarantees of the iterative
greedy pursuit algorithms were provided in their original papers [11]—[14]. In particular, Needell and Tropp, in their technical
report on CoSaMP [50]], showed that CoSaMP (with exact arithmetic) converges within a finite number of iterations, which is
at most O(s) for the worst case and can be as small as O(In s). We will show that the same analysis applies to SP, HTP, and

their oblique versions.



TABLE 1
THE RBOP CONDITION REQUIRED FOR LINEAR CONVERGENCE IN THEOREM@

Alg [ ObCoSaMP | ObSP [ ObIHT | ObHTP
Ors (U ) < ¢ || 045 (U*T) < 0.384 | 05, (T* ) < 0.325 | 055 (F*T) < 0.5 | 05,(*T) < 0.577

The guarantees of the iterative greedy pursuit algorithms are provided by sufficient conditions given in a common form
drs(¥) < ¢, where the condition becomes more demanding for larger k£ and smaller c. Recently, Foucart [51] refined the
guarantees of CoSaMP and IHT by increasing required c. We will show that the guarantee of SP is similarly improved using
similar techniques and replacing triangle inequalities by the Pythagorean theorem when applicable

Next, we show that the RIP-based guarantees of the iterative greedy pursuit algorithms are replaced by similar guarantees of
the corresponding oblique pursuit greedy algorithms, in terms of the RBOP. In fact, the modification of the guarantees is rather
straightforward, as was the modification of the algorithms. We only provide the full derivation for the RBOP-based guarantee
of ObSP. Replacing T by U in the result and the derivation will provide an RIP-based guarantee for SP. The guarantees
of the other iterative oblique pursuit algorithms (ObCoSaMP, ObIHT, and ObHTP) are obtained by similarly modifying the
corresponding results [14]], [51]]. Therefore, we do not repeat the derivations but only state the results.

Theorem 2.9: Let Alg € {ObSP, ObCoSaMP, ObIHT, ObHTP}. Let (x¢):en be the sequence generated by algorithm Alg.
Then

21 — &*ll2 < plla — 22 + 7]zl 2.17)

where p and 7 are positive constants depending on Alg, given as explicit functions of Oy, (U* W), §4s(¥), and 6y (D).
Moreover, p, which only depends on Hks(\ff*\ll), is less than 1, provided that the condition in Table [I| specified by Alg is
satisfied.
Proof of Theorem [2.9; We only provide the proof for ObSP in Appendix [D} The formulae for p and 7 are provided for

all listed algorithms. [ ]

For p < 1, implies that in the noiseless case the iteration converges linearly at rate p to the true solution, whereas in
the noisy case the error at convergence is |z — z*||2 = 7/(1 — p)||z|2-

Unlike ObIHT, the other algorithms (ObCoSaMP, ObSP, and ObHTP) involve the step of updating the estimate by solving
a least squares problem. This additional step provides the property in Lemma [2.10] which enables the finite convergence of
the algorithms.

Lemma 2.10: Let Alg € {ObSP, ObCoSaMP, ObHTP}. Let (z;):cn be the sequence generated by Alg. Then, the approxi-
mation error |z; — x* |2 is less than the ¢ norm of the missed components of z* to within a constant factor p plus the noise
term, i.e.,

lwes1 — a*lo < AITLY, 2% 2 + 7] @.18)

7 As an aside, inspired by the existing RIP analysis that 6,4(¥) < ¢ holds with m = O(ksc—2 In* n), Foucart [51] proposed to compare sufficient
conditions by comparing the values of kc—2. Nevertheless, this comparison is heuristic and only relies on sufficient conditions for the worst case guarantee.
Therefore, it is not necessarily true that an algorithm with smaller kc—2 performs better.



where p and 7 are positive constants given as explicit functions (depending on Alg) of Hks(\fl*\ll), Ors(W), and 5ks(\fl).
Proof of Lemma[2.10} Lemma[2.10]is an intermediate step for proving Theorem [2.9] For example, for ObSP, it corresponds
to Lemma in Appendix D] For the other algorithms, we only provide the formulae for p and 7 in Appendix [D} [ ]
Needell and Tropp [50] showed finite convergence of CoSaMP. The same analysis also applies to ObCoSaMP, ObSP, and
ObHTP. To show this, let us recall the relevant definitions from the technical report on CoSaMP [50]. The component bands
(Bj) of x* are by
By = {i: 270 a3 < [(a")i| < 277" |3}, VieZo {0}

Then, the profile of x* is defined as the number of nonempty component bands. By definition, the profile of x* is not greater
than the sparsity level of x*.

Lemma 2.11 (A Paraphrase of [150, Theorem B.1]): Let p be the profile of x*. Suppose that (x4)wn satisfies egs. (2.17)

and (2.18). Then, for
T s 1 -t
t>L—|—pln(l+2[p—|— j(l—p—n)] \/7) [ln ()] , (2.19)
T p L—n

N 0 B 1—pk
[z: — %2 < [pL <p +T> + < p )7‘] 2|2
L—p—n I—p

The minimal number of iterations for the convergence (the right-hand side of (2.19)) is maximized when p = s [50]. The

it holds that

following theorem is a direct consequence of Theorem [2.9] Lemma [2.10} and Lemma 2.11]

Theorem 2.12: Let Alg € {ObSP, ObCoSaMP, ObHTP}. Suppose that 6;,,(U*¥) < ¢ holds depending on Alg as in Table
After tax = Ci(s + 1) iterations, Alg provides an estimate T satisfying |Z — z*|2 < Cs|z|2. Here, k, ¢, C1, and Cy are
constants, specified by Alg.

The fast convergence of iterative greedy pursuit algorithms that involve the least square steps is important. When the
problem is large (e.g., in CS imaging, the image size is typically 512 x 512 pixels), solving the least squares problems is the
most computationally demanding step of the recovery algorithms. Empirically, as the theory suggests, the iterative algorithms
(ObCoSaMP, ObSP, and ObHTP) converge at most within O(s) iterations, and are even more computationally efficient than
the non-iterative ObMP.

Remark 2.13: The extension of greedy pursuit algorithms and their RIP-based guarantees to those based on the RBOP is
not restricted to the aforementioned algorithms. For example, Fast Nesterov’s Iterative Hard Thresholding (FNIHT) [49] is

another promising algorithm with an RIP-based guarantee, which will extend likewise.

III. RESTRICTED BIORTHOGONALITY PROPERTY

In this section, we show that the RBOP-based guarantees of oblique pursuits apply to realistic models of compressed sensing
systems in practice. For example, when applied to random frame matrices, the guarantees remain valid even though the i.i.d.

sampling is done according to a nonuniform distribution. Recall that the guarantees of oblique pursuits in Section [[I] required
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O1s(U* W) < ¢ where k € {2,3,4} and ¢ € (0,1) are constants specified by the algorithm in question. The noise amplification
in the reconstruction for these guarantees also depend on dxs(¥) and (5;“(@). However, unlike 9;%(‘1'*\1/), the RICs (V) and
5;.@5(\5) need not be less than 1 to provide the guarantees. In fact, as discussed later, reasonable upper bounds on dy(¥) and on
5k5(\fl) (possibly larger than 1) are obtained with no additional conditions whenever Gks(\fl*\ll) < c is achieved. Therefore, we
may focus on the condition Hks(\fl*\lf) < c. Also recall that the guarantees for the corresponding conventional pursuit algorithms
require Oxs(P) < ¢, for k € {2,3,4}, ¢ € (0,1), with the same k and ¢ as the corresponding oblique pursuits. To compare
the guarantees of the oblique vs. the conventional pursuit algorithms, assuming k € {2,3,4} and ¢ € (0, 1) arbitrarily fixed
constants, we compare the difficulty in achieving the respective bounds on dys(¥) and Gks(\Tl*\Il). While both properties are

guaranteed when m = O(sIn*n), 0, (U*¥) < ¢ is achieved without additional conditions required for achieving 055 () < c,

which are often violated in practical compressed sensing.

A. General Estimate
We extend [20, Theorem 8.4] to the following theorem, so that it provides an upper bound on 08(@*\11).
Theorem 3.1: Let U, ¥ e K™ " be random matrices not necessarily mutually independent, each with i.i.d. rows with

elements bounded in magnitude as

~

K <K
Vm S Vm

for K, K > 1. Then, 6,(U*¥) < § + 6,(E¥*¥) holds with probability 1 — 7 provided that

2
m = C o2 <K«/2 + 0,(E0*W) + K1/2 + @(Eix*&:)) s(Ins)?InnInm, (3.2)

m > Cyd 2K max(K, K)sln(n~") (3.3)

. < 7 .
I%%XK\IJ)k’A and H;%XK\I’)]C’g (3 1)

for universal constants C; and Cl.
Proof of Theorem 3.1} See Appendix [E| [ |
Letting ¥ = ¥ in Theorem provides the following corollaryﬁ

Corollary 3.2: Let ¥ € K™*" be a random matrix with i.i.d. rows with elements bounded in magnitude as maxy, ¢ |(¥) ¢| <
% for K > 1. Then, 6,(¥) < § + 6,(E¥U*W¥) holds with probability 1 — n provided that

m = C16 K242 4 0,(EV*¥)] s(In s)* InnInm, 3.4

m = Cyd 2 K%sIn(n™!) (3.5)

for universal constants C; and Cs.
The following corollary is obtained by combining Theorem and Corollary applied to ¥ and to 0, respectively.
Corollary aims to provide an upper bound on 68(@*\11). It also provides upper bounds on both d5(¥) and 68(@).
Corollary 3.3: Let W, ¥ € K™*" be random matrices with i.i.d. rows with elements bounded in magnitude as maxg ¢ |(U)g,¢| <

8 A direct derivation of Corollary might provide better constants, but we do not attempt to optimize the universal constants.
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K and maxy ¢ |(0)g] < % for K, K > 1. Then, 0,(F*¥) < § + 0,(ET* ), 6,(¥) < § + 0,(ET*¥), and 5,(V) <

3l

§ + 6,(EU*¥) hold with probability 1 — 7 provided that

m = C16? max(K?, I~(2)4[2 + max (93 (EU*¥), OQ(E\TI*\TI)) ]s(ln s)?Innlnm, (3.6)

m = Cy6 2 max(K?, K?)sIn(n~") 3.7

for universal constants C; and Cs.

Corollary and Corollary have very different implications. Corollary guarantees that 55 (¥) < ¢ holds with high
probability when m = O(sIn*n) if maxy ¢ |()g.¢| = O(ﬁ) and 0;s(EV*T) < 0.5¢. The former condition implies that the
rows of ¥ are incoherent to the standard basis vectors and is called the incoherence property. As will be discussed in later
subsections, the latter condition, 0s(E¥*¥) < 0.5¢, is often difficult to satisfy for small ¢ € (0, 1), in particular, in practical
settings of compressed sensing. Although this condition has not been shown to be a necessary condition for ds(¥) < ¢,
no alternative analysis is available for random frame matrices. In contrast, Gks(]E\T/*\IJ) can be made small by an appropriate
choice of ‘T!, which by Corollary suffices to make Gks(\TI*\P) < c. In fact, it is often the case that U can be chosen to make
015 (EU* W) much smaller than 6, (E¥* W), or even zero, and to satisfy the incoherence property at the same time. In this case,
0s(U* W) < c is guaranteed, whereas 6j,(¥) is not guaranteed so. This key difference in the guarantees in Corollaries
and [3.3] establishes the advertised result that the RBOP-based guarantees of oblique pursuits apply to more general cases, in
which the RIP-based guarantees of the corresponding conventional pursuits fail.

In the next subsections, we elaborate the comparison of the two different approaches: oblique pursuits with RBOP-based

guarantees vs. conventional pursuits with RIP-based guarantees (per Corollaries [3.2] and 3.3) in more concrete scenarios in

which W is given as the composition of the sensing matrix A obtained from a frame and the dictionary D with certain properties.

B. Case I: Sampled Frame A and Nonredundant D of Full Rank

We first consider the case of ¥ = AD, where the sensing matrix A is constructed from a frame (¢,,)wen by (1.4) using a
probability measure v, and the sparsifying dictionary D is nonredundant (n < d) with full column rank.
Using the isotropy property, EA* A = I;, conventional RIP analysis [20, Theorem 8.4] showed that J,(¥) < § holds with

high probability for m = O(6~2s In* n) under the following ideal assumptions:

(AI-])  (¢w)weq is a tight frame, i.e., @O* = I; where ¢, d* denotes the associated synthesis and the analysis operators.
(AI-2) v is the uniform measure.
(AI-3) D*D = 1,.

Corollary generalizes [20, Theorem 8.4], so that the same RIP result continues holds when the ideal assumptions are
“slightly” violated. To quantify this statement, we introduce the following metrics that measure the deviation from the ideal

assumptions.
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o Nonuniform distribution v: We additionally assume that v is absolutely continuous with respect to uﬂ Define

d
Vpin = ess inf —V(w) and Vpax = €sssup —V(w) 3.8)
weQ A we) Qb

where the essential infimum and supremum are w.r.t. to the measure v. If 2 is a finite set, then Z—Z(w) reduces to the

probability that w € Q will be chosen, multiplied by the cardinality of 2. By their definitions, vy, and vy., satisfy
Vmin < 1 < Vpax. Note that vy, and vy, measure how different v is from the uniform measure p. In particular,
Vmin = Vmax = 1 if v coincides with .

« Non-tight frame (¢, )wen: Multiplying ¥ and y by a common scalar does not modify the inverse problem Uz = y.

Therefore, replacing ®®* by the same matrix multiplied by an appropriate scalar, we assume without loss of generality

that

A(BDF) = 1 + :éi:; - (3.9)
and

Aa( @) = 1— ’;ﬁi:;: (3.10)
where k(PP*) denotes the condition number of ®®*. Equations and imply

0a(80) = |80 — 1] = S0
where the first identity follows from the definition of ;. Note that 6,(®®*) = 0 if PP* = I;.
o Non-orthonormal D: Similarly, for nonredundant D, we assume without loss of generality that

M(D*D) = 1+ % G.11)

and
* D) —
A(D*D) = 1— % (3.12)

where x(D*D) denotes the condition number of D*D. Equations (3.11) and (3.12) imply

D*D) —1
(D*D) = [D*D _1,| = "P*D) 1
0.(D*D) = | |- 25

Note that 6,,(D*D) = 0 if D corresponds to an orthonormal basis, i.e., D*D = I,.

Now, invoking Corollary [3.2] with the above metrics, we obtain the following Theorem [3.4] of which Theorem [I.6] is a
simplified version. Under the ideal assumptions, K vanishes and Theorem [32] reduces to [[20, Theorem 8.4].

Theorem 3.4: Let (¢y)weq and D = [dy,...,d,] € K¥*" satisfy sup,, max; [(@y,d;»| < K for K > 1. Let A € K™*4
be constructed from (¢, )wen by using a probability measure v, and let ¥ = AD. Let vy, and vy, be defined in
(3.8). Then, 6,(¥) < & + Ko holds with probability 1 — n provided that m > Ci(1 + Ko)?K2?6~2s(Ins)?Innlnm and
m = Co K257 2sIn(n~!) for universal constants C; and Co where K is given in terms of Vmin, Vmax,» 0s(D), and 04(®P*)

If Q is a finite set, then y is the counting measure and any probability measure v is absolutely continuous.
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by

Ky = max(1 — Vmin, Vmax — 1) + Vmax[0s(D) + 04(PD*) + §5(D) - 04(PD™)]. (3.13)

Proof: See Appendix [F| [ |
Theorem [3.4] shows that the ideal assumptions (AI-1) - (AI-3) for achieving the RIP of ¥ can be relaxed to a certain extent.
However, even the relaxed assumptions are still too demanding to be satisfied in many practical applications of compressed
sensing. When the ideal assumptions are not all satisfied, each deviation increases K, and the obtained upper bound on §, ()
also increases. For example, when ®®* = I; and D*D = I, depending on v, the upper bound on d5(¥) may turn out to
be even larger than 1, which fails to provide an RIP-based guarantee. As another example, when v = p and ®®* = [; (the
rows of A are obtained from i.i.d. samples from a tight frame according to the uniform distribution), d5(D) determines the
quality of the upper bound. Although, in general, computation of ds(D) is NP hard, an easy upper bound on d4(D) is given as
0, (D) = |D*D —1I,|. Now, note that §,,(D) = 0.6 for k(D) > 2. Therefore, considering that the RIP-based guarantee of HTP
[14] requires d35(¥) < 0.57, which is the largest upper bound on d3,(¥) among all sufficient conditions for known RIP-based
guarantees. This suggests that even when the other ideal assumptions are satisfied, D needs to be near ideally conditioned.
This strong requirement on D is often too restrictive, in particular, for learning a data-adaptive dictionary D.

Next, we show that 93(\1'*\11) < c is achieved more easily, without the aforementioned restriction on ®, v, or D. To this
end, we would like to use Corollary however, the K parameter in Corollary requires further attention. While the
incoherence parameter K is determined by the inverse problem, the other incoherence parameter K is determined by our own
choice of A and D. Recall the construction of ¥ = AD: matrix A € K™*? is constructed from the dual frame ((Ew)weg by
using the same probability measure v used to construct A per , whereas D is given as D= D(D*D)~1, so that
D*D = I,,. Tt follows that K is related to ® and D, and thus to K. By deriving an upper bound on K in terms of K and
using it in Corollary [3.3] we obtain the following theorem.

Theorem 3.5: Let (¢y)weq and D = [di,...,d,] € K" satisfy sup,, max; |{¢,d;»] < K for K > 1. Let v be a
probability measure on {2 such that its derivative is strictly positive. Let A, A € K™*" be random matrices constructed from a
biorthogonal frame (¢, sz)weg by and , respectively using v. Let ¥ = AD and ¥ = AD where D = D(D*D)~1L.
Let Umin and Vpax be defined in (3.8). Then, 0,(U*W) < §, §,(¥) < 6 + K, and 6,(¥) < 6+ K, hold with probability 1—7

provided that

m = Cy (14 K;)?K262?s(Ins)*Innlnm, (3.14)

m = Cy K26 2sIn(n™") (3.15)

for universal constants C; and Cs, where K7 and K5 are given in terms of K, Vmin, Vmax, On (D), and 6,(®P*) by

Ky = max(1 — l/;;x, V;nln — 1) + max(Vmax, Vr;iln)
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0n (D) 0u(2D*) 3, (D)0a(22*)
{1 T o0(D) T 1= 0,007 T [0, (D)1 = 0a(PT)] (3.16)
and
H(D*D)_lué?—%? gd(q)(b*)
K= 0 Kt \supldule ) 35 gy (maxldilleg ) |- (3.17)
Proof: See Appendix .

With any significant violation of the ideal assumptions (AI-1) — (AI-3), Theorem fails to provide 0s(¥) < ¢, whereas
Theorem still provides QkS(@*\II) < c. Therefore, the RBOP-based guarantee of recovery by oblique pursuits is a significant
improvement over the conventional RIP-based guarantees, in the sense that the former applies to a practical setup (subset
selection with a nonuniform distribution, non-tight frame, and non-orthonormal dictionary) while the latter does not. This is
because violation of the ideal assumptions does not affect the upper bound on 95(@*\11) in Theorem Instead, it increases
the upper bounds on d,(¥) and §,(¥). However, in the guarantees of oblique pursuits, unlike 6;(¥* W), the restricted isometry
constants 0,(¥) and &,(¥) need not be bounded from above by a certain threshold.

Example 3.6: We show the implication of Theorem [3.5] in a 2D Fourier imaging example. The corresponding numerical
results for this scenario can be found in Section The measurements are taken over random frequencies sampled i.i.d. from
the uniform 2D lattice grid €2 with a nonuniform measure v. The signal of interest is sparse over a data-adaptive dictionary
D, which is invertible (n = d) and has block diagonal structure.

More specifically, D in this example is constructed as follows. Recently, Ravishankar and Bresler [52]] proposed an efficient
algorithm that learns a data-adaptive square transform 7' with a regularizer on its condition number. When the condition
number of T is reasonably small, D given by D = T~! serves as a good dictionary for sparse representation. In particular,
they designed a patch-based transform 7' that applies to each patch of the image. When the patches are nonoverlapping, 7' and
D have block diagonal structure; hence, applying D and D* is computationally efficient. Furthermore, when the patches are
much smaller than the image, each atom in D is sparse and has low mutual coherence to the Fourier transform that applies

(C°12x512 yged in the numerical experiment in Section [[V| was designed so that it

to the entire image. For example, D €
applies to 8 x 8 pixel patches. It has condition number 1.99, which implies §, (D) = 0.60. We also observed that D satisfies
[(D*D) gy = 2,13,

Since (¢, )weq corresponding to the 2D DFT is tight, it follows that 6;(P®*) = 0. Therefore, the expressions for K; and

K5 in egs. (3.16) and (3.17) reduce to

K = max(1 — v} - 1) + 2.5 max(Vmax, V ! ) (3.18)

max’ “min min

and

2.1
Ky = 2—317{. (3.19)

Vhin

Recall that vy,;, and v« in this scenario correspond to the minimum and maximum probability that a measurement is taken
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at a certain frequency component. The simplified expressions of K; and K5 in (3.18) and (3.19) show quantitatively how
the use of nonuniform distribution for the i.i.d. sampling in the construction of a random frame matrix increases the required

number of measurements.

C. Case II: Sampled Frame A and Overcomplete D with the RIP

The analysis in the previous section focused on the case where the dictionary D is not redundant. In fact though, the analysis
extends to certain cases of redundant/overcomplete D. One such case is when D is, like A, a random frame matrix. Then, using
a construction similar to our construction of A will produce a matrix D with ED*D = I,,, which combined with RA*A = 1
provides EU*U = I,,. However, usually, D is given as a deterministic matrix (e.g., concatenation of analytic bases, analytic
frame, data-adaptive dictionary, etc). Therefore, in the general redundant D case, using the biorthogonal dual of D as Dis
not a promising approach. Instead, we focus in the remainder of this subsection on the case where D satisfies the RIP with
small 0,(D). Using ¥ = AD, we show the RBOP of (¥, ¥) in this case.

Theorem 3.7: Let (dy)weq and D = [di,. .., d,] € K" satisfy sup,, max; [(¢,d;>| < K for K > 1. Let A, A € K"™*"
be random matrices constructed from a biorthogonal frame (¢, %w)weg by and li respectively using a probability
measure . Suppose that §5(D) < 1. Let ¥ = AD, and U = AD. Let vy, and Vmax be defined in . Then, 95(@*\11) <
5+ 64(D), 0,(¥) < § + K1, and 6,(¥) < & + K; hold with probability 1 — 7 provided that

m = Oy (1 + K;)?K25 %s(Ins)*Innlnm, (3.20)

m = CoK25 2sIn(n™) (3.21)
for universal constants C; and Csy, where K3 and K5 are given in terms of K, Vmin, Vmax> 0s(D), and 04(PP*) by

K; = max(1 — l/;l;x, Vr;iln — 1) + max(Vmax, V;iln)

0a(BD*) 6S(D)9d(<1><b*))
1= 04(0D*) ' 1— 6y(00%)

. <1 +65(D) +

and

1 B4(DD*)
Ky = —|K _0a(20%) e
: m[  (suploleg ) T2y - (e

Proof: See Appendix [H [ |

D. Case III: Sampled Tight Frame A and Orthonormal Basis D / RIP Matrix D

In the special case where the use of a nonuniform distribution for the i.i.d. sampling in the construction of A is the only cause
for the resulting failure of the exact/near isotropy property, the failure of the conventional RIP analysis can be fixed differently.
Recall that the construction of A in li only involves the weighting of rows of a matrix obtained from the biorthogonal dual

frame (%w)weg, with sampling at the same indices as used for the construction of A from the frame (¢, ),ecq. Therefore, for
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the special case when (¢, )weq is a tight frame and D*D = I,,, it is possible to derive the RIP of a preconditioned version
of U,

We construct a preconditioned sensing matrix A as

N v —1/2
(Ake = \/% [jﬂw] (Guy)e,  Vke[m], Le[d] (3.22)

where (wg)jr; are the same sampling points used in the construction of A in . Then, by construction, A satisfies the
isotropy property EA* A = I,. Furthermore, if sup,, max; [{¢y,d;)| < K, then maxy ¢ |(\f1)kg| < % holds.

In this case, it suffices to invoke [20, Theorem 8.4] to show the RIP of 0. Invoking instead Theorem this approach
extends in a straightforward way to the case where D satisfies the RIP. In the case of tight frame A and D that is an
orthobasis or an RIP matrix, these results provide an alternative (and equivalent) approach to obtain guaranteed algorithms,
without invoking RBOP. In particular, defining A as the diagonal matrix given by (A);; = [(dv/du)(wg)]~/? for j € [m],
conventional recovery algorithms with an RIP-based guarantee can be used to solve the modified inverse problem AW = Ay.

As discussed earlier, non-tight frame and/or non-orthonormal or non-RIP dictionaries arise in applications of compressed
sensing, and in these instances too the conventional RIP analysis fails. We are currently investigating whether, and if so how,

the above approach to “preconditioned” T may be extended in general beyond the aforementioned cases.

I'V. NUMERICAL RESULTS

We performed two experiments to compare the oblique pursuits to their conventional counterparts and to other methods.

In the first experiment, we tested the algorithms on a generic data set. Synthesis operators ¢ and ® for a random biorthogonal
frame (., QNSM)WGQ were generated using random unitary matrices U, V' € R"*™ and a fixed diagonal matrix ¥ as & = UXV'*
and ® = US'V*. The diagonal entries of X increase linearly from \/g to \/g. Sensing matrix A € R™*" was formed by
m random rows of ® scaled by \/%, where the row selection was done with respect to the uniform distribution. Then, the
condition number of EA*A is 2 and the isotropy property is not satisfied. In this setting the oblique pursuit algorithms are
different from their conventional counterparts. Signal z* € K" is exactly s-sparse in the standard basis vectors (D = I,,) and
the nonzero elements have unit magnitude and random signs. The success of each algorithm is defined as the exact recovery
of the support.

Figure shows the empirical phase transition of each algorithm as a function of m/n and s/n. The results were averaged over
100 repetitions. Oblique versions of thresholding and IHT showed dramatic improvement in performance while the performance
of the other algorithms is almost the same. While the oblique pursuit algorithms can be guaranteed without A satisfying the
isotropy property, the modification of the algorithms at least do not result in the degradation of the performance.

In the second experiment, we tested the algorithms on a CS Fourier imaging system. The partial DFT sensing matrix A
used in this experiment was constructed using the variable density suggested by Lustig et al. [24]. We used a data-adaptive
square dictionary D that applies to non-overlapping patches. Dictionary D was learned from the fully sampled complex valued
brain image using the algorithm proposed by Ravishankar and Bresler [52] (See Example [3.6| for more detail). The resulting

D was well conditioned with condition number k(D) = 1.99. The Oblique pursuit algorithms use U= /NUN), where D is given
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IHT HTP

ObThres ObMP ObCoSaMP ObSP ObIHT ObHTP

Thres OMP CoSaMP SP

Fig. 1. Phase transition of support recovery by various greedy pursuit algorithms (the horizontal and vertical axes denote the ratio m/n of number of
measurements to number of unknowns and ratio s/m of sparsity level to number of measurements, respectively): signal x* is exactly s-sparse with nonzero
entries that are +1 with random sign. n = 1024, SNR = 30dB, xk = 2.

as the biorthogonal dual D= (D—1)*. Since the patches are non-overlapping, applying D, D, and their adjoint operators are
patch-wise operations, and are computed efficiently.

The input image was a phantom image obtained by s-sparse approximation over the dictionary D of an original brain
image with sparsity ratio s/n = 0.125. Our goal in this experiment is not to compete with the state of the art of recovery
algorithms in CS imaging system; rather, we want to check whether the oblique pursuit algorithms perform competitively with
their conventional counterparts in a setting where the RBOP of (¥, \T/) is guaranteed. This motivates our choice of a simplified
test scenario. We also compare the oblique pursuit algorithms to simple zero filling, and to NESTA [53] that solves the ¢;
analysis formulation [23]. In fact, when the original brain image is used as the input image, all sparsity-based reconstruction
algorithms, including NESTA, performed worse than zero ﬁllingm To get a meaningful result in this setting, we replaced the
input image by an exactly s-sparse phantom obtained by the s-sparse approximation of the original brain image.

TABLE II
QUALITY (PSNR IN DECIBELS) OF IMAGES RECONSTRUCTED FROM NOISY VARIABLE DENSITY FOURIER SAMPLES WITH MEASUREMENT SNR = 30
DECIBELS. RESULTS AVERAGED OVER 100 RANDOM SAMPLING PATTERNS.

Thres | CoSaMP [ SP [ IHT HTP | /i-Analysis || Zero Filling
conventional 14.48 42.93 45.24 9.06 40.02
oblique 37.59 43.30 44.79 44.96 45.53 34.04 34.73
(a) Downsample by 2
\ Thres \ CoSaMP \ SP \ IHT \ HTP \ {1-Analysis H Zero Filling
conventional 9.34 29.46 34.74 9.34 31.58
oblique 31.13 32.21 36.17 31.10 36.26 30.96 31.53

(b) Downsample by 3

Table [[I| shows the PSNR of the reconstructed images using the various algorithms with different downsampling ratio. The
error images truncated at the maximum magnitude of the input image divided by 10 are shown in Fig. [2] Downsampling by
factors of 2 and 3 is presented, but the results for larger downsampling factor are qualitatively the same.

In most cases, the oblique pursuit algorithms performed better than the conventional counterparts. In the few exceptions, the

10 To achieve good performance on the original image requires a more sophisticated recovery algorithm with overlapping patches, and adaptive sparsity
level [54].
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Fig. 2. Error images and PSNR for recovery by various algorithms from noisy measurements (the maximum intensity of the input image is normalized as

1): SNR = 30dB, downsample by 3.

difference in performance is not significant. In particular, ObSP and ObHTP performed significantly better than zero filling.

We observed that thresholding and IHT totally failed in this experiment. In this experiment, the step sizes of IHT was fixed

as 1 for its RIP-based guarantees. By employing an empirically tuned step size, the performance of IHT might be improved.

In contrast, ObIHT provided a reasonable performance with a fixed step size.

Fig.[2]also shows that the error in the reconstruction include blocky artifacts that are more severe in the reconstruction by the ¢;

analysis formulation. This issue can be resolved by replacing the non-overlapping patches by overlapping patches. Furthermore,
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sparse representation of overlapping patches allows more redundancy, which helps reduce the sparse approximation error. In
this case, applying the inverse and the biorthogonal dual of the sparsifying transform are no longer patch-wise operations,
but the inverse operation might be still efficiently computed by solving a structured inverse problem. More generally, the
sparsifying dictionary might be replaced by any redundant dictionary.

However, we do not pursue the various possible the improvements of the reconstruction performance in this paper. As
mentioned earlier, the purpose of the numerical results in this section is just to confirm that the modification made in the
oblique pursuit algorithms from the original ones does not degrade their empirical performance. It turned out fortuitously that
the oblique pursuit algorithms, designed to provide guarantees in terms of the RBOP, also show significant improvement in

empirical performance.

V. CONCLUSION

Previous guarantees for the reconstruction of sparse signals from compressive sensing via random frame matrices by various
practical algorithms were provided in terms of the restricted isometry property (RIP) of the sensing matrix. Previous works
on the RIP focused on scenarios where, to satisfy the isotropy property, the sensing matrix is constructed from i.i.d. samples
from a tight frame according to the uniform distribution. However, the frame might not be tight due to the physics of the
sensing procedure or due to the dictionary that provides a sparse representation. Furthermore, a non-uniform rather than the
uniform distribution is often used for the i.i.d. sampling in practice in compressed sensing, especially in imaging applications,
due to the signal characteristics or due to the limitation imposed by the physics of the applications. To derive guarantees
without idealized assumptions, we proposed to exploit the property of biorthogonality that naturally arises in frame theory. We
generalized the RIP to the restricted biorthogonality property (RBOP) that is satisfied without requiring the isotropy property.
To take advantage of the new RBOP, we extended greedy pursuit algorithms with RIP-based guarantees to new variations —
oblique pursuit algorithms, so that they provide RBOP-based guarantees. These guarantees apply with relaxed conditions on
the sensing matrices and dictionaries, which are satisfied by practical CS imaging schemes. The extension of greedy pursuit
algorithms and their RIP-based guarantees to those based on the RBOP is not restricted to the specific algorithms studied
in this paper. For example, Fast Nesterov’s Iterative Hard Thresholding (FNIHT) [49] is another promising algorithm with a
RIP-based guarantee, which will extend similarly. Finally, we note that although the oblique pursuit algorithms were designed
to provide performance guarantees in the worst-case sense, they also perform competitively with or sometimes significantly

better than their conventional counterparts empirically.

APPENDIX

A. Preliminaries for the Appendix

Definition A.1 (Dilation [55]]): The dilation of matrix M is defined by
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By definition, .”(M) is a Hermitian matrix and its eigenvalues satisfy

N ((M)) =
—Un,i+1(M) if i > n.

Definition A.2 (Schur Complement): Let M € K"*™ be a square matrix that can be decomposed as follows:

Miy Mo
M =

Moy Moo

where Moo € K9%¢ for ¢ < m is a minor of M, which is also a square matrix. The Schur complement of the block Mss of

the matrix M, denoted by M /Masa, is the (n — ¢) x (n — ¢) matrix defined by
M /My = My — MlengMm-

The following lemma extends [56, Theorem 5] to the non-Hermitian case.

Lemma A.3: Let M € K™ ™ be a nonsingular matrix and Mss € K2*¢ for ¢ < n be a minor of M. Then,
O'l(M) = O’l(M/MQQ)

and

Uj(M/M22)>Uj+q(M)7 V]:Lan_q

Remark A.4: The analogous result for the Hermitian case [56, Theorem 5] assumed that M is semidefinite and also showed
that

0;(M) = 0j(M/My), Vj=1,...,n—q.

Proof of Lemma[A.3} By the Cauchy interlacing theorem, o4(Maz) = 0y, (M) > 0; hence, My is invertible. Let

Mo My Mo 3 My, — MiaMyy' My 0 . Mo My, Moy My
My Mao 0 0 My, Mss
=M- =&2

Let Moy = UXV* be the singular value decomposition of Mss. Then, Ms is factorized as

M, VY12
My = [21/2U*M21 21/2‘/*]
Uxt/2
where the left factor has ¢ linearly independent columns and the right factor has ¢ linearly independent rows. Therefore,

rank(Ms) = q.
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Now, we use Weyl’s inequalities for the eigenvalues of the sum of two Hermitian matrices [57, Theorem III.2.1]. By applying

(57, Theorem II1.2.1] to .(M;) and . (M), we obtain

Ajq(F (Mr) + 7 (M2))
S N(F (M) + Mgr1(F (My))

:)\J(y(Ml))a Vj=1,...,nfq,
where we used the fact that Ayy1((M2)) = 0g41(Ma) = 0 since rank(Ms) = g. Therefore,
O'j+q(M1+M2)§0'j(M1)7 Vi=1,...,n—q.

Since M is invertible, M /Mas is also invertible since o, (M /M) = 0,(M) > 0. The Schur complement (M /Maz)~!

is a minor of M ~!; hence,

o1 (M)~ =0 (M™Y) < 0 q((M/Ma)™") = 01 (M/Maz) ™"

Lemma A.5: Let M € K™*™_ Then,
o1(M —1I,) =max (1 — o (M), 00 (M) — 1).

Proof of Lemma A3} 1f M is a Hermitian matrix, then the proof is straightforward since the eigenvalues of M — I,,, are

the eigenvalues of M shifted by 1. Otherwise, by [57, Theorem III.2.8], it follows that

kIeI%Qa;(z] |/\k(z5ﬂ(M)) - /\k(y(lm)ﬂ

< |Z(M) = (L) |

< max | Ap(F(M)) = Aom—k+1(Z (Im))]
ke[2m]

where (M) and .7 (I,;,) are the dilations of M and I, respectively.

Since
O'k(M) k<m
(S (M) =
—Om—k+1(M) k>m
and
1 k<m
Ae(F (Im)) =

-1 k>m,

it follows that

max_|Ap (- (M)) — Me(L (1))

ke[2m]
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krerhaﬁ] A (L (M) = Aom—t41 (L (Im))|

max (1 — o (M), 00(M) = 1);

hence,

|M = L] = [Z(M = 1)
= [# (M) =7 (L)

=max (1 — o, (M), 01 (M)—1).

|
Lemma A.6: Let M, M e K™**_ Let J, < [k] and Jo = [k]\J1. Suppose M*M has full rank. Then,
|3, (1, — Mgy (M, Mg, )T M) My, — Iy | < |M*M — I
Proof of Lemma @ To simplify the notation, let £ = I ;| — M, (]\7}‘1 M JI)TMjl. By Lemma it follows that
M5, EMy, — 1)
— max {1 — 0,5, (V% EM,,), o1(N[%EM,,) — 1}. (A.1)
Furthermore, since M *M has full rank, (A.1) is upper bounded by Lemma as
< max{l — Jk(M*M), Jl(M*M) - 1}
= |IM*M — I (A2)
where the last step too follows from Lemma [A.5] [ ]
Lemma A.7 ( [I58, Corollary 5.2]): Suppose that E € K"*" is idempotent (E? = E) and is neither 0 nor I,,. Then, |I,, —
E| = |E].
Lemma A.8: Let ¥, U € K™*". Let P € K"*" be an orthogonal projector in K™. Then, for all z,y € K",
TPz, wPy)| — [(Pe, Py < [PT*EP - P] - |2l - Jyl: (A3)

Proof of Lemma[A-8} The proof follows from the properties of an inner product:

KT Pz, wPy)| - [Pz, Py)|
e ’(\TJPQ:, U Py) — (P, Py>‘
© '(x,P\TJ*\I/Py> ~ (a, Py)

- ’(m, (PU*UP — P)y>‘
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< [PYFUP — P |z]2]yl2
where (a) follows from the triangle inequality, (b) follows since P2 = P and P* = P. |

B. Proof of Theorem [2.2]
ObThres is guaranteed to recover J* if
min |(T*y);| > max |(T*y)]. (A4)

JeJ* JEJ*
The jth component of \i/*y is given as

(T*y); = Oy = ef iy PFUILa" + Oz
and satisfies

[(W*y); — (2%);]

< [Ty THUTa® — (a*);] + [0 4

= |ef (I T* WLy — iy 0 )a*| + i) 2]

< Ouia (T )" |2 + mace [ ][ (A5)
where the third step follows since

[Ty UF WLy — Ty |

< Mgy g OF Ty e — gy o+

< Ojgpo0 (TFD) < Ooir (T*).

Then, (22) is obtained by applying (A:3) to (A:4).

C. Proof of Proposition [2.7]

Given J < J*, the next step of ObMP given J finds an element from J*\J if
Tk
jg}%@ W)J <ER(\TJ,,)J-,R(‘1;‘,))y}

> max
je[n\J*

J;(ER(\TI,;)L,R(\II,;))M' (A.6)

Let F denote ER(\T,J)L7R(\I,J) to simplify the notation. Then, E* = ER(\I,J)L7R(@J) is also an oblique projection.

To derive a sufficient condition for (A.6), we first derive a lower bound of the left-hand side of (A.6) in the following:
max (¥ Ey| > max [ B a*| — ¥ Ez|
jeJ\J JeEJTN\JT

> max [QFEUIL.a*| |
JeJN\J

2,00 E| [|2]|2- (A7)

(*)



The term (x) in (A.7) is bounded from below by

(+) = max ‘J; BEWIL,., Jx*‘

= max ‘(Jj, E\IIHJ’(\JI*>‘

JeJN\J
= max [(UII ;. ',E\I/H*:r*‘
jeJ%\.I‘< JN\JEj JN\JT >
(;) max ](H 1I x*>|
= a x ) .
ere J*\J€j JN\J

— Ou 1 (WFU) [Ty s [T 52* 2
= max |(2);] = Oprr (T*T) [Ty 5

JEJN\J

= HHJ*\Jm* Hoo - 95+1(‘T’*‘I’)HHJ*\J33*H2
where (a) holds by Lemma [A-§] since it follows, by Lemma [A.6] that
|TLym g O* EWIL ey — TLye g

=[5 BV g = L g

< T5W ) — L] < 001 (T*0).
Next, we derive an upper bound on the right-hand side of (A.6) in a similar way:

bEBy| < J¥EUT jea*| + [0FEz
R

< D BT e | + | 0%
e |9 st |+

(x*)

The term (**) in is upper bounded by

_ 5BV o007
(%) jdnax V; (J*OINIT

= max_|(Y;, BV o o ‘
jnax [ (o IIE)

= ) max <\IIH(J*u{j})\Jejﬂ E\I/H(J*U{j})\Jx*>’
Je[n\J*

P a il 9l

< Jdnax [Ageoppes Toeopoe

+ 0o 1 (WHO) T oo € l2 T oo™l

= *) s +0 ql*\l’ II *uig )
sdnax 1@ );] + Oorn (T D)o ippoa’

= 001 (TF0) L0y

2,00 B[ |22

34

(A.8)

(A9)

(A.10)
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where (b) follows by Lemma [A.§] since it follows by Lemma [A.6] that

1T o g VBV e oy — Mo
<o E¥ o — Lol

S H‘I/?;u{j}\PJu{j} — o] < 051 (VFT).

Applying the bounds in (A7) (A-I0) to (A6), we conclude that, for the success of the next step, it suffices to satisfy

[Ty 2" oo = 20542 (P*O) |TLyw ya* | > 2] T¥|

2,00 Ell |2]l2-

Then, computing an upper bound on |E| will complete the proof.
When ¥ = U, E reduces to an orthogonal projection and satisfies |E| < 1. However, since we propose to use U0, B
is an oblique projection and | E| is not necessarily bounded by 1.
Since F' is idempotent and F is neither O or [,,, by Lemma it follows that
IE] = 1 — Bl = |Erg,y 0]
= W, (T3,
R L 207

< ~ ~ ~ .
A(UEW ) 1 =0, (0*0)

D. Proof of Theorem 2.9

The proof for the ObSP case is done by the following four steps. To simplify the notations, let
0 = 03, (V*W), §=25,(V), and &= by (W).
For J = {j1,...,j¢} < [n], define Ry : K® — K’ by
(Ryjx)k = xj,, Vkeld YxeK",
which is the reduction map to the subvector indexed by J. The adjoint operator R : K* — K™ satisfies
¢
Ry = Z (Y)kesy
k=1

where e, is the kth column of I,,.

Lemma A.9 (Step 1): Under the assumptions of Theorem [2.9]
|lzer1 — 22 < pr|Hye gy 2" [2 + T12]2

where p; and 7 are given by




Lemma A.10 (Step 2): Under the assumptions of Theorem @l,
ITregi @™z < p2l 5, 2% ll2 + 72 22

where ps and 7o are given by

1+6 24146

P2 = —— and T = 1-0

Lemma A.11 (Step 3): Under the assumptions of Theorem [2.9]
1T, 2" 2 < palTLye g 2|2 + 7322

where p3 and 73 are given by

0 20(1 — 0) >

p3_max(1—9’ 1+ 20 + 202

and

1 2(1 —0) ) 2T+ 6(1+9)

T3:max<1—9’1+29+292 1-0

(Step 4): Finally, because supp (x¢) = Ji,
T2z = [y, (e — 2%)ll2 < o — 272
Then, p and 7 are given as

p=pip2p3 and T =T + p1T2 + p1P2T3.
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If we let U = W, ObSP reduces to SP, and the RBOP-based guarantee for ObSP also reduces to the RIP-based guarantee

of SP. However, compared to the original guarantee [[12]], the guarantee of SP obtained from Theorem requires a less

demanding RIP condition.

The results for the other algorithms (ObCoSaMP, ObHTP, and ObIHT) are obtained from the corresponding results for the

conventional algorithms (CoSaMP, HTP, and THT) [14]], [51]. We only need to replace ¥*¥ by U*W in the algorithms and

replace 04s(¥) by 65 (U* W) in the guarantees.
Constants p and 7 are explicitly given as follows:

« ObCoSaMP

i

40, (IH0)2(1 + 30,,(TFW)2)
’ 1 — O, (U* )2

2(1 + 304, (T*W)2) A1 + 304 (F*W)? =
T = = + . + 3 |A/1 + 645(0).
\/ 1— 04y (I* )2 1— 04, (I* ) 4s(1)
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« ObSP

O35 (U* W)/ 1 + O3, (T*W)

p= max L ; 2 ~ ;

__ A1+ 825 (W) . A1+ 825(W)

1= 035(W*W) (1 g, (F%W))1/1 — O3, (T* )2

. 20/1+ 05 (W) (1 + 625 (¥))4/1 + O3, (T* )
A1 = O35 (U*W) - (1 — O3, (T* 1))

- max 1~ , ~ 2 =~ .
(1 — O35 (F*0))2" 1+ 205,(F*T) + 203, (T* )2

. ObHTP
| 205,(TF )2
PN T 0y (Trw)
2 1 ~
T = = + = A/ 1+ 6os (V).
( 1= 03, (TF0)2 1 935(\1/*\11)> 2 (%)
. ObIHT

p =205, (U*T) and 7 =24/1 + a5(V).

Lemma is of independent interest to provide the finite convergence in Theorem [2.12] We stated Lemma as
Lemma [2.10] in Section [l For ObCoSaMP and ObHTP, similar lemmata are obtained with a slight modification from the

corresponding results [[14f], [S1]. Constants p and 7 in Lemma are explicitly given as follows:

« ObCoSaMP
P 1— 04, (T*0)2
1+ 304, (U*W)2 =
7= - + V3 A/ 1+ bas(D).
1 — 045 (T*0) ()
. ObSP
. 1 ) 1+ 044(0)
p= —, 7= I
1 — O3, (U* )2 1 — 03, (V*W)
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« ObHTP

) 1 ) 1+ 645(0)
p= o TE——

1~ 05, (T*0)?2 L — 03, (T* W)

Proof of Lemma[A.9 Lemma [A.9]is an extension of the analogous result by Foucart [51]] to the biorthogonal case. The
modification is done by replacing some matrices and introducing the RBOP instead of the RIP. We repeat the proof with
appropriate modifications as a guiding example that shows how to modify the derivations using the RBOP.

Recall that x,,; is given as

£ = argmin{[ ¥, (y — V)| supp (x) © T .
Therefore, by the optimality condition of the least square problem, it follows that

(T3

Jiy1

\II)*\IIEJA(:‘/ - \I]xtJrl) = 07
but, by the RBOP, \Tlf’}tﬂ\l/ has full row rank; hence,

O *
\IjJt+1

(y— W) = U5, (U(a* —2400) + 2) = 0,

which implies

Iy, U0 (2 —a*) =10, U*z. (A.11)
Now,

MLy, (@41 — )3

= w1 — ", Iy (2441 — 27))

= (g1 — 2%, (L, — W), (200 — %))
+{Tyq — T, \I/*‘T/HJHI(%H — "))

= Wprogpp (@esr — "), (Ln — ‘I’*‘I')Hle(le — "))
+ (Mg T* U (2041 — %), T, (@1 — 7))

Q (241 —2*, G (In = U*O)TL, (20 — 2%))
+ <H_]t+1\T/*Z, O, (241 — %))

b)
S Oz = 22| Ty, (w41 — 272

+ AL+ 0220, (a1 — @) (A.12)

where (a) follows from (A1), and (b) holds since

~

HHJ*th_H (In - \I]*\II)HJt,+1 H
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~

= HHJ"UJtJrl(In - \I]*‘IJ)HJ*UJt+1HJt+1 H

< HIq - \I’?}*thJrl\I]J*uJ:Jrl H <4

where ¢ = |J* U Ji11]| < 2s.
It follows from (A:12) that

I,y (e = @)z < Olzery = 2% ]2 + 4/ 1+ ]z,
Therefore, (A-12) implies

Jzers — 273
= [0,y (@en = @) |3 + [T, (241 — 2|3

2
< <9:c Y 6|z|2) L2 3
hence, we have

|41 — 72

_ VI Bzl /(0= )07 13 + (L4 )03
= 1—62
V1446

1 .
< WHHJ*\JtJrlx 2 + 1-9 I [l2-

|
Proof of Lemma ' Recall that J;.1 is chosen as the subset of jtﬂ corresponding to the s largest elements of

T* W )~1U* 4 hence, it satisfies
( Jt,+1 Jt+1) Jt/+1y’ )

* T % N —1J %
||HJt+1Rjt+1 (\Ilth\IlJtH) \IljwrlyH
* T % —10,%
> |IL-R% (¥ v

t+1 - Jey1 Jt+1) Jit1

which implies
-1 \Tl *
Je41

—1&1*

Je41

HHJtJrl\JtJrleHl( Jig1 \I/Jt+1)

* I *
S ”Hth\J* Rjt+1 (\Ijjtﬂ T )

Y|

y|. (A.13)
The left-hand side of (A.I3) is the norm of the following term:
N * Tk N —13 %

HJt+1\Jt+1th+1(\I/jt+1 Jt+1) \I/jt+1y

_ - * J; % N —1.J % *

- HJt+1\Ji+1Rjt+1(th+1\1"]t+1) \Ij.ft“(\px + Z)

1T * a; % N —13,*

- HJt+1\Jt+1Rjt+1( jt+1 Jt+1) jt+1

. (\IJHthx* + \IJHJ*\JNth* + z). (A.14)



The first summand in (A:T4) is rewritten as
N * I - N -1
HJt+1\Jt+1Rjt+1 (\IJJt+1\IIJt+1) Jii1 Jiy1

—1I-+ R: (W% % U; R; ot

—1
Jert\Je41" Jip1 Y Jega Jt,+1) Jir1 Jev1 T

Ut WIls 2*

* *
Jip1\Je41 Rj,,_H RJt+1 z

*
Jt+1\Jt+1HJt+1x

*

= H'7t+1\Jt+1x

By the RBOP, the other summands in (A.14) are bounded from above in the ¢ norm by

* TJr* —1,* *
HHjtJrl\JHleH.l( jt+1‘l/jt+1) \I/j,,+1\I/HJ*\jt+1x H2
1
< (o 5o Vi) |

4 R
< 1 - QHHJ*\jtJrlw “2

*
Jet1 HJ*\jtJrlx ”2

and by

v V1+34

V5w )T sl < el

R % *
HHJH—l\Jt+1 Rjt+1 ( Jit1

Combining eqs. (A.14) to (A:I7) implies that the left-hand side of (A.I3) is lower bounded by

o 2 ‘| —””

i |22

HHjtJrl\JtHx 2 m“ INTen 12T 1-—
The right-hand side of (A.T3) is the norm of the following term:

N * Tk N —13 %

HJH—I\J* Rjurl (\Iljt+1\IJJt+1) \I/jt+1y

— 1T~ * Jr* N —13,%* *

= HJtH\J*Rth( Tiin Jtﬂ) ‘I'jt+1(‘11$ + 2)

= * Jr* N —13%*

- HJt+1\J*Rjt+1( Jit1 Jt+1) Ji1
. (\I/H‘]NHIJ} + \I/HJ*\jHlx + Z)

Similarly to (AT3), the first summand in (A.T9) is rewritten as
N * T -~ NN 1% N x _ TT. * _
H-7t+1\J*th+1(\IJJt+1y \IJJt+1) \I/le\I]HJtHz = HJHI\J*JZ =0.

In a similar way, the other summands in (A.19) are bounded from above in the ¢ norm by

~ ~ 0
* * —1.\7,% * *
HHjtJrl\J*thH( jt_,.llpjwl) \I/jH.l\I/HJ'\jHlI H2 S 1—-86 HHJ*\jHlx H2

and

7V”

jm —

* I * N 1%
R (@ w5 )7 sl < M0

Jep1\J*

40

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

(A21)

(A.22)
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Combining eqs. (A.19) to (A.22) implies that the right-hand side of (A.13) is upper bounded by

0 V1446

2+ e (A23)

Therefore, by (A.I8) and (A.23), we have
20 ” 2v1+46

H]:[jt+1\‘]t+lx*||2 S mHHJ*\jHlx 2+ ﬁ“'z”z (A24)

Note that J*\Jy41 = (J\Jez1) U (J* A (Jeg1\Jes1)) and J*\Jpiq and J* A (Jp1\Jes1) are disjoint. Therefore, since z*

is supported on J*, it follows that
Mo”3 = g, 213+ 1005, 2713 (A25)

Applying (A25) to (A24), we obtain

20 201+ 6

\/“HJ*\JH&"*H% — g, 23 < m”ﬂp\jtﬂx*\\z + ﬁ”z\\%

which implies the desired inequality after simplification using v/a2 + 2 < a + b for a,b > 0. ]

Proof of Lemma ' The last step in each iteration of ObSP updates z; by z; = Ri",t(\fljt\lf Jt)_llf/f’}ty. Since ¥
and W satisfy the RBOP, by Lemma \Ith(\Ifjt\IJJt)_l\flf’}t is a valid oblique projector onto R(¥,) along R(W )L
Then, I, — ¥ Jt(\fli\ll Jt)_llifjt and W Jt(\llf}t\if J,)” "% are also oblique projectors. Let E denote the oblique projection

I, — W, (¥% @ ;,)~' 0% to simplify the notation. Then,
U*(y — Way) = U*Ey.

Let

J = supp (HS (\T/*Ey)) .

Since E*lzj = 0 for all j € J,, it follows that .J is disjoint from .J;.
By definition of J, we have

W5 Eyl2 = V5. Eyl2.

hence, it follows that

H®§V,Eyh;>uﬁjﬂjEyh. (A.26)

Since Eb; = 0 for all j € J;, the left-hand side of @) is the norm of the following term:

\I/"}\J*Ey = W§\J*E(WHJ*\th* + 2). (A.27)



The first summand in is upper bounded by

|%% .

EVI a0 j,2% |2 < H\IIJ\J*E\IIJ*\JtH [Ty 7, ™ 2
N
()

where () is upper bounded by

[T O BV g, |

= [Ty e (B*EY — )Ty, |

< g0 ong, (T* BT — L)W ro 00, |
= 19870 oy E¥Gormns, — Lol

< H\II;U]*\IIJUJ* _I\juJ*\” < ¢

Therefore,

| 0% B 5,22 < O[TLw 5,27 2.

J\JT*

The first summand in (A:27) is upper bounded by

%

7Bzl

< 9%, S IIEN =2

%l

(a) ~
<\ 1+0|1, = Ellfz]2

14 6w, (5, W,,) 715 | 2]
< 7@4—(1—1—6)” |2
= 1

where (a) follows from Lemma
The right-hand side of (A.26)) is the norm of the following term:

\le*\jEyz U* . Ey

TN\Teg1

= \I/j*\J E(WH.]*\Jtl'* + Z)

- \Iﬂ‘;*\‘]f-HE(\DHJ*\jHlx* + \I/HJ*m]x* + Z)

where the first equality holds since E*zzj =0 for all j € J; and the last equality holds since J*\.J, = (J*\Ji41) U

and J*\J;41 and J* n J are disjoint.

The first term in (A.30) is lower bounded by

- .
19507 B g, 2 2

~ . .
> U\J*\jt+1|(\I’J*\,7 +1E\I/J*\jt+1)‘|HJ*\jt+1x |2

U\J*\J|( J*\J\I/J"\J)HHJ*\J T 2

42

(A.28)

(A.29)

(A.30)

(J* nJ),
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> (1-0)[T,. 5, 2" (A31)

The second term in (A.30) is lower bounded by

H\Tj**\jtﬂE\I/HJ*mjl'*”Z < ||\i**\jt+1E\IJHJ*ij L ye 2" |2
(%)
where (#x) is further upper bounded by
”\I’**\thE\I/HJ*mj”
= 0,5, W*EVIL,. ;|
= Mz, (U*EY — L), ]
<3, yoenny (T BY = L)L 05, n)|

- N o ~ )
< I¥E g EY o deowsnd) ~ Dmdnnoweanll
- N o N )
<Gy ow i E¥ oo s ~ L g anll
< H\Tlﬁ*uJ}\PJ*UJ‘t - I|J*th\” < 0.
Therefore,
W55, BV g™ o < O[T 2”2 (A.32)
The last term in (A.30) is upper bounded by
~ VIF+o(1+0
(95,5, B2l < YLEOOE ), (4.33)
Applying egs. (A27) to (A33) to eq. (A:26), we obtain
o AT +6
ML+ YLD,
. . VI+6(1+96)
=1 —=0)I,. 5, 2" = O 52”2 — ﬁ“z\b (A.34)
Since
Iy z* 3 = 1T, 5, 23 + [T n 523,
(A34) implies
) WI+6(1+0
O g+ LD
1-46
=1 =0),. 5, 22— 9\/\|HJ*\MU*H§ = M5, 23 (A.35)

The final result is obtained by simplifying (A.33).
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To simplify the notation, let

a= |5 a2

b= Il s, 2% ||2
2V/1+6(1+9)

c= THZ”%

Then, (A.35) reduces to

0b+c=(1—0)a—0+/b%— a2,

which is equivalent to

02 —a? = (1 —0)a— (6b+c).

If (1 —6)a <60b+ c, then

0 1

Otherwise, if (1 — 0)a > 0b + ¢, we have
02(b*> —a?) = (1 — 0)a — b — ¢)?,

which implies

(20% + 20 + 1)a® — 2(1 — 0)(Ab + c)a + (0b + ¢)? — 0% < 0.

Therefore,
20(1 —0) 2(1—6)
< b . A.37
CS g1 20 v 20410 (37
Combining eqs. (A.36) and (A:37) completes the proof. [ |

E. Proof of Theorem 31|

Let X be a random variable defined as

a

X = max
[T]=s

1, (\I:*\I/ - IE\TJ*\I/) n,

Let &, and (. be the transposed kth row of /mW¥ and /m ¥, respectively, for all k € [n]. By the assumption, (£;)7, and

(Ck)7, are sequences of independent random vectors such that
E&lf = BU*W  and EG( = EU*U
for all k € [m]. Then, X is rewritten as

X = max
|J|=s

m, (; (@7 - E@f;f)) 1,
k

=1
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Like the RIP analysis for the Hermitian case [18], [20], the first step is to show

EX<8—5.
9

By symmetrization [20, Lemma 6.7], EX is bounded from above by

I, <7711 > 6ka§7§> 11,

k=1

EX < 2E max

(A.38)
|J|=s

ex |11y (2 6k§k§:> 1y

2
= —JE max
m k=1

17|

where (ex)}", is a Rademacher sequence independent of (£)7, and (k)i .
Define random variables X; and X, by

X1 £ max

m I, (U*0 — EU*0) 11,
J|=s

X9 £ max

1, (\TJ*\TJ—E\I:*\T/) 1, .

Then, X; and X, are rewritten as

1 m

X = max I (m ; &l — E@@’:) I,
1 m

Xz = max (m ; GG — ECkaf) 1T

By symmetrization, EX; and EX, are bounded from above by

Lemma A.12 ( (I8 Lemma 3.8]): Let (hy)7-, be vectors in K". Let K}, = maxy, ||y |o. Then,

HJ <Z Gkhkhz> HJ
k=1
I, (Z hk.h,j> I
k=1

E. max
[J|=s

1/2

< C34/slnsvVInnvVinmk, |r51‘ax

Since maxy, |€k |0 < K, by Lemma [A.12] it follows that

EX; < 2034/~ InsvinnvInmE/EX; + 1 + 0,(EU*0).
m

If

2034 | InsvInnvInmK /2 + 0,(EV*T) < 4,
m
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for some §; < 1, then EX; < §; and it follows that

1/2
205 %msm\/MKE ma 11 (; é &5,’:) 0, /
< 203\/5 In svVInnvVInmKA/EX; + 1 + 0,(EU*T)
< 203\/5 In svVInnvInmKA/6; + 1 + 0,(ET*W)
< 203\/3 In svVInnvVInmK+/2 + 0,(E0*¥) < §;. (A.39)

Since maxy, ||k |0 < K, by Lemma |A.12] it follows that

EX, < 2C5,/ — In sx/lnm/lnmf(\/EXz +1+ 0,(BET*T).
m

Similarly, if

2C5 ilnS\/lnrm/lnmfﬂ/2 +95(E\T1*‘il) < 9
\Vm

for some d, < 1, then EX5 < d5; hence,

26’3\/5111 svVInnvVinmk
iicc* I
m = kSk

1/2
< 6s. (A.40)

- E max ||II
|J|=s

Unlike the conventional RIP analyses [|18], [20], matrices ((x& k) ¢ , are not Hermitian symmetric. The following lemma is
modified from Lemma [A:12] to get a bound on EX for the non-Hermitian case.
Lemma A.13: Let (hy)7., and (Ek)ggl be vectors in K. Let K} = maxy, |hx[o and Kj = maxy |7k || - Then,

HJ (Z Gk’flkhz> 11

k=1

< C34/slnsvinnvinm
(Z hkh*) J (Z h %7;) I,

Proof of Lemma - By a comparison principle [59, inequality (4.8)], the left-hand side of , denoted by Fj, is
y p p p q y y

E. max
|J|=s

1/2

Ky maX + K3 maX

1/2
]. (A41)

bounded from above by

= £]E max max
\J| s x,yeBy

IE max
T171=

E, <

“f5

m ~
2 gry* hihjx
k=1

I, (Z gk%khz> | =

k=1

where (gx)7", is the standard i.i.d. Gaussian sequence and By = {x € K" : |z|2 < 1, supp (z) < J}.
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Define a Gaussian process G, indexed by (z,y) € K™ x K" as

m ~
ﬁ Z ky*hkh",;x

By Dudley’s inequality, E; is bounded from above by

o0
Ey <C’4J (lnN( U (8‘2] XBQI),d,u))lﬂdu

0 [J|=s

where N(B,d, u) is the covering number of set B with respect to the metric d, induced from the Gaussian process G, by

1/2
d((2,9), (@', y) = (B|Gay — Gar ).

Let
. 1/2
My = max ||II; thhz II;
IJ1=s k=1
and - 12
Mg—max HJ zﬁkﬁz HJ .
I /1=s k=1
Define
|l = max [hicz and o]z < max [hia]
for x € K™. Then, | - ||, and | - [|; are valid norms on K" induced by (hx);“, and (%k)};”:l, respectively.

Let z,2',y’,y be arbitrary s-sparse vectors in K™. Then, d((x,y), (2’,y)) is upper bounded by

d(<xay)7 (x/vy))z = E|Gr7y - Gmlyy‘z

= E| Z gy hyh (z — x')]2

k=1
- ~ 2
< max |hf(x —a") |2E| Z gry* by
ke[n] =1
m ~
= max |h} (z — z’) Z ly*hi|?

ke[n]

m
o = Bl (@ = @) Y]y Tty
k=1

< M3z —2'|7 (A.42)

where the fourth step follows since (gx )7, is the standard i.i.d. Gaussian sequence.

Similarly, d((z',y), (z',4)) is upper bounded by
y. PP

d((z',y), (2", y") < Milly — ¢/l (A43)
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Then, by the triangle inequality and eqs. (A.42) and (A.43), it follows that

d((z,y), (2",y) < d((z,y), (',y)) + d((z", ), (", ¢/))

< Ma|x — 20 + Milly = o/ll5;

Hence,

(mn( Y (8 ng),d,u))l/2

|J|=s
< (lnN( U By, My - ||h7u/2))1/2
|J|=s
+ (lnN( U BQJ,M1H'HE7U/2))1/2
|J|=s

<2ys(mN (| 81 o)

|J|=s

1 12
+ 20 (N ( $B§’7\\-\\g,u)) .
|J|=s

The remaining steps are identical to the Hermitian case ( [20, Lemma 8.2], [18, Lemma 3.8]) and we do not reproduce the
details. We obtain the desired bound by noting

[ (05U 800 10) ™

[J]=s

< CyKpInsvinnvVinm

and

[ (v 880 5.0)"

[7]=s

< C’4K,~l In svVInnvVinm,

which have been shown in the proof of |18, Lemma 3.8]. |

Let

5 K\/2+ 0,(ET*T) 80
= 8

K2+ 0,(BUFT) + Kq/2 + 0,(BV*T)
s K\/2 + 0,(EV*D) 86
L - .

and

KA/2 + 0,(BEU*T) + Kq/2 + 0,(BV*T) *

Applying Lemma [A:T3] to (A-38), we obtain the following bound on EX. If

2C3 l In svVInnvVinm
' m
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(8/9)6
K«/2+9 EU*0) + K1/2 + 0,(E \1:*@)7

then

EX < 2E|r§1‘ax I, <2 ekgkg;:> I
= k=1
< 2C34 /ilnsvlnnvlnm
m
L 1/2
.]ElK f}l\i)i (m g k§k>
L 1/2
K — )1
+ |I}Jl|a}§ (m ’§1<ka> J
86
g (51 + 62 = 5

where the last inequality follows from (A-39) and (A.40).

The second step is to show that X is concentrated around EX with high probability. The corresponding result for the
Hermitian case [20, Section 8.6] has been derived using a probabilistic upper bound on a random variable defined as the
supremum of an empirical process [20, Theorem 6.25]. We show that the derivation for the Hermitian case [20, Section 8.6]
extends to the non-Hermitian case with slight modifications.

Let B = {zx e K" : |z|o < 1, supp (z) = J}. Since B is closed under the multiplication with any scalar of unit modulus,
mX is written as

m

D v (G — EG&i )| =

k=1

mX = max max
|J‘ s vaEBz

= max max Re (Z (& — EQu&i)x )

= J
|J|=5 x,yeBs el

Define f;, : K"*™ — R by
foy(Z) = Re (y*(Z —EZ)z).

Then, Ef, , (&) = 0 for all k € [m] and mX is rewritten as

mX =max { 3] foy(G€0) : (v e | (8] < B]) }.
’ k=1

[J|=s

Let k € [m] be fixed. Let =,y € By. Then,

[ o (GRED < Iy*TLy (G} — BGhgE) Lo
< 10 (Grét — BGEL |y
< I (Go&t = BGETL i
Mg~ EGeL L,
— ML (Gut — BG4

n_,pn
£ — L7

T (606 — &G |17 (A.44)
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where the third inequality follows from Schur’s interpolation theorem [60].

We derive an upper bound on |IL; (& — E¢ué&i)IL,

by

n_,pn
L —L7

Ly (&t — BCu&i)ILy

< HHJCk&jHJH@?_)Z? + |/ EC&E T,

mn n
L7 —L7

n n
£ —L7

< T, ¢Ggim,

e T E||TL k&L

mn n
L7 — L7

< 2sKK (A.45)
where the second inequality follows from Jensen’s inequality, and the last step holds since

HHJCkSEHJH@,_,g? < 8¢kl ko < KK

Similarly, we have

[TLr (606 =BG |y g < 28K K. (A.46)

By applying eqgs. (A.45) and (A.46) to (A.44), we obtain

| fop (GE)| < 25K K. (A47)

Since k was arbitrary, 1| implies that fo,,(C&j;) is uniformly bounded for all (z,y) € U, _, (BJ x By) and for all
k € [m].

We also verify that the second moment of f, ,((x&}) is uniformly bounded by

E| fr. (Cr&E) [
= Ely*TL(Geéi — EG&i)Myal’
< E|IL(Gét — EGED) Iy,
= E|o* (110G B0 668 Ty — T (B&.GHILGLEETL

— L& GEIL (EGEHIL, + 1L (B&GEIL (BG&HIL )« |
= o (TG 3T (BEREETLy — T (BEGHTL (EGE)T ) o
< TG 3T (BEREETL | + TL (BERGTL |

< sK2(1 4 0,(EU* W) + 1 + 0,(ET*0).

Then, by [20, Theorem 6.25], we obtain (A-48).

]P’(X>6)<]P’<mX>mIEX+W9L6>
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2
4. _m
9 2sKK

< — .
s (1+06,@0rw) + B0 338 o 2

4sK?2 s sK2 9 2sKK 27 2sKK

—exp | - mé>
65K (27 (1+ 0, (Bww) + HECI0) 4 o355 )

2

S (R — (A48)

1236sK max (K, K)

Therefore, P(6,(U*W¥) > §) < n holds provided that m satisfies

2
m = Co2 (K 2+ 0,(EU*0) + K4/2 + GS(IE\T/*\TI))

-s(Ins)’Innlnm

and

m = Cy6 2K max(K, K)sln(n™)

for universal constants C; and Cs.

FE. Proof of Theorem

Since ¥ = AD, by the construction of A from (¢,,)weq in (1.4), it follows that maxy ¢ |(¥)x ¢

< sup, max; [(w, dj)l;
hence, the incoherence property of W is satisfied by the assumption. To invoke Corollary it remains to show 05(EU*¥) <

K. By the definition of 0, 0,(EV*V) is rewritten as

0s(E¥*¥) = max lr%ax |IDYEA*AD;| —1, 1— lr;l‘in M (DIEA*ADy) |. (A.49)

Let J be an arbitrary subset of [n] with s elements. Then, it follows that

|DFEA*AD;| < | D[ [EA*AJ| D,
= |EA*A[| D,
< Vinax | @2*[[1 + 65(D)]

< Vmax|1 + 04(®D*)][1 + 65(D)] (A.50)
and
M (D¥EA*AD ;) = 0, (D)X (EA*A)o, (D)
> M (EA* AN\, (D% D)

> VininAn (@%)[1 — 6,(D)]

= Vmin[]- - Qn((I)(I)*)] [1 - (Ss(D)] (A51)
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Applying (A.50) and (A.51) to (A.49), we verify that Ky given in (3.13)) is a valid upper bound on 6,(E¥*W). This completes

the proof.

G. Proof of Theorem [3.3]

First, we note that the mutual incoherence between (¢.,)weo and (d;) jeln] is written as an operator norm given by
supmax {dw, d;j)| = [2* Dy 1.,
we JE€[n]

Similarly, the mutual incoherence between (qL)weQ and (d~7) je[n] 18 written as

sup max (. dj)| = A, ®*D

00— Lo (1
we j€[n] ! =l )

where A1 : Ly(2, 1) — La(S2, 1) is a diagonal operator defined by

(A 0)w) = P whw), he L@ p).

Then, HA,jlcf)*ﬁHg?_,Lm(Q’u) is upper bounded using K as follows:

IA;1®*D

ZT"LOO(Q»/»")
= |A7 @*(20*) T D(D*D) Moy ()

< |A'e*D(D*D) !

ZT"LOO(QJJ')

+ A [(@0*) " — I,]D(D*D) !

L7 — Lo (Q,p)

< —[®*Dllen o1 (@) [(D*D) iy
min
1 _
9%y () | (P*) ™ = Ll g
min
-|D e;weg”(D*D)_l i

|(D*D) " ep—ep
< 2 K+ (sup [l
Vmin we

. _0a(22%) (m
1— 0,(00*)  \je

ax ||d; . A.52
a1 ] (52

Let K be the right hand side of 1i Then, we apply the incoherence parameters K and K to Corollary Since
EV*W = I,,, we have O,(EU*W¥) = 0. Therefore, to obtain a condition on m, it only remains to bound f,(E¥*¥) and
0, (EU* ).

In the proof of Theorem (3.4, we derived an upper bound on 6, (EU* W) given by

QS(E\I/*\II) < maX(l — Vminy Vmax — 1)

+ Vmax[6n (D) + 0g(®D*) + 5, (D)04(dD*)]. (A.53)

This upper bound is tight in the sense that equality is achieved if 64(®®*) = 4,,(D) = 0, which holds, for example, for
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Similarly, we derive an upper bound on 6, (E\TI*\T/) Recall that D is written as
D = D(D*D)~" = D(D*D)""*(D*D)~'/2.

Therefore, it follows that

D spy2 e L
1Bl < Pa(D* D <
and
on(D spyli2s 1
n(D) = [M(DFD)]” /7 = 50

Similarly, since ® is written as

T = (00%) 10 = (20*) V2 (00*) /20,

it follows that

- 1
|9 < a(@®*)] 7 <

T /1= 0,(90%)

and
—n 1
Ay (D) = [\ (@P*)] V2> ——
d(P2¥) = [A1(2D¥)] 7 0,(00)

Using eqs. 1| to li we derive upper and lower bounds on the eigenvalues of EU* W as follows:

|EG*¥| < |[D*EA*AD)|
< | D*||EA* 4| D|
= |[EA*A||D|?
< vph [®)2[1 - 6,(D)]

< vzl = 04(®8")] 7 [1 - 6,(D)] "

and
A (EU*U) > A, (D*EA* AD)
> 0,(D*)Ag(EA* A)o, (D)
> A\(EA* A)[1 + 6,(D)] "
> vl Ag(@P)[1 + 6,(D)]

max

> v b [1404(@0%)] 711 +6,(D)] .

Then, we derive an upper bound on 6 (E\Tl*\i/) using eqgs. || and li as follows:

0, (ET* ) < 6, (ET* )

53

(A.54)

(A.55)

(A.56)

(A.57)

(A.58)

(A.59)
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= max[1 — A, (EU*¥), [ET*T| — 1]
< max{l — max[ +0,(D)]™ 1[1 + ed((p‘p*)]il

Va1 = 8n(D)] 7 [L = Ba(@0*)] " — 1

. { 5,(D) 04(2D*)

T Vmin) 72 On(D) 1 —04(dD*)
5n(D)0g(PD*)
! [1—0n(D)][1 — Oa(2D*)] } (A.60)

Combining (A.53) and (A.60), we obtain

max (0, (EU*0), 6, (EV*T))

< max(l — V;;;a Vr;iln - 1)
+ maX(Vmaxv mm){l + (Snénl)()m
0a(DD*) 0n(D)0a(227)
1= 04(@2*)  [1— 6,(D)][1 — 0a(PP*)]

Applying this to Corollary 3.3] completes the proof.

H. Proof of Theorem [3.7]

The proof of Theorem [3 7 1s almost identical to that of Theorem [3.5| The mutual incoherence between ¢w weq and (d;) ;e
Je[n]

is bounded in terms of K by

sup max Kgbw,d N

we) JE[n

1 -1
= [A; @*(@2*) " Dpnr, ()
<[A'Q*Dlnr, )

+ HA‘1<I>*[(<I><I>*)_1 = L] Dllep 1o (20

H‘P Dlen (.

min

4 Lo (1) |[(@*)~" — T g pa

Dl ey
1 04(DD*)
Vmin l * (Zﬁg I¢ ||zg> 1— 04(dd*) ;Iel[an)]{H i lleg ( )

Let K be the right hand side of || Then, we apply the incoherence parameters K and K to Corollary It remains to
bound 6,(E¥*¥) and 0, (EU*V).



In the proof of Theorem [3.4] we derived an upper bound on 6, (EU*¥) given by

QQ(E\IJ*\I}) < maX(l — Vmin, Vmax — 1)

+ Vmax (05 (D) + 0(DD*) + 85,(D)0a(DD*)).

Similarly to the proof of Theorem [1.10] 6,(E¥*W) is bounded by

max

0,(EV*T) < max {1 = v [1 = 8,(D)][1 + 0a(@*)] 7,
Vel + 3,(D)][1 = 0a(@0%)] " 1}

-1 -1

<max(l — v,V

Oq(DD*) 05(D)0a(PP*)
1—04(@0%) 1 —04(dD*)

ds(D) +

Then, (A.62) and (A.63) imply

max (0, (EU*0), 6, (EV*T))

-1 -1
Vmin

0q(DD*) 05(D)0q(PP*)
1—04(@0*) 11— 04(2P*)

< max(l — V. — 1) + max(ymaxv Vr;iln)

max?

1+ 65(D) +
Applying (A.64) to Corollary 3.3] completes the proof.
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