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Abstract

In this paper, we study the effect of feedback on the two-user MIMO interference channel. The capacity
region of the MIMO interference channel with feedback is characterized within a constant number of bits, where
this constant is independent of the channel matrices. Further, it is shown that the capacity region of the MIMO
interference channel with feedback and its reciprocal interference channel are within a constant number of bits.

Finally, the generalized degrees of freedom region for the MIMO interference channel with feedback is characterized.
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I. INTRODUCTION

Wireless networks with multiple users are interference-limited rather than noise-limited. The interference
channel (IC) is a good starting point for understanding the performance limits of the interference limited
communications [1]-[7]]. Feedback can be employed in the ICs to achieve an improvement in the data
rates [8]—[13]]. However, most of the existing works on the ICs with feedback are limited to discrete
memoryless channels, or the single-input single-output (SISO) channels. This paper analyzes the multiple-
input multiple-output (MIMO) Gaussian IC with feedback.

In this paper, we consider the two-user MIMO IC with perfect channel state knowledge at the transmit-
ters and receivers. In large wireless networks, having global knowledge of the channel state is infeasible
and thus the authors of [14]] found a saturation effect in the system capacity. In this paper, we assume
that all the nodes know the channel state information of all the links to find the impact of feedback to
the transmitters, which is a fundamental question on its own. While the overhead of gathering global
channel state information must not be neglected, it has been repeatedly shown (cf. [15], [16]) that this
overhead is manageable in the presence of a reduced number of users. This overhead increases as the
number of users increases, and thus some authors have considered knowledge of channel state in a local
neighborhood [17], [[18]. With the local network connectivity and channel state information, sub-networks
can be scheduled where each sub-network is operated using an information-theoretic optimal scheme
[19], [20]. Thus, even with the knowledge of the local channel state information, understanding of small
networks can help improve throughput of large networks.

Finding a capacity achieving scheme for an IC with more than two users is an open problem, and
assumptions like treating interference as noise have been used [14]], [21], [22]]. An approximate capacity
region for the two-user SISO IC was given in [1]], which has been further extended to the MIMO IC
in [4]. Even an approximate capacity region is an open problem beyond two-user IC, although capacity
regions have been found in some special cases like double-Z [23]], one-to-many [24]], many-to-one [24]],
and cyclic [25] ICs. In the presence of feedback, an approximate capacity region for the two-user SISO IC
was recently given in [8]], where the capacity region is characterized within two bits. It was shown that the
capacity regions of Gaussian ICs increase unboundedly with feedback unlike the Gaussian multiple-access
channel where the gains are bounded [26]. The degrees of freedom for a symmetric SISO Gaussian IC
with feedback is also found in [8]. In this paper, we find an outer bound and an inner bound for the

capacity region that differ by a constant number of bits, and also evaluate the generalized degrees of



freedom (GDoF) region for a general MIMO IC with feedback.

The first main result of the paper is the characterization of the capacity region of a MIMO IC with
feedback within N; + Ny + max(N;, Ny) bits, where N; and N, are the numbers of receive antennas
at the two receivers. An outer-bound is obtained by first outer bounding the covariance matrices of both
input signals and representing the outer bound as a region in terms of the covariance matrix between the
two input signals. This is further outer-bounded by a larger region that does not involve the covariance
matrix. The achievability strategy is based on block Markov encoding, backward decoding, and Han-
Kobayashi message-splitting. This achievable rate and the outer bound are within N7 + Ny +max(Ny, Na)
bits of each other thus characterizing the capacity region of the two-user IC within constant number of
bits where the constant is independent of the channel matrices. The achievability scheme that is used to
prove the constant gap result assumes that the transmitted signals from the two transmitters in a time-slot
are uncorrelated, unlike [8] where the signals were assumed correlated in the achievability. Thus, our
achievable rate region is within 3 bits rather than 2 bits as in [§] of the capacity region of a SISO IC with
feedback. An achievability scheme without correlated inputs was also shown to achieve within constant
gap of the capacity region in [12]] for a SISO IC with feedback. However, our gap between the inner and
the outer bounds is smaller as compared to [[12].

We note that the achievability strategies for a SISO IC in [8], [12] emphasize that the private part from
a transmitter using the Han-Kobayashi message splitting is such that it is received at the other receiver
at the noise floor. However for a MIMO IC with feedback, it is not clear what its counterpart would be.
The Han-Kobayashi message splitting used in this paper gives the notion of receiving the signal at the
noise floor for a MIMO IC with feedback. Many matrix based results are derived in this paper to show a
constant gap between the outer and the inner bounds of the capacity region of a MIMO IC with feedback,
which may be of independent interest.

The second main result of the paper is to show that the capacity region of a MIMO IC with feedback
and that of its corresponding reciprocal channel are within constant number of bits of each other, where
the constant is independent of channel matrices. The reciprocal IC was considered in [4], where the
authors showed that the capacity region of a MIMO IC without feedback is within constant number of
bits of its corresponding reciprocal IC. This paper shows that the constant gap between a MIMO IC and
its reciprocal channel also holds in the presence of feedback.

Most developments on the IC take place in the high-power regime, and the GDoF region characterizes



the capacity region in the limit of high-power. Thus, we further extend our results to high power regime
to get more understanding on the improvement in the capacity region with feedback. The GDoF region
has been characterized in the symmetric case without feedback [27] and with feedback [28]] for a K -user
SISO IC. For a general MIMO IC without feedback, the GDoF region is found for a two-user IC in [3].

The third main result of the paper is a complete characterization of the GDoF region of a general MIMO
IC with feedback when the average signal quality of each link, say p;; for link from transmitter ¢ to receiver
j, varies with a base signal-to-noise ratio (SNR) parameter, say SNR, as limgnr_soo hljogg% = oy;, where
a;; can be different for each link with 7, j € {1,2}. In other words, the average link quality of each link
can potentially have different exponents of a base SNR. As a special case, we consider a symmetric IC
where the number of antennas at both transmitters is the same, the number of antennas at both receivers
is the same, and the SNRs for the direct links and the cross links are SNR and SNR?, a > 0, respectively.
We find the GDoF (the maximum symmetric point in the GDoF region) for a given o and show that the
GDoF is a “V”-curve rather than a “W”-curve corresponding to the GDoF without feedback as in [35]].
Similar result was obtained for a SISO IC in [[8] while this paper extends it to a MIMO system.

The remainder of the paper is organized as follows. Section II introduces the model for a MIMO IC
with feedback, reciprocal IC and the GDoF region. Sections III and IV describe our results on the capacity

region and the GDoF region respectively. Section V concludes the paper. The detailed proofs of various

results are given in Appendices A-E.

II. CHANNEL MODEL AND PRELIMINARIES

In this section, we describe the channel model considered in this paper. A two-user MIMO IC consists
of two transmitters and two receivers. Transmitter ¢ is labeled as T; and receiver j is labeled as D; for
i,7 € {1,2}. Further, we assume T, has M antennas and D; has N, antennas, i € {1,2}. Henceforth,
such a MIMO IC will be referred to as the (M7, Ny, Ms, No) MIMO IC. We assume that the channel
matrix between transmitter T; and receiver D; is denoted by H;; € CNi*Mi_ for i, j € {1,2}. We shall
consider a time-invariant or fixed channel where the channel matrices remain fixed for the entire duration of
communication. At each discrete time instance, indexed by t = 1,2, - - -, transmitter T, transmits a vector
X;[t] € CM*1 over the channel with a power constraint tr(E(X;X)) < 1 (A" denotes the conjugate
transpose of the matrix A).

Let Q;; = E(XiX}) for i,j € {1,2}. We say A < B if B — A is a positive semi-definite (p.s.d.)

matrix and we say A »= B if B < A. The identity matrix of size s x s is denoted by [,. Further, we



define ¢zt £ max{z,0}. We also note that 0 < @Q;; = [ according to Theorem 7.7.3. of [29] since
tr(E(XZ-XJ)) < 1. By definition of @);;, we see that (Q);; = QL Moreover, we have 0 < QijQsz <1,
where 0 < QUQL results from the fact that every matrix in the form of AA" is p.s.d. and QMQL <1
results from tr(Q;;Qy;") = tr(Qi)tr(Q;;) < 1 which gives Q;;Q;;' < I with a similar argument as we
had for ();;. We will sometimes denote () = ()15 when it does not lead to confusion.

We also incorporate a non-negative power attenuation factor, denoted as p;;, for the signal transmitted

from T, to D;. The received signal at receiver D, at discrete time instance ¢ is denoted as Y;[t] for

i € {1,2}, and can be written as

Yilt] = VpeuHuXalt] + /parHa Xolt] + Z4[t], (D
Yolt] = /piaH1oXq[t] + /p2e Hao Xo[t] + Zs[t], ()

where Z;[t] € CYi*! is independent and identically distributed (i.i.d.) CN(0, I,) (complex Gaussian noise),
pii is the received SNR at D; and p;; is the received interference-to-noise-ratio at D; for ¢, j € {1,2}, 7 # j.
A MIMO IC is fully described by three parameters. The first is the number of antennas at each transmitter
and receiver, namely (M, Ny, My, Ny). The second is the set of channel gains, H = {H,y, Hy, Ha1, Has}.
The third is the set of average link qualities of all the channels, p = {p11, p12, P9y, P22 }. We assume that
these parameters are known to all transmitters and receivers.

For MIMO IC with feedback, the transmitted signal X;[t] at T; is a function of the message W; and
the previous channel outputs at D; for ¢ € {1,2}. Thus, the encoding functions of the two transmitters

are given as
Xl[t] - fit(Wia}/itilx (NS {172}7 (3)

where f;; is the encoding function of T;, W is the message of T; and Y'™! = (Yj[1], ..., Y;[t—1]). Similarly,
we denote X! = (X;[1], ..., X;[t]). Let us assume that T; transmits information at a rate of R; to D; using
the codebook C;,, of length-n codewords with |C;,,| = 2"%. Given a message m; € {1,...,2"%}, the
corresponding codeword X' € C;,, satisfies the power constraint mentioned before. From the received
signal Y}, the receiver obtains an estimate m; of the transmitted message m; using a decoding function.
Let the average probability of error be denoted by e; , = Pr( m; # m;).

A rate pair (Ry, R») is achievable if there exists a family of codebooks C;,, and decoding functions

such that max;{e;,,} goes to zero as the block length n goes to infinity. The capacity region C(H,p) of



the IC with parameters H and 7 is defined as the closure of the set of all achievable rate pairs.
Consider a two-dimensional rate region C. Then, the region C @ ([0,a] x [0,b]) denotes the region
formed by {(Ri, Rs) : R1,R2 > 0,((R1 —a)t,(Ry — b)") € C} for some a,b > 0. Similarly, the region
Co([0,a] x [0,b]) denotes the region formed by {(R;, Rs) : Ry, Ry > 0,((Ry+a)™, (Ra+b)") € C} for
some a,b > 0. Further, we define the notion of an achievable rate region that is within a constant number

of bits of the capacity region as follows.

Definition 1. An achievable rate region A(H,p) is said to be within b bits of the capacity region if

A(H,p) € C(H,p) and A(H,p) & ([0,0] @ [0,0]) 2 C(H,p).

In this paper, we will use the GDoF region to characterize the capacity region of the MIMO IC with
feedback in the limit of high SNR. This notion generalizes the conventional degrees of freedom (DoF)
region metric by additionally emphasizing the signal level as a signaling dimension. It characterizes the
simultaneously accessible fractions of spatial and signal-level dimensions (per channel use) by the two
users when all the average channel coefficients vary as exponents of a nominal SNR parameter. Thus, we
assume that

log pi;

logSl\}IRnHoo log SNR = Y (4)

where a;; € R* for all 4,7 € {1, 2}. In the limit of high SNR, the capacity region diverges.

The GDoF region is defined as the region formed by the set of all (d;,ds) such that (d; log SNR —
o(log SNR), ds log SNR — o(log SNR) [[] iss inside the capacity region. Thus, the GDoF is a function of link
quality scaling exponents «;;. We note that since the channel matrices are of full ranks with probability
1, we will have the GDoF with probability 1 over the randomness of channel matrices.

The property of maintaining the same performance even if the direction of information flow is reversed
is known as the reciprocity of the channel. For a MIMO IC with parameters (M7, Ny, Ms, Ns), H =
{H11, Hi2, Ha1, Hao }, and p = {p11, p12, pa1, P22}, the reciprocal MIMO IC has parameters (Ny, My, Ny, Ms),
H" = (HL, HE, HY, HELY, and 57 = {pi1, par, pro, oo}

III. CAPACITY REGION OF MIMO IC wWITH FEEDBACK

In this section, we will describe our results on the capacity region of the two-user MIMO IC with

feedback.

'a = o(log SNR) indicates that limsnr_s o k;g% =0.



Our first result gives an outer bound on the capacity region of the two-user MIMO IC with feedback.
Let R,(Q) be the region formed by (R;, Rs) satisfying the following constraints for some covariance

matrix Q = E[X; X]]:

Ry

IN

logdet(Iy, + priHi Hiy + por Hor HYy + /pripar HuQHY, + /pripa Ha QU HY), (5)
Ry < logdet(In, + /)22H22H§2 + /)12H12H1Tg + \//)22/)12[‘[22QTHIQ + P22/)12H12QH52)> (6)

R < logdet (1N2 4 proHoHly — p12H12QQTH1T2) + log det (INI v puHnH, —

-1

In, + pquzHng \/P12H12Q

T
[ VPupr2Hi Hi, \/PllHllQ }
,/pleTHIQ IMQ

\/P11,012H12H1Tl ) )
\/PnQTHL
R2 S log det (INl + p21H21H§1 — p21H21QTQH§1> + log det (IN2 + pQQHQQH;rQ —
-1
! In, + p21H21H;1 VP Ha QF
[ V2P HoHyy  \/p22HaoQ' } ;
\/P21QH21 IM1
\/P22P21H21H2Tg ) (8)
\/ﬂzzQng
Ri+ Ry < logdet (IN2 + p22H22H;2 + ;012H12H1Tg + \/,022P12H22QTH12 + \/P22P12H12QH52>
+log det (INl +011H11H1Tl - [ \/011,012H11H1TQ VP HLQ }
-1
In, + p12H12H1Tz VP12H12Q \/;011/012H12HL > ©)
\/pleTHIQ I, \/pllQTHL
Ry + Ry < logdet <]N1 + P11H11H1Tl + ;021H21H§1 + \/,011P21H11QH2T1 + \/PupmHleTHL)
+ log det <1N2 + P22H22H2Tz - \//)22,021H22H§1 /P22 Ha Q' ]
1
In, + /)21H21H§1 \//)2111172162T \/022P21H21H2Tg ) (10)
VP QHY, Iy, \/PzzQng

Further, let R, be the convex hull of R,((Q) for all covariance matrices (). The following theorem outer



bounds the capacity region of the two-user MIMO IC with feedback.

Theorem 1. The capacity region of the two-user MIMO IC with perfect feedback Crp is bounded from
above as follows

Crg CR,. (11)

Proof: The proof is given in Appendix [ ]
From the definition of R,(Q), by substituting () = 0 and after some simplifications, we get that R,(0)

is the region formed by (R;, R») satisfying the following

Ry

IN

log det(In, + pllHllHirl + P21H21H2Tl>7 (12)

Ry

IA

log det(In, + pasHoo Hly + proHioHly), (13)

Ry

IA

log det (I, + piaHi2Hly ) + log det(Ly, + puyHiy Hf, —

VonprHuHYy(In, + proHisHY) ™ /pripz HiHY,), (14)
log det <IN1 + p21H21H§1) +log det(I, + pas Han Hy —

VP22 Hoo HY, (Iny + por Har HY ) ™ \/pozpar Hai HY, ), (15)
log det (]N2 + pQQHggH;rQ + p12H12H1T2) + log det(Iy, + pHHHH;r1 —
VonprHuH (In, + proHioHY) ™ /pipz HioHY,), (16)
log det <1N1 +puHuHI + p21H21H§1) +log det(In, + pan Hon Hly —

\/P22021H22H£1([N1 + 021H21H§1)_1\/P2zpz1H21H2Tz)- (17)

Ry

IN

Ri + Ry

IN

Ry + Ry

IN

The following result gives an inner bound to the capacity region of the two-user MIMO IC with

feedback.

Theorem 2. The capacity region for the two-user MIMO IC with perfect feedback Crpg is bounded from
below as

(CFB QRO(O)@([O,Nl—f—NQ] X [O,N1+N2]) (18)

Proof: The proof is provided in Appendix [ ]



The inner bound uses the achievable region for a two-user discrete memoryless IC with feedback as in
[8]]. The achievability scheme employs block Markov encoding, backward decoding, and Han-Kobayashi
message-splitting. This result for a discrete memoryless channel is extended to MIMO IC with feedback

using a specific message splitting by power allocation. The transmitted signal X; from T, is given as
Xi = Xip + Xiu, (19)

where X, and X, denote the private and public messages of T;, respectively. We assume that X;, and
X,y are independent for ¢ = 1, 2. However, these transmitted signals are correlated over time due to block
Markov encoding. The private signal X;, is chosen to be X;, ~ CN (O, K Xip)’ and the public signal X,
is chosen to be X;, ~ CN (0, Kx,,), where

K, = I, = /i Hf (I, + piHig )™ /piHig, (20)
and
Ky, = Ly, — Kx,,, 1)
for i € {1,2}.

We will show in Appendix [B| that the power allocation is feasible by showing Ky, = 0 and Kx,, = 0.
Further, this message split is such that the private signal is received at the other receiver with power
bounded by a constant. More specifically we have p;; H;; K Xz.pHiTj = Iy;, thus showing that the effective
received signal covariance matrix at D; corresponding to the private signal from T; is at or below the
noise floor.

This power allocation is different from that given in [8] even for a SISO channel. Note that the power
split levels in the achievability scheme of [8] do not sum to 1 and thus do not satisfy the total power
constraint. For the special case of SISO IC with feedback, the above gives a fix to the results in [8]. This
power allocation assumes uncorrelated signals transmitted by the two users at each time-slot. The authors
of [12] also used uncorrelated signals for SISO but had a larger gap between the inner and outer bounds
for SISO IC with feedback than that achieved by our achievability strategy.

Having considered the inner and outer bounds for the capacity region of the two-user IC with feedback,
the next result shows that the inner bound and the outer bound are within N; + Ny 4+ max (N, N») bits

thus finding the capacity region of the two-user IC with feedback, approximately.



Theorem 3. The capacity region for the two-user MIMO IC with perfect feedback Crpg is bounded from

above and below as
RO(O) &) ([O,Nl + NQ] X [O,Nl + NQ]) Q (CFB Q RO(O) &) ([O, Nl] X [O, Ng]), (22)

where the inner and outer bounds are within Ny + Ny 4+ max (N, Ny) bits.

Proof: The inner bound follows from Theorem 2| For outer bound, we outer-bound the region R,((Q)
as Ro(Q) C Ro(0)®([0, N1]x [0, No]) in Appendix|[C} Hence, R, C R,(0)&([0, N1]x [0, N»]). Thus, using
@ =0 in R,(Q) gives an approximate capacity region with the approximation gap as in the statement of
the theorem. [ ]

The authors of [8] found the capacity region for the SISO IC with feedback within 2 bits. The above
theorem generalizes the result to find the capacity region of MIMO IC with feedback within N; + Ny +
max (N7, Ny) bits. Note that the approximate capacity region without feedback in [4] involves bounds on
2R; + R, which do not appear in our approximate capacity region with feedback. In addition, in [§]], the
approximate capacity region for the SISO IC with feedback involves the covariance matrix of the inputs
in the inner and outer bounds, whereas our approximate capacity region for the MIMO IC with feedback
does not.

Figure |1| gives a pictorial representation for the result of Theorem [3| The inner and the outer bounds
for the capacity region for MIMO IC with feedback are within a constant number of bits from the region

R,(0) and thus the inner and outer bound regions are within a constant number of bits of each other.

Ry
“““ inner bound
Ny T o —R(0)
N,+N .
" = = =outer bound

Fig. 1. Inner and outer bounds for the capacity region of MIMO IC with feedback are within a constant number of bits. The arrows from
the corners A and B in R,(0) toward their respective corners on outer bound have vertical length of N and horizontal length of Na.
The arrows from the corners A and B in R,(0) toward their respective corners on inner bound have the vertical and horizontal length of
N1 + N> each.
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Fig. 2. Inner and outer bounds for the capacity region of MIMO IC with feedback and without feedback.

In Figure 2 we see the improvement in the capacity region for a MIMO IC with feedback. The

parameters chosen for the IC are M; =5, My =4, N; = 6, Ny = 3, p11 = pao = 10%, p1o = poy = 108,
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(23)

The inner and outer bounds without feedback are taken from [4]. We note that the inner bound with

feedback contains the outer bound without feedback.

Having characterized the approximate capacity region for the MIMO IC with feedback, we next explore

the relation of capacity region of the MIMO IC with feedback with that of the corresponding reciprocal

MIMO IC with feedback. The next theorem shows that the capacity region of the MIMO IC with feedback



is approximately the same as that of its corresponding reciprocal channel with feedback.

Theorem 4. The capacity region for the two-user MIMO IC with feedback Crp and the capacity region

for its corresponding reciprocal IC with feedback, C% 5, are within constant gaps from each other. More

precisely, the following expressions holds:

Ro(0) S ([0, N + No] x [0, Ny + No]) € Crp € Ro(0) & ([0, Ny] x [0, Na]),

Ro(0) © ([0, My + Ms] x [0, My + M,]) C (CﬁB C R,(0)® ([0, M;] x [0, Ms]).
Then, we get

Citp © ([0, N1+ Ny + My] x [0, Ny + N + My]) € Cpp C
Cip @ ([0, My + My + Ny x [0, My + Mj + Na)),
Crp & ([0, My + My + Ny] x [0, My + M, + Ny]) C CE, C

Crp @ ([0, N1 + No + M) x [0, Ny + Ny + My)).

(24)

(25)

(26)

27)

Proof: In Appendix @ we show that the region R,(0) for the MIMO IC is the same as the

corresponding region RZ(0) for the corresponding reciprocal MIMO IC. Thus, — follow from

Theorem [3] Moreover, (26)-(27) follow from simple manipulations on (24)-(25).

R

2 = Quter Bound of C(H,p)
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Fig. 3. Inner and outer bounds for the capacity region of MIMO IC with feedback specified in (23) and inner and outer bounds for its

reciprocal channel.

Thus, we see that the capacity region of a two-user MIMO IC with feedback and the corresponding



reciprocal channel with feedback are within Ny + Ny + M; + My 4+ max (Ny + My, Ny + M) bits.

In Figure [3, we compare the inner and outer bounds for the capacity region of the MIMO IC with
feedback specified in (23), and inner and outer bounds for its reciprocal channel. For this figure, the
parameters for the IC are the same as those used for Figure 2] We note that the capacity region of the

MIMO IC with feedback and that of its reciprocal channel with feedback are within a constant gap.

IV. GDOF REGION OF MIMO IC wiTH FEEDBACK

This section describes our results on the GDoF region of the two-user MIMO IC with feedback. The
GDoF gives the high SNR characterization of the capacity region. Since the inner and outer-bounds on
the capacity region are within a constant gap, we characterize the exact GDoF region of the MIMO IC

with feedback.

Define
min (u, uy)al +min ((u — uy) " ug)ag, if a3 > as
f(u> (a17 ul) ’ (a27 UQ)) = : (28)
min (u, ug)ay +min ((u — up)™, uy)af, otherwise

The following result characterizes the GDoF for general MIMO IC with feedback for general power

scaling parameters ;.

Theorem 5. The GDoF region of the two-user MIMO IC with feedback is given by the set of (di,ds)

satisfying:
and; < f(Ny, (aar, My), (aa1, Ma)), (29)
agdy < f(Na, (a2, Ma), (a2, My)), (30)
andy < apemin (M, Na) + aqymin ((M; — No) ™, Ny) +
(11 — o)™ (min (M, N;) — min ((M1 —Ny)*, Nl) ), (31
assdy < agymin (M, Ni) + agemin (M — Ni)™, Ny) +
(Qrgg — argy) ™ (min (Ms, N3) — min ((M2 - N)*, Ng) ) , (32)
andy + aznds < f (Na, (a2, Ma), (12, M) + apmin (M; — No)™, Ny +
(a1 — a2)™ (min (My, N1) —min ((M; — No)*, Vp) ), (33)
and; + asdy < f (N1, (a1, My), (a1, Ma)) + agemin (My — Ni)*, No) +

(0[22 — 0421>+ (mlIl (MQ, NQ) — min (<M2 - N1)+, Ng) ) . (34)



Proof: According to Theorem (3|, we can see that GDoF = limgnr_eo Ro(0)/log SNR, which is
evaluated in Appendix [E| to get the result as in the statement of the theorem. [ ]
Since the capacity region of the MIMO IC with feedback and the corresponding reciprocal IC with
feedback are within constant gap, the GDoF region of the MIMO IC with feedback and that of the

corresponding reciprocal IC with feedback are the same, as given in the next corollary.

Corollary 6. The GDoF region for the reciprocal IC with perfect feedback is given by the set of (dy, dz)
satisfying (29)-(34).

We will now consider a special case of Theorem [5| where My = My = M, Ny = Ny = N, a1 = ag =
1, and a9 = a9y = a. This MIMO IC is called a symmetric MIMO IC. We also define GDoF, d, as the
supremum over all d; such that (d;, d;) is in the GDoF region. The GDoF for the symmetric MIMO IC

with feedback is given as follows.

Corollary 7. The GDoF for a two-user symmetric MIMO IC with feedback for N < M is given as

follows:

2N — M), ifa <1,

GDoFpp = £ ) / (35)
N() — LN — M), ifa> L,

Since the expressions are symmetric in N and M by Corollary [6] the GDoF for M < N follows by

interchanging the roles of M and N.

Proof: For the symmetric MIMO IC, we have

f(Ni7 (a/iiy Mz) ) (ajia M])) = f(Nv (1’ M) ) (av M))

= max(1l,a) min(M, N) + min(1,a) min((N — M)*, M).  (36)

We will split the proof for N < M in two cases.
Case 1 - o < 1: We will go over all equations (29)-(34) and evaluate them for the symmetric case with
a < 1. Equations (29) and (30) can be simplified using (36) as follows

d < max(1l,a)min(M, N)+ min(1, «) min((N — M), M)

= N. (37)



Equations (31)) and (32)) can be simplified as

d < omin(M,N) 4+min((M —N)",N) + (1 —a)"(min(M,N) —min((M —N)",N))
= aN+min(M —=N),N)+(1—-a)N — (1 —a)min ((M — N),N)
= N+ amin((M — N),N)

= N+a(N— (2N - M)"). (38)

Equations (33) and can be simplified as

d < S(max(1,0) min(M, N) + min(1,a) min(N — M)*, M) + min (M~ N)",N) +
(1= 0)"(min (M, N) —min ((M - N)*,N) )
= SN+ (1= a)N + amin((M - N), N))
- N- %a(N— (N — (2N — M)"))
- N- %((QN — M), 39

We note that the minimum of the right hand sides of (37), (38), and (39) would give us the GDoF. The
minimum of these three terms is which proves the result for av < 1.

Case 2 - a > 1: In this case, equations (29) and (30) can be simplified as

d < max(1l,a)min(M, N)+ min(1, «) min((N — M), M)

— aNl. (40)
Equations (31)) and (32)) can be simplified as

d < omin(M,N) +min((M—N)",N) +
(1 — )" (min (M, N) —min ((M —N)*,N) )

= aN +min((M — N), N). (41)



Equations (33) and (34) can be simplified as

d < =(max(l,a)min(M,N)+ min(1, a)min((N — M)*, M) +min (M — N)",N) +
(1 — )" (min (M, N) —min ((M — N)*,N)))

(aN + (N — (2N — M)*))

_ N )—%(QN—MV. 42)

We note that the minimum of the right hand sides of (@0), (1)), and (42) would give us the GDoF. The
minimum of these three terms is (#2)) which proves the result for o > 1. |

The authors of [5] found the GDoF for the two-user symmetric MIMO IC without feedback as follows
for N < M (We can interchange the roles of N and M if N > M.)

(

N —a(2N — M)™, if 0<a<i,
N —(1-a)2N - M)*, if 1<a<?
GDoFnp = (43)
N —2(2N — M)*, if2<a<l,
\ min{N, N(¢!) — 12N - M)}, if1<a

We note that the GDoF with and without feedback are the same for % < «a < 1. Figure 4| compares
the GDoF for the two-user symmetric MIMO IC with and without feedback. In Figure {(a), the “W”-
curve obtained without feedback delineates the very weak (0 < a < 1), weak (3 < a < 2), moderate
(% <a<l),strong (1<a<3— %) and very strong (3 — % < «) interference regimes. In the presence
of feedback, the “W”-curve improves to a “V”’-curve which delineates the weak (0 < o < 1) and strong
(1 < «) interference regimes for all choices of N and M. For % < N < M, we see that the GDoF
with feedback is strictly greater than that without feedback for 0 < o < 2/3 and for o > 3 — M/N. For
N < M/2, we see that the GDoF with feedback is strictly greater than that without feedback for o > 2.
The GDoF improvement indicates an unbounded gap in the corresponding capacity regions as the SNR
goes to infinity.

Interestingly, from Figure b) we can see that if we increase M when N < %, the GDoF does not
change. This can be interpreted as that while N < %, N act as a bottleneck and increasing M does not
increase the GDoF. As a special case consider a MISO IC for which we note that the GDoF is the same

for all M > 2. Thus, increasing the transmit antennas beyond 2 does not increase the GDoF. However,

increasing the transmit antennas from 1 to 2 gives a strict improvement in GDoF for all o > 0. Similar
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Fig. 4. GDoF for symmetric MIMO IC with perfect feedback (PF), and no-feedback (NF) for % < N < M, and N < %

result also holds for SIMO systems where increasing the receive antennas from 1 to 2 help increase GDoF

while increasing the receive antennas beyond 2 does not increase the GDoF.

V. CONCLUSIONS

This paper gives the capacity region of the MIMO IC with feedback within N7 + Ny 4+ max(Ny, Na)
bits. The achievability is based on the block Markov encoding, backward decoding, and Han-Kobayashi
message-splitting. The capacity region for the MIMO IC with feedback is shown to be within a constant
number of bits from the capacity region of the corresponding reciprocal IC. Further, the GDoF region for
the general MIMO IC is characterized. It is found that for the symmetric IC with feedback, the GDoF
form a “V”-curve rather than the “W”-curve without feedback.

The authors of [13]] considered a SISO IC with two rate-limited feedback links. Further, the authors of
[12] considered nine canonical feedback models in the SISO IC, ranging from one feedback link to four
feedback links in various configurations. Extension of this work for different feedback models proposed
in [12] for rate-limited feedback links is an important future work, and is still open. Further, the extension

to the general K-user IC is also open.

APPENDIX A

PROOF OF OUTER BOUND FOR THEOREM [1]

In this Appendix, we will show that Cp5 C R,(Q) for some covariance matrix Q = E[X;X]].
The set of upper bounds to the capacity region will be derived in two steps. First, the capacity region is

outer-bounded by a region defined in terms of the differential entropy of the random variables associated



with the signals. These outer-bounds use genie-aided information at the receivers. Second, we outer-bound
this region to prove the outer-bound as described in the statement of Theorem

The following result outer-bounds the capacity region of two-user MIMO IC with feedback.

Lemma 8. Let S; be defined as S; = | /pi; Hi; Xi + Z;. Then, the capacity region of a two-user MIMO
IC with feedback is outerbounded by the region formed by (Ry, Ry) satisfying

Ry < (V1) — h(Z), (44)
Ry < h(Ys) — h(Zs), (45)
Ry < h(Yz|Xa) = h(Z2) + h(Y1|X2,51) — h(Z4), (46)
Ry < h(Y1|Xy) = h(Z1)+ h(Y2| X, 51) — h(Z), 47)
Ri+ Ry < h(Yy|S1,Xo)—h(Zs)+ h(Ys) —h(Zy), (48)
Ri+ Ry < h(Yy| Sy, Xy)—h(Z)+ h(Y1) — h(Zs). (49)

Proof: The proof follows the same lines as the proof of Theorem 3 in [8]], replacing SISO channel
gains by MIMO channel gains and is thus omitted here. [ ]
The rest of the section outer-bounds this region to get the outer bound in Theorem [I] For this, we will
introduce some useful Lemmas.
The next result outer-bounds the entropies and the conditional entropies of two random variables by

their corresponding Gaussian random variables.

Lemma 9 ( [30]). Let X and Y be two random vectors, and let X¢ and Y be Gaussian vectors with

covariance matrices satisfying

X X¢
Cov = Cov , (50)
Y Y¢
Then, we have
h(Y) < h(Y©), (51)

h(Y|X) < h(Y9|XY). (52)



The next result gives the determinant of a block matrix, which will be used extensively in the sequel.

A B
Lemma 10 ( [31])). For block matrix M = with matrices A, B, C, and D, we have:

¢ D

det Adet(D — CA™'B), if A is invertible,
det M = (83)

det Ddet(A — BD™'C), if D is invertible.

Now, we introduce a lemma that is a key result which will be used to upper-bound a conditional entropy

term in this section and also to show an upper bound in Appendix

Lemma 11. Let L(K,S) be defined as
L(K,S)2 K — KS(Iy, + STKS) " STK, (54)

for some My, x M p.s.d. Hermitian matrix K and some M, x Ny matrix S. Then if 0 < K| <X Ky for

some Hermitian matrices K, and Ks, we have

Proof: We note that since K is p.s.d., K + eIy, is invertible for all € > 0. Given 0 =X K; <X K, let
F(e) & L(Ky + elyy,, S) — L(K; + €ly,, S). We need to show that F(0) = 0.

We first show that F'(¢) = 0 for all ¢ > 0. From Woodbury matrix identity (Appendix C.4.3 of [32]),
we have that if A is invertible, (A + BD)™' = A™' — A™'B(I + DA™'B)"'DA~'. Thus, we have
L(K +ely,, S) = (K + ey, )"t + SST) ! by substituting A as (K + ely;,)~%, B as S and D as ST in
the above identity.

Thus, F(e) = (Ka + elp,) ™+ SST) ™t — (K + elpy,) "' + SST)~L. Since K, and K, are Hermitian
p.s.d. matrices with K; < Kj, it easily follows that F'(¢) > 0.

Having shown that F'(¢) > 0 for all € > 0, we will now prove the continuity of F'(¢) at e = 0. For this,

we take the partial derivative of F'(¢) at ¢ = 0 and show that it is not unbounded thus proving that F'(¢)
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is continuous at ¢ = 0. Thus, we have

dF d
(6) = —L(K2+€IM1,S>—L(K1+€IM1,S)
de de
d d
= —L(Ky+e€ly,,S)— —L(Ky + ey, S). (56)
de de

Thus, it is enough to show that lim. %L(Ki + €lp,,S) is bounded. We have

d d .
lim = L(K; + €elar,, §) = lim —(Ki + elas, — (Ko + elar)S(Iy, + SH(K; + elar)S) LS + elu))

e—0 de e—0 de

d _
= IMI — ll_I)I(l) E((KZ —+ 6[]\/[1>S(IN2 + ST(KZ -+ GIMl)S) IST<K1' + €IM1))

= I, — S(In, + STK:S) 'STK; — K;S(In, + STK;S) 'St

+K;S(In, + STK:S) ™ STS (I, + STK:S) ' STK,, (57)

which is bounded. Hence, F'(¢) is continuous at ¢ = 0. Further, since K; and K, are Hermitian, we
see that F'(e) is Hermitian and thus normal. From the Wielandt-Hoffman theorem [33]], we note that
the L, norm of the difference in eigen-values (ordered in a particular way) of two normal matrices is
bounded by the Frobenium norm of the difference of the two matrices. This shows that since F'(e) > 0
and F'(e) — F'(0) — 0 as ¢ — 0, we have that the eigen-values of F'(¢) approach the eigen-values of F'(0)
as € — 0. Therefore, all the eigen-values of F'(0) are non-negative which proves that F'(0) is positive
semi-definite thus proving the result. [ ]

The next three Lemmas outer-bounds entropy and conditional entropies of some random variables.

Lemma 12. The entropy of the received signal at the i receiver, h(Y;), is outer-bounded as follows

h(Y;) < logdet (INi + piHyHY, + pjiHjiH;‘ri + \/piipjiHiiQin]Ti + \/PiiﬂjiHinszD

+N; log (me) , (58)

fori,j €{1,2}, i #j.



21

hy) < nY©)

= logdetme (INi + pii Hu Qi H, + pjiHinjo]Ti + \/prjiHiiQin;ri

VoY)
(b)
< logdet <]Ni + PiiHiiHiTi + pjiHjiH]Ti + \/piipjiHiiQin;‘[i + \/piipjiHinIjHiTi>
+N; log (me) , (59)

where (a) follows from Lemma@ and (b) follows from the fact that log det(.) is a monotonically increasing
function on the cone of positive definite matrices and we have @Q;; < I, for i € {1,2}.
Taking e out of the above determinant in the last part, gives the result as in the statement of the

Lemma. u

Lemma 13. The conditional entropy of the received signal at the i™ receiver given the transmitted signal

rom the "' transmitter, :1.X;) is outer-bounded as follows
i he 7™ h(Y;| X bounded as foll
h (Y| X,) < log det (INZ, + pyi Hyi HY, — pjiHin}jQin}i) + N log (me), (60)

where ();; is the cross-covariance between X; and X; and ();; is the covariance matrix for X;.

Proof: Let
.| XD Xy
X[ vy
Qi Vi Q, HY + \/p5:Qi H;
VPiH Qi + \/pjiHinjj E[Yz’YiT]
where
E[YEYJ] = Iy, + piiHiiQiiHji + Pjisz'ijHL + \/piipjiHiiQin}Li + \/Piz’pﬁHinLij (62)
and

Kin 2 E[X,X]] = Qai. (63)
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According to Lemma [9] we get

hYi|IX:) < RYEIXE)
= h(X7,Y0) = MXT)
= logdet me(K;1) — logdet me(K;»)

= logdet(K;;) — logdet(K;2) + log det me(Iy,). (64)

Due to the reason that (’s elements are chosen from a continuous space, it is invertible with probability
of one. In addition, according to Corollary 7.7.4(a) of [29], if we have Q; = Iy, Qi_il = Ipg. Using

Lemma [I0] with M = K;; and A = K5, we get

logdet Ki = log <det E(X: X)) det (B(Y;Y,) — E(Y, X)) (E(X,X] ))*1E(Xiyj))>
= logdet (E(X,X])) + logdet (E(ViY]') - E(ViX))(E(X, X)) "E(X.Y))
9 Jog det (Qy) + log det (INi + pjiH Qi Y, — pji HiQL Q5 Qi H sz)

< logdet (@) + log det <1Ni + pjiHj HJ; — sz‘HinszQin;i> ) (65)

where (a) is obtained by using and some simplifications, and (b) follows from the fact that log det
(.) is a monotonically increasing function on the cone of positive definite matrices and we have Q);; < Iy,
and Q;;' = I, according to Corollary 7.7.4(a) of [29] for 4,5 € {1,2}, i # j.

Substituting (63) in (64) gives the result as in the statement of the lemma. n

Lemma 14. The conditional entropy of the received signal at the i" receiver given X; and S;, h(Y;|X;, S;)

is outer-bounded as follows

h(Yi] X;,8) < logdet (INZ» + puHHf — \/mHuHL VPiHiQij }

-1

In, + pisHi HY; /P Hij Qs VPP HigH] >
\/@QLHJ] I, v piiQ;eriTi

+N; log (me) . (66)



and
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Proof: Let K;3 and K;4 be defined as follows

T
V0iluXi+ Z; V0iHiXi+ Z;
Ki3 é E \/EH,JXZ + Zj . \/p_z]szXz -+ Zj
X; X;

IN¢+piiHiiQiiH;ri \/piipiniiQiiH;rj VPi HiiQij

= VPibi HiQuHl,  In, + piyHiQuHY, /piHiQij | - (67)
VPRQLH}, VPEQLH Qji
T
K & g || VX2 | | PR X 2,
X X
_ In;, + pinz'jQiiHiTj VPiiHiiQij ' 68)
VP QL H), Qjj
Further, let Y, = \/p;iH;; X; + Z;. Then,
hYilX;, ) = h(VpuluXi + /piilliX; + Zi | Xj, /oy His X + Z))
= h(VpiHuX;+ Zi | Xj,/pijHiy X + Z;)
— H(Y1X,.5)
< R0se,x)
= MY/9S7,XF) = h(S7, XT)
= logdet me(K3) — log det me(Kyy)
= logdet(K;3) — logdet(K;4) + N;log (we) (69)

where (a) follows from Lemma 9 by taking the two vectors S; and X; of lengths N; and M;, respectively,

together as a single vector of length of N; 4 M; and then, used Lemma [9]
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Substituting M = K;3 and D = K;4 in Lemma [I0] we get

t
_1 \/piipinijQiiHii
- \/PiipiniiQiiHiTj VPiHiiQij } [(Kia) |

7
VPRQH}

_ T
= logdet (Kis) + logdet ([Ni + piHi Qi — [ \/mHuQnHJJ VPiHiiQij }

-1
INj + pinijQiin‘Tj \/pinijQiJ \% p”pinijQiiHji > (70)
\/P_z'le'Lsz'Tj Qjj V PiinTjHiTi

Note that since ();; < [ M;>» using Lemma @ we can see that Q;; = [ M; outer-bounds the determinant

of
Iy, + Pz’jHianng VPiiHijQij
\/pijQ;[jHiTj ij
Since B < I, implies ABAT =< AAT, we have that Q;; = | u, outer-bounds the expression of the

right hand side of (70). Thus,

logdet (Ki3) < logdet(K;) + logdet (INi —I—piiHiiQiiHL — [ \/pu—pUHuQ“Hjj VPiHiiQij ]

-1

Iy, + pinijQiiH;rj VPijHijQij \/,Oz'ipinijQuHiTi ) 1)
N Iy, VPaQlH}
Next, we will show that );; = I);, maximizes (71).
Let us define S £ \/p_iniTj, W& Qi — QijQL‘, E £ (Iy, + STWS)™" and
~1
I, +57QuS  S'Qy; STQii
f(S,Qu) £ Qi — [ QS Qi ] ! (72)
QLS [Mj QZJ
We can check that
Iy, +STQuS STQi; E —ESTQ;

Nt 5SS “ (73)

QLS I || —QLSE I+QlSES'Q,;
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Hence
—1
Iy, + STQuS  STQi; S'Qi
f(S, Qi) = Qi — [ QiuS Qi ] t J f
QS I Qi
E —ESTQij STQ

= Qi — S Qi
[ Qs @ } —QLSE 1+QISESQ; | | @

= Qi — QuSES'Qii + QuSES'Q;Q); + Qi,QLSESTQi — QiQ!, —
Qi;QLSES'Q4;QL

= Qi — QyQL; — (Qu — QQL)SES(Qu — Q;Q)))

= Qi — QiQL; — (Qu — QyQL)S( + S1(Qs — Q;Q)S) ' SN(Qi — Qi QL))

=W —WS(Iy, + STWS)~'STW. (74)

We know that W = Q;; — QijQZTj = Iy, — Qiijj. So, according to Lemma 11| with K as Q;; — Qingj
and Ky as I, — Qi]‘QL-, we have f (S, Q) = f(S, In;). Thus, we use this outer-bound by replacing Q;;

by I to get

10g det (Klg) — IOg det (Kz4)

< logdet (INZ- +piiHiiHiTi - [ \/piipz'jHiiH;rj VPiHiiQij ]

-1

Iy, + pininiTj /Pij HiiQij \/piipininiTi ) (75)
\//)ijQ;erJj IMj \/piiQ;'eriTi
Substituting this in (69), we get
h(Y;| X;,S;) < logdet(K;3) —logdet(K;y) + logdetme (Iy;)
T
1
w/pijQ;‘erzjl‘j I, \/piiQ;er;ri
+N; log (me) . (76)
[ |

The rest of the section considers the 6 terms in Lemma [ and outer-bounds each of them to get the



26

terms in the outer-bound of Theorem [l

First term: For the first term in Lemma

Ry

IN

h(Y1) — h(Zy)
log det <[N1 + P11H11H1r1 + pleleng + \/P11021H11Q12H2Tl + \/011p21H21QJ{2H1T1)
+N1log (me) — h(Z1)

= logdet <[N1 + anllHL + 021H21H;rl + \/ﬂ11p21H11Q12H2Tl + \/P11,021H21Q12H1Tl) , (77

,\
INe

—
=

where (a) follows from Lemma [12| and (b) follows from the fact that h(Z;) = log det (mely;, ).

Second term: The second bound is similar to the first bound by exchanging 1 and 2 in the indices.
Third term: For the third bound in Lemma [8] it is sufficient to replace upper bounds of A (Y2 | X3) and
h(Y1| X2, S1) from Lemma [13| and Lemma [14] as follows

Ry < h(Ya|Xy) = h(Zz) + h(Y1]X2, 1) — h(Z))

a

—~
N

IN

10g det (IN2 + p12H12HI2 — plnggleleHlé) + N2 log (7T€)

+log det <]N1 +PllHll—H1T1 - [ \/;011p12H11H;r2 \/;011H11Q12 }

-1

]N2+p12H12H1Tz VP12H12Q12 \/P11,012H12H1Tl )

\/012Q12H1TQ In, \/pllQhHIl
—f-Nl log (71'6) — h(Zl> — h(ZQ)

b
U log det (INQ + p12H12HI2 — P12H12Q£1Q21H1Tg>

+log det <]N1 +PllH11H1T1 - [ \/;011p12H11H1Tz VP11 H11 Q1o }

-1

In, + proHisHly  /praH12Q1o \/P11,012H12HL )
\/012Q12H1Tz In, \/PnQIQHL

where (a) is obtained by using Lemma (13| and Lemma (14| and (b) follows from the fact that h(Z;) =

(78)

log det (wely;,), for i =1,2.
Fourth term: The fourth term is similar to the third term by exchanging 1 and 2 in the indices.

Fifth term: According to the fifth bound in Lemma (8| it is sufficient to replace upper bounds of
h(Y1|X2,S51) and h(Y3) from from Lemma and Lemma respectively, and get the fifth bound
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of Theorem [I] as follows

Ri+ Ry < h(Y1]|S1,X2)—h(Z:)+ h(Ya) — h(Z1)

(a)
< logdet <IN2 + /)22H22H2Tg + ,012H12H1Tg + \/,022;012H22Q12H12 + \/P22P12H12Q12ng)

+Ns log (me)

+log det (‘[Nl + PHHHHL - \/p11,012H11H1Tz VP H11@Qh2 }

—1
In, + P12H12H1Tz VP1zH12Q12 \/011012H12H1Tl )
\/012Q12H1Tz In, \/P11Q12HI1

+N1 lOg (77'6) - h(Zl) — h(ZQ)

(b)

= logdet (IN2 + 022H22H§2 + ,012H12H1TQ + \/P22P12H22Q12H12 + \/,022P12H12QJ{2H2TQ>

+ log det (IM ‘f'PllHllHIl - \/pu,OlenHIg VP11 H11GQhz }

-1

In, +P12H12H1Tz VP12H12Q12 \/P11P12H12HL )

(79)
\/012Q12H1Tz Iy, \/PnQIQHL

where (a) is obtained by using Lemma (14 and Lemma (12 and (b) follows from the fact that h(Z;) =
log det (2mely;,), for i = 1, 2.

Sixth term: The sixth term is similar to the fifth term by exchanging 1 and 2 in the indices.

APPENDIX B

PROOF OF ACHIEVABILITY FOR THEOREM

In this section, we prove the achievability for Theorem [2] More precisely, we will show the following.

Lemma 15. For a given set of (H,p), the feedback capacity region of a two-user MIMO Gaussian IC



can achieve all rate pairs (Ry, Ry) € A(H,p) such that

Ry

Ry

Ry

Ry

Ry + Ry

R+ Ry

IA

IA

IN

IN

VAN

IN

log det (I, + p1iHy Hi, + por Ho  HY,) — Ny,

log det(Iy, + pasHonHiy + praHynHly) — Ny,

log det <1N2 + p12H12H1T2) +log det(Iy, + prHiy H, —
VonprHi HYy(In, + pr2HiHYy) ™ /priipr HinHYy) — Ny — N,
log det (IN1 + p21H21Hgl> + logdet(Iy, + pggHggH;rz —

\/P22P21H22H51(IN1 + P21H21H51)_1\/P22021H21H2Tg) - N; — N27

IOg det <1N2 + ngHQQHgZ —+ plnggHE) + IOg det(]Nl + pllHllHirl —

\/P11p12H11HIQ([N2 + 012H12H12)_1\/011012H12HL) — N; — No,

log det <IN1 4 puHHI, + poy Hoy H) ) +logdet(In, + pasHor Hly —

\/P22P21H22H2T1(IN1 + 021H21Hgl)_lx/mzplemHng) — Ny — No.
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(80)

81)

(82)

(83)

(84)

(85)

In order to prove this result, we will use the result in [8]] for a discrete memoryless channel. We will

then give some Lemmas that would help in further inner-bounding these terms for a MIMO IC and finally

go over each expression for the discrete memoryless channel to prove the result.

Lemma 16. The feedback capacity region of the two-user discrete memoryless IC includes the set of

(R1, Ry) such that

Ry < I(Uy, X1311),

Ry < I(Ur, X5 Ys),

Ry < I(Uy;YelXo)+I(Xy; Yy |ULLUs),

Ry < I(UyxY1|Xy)+1(Xe;Ys|Uy,Us),
Ri+Ry < I(X;Y1|ULUy)+ 1 (Up,Xo;Ys),
Ri+ Ry < I(Xy;Yo|Uy,Up)+1(Uy, Xy;Y1),

over all joint distributions p(uy)p(u2)p(x1|ui)p(zalus).

(86)
87)
(88)
(89)
(90)

O

Proof: This result is a special case of Lemma 1 of [8]], obtained by substituting the auxiliary variable

U=0.
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To achieve this rate region, the authors of [8] developed an infinite-staged achievable scheme that
employs block Markov encoding, backward decoding, and Han-Kobayashi message splitting.
The rest of the section inner bounds this region to get the inner bound in Theorem [2| For this, we will

introduce some useful lemmas.

Lemma 17. The following holds for any M; x N; matrix S
S(In, + S'S)~'ST = 0. (92)

Proof: It holds since it can be written as AEAT for A= S and E = (Iy, + 5t9) ™", which is p.s.d.

because F is p.s.d.. [ ]

Lemma 18. The following holds for any M; x N; matrix S
det(Iy, + S1S — STS(Iy, + 519)7181S) < 2Mi. (93)
Proof: Let us define V 2 STS, we get

det(In, + S'S — STS(Iy, + S15) ' 519)
= det(Iy, +V = V(Iy, +V)7'V)
— det(In, +V = V(In, + V) ' (V + Iy, — In))
= det(Iy, +V = V(Iy, — (In, + V) 71))
= det(Iy, + V((In, + V)_l))
= det(ly, + (— Iy, + In, + V)((In, + V) )
= det (I, + Iy, = (I, +V) )
< det (21y,)

= 2N, (94)

where (a) follows from the fact that V = STS is p.s.d., and its eigenvalues are non-negative. So, the
eigenvalues of Iy, +V are greater than or equal to 1. As a result, eigenvalues of (I, + V)1 are between

0 and 1, i.e. they satisfy 0 < )\, < 1. So

det(Iy, + In, — (In, + V)71 = (2= A1) oeen(2 = Ay,) <279, 95)
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which proves (93). [
As we said before, our achievability scheme has a power allocation according to and (21)). We
note that this power allocation is feasible since Iy, — Kx,, = 0 by Lemma |17 substituting \/%HL into
S.
We will now expand the achievability in Lemma [16| using U; = X, for i € {1,2}. Before expanding

each term in Lemma [I6] we evaluate some entropies as follows.

h(Y;) = logdet(Iy, + piHuHY + pjiH;iHY) (96)
and
h (Y| X:) = log det ([NZ. + pjiHﬁH}i) . 97)
In addition, we have
h(Y; | Ui, Uj)

> h(Yi|U;, Uj, X;)
= logdet(In, + piiHiiKXiszTi)

= logdet(In, + piuHyHj; — \/piipin’i’iHZTj(le + pinin@Tj)_lx/piipinin;[i)- (98)
Moreover, we have

h(Y;|Uj,Xi) < logdet(Iy, + pjill;iKx,, H};)
< logdet (2[1\[)

_ N (99)

where (a) follows from Lemma by substituting ,/p;; H JTZ in S. This shows that 2 (Y; | U;, X;) is upper-
bounded by ;.

In our achievability, ~ (Y; | U;, X;) appeared with a minus sign. So, without loss of generality we can
replace it with its bound N; for the achievability.

The rest of the section considers the six terms in Lemma [16] and uses each of them to get the terms in

the inner-bound of Lemma
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First term: For the first term in Lemma [I6] we have

I(U2,X1;Yl)
= h(Y1) = h(Y1|U2, X1)
= logdet(In, + prHinHl, + por Hoy HY,) — h(Y1|Us, X3)

> logdet(In, + priHi Hiy + por Ha HY, ) — Ny, (100)
where (a) follows from and () follows from (99).

Second term: The second bound is similar to the first bound by exchanging 1 and 2 in the indices.

Third term: For the third bound in Lemma [16, we have

I (Uy; Y| Xo) + 1 (X151 | Uy, Us)
= h(Y2|Xs) —h (Ya|Uy, X2) + h (Y1 | Uy, Us) — h (Y1 | Uy, U, Xy)
Z h(§/2|X2>_h<)/2|U17X2)+h(§/1|U17U27X2)_h(}/l | Ul’U27X1)

= 10g det (IN2 + plnggHE) + 10g det <]N1 + ,011H11H1[1 — \/p11p12H11HI2

(INQ + P12H12H1TQ)_1\/;011p12H12HL> - h(Y2|U1,X2) - h(Y1 | Ula U2;X1)

V=

10g det (IN2 —+ p12H12H1rZ) + lOg det <IN1 + ,011H11HL — \/pnplgHHHirQ

(In, + /)12H12HI2)1\/,011/?12H12HL> — Ny — Ny, (101)

where (a) is obtained from and and (b) follows from (99).

Fourth term: The fourth term is similar to the third term by exchanging 1 and 2 in the indices.
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Fifth term: For the fifth bound in Lemma we have
I(X1; Y1 [ U, Us) + I (Us, Xo; Ya)
= h(Y1|Uy,Us) = k(Y1 | Uy, U, X1) + b (Ya) — b (Ya|Uy, Xo) (102)
> h(M1|Uy, Us, Xo) — h (Y1 | Uy, Uy, Xo) + h(Ya) — h (Ya|Us, Xa) (103)

= logdet(In, + parHooHiy 4+ proaHioHly)  + log det (le + puHy Hf| - \/PnPlQHquTg

(In, + p12H12H1Tg)_1\/P11,012H12H1Tl> — h (Y2|Uy, X,) —h (Y1 | Uy, Usg, Xy) (104)

V=

IOg det(IN2 —+ pQQHQQH;rQ -+ p12H12HIQ> -+ 10g det (INl —+ pHHHHL — \/p11p12H11HIQ

(In, + P12H12H1TQ)1vﬂllp12H12H1Tl> — N1 — Ny, (105)

where (a) is obtained from and (98), and (b) follows from (99).

Sixth term: The sixth term is similar to the fifth term by exchanging 1 and 2 in the indices.

APPENDIX C

PROOF OF OUTER BOUND FOR THEOREM 2

In this section, we prove that covariance matrix ) = 0 is approximately optimal for the capacity region

of the MIMO IC with feedback. As mentioned in Section [III} it is enough to prove that
RO(Q) - RO(O) D ([Oa Nl] X [Oa N2])a (106)

for any covariance matrix Q).

Now, we give three important inequalities that would be used in the main proof.
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Define E = (Iy, + \/pij Hij (I — QijQsz)« /piniTj)fl). The first inequality is as follows

In, + piiHiiH;ri -

-1
[ - 20 In, + pisHyH); /P HiyQy /PP Hi
VPiiPij it A/ Piidligij }
VRQuH; I, VPiQyH;
= Iy, + piHii (Ing,—
-1
[ ; } fNj+pininjj /Pij Hii Qi /PijHij ot
VPiiHi Qi - ; i
VPiiQiiHi; Iy, Qi
@ In, + piiHii (Ing, —
[ 17 Q E —E.\/pi; HijQi;
VPt ij}
—VPiQLHLE Iy, + /o5 QLHLE. /5 Hi; Qi
VPt )
t I
Qij
(b)
= In, + piiHi; (I - Qile‘Lj — (I - QijQIj)\/pinJjE\/pinij(I - QijQL‘)) Hi];-
(c)
= Iy, + piHyL (I - QijQ;‘Lja \/pinz‘Tj> HiTi
(d)
< Iy, +palal (1, s HY) HY, (107)

where L(K,S) is as in (54), (a) follows since the inverse can be verified easily, (b) follows from finding
the product of matrices, (c¢) follows from the definition of L(K,S) in (54)), and (d) follows from Lemma
11

The second inequality is as follows

log det (INJ. + pi Hi HY; — pinz‘jQile'LjH;rj>

< log det (INj+ pininjj) . (108)
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The third inequality is as follows

log det(Iy, + pi Hy HJ; + pjiHjiH]Ti + \/piipjiHiiQin]Ti + \/piipjiHinl‘LjH;ri)

—
S
N

< logdet(Iy, + PiiHMHL + pjisz‘H;i + piiHiiQiiH;ri + sz’sz‘ijH]T‘i)

(b)

< logdet(Iy, + 2piiHiiH7L + 2pjisz'H}¢)

< logdet(Iy, + puHuHY + pjiHji HY) + N, (109)

where (a) follows from (A — B) (A" — BY) = AA" + BBT — AB" — BA" = 0 by substituting ,/p;; H;; X;
and /p;iH;; X; in A and B, respectively, (b) follows from the fact that I > Q.

Thus, we proved that among these three expansions, the first two expansions we started with are
maximized by ();; = 0 while the third one is is outer-bounded by the corresponding expression with
Qi; = 0 plus M.

Now, we consider each of the six expressions in the definition of the region R,(()) and outer-bound each
expression to find the gap with R,(0) being constant thus proving that R,(Q) C R,(0)® ([0, N1] x [0, No])
which proves the result.

Let the right-hand sides of the six expressions in the definition of Ro(Q) in (3)-(10) be labeled as
L(Q), 1:(Q), I3(Q), 14(Q), I5(Q), and I4(Q) respectively. Then, the constant gap outer-bound is shown

in the following Lemma.

Lemma 19. We have

L(Q) < L(0)+ M, (110)
L(Q) < L(0)+ Ny, (111)
I(Q) < I3(0), (112)
L(Q) < I1(0), (113)
I5(Q) < I5(0) + Ny, (114)
I(Q) < Is(0) + N, (115)
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Proof: We start with (T10).

L(Q) = logdet(In, + piHyiHY, + por Ho HY, + \/,011021H11QH;1 +V/Pupan HnQ H,)
< logdet(Iy, + P11H11H1Tl + P21H21Hgl) + M

= L(0) + Ny, (116)

where (a) follows from (109).
Proof of (IT1) is similar to (TT0) by exchanging 1 and 2 in the indices.
For the proof of (I12)) we have,

]3(@) = 10g det (]N2 =+ P12H12H1Tz — ,012H12QQTHI2> + log det (INl + P11H11HL —

-1

In, + ,012H12H1TQ VP1zH12Q

[ \//)11p12H11H1TQ \/PanQ ]
YV plQQTHIQ IMQ

\//311,012H12H1Tl )
VPnQtH],
(a)

S lOg det (IN2 + p12H12H12> + lOg det (INl + pllHHHIl —
pllplZHllHirQ([Nz + ﬂleleirg)lleHL)

—  Iy(0), (117)

where (a) follows since the first expression is outer-bounded as in (108)) and the outer-bound for the
second expression can be shown on similar lines as (107).

Proof of (I13)) is similar to (ITI2)) by exchanging 1 and 2 in the indices.
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For the proof of (IT4) we have

I;(Q) = logdet <IN2 + /)22H22H2Tg + P12H12H1Tz + \/P22/)12H22QTHIQ + \//)22P12H12QH;2)

+ log det (IN1 +PHH11HL - \/P11P12H11H1Tz Vo HuQ ]

-1

[N2+p12H12H1T2 \/012H12Q \/011012H12H1Tl )
\/P12QTHIQ I, \/PllQTHL

)
S log det([]\[2 + p22H22H52 + p12H12H1.2> + IOg det ([Nl =+ pllHllH;[rl —

P11P12H11H1TQ<IN2 + P12H12H1Tz)1H12H1T1> + Ny

= I5(0) + N, (118)

where (a) follows from (109) and using similar steps as in (107).
Proof of (T15) is similar to (IT4) by exchanging 1 and 2 in the indices. [ |

APPENDIX D

PROOF OF RECIPROCITY IN R, (0)

In this section, we prove that replacing H and p by A" and pft, respectively, and interchanging M and
N for antennas at the nodes gives the same expressions in R, (0).

We shall prove this in two steps. In the first step we shall prove
Ro(H.p) = Ro(H . 7"), (119)

where H = {HL, H;rl, HI27 H;fz} and in the second step we shall prove that

/ _R_

Ro(H ,p") = R,(H ", p"). (120)

Clearly, the above two equalities prove the lemma.
Let the right-hand sides of the six expressions in the definition of R (0) in (I2)-(17) be labeled as I,

I, I3, 14, I5, and I4 respectively.



First Step: In this step, we prove that:

L = I
Iy = I
Iy = 1,
Iy = I,
Iy = ]é,
Iy = I

where I}, is obtained from I, by interchanging M and N, replacing H;; with

Pji-
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(121)
(122)
(123)
(124)
(125)

(126)

and replacing p;; with

Since I; and I3 are both bounds for R;, I and I, are both bounds for Rs, and I5 and Ig are both

bounds for Ry + Ry, (T21)-(T26) will prove that R, (H,7) = Ro(H , 7).

We start with proving 1i For simplicity we define K = (Iy, + p21H21H;rl)_1, K & (I, +



plengm)_l,

I
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and L £ anHHL. We get

—
S)
=

log det (I, + p1yHy1 Hi| + por Hoy HY,) (127)
log det(Iy, 4 po1Hoy HY,) + log det(Iy, + K py Hy1 HI)

logdet(K 1) + logdet(Iy, + KL)

logdet(K ') +logdet(Iy, + LK)

log det(K ™) + log det(Iy, + LKI)

log det(K 1) + log det(In, + LK (I + py Hoy HY, — pay Hyr Hi,))

log det (K1) + log det(In, + LK (I + poy Hoy HY, — poy Hoy (1) HIY))

log det(K ) + log det(In, + LK (I + po1 Hoy Hiy — por Hoo (K~ K'VHJ,))

logdet(K ™) +

log det(I, + LK (I + po1Ho HY, — po1 Hoy (I + por Hiy Hoy ) K ) HY, ))

log det(K 1) +

log det(In, + LK ((I + por HaH3y) — por (1 + por Hoy Hiy ) Ho K ) Hi, )

log det(K ) +log det(Iy, + LK (K™ — py K ' Hy K'YHY,))

log det(I + pa1 Hi Hay) + log det(In, + L(I — poy Hy K')HY,))

log det (I + pyy Ha Hay) + log det(I + L — Lpy Hy KK HJ))

log det (I + poy HY, Hyy ) +

log det(1 + P11H11HI1 — P11021H11H1TIH21(I + p21H2TlH21)_1H2Tl)

log det(I + poy HY, Hay) +

log det(1 + ,011H1TlH11 - p11p21HI1H21(] + p21HngQ1)_1H51Hu) (128)

I, (129)

where (a), (b) and (c) follow from Sylvester’s determinant theorem [34]]. (122)) can be proved similarly

due to symmetry. In addition, (123 and (124) can be obtained in the reverse direction similarly.

We move toward the proof of (125). We should prove

I = I (130)



where
]5 = IOg det(IN2 + pQQHQQHérQ + p12H12H1TZ) +
log det(In, + pinHy Hiy — pupiaHi Hiy (I, + proHioHYy) " Hio HYy),
and
I = logdet(Iy, + piHI Hyy + proHl,Hys) +
log det(Ip2 + p22H2TgH22 - PQ2P12H52H12<[M1 + p12H1TgH12)_1H1TgH22)-
If we define

lI>

log det(In, + p22H22H2TQ + p12H12HI2),

b = log det(IN1 + annHL - P11012H11HIQ(IN2 + 012H12HIQ)_1H12HI1),

>

log det(Ins, 4+ prH| Hiy + proH |y His),

log det (/a2 + P22H;2H22 - Pz2p12H2TgH12([M1 + PleirzHlQ)_lHIzHQz),

=y
>

then, it is sufficient to prove a +b=c+d ora—d=c—b.

Since (127)) is equal to (128), we have

log det([Nl + PllHllHL =+ p21H21H;1) —
log det (1 + pllHLHH - ,011/)21H1TlH21([ + P21H;1H21)71H51H11) =

log det (I + poy Hi, Ho ).
Using similar method, we can see that
a —d = logdet(ln, + P12HI2H12)7
and

c—b=logdet(Iy, + /)12H12H12>7

which according to Sylvester’s determinant theorem [34] are equal. This proves the [; = .

(126) can be proved similar to the proof of (I25) due to symmetry.
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(131)

(132)

(133)
(134)
(135)

(136)

(137)

(138)

(139)
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Second Step: It can be proved with a similar discussion as in Appendix E of [4]. A brief sketch of
the proof is given below for completeness.
Suppose S is a p.s.d. matrix and S* represents its complex conjugate, i.e., the matrix obtained by

replacing all its entries by the corresponding complex conjugates. Then, it is easy to see that
logdet(I + S) = logdet(I + S*). (140)

However, note that all the terms in the different bounds of R,(0) are of the form of logdet(I 4 S). This
in turn proves that if we replace all the channel matrices of a two-user MIMO IC with feedback by their

complex conjugates the set of upper bounds remain the same. From this fact, it easily follows that

Ro(H ,p%) = R(H", ). (141)

APPENDIX E

PROOF OF THEOREM

In this section, we will find the limit of R,(0)/logSNR as SNR — oo to get the result as in the
statement of the Theorem [5| when p;; ~ SNR®7 (p;; ~ SNR®" represents that limsnr—,eo % = ;).
This follows from Theorem [3|since the capacity region is inner and outer- bounded by R,(0) with constant
gaps which would vanish for the degrees of freedom.

Before going over each of the terms in R,(0) and finding its high SNR limit, we first give some

Lemmas that will be used for the proof of the Theorem.

Lemma 20 ( [4]). Let H;; € CNi*Mi be g full rank channel matrix. Then, the following holds
log det (IN], + pl-jHZ-jHjj) — ay;min (M;, N;) log SNR + o(log SNR), (142)

where p;; ~ SNR".

Lemma 21 ( [4]). Let H; € CY*Mi and H;; € CN*Mi pe two full rank channel matrices such that

[Hi;Hji| is also full rank. Then, the following holds

log det(Iy, + piHiiHJ; + pjiHjiH}i) = f(Ni, (g, M;) , (i, M;))log SNR + o(log SNR)  (143)
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where f is defined in (28)) and p;; ~ SNR".

Lemma 22. Let 3 € CN*M pe a diagonal matrix with elements oy, ...,0,, where m = min(M, N) and

A € C™™ be a diagonal matrix with elements |o1|°, ..., |0 |2 then
Ly+A)™ 0
=t ( ) )
I — Iy + A)7! 0

= . (144)
0 Or—ny+
Proof: We will split the proof in two cases, depending on whether M > N or M < N.
Case 1 - M > N: In this case, we have
L, +A)7! 0
»f ( ) )
oy 0 0 .
0 . 0 m 0 0 01 0 0 0
= 0 0 0 0 O
0 0 o :
0 0 0 0 o, 0
O O O 1+|U'm|2
[ 0w ]
1-i-|10'1|2 0 0 0
0 0 0
- 0 0 gz 0
I+|om|?
0 0 0 Ovr—ny+
1
1 o 0 0 0
0 0 0
B 1
0 0 1-— ol 0
0 0 0 Orr—ny+
Ly — (I +A)7" 0
= . (145)
i 0 Ovr—ny+




Case 2 - M < N: In this case, we have

i

(I, 4+ A" 0

0 I(NfM)J'_
;2 0 0
ot 0 0 o]
0 0
0 0 0 1
0 0
0 0 o 0 LHom "
0 0 0
2E 00 0 0
I4|oq[?
0 0 0
jom ?
0 0 L=b o
0 0 0  Ouny
1
l—te 0 0 0
0 - 0 0
0 01— i 0
0 0 0 Oar—n)+
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(146)

Lemma 23. Let H;; € CN*Mi qnd H;; € CNi*Mi be two channel matrices with each entry independently

chosen from CN(0,1). Then, the following holds with probability 1 (over the randomness of channel

matrices).

-1
log det (I, 4 pu HyHJ; — \/piipiniiHiTj(INj + pinz‘jHiTj) \/Piipz‘jHinz‘Tz‘)

= [aiimin ((MZ — Nj)+, N,-) + (ay — ozij)Jr (min (M;, N;) — min ((JWZ — Nj)+, Ni) )} log SNR

+o(log SNR).

where p;; ~ SNR*.

(147)

Proof: Let the singular value decomposition (SVD) of the channel matrix H;; be given by H;; = V;;

2, Uf

25

where V;; € UNi>*Ni and U;; € UM*M: are unitary matrices and X;; € UNi*Mi is a rectangular
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matrix containing the singular values along its diagonal. Using the SVD of the matrix H;; we get

In, + ,OiiHiiHiTi - \/piipiniin‘Tj(INj + pinin;fj)ilx/piipinin;ri

-1
= In, + piHy (IMZ, — i H (I, + pig HigH ) Hz-j) H} (148)
i s -1 ]
(a) (Im;; + SNR7 Ay;) 0
= Iy, + piH(Ia, — Pz‘jHiTsz'j szHw)Hsz
0 ](Nj—Mz')+ d
[ (I +SNR™A,)T 0]
= Iy, + piHi(In, — pijUijEZj ’ Ez’jUz'Tj)HiTz
L 0 QM‘MV_
L, +SNR®9A;) ™" 0
— I+ Ui (T, — SNRwsS, | (7 7 UL H]
0 I(Nj*MiW
Ly, — (I, + SNR®9 A ;)™ 0
O In; + pii iU (In, — 5~ Umg 2 ULH]
i J i 17771

0 Ocar,—vj)+

(I, + SNR™A;) ™ 0

= Iy, 4+ SNR* H,Uy; ULH]

i)

(149)
0 Tyt
where (a) results from SVD of the matrix F;; and (b) follows from Lemma [144]
Let us decompose U;; € UM*Mi into two parts, U;;; and Uyjo such that U = [Uy1 Usjo), where

Uiji € UMomin{MiNi} and U9 € UMix(Mi=N;)™ Then, we get

log det(Iy, 4 pu HyHJ, — \/piipiniiHjj(]Nj + pinz’jHiTj>_1\/piipininiTi)

L.+ SNRA; )~ 0
= logdet(Iy, + SNR*" H;;(U,; (U, 2 UZE)HL)
0 Lag—nyy+

= 10g det(INi + Hii<SNRaiiUij1(Imij + SNRaijAZ’j)_lUle + SNRQ”(UZJQULQ))HZTZ)

= logdet(Iy, + SNR®* H;;Uy;5U}

ij2

H + SNR®*™9 H;Uyj1 (SNR™®9 I, + Ayj) ™ USyy Hf

(%0 St 1)

(150)

where m;; = min(M;, N;), A;; is a diagonal matrix containing the non-zero eigenvalues of HiniTj.

We note that A;; is invertible and when SNR is large, we can bound SNR™ I, . + A;; from above and
below as, A;; < SNR™®% L, + Aij 2 I + Aj;. We will only pursue the direction where SNR™ % Ly, +
A;; = A;; and can see that both the directions produce the same result and thus replacing the inner

and outer bound by equality. In what follows, even though SNR™% 1, + Ay; = Ay, we will substitute
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SNR™91,,,. + Aijj = Ayj since by the inner and outer-bounding approach, it can be seen that the limit

will be exactly the same thus not causing any difference in the result. Thus, we have

log det (I, + piin’z’HJ@' - \/piipiniiHiTj(-[Nj + pinin;[j)_l\/piipininiTi)

— logdet(Iy, + SNR™ H;;Uy;5U!

152

HJ: + SNR@# =) 1,17, (Ay;) " US

ij1

H]: + o(log SNR)

= log det(]]vi + S'\IROMI{“UZJQU]L

1j2

H; + SNR@ )" [, U, (Ayy) UL HY,
= f(Ni (i, (M; = Nj)T), (i — aigg) T, min(M;, Nj)))log SNR + o(log SNR )
= [agmin ((M; — N;)", N;) + (s — i) " min((N; — (M; — N;)*)T, Ny, M;)log SNR
+o(log SNR )
= [ozn-min ((MZ — Nj)+, Ni) + (i — ozl-j)+ (min (M;, N;) — min ((MZ — Nj)+, N,-) )} log SNR

+o(log SNR ), (151)
where (a) follows from the fact that if (a;; — ;) is less than zero we have

SNR(‘"”_O”'jﬁlrifu'Uijl(Az'j)_lU'Jr Hj; = o(log SNR), (152)

(%2 Sl 2

(b) follows from Lemma 21| and that H;,Uy1, HyUyji A;"? and Hy[Uyjs Uy Ay;'?] are all full rank with
probability 1; (¢) follows from some simple manipulations. [ ]

The rest of the section considers the 6 terms in R,(0) in (12)-(I7), and finds the GDoF region for the
MIMO IC with feedback.

First term: According to the first bound in R,(0), we have

log det(Iy, + ,011H11HI1 + ,021H21Hgl)

W F((NL, (an, My, (ar, Ma)))log SNR + oflog log SNR ), (153)

where (a) is obtained from . Now, dividing both sides by log SNR, we get the first GDoF expression.

Second term: The second bound is similar to the first bound by exchanging 1 and 2 in the indices.
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Third term: According to the third bound in R,(0), we have

log det (IN2 + p12H12H}LQ) + log det(Iy, + /)11[1711;."-[11 -
\//)11012H11HIQ(]N2 + 012H12HIQ)_1\/ ;011,012H12H1Tl)
@ OélgmiIl (Ml, NQ) + OéumiIl ((Ml — N2)+, Nl) +

(anr — ai2) "min (M, Ny) —min ((M; — No)™, Ni) + o(log SNR ), (154)

where (a) is obtained from Lemma and Lemma 23| Now, dividing both sides by log SNR, the third

GDoF bound results.

Fourth term: The fourth term is similar to the third term by exchanging 1 and 2 in the indices.

Fifth term: According to the fifth bound in R,(0), we have

log det (IN2 + ngHQQHng + p12H12H1TQ)
+log det(Iy, + P11H11H1T1 —V /)11,012H11H1TQ(IN2 + p12H12H1T2)71 Vv p“pl?Hl?HL)

= f((Ny, (ag, M), (12, M1))) + arymin ((Ml - Ny)", N1) +

—
=

(all - 0512)+ (mln (Mb Nl) — min ((Ml — N2)+,N1) ) -+ O(lOg SNR ), (155)

where (a) is obtained from Lemma and Lemma Now, dividing both sides by log SNR, the fifth

GDoF bound results.

Sixth term: The sixth term is similar to the fifth term by exchanging 1 and 2 in the indices.
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