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ABSTRACT

Symmetrical multilevel diversity coding (SMDC) is a classical model for coding
over distributed storage. In this setting, a simple separate encoding strategy known
as superposition coding was shown to be optimal in terms of achieving the minimum
sum rate and the entire admissible rate region of the problem in the literature. The
proofs utilized carefully constructed induction arguments, for which the classical
subset entropy inequality of Han played a key role.

This thesis includes two parts. In the first part the existing optimality proofs for
classical SMDC are revisited, with a focus on their connections to subset entropy
inequalities. First, a new sliding-window subset entropy inequality is introduced
and then used to establish the optimality of superposition coding for achieving the
minimum sum rate under a weaker source-reconstruction requirement. Second, a
subset entropy inequality recently proved by Madiman and Tetali is used to develop
a new structural understanding to the proof of Yeung and Zhang on the optimality of
superposition coding for achieving the entire admissible rate region. Building on the
connections between classical SMDC and the subset entropy inequalities developed
in the first part, in the second part the optimality of superposition coding is further
extended to the cases where there is an additional all-access encoder, an additional

secrecy constraint or an encoder hierarchy.
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1. INTRODUCTION

In recent years, the boom of cloud computing applications has mounted great
challenges on the design of the distributed storage systems, where users would like
to store the information on several distributed servers. The motivation of this thesis
is in terms of the robustness issue in distributed storage systems as shown in Fig.

1.1.

Figure 1.1: An example of distributed storage system with failures.



Particularly, when a network erasure happens temporarily or permanently due
to link failure or disk malfunction, it is still desirable to recover the information
through the erasure-resilient coding schemes. The schemes such as repetition codes
or maximum distance separable (MDS) codes can decode information if at least «
out of the total L servers remains available. General speaking, these erasure coding
schemes are well understood in the literature. However, from the system design point
of view, the problem left is how to choose the decoding threshold «, which controls
the tradeoff between robustness and efficiency as shown in Fig. 1.2. One extreme is
to set @ = 1, in which the system is the most robust as long as there is one node
available. However, apparently the information should be repeated at every node,
which may need huge amount of storage in total. On the contrary, when o = L, the
system is the most efficient but the least robust since the information is not decod-
able if any single node fails. Meanwhile, not all information are created equal, i.e.,
some information are more important than others. Take binary representations as an
example: MSBs are more important than LSBs. Due to the information hierarchy,
the design that adapts the decoding threshold to the importance of the source is
preferred. From the architectural level, the fundamental information theoretic ques-
tion about this adaptive design is which coding scheme is optimal, separate encoding
or joint encoding. Separate encoding is easy to implement and manage while joint
encoding is potentially more efficient in terms of minimizing the storage space due
to the principle of network coding.

Symmetrical multilevel diversity coding (SMDC) is a classical model arising from
the coding over distributed storage, which was first introduced by Roche [1] and
Yeung [2]. In this setting, there are a total of L independent discrete memoryless
sources St, ..., Sy, where the importance of the source S; is assumed to decrease with

the subscript [. The sources are to be encoded by a total of L randomly accessible
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Figure 1.2: Decoding threshold determine the tradeoff between system robustness
and storage efficiency.

encoders. The goal of encoding is to ensure that the number of sources that can be
nearly perfectly reconstructed grows with the number of available encoder outputs at
the decoder. More specifically, denote by U C €, :={1,..., L} the set of accessible
encoders. The realization of U is unknown a priori at the encoders. However, the
sources S1,...,S, need to be nearly perfectly reconstructed whenever |U| > « at
the decoder. The word “symmetrical” here refers to the fact that the sources that
need to be nearly perfectly reconstructed depend on the set of accessible encoders

only via its cardinality. The rate allocations at different encoders, however, can be



different and are not necessarily symmetrical.

A natural strategy for SMDC is to encode the sources separately at each of the
encoders (no coding across different sources) known as superposition coding [2]. To
show that the natural superposition coding strategy is also optimal, however, turned
out to be rather nontrivial. The optimality of superposition coding in terms of
achieving the minimum sum rate was established by Roche, Yeung, and Hau [3]. The
proof used a carefully constructed induction argument, for which the classical subset
entropy inequality of Han [4] played a key role. Later, the optimality of superposition
coding in terms of achieving the entire admission rate region was established by
Yeung and Zhang [5]. Their proof was based on a new subset entropy inequality,
which was established by carefully combining Han’s subset inequality with several
highly technical results on the analysis of a sequence of linear programs (which are
used to characterize the performance of superposition coding).

This thesis includes two parts. In the first part (Section 2), the optimality proofs

of [3] and [5] are revisited in light of two new subset entropy inequalities:

e First, a new sliding-window subset entropy inequality is introduced, which
not only implies the classical subset entropy inequality of Han [4] in a trivial
way, but also leads to a new proof of the optimality of superposition encoding
for achieving the minimum sum rate under a weaker source-reconstruction

requirement.

e Second, a subset entropy inequality recently proved by Madiman and Tetali [6]
is leveraged to provide a new structural understanding to the subset entropy
inequality of Yeung and Zhang [5]. Based on this new understanding, a condi-
tional version of the subset entropy inequality of Yeung and Zhang [5] is further

established, which plays a key role in extending the optimality of superposition



coding to the case where there is an additional secrecy constraint.

In the second part of the thesis (Section 3 to Section 5), three extensions of

classical SMDC are considered:

e The first extension, which we shall refer to as Symmetrical Multilevel Diversity
Coding with an All-Access Encoder (SMDC-A), features an all-access encoder,
in addition to the L randomly accessible encoders in the classical setting, whose
output is available at the decoder at all time. This model is mainly motivated
by the proliferation of mobile computing devices (laptop computers, tablets,
smart phones etc.), which can access both remote storage nodes via unreliable
wireless links and local hard disks which are always available but are of limited
capacity. It is shown that in this setting, superposition coding remains optimal
in terms of achieving the entire admissible rate region. Key to our proof is to
identify the supporting hyperplanes that define the superposition coding rate

region and then apply the subset entropy inequality of Yeung and Zhang [5].

e The second extension, which we shall refer to as Secure Multilevel Diversity
Coding (S-SMDC), extends the problem of SMDC to the secure communica-
tion setting. The problem was first introduced in [7], where the optimality
of superposition coding for achieving the minimum sum rate was established
via the classical subset entropy inequality of Han [4]. Through the conditional
version of the subset entropy inequality of Yeung and Zhang [5] established in
the first part, here we show that superposition coding can, in fact, achieve the
entire admissible rate region of the problem, resolving the conjecture of [7] by

positive.

e The third extension, which we shall refer as Hierarchical Multilevel Diversity

Coding (HMDC), further extends the problem of SMDC to a special asymmet-

5



rical setting. This model is a natural generalization of symmetrical multilevel
diversity coding to heterogeneous distributed storage systems. Recall that in
symmetrical multilevel diversity coding, the number of messages that needs
to be recovered by the decoder depends on the available subset of the encoder
outputs only via its cardinality. Therefore, the underlying assumption for sym-
metrical multilevel diversity coding is that all distributed storage nodes have
the same reliability. For heterogeneous distributed storage systems, one may
associate each storage node with a reliability score and design a coding scheme
such that the number of messages that needs to be recovered by the decoder
depends on the available subset of the encoder outputs via its accumulative
reliability score. Then the encoders are classified into different ranks due to
their different reliability scores. In our setting, the encoders show two reliabil-
ity scores. The encoders with higher reliability score are referred as the strong
encoders, while the others are weak encoders. With this encoder hierarchy, it
is shown that superposition coding remains optimal in achieving the minimum
sum rate but the optimality of achieving the entire admissible rate region is
still unknown. We conjecture that superposition coding is optimal in achieving

the entire admissible rate region.



2. SYMMETRICAL MULTILEVEL DIVERSITY CODING REVISITED

2.1 Problem Statement And Optimality Of Superposition Coding

2.1.1 Problem Statement

As illustrated in Figure 2.1, the problem of SMDC consists of:

e a total of L independent discrete memoryless sources {S,[t]}2,, where a@ =

1,..., L and t is the time index;

e a set of L encoders (encoder 1 to L);

e a decoder which can access a nonempty subset U C €, of the encoder outputs.

The realization of U is unknown a priori at the encoders. However, no matter which

U actually materializes, the decoder needs to nearly perfectly reconstruct the sources

S1,. .., S whenever |U| > a.

Ry

Encoder 1

Ry

Sources
(St,...,S1) Encoder 2

Decoder

Ry

Encoder L

(S{I/v ey A|7;J|)

Figure 2.1: The classical SMDC problem where a total of L independent discrete
memoryless sources Sy, ..., Sy are to be encoded by a total of L encoders. The
decoder, which has access to a subset U of the encoder outputs, needs to nearly
perfectly reconstruct the sources Sy, ..., S|y no matter what the realization of U is.



Formally, an (n,(M,..., My)) code is defined by a collection of L encoding

functions:

L
e [[Sp—4L....M}, Vi=1,... L (2.1)
a=1

and 2F — 1 decoding functions:

U]
dy : [[{L... M}y = [[ S, VU CQust. U #0D. (2.2)
leU a=1
A nonnegative rate tuple (Ry, ..., Ry) is said to be admissible if for every € > 0, there

exits, for sufficiently large block-length n, an (n, (M, ..., My)) code such that:

e (Rate constraints at the encoders)

1
“logM, < Ri+e, ¥Yi=1,...,L (2.3)
n

e (Asymptotically perfect reconstructions at the decoder)
Pr{dy(Xv) # (S7,..., Sy} <« VU CQpst.U#0 (2.4)

where S” := {S,[t]}7_y, Xi = e(S},...,S}) is the output of encoder [, and

XU::{XZ:ZEU}.

The admissible rate region R is the collection of all admissible rate tuples (R, ..., Rp).

The minimum sum rate R,,s is defined as

= 1 . 2.
R,.s min ERZ R, (2.5)



2.1.2  Superposition Coding Rate Region

As mentioned previously, a natural strategy for SMDC is superposition coding,
i.e., to encode the sources separately at the encoders and there is no coding across dif-
ferent sources. Formally, the problem of encoding a single source S, can be viewed
as a special case of the general SMDC problem, where the sources 5, are deter-
ministic for all m # «. In this case, the source S, needs to be nearly perfectly
reconstructed whenever the decoder can access at least o encoder outputs. Thus,
the problem is essentially to transmit S, over an erasure channel, and the following

simple source-channel separation scheme is known to be optimal [1,2]:

e First compress the source sequence S into a source message W, using a lossless
source code. It is well known [8, Ch. 5] that the rate of the source message W,
can be made arbitrarily close to the entropy rate H(S,) for sufficiently large

block-length n.

e Next, the source message W, is encoded at encoders 1 to L using a mazimum
distance separable code [9]. It is well known [1,2] that the source message W,

can be perfectly recovered at the decoder whenever

1
> R> ~H(W.), VU € Q') (2.6)

leU

for sufficiently large block length n, where Q(LO‘) denotes the collection of all

subsets of €7, of size a.

Combining the above two steps, we conclude that the admissible rate region for

encoding a single source S, is given by the collection of all nonnegative rate tuples



(Ry,..., Ry) satisfying

Y R > H(S,), YUeQ. (2.7)

leU

By definition, the superposition coding rate region R, for encoding the sources

S1,...,S is given by the collection of all nonnegative rate tuples (Ry,..., Ry) such
that
L
R, = Z rl(a) (2.8)
a=1

for some nonnegative rl(a), a=1,...,Land [ =1,..., L, satisfying

S > H(S.), YU €. (2.9)

leU

In principle, an explicit characterization of the superposition coding rate region
Rsup can be obtained by eliminating rl(o‘), a=1,...,Land | = 1,...,L, via a
Fourier-Motzkin elimination from (2.8) and (2.9). However, the elimination process is
unmanageable even for moderate L, as there are simply too many equations involved.
On the other hand, note that the superposition coding rate region R, is a convex

polyhedron with polyhedral cone being (R™)%, so an equivalent characterization is

to characterize the supporting hyperplanes:
L
STNRZ A, VA= (M, M) € (RY) (2.10)
=1

where

fA) = min Y AR (2.11)

(R17-"7RL)ERSUP =1

10



To solving for f(A), (2.11) can be explicitly written as the following linear pro-

gram,

min ZIL:1 A <Z§:1 Tl(a)>
subject to Y,y r® > H(S,), YUeQ™anda=1,... L (2.12)
rl(a) >0, Va=1,....,Landl=1,...,L.

The linear program can be further written as

min 37, (Zi:l A z(a)>
subject to Y,y r® > H(S,), YUeQ®anda=1,... L (2.13)
rl(a) >0, Va=1,....,Landl=1,...,L.

Clearly, the above optimization problem can be separated into the following L

sub-optimization problems:

L
F) =Y (2.14)
a=1
where
L
FA(A) = min Y A, (2.15)
=1
subject to
> r® > H(S,), YU e, (2.16)
leu
r>0, Wi=1,... L (2.17)

11



The minimization of f!(X) can be explicitly written as the following linear program

max (X eqe eall)) H(S.)
subject to Z{UGQ@.UBI} ex(U)y< N, Vi=1,...,L (2.18)
(@),
ex(U) >0, VYU e QY.

and (2.18) follows from the strong duality for linear programs. For any A € (RT)-

and any a =1,..., L, let

max ZUEQ(LQ) ea(U)
JaA) = subject to 3o,y AU) SN, V=1, L (219)
ex(U) >0, VYU e Q.

Then, we have f!(A) = fo(A)H(S,) and hence

FO) = falNH(S,) (2.20)

for any A € (RT)%. Substituting (2.20) into (2.10), we conclude that the superpo-
sition coding rate region Rs,, is given by the collection of nonnegative rate tuples

(R1, ..., Ry) satisfying

XL:AZRZ > zL:fa(A)H(Sa), VA € (RT)E. (2.21)

For a general A, the linear program (2.19) does not admit a closed-form solution.
However, for A =1 := (1,...,1) it can be easily verified that c(la) ={a(U): U €

Q'Y where

ca(U) = (2.22)

12



is an optimal solution to the linear program (2.19), and we thus have

(@) L
fal)= ) all)= O (2.23)
el a-l
for any a« = 1,..., L. Hence, the minimum sum rate that can be achieved by super-
position coding is given by
L L L
i R =f(1)= (L) H(S,) = L/a)H(S,). 2.24
o B DS R= A1) = 3D LD H(S) = SLH(). (220

2.1.8  Optimality Of Superposition Coding: Known Proofs

To show that superposition coding is optimal in terms of achieving the entire

admissible rate region, we need to show that for any A € (RT)L we have

L L
STNR 2D f(MH(S.), Y(Ri,...,Rp)E€R. (2.25)
=1 a=1

In particular, to show that superposition coding is optimal in terms of achieving the

minimum sum rate, we need to show that
L L L
SR> fa(1)H(Sa) =) (L/a)H(Sa), Y(Ri,...,R)€R.  (2.20)
=1 a=1

a=1

Note that for any admissible rate tuple (Ry,..., Ry) € R and € > 0, by the rate

constraints (2.3) we have
n(R +¢€) >H(X;), Vi=1,...,L (2.27)

for sufficiently large block-length n. Furthermore, by the asymptotically perfect

13



reconstruction requirement (2.4) and the well-known Fano’s inequality we have
H(S?,...,S"|Xy) < né®™ (2.28)

for any U € Q(La) and o = 1, ..., L, where 6% — 0 in the limit as n — oo and € — 0.

Thus, for any V € Q" we have

H(Xy|S], ..., 8" ,) = H(Xy|S), ..., ST )+ I(Xy; ST IS0, ...,87 ) (2.29)
— H(Xy|S], ..., 8" )+ H(S" ,|Sr, ..., 8" ,)—
H(S™_, |57, ..., 8", Xy) (2.30)
> H(Xy|S!, ..., S )+ H(S™ ) — H(SP,...,5" ,|Xy)
(2.31)

> H(Xy|ST, ..., 8" )+ nH(Sa_1) — nd™, (2.32)
where (2.31) follows from the facts that all sources are independent so
H(SZ_JS{L, R 52—2) = H(SZ—I)
and that

H(S5 15T, 500, Xv) = H(ST,.... S5 Xv) — H(ST, ..., 55 5| Xv)

< H(SM,....S" |Xy). (2.33)

Therefore, starting with (2.27) and applying (2.32) iteratively may lead us towards
a proof of (2.25) and (2.26). Note, however, that to apply (2.32) iteratively we shall
need to bound from below H(Xy|ST,..., St ) in terms of H(Xy|Sy,..., 5" ) for

9 a—1 ? a—1

14



some U € Q(La). The key observation of [3] and [5] is that such bounds exist, not for
an arbitrary individual pair of U and V', but rather at the level of an appropriate
averaging among V € Q(La_l) and U € Q(La).

More specifically, [3] considered the classical subset entropy inequality of Han [4],

which can be written as follows.

Theorem 1 (A subset entropy inequality of Han [4]). For any collection of L jointly

distributed random variables (X1, ..., X), we have
1 H(Xy) _ 1 H(Xv)
> 2.34
), 2 et T 2 o
a1l yeqle—b o/ el

foranya=2,...,L.

Essentially, considering the average joint entropy of all subsets of fixed size, (2.34)
says that the average joint entropy per element decreases with the size of the subsets.
The proof of Theorem 1 can be found in Appendix A.

Iteratively applying (2.32) and (2.34), we may obtain

L
1 1
T HX) =5 Y H(Xy) (2.35)
0,2
>L Z H(XU|S{L>>SZ;L1)_'_H§:H(S@)_nm @ (236)
— (5 m — — ’
m UEQ(Lm) a=1 a=1
for any m = 1,..., L. In particular, let m = L, and we have
L n L L o(n)
1 1 H(Xy|Sy, ..., St) H(S,) 0o
T2 X2y 2 3 ) TN
=1 L) yeql® a=1 a=1
L L <(n)
H(S,) 0o
> _ e 2.37
B nazz:l « na:l @ ( )



Substituting (2.27) into (2.37) and dividing both sides of the inequality by n, we

have
L L L (n)
H(S.) 8¢
> — —_ .
DRtz . (2.38)

=1 a=1 a=1

SIS

Finally, letting n — oo and € — 0 completes the proof of (2.26), i.e., superposition
coding can achieve the minimum sum rate for the general SMDC problem.
To prove that superposition coding can in fact achieve the entire admissible rate

region, Yeung and Zhang [5] proved the following key subset entropy inequality.

Theorem 2 (A subset entropy inequality of Yeung and Zhang [5]). For any X €

(RH)E, there exists a function cy : 29 \ ) — R* such that:

1) foreach o =1,..., L, & = {ex(U) : U € 8} is an optimal solution to the

linear program (2.19); and

2) for each a=2,... L,

Y a(MHXy) = > aU)H(Xy) (2.39)

Vet Uen(®
for any collection of L jointly distributed random variables (Xy, ..., Xp).

[teratively applying (2.32) and (2.39), we may obtain

Y aWHWV)> Y aU)H(XylSY, ..., Sp)+

veaV veal™
n Y faNH(Sa) =n Y fa(A)o (2.40)
a=1 a=1
for any m = 1,..., L. In particular, let m = L, and note that for a = 1 the optimal

16



solution to the linear program (2.19) is unique and is given by

CA({Z}) = )\l, Vi e Qp. (2.41)
We have
L
SNHX) > Y ea(U)H(XylSy, ..., Sp)+
=1 veat?
L L
n Y faAH(Sa) =1 fa(A)L (2.42)
a=1 5 a=1 .
>0  faNH(S2) =0 fa(N)5. (2.43)

Substituting (2.27) into (2.43) and dividing both sides of the inequality by n, we

have

SONR+) ST L VH(S) = 3 A5, (244)

1=1
Finally, letting n — oo and € — 0 completes the proof of (2.25), i.e., superposition

coding can achieve the entire admissible rate region for the general SMDC problem.
2.2 Minimum Sum Rate Via A Sliding-window Subset Entropy Inequality

In this section, we prove a new sliding-window subset entropy inequality and then
use it to provide an alternative proof of the optimality of superposition coding for

achieving the minimum sum rate.
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2.2.1 A Shiding-window Subset Entropy Inequality

For any integer [ let

Imod L, iflmod L #0
() :== (2.45)
L, if il mod L =0

and forany [ =1,...,Land a=1,...,L let
W = {1, +1),..., +a—1)} (2.46)

As illustrated in Figure 2.2, W'l(a) represents a sliding window of length « starting
with [ when the integers 1, ..., L are circularly placed (clockwise or counter clockwise)
based on their natural order. We have the following sliding-window subset entropy

inequality:.

Theorem 3 (A sliding-window subset entropy inequality). For any collection of L

jointly distributed random variables (Xi,. .., Xy), we have
L H(X 1) H(X, )
Wl Wl
_ > _ 2.47
; a—1 - ; @ ( )

foranya=2,..., L. The equalities hold when X1, ..., X are mutually independent

of each other.
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Figure 2.2: An illustration of the sliding windows of length a when the integers
1,..., L are circularly placed (clockwise) based on their natural order.

Proof. Consider a proof via an induction on «. First, for a = 2 we have

] =

> H(X,0) H(X)) (2.48)

=1 =1

H(X)) + H(Xq41))

I
M) =

2.49
2 5 (2.49)
L
H(X;, X41y)
> S AL AD) 2.50
> Z 5 (2.50)
L H(X, o)
- Z% (2.51)

N
Il
—

where (2.50) follows from the independence bound on entropy.

Next, assume that the inequality (2.47) holds for o = r for some r € {2,..., L —
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1}, ie.,

L H(X,,0-) H(X,,)
_ > — 2.52
Z r—1 - Z T (2.52)
=1 =1
We have
L 1L
Y H(X wo) = 5 > [H(XW;T)) + H(me)} (2.53)
=1 =1
1L
> 5 ; H(XWI(TH)) + H(XW<(;+11>))} (2.54)
= =
= = H X r+1 - H X r—1 2
5 ; ( Wi )+ 5 ; ( W<(z+1>)) (2.55)
1< 1<
= 5 ; H(X o) + 5 ; H(X o) (2.56)
> 1ZL:H(X )41 T_lzL:H(X ) (2.57)
Z 5 2 )+ 50— 2 W -
where (2.54) follows from the submodularity of entropy [14, Ch. 14.A]
H(XU) + H(XV) > H(XUUV) + H(XUm/) (2.58)

so UUV = W™ and UnV = WY, and

for U = W and V = W) i

(1+1)
(2.57) follows from the induction assumption (2.52). Moving the second term on the
right-hand side of (2.57) to the left and multiplying both sides by ?, we have

(7‘+1) (2.59)

We have thus proved that the inequality (2.47) also holds for oo = r + 1.
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Finally, note that when X, ..., X, are mutually independent, we have

S M =N H(X), Va=1....,L (2.60)
1=1 @ I=1
This completes the proof of Theorem 3. O

Note that for @« = L, the classical subset entropy inequality of Han (2.34) and
the sliding-window subset entropy inequality (2.47) are equivalent, and both can be

equivalently written as

L

-1 > H(Xopg) = H(Xa,). (2.61)

For a general «, the classical subset entropy inequality of Han (2.34) can be derived
from the sliding-window subset entropy inequality (2.47) via a simple permutation
argument as follows. Let m be a permutation on ;. For any [ = 1,..., L and
a=1,...,L, let

W = {a 7 ), 7 (L4 1), . (- 1)) (2.62)

s

By Theorem 3, we have

L L
1 1
o l_E 1 H(war,ofl)) > o IE_I H(XWTEQL)) (2.63)
for any o = 2,..., L. Averaging (2.63) over all possible permutations 7, we have

L
1 1 1 1
T2 T H(Xwﬁn)] > [a ; H(Xwﬁ))] . (2.64)

=1
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Note that for any a =1,..., L,

>N H(X ) =L al(L - o) > H(Xy). (2.65)

el
Substituting (2.65) into (2.64) and dividing both sides of the inequality by L establish
the classical subset entropy inequality of Han (2.34).
2.2.2  The Minimum Sum Rate

The sliding-window subset entropy inequality (2.47) can be used to provide an
alternative proof of the optimality of superposition coding for achieving the minimum

sum rate as follows. Let us first show that

I
] =

EL: H(X) =

=1 l

H(Xpm) (2.66)

I

1
H(X ST Sp)

3

(2.67)

vV
I
] =
3

N
Il
—
||

forany m=1,..., L.

Consider a proof via an induction on m. When m = 1, (2.67) can be written as

H(X)|S?) +nH(S)) — ns™ (2.68)

b* |

IIMh

L
ZXIZ

which can be obtained via a uniform averaging of (2.32) for a« = 2 and V' = {l} for

Il =1,...,L. Now assume that the inequality (2.67) holds for m = r — 1 for some
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L H(X ]St ..., 5" r—1 r—1 ¢(n)
1 1 Al S ERRRE RS H(S,) dor
— E H(X;) > — E L E - E — (2.
L =1 = L =1 r—1 +na:1 a na:l @ 209

LOH(X, 0|80, S ) e -1 ()
1 Wl() 1> y Ppr—1 H(Sa) 504
— — — 2.70
2 ; tn) e on) - (270

=1 a=1 a=1

where (2.70) follows from the sliding-window subset entropy inequality (2.47) with

a =r. Letting @ = r+ 1 and V = W,") in (2.32), we have
H(Xyo|ST,. . 8t) 2 H(X,o|ST, -, S+ nH (S,) — néf™. (2.71)

Substituting (2.71) into (2.70) gives

L L H(X,o|ST,..., 8" r o)
1 1 W() 1> »r H(Sa) 6a
— E H(X;) > — E L E — —_— 2.72
L =1 ( l) L =1 " _'_na:l a na:l « ( ! )

This completes the proof of the induction step and hence (2.67).

Now let m = L, and we have

L L H(X, w|Sr,. .., S0 L Lo
| | wl St ..., SE H(S.,) 50
“SNTH(X) >~ l - “(@
LIXZI: ( l)_le:; L _I—naZ::l a noc:l a ( 73)
L L o(n)
H(S,) 50
> — —. 2.74
_n; A Dh (2.74)

Substituting (2.27) into (2.74) and dividing both sides of the inequality by n, we

have
L L L (n)
1 H(S,) Oor
SN (Rr > -y .
LZ( H—E)—Z o o (2.75)

Finally, letting n — oo and € — 0 completes the proof of (2.26), i.e., superposition

coding can achieve the minimum sum rate for the general SMDC problem.
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Note that unlike the original proof of [3], which uses the classical subset entropy
inequality of Han [4] and hence involves all nonempty subsets U of ), our proof
relies on the sliding-window subset entropy inequality (2.47) and hence only involves
the subsets U of a sliding-window type, i.e., U = VVl(a) for some [ = 1,..., L and
a =1,..., L. Therefore, based on our proof, the converse result (2.26) remains to be
true even if we weaken the asymptotically perfect reconstruction requirement (2.4)

to

Pr{dy(Xp) # (S],....Sp)} <6, WU € {W}‘”) 1=1,.. Landa = 1,...,L}.
(2.76)
This is the definitive advantage of our proof over that based on the classical subset

entropy inequality of Han [4].
2.3 The Subset Entropy Inequality Of Yeung And Zhang Revisited

In this section, we revisit the subset entropy inequality of Yeung and Zhang (2.39),
which played a key in their proof [5] of the optimality of superposition coding for
achieving the entire admissible rate region of the problem. As mentioned previously,
in [5] the subset entropy inequality (2.39) was proved by combining the classical
subset entropy inequality of Han [4] and a number of analysis results on the sequence
of linear programs (2.19). However, the inequality, as stated in Theorem 2, does not
even directly imply the classical subset entropy inequality of Han [4]. The reason
is that Theorem 2 merely asserts the existence of a set of optimal solutions c(;“),
a =1,..., L, that satisfies the subset entropy inequality (2.39), rather than providing
a sufficient condition for the inequality to hold. Below, we shall use a subset entropy

inequality recently proved by Madiman and Tetali [6] to summarize the analysis

results of [5] on the sequence of linear programs (2.19) into a succinct sufficient
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condition for the subset entropy inequality (2.39) to hold.
2.3.1 A Subset Entropy Inequality Of Madiman And Tetali

Consider a hypergraph (U, V) where U is a finite ground set and V is a collection

of subsets of U. An example is shown in Fig. 2.3.

o
7

U= {1,2737475767 7}
Y = {617621 €3, 64} — {{15 273}7 {273}7 {3’ 5’ 6}5 {4}}

Figure 2.3: An example of hypergraph representation of a set U and its collections
of subsets V. Here, the elements in U are vertices and the subsets are edges, each of
which is represented by distinct color. Two vertices are connected if they belong to
the same subset.
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A function g : V — R7 is called a fractional cover of (U, V) if it satisfies

Y g(V)>1, Viel. (2.77)
{Vev:Vai}

Theorem 4 (A subset entropy inequality of Madiman and Tetali [6]). Let (U, V) be

a hypergraph, and let g be a fractional cover of (U, V). Then

> 9(V)H(Xy) > H(Xy) (2.78)

for any collection of jointly distributed random variables Xy .

The proof of Theorem 4 can be found in Appendix A. The following corollary
provides a “chain” form of the subset entropy inequality (2.78). Let M be a positive
integer, and let ¥ be a finite ground set. Let 3(® be a collection of subsets of 3 for

each o = 1,..., M,. Assuming that ¥, o =1,..., M, are mutually exclusive, then
{2 =1,...,M} induces a collection of hypergraphs {(U,Vy) : U € UM ,x(@)1

where
Vo i={VexV.vCu}, vUex®. (2.79)

We shall term each subset V' € Vy a “child” of U. For convenience, we shall also

define
U ={Uex® . UDV}, VWexlD (2.80)

and term each subset U € Uy a “parent” of V.

Corollary 1. Let ¢ : UM %@ — R*. For any a = 2,..., M, if there exists a
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collection of functions {gy : U € L@} for which each gy is a fractional cover of

(U,Vu) and such that

(V)= Y gu(V)e(U), WV exe (2.81)
Uely
we have
Y VHXy)= > (U)H(Xy) (2.82)
vVex(e=—1) Uex(e)

for any collection of jointly distributed random variables Xs,.
Proof. Fix a € {2,...,M}. For any U € (@, gy is a fractional cover of (U, Vy). By

the subset entropy inequality of Madiman and Tetali (2.78), we have

> gw(V)H(Xy) > H(Xy), VU ez, (2.83)

Multiplying both sides of (2.83) by ¢(U) and summing over U € £(®, we have

S A HX) = Y U)H(X). (284)

Ues(e) Vevy Uex(e)

Note that

Z Z c(U)gu(V)H(Xy) = Z (Z gU(V)C(U)> H(Xy) (2.85)

Uex(a) VeVy venla—1) \Uecly
= Z (V)H(Xy) (2.86)
Vex(a=1)

where (2.86) follows (2.81). Substituting (2.86) into (2.84) completes the proof of

the corollary. O

27



2.3.2  Connections To The Subset Entropy Inequalities Of Han And Yeung—Zhang

Specifying ¥ = Qp, M = L, and £ = Qf) for a =1,..., L, the subset entropy
inequality of Madiman and Tetali can be used to provide a unifying proof for both
the subset entropy inequality of Han and the subset entropy inequality of Yeung and
Zhang. Note that the choice {X(®) = Q(La) c o = 1,...,L} is reqular in that each
subset U € Q) has exactly « children in 2%, and each subset V € Q" has
exactly L — (a — 1) parents in Q).

To see how the subset entropy inequality of Madiman and Tetali (2.78) implies

the subset entropy inequality of Han (2.34), let

1
c(U) = , VU e Q(La) anda=1,...,L (2.87)

and

1 o
gu(V) = ——. vUeQ® Vev, anda=2,... L. (2.88)

For any a = 2,...,L andUEQ(La),

C H{VeVvy:Vail|l a-1_ ,
> (V) = " ——— =1 VieU (2.89)
{(Vevy:Vai}
so gy is a uniform fractional cover of (U,Vy). Furthermore, for any o = 2,... L

and V € Q" we have

c _ |Z/{V| :L—(Oé—l): 1 — ‘ ‘
2 S e T e el @y~ G

Substituting (2.87) into (2.82) immediately gives the subset entropy inequality of
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Han (2.34).

To see how the subset entropy inequality of Madiman and Tetali (2.78) implies
the subset entropy inequality of Yeung and Zhang (2.39), we shall need the following
result, which is a synthesis of the analytical results on the sequence of linear programs
(2.19) established in [5]. (For completeness, a sketched proof based on the results
of [5] is included in Appendix B.)

Theorem 5 (A linear programing result of Yeung and Zhang [5]). For any A €

(RO, any o = 2,...,L, and any c(;” which is an optimal solution to the linear

program (2.19) with the optimal value f,(X) > 0, there exists a collection of functions
{gv : U € Q(La)} for which each gy is a fractional cover of (U, Vy) and such that
AV = {ex(V) : Ve VY where

(V)= Y gur(V)ea(U) (2.91)

Uely

is an optimal solution to the linear program (2.19) with o replaced by o — 1.

Now fix A € (R*)L, and consider the following construction of ¢y = Uﬁzlc&a).

For a« = L, choose C&L) to be an arbitrary optimal solution to the linear program

(2.19). Fora=1,...,L — 1, construct c(;” iteratively as follows. Suppose that c(f)

is already in place for some o = 2,..., L such that c(}\a) is an optimal solution to the

linear program (2.19). If the optimal value f,(X) > 0, construct c(;“” according to
(2.81) so c(;“” is an optimal solution to the linear program (2.19) with « replaced by
a—1. Moreover, by Corollary 1 cg\a_l) and c(}\a) satisfy the subset entropy inequality of
Yeung and Zhang (2.39). If, on the other hand, f,(A) = 0, we have cx(U) = 0 for all
U e Q(La). In this case, choose c(;“‘” to be an arbitrary optimal solution to the linear
program (2.19) with « replaced by oo — 1, and cg\a_l) and c(}\a) will trivially satisfy the

subset entropy inequality of Yeung and Zhang (2.39). We have thus constructed for
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any A € (RT)E a sequence of c()\a), a =1,...,L, such that each c(f‘) is an optimal
solution to the linear program (2.19), and the subset entropy inequality of Yeung
and Zhang (2.39) holds for each « =2,..., L.

We mention here that even though both the subset entropy inequality of Han
and the subset entropy inequality of Yeung and Zhang can be directly established
from the subset entropy inequality of Madiman and Tetali, this is not the case for
the sliding-window subset entropy inequality (2.47) except for &« = 2 and L. This
can be seen as follows.

Let S =Q,, M =L, and 2@ = (W : 1 =1,... L} fora = 1,..., L. Note
that for any a = 1,..., L — 1, each sliding window I/Vl(a) represents a different subset
for different [. (For o« = L, all sliding windows W'Z(L), [ =1,...,L, represent the
same subset 7.) Furthermore, for any o = 2,..., L — 1 each sliding window I/Vl(a)
has only two children: VVl(a_l) and W<(zi_1>l ). and each sliding window VVl(a_l) has only
two parents: W'l(a) and W<(l°i)1>. Now consider the elements [ and (I + a — 1) from
I/Vl(a). Note that among the two children VVl(a_l) and W<(zi_1>l ) of VVZ(O‘), [ belongs only

to W'l(a_l), and (I + a — 1) belong only to Wﬁ_l)l) Thus, any fractional cover g, ()
!

of the hypergrap , oW must satisfy
f the h h (W (WD wiy t satisf

gy W) 21 and g (WiT) = 1. (2.92)

Now let c(VVl(a)) =1/aforalll=1,...,Land a=1,...,L — 1. We have

1

a—1

= (W) (2.93)

a—1 @ a—1 a 2
ng<a>(Wz( De(w) + 9w, L ))C(W<(l )1>) > = >

)

for any o > 2. We thus conclude that for any 2 < a < L, the sliding-window

subset entropy inequality (2.47) cannot be directly inferred from the subset entropy
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inequality of Madiman and Tetali.
2.3.83 A Conditional Subset Entropy Inequality Of Yeung and Zhang

We conclude this section by providing a conditional extension of the subset en-
tropy inequality of Yeung and Zhang, which will play a key role in proving the
optimality of superposition coding for achieving the entire admissible rate region of
the general S-SMDC problem. We shall start with the following generalization of
Corollary 1.

Let ¥ be a finite ground set, and let (), o = 1,..., M, be a collection of
subsets of ¥. As before, we shall assume that the collections (%, o =1,..., M, are
mutually exclusive, so {2 : o =1,..., M} induces a hypergraph (U, Vy) for every
U e UM, %@ For each U € M) let Ay be a collection of subsets of ¥, and let
AM) =LAy U € XM} For a = 1,...,M — 1, define A := {Ay : U € ¥}
iteratively as follows. Suppose that A is already in place for some ov = 2, ..., M.

Let A@D = {Ay:V € XD} where
.AV = UUEZ/{VAU~ (294)

Proposition 1. For each U € UM 3@ et s(U,-) : Ay — RT. For any a =
2,..., M, if there exists a collection of functions {gy : U € X} for which each gy

is a fractional cover of (U, Vy) and such that

s(V,A = > gu(V)s(UA), vWesVandAe Ay (2.95)
{Uely:Ay>A}
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we have

> s H(Xy|Xa) > Y > s H(Xy|Xa) (2.96)

Vex(a—1) AcAy Uex(a) Ae Ay
for any collection of jointly distributed random variables Xsy.

Proof. Fix a € {2,...,M}. For any U € (@ gy is a fractional cover of (U, Vy). By

the subset entropy inequality of Madiman and Tetali (2.78), we have

> gu(V)H(Xv|Xa) > H(Xy|X4), VU €X® and A € Ay. (2.97)
Vevy

Multiplying both sides of (2.97) by s(U, A) and summing over A € Ay and U € X(®),

we have

SN s A (VHXIXA) > > Y s(UA)H(Xy|Xa). (2.98)

Uex(e) Ac Ay VeVy Uex(a) Ac Ay

Note that

SN Y s(U Ao (V) H(Xy|Xa)

Uex(a) AcAy VeV

= > > > s(U A (V)H(Xv|Xa) (2.99)

Uex(e) VeVvy Ae Ay

= > D D sUAgu(V)H(Xv|Xa) (2.100)

vex(a—1) Uely AcAy

- Z Z Z s(U, A)gu(V) | H(Xv|X4) (2.101)

vex(a—1) Ac Ay \{Uely:Ay>A}

= > D s(V,AH(Xy|X,) (2.102)

Vex(a—1) Ac Ay

where (2.102) follows from (2.95). Substituting (2.102) into (2.98) completes the
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proof of the proposition. O

Theorem 6 (A conditional subset entropy inequality of Yeung and Zhang). For any
A€ (RO and N =0,...,L—1, there exists for each U € UXZNO) 4 collection of

subsets Ay of Qp, such that:
|Al=N and ANU=0, VAec Ay (2.103)

and a function sx(U,-) : Ay — RY such that:

1) foreacha=1,....L—N, & = {ex(U) : U € O} where

ex(U) =Y sA(U, A) (2.104)

AcAy
is an optimal solution to the linear program (2.19); and

2) for eacha=2,...,L— N,

> s H(Xy|Xa) > Y D s( H(Xy|Xa)  (2.105)

VEQ(a 1) Ac Ay UEQ(Q) AcAy

for any collection of L jointly distributed random variables (Xy, ..., Xp).

Proof. Fix A € (R")l and N € {0,...,L — 1}, and let ¥ = Q;, M = L — N, and
»@ = QS-JO‘) fora =1,...,L — N. Consider the following construction of A and
s = {s(U,): U™}, a=1,...,L—N.

Fora =L~ N, let AN = {Ay; : U € Q(LL_N)} where Ay = {Q \ U}, ie.,
each Ay contains a single subset A = Qp \ U of size |[A] = L — (L — N) = N and

such that ANU = (). Furthermore, let C&L_N) ={cA(U):U € Q(LL_N)} be an optimal
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solution to the linear program (2.19) for « = L — N, and let
o (L=N)
SA(U,QL\U) = CA(U), VUEQL . (2.106)

Since by construction each Ay, U € Q(LL_N), contains a single subset A = Qp \ U,

we trivially have

37 AU A) = ex(U), WU € Q. (2.107)
AcAy
Fora =1,...,L — N — 1, let us construct A® and s&a) iteratively as follows.

Suppose that A and s(;” are already in place for some o« = 2,..., L — N such that
|Al = N and ANU = 0 for any U € 0 and A € Ay, and i) = {eA(U) : U € Q1)
where ¢ (U) is given by (2.104) is an optimal solution to the linear program (2.19).
First, construct A©~Y according to (2.94). Based on this construction, for any
Ve Q(La_l) and A € Ay we have A € Ay for some U € Uy C Q(La). Therefore, by

the induction assumption we must have |A| = N and

ANV CANU =10 (2.108)

(a—1

for any V € Q(La_l) and A € Ay. Next, construct sy ) as follows. If the optimal
value fo(AX) > 0, by Theorem 5 there exists a collection of functions {gy : U € Q(LO‘)}
for which each gy is a fractional cover of (U, V) and such that cg\a_l) ={ca(V):V e
Q(La_l)} where ¢y (V) is given by (2.91) is an optimal solution to the linear program

(2.19) with « replaced by a — 1. In this case, let s(f_l) ={sx(V,-): V € Q(La_l)}
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where

SV, A) = 3 gu(V)sa(U, A). (2.109)
{(Uely Ay A}

Thus, for each V € Q" we have

S A= | Y awV)s.A) (2.110)

AeAy AcAy [{Uelly:Ay>A}
=Y (V)| D (U, 4) (2.111)
Uely Ac Ay
= 3 ge(V)ea(®) 2.112)
Uely
—ex(V) (2.113)

(a—1

Furthermore, by Proposition 1 s) ) and s&a)

satisfy the subset entropy inequality
(2.105). If, on the other hand, f,(A) = 0, we have sx(U, A) =0 for all U € Qf) and
A € Ay. In this case, choose an arbitrary s\ " such that ¢ " = {cx(V) : V €

QD1 where

ex(V) = > sa(V, A) (2.114)

AcAy

is an optimal solution to the linear program (2.19) with « being replaced by a — 1,
and s()\a_l) and s(;”) will trivially satisfy the subset entropy inequality (2.105).

We have thus constructed for any A € (RT)X and N = 0,...,L — 1, a sequence
of A and c(;“’, a=1,...,L — N, such that all conditions of Theorem 6 are met

simultaneously. This completes the proof of the theorem. O
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3. SYMMETRICAL MULTILEVEL DIVERSITY CODING WITH AN
ALL-ACCESS ENCODER

3.1 Problem Statement

As illustrated in Figure 3.1, the problem of SMDC-A consists of:

e a total of L independent discrete memoryless sources {S,[t]}2,, where o =

1,...,L and t is the time index;
e aset of L + 1 encoders (encoder 0 to L);

e a decoder who has access to a subset {0} U U of the encoder outputs for some

nonempty U C Q.

The realization of U is unknown a priori at the encoders. However, no matter which
U actually materializes, the decoder needs to nearly perfectly reconstruct the sources
(S1,...,58,) whenever |U| > a.

Formally, an (n, (Mg, My, ..., Mp)) code is defined by a collection of L + 1 en-

coding functions
L
er: [[Sp—4L....M}, Vi=0,1,... L (3.1)
a=1

and 2¥ — 1 decoding functions

U]
dy {1, Mo} x J[{L..... M} = [[Si. VU CQust.U#0. (3.2)
leUu a=1
A nonnegative rate tuple (R, Ry, ..., Ry) is said to be admissible if for every e > 0,

there exits, for sufficiently large block length n, an (n, (M, My, ..., M)) code such
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Ry

\

—> Encoder 0

Ry

Encoder 1

Sources Ry
(ST,...,87) Encoder 2

Decoder  — (ST,..., Af’m)

Ry

Encoder L

Figure 3.1: SMDC with an all-access encoder 0 and L randomly accessible encoders
1 to L. A total of L independent discrete memoryless sources (S, ...,S.) are to be
encoded at the encoders. The decoder, which has access to encoder 0 and a subset U
of the randomly accessible encoders, needs to nearly perfectly reconstruct the sources
(S1,-..,Sy)) no matter what the realization of U is.

that:

e (Rate constraints at the encoders)

1
—log M; < R, + ¢, vi=0,1,...,L; (3.3)
n

e (Asymptotically perfect reconstructions at the decoder)
Pr {dU(X{O}UU) 7& (S{L, ceey ﬁj‘)} S €, YU Q QL s.t. U 7é @ (34)

where S7 = {S,[t]}7_, Xi == e(S},...,S}) is the output of encoder [, and

X{O}UU = {Xl e {0} U U}

The admissible rate region R is the collection of all admissible rate tuples (Ry, Ry, ..., Rp).
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3.2 Superposition Coding Rate Region

Similar to classical SMDC, a natural strategy for SMDC-A is superposition cod-
ing, i.e., to encode the sources separately at the encoders and there is no coding
across different sources. Formally, the problem of encoding a single source S, can be
viewed as a special case of the general problem where the sources .S,, are deterministic
for all m # «. In this case, the source S, needs to be nearly perfectly reconstructed
whenever the decoder can access at least o randomly accessible encoders in addition
to the all-access encoder 0. The following scheme is a natural extension of the simple

source-channel separation scheme considered previously for classical SMDC:

e First compress the source sequence S into a source message W, using a lossless
source code. It is well known [8, Ch. 5] that the rate of the source message W,
can be made arbitrarily close to the entropy rate H(S,) for sufficiently large

block length n.

e Next, divide the source message W, into two independent sub-messages W

and Wo(él) so we have
H(W,) = HWO) + HWM). (3.5)

The sub-message WL is stored at the all-access encoder 0 without any coding,

which requires

1
Ry > —H(WY). (3.6)

3

The sub-message Wi is encoded by the randomly accessible encoders 1 to L

using a mazimum distance separable code [9]. Clearly, the sub-message wi
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can be perfectly recovered at the decoder whenever

1
SR> -HWY), vUe (3.7)

1eU "
for sufficiently large block length n. Eliminating H (Wo(lo)) and H (Wél)) from
(3.5)—(3.7), we conclude that the source message W, can be perfectly recovered

at the decoder whenever

1 a
Ry+> Ry > SH(W.), WU € Q') (3.8)

leu
Combining the above two steps, we conclude that the rate region that can be
achieved by the above source-channel separation scheme is given by the collection of

all nonnegative rate tuples (R, Ry, ..., Ry ) satisfying

Ro+Y Ry >H(S.), VUeQ. (3.9)

leU
Following the same footsteps as those for classical SMDC [1,2], it is straightforward
to show that the above rate region is in fact the admissible rate region for encoding
the single source S,. By definition, the superposition coding rate region R, for

SMDC-A is given by the collection of all nonnegative rate tuples (Ro, Ry, ..., Ry)

such that
L
Rpi=Y (3.10)
a=1
for some nonnegative rl(a), a=1,....,.Land [ =0,1,..., L, satisfying

s+ 3 > H(S,), YU e Q. (3.11)
leUu
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Similar to classical SMDC, the superposition coding rate region Rs,, for SMDC-
A is a polyhedron with polyhedral cone being the nonnegative orthant in RX*! and

hence can be completely characterized by the supporting hyperplanes

L
D ONRIZ f(A0A), VAo >0and A= (A,..., \) € (RM)* (3.12)
=0
where
L
FOo,A) = min > AR (3.13)

min ZIL:O <Z§:1 Alrla))
= subject to r(()a) + > eu rl(a) > H(S,), YU € Q(La) and a = 1,.(3,18)
r>0, Ya=1,...,Landl=0,... L.

Clearly, the above optimization problem can be separated into the following L sub-

optimization problems:
L

FQo,A) =Y fr(h A) (3.15)
a=1
where
min Zleo )\lrl(a)
fohosA) = subject to (M + Y ieu r > H(S,), VYU e (3.16)

r®>0 VI=0,...,L

max (ZUEQ(LQ) CAO,A(U)> H(Sa)
_ subject to ZUEQ?) o (U) < o (3.17)
Z{UEQ(LQ):Ual} aaU) <N, Vi=1,....L

con(U) >0, VU e Q.
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Here, (3.17) follows from the strong duality for linear programs. For any A\g > 0,

Ae (RN and a=1,...,L, let

max ZUGQ(L@ o (U)

subject to o Con(U) <A
FaDos A) 1= Yvea oalll) < o .
Z{UEQ(LO‘):UBI} oexU) <N, Vi=1,...,L

o) >0, YU e Q™.

We have f! (Ao, A) = fa(Xo, XN)H(S,) and hence

FO0A) =D falXo, N H(S.) (3.19)

for any A\g > 0 and A € (RT)L.

Note that in the optimization problem (3.18), if the constraint ZUEQ(Q) on(U)
L

IN

Ao is inactive, it can be removed from the program. In this case the optimal value
fa(Xo, A) = fo(N), where f, () is the optimal value of the linear program (2.19). On
the other hand, if the constraint ) el caon(U) < Ag is active, the optimal value

fa(Ao, A) = Ap. Combing these two cases, we have
faAo, A) = min(fo(N), Ng), Va=1,..., L. (3.20)

Substituting (3.19) and (3.20) into (3.12), we conclude that the superposition coding
rate region Ry, for SMDC with an all-access encoder is given by the collection of

all nonnegative rate tuples (Ro, Ry, ..., Ry) satisfying

L L
> NR =D min(fa(A), M) H(S.), VAo > 0and X € (RN)". (3.21)
=0 a=1
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As mentioned previously, the superposition coding rate region Rs,, is a poly-
hedron, so among all Ay > 0 and A € (R™)%, most of the inequalities in (3.21)
are redundant. Identifying those which define the faces of the superposition coding
rate region R, appears to be very difficult. Note, however, that for any given
(Ro, Ry, ..., Ry) € (RT)EH and X € (RT)E, the left-hand side of (3.21) is a linear,
nondecreasing function of A\, and the right-hand side of (3.21) is a piecewise linear,
nondecreasing, and concave function of Ag. Thus, the left-hand side of (3.21) will
dominate the right-hand side for every Ay > 0 if and only if it dominates the right-
hand side at its boundary points A\g = f,,(A), m = 1,..., L, between the adjacent

line segments. See Figure 3.2 for an illustration.

The left-hand side

The right-hand side

NAEVTAY f2(0) AN N

Figure 3.2: The left-hand and right-hand sides of (3.21) as a function of Ay for a
fixed (Ro, Ry, ..., Rr) € (RT)ET and A € (RT)%.

Formally, we have the following proposition, which plays a key role next in proving
the optimality of superposition coding for achieving the entire admissible rate region

of SMDC-A.
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Proposition 2. The superposition coding rate region Ry, for SMDC-A is given by

the collection of all nonnegative rate tuples (Ro, Ry, ..., Ry) satisfying

fu(N)Ro+ > AR
> > min(fa(N), fin(X)H(S0) (3.22)
= fm(N) iH(Sa) + Y faNH(Sa), VYm=1,.... Land € (R")" (3.23)

where f,(A) is the optimal value of the linear program (2.19).

Proof. Let us first recall the following results from [5]: for any A € (RT)L we have

filA) = f2(A) = = fr(A) = 0. (3.24)

It follows that
;min(fa(k), fm(N)H (Sa) = g fm(NH(Sa) + a:imﬂ fa(MH(Sa)  (3.29)
= fmn(A) Z:H(Sa) + ilfa(A)H(Sa). (3.26)

It remains to show that for any given A € (RT)L, the set of inequalities (3.21) over
all \p > 0 is dominated by that over A\g = f,(A) for m =1,..., L.

Fix A € (RT)%, and consider the following three cases separately.

Case 1: Ao > f1(A). By (3.24), we have Ay > f,(A) and hence min(f,(A), \g) =

fa(A) for any o =1,..., L. For m = 1, the inequality (3.23) can be written as

FiAN) Ry + Z ANERp > Z fa(A)H(Sa) (3.27)
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which implies that

NoRo + ) AR = fil)Ro + ) MR, (3.28)
> > fa(AH(S.) (3.29)
- Z min(fa(A), Ao)H (Sq) (3.30)

for any \g > f1(N).
Case 2: 0 < A\g < fr(A). By (3.24), we have A\g < fo(A) and hence min(f, (), Ag) =

Ao for any o =1,..., L. For m = L, the inequality (3.23) can be written as

JL(\)Ro + i MR > fr(A) i H(S.) (3.31)
= =
which implies that
XoRo + g MR > fLA(OA) ( LN Ry + gwl> (3.32)
> <fL<A> Z H(S@) (3.33)
= X i H(S,) (3.34)
= CYZ:min(foé()\), Xo)H (Sa) (3.35)

for any 0 < \g < fL(A).

Case 3: fr11(A) < Ao < fr(A) for some r = 1,..., L — 1. By (3.24), we have
Ao < fao(A) and hence min(fo(A), Ag) = Ao for @« = 1,... 7, and A\g > f,(A) and
hence min(fo(A), o) = fa(A) for « = r+1,...,L. For m = r and r 4+ 1, the
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inequality (3.23) can be written as

L T L
fr()‘)RO + Z )\IRI 2 fr(A) Z H(Sa) + Z fa(A)H(Sa)
=1 a=1 a=r—+1
and
L r+1 L
Fert By + > NR = fra(N) Y CH(Sa) + Y falNH(S,)
=1 a=1 a=r—+2
respectively, which together imply that
- Ao — fry1(A) -
_ — Jrt
ot £ QA= T P 2 AlRl) .
ff()‘) — Ao -
[XES AN fre1(A) Ro + ; )\sz>
)\0 - fr-i—l(A) - :
TV syl CA g H(S,) + ; Fa(A)VH (S,
- r+1 L
P20 (0l + S

fr(A) - fr-i—l ()‘)

a=r+2

=X Y H(Sa)+ D fa(NH(S,)

a=r+1

= Z min( fo (), Ao)H(Sa)

for any fr1(A) < Ao < f,(N).

Combining these three cases completes the proof of the proposition.

3.3  Optimality Of Superposition Coding

(3.36)

(3.37)

)+

(Sa)>

(3.38)

The main result of this section is that superposition coding remains optimal in

terms of achieving the entire admissible rate region for SMDC-A, as summarized in
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the following theorem.

Theorem 7. For the general SMDC-A problem, the admissible rate region

R = Reup- (3.39)

Proof. Based on the discussions from Section 3.2, we naturally have R, € R. Thus,
to show Ry, = R we only need to show that R C Rs,,. In light of Proposition 2,

it is sufficient to show that any admissible rate tuple (Ry, Ry, ..., Ry) must satisfy

FaN)Ro+ > MR > fn(N)Y H(Sa) + D falNH(S) (3.40)

for all m=1,...,L and X € (R")~.

Let (Ro, Ry, ..., Rr) be an admissible rate tuple. By definition, for any sufficiently
large block-length n there exists an (n, (Mg, My, ..., My)) code satisfying the rate
constraints (3.3) for the admissible rate tuple (Ry, Ry, . .., Ry ) and the asymptotically
perfect reconstruction requirement (3.4). Fix A € (R™)%, and let {c(;”) ca=1,...,L}
be a set of optimal solutions that satisfies the subset entropy inequality of Yeung
and Zhang (2.39).

Note that for o = 1, the optimal solution for the linear program (2.19) is unique
and is given by

CA({Z}) = )\l, VI = 1, ey L. (341)
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We thus have for any m =1,..., L

n <fm(}\)R0 + Z )\lRl)

=1

= f(MnRy + é ex({IHnR, (3.42)

> fim(A)(H(Xo) — ne) + é ax({1})(H(X1) — ne) (3.43)

= fm(NH(Xo) + gc«{l})m&) = n(fi(A) + fn(X))e (3.44)

> fi(A)H(Xo) + 2; | AU H(Xv) = n(fi(A) + fm(A)e  (3.45)

veal™

= 2; | ex(U)(H (Xo) + H(Xy)) = n(fi(X) + fin(X))e (3.46)
veal™

> 2; | ex(U)H (Xo, Xu) = n(fi(A) + fmn(N))e (3.47)
veal™

where (3.43) follows from the rate constraint (3.3), (3.44) and (3.46) are due to the

fact that cg\l) and c(;”) are optimal so we have

L
Yool =fA() and Y a(U) = fu(N) (3.48)
=1 veal™

(3.45) follows from the subset entropy inequality of Yeurng and Zhang (2.39) so we

have

S a{HX) = S en(U)H(Xy) (3.49)

veal™
and (3.47) follows from the independence bound on entropy.

For any U € Q(Lm) and m = 1,..., L, by the asymptotically perfect reconstruction
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requirement (3.4) and the well-known Fano’s inequality we have

where 0 — 0 in the limit as n — oo and € — 0. By the chain rule for entropy,

H(Xo, Xv)
— H(XOaXU>S ). 7537,) - H(S?a e '7531|X0>XU) (351)

:nZH )+ H(Xo, Xy|S™,...,8") — H(ST,...,S" | X0, Xv) (3.53)
Z )+ H(Xo, Xp|St, ..., S") —ns®™ (3.54)
where (3.53) is due to the fact that Sy,..., S, are independent memoryless sources,

and (3.54) follows from (3.50). Substituting (3.54) into (3.47), we have

(fm R0+Z)\Rl)

=1

> Y o) (Q)H(Sa) T+ H(Xo, XulS7, ... S) - na,S?) —n(fi(N) + Fu(N)e

vea(™ a=1

(3.55)
=nfnN)YH(S) + Y exlU)H(Xo, Xp|ST, ..., S5)
n(Fm N5 + (FL(X) + fn(N))e). (3.56)
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Next, we show, via an induction on m, that for any m =1,..., L we have

> cA<U>H<Xo,XU|S?,..-,Sz>zn< > faNHS) - fa<A>6é">)-

(m) a=m+1 a=m+1
veQ;

(3.57)
First consider the base case with m = L. In this case, the inequality (3.57) is trivial

as the right-hand side of the inequality is zero. Next, assume that the inequality

(3.57) holds for m = for some | =2,..., L, i.e,

S ex(U)H(Xo, Xu|SP,.... 1) > n ( S fNHS) ~ fa<A>6g">>.

UGQ(Z) Oc=l+1 Oé:l"rl
(3.58)
For any U € Qg), we have
H(Xo, Xu|ST,.... S
= H(XOa XU|SILa SR Sln—l) - [(Slnv XOa XU|S{La SR Sln—l) (359)

= H(XOaXU|SILa - '>Sln—1) - H(S{L|S{L, - '>Sln—1) + H(Sln|X0aXUaS{la - ->Sln—1)

(3.60)
< H(Xo, Xu|S?, ... 8" ,) — H(SI|SP, ..., S ,) + H(SP| X0, Xu) (3.61)
< H(Xo, Xu|Sy, ... 8 )) — H(SP|SP, ..., S5 ) + 6™ (3.62)
= H(Xo, Xy|S?, ..., 8" ,) — nH(S) + 6™ (3.63)

where (3.61) follows from the fact that conditioning reduces entropy, (3.62) follows
the fact that

H(SMXo, Xu) < H(S}, ..., 5" X0, Xp) < nd™ (3.64)

and (3.63) follows from the fact that Sy, ..., Sy are independent memoryless sources.
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Multiplying both sides of the inequality (3.63) by cx(U) and summing over all U €

Qg), we have

Z C)\(U>H(X07 XU‘S{Lu ceey Sln—1>

vead
> Y a) (H(XO,XU\S?, ST + nH(S) — ms;")) (3.65)
vea
= Y AUV H(Xo, XulS7 ., 5) + 0 (AVH(S) = il ) (3.66)
vea
>n ( ST LNHS) - Y fa(A)ég"’> +n (AVH(S) = AN
(3.67)
= <Z FaNH(S2) = fa<A>6é">) (3.68)
a=l a=l

where (3.67) follows from the induction assumption (3.58). Finally, by the subset

entropy inequality of Yeung and Zhang (2.39) we have

> e)H(Xo, XulST, ., 88) = > ea(U)H (X, Xyl ST, ..., Sy) (3.69)

veal=Y veal

>n (Z fa(XN)H(Sa) — Zfa()‘)één)> .

(3.70)

This proves that the inequality (3.57) also holds for m = — 1 and hence completes
the proof of (3.57).

Substituting (3.57) into (3.56) and dividing both sides of the inequality by n, we
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have

fn)Ro+ Y MR > [N Y H(Sa) + D fa(NH(Sa)—
=1 a=1 a=m+1

<Z FaN)& + (fi(N) + fm(}‘))€> : (3.71)

Letting n — oo and € — 0, we have from (3.71) that

FaN)Ro+ Y MR > fn(N)Y H(Sa) + D falNH(S) (3.72)

for any admissible rate tuple (Ro, Ry, ..., Rr). This proves that R C R,,, and hence

completes the proof of the theorem. O

3.4 Rate Allocation At The All-access Encoder

In this section, we conclude our discussion on SMDC-A by focusing on a greedy
rate allocation policy at the all-access encoder. Based on our previous discussion
in Section 3.2, the output of the all-access encoder 0 consists of only uncoded in-
formation bits for the source messages Wi, ..., Wy. Hence, its storage efficiency is
the same for each of the information sources Si,...,Sr. On the other hand, for the
randomly accessible encoders 1 to L, S7 has the highest reconstruction requirement
and hence is the least efficient source to encode, and Sy, has the lowest reconstruction
requirement and hence is the most efficient source to encode. Therefore, intuitively,
the greedy policy that assigns the remaining rate budget of the all-access encoder 0
to the least efficient source should be optimal.

More specifically, suppose that the rate budget Ry of the all-access encoder 0
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satisfies

q—1 q
> H(S.) < Ro <y H(S.) (3.73)
a=1 a=1

for some ¢ = 1,..., L. The greedy policy stores the source messages W1y,..., W,_;

in their entireties (without any coding) at the all-access encoder 0, and the residual
rate budget Ry — .9~ H(S,) is then committed in full to the source message W,.

The residual source messages are W, with a residual rate

H(S,) - (RO - qz_: H(Sa)> — zq: H(S.) — R (3.74)

and Wiy, ..., Wy with respective rates H(Sy4+1),...,H(SL). The residual source

messages are encoded at the randomly accessible encoders using superposition cod-

/
sup

ing, and the corresponding rate region R, (Rp) is given by

R;UP(RQ) = {(Rl, el RL) - (R+)L : Z)\IRI > fq(A) (Zq: H(Sa) — Ro) -+

> faNH(S.), VAE(R+)L}.

a=q+1
(3.75)
Of course, when
L
Ry>> H(S,) (3.76)
a=1
all source messages W1, ..., Wy can be stored at the all-access encoder 0 (without

any coding), and there is no need to use the randomly access encoders 1 to L. In

this case, we have R’ (Ro) = (RT)~.

sup
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To show that the aforementioned greedy rate allocation policy at the all-access

encoder 0 is optimal, we need to show that R, (Ro) matches the Ro-slice of the

superposition coding rate region
Rouwp(Ro) == {(Ry,...,Ry) € (R")" : (Ro, Ry,...,RL) € Ryup} (3.77)

for all Ry > 0. By Proposition 2, for any Ry > 0 the Ry-slice of the superposition

coding rate region can be written as

Rsup(Ro) = {(Rl, ...,Rp) e (RM)E: Z)‘IRZ > mlaXL{gm()\)}, VA € (R*)L}

where

gm(A) = fin(N) (Z H(Sq) - Ro) + Y fa(NH(S) (3.79)

a=m+1

For any m =1,..., L — 1, it is straightforward to calculate that
Im+1(A) = gn(A) = (fmr1(A) = fm(N)) (Z H(Sa) — Ro) : (3.80)
a=1

By (3.24), frs1(A) = fm(X) < 0foranym =1,..., L—1and A € (RT)%Z. Thus, when
SV H(S,) < Ry < 320 H(S,) for some ¢ = 1,..., L, we have 3.7 H(S,) —
Ry > 0 and hence ¢,+1(A) — gm(A) <Oforallm=gq,...,L—1,and > 7" | H(S,) —

Ry < 0 and hence g,,11(A) — g(A) >0 for all m =1,...,¢ — 1. We conclude that
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in this case,

max {gn(N)} = 6,(N) = () (Z H(S@—RO) + 3 LNH(S,) (381)

a=q+1

for any A € (R™)* and hence Ryup(Ro) = RY,,(Ro). WhenRy > L H(S,), we

have > | H(S,) — Ry < 0 and hence ¢;11(A) —gm(X) > 0forallm=1,...,L—1.

In this case,

max {(\)} = 90() = (N (Z H(S,) - Ro> <0 @8

for any A € (RT)%, and we once again have R,,(Ro) = R.,,(Ro). We summarize

sup

the above results in the following theorem.

Theorem 8. Greedy rate allocation at the all-access encoder combined with super-
position coding at the randomly accessible encoders can achieve the entire admissible

rate region for the general SMDC-A problem.
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4. SECURE SYMMETRICAL MULTILEVEL DIVERSITY CODING

4.1 Problem Statement

Let L be a positive integer, and let N € {0,..., L—1}. Let {Si[t],...,Sc—n[t]}2;
be a collection of L — N independent discrete memoryless sources with time index ¢,
and let ST = (S,[1],...,84[n]) for a =1,...,L — N. As illustrated in Figure 4.1,
an (L, N) S-SMDC problem consists of a set of L encoders, a legitimate receiver who
has access to a subset U of the encoder outputs, and an eavesdropper who has access
to a subset A of the encoder outputs. Which subsets of the encoder outputs are
available at the legitimate receiver and the eavesdropper are unknown a priori at the
encoders. However, no matter which subsets U and A actually occur, the legitimate
receiver must be able to asymptotically perfectly reconstruct the sources (51, .. .,S)
whenever |U| > N + «, and all sources (S, ..., S,_n) must be kept perfectly secure
from the eavesdropper as long as |A| < N.

Formally, an (n,(Mi,..., My)) code is defined by a collection of L encoding
functions

L-N

a: [[SixK—{1,... .M}, Vi=1..1L (4.1)

a=1
and 32 " (%) decoding functions
U|-N

dy: [[{L..... M} = [ Si. VU CQust |U>N+1 (4.2)
a=1

leu

where K is the key space accessible to all L encoders. A nonnegative rate tuple
(Ry,...,Rp) is said to be admissible if for every e > 0, there exits, for sufficiently

large block length n, an (n, (M, ..., My)) code such that:
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Figure 4.1: S-SMDC with L randomly accessible encoders 1 to L. A total of L — N

independent discrete memoryless sources (Si,...,S,_n) are to be encoded at the
encoders. The legitimate receiver, which has access to a subset U of the encoder
outputs, needs to nearly perfectly reconstruct the sources (S, ..., Sjyj-n) whenever

|U| > N + 1. The eavesdropper has access to a subset A of the encoder ouputs.
All sources (S,...,S._n) need to be kept perfectly secret from the eavesdropper
whenever [A| < N.

e (Rate constraints)

1
ElongSRmLe, Vi=1,...,L; (4.3)

e (Asymptotically perfect reconstruction at the legitimate receiver)
Pr{dy(Xv) # (ST,...,Sjy-n)} <6 VU CQpst. [U >N +1 (4.4)

where X; := ¢;((S7,...,S}7_y), K) is the output of the ith encoder, and K is
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the secret key shared by all L encoders; and

o (Perfect secrecy at the eavesdropper)
H(SE, .. Sp_nlXa) = H(SP,...,Sp_y), VACQust |A[SN  (45)

i.e., observing the encoder outputs X, does not provide any information re-

garding to the sources (ST, ..., S7_y).

The admissible rate region R is the collection of all admissible rate tuples (Ry, ..., Ry).
4.2 Superposition Coding Rate Region

A simple strategy for S-SMDC is to encode each of the L — N sources separately
without coding across different sources. Formally, the problem of encoding a single
source S, can be viewed as a special case of the general S-SMDC problem with
H(S,,) = 0 for all m # a. When a = 1, the problem of encoding the single
source S is the well-known (L, N + 1) threshold secret sharing problem, for which
the admissible rate region was characterized in the classical works [10,11]. For the
general case with a > 1, the admissible rate region for encoding the single source
Sa was characterized in [7] via a connection to the problem of threshold ramp-type
secret sharing [12,13] and utilizing some basic polyhedral structure of the admissible

rate region. The result is summarized in the following proposition.

Proposition 3. Let R be the collection of all admissible rate tuples for encoding
the single source S,. Then, R(*) is given by the collection of all nonnegative tuples

(r .. ,réo‘)) such that

o7



By definition, the superposition coding rate region R,, for encoding the sources

S1,...,Sp_n is given by the collection of nonnegative rate tuples (Ry, ..., Ry) such
that
L—-N L—N
R, = Z rl(a), V(rl(l), e rl(L_N)) € H R, (4.7)
a=1 a=1

Note that R is identical to the admissible rate region for encoding the single source
S, in classical SMDC (even though the reconstruction and secrecy requirements are
different between these two settings). We thus conclude that the superposition coding
rate region R, for S-SMDC is given by the collection of nonnegative rate tuples

(Ry,..., Ry) satisfying

SR 2 S NH(SL), YA€ (RY) (45)

where f,(A) is the optimal value of the linear program (2.19).
4.3  Optimality Of Superposition Coding

In [7], it was shown that superposition coding can achieve the minimum sum rate
for the general S-SMDC problem. The proof was based on the trivial conditional
version of the subset entropy inequality of Han. The main result of this section is to
show that superposition coding can, in fact, achieve the entire admissible region for
the general S-SMDC problem. Our main technical tool is the conditional extension

of the subset entropy inequality of Yeung and Zhang proved in Theorem 6.

Theorem 9. For the general S-SMDC' problem, the admissible rate region
R = Raup. (4.9)

Proof. Based on the discussions from Section 4.2, we naturally have R,,, C R. Thus,
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to show Ry, = R we only need to show that R C Ry, i.e., any admissible rate
tuple (Ry,..., Rr) must satisfy (4.8).

Let (Ry,...,Rr) be an admissible rate tuple. By definition, for any sufficiently
large block-length n there exists an (n, (M, ..., My)) code satisfying the rate con-
straints (4.3) for the admissible rate tuple (Ry,..., Ry), the asymptotically perfect
reconstruction requirement (4.4), and the perfect secrecy requirement (4.5). Fix
A € (RT)E and choose A and s(}\a), a=1,...,L — N, to satisfy all the require-
ment of Theorem 6.

First, let us show that

H(Xy|S®,...,8" |, X4) >nH(Sy) —nd'™ + H(Xy|ST,...,S" X4)  (4.10)

y Ma—1»

for any U € Q(La), A€ Ay, and a = 1,...,L — N, where 6%) — 0 in the limit as
n — oo and € — 0.

Fix U € Q(LO‘), A€ Ay,and a =1,..., L— N. By construction |U| = «, |A| = N,
and ANU = 0, so we have [U U A| = |U|+ |A] = N + a. By the asymptotically
perfect reconstruction requirement (4.4) and the well-known Fano’s inequality, we

have

H(S™, ..., 5" Xy, X4) < né® (4.11)

where 6 — 0 in the limit as n — oo and € — 0. Furthermore, by the perfect

secrecy requirement (4.5) we have

H(SP,...,S"X4) = H(ST,...,SY). (4.12)
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We thus have

H(XU|S{La SRR Sn—h XA) + n(sv(za)

«

> H(Xy|SP,...,S" | Xa) + H(ST, ..., 5" Xy, X.) (4.13)
> H(Xy|SP, ..., S" |, Xa)+ H(S™ISP, ..., S" |, Xy, X4) (4.14)
= H(Xy, SPISr, ..., 8" 1, X4) (4.15)
= H(S™SI, ..., 8P, Xa)+ H(Xy|S?, ..., 8" X4) (4.16)

= H(ST,...,S"|XA)— H(SP, ..., S" | Xa)+ H(Xy|Sr, ..., 8" X4) (4.17)

= H(SP,...,S") — H(S",...,S" | X4) + H(Xy|SP, ..., 8", Xa)  (4.18)

) (o'}

> H(ST,...,S") — H(S",...,S" )+ H(Xu|ST, ..., 8" X4) (4.19)
— H(S"|SP,...,S") + H(Xy|ST, ..., S" Xa) (4.20)
— H(S™) + H(Xy|ST, ..., 8" X4) (4.21)
— nH(S,) + H(Xy|S", ..., ", X.) (4.22)

where (4.13) follows from (4.11), (4.18) follows from (4.12), (4.19) follows from the
fact that conditioning reduces entropy, (4.21) follows from the fact that the sources
Si,..., 5, are mutually independent, and (4.22) follows from the fact that the source

S, is memoryless. Moving n6\™ to the right-hand side of the inequality completes

the proof of (4.10).
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Next, let us we show that

Y saU A)H(Xy|Xy)

veqV) A€y

Zana(A)H(Sa>_ana( @ + Z Z SA UA XU|S ""STT;“ )

vea(m ASAU

(4.23)

forany m=1,...,L — N.

Consider a proof via an induction on m. First consider the base case with m = 1.

We have

> ) sa(U A)H(Xy|X )

UEQ(l) AGA( )

> Y > saUA) [nH(S)) = né) + H(Xy|ST, Xa)] (4.24)
veall) ACAU)

= nfiltANH(S) = nfiA)) + > D sa (U A)H(Xy|ST, Xa)  (4.25)

vea() A€Ay

where (4.24) follows from (4.10) with o = 1.

Next, assume that the inequality (4.23) holds for m = k — 1 for some k =
2,...,L—N,ie.,

DY U AH(Xy|Xa)

UGQ(l) AeAy

k—1 k—1
> ana(A)H(Sa> - ana( (e) + Z Z SA U A XU|517 ’751?—17XA)'
a=1 a=1

veq(—1 A€Ay

(4.26)
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We have

S Y saUAHXyISY, ... Siy, Xa)

Ueqtb A€y

> > > s(UAHXy|SY, ... iy, Xa) (4.27)
UEQ(k) AeAy
> Y > si(UA) [nH(S) —ndl) + H(Xy|ST,. .., Sy, Xa)] (4.28)
UEQ(Lk) AeAy
> nfeNH(S) = nfiN6P + Y > sk (U, A)H(Xy|ST, ..., Sy Xa)
vealt) Acdy
(4.29)

where (4.27) follows from (2.105), and (4.28) follows from (4.10) with a = k. Sub-

stituting (4.29) into (4.26) gives

Y saU AH(Xy|X )

veal) A€Au
k k
>n )  faNH(S.) =n Y [N + > sa(U, A H(Xy|ST, ..., S Xa)
a=1 a=1 UEQ(Lk) AeAy

(4.30)

i.e., the inequality (4.23) also holds for m = k. This completes the induction step
and hence the proof of (4.23).

Finally, note that for & = 1 the optimal solution for the linear program (2.19) is
unique and is given by

CA({Z}) = )\l, VI = 1, ey L. (431)
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We thus have

()

= ZCA({Z})an (4.32)

> ZCA {1V (H(X;) — ne) (4.33)

:ZCA {IMWH(X)) —nfi(X)e (4.34)

= Y aU)H(Xy) — nfi(Ne (4.35)
veait

= Z [Z S)\(U,A) H(XU)—nfl()\)e (436)
veal) LA€Au

= Z Z sx(U, A)H(Xy) — nfi(A)e (4.37)
veqalh A€Au

> Y ) (U, A)H(Xy|Xa) — nfi(N)e (4.38)
vea() A€Au

> [n i fa(AN)H(S) —n i Fa(N)@ 4

DD U AHXy[SY, ., Sty Xa) | = nfi(N)e (4.39)

UEQ(LL*N) AeAy

513 S VH(S) — 1S FuN0 = nfi(W)e (4.40)

where (4.33) follows from the rate constraint (4.3), (4.34) follows from the fact that
c(}\l) is optimal so fi(A) = 31, ea({1}), (4.38) follows from the fact that conditioning
reduce entropy, and (4.39) follows from (4.23) with m = L — N. Divide both sides

of (4.40) by n and let n — oo and € — 0. Note that 6% — 0 in the limit as n — oo
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and € — 0 for all « = 1,...,L — N. We have thus proved that (4.8) holds for any

admissible rate tuple (R, ..., Ry). This completes the proof of the theorem. 0
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5. HIERARCHICAL MULTILEVEL DIVERSITY CODING

5.1 Problem Statement

As shown in Figure 5.1, the problem of HMDC consists of:

e a total of L independent discrete memoryless sources {S,[t]}7°,, where o =

1,...,L and t is the time index;

e The J encoders consist of two hierarchical encoder sets A and B, where |A| 4+
|B| = J and |A] + @ = L for some positive integer r. In other words, the
sources are to be encoded by two sets of encoders A and B. The encoders in
set A have higher rank than the ones in B, therefore we call encoders in A

strong encoders and those in B weak encoders.

e a decoder has access to a subset U of the encoders outputs for some nonempty

UCAUB.

For each U € Q; = {1,...,J}, there is a corresponding J-dimensional 0-1 vector
u such that u; = 1 if and only if © € U. Define the reliability scores for all encoders

as a J-dimensional weight vector w, as the following

w =

S|

Y

1,...,1 ). (5.1)

A B

The realization of U is unknown a priori at the encoders. However, no matter which
U actually materializes, the decoder needs to nearly perfectly reconstruct the sources
Sy, ..., Sy whenever |u”w] > a. The goal of encoding is to ensure that the number

of sources that can be nearly perfectly reconstructed grows with the total weight
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Ry

Encoder 1
Rial
Sources Encoder Al -
(St,....57) R N
Rian Decoder (ST, Slurw))
Encoder |Al+1 -—-=--

Ry

Encoder J

Figure 5.1: The HMDC problem where a total of L independent discrete memoryless
sources Sy, ..., 5L are to be encoded by a total of J = |A| + |B| encoders of two
types. Encoders from 1 to |A| are strong encoders and the others are weak encoders.
The decoder, which has access to a subset U of the encoder outputs, needs to nearly
perfectly reconstruct the sources Sy, ..., S|,r,| no matter what the realization of U
is.

of accessible encoders. Note that when w is the all one vector of dimension L, the
problem is reduced to the classical SMDC problem.
Formally, an (n, (M, ..., M;)) code is defined by a collection of J encoding func-

tions:

J
e: [[Sp—{L.... M}, Vi=1,...J (5.2)
a=1

and 27 — 1 decoding functions:

lu”w]
dy: [[{L..... M} = [] Sp, YU CQyst.U#0D. (5.3)
leUu a=1
A nonnegative rate tuple (Ry,..., Ry) is said to be admissible if for every ¢ > 0,

there exits, for sufficiently large block-length n, an (n, (M, ..., M;)) code such that:
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e (Rate constraints at the encoders)

1
ElonggRH—e, Vi=1,...,J; (5.4)

e (Asymptotically perfect reconstructions at the decoder)
Pr {dU(XU) £ (ST, {LTwJ)} <e, VUCQst.U#0  (55)

where S” = {S,[t]}7_, Xi = e(S],...,S}) is the output of encoder [, and

Xy :={X,:1eU}.

The admissible rate region R is the collection of all admissible rate tuples (R, ..., Ry).

The minimum sum rate R,,s is defined as

J
Rons min__ Y R (5.6)
=1

. (R1,...Rj)ER

5.2 Superposition Coding Rate Region

A simple strategy for HMDC is to encode each of the L sources separately without
coding across different sources. Formally, the problem of encoding a single source S,
can be viewed as a special case of the HMDC problem with H(S,,) = 0 for all m # a.
In this case, the source S, needs to be nearly perfectly reconstructed whenever the
decoder can access a encoder set with weight at least ov. This is essentially the same
problem of multicast a single source through a 3-layer acyclic network to multiple
destinations [14]. Therefore, any network multicast code can be used to encoder S,,.
An example of such network coding problem is given in Figure 5.2.

The result on this network coding problem is summarized in the following propo-

sition [14].
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strong encoders

Sa S’Oz SOL

Figure 5.2: A single source network multicast example for coding a single source S,
(v = 2) with 2 strong encoders and 2 weak encoders.

Proposition 4. Let R(*) be the collection of all admissible rate tuples for encoding
a single source S,. Then, R\ is given by the collection of all nonnegative tuples

(R, ..., R")Y such that

> R > H(S,),vU € 0. (5.7)
leU
where @Sa) ={U:U € Q;,u"w=a}.
Note that for U’ € Q; with (v/)Tw € (o, a+1), U’ can be easily reduced to some
U with u"w = a.

By definition, the superposition encoding rate region R, for HMDC is given by
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the collection of all nonnegative rate tuples (Ry, ..., Ry) such that

L
Rpi=Y (5.8)
a=1

(a)

for some nonnegative r;’, o =1,..., Land [ =1,...,J, satisfying
> r® > H(S.), YU €0 (5.9)
leU

Note that we discard those decoding constraints on the set U’ with (v/)Tw € (o, a+1),
which are dominated by (5.9).

In principle, an explicit characterization of the superposition coding rate region
Rsup can be obtained by eliminating rl(a), a=1,...,Land [ = 1,...,J, via a
Fourier-Motzkin elimination from (5.8) and (5.9). However, the elimination process
is unmanageable even for moderate L and J, as there are simply too many equa-
tions involved. On the other hand, note that the superposition coding rate region
Rsup is a convex polyhedron with polyhedral cone being (RT)’, so an equivalent

characterization is to characterize the supporting hyperplanes:

J
DS TNR = F(A), VA= (M, M) € (RT)Y (5.10)
=1
where
J
fN) = min Y AR (5.11)

(Rly"'7RJ)ERSup =1

min 27:1 <Z§:1 )‘lrl(a)>
= subject to >, rl(o‘) > H(S,), YUe€ @f,a) anda=1,...,L(5.12)
r >0, Ya=1,...,Landl=1,...,J.
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Clearly, the above optimization problem can be separated into the following L sub-

optimization problems:

L
F) =Y N (5.13)
a=1
where
min 37, )\lrla)
fa(X) = subject to 3,y rl(a) > H(S.), VUE¢€ @Sa) (5.14)

r >0, vi=1,...,J

max <ZU68(JQ> cA(U)) H(S.)
= subject to Z{U@@.IBI} ex(U)y<n, Vi=1,...,J (5.15)
(@),
ex(U) >0, YU e ol

and (5.15) follows from the strong duality for linear programs. For any A € (R*)’

and any a =1,..., L, let

max ZUGGSOQ ex(U)
faA) = subject to 3 gy aU) <A, Wi=1.... 0 (5.16)
ex(U) >0, YU e o,

Then, we have f/(A) = fo(A)H(S,) and hence

FO) = faNH(S,) (5.17)

for any A € (R*)7. Substituting (5.17) into (5.10), we conclude that the superpo-

sition coding rate region R, is given by the collection of nonnegative rate tuples
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(Ry, ..., Ry) satisfying
J L
S NR =) fa(NH(S), YA e (RN (5.18)
=1 a=1

5.3  Optimality Of Superposition Coding For Minimum Sum Rate

In this section, we show that superposition coding is optimal in achieving the
minimum sum rate. For a general A, the linear program (5.16) does not admit a
closed-form solution. When considering the sum rate, A = (Ay,...,A;) = 1, the

following lemma gives a sufficient condition for the optimal solution.

Lemma 2. For A =1, c(lo‘) is an optimal solution to (5.16) if

Yo alU)=1, Vi=1,..J (5.19)

vee™.usi

Meanwhile,

(5.20)

S |t

Proof. Write the constraints of the linear program to ZUe@g c1(U)u < 1. Then for

the J-dimensional weight vector w, we have

> aU)(u-w) < 1w, (5.21)

Ueos
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Since u-w = « for all U € @f,a), we have

> al) < g (5.22)

Ueos
Therefore, f,(1) < £. And the equality holds if and only if (5.19) holds. O

As discussed before, in order to show that superposition coding achieves the
minimum sum rate, we need to show for any coding scheme, its sum rate should

satisfy

H(S.). (5.23)

ot

J L
DS
=1 a=1

As in the classical SMDC, we need some sort of subset entropy inequalities to
prove (5.23). For A = 1, the following proposition gives a way to construct an optimal

solution to (5.16) with « replaced by a — 1 via the given optimal solution to (5.16).

Proposition 5. Suppose that c(la),which satisfies (5.19), is an optimal solution to
linear program (5.16) and for each U € @f,a), there are s(U) strong encoders and

t(U) weak encoders, i.e., s(U) + @ =a. Then for Ve 6571

aV)= > pa@+ > qU)a) (5.24)

vee usv vee . usv
s(U)=s(V)+1 t(U)=t(V)+r
tu)—r
— 2
PU) = S £ =50 (5.25)
1 T
— 2
W) = w0 O + - s (5.26)

is an optimal solution to linear program (5.16) with « replaced by o — 1.

Proof. We prove by induction on «. Initially, for U € @SL), U = Q; is the unique
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subset. Thus we have a unique optimal solution ¢;1(U) = 1 by Lemma 2.
Suppose c(la) is an optimal solution to linear program (5.16) and the following

equality holds.

Yo aU)=1vi=1,...J (5.27)
vee™ usi

A key observation for providing the ”chain” form of the subset entropy inequality
is the following. For any subset U € @Sa) as the parent set, there are two ways
to construct the child subset. One is to reduce any one strong encoders from U,
the other is to reduce any r weak encoders from U. The combinations to do such
reductions are captured in (5.25) and (5.26), which can be easily checked by simple
counting argument.

Hence,

Yoo a)

veol™ Y vai
- ¥ S e+ Y Y. aU)aW) (528
vee" Y vaiveol™ uov veo M vaivee uov
S(U)=s(V)+1 HO)=HV )4
= > Y e+ XY dUal)  (5:29)
vee® Ustveo V) usy vee usivee ) usv
s(U)=s(V)+1 HU)=t(V)+r
_ Z e (U) (5.30)
vee™ Usi
_1 (5.31)
This implies that when A = 1, there is always an a-optimal solution. ]

Now we can establish the inequality chain in the following theorem to prove the

73



optimality of separate encoding in terms of minimum sum rate.

(a

Theorem 10. If A =1, for any optimal solution cy ) to linear program (5.16), there
(o—

exists an optimal solution cy Y to linear program (5.16) with « replaced by o — 1

such that

> aHXy) < ) alV)H(Xy) (5.32)

(@) (a=1)
Ueoe" veoy

Proof. This is simply true by invoking the Madiman-Tetali subset inequality. To

show that, we need to verify

p(U), ifs(U)=s(V)+1;
gu(V) = (5.33)
qU), itt(U) =t(V)+r.
is indeed a fractional cover.

If [ belongs to strong encoders,

> antv) = (s - 1) +

Vevy:Val

)qw) Y (5.34)
otherwise

> (V) =sU)pU) +

VeVy:Val

r—1

<t(U) = 1) o(U) = 1. (5.35)

Therefore, we arrives at

> wV)=1Viel (5.36)

Vevy:Val
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Thus, by the same argument as shown in Corollary 1, we complete the proof. O

Now we are ready to show the optimality of superposition for achieving the min-

imum sum rate.

Theorem 11. For the minimum sum rate of HMDC problem,

Q|

L
7€nw :ZEE:

a=1

H(Sq)- (5.37)

Proof. Iteratively applying the decoding requirements and (5.32), we may obtain

Y aWHWV)> > a(U)H(Xyl|SY,.... S5

veell veel™
+n Y fulD)H(Se) = n Y fa(1)60)
a=1 a=1
(5.38)
for any m = 1,..., L. In particular, let m = L, and there exists an optimal solution

to the linear program (5.16) with o = 1 such that

Y a)=1 (5.39)
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We have

J J
Y H(X) = Yo a) | D HX)
=1 veo Usi =1
> Y a(U)H(Xy) (5.40)
veelV
> Y a)HXulS),...Sp) +n Y fa(JH(Sa) —n ) fa(1)5L)
vee' a=1 a=1
> nY fa(1)H(S.) — 1Y fa(1)05Y, (5.41)

where (5.40) is by the entropy independence bound.

Substituting and dividing both sides of the inequality by n, we have

L

DR+ = fal1)H(Sa) = Y fal1)50. (5.42)

=1 a=1

Finally, letting n — oo and € — 0 completes the proof of (5.37), i.e., superposition

coding can achieve the minimum sum rate for the HMDC problem. O

5.4 Optimality Of Superposition Coding Beyond Minimum Sum Rate

Based on the result of Theorem 11, it is very tempting to conjecture that super-
position coding can in fact achieve the entire admissible rate region for the HMDC
problem. However, even if we only consider the points on the boundary of the rate
region where the supporting hyperplanes are characterized by two coefficients in the
sense that

A:(Al,...,AL,)\Q,...,)\%>,

A 1Bl
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the problem seems nontrivial. In Appendix C, we verify that superposition coding is
indeed optimal for this case where r = 2 and there are 4 discrete memoryless sources
to be encoded by 2 strong encoders and 4 weak encoders. Our proof relies on an
explicit characterization of the optimal solutions to the linear programs (5.16). The
optimality of superposition coding is then proved by carefully establishing the subset
inequality in the same form as (5.32).

Extending such a proof strategy to the general HMDC problem, however, faces
a number of challenges. To begin with, explicitly finding the optimal solution to
the linear programs for the general A seems extremely complicated, because the
relationship between the optimal solutions to linear programs with different « is
unclear due to the vast number of combinations of strong and weak encoders that
satisfy the decoding constraints. To understand the structure of the linear program
(5.16) is currently under the investigation. Moreover, even knowing the optimal
solution, it is not straightforward to establish the subset inequality in the same form
of (5.32) for all possible supporting hyperplanes of the entire rate region, since we
need to verify whether the optimal solutions to the linear programs of different o can
be connected with the notion of fractional covering. Finally, it is possible that the
potentially necessary inequalities to establish the optimality is beyond the framework

of hypergraph covering as the sliding-window subset inequality (2.47).
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6. CONCLUSION

SMDC is a classical model for coding over distributed storage. In this setting, a
simple separate encoding strategy known as superposition coding was shown to be
optimal in terms of achieving the minimum sum rate [3] and the entire admissible
rate region [5] of the problem. The proofs utilized carefully constructed induction
arguments, for which the classical subset entropy inequality of Han [4] played a key
role.

This thesis includes two parts. In the first part the existing optimality proofs for
classical SMDC were revisited, with a focus on their connections to subset entropy in-
equalities. First, a new sliding-window subset entropy inequality was introduced and
then used to establish the optimality of superposition coding for achieving the min-
imum sum rate under a weaker source-reconstruction requirement. Second, a subset
entropy inequality recently proved by Madiman and Tetali [6] was used to develop a
new structural understanding to the proof of Yeung and Zhang [5] on the optimality
of superposition coding for achieving the entire admissible rate region. Building on
the connections between classical SMDC and the subset entropy inequalities devel-
oped in the first part, in the second part the optimality of superposition coding was
further extended to the cases where there is an additional all-access encoder (SMDC-
A), an additional secrecy constraint (S-SMDC) or an encoder hierarchy (HMDC).
However, we are only able to show that superposition coding is optimal in achieving
the minimum sum rate in HMDC case. The optimality for the entire admissible rate
region is under further research.

Finally, we mention here that an “asymmetric” setting of the multilevel diversity

coding problem was considered in the recent work [15], where the sources that need
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to be asymptotically perfectly reconstructed depend on, not only the cardinality,
but the actual subset of the encoder outputs available at the decoder. Unlike the
symmetrical setting considered in [1-3,5] and in this thesis, as demonstrated in [15]
for the case with three encoders, coding across different sources is generally needed

to achieve the entire admissible rate region of the problem.
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APPENDIX A

PROOFS OF SUBSET ENTROPY INEQUALITIES

In this part, the differences in the proof techniques for subset entropy inequalities
are highlighted. Before proceeding to the proof, we shall revisit the entropy function.
The entropy H(X) of a discrete random variable X with possible values x1, ..., z,

and probability mass function p(X) is defined by

H(X) = Ellogp(X)] = — Zp(xi) log p(;). (A.1)

Similarly, we can define joint entropy, conditional entropy, mutual information and

so on. The key properties of entropy function includes the following. For random

variables XY and Z,
e Chain rule: H(XY)=H(X)+ H(Y|X),
e Nonnegativity of mutual information: [(X;Y|Z) > 0,
e Conditioning reduces entropy: H(X|Y) > H(X|Z) if Y is some function of Z.

Meanwhile, we know that entropy function belongs to a more general class of set
function: submodular set functions. A function f : 22 — R is defined by satisfying

one of the following inequalities.
e Submodularity: f(S)+ f(T) > f(SNT)+ f(SUT),
e Diminishing return: f(SUX) — f(S) > f(TUX) — f(T),¥YS CT,

where S,T and X are subsets of 2.
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A.1 Proof Of Han’s Subset Inequality

For L jointly distributed random variables (X1i,..., Xy), consider the average
joint entropy over all subsets of a fixed size. First prove the right end of the Han’s
subset inequality chain, i.e.,

Xu
H(Xy,...,Xp) < Z (A.2)

< L-1
vealt—h

Using the chain rule to break the joint entropy into two terms, we have

H(Xy,...,X1) =H(Xy,...,Xp1) + H(X| Xy, o0, Xpoa) (A.3)

H(Xy,...,X)=H(Xq,...,Xp 2, Xp)+ HXp 1| X1, ..., X2, X1) (A.4)

S H(Xl’ “ e ’XL_2’XL) + H(XL_1|X1’ e ’XL_2) (A.5)
(A.6)
H(Xy,..., X)) S H(Xs, ..., X)) + H(X)). (A7)

Adding these L inequalities and using the chain rule to combine conditional en-

tropy terms,
L
LH(Xy,...,X.) < ZH(X1a~~~>Xl—1>Xl+la~~~>XL)+H(X1>---aXL) (A.8)
=1

Rearranging the terms in (A.8) leads to (A.2).
For each |U|-element subset U, taking a uniform average over its (|U|—1)-element

subsets, one has

H (‘(V)
< . .
HXy)< -1 YU € Qy (A.9)
VCU,|V|=|U|-1
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Taking a uniform average over all subsets of the same size as U, we arrive at

Han’s subset inequality.
A.2  Proof Of Madiman—Tetali’s Inequality

Equip the elements in any set U with indices of natural increasing order. For

7 € U, denote by < j as the subset of elements with indices smaller than j.

H(Xy) =Y H(X;|X;) (A.10)

<Y CH(XIX<) Y 9V Ijeny (A11)
jeu Vevy

= > 9 ey H(X| X)) (A.12)
JjeEU VeVy

= > 9(V) Y H(X;|Xg) (A.13)
VeVy JjeV

<> 9D HX X av) (A.14)
VeVy JjeV

= > g(V)H(Xv) (A.15)
VeVy

where (A.10) is due to chain rule of entropy functions, (A.11) is due to the fac-
tional cover, (A.13) is by interchanging the sum order and (A.14) is by the fact that
conditioning reduces entropy.

It is not hard to see that the proof of Madiman-Tetali’s inequality follows the same
steps as the one of Han’s inequality. The only difference the averaging coefficients.
The average coefficients for Han’s inequality are uniform, while the coefficients for
Madiman-Tetali’s inequality are non-uniform in general and form fractional covers .

Furthermore, the proofs for both Han’s subset inequality and Madiman-Tetali’s
inequality only depend on the properties of condtional entropy, i.e., the chain rule

and the fact that conditioning reduces entropy. However, in order to show the sliding-
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window subset entropy inequality, we rely on the submodularity of entropy functions.

In fact, submodularity can induce the properties of conditional entropy.
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APPENDIX B

PROOF OF THEOREM 5

Consider a proof via an induction on the total number of encoders L. Fix A €

(R*)L. Without loss of generality, let us assume that
AL > A > > AL > 0. (B.1)

First consider the base case with L = 2. In this case, the optimal solution to the

linear program (2.19) is unique and is given by
a{l) =N, 1=1,2 and cx({1,2}) = \o. (B.2)
When fy(A) = Ay > 0, it is straightforward to verify that
gua({l}) =N/Ae, 1=1,2 (B.3)
is a fractional cover of ({1,2},{{1},{2}}) and such that
a({l}) =gpa({ihea({1.2}), =12 (B.4)

Now, assume that the theorem holds for L = N — 1 for some integer N > 3.
Fix a € {2,...,N}, and let cg\a) be an optimal solution to the linear program to
(2.19) with the optimal value f,(A) > 0. Next, we show that we can always find
a collection of functions {gy : U € an)} for which each gy is a fractional cover of

(U, Vy) and such that ¢ = {ea(V) : V € Q7 Y} where cx(V) is given by (2.91)

86



is an optimal solution to the linear program (2.19) with a replaced by a — 1.
We shall consider the following three cases separately.
Case 1: N\ < % In this case, it is sufficient to consider for any U € Qg\o,l),

the uniform fractional cover

1
gu(V) = , YWew (B.5)
a—1
for the hypergraph (U, Vy) so we have
a(U) (a—1)
(V)= Y —— Weay’ (B.6)

Uely

By [5, Eq. (39)], cg\o‘_l) constructed as such is an optimal solution to the linear
program (2.19) with a replaced by a — 1.

Case 2: \; > 2222 In this case, by [5, Lemma 6] co(U) > 0 implies that
U 5 1. Furthermore, by [5, Lemma 8] & " = {&x(U) : U C Qn_y == {2,...,N}}
where

al) =ex({13u0) (B.7)

is an optimal solution to the linear program

max Zﬁefzgﬁj) ex(0)

subject to ZUGQ@I*U o OAU) <N, VI=2,...,N (B.8)
N-1

al) >0, vU ey

with the optimal solution f,_1(A) = fa(A) > 0. Thus, by the induction assumption

there exists a collection of functions {g; : U e (253‘:1”} such that each g7 is a
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fractional cover of (U, V) and é()\a—2) = {&(V): Ve Qg{;‘__f)} where
aV) = > all)js(V) (B.9)
is an optimal solution to the linear program

max ZVGQE?:? 5)‘(‘7)

subject to ZVGQ(QQ) Vol a(V)y<n, Vi=2,...,N (B.10)
N—1 >

aV) >0, Vel
For any U € Qg{;‘) such that U 3 1, let U = U \ {1}, and let

G (V), if V={1}UV for some V € V;
gu(V) = olV) t v (B.11)
0, otherwise.

For any U € Qg{;‘) such that 1 ¢ U, let us choose gy to be an arbitrary fractional

cover of (U,Vy). Then, for any V € Qg\?‘_l) such that V' > 1 we have

V) = UZM ex(U)go(V) (B.12)
C Y 1) U D7) (B.13)
- S @) B
- :f?x‘;) (B.15)

where V =V \ {1}, and for any V € Qg\?_l) such that 1 ¢ V

alV)= 3 all)g (V) =0. (B.16)

Uely

88



By [5, Eq. (46)], c(;“‘” constructed as such is an optimal solution to the linear
program (2.19) with « replaced by a — 1. It remains to show that gy is a fractional
cover of (U, Vy) for any U € Qg\?) such that U > 1.

Fix U € Qg\?‘) such that U 3 1. For any i € U \ {1}, we have

o= Y w)= Y gV =1 (B.17)

{VeVy:Vai} {Vevy:VD{l1,i}} {Vevs:Vai}

and

Yo w2 Y w1 (B.18)

{Vevy:val} {Vevy:V2{1,i}}
This completes the proof of Case 2.

Case 3: ’\227“’\’ < AN < % In this case, we shall need the following

1
notations. For any U € Qg{;‘) and 7 € {1,...,a}, denote by ay(7) the smallest
positive integer [ such that

{L,....0nU| = (B.19)

Let
W (U) == U \{av(7)} (B.20)

so W,.(U) € Qg\?_l). For each U € Qg@‘), m € {2,...,a}, and 7 € {m,...,a}, let

EUmor Qg\?_l) — R* where

s

iV = WD)
Eum(V) = fa(X) (B.21)
0, otherwise
B =N — A (B.22)
and N:= Y o), Vi=1,... L (B.23)

{UGQS\‘;‘),UBI}
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Let
Bi=3" (0 — b, (B.24)

Consider the collection of functions {gy : U € QS@‘)} where

gu(V) = (1 - %) ﬁ + 3N ma(V), WV eV (B.25)

m=271=m

This gives

B ex(U) e (a—1)
ex(V) = (1— ey > — + YNNG (V)eaU), WV el
Uely UelUy m=2T1=m
(B.26)
By [5, Eq. (55)], c(;“” constructed as such is an optimal solution to the linear
program (2.19) with « replaced by o — 1. It remains to show that gy is a fractional
cover of (U, Vy) for any U € Qg\?)

Note that for any i € U,

__h 1B
{V6§V9i} <1 fa(A))a—l : fa(N) (B27)
and
Yoo D V) = DX D (V)] (B29)
{Vevy,Vai} m=271=m m=271=m \{VeVy,Vi}
o Dy — b
=2 Oy ) (B.29)

«a a) bggc)

= m}‘l(k) <Z 1{%(7)#}) (B.30)
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v
3
L

(@ —m) (B.31)

- (B.32)

where (B.32) follows from [5, Eq. (66)]. Combing (B.27) and (B.32) gives

5. 5
N =L B.
L e (B.33)

We thus conclude that gy as defined in (B.25) is indeed a fractional cover of (U, Vi)

for any U € Qg\o,‘). This completes the proof of Case 3.
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APPENDIX C

HMDC: 2 STRONG ENCODERS AND 4 WEAK ENCODERS

In this part, consider the case where r = 2 and there are 4 discrete memoryless

sources to be encoded by 2 strong encoders and 4 weak encoders. We briefly sketch

the computation that is used to show superposition coding is optimal in achieving the

points on the boundary of the entire rate region where the supporting hyperplanes

are only characterized by two coefficients in the sense that

A=
Al

.,)\1,)\2,...
7 \a

).

~
|B]

For this particular problem, we discuss the optimal solution for each o = {1, 2, 3, 4}.

o o= 1.

We can rewrite the constraints in (5.15) explicitly as

1 00000O0O00O0

1

o o o o O
o o o O

0

0

0

0
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It is not hard to see that fi(A) = 2A; + Ay with an optimal solution such that

A, vTw=1,u=1,i€{1,2};
cg\l)(U) = (C.2)

A2 T _ _ N
2, vw=1u=0,2=12.

o o= 2.

Similarly, we can get fo(X) = A + A2, where an optimal solution has the

following form

M, vTw=2u=1,i=1,2;

Ao, uwlfw=2u=0,i=1,2.

o o =J.
This case is a little bit complicated since the optimal solution depends on the

order of Ay and \s.

— If 22 < Ay < 2), f3(A) = 2(A\ + \2) and an optimal solution is

) 2ure Ty =3, u=1,i=1,2
ex'(U) = s . » (C.4)
=2l wiw =3, u = 0,4 € {1,2}.
— If \; < 22, f3(A) = 2)\; and an optimal solution is
SHU) = A, u"w =3, u; = 0,i € {1,2}. (C.5)
— If Ay > 2Xs, f3(A) = 2\, and an optimal solution is
A
AUy =2 WTw=3u=1i=1,2. (C.6)

3
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o o = 4.

In this case, f4(A) = min{A;, A2} and the optimal solution is unique and

cgfl)(U) =min{ A, Ao}, u; =1Vi={1,...,6}. (C.7)

With all the optimal solutions for o« = 1 to 4 discussed above, for any \; and Ao,
we can easily establish the same results as those in Corollary 1 and thus have the

desired inequality chain to show the optimality of superposition coding.
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