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Abstract

The performance gain by allowing half-duplex source cooperation is studied for Gaussian interference channels.
The source cooperation is in-band, meaning that each source can listen to the other source’s transmission, but there
is no independent (or orthogonal) channel between the sources. The half-duplex constraint supposes that at each
time instant the sources can either transmit or listen, but not do both.

Our main result is a characterization of the sum capacity when the cooperation is bidirectional and the channel
gains are symmetric. With unidirectional cooperation, we essentially have a cognitive radio channel. By requiring
the primary to achieve a rate close to its link capacity, the best possible rate for the secondary is characterized
within a constant. Novel inner and outer bounds are derived as part of these characterizations.

I. INTRODUCTION

A basic characteristic of the wireless medium is its broadcast nature. This manifests itself as interference
when multiple users try to share the medium. An active area of research which investigates efficient
schemes for managing interference has focused on interference channels [3l], [8], [9], [10]. However,
the broadcast feature is also a blessing in disguise in that the same transmission could be heard by
multiple receivers, opening up the possibility of cooperation. Traditionally, the cooperation aspect has
been investigated separately using relay channels in which only one source-destination pair is present [7]].
Recently, the role of cooperation in managing interference has come under scrutiny ([4], [S], [11], [15],
[L6l, [17], [19], [20], [21], [22], [24], [25], [28], [30], [32] is an incomplete list of references).

In this paper we investigate reliable communication over the two-user interference channel, where the
two sources may not only transmit but also receive (Figure [I)). This ability to receive will allow the
sources to cooperate. However, to be realistic about the gains that can be derived from this cooperation,
we impose two key restrictions:

e In-band cooperation. No extra orthogonal band is available for the source nodes to transmit to
each other over; all transmission and reception must happen over the same band. Thus, the sources
cooperate by transmitting and receiving over the same band that is originally available for the
interference channel.

o Half-duplex operation. Each source node may either transmit or receive at a time but cannot do both.
This respects the limitations of current hardware technology.

Reliable communication with a half-duplex constraint has been previously studied in the context of the
relay channel in [27]. In [13]], half-duplex cooperation was used to provide spatial diversity for fading
channels. recent work on full duplex cooperation in interference channels [19], [28], [18] are closely
related to the present manuscript. [19] studied source cooperation under full-duplex assumption. In [28]]
cooperation is over conferencing links orthogonal to the original channel. in contrast to in-band cooperation
here. Our model is identical to the source cooperation part in [18]. In [18], an achievable rate region is
provided, but the outer bound is only studied the case when cooperation is very strong. The work [29]
considers the half duplex cooperation for relay channels, which are special cases of the interference
channels considered in this paper.
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Fig. 1: Interference channel with half-duplex source cooperation. The sources can work in three modes:
(A) both sources transmit, (B) source 1 transmits while source 2 receives, and (C) source 2 transmits
and source 1 receives.

The characterization of the capacity region in this setting is quite challenging — it includes the canonical
interference and relay channels as special cases. A complete characterization of the capacity region is
also made further complicated by the huge amount of notation and description complexity of the region.
While we do not characterize the entire capacity region in this work, we nevertheless make significant
progress in understanding the nature of near optimal communication schemes in this setting. We present
our results in two different scenarios, aiming at minimizing the notation and description complexity while
providing the maximum intuition to the nature of the capacity region as well as gains of interference
mitigation via cooperation.

o In the first scenario, the cooperation is bidirectional and the channel gains are symmetric. Our
main result is a characterization of the sum capacity of this channel within a constant. Maintaining
symmetric channel gains is primarily aimed at reducing the notational burden.

o In the second scenario, the cooperation is unidirectional; i.e., source 2 can listen to source 1’s
transmission but not the other way around. This setting is essentially what is also known in the
literature as a “cognitive radio channel”, where we cansider source 1 and destination 3 the “primary
user” and source 2 and destination 4 the “secondary user”. The main question we address is the
following: what rate can the secondary user achieve without affecting the primary user’s performance
by much? The largest such rate, known as the capacity of the cognitive radio channel, is characterized
in this manuscipt up to a constant.

The coding scheme we use to enable reliable communication is quite general and can be applied to
all interference channels with half-duplex source cooperation. The key idea is to turn the half-duplex
cooperation problem to a virtual channel problem. A virtual channel is an interference channel with
rate-limited bit-pipes between the two sources and from each source to the destination where it causes
interference. This virtual channel is similar to the channel considered in [28] except that there they do
not have bit-pipes from sources to destinations.

The coding scheme for the virtual channel is an extension of the superposition coding scheme for the
interference channels [10]. In addition to public and private messages, we further introduce cooperative
private and pre-shared public messages. Cooperative private messages are shared over the bit-pipes between
the two sources so they can be sent using source beamforming. Pre-shared public messages are shared
over the bit-pipes from the sources to the destinations so the signals corresponding to such messages can
be canceled at the other destination and do not cause interference.

To reduce the original channel to a virtual channel, we schedule the transmission in two steps. In the



first step, only one source transmits and the other source listens. The active source can send data to
its destination, share information with the other nodes, or relay data from the other source to the other
destination. In the second step, both sources transmit. The shared information from the previous step and
the interference channel together is indeed a virtual channel, and the scheme mentioned above is applied
to this channel. In the end, we optimize over the scheduling parameters to get the best achievable rate.

An important tool we use to study the Gaussian channel is the linear deterministic model introduced in
[L]. The linear deterministic model focuses on modeling the broadcast and interference of the signals. It
assumes that the signals are quantized and the noise is negligible, which can be a good approximation in
the high SNR regime. For each problem, we will first study the corresponding linear deterministic model
and then consider an achievable scheme that mimics the scheme of the linear deterministic model for the
Gaussian case. We note that it is possible to get the constant gap result for the Gaussian case directly,
but the linear deterministic model allows us to get a clearer understanding of the coding schemes as it is
much simpler to deal with.

The rest of the paper is organized as follows. In section |lI, we formally state the two problems and
in section the main results about the sum capacity and the cognitive capacity are given. Section
and section |VI| deal with the symmetric case and section and section are for the cognitive case.
In both cases, we start by examining the corresponding linear deterministic model and use the intuition
derived to work with the more complicated Gaussian model.

II. PROBLEM STATEMENT
A. The Symmetric Case

The Gaussian interference channel with bidirectional source cooperation is depicted in Figure [T}

The source nodes 1 and 2 want to communicate with destination nodes 3 and 4, respectively. The
communication is over discrete time slots ¢ = 1,..., L. We assume that the additive noise processes are
memoryless and independent across receivers. Without loss of generality, we also assume that the channel
is normalized. i.e., the additive noise processes (Z;;),7 = 1,2,3,4 are independent CN (0, 1), i.i.d. over
time, and the codeword (X;;) at source i satisfies the power constraint

1 L
- ;E [[Xul’] <1i=1,2

Further, we assume the channel is symmetric, i.e., [h13]% = |has|? = SNR, |hy4|? = |hos]? = INR, |ha)? =
’h21‘2 = CNR

As the cooperation is half-duplex, the first source chooses to transmit (send) or listen at each time
t =1,2,...,n based on its message W7 and what it has received so far Yf‘l. Thus, the first source’s
input to the channel is (X1,5;) € C x {1,0} and the encoding function is (X, S1,) = f1..(W1, Y ™h).
Furthermore the power constraint at the first source’s transmitter is (1/n) Y ;| E[|X1,[*1s, ,=1]. Similary
for the second source. The channel outputs are as follows:

Yie = (hay Xog + Z14)1s, =0
Yo = (h1oX14 + Zoy)1ls, —0
Y3 = hizXi¢ls, =1 + hosXoyls, ,—1 + Z3,
Yie = h1aXi4ls, =1 + hoaXotls, =1 + Zay.

More specifically, the channel can be in one of the following three modes. In mode A, both sources
transmit. The nodes receive

Y =0,
Yor =0,
Y3p = higXue + hosg Xoy + Zsy,
Yir = h1a Xy + hog Xoy + Zyy.



In mode B, source 1 transmits and source 2 listens. Then

Y =0,

Yor = h1a Xt + Zog,
Yar = his Xy + Zat,
Yie = h1aXu + Zas.-

In mode C, source 2 transmits, source 1 listens, and

Yie = hoy Xop + Zis,
Yo =0,

Yai = ho3Xo + Zs,
Yie = hoaXot + Zys.

A block length-L codebook of rate (R;, R,) for the channel consists of a schedule function ¢(t) €
{A,B, C} and a sequence of encoding functions f;; and decoding functions g;,2, 1 = 1,2, t =1,2,..., L.
The scheduling function specifies which mode the channel is in at time ¢. The source messages W, €
{1,2,...,2L} i = 1,2 are independent and uniformly distributed. The sources transmit X;; = fi,(W;, Y, 1),
where Yf’l = (Ya,... ,Y;(t_l)). Note that the encoding functions are causal. Further, the encoding
functions also are constrained by a scheduling function ¢(t); i.e., we have Xo; = fo (W, Yy ™) = 0
when ¢(t) = B and X;; = f1,(W1, Y] ') = 0 when ¢(t) = C. Destination-(i + 2) estimates the message
intended for it as W; = Giva(Y,), i = 1,2. We say that a rate pair (Ry, Ry) is achievable if there is
sequence of rate (R, Ry) codebooks such that as L — oo,

P(W; £ W;) = 0,i=1,2.

The capacity region % is the collection of all achievable (R;, Ry). The sum-capacity Cl,,, of the channel
is defined as the largest R; + Ry such that (R, Ry) € €. In Section [IIIl we will provide a characterization
of the sum-capacity within a constant.

B. The Cognitive Case

The Gaussian interference channel with unidirectional source cooperation is depicted in Figure [2] This
channel has no cooperation link from source 2 to source 1.

The source nodes 1 and 2 want to communicate with destination nodes 3 and 4, respectively. The
communication is over discrete time slots ¢t = 1, ..., L. Without loss of generality, we assume the channel
is normalized; i.e., the additive noise processes (Z;;),7 = 2, 3, 4 are independent CN(0, 1), i.i.d. over time,
and the codeword (X;;) at source i satisfies the power constraint

L
%ZE “X@tﬂ <l,i1=1,2.
t=1

Here, we assume that the channel gains are asymmetric in general. We can view source 1 as the primary
user and source 2 as the secondary user, and the secondary can listen to the primary’s transmission and
adapt its behavior accordingly. Hence, this case corresponds to the cognitive scenario.

As there is only one-side half-duplex cooperation, the secondary sender chooses to transmit (send) or
listen at each time ¢ = 1,2, ..., n based on its message W, and what it has received so far Y *. Secondary
transmitter’s input to the channel is (X5, S2) € C x {1,0} and the encoding function is (X, S2;) =
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Fig. 2: Interference channel with unidirectional half-duplex source cooperation.

fo.t(Wa, Y1), Furthermore the power constraint at the secondary transmitter is (1/n) "1, E[|X24[*1s, ,<1].
The channel outputs are as follows:
Yii=0
Yo = (h1oX14 + Zoy)ls, ,—0
Y3: = hi3 X1 + hosXoyls, =1 + Z34,
Yie = h1aXig + hoaXoyls, ,—1 + Zay.
More specifically, the channel can be in one of the following two modes. In mode A, both sources transmit.
The nodes receive
Yy =0,
Yo =0,
Y3 = hig Xt + hos Xoy + Za,
Yy = h1aXap + hoa Xop + Zy.

In mode B, source 1 transmits and source 2 listens. Then

Y1 =0,

Yor = h1a Xt + Zog,
Yai = hi3 Xy + Zat,
Yie = h1aXus + Zy-

Let SNR1 == ’h13|2, SNR2 - ‘h24|2, |NR1 - |h23‘2, |NR2 = |h14|2, CNR = |h12‘2.

The codebook definition is similar to that in the symmetric case except that now the scheduling function
©(t) only takes value in {A, B} and the encoding function fy; is only a function of W7, as Y7, is always
0. In this case, instead of the sum capacity, we are more interested in another question from the cognitive
perspective: what can the secondary achieve if we do not sacrifice the primary’s performance? This
motivates us to consider the following definition.

Definition 2.1: Let Cy = log(1 + SNR;) be the capacity achieved by source 1 when X5, = 0, V¢. Then
Ry-capacity for the secondary user is defined as

Cr, = max Ry.
(R1,R2)€?
R1>Co—Ro
This definition specifies the best performance the secondary user can get, given that the primary user
backs off less than Ry from its link capacity. In Section the Ry-capacity is characterized when Ry is
larger than some constant.



To see why we introduce a back-off in the primary rate, consider the Z-channel where CNR = INR, =
0,SNR; = SNRy = SNR > 1,INR; = INR = 1. Let R;; denote the rate from source 7 to destination j.
For a complex Gaussian Z-channel with weak interference (i.e., INR < SNR), the achievable rate-tuple
(Ry1, Ro1, Ryo) must satisfy [14, Theorem 2]

1+ BINR
Rys <log(1+ BSNR)
SNR + (1 — B)INR
BINR + 1 )’

for some 0 < 8 < 1. In our case, R;; = Ry, Ry» = Ry and Ry; = 0, thus the above constraints reduce to

ngbg(1+SNR+(1—5NNR)7

zglgmg(1+(1_6“NR)

Ry + Ry <log (1 +

BINR + 1

for some 0 < f3 < 1. If no back-off is allowed, i.e., we insist that R; = Cy = log(1 + SNR), then we
must have § < &gz, Which gives Ry < log(1 + 1i'§sR) < 1 bit. However, if the primary can back off
its rate by 1 bit, then the secondary can send to its destination at full power and achieve a nonconstant
rate R = log(1 4+ SNR). Notice that the gap between the two is unbounded when SNR scales to oc.
Since we are more interested in the high-SNR region and would want to characterize capacity only up to
a constant, the definition above with back-off better serves our purpose.

We further remark that this definition is not a constant gap characterization of the upper-right corner
point of the capacity region %. In fact, with the help of the secondary, the primary can do strictly better

than Cj, in some channel parameter settings.

III. RESULTS

The main result of this paper is the approximate characterization of the sum capacity of the symmetric
case and the Ry-capacity of the cognitive case for R, larger than some constant. We state them in the
following two theorems and highlight the gains we can get from half-duplex cooperation. To prove these
theorems, we first motivate the schemes we use by studying the corresponding linear deterministic model
in Section [V] and We then sketch the proofs in Section and with details taken up in the
appendices.

A. The Symmetric Case

Let 0;; be the phase angle of h;; and define ¢ to be the angle difference between the direct links and
the interference links, i.e., @ = 013 + 04 — 014 — 623 . We say the channel is aligned if SNR = INR and
6 = 0. The following theorem characterizes the sum capacity of the symmetric channel within a constant.

Theorem 3.1: Define Cgym = maxs Csym(d) = maxs min(u,, uy, us, ug), where

[5mg1+SNRy+bgl+SNR+CNm

R

1
s = 5Pk@il+25NR4—%NR)+hm11+SNR)+i%ﬂ1+SNR+JNR—FCNR)

SNR
+ dlog(1 + 1—|—INR)]
9SNR -+ INR

s =55 [5max{log( + INR + 1_i_W),log(l + 2INR)} + log(1 + SNR + INR + CNR)]

1
1%:§:5Pbgr+%NR+4WR+SNW+JM¥—29RWRaﬁ@+2bg1+SMLHNM}
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Fig. 3: Sum capacity of the interference channel with half-duplex source cooperation.

Then the sum capacity Cgym of the symmetric channel defined in section satisfies Coym — 17 <
Csum < Csum + 7.

In the coding scheme, we consider a symmetric scheduling and the number of time slots spent in
mode B and C are the same, i.e., |p~'(B)| = |¢'(C)| where by definition ¢ ~'(B) is the set of time
slots scheduled for mode B and |S| denotes the cardinality set S. We define the scheduling parameter
0= :z:gg;‘, which is also the optimization parameter in the above theorem.

To demonstrate the gains from cooperation, we plot the generalized degree of freedom [9] of the sum
capacity. Here we use the natural generalization of the original definition given in [28]. Assume

log INR ) log CNR
im —— =q, lim ——
SNR—oo log SNR "SNR—oo log SNR

Then the generalized degree of freedom for fixed «, 3 is

= 3.

lim —Csum
fix(o,3) 1log SNR’
SNR—c0

dsum<aa 6) -



Note that dg,,, is well-defined for o ## 1. When « = 1, dg,., can take two different values, and we
need to treat them separately.

1) hizhos = hyshos. Consider the cut-set bound with sources on one side and destinations on the
other. The upper bound on the sum capacity of the interference channel reduces to the capacity
of a degenerated multiple input multiple output (MIMO) point-to-point channel. As the degree of
freedom of the latter channel is only 1, therefore we get dgy,, = 1.

2) highay # highsg. For this setting, the channel is well-conditioned and ds,,, is a continuous function
with respect to o at o = 1.

In Figure [3) we show plots of d,,, against « for different 5’'s under the more interesting assumption
hishay # hishos. We also compare it with the result for full-duplex source cooperation [19]. In [19], the
sources are allowed both to listen and transmit at the same time instant. Under such full-duplex assumption,
the channel has only one mode: both sources transmit and listen. The resulted d,,, is a piecewise linear
function of a. For our half-duplex channe, however, we need to switch between three modes, and the
optimization over the scheduling parameter 6 makes each piece a smoothed curve rather than a linear
function. From the plots, we first observe that half-duplex cooperation is helpful only when 3 > 1, while
full-duplex cooperation is helpful for all 5 > 0. When [ is large enough (for example, 5 = 3.2), the sum
capacity of our channel can be strictly better than that of the usual interference channel. Moreover, when
B = oo, the sources can get to know both messages in negligible amount of time with either half-duplex or
full-duplex cooperation. Therefore the channel essentially become a broadcast channel with two antennas
at the source, and the channel with half-duplex source cooperation has the same sum capacity as the
channel with full-duplex source cooperation.

B. The Cognitive Case

The following theorem characterizes the Ry-capacity of the cognitive channel within a constant.
Theorem 3.2: Define Cr, = maxs Cr,(6) = maxs min(uy, us, us, ug), where

1
1 INRy + CNR
U9 —m [log(l + 2SNR2 + 2|NR2) — log(l + SNR1> + 510g(1 + T’\'Rl)
SNR,
log(l 4+ ———— 2
+ log( +1+INR2) + 2+ Ry
Ly (1 + 2SNR; + 2INR;) — log(1 + SNRy) + 1 (1+ﬂ) +24+R
U3—1+6 og 1 1 0g 1 og 1+ INR, 0
u —L[lo (1+ 2SNR; + 2INR;) — log(1 4 SNR;) + lo (1+ﬂ)—lo (1+SNRy)
2SNR; + INR, INR; + CNR
log(1 4+ INRy + ————————=),log(1 + 2INR olog(l + ————
+ max(log(1 + INRy + TLINR, ), log(1 + 2)) + dlog(1 + T SNR, )}

+ 3+ 2R,.

Then when R, > 7, the Ry-capacity C'r, of the cognitive channel defined in section satisfies C_RO —
23 — 2Ry < Cpg, < Cg,.

In the coding scheme, we define the scheduling parameter ¢ to be the ratio of the number of time slots
spent in mode B and A, i.e., § = 2B}l We note that this definition of 4 is a little bit different from the
one for the symmetric case, as it i1s now proportional to ¢(B), which is more convenient for presenting
the result.

To demonstrate the gains from cooperation, we plot the generalized degree of freedom [9] of the Ry-

capacity. To be consistent in notations with later sections, we consider a reference SNR that goes to
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Fig. 4: Cognitive capacity of the interference channel with half-duplex source cooperation.

infinity, and assume

log SNR; ) log SNR;
SNRroo 10g SNR 7 sNRoso log SNR 2
log INR; ) log INR,
SNR o log SNR M R log SNR -
log CNR

SNR oo log SNR =5
For the discussion with generalized degree of freedom in this section, we simply take SNR = SNR; thus

ny = 1 . Then the generalized degree of freedom for given no, oy, g, 5 18

: CRy
= lim ———.

SNR—oo log SNR
Unlike the symmetric case, this limit always exists, i.e., deog 18 always well-defined. In particular, when
|h1s||hoa| = |has||R14], deog is the same as that of an interference channel without cooperation, which is
essentially saying that cooperation is not quite helpful even when the absolute value of the channel gains
are aligned. Phases do not matter here. Moreover, dcog is continuous when the channel gains are close
to being aligned. Figure 4 shows two typical plots of dgog against c; for various 3 while ng, o, are held
fixed.

In our model, 3 = 0 corresponds to an interference channel without cooperation. The above plot shows
that when 8 < ap Vny, where xVy = max(z,y), the generalized degree of freedom is the same as that of
£ = 0. Hence, cooperation is not very helpful unless it is above the threshold. This behavior is the same
as what happens to the symmetric channel case. On the other hand, when 5 = oo, the cooperation link is
so strong that the secondary can decode the primary’s message in a negligible amount of time. This case
is equivalent to the cognitive radio channel model in [12], where the secondary is assumed to know both
messages. One other interesting thing to notice is that when ny < oy < ny, deog is always 0, even with
infinite cooperation. This is because in this region, what destination 4 gets from source 2 is only a noisy
version of what destination 3 gets from source 2, which implies that destination 3 can further decode W5
after decoding 1W;. Since we require the primary to achieve a rate near its link capacity, the rate allowed
for W5 must be at most a constant in the high-SNR region.

dcog(nZa aq, 0, B)
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Fig. 5: Interference channel with bit-pipes. The rate-limited bit-pipes (shown in bold) run between the
two sources and from each source to the destination node where it causes interference.

IV. ACHIEVABILITY

Our coding scheme turns the two-user interference channel of mode A (Fig. into a virtual two-user
interference channel (Fig. [5), with rate-limited (noiseless) bit-pipes between the two sources and from
each source to the destination node where it causes interference. The bit-pipes are realized by operating in
modes B and C (Fig[Ib| and where only one of the source nodes transmits while the other receives. In
these modes, in addition to sending data to its own destination, the transmitting source sends messages to
the other nodes as well to establish the noiseless links. In this section, we first describe a coding scheme
and characterize an achievable rate region for the virtual channel. Then we will use this characterization to
obtain an achievable rate region for the two-user interference channel with half-duplex source cooperation.
We note that it is possible to obtain an achievable scheme using strategies in [[19], [31], However, we do
not pursue this route in this paper, as it is as complicated specializing known schemes as describing our
coding scheme.

A. Interference Channel with Bit-pipes

We denote the virtual channel in Fig. [5| by IF°°®(py, v,x, x5, Ci2, Ca1, Cia, Co3), where C;; are the rates
of the bit-pipes between node i € {1,2} and node j € {1,2,3,4}. The virtual channel is converted from
mode A, therefore it lasts for the duration of mode A. With a little abuse of notation, we assume the
communication is over discrete time slots ¢ = 1,..., L in this subsection for simplicity. For this new
channel, we limit ourselves to block-coding schemes of the following type:

1) First, the sources send at most LC;; bits over the bit-pipes, where L is the blocklength. These bits
are functions only of the message of the source sending the bits.

2) Then, the sources transmit over the interference channel with each of their channel inputs (of
blocklength L) being functions of their message and the bits exchanged in the first step. For the
Gaussian channel, these transmissions are required to satisfy average power constraints of unity.

A rate pair (Ry, Ry) is defined to be achievable for this channel along the same lines as in Section
In the rest of the section, we first discuss an achievable region Ryirual(Ci2, Co1, Ci4, Co3) for the virtual
channe Then using this result, an achievable region for the half-duplex channel will be presented.

Our coding scheme for this virtual channel is a generalization of the superposition coding scheme given
by Han and Kobayashi for interference channels. The scheme of Han and Kobayashi in this context may
be interpreted as follows. Each source node transmits its information in two parts:

o public message is decoded by both destinations (even though it is meant for only one of the
destinations),
« private message is decoded only by one of the destinations, the one to which it is intended.

"'We drop the channel py, y,|x,,x, from the notation since the channel will be clear from the context.



Our scheme also uses superposition coding and involves two additional parts each of which takes advantage
of one of the two types of bit-pipes available.

1)

cooperative private message. These messages are shared in advance between the sources over the
bit-pipes between them. The messages are then sent out cooperatively by the two sources. But
they are only decoded by the intended destination. Below, we will use superposition coding and
beamforming for transmitting these messages.

2) pre-shared public message. Each source shares this type of message with the unintended destination

in advance over the bit-pipes to that destination. This ensures that when it appears as interference
in the transmission over the interference channel, the destination can treat it as known interference
while decoding.

In slightly greater detail, our coding scheme is as follows: We fix the input distribution

p(IV1’7 xVév TWwys TWoy LUy, XU,y V1, V2, TV, Ty, L1, 'IQ)
=p(xvy)p(zvy)p(xw: [2vy ) p(2ws, l2vy)p(ee, 2w, 2vy)p(, [Tws, 2vy)

p(v1)p(v2)p(wvy, vy [vr, v2)p(@1 |TE,, Tv; ) (22| TUy, T13).-

Codebook construction and encoding: Source i € {1,2} divides its message into four parts m; =
(mw;, my,, my;, myr), where W stands for (noncooperative) public, U for (noncooperative) private, V
for cooperative private, and V' for pre-shared public. First, my, is shared with the other source and my;
is shared with the other destination over the bit-pipes. Superposition codewords are then transmitted over
the interference channel. A random codebook construction for these codewords is as follows:

1y

2)

3)

4)

5)

At source i € {1,2}, generate the pre-shared public codeword X‘ﬁ, (my;) independently according
2L(}7?Vi/—e)}

to distribution p(zf,) = Hlep(l’v;,t), where my, € {1,2,.. ., :
At source ¢, for each myy, generate the public codeword XVLVi(mVi/, my,) independently according
to distribution p(a:ﬁ,\:c%/, (myr)) = 15, p(zw,. zyri(myr)), where my, € {1,2,..., 2w},
At source i, for each pair of (myy,, my:), generate the private codeword X (my,, mw,, my:) accord-
. .. . L

ing to distribution p(zf; |z, (mWi,mVi/),x%(mVif)) = [I21 p(ou, dlzw, c(mw,, myr), 2vr (myr),
where my, € {1,2,..., 2L =9},

Generate, for i € {1,2}, the auxiliary cooperative private codewords V% (my;), according to distri-
bution p,r = [[=, p(vi,), where my, € {1,2,...,2L0%:=9} For every pair (my,,my,), define the
cooperative private codewords (X{:, X[; )(my,, my,) according to distribution

L
p(x‘L/l ) 1'62 ‘UlL(m‘ﬁ)? U%(mVZ)) = Hp<xV1,t7 sz,t‘Ul,t(mvl)v U2,t<mV2))'
t=1
At source 1, generate the codewords to be transmitted X (my,, my,, myy, My, , My,) according to
distribution
L

p(xﬂxél (mUU mW17mV1/)7 I\l}l (mVlvmV2)) = Hp(xl,t‘tht(mUl ) levmVl')? le,t(mVl ) sz))‘
t=1

At source 2, generate Xy (mw,, Mu,, Myy, My,, My, ) similarly.

Decoding: Destination 3 looks for a unique (mw,, my,,my,;, myy) such that

(}/E),L7 XLI’ (mV{)v XI%VI (mW1 ) mV{)v Xél (mU17mW17mV1’)7 ‘GL(mV1)7 XI%@ (mW2)7 X\[/;’ (mVé))

is jointly typical, for some rmyy,. Note that my; is available to destination 3 via the bit-pipe from source 2.
Destination 4 uses the same decoding rule with index 1 and 2 exchanged.

Theorem 4.1: The rate pair (Rw, + Ry, + Ry, + Ryy, Rw, + Ry, + Ry, + Ryy) is achievable if
Rw,, Rw,, Ru,, Ru,, Ry, Rv,, Ryy, Ry; are non-negative reals which satisfy the following constraints.



Constraints at destination 3:

Ry; < Cyy
Ry, < I(Xuy; V3| Xwy, Vi, Xvy, Xy, Xvy)
Ry, + Ry, < 1(Xw,, Xu,; Y3V, Xvy, Xw,, Xvy)
Ry: + Rw, + Ry, < I(Xw,, Xu,, Xvr; Y3|V1, Xw,, Xvy)
Ry, < I(V1; Y| Xw,, Xy, Xvr, Xy, Xvy)
Ry, + Ry, < I(Xu,, Vi; V3| Xw,, Xvy, Xy, Xvy)
Ry, + Rw, + Ry, < I(Xwy, Xuy, Vi; Vs Xy, X, Xyy)
Ry, + Ry; + Rw, + Ry, < I(Xw,, Xu,, Vi, Xy YE;|XW2,XV2/)
Ry, + Ry, < 1(Xw,, Xuv,; Ya| Xwy, Vi, Xvr, Xvy)
Rw, + Rw, + Ry, < 1(Xwy, Xw,, Xu,; Vs V1, Xvr, Xvy)
Rw, + Ry + Rw, + Ry, < 1(Xwy, Xw,, Xuv,, Xvr; Y3|Vi, Xyy)
Ry, + Ry, < I(Xw,, Vi; Y| Xw,, Xu,, Xvr, Xyy)
Ry, + Ry, + Ry, < I(Xw,, Xu,, Vi; Ya| Xy, Xy, Xvy)
Ry, + Ry, + Rw, + Ry, < I(Xw,, Xw,, Xvy, Va; V3| Xy, Xyy)
Rw, + Ry, + Ry; + Rw, + Ry, < I(Xw,, Xuy, Xvy, Vi, Xy V3| Xyy).
Constraints at destination 4: Above with index 1,2 exchanged and index 3,4 exchanged.

Constraints at sources:

Ry, < Cia, Ry, < Cy.

for some

p<xW1 y LU, TV fo7 TWoyy LUy » TV xV2/7 U1, UQ) = p(xVI'7 Twy, LUy )p<xV2’7 TWy, a:Uz)p<U1)p(1}2)p(xV1 » Ty |U17 U2>~
For the Gaussian channel, the joint distribution must satisfy

Var (Xy,) + Var (Xy;) < 1, i€ {1,2}.

We denote this rate region by Ryirtual(Ci2, Ca1, Ci4, Co3).
Proof: The proof is omitted since it follows from standard arguments for superposition coding. M

B. Achievablity for Half-Duplex Channel

Now we give a scheme for the original channel. The rate region will be given in terms of Ryirya 1n
Theorem 4.1} Our coding scheme consists of a sequence of blocks. Each block is [0y L]+ [0 L]+ [dcL]
long (da,dp,0c > 0). Let us denote, Ly = [0aL], Ly = [dgL] and Lc = [dcL]. In each block, the first
1,2,...,Lgand Ly + 1, Lg + 2,..., Ly + L¢, respectively are operated in modes B and C respectively.
The rest L4 long duration is in mode A. During mode B and C of each block, we will realize the bit-pipes
of the virtual channel. This will allow us to implement our coding scheme for the virtual channel during
mode A. In addition to realizing the virtual channels, modes B and C also involve communication of
additional data directly to the intended destination as well as by relaying through the other source node
as explained next.

Notice that in mode B (resp. C), we have a broadcast channel with source node 1 (resp. 2) as the
sender and three receivers, namely, the two destinations nodes 3 & 4 and the other souce node 2 (resp. 1).
We describe mode B; mode C' is symmetric. In addition to realizing the bit-pipes of the virtual channel,
during mode B, the source node 1

(1) sends data to its own destination node 3, and



(i) implements a simple block Markov decode-and-forward scheme in conjunction with source node
2 by (a) sending data to the other source node 2 to be relayed by source node 2 to the intended
destination node 3 in mode C of the next block, and (b) relaying data received from the other source
node 2 during mode C of the previous block to its intended destination node 4.

In mode B, source node 1 uses superposition coding to send messages to each of the other nodes. In
particular, it sends at a rate of Rip to destination 3, at a rate A C12 + AR5 to the other source (node 2)

and at a rate of 5*‘ C14 + 2 5 € ARy14 to destination node 4. The transmlsswns at rates AC12 and —C14 are
used to realize the bit-pipes originating from source node 1 to nodes 2 and 4, respectlvely in the virtual
channel. Similarly, source node 2 realizes the bit-pipes to the other nodes in mode C. With these bit-
pipes in place, the channel in the following mode A is effectively transformed into the virtual channel we
described before. The transmission at rate AR5 is meant to be relayed on by source node 2 to destination
node 3 in the following mode C. And the transmission at rate g—gARQM is of the data node 1 received
from source node 2 in mode C of the previous block that is intended to be relayed to destination node 4.
Slmﬂarly, in mode C, source node 2 sends using superposition coding at rates Roc, 2 5 A Co1 + ARy, and

5 C23 + AR123 to nodes 4, 1, and 3, respectively. Note that in mode B for the first block, there is no
relay data “available for node 1 to relay to node 4. But, by increasing the number of blocks, the resulting
deficit in rate can be made as small as desired.

For the degraded broadcast channel of mode B (resp. C'), we will use the natural ordering of users for
superposition coding-successive cancellation decoding, i.e., the strongest user’s message is superposed on
the codeword resulting from superposing the next stronger user’s message on the weakest user’s codeword.
To denote all possibilities together, we adopt the following notation. Let

ﬁg = RlBa FN{E - R207
) )

RB A —Ci2 + ARyo3, RC = —Co1 + ARy,
5]3 50

- ) 0 - ) )

RY = —AC14 + CAR214, and R;? = —AC23 + BAR123
0B OB oc oc

Then, by superposition coding, the above rates are achievable if there are permutations ¢® of {2, 3,4}
and ¢© of {1,3,4}, and a joint distribution

p(ﬁ?)p(ﬁ?)p(ﬁ?) (z1|aB, a8, a)p(a)p(a§)p(as)p(xs|as, as, 4s), (which satisfies the condition Var (X7),
Var (X3) < 1 for the Gaussian case) such that

ZR VIO, UP Y, i€{1,2,3}, (1)

ZRM < I(U7, ..., U Yyou), ie{1,2,3}. 2

Note that, for a given channel, we will use only the permutations @B, ¢© corresponding to the natural
ordering described above. Also, note that the U”’s are auxiliary random variables corresponding to the
messages superposition coded in mode B (similary, U¢ for mode C). Thus, we have proved the following
theorem:

Theorem 4.2: The rate pair (R;, R) is achievable for the half-duplex channel, where

OaRia + 0pRip + 6BAR;23

R - )
' 0 + 0p + Oc

R, — daRoa + dcRac + 0cAR214
2 Sa + 0p + 0 ’

for parameters as defined in the above discussion such that (I)-(2)) hold and
(Ria; Roa) € Ruirtual(Ciz, Car, Cua, Cas).
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Fig. 6: Linear deterministic interference channel with half-duplex source cooperation.

V. THE SYMMETRIC CASE: LDM

In this section, we study the linear deterministic model (LDM) of the symmetric half duplex source
cooperation problem, and characterize the sum capacity for this LDM. In particular, there is a natural
way to divide this problem into several different parameter regions, and in each region we explicitly
characterize how the achievable scheme allocates rates for various messages. For the Gaussian model in
the next section, we will divide the problem into parameter regions that correspond to the regions for the
LDM. Our achievable scheme for the Gaussian model in each region mostly follows from the intuition
we gain from the LDM.

A. Channel Model and Sum Capacity

The linear deterministic channel [[1] corresponding to the symmetric case is parameterized by nonneg-
ative integers

np = |log SNR]*, n; = [logINR|", nc = |log CNR|™.

The channel is depicted in Figure @ Let S, be the shift matrix in F;*", where [F; is the finite field with
two elements, i.e.,

0O 0 O 0
1 0 0 0
S =10 1 0 0
o -~ 0 1 0],
The sources can work in one of the three modes. In mode A, both sources transmit and the channel
inputs X1;, Xy; are in IE‘;naX{ND "1} The nodes receive:
}/lt — 07
Y2t = O)

Y?,t _ Smax{nD,NI}—nDXlt ® Smax{nD,n]}—n[XQm

max{np,ns} max{np,nr}

Yzlt _ Smax{nD,NI}—nDX% ® Smax{nD,nI}—nIXlt'

max{np,ns} max{np,nr}

In mode B, source 2 listens and the channel inputs X, X5 are in ;nax{"D ninct Then,

}/lt:()a

_ gmax{np,nr,nct-nc
Yo = Smax{np mrnet X,

_ omax{np,nr,nc}—np
Yat = Stax{npmime} A1t

}/415 — SmaX{”Dﬂ’Lh”C}_nIXIt

max{np,nr,nc}



In mode C, source 1 listens and the channel inputs X;, X, are in IF;“X{”D nnct Thep,

_ gmax{np,ny,nct-nc
Yi = Smax{”D nIncy X2t’
3/2t = 07
_ gmax{np,nr,nct-ns
ng’t - Smax{nD,nI,nc} X2t’
_ ogmax{np,n;,nc}t—np
Yy = max{np,ns,nc} Xy

Theorem 5.1: The sum capacity of the interference channel in Figure [6] is

Csum = I?Zag( min{ll (5)7 l2(5)7 l3(5)7 l4(5)}7

where
2
11(6) =513 (0np + max{np,nc}),
1
l5(9) :m(é max{2np —ny,n;} +np
+ max{np,nr,nc}),
I3(9) =533 (0 max{n;,np — n;} + max{np,n;,nc})
2(1+46
1(5) = { il meslon,ni), oz,
np, np =Ny

The parameter ¢ is a scheduling parameter the same as the scheduling parameter used in Theorem The
proof for the converse of the theorem is similar to that of the Gaussian case and is omitted in this paper.
Below we describe the achievable coding scheme for the LDM. Note that when n; = np or ng < np, the
sum capacity reduces to that of the interference channel without cooperation. Hence, it can be achieved
with the optimal interference channel scheme. In the following discussions, we assume n; # np and
ngc > Nnp.

B. Coding Scheme

To characterize the sum capacity, it is sufficient to consider only symmetric schemes. The induced
virtual channel is also symmetric. The symmetric virtual channel has an interference channel determined
by (np,n;) and its bit-pipes have rates Ci5 = Cy; = Cys and Cyy = Cy3 = Cyy. We denote this type of
virtual channel by IF*®((np, ny), Css, Csa)-

For simplicity, let n = max{np, n;}. For source i € {1,2}, we define the public, pre-shared and private
auxiliary random variables W;, V/ U; to be independent random variables on 5. In particular, the public
and pre-shared auxiliary random variables are uniformly distributed over [F. The private auxiliary random
variables are uniformly distributed over the set of length n vectors in Fy whose upper n — (np — n;)™*

elements are fixed to be 0. In Theorem we set
Xyy =V,
Xy, =V + W,
Xy, =V + W, + U..
Note that the private auxiliary random variable U; occupies the lower (np — n;)™ levels so that it does

not appear at the other destination. This is similar to the choice made in [9] for the (non-cooperative)
intereference channel.



For the cooperative private codebook, we choose the auxiliary random variables V;, 7 = 1, 2 independent
of each other and all the other auxiliary random variables, and distributed uniformly over 5. We choose
(Xv,, Xy,) as deterministic functions of (V3,V5) such that

vil_ [ osen ][ X

Ve ] T s s || X,
As the channel matrix is invertible, we can always find such Xy, for arbitrary V;. For the particular choice
of Xy, the sources are effectively doing zero-forcing beamforming such that each destination receives the
message V; intended for it.

Using these definitions, source ¢ sends X §i+X ‘%, i = 1,2. The induced channel py, v, v/ vy, wy Wa,01,02,1 V2
is as follows:

Ya=S"e(Wi+ U+ V) + S MWy + 1,
Yy =S (Wa + Uy + Vi) + S MWy + Vs,
where the unintended pre-shared public signals which the receivers know in advance are removed. We
choose symmetric rates for the four types of messages: i.e., Ry; = Ry; = Ry, and so on. When n; < np,
the sources only send data to their own destinations in modes B and C, thus we set C,y = 0 and the
pre-shared message rate Ry = 0. By Theorem the rate pair (Rw + Ry + Ry, Rw + Ry + Ry) is
achievable if
2RW—|-RV—|-RU STLD
Ry + Rw < max{n;,np —ns}
Ry <np —ny
with Ry > 0, Ry > 0,0 < Ry < C,s. When ny > np we set the private message rate Ry = 0 as the
interference is strong. By Theorem the rate pair (Ry + Ry + R\, Rw + Ry + R;,) is achievable if
2Rw + Ry + Ry: < ny
Rw + Ry: < np
with Ry > 0,0 < Ry < C,,0 < R, < Cyy. By the Fourier—Motzkin elimination, we arrive at
Theorem 5.2: The following is an achievable sum rate R)™! for IF*°?((np,ns), Css, Csa)-
1) When n; < np, Csd =0,

Np,
virtual : 1 1
Rim" = 2min np — 3nr + 5Css, :
max{ns,np —n;} + Cys

2) when n; > np,

np + CSS7

virtual __ : nr+Css+Coqg

Rgm" = 2min Hgtmed
nr

Now we can show the achievability of the sum capacity Cgyy using a symmetric version of the scheme
in Section Set g = d¢ = 1,04 = 9. For superposition coding in modes B and C, the sources set
the data rates R = Ryc = np and choose the shared rates Ci5 = Co; = Cy,, Cy = Co3 = C,y and relay
rates ARj23 = ARyyy = AR. The constraints (I))-(2) translate to

6Css + AR < (nc —np)™,
6Csa + AR < (n; —np)*,
6Css + 0Csq + 2AR < (max{ns,nc} —np)*.



By Theorem [4.2] the sum rate achieved by this scheme is

Rum = 1 520 + 2AR + SR (1, 01, Co, Cu))

The optimization problem for Ry, naturally divides in to the following parameter regions. For our
choice of rates C,s,Csq and AR, tt is not hard to verify that the above constraints are satisfied and
Rgm = Cgun 1n all regions.

1) n; <np < ng. Cgs = (ng —np)/d, Cqg = 0 and AR = 0. The interference link is weak in this
region. We do not use it for sharing information or relay.

2) np <ny <ng. Ciq = 0. The cooperation link dominates the interference link in this region, so we
do not share data over the interference link. When the cooperation is strong enough, we use the
additional capacity to relay data.

a) nc —np <dény. Cos = (nc —np)/d and AR = 0.
b) nc —np > (572]. Css = ny and

—np—6
AR = min <nc o nI,’fL[—’ﬂD)

2

3) np < n¢ < ny. The interference link dominates in this region. We always use it for sharing data.
When the cooperation link and the interference link are both strong enough, we further use them
to relay data.

a) nf—np < dnyornc—np < d(nf—np). Css = (nc—np)/d,Csqg = (ny—n¢)/d and AR = 0.
b) nf —np > 5%[ and nc — np > (5(71] — nD). CSS =Ny —np, Css + Csd = ny and

nr—np —571[
2

AR = min (nc —np —d(n; —np),

Remark: Primarily, cooperation enables better rates of transmission over the interference channel. When
both n¢ and n; are large relative to np, relaying also comes into play. In the Gaussian model, we divide
the problem into parameter regions as above. The basic idea for the coding scheme is to allocate the power
for the signals according to the intuition provided by the LDM, such that the rates for the messages in the
Gaussian model and the corresponding LDM differ by at most a constant. Then it is sufficient to apply
the achievable coding scheme for the LDM. Note that when SNR ~ INR, which corresponds to the case
np = ny, the achievable rate obtained by directly applying the LDM result is not tight with respect to
the upper bound. In fact, we need to further consider the angle difference ¢ for the channel gains to show
the constant gap result.

VI. THE SYMMETRIC CASE: GAUSSIAN MODEL

We follow the intuition from the linear deterministic channel and consider a symmetric version of the
coding scheme in section as well. The auxiliary random variables in Theorem for the induced
symmetric virtual channel are chosen as follows: for source ¢+ = 1,2, we define the auxiliary random
variables W;, U;, V/ to be independent, zero-mean Gaussian random variables with variances o3, 0%, 0%,

respectively. Set
X‘/i/ = ‘/Z./’
Xw, =V + Wi,
XUi - ‘/;,‘FWZ—FUI
The variance o for the private message is set below the noise power level at the destination where

it causes interference. Following the intuition from the linear deterministic case, we will employ zero-
forcing beamforming for the cooperative private messages. We choose Vi, V5 to be zero-mean Gaussian
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random variables with variance 0%, independent of each other and all previously defined auxiliary random
variables, . When the channel matrix is invertible, Xy;,7 = 1,2 are chosen such that

Vi| _ | has hos Xy,
Vo his  hog Xy,

where Xy,,7 = 1,2 are correlated Gaussian random variables with variance
SNR + INR 9
3 3 Oy -
SNR* 4+ INR* — 2SNRINR cos

When the channel matrix is not invertible, we simply set a%/ =0 and Xy, = Xy, =0, i.e., there will be
no cooperative private message. The variance parameters must satisfy the power constraint

Var (Xy,) =

oy +op +op + Var (Xy) <1, i=1,2.
After removing the unintended pre-shared public signals, the destinations receive

Y5 = his(Wy + Uy + Vf) + hosWao + Vi + hosUs + Z3
Yy = hoas(Wo + Uy + V3) + hoy W1 + Vo + hiaUy + Zy.

We set the rates for the four types of messages to be symmetric, i.e., Ry, = Ry, = Ry and so on. Also,
in Theorem we set Clg = C21 = CSS, C14 = C23 = Csd, and AR123 = AR214 = AR.

With the above definitions of auxiliary random variables, there exist power and rate allocations such

that the rate Cgym, defined in Theorem is achievable within a constant. Specifically,

Theorem 6.1: Cqym > Ceum — 17.

Proof: We sketch how we prove the theorem and refer the reader to Appendix [A| for details. We
show achievability in the following five parameter regions. In the first four regions, we consider the coding
schemes for the corresponding LDM and show that the sum capacity of the LDM can be achieved within
a constant. The last region is unique for Gaussian channel, where the scheme according to the LDM can
be strictly suboptimal.

1) CNR < SNR or CNR < 1 or INR < 1. In this region, the condition implies that either the cooperation
is not helpful or there is little interference. Therefore, the previous schemes for the interference
channel are enough to achieve the upper bound within a constant.

2) 2INR < SNR < CNR. This region corresponds to the case n; < np < nc.

3) 2SNR < INR < CNR. This region corresponds to the case np < ny < nge. We further divide this
region into two subregions as for the LDM.

4) SNR < CNR < INR. This region corresponds to the case np < ng < n;. We further divide this
region into two subregions as for the LDM.

5) SNR = INR < CNR. This region corresponds to the case np = ny. In LDM, if np = ny, the channel
is degenerated and the channel matrix S has only rank np. However, in the Gaussian case, whether
the channel is degenerated further depends on the angles of the channel gains. In particular, when
cos @ ~ 0, the channel matrix H is well conditioned and cooperation is still helpful.

|
The following theorem provides an upperbound to the sum-rate. It is proved in Appendix This
theorem together with the previous one imply Theorem [3.1]



Theorem 6.2: Let

Cut(0) :2—_15 :(5 log(1 4+ SNRP,4) + dlog(1l + SNRP,,)

log(1 + (SNR + CNR)P; ) + log(1 + (SNR + CNR)PQC)}

1 -
§log(1 + 2SNRP, 4 + 2INRP,,) + log(1 + SNRP; )

24+0L
SNRP; 4
+1log(1 + (SNR + INR + CNR) Po¢) + 0 log(1 + m)]

2SNRP, 4 + INRP,
SNRPua + 2’4)+log(1+(SNR+INR+CNR)PlB)

Z(6) =

14+ INRP; 4
2SNRP,4 + INRPy 4
14+ INRP4

1
V) =5 5[5log<l+|NRP2A+

+ 0log (1+INRP1A+ )+10g(1+(SNR+INR+CNR)P20)

1
Cut'(6) =5 [5 log(1 + 2(SNR + INR)(Pis + Psa) + PraPsa(SNR? + INR? — 2SNRINR cos 6))

+log(1 + (SNR + INR)Py) + log(1 + (SNR + INR)PQC)}
Define CHD — max min(Cut (), Z(5), V(9), Cut'(§)), where the maximization is over all non-negative
0,Pia, Pig, Psa, I%AC 1vj?lhich satisfy the power constraints

0Pia+ Pip <1and 0 P4 + Poc <1
2+96 2+9

Then

Csum<CHD <Cum‘i‘7

sum

VII. THE COGNITIVE CASE: LDM

In this section, we study the linear deterministic model (LDM) of the cognitive channel. We first
characterize the cognitive capacity of the LDM, which is the counterpart of the Ry-capacity for the
Gaussian case. Next we describe the coding scheme for the channel and provide a simple interpretation
of the coding scheme. We then briefly discuss the converse. The intuition from the LDM will be our
guideline for studying the Gaussian channel in the next section.

A. Channel Model and Cognitive Capacity

The LDM of the cognitive channel is parameterized by the nonnegative integers

ny = |log SNR;|*,ny = |log SNR2|*, y = [log INR; | ™,
ay = [logINRy]*, 8 = |log CNR| "
The channel is depicted in Figure [7| Let S, be the shift matrix in F5*", as defined in Section [V| As

the cooperation is only unidirectional, the sources can work in mode A and B. In mode A, both sources
transmit and the channel inputs X;, Xy, are in IF’;“"{"I’%”Q"”}. The nodes receive:

}/It = 07
YQt - 07
_ gmax{ni,a1,n2,a2}—n1 max{ni,a1,n2,02}—a1
Y3 =95 X @S Xoy,

max{ni,a1,n2,a2} max{ni,a1,n2,a2}

max{ni,a1,n2,a2}—n2 max{ni,a1,n2,02}—as
Yi=25 Xoy @S X1t

max{ni,a1,n2,02} max{ni,a1,n2,02}
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Fig. 7: Linear deterministic interference channel with unidirectional half-duplex source cooperation.

In mode B, source 2 listens and the channel inputs X, X5 are in ;nax{"l’al’m’“?’ﬁ ' Then,

}/lt = Oa
Yo = Smax{m70617712706275}—/3)(”’

max{ni,a1,n2,a2,8}

max{ni,a1,n2,02,6}—n1
}/St = S Xlt?

max{ni,a1,n2,a2,8}
— maX{n1’a17n27a21ﬂ}_a2
Yy = SmaX{m,oq,nz,OQﬁ} Xie.

For this channel, source 1 is the primary user and source 2 is the secondary user. As mentioned in
Section [II, we would like to know the best rate the secondary can get when the primary is communicating
at its link capacity, which is ?; = n;. We define the cognitive capacity for this LDM as follows, which
is similar to the Ry-capacity for the Gaussian case.

Definition 7.1: Assume the capacity region of the channel in Figure [7|is €. The cognitive capacity of
the channel is defined as

Ccog - max RQ.
(RLRQ)E‘K
Ri=n1

Note that in this definition, the primary does not need to back-off as in the Ry-capacity. This back-off
is not necessary because the linear deterministic model is a coarser description of the true channel. It
characterizes the channel capacity only up to degree of freedom. Therefore, a constant back-off in the
Gaussian model is negligible in this LDM.

Theorem 7.1: The cognitive capacity Ceog of channel in Figure [/]is given by

Coog = I?BOX min (w1, ug, U3, Us),

where
1
Uy = n
R T L
1
u2:1—{—(5[”2\/042—a2/\n1+5(5va2vn1_nl)]
1
1
U4=1—|—6[(Oé1—n1)+—042/\711—0—<n2—@1>va2+5<ﬁva2vn1_n1)}'

The parameter is a scheduling parameter the same as the scheduling parameter used in Theorem
Before continuing to the coding scheme and the converse proof, we summarize here the result for cognitive
capacity of the interference channel without cooperation for comparison.
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Proposition 7.1: The cognitive capacity of linear deterministic interference channel parameterized by
ni,Ng, 01, 0 is

IFC _ . :
Ccog — mln(vla VU2, U3, U4),

where

V] = No
Vg =N V (g — g A\ Ny
v3 = (a1 —ny) "+ (ng —ay)"
vy = (a1 —n)" —ag Ang+ (ny —ay) V as.
Proof: The capacity region of the linear deterministic interference channel [2] is given by the set of
(R1, Ry) satisfying
Ry <ny
Ry <ny
Ri+ Ry <(ny — o)™ +maVay
Ri+ Ry <(ng—ay)" +m Ve
Ry + Ry <a1 V (ng — ag) + ag V (ng — )
2R+ Ry <myVag+ (ny — o)™ + s V (ng — ay)
Ry + 2Ry <naVag + (ng —ay)™ + a1 V (ng — aw).

Evaluating the inequalities at R; = n;, the maximum R, gives the cognitive capacity above. [ ]
Using the notation in the proposition, we can rewrite the cognitive capacity of the cognitive channel as

Ceog = max min(vy, ve + 0(8V ag Vg —nq),vs,v4 +0(BV as Vng —ny)).

149
When = 0, clearly the cognitive channel reduces to the original interference channel and Ceog(f =
0) = Cgog - When 3 < ay V ny, we can see that Crog(3) = Ceog(8 = 0) = Cio”. Moreover, when the
channel is aligned, i.e., n; + no = a3 + s, we have

C’IFC

Coog < max uy = vy = max (11, ng, a, az) —nyp = Cgp” .

In both cases, the cooperation link is useless and the optimal interference channel scheme is enough.
Therefore, in the following discussions, we assume 3 > ao V ny, ny + Ny # ay + «p, and

Ceog = max min(vy, ve + 6(8 — ny),v3,vs + (5 — ny)).

1+9

B. Coding Scheme

We consider general asymmetric schemes for the cognitive LDM. Compared with the symmetric case, we
have several differences: (a) the interference channel is asymmetric and is determined by (n;, aq, no, as);
(b) for the virtual channel, as ny; = 0, we always have Cy; = 0.

In our coding scheme, we do not use the pre-shared message and set C;4 = Co3 = 0. Hence the virtual
channel is denoted as IF*°°P(ny, a1, na, a, C12). Moreover, relay is also not used in this case and we set
the relay rates ARjs3 = ARy14 = 0. By definition of the cognitive capacity, we have R, = n; and our
scheme sets Rig = Ri4 = n;.

To choose the auxiliary random variables in Theorem for this asymmetric virtual channel, let
n =mny Vo Vng Vay for simplicity. For source i € {1,2}, we define the public and private auxiliary
random variables W;, U; to be independent random variables on . The public auxiliary random variables
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are uniformly distributed over ;. The private auxiliary random variables are uniformly distributed over
the set of length n vectors in F} whose upper n — (n; — «;)* elements are fixed to be 0. In Theorem
we set V/ =0 and

Xw, =W,

Xy, = Wi + U,

Note that U; occupies the lower (n; — a;)" levels so that it does not appear at the other destination.This
is similar to the choice made in [9] for the (non-cooperative) intereference channel.

For the cooperative private codebook, we set the auxiliary random variable V, = 0 and choose V;
independent of the auxiliary random variables and distributed uniformly over the set of length n vectors
in F7 whose upper n — k elements are fixed to be 0. The choice of k£ will be specified later. We choose
(Xv,, Xv,) as deterministic functions of V; such that

{ Vi ] _ { Spm S } { Xv } 3)
0| | Sp Sp—m Xy,
For the particular choice of Xy, the sources are effectively doing zero-forcing beamforming such that the
primary destination receives V; and the signal cancels at the secondary destination. For this scheme to be
feasible, % is chosen such that for arbitrary V; in F} with the upper n — k elements being 0, there exist
Xy, , Xy, satisfying the above equation. Such k is called realizable, and we have the following lemma.
Lemma 7.1: For channel with parameters (n, ns, o, ), the largest realizable & is [n; — (g —n2) ™|V
[ar = (n2 — aa)™]

Proof: Clearly we have k < ny V ay. Assume s > ns. As Vo = 0 and the upper oy — no bits of V5
and Xy, are the same, those bits of Xy, must be zero. After removing the corresponding first ay — no
columns, the channel matrix is equivalent to a channel with parameters (n; — (@ —n2), ng, oy, n2). Hence
we have k < (n; — (ag — n9)) V 1. Ignoring the all zero rows of this new channel matrix, it is not
hard to see that it is of full row rank and for any V; € F5 with its upper n — k elements being 0, where
k = (n1 — (e — na)) V aq, there exists Xy,, Xy, satisfying (3). Hence the maximum realizable £ is
(n1 — (ag — ny)) V ay. A similar argument can be made for oy < ny and combining the two we have the
lemma. [ ]

According to the above lemma, we set k = [n; — (ag — n2)™] V [an — (ng — ag)™]. Source 1 sends
X} + X[ and source 2 sends X/; . The induced channel py, v, jwy,wa,0,05,14 1S

Ys =S (W1 +Uy)+ S, Wy + W)
Y, =85 (Wa+ Us) + S~ Wh.
By Theorem[4.1]the rate pair ( Ry, + Ry, +Ryv,, Rw,+Ry,) is achievable if the rates Ry, , Ry, , Rv;, Rw,, Ru,
are non-negative and they satisfy the following conditions:
Rw, + Ry, + Rw, + Ry, < max(ay,ny)
Ry, + Rw, + Ry, < max(ay, k)
Rw, + Ry, + Ry, < max(nq, k)
Rw, + Ry, <m
Ry, + Ry, < max(n; — ag, ay)
Ry, + Ry, <k
Ry, < (m —ag)™
Ry, < Cyp
Ry, + Rw, + Ry, < max(ag,ns)
Rw, + Ry, < max(ns — oy, as)
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Rw, + Ry, < no
Ry, < (ng —ay)™"

Set Ry = Rw, + Ry, + Ry, = nq and Ry = Ry, + Ry,. Applying Fourier-Motzkin elimination to the
above inequalities we get the following theorem.
Theorem 7.2: The following is an achievable cognitive rate for IF°®(ny, ay, ng, aa, Cq2),

Rggéual = min(vy, vy + Ciz,v3,v4 + Ci2)
in which v;,7 = 1,2, 3,4 are defined in Proposition
With this theorem in hand, showing the achievability of the cognitive capacity for the original half-
duplex channel Ceoq is quite straightforward. Set dp = 0,0c = 0,04 = 1. For the superposition coding
in mode B, source 1 sets rate Ry = n; and the shared rate % =08 —mny or Ciy = (8 —ny). As
Ry = Rys = n,, the total rate for the primary is [y = n;. Then by Theorem the cognitive rate
achieved by the secondary is

1 .
I .
Reog = max RYMal — max min(uyq, us, us, Uy
cog 50 1 5 cog 50 ( ) , U3, )7

where uy, us, usg, uy were defined in Theorem

C. An Interpretation of the Scheme

For the interesting region 3 > ay V ny and ny + ny # a1 + ao, we can obtain a simple interpretation
of the scheme by optimizing over J. Let
1 .
Coog(9) =145 min(vy, ve + §(5 — ny),v3,v4 + 0(8 — ny))
1
:m min(vl N Vs, U2 A V4 + 5(ﬁ — 711))

Define §, = ”IA”S’ELA:fAUSA”4 > (0. When 6 > dy,

1
Ccog(é) = 1—_‘_5[01 A ’Ug] < [1)1 A Ug].

~ 140

When 0 < § < §y, we must have §, > 0, which means v; A v3 > v; A va A v3 A v4; hence, vy A Vg =
’Ul/\UQ/\Ug/\’U4.

Coog(8) = 5[0z A v+ (8 — 1)
< max (Ug N Uy, %50[?12 AN 50(@ - 1)])

1
=max [ v1 Avg ANvg AN vy, —=—|v1 A .
(1 2 A\ U3 41+50[1 3])
The second inequality is due to the fact that Ciog(d) is @ monotone function in this region and its maximum
is achieved at the end points. The last equality follows from the fact that vy A vy = v1 A vy A v3 A V4.
In summary,

1

Ocog(5) S max (Ul N vy A\ vz A Vg, r&o

[v1 A v3]>

1
Ceog = m?xccog(é) = max (vl A Vg A U3 A Uy, T4 [v1 A 113]) )
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The equality is achieved by taking either 0 = 0 or &6 = dg. As defined in Sectiqn VII-Al C(';'Zg =
v1 A va Avug A vy, If we let ag = 0, the interference channel reduces to the corresponding Z-channel and
we can define its cognitive capacity as

Z IFC
C(cog = Ccog (042 = 0) =v1 Nvg Avg A U4’a2=0 = v1 A s,

Then Cgoq can be rewritten as

Ciog = (CR. 5 ().

This expression of Cgog provides a new interpretation of our scheme. It consists of two optional schemes.
One is the optimal scheme for the interference channel that achieves its cognitive capacity. In the second
scheme, the secondary first listens in mode B long enough to collect information of the interference
from source 1 during mode A. In each time instant, it gets 5 — n; bits. Then in mode A, it uses this
information to perform dirty paper coding to fully “cancel” the interference. Thus the original channel is

now equivalent to a Z-channel and Cczog is achieved for the secondary. The amount of information needed
. . . CZ,—CHS .

— CFC. hence, the time to listen is 6y = —%—=4 a5 defined above. It is

ﬁCczog. Our optimal scheme picks the better of the two and

. . Z
to cancel interference is Cgyq cog >
easy to see that this scheme achieves rate

achieves capacity Ceog.

D. Converse

To prove the converse, we need the following theorem.
Theorem 7.3: The capacity region ¢ is contained within | J; €'(0), where €'(0) is the set of rate pairs
(R1, Ry) satisfying

1
Ry <
2=141¢

1
R+ Ry Sm[max(nz, @) + d max (3, az,n1) + (n1 — az2)7]
1

Rl —+ R2 §1—+5[max(oz1, nl) + (5711 -+ (n2 — CY1)+]

2R, + Ry S%M[max(al, ny) + 0+ (ny — an)™ + max(ng — ay, ) + 6 max(, as, ny)]

For schemes with scheduling parameter J, () can be shown as an outer bound on the achievable
rate region. The first upper bound is proved by assuming no interference. The second and third upper
bounds are proved along the lines of the Z-channel bound in [9] and the last bound has similarities to the
2R, + R, upper bound in the same reference. The full details are provided for the Gaussian model.

By evaluating the upper bounds with R; = n; and optimizing over § we get an upper bound on R,
which matches the cognitive capacity given in Theorem

No

VIII. THE COGNITIVE CASE: GAUSSIAN MODEL

We follow the intuition in the previous section to approximately characterize the Ry-capacity of the
Gaussian cognitive channel. The auxiliary random variables for the virtual channel in Theorem are
chosen as follows: For source ¢« = 1,2, we define respectively the public and the private auxiliary random
variables W; and U; to be independent, zero-mean Gaussian random variables with variances o3y, , 07 ,
respectively. In Theorem .1, we define

Xw, = Wi,
Xy, = Wi + U..
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The variance U2U¢ for the private message is set below the noise power level at the destination where it
causes interference. Following the intuition from the linear deterministic case, we will employ zero-forcing
beamforming for the cooperative private messages. We choose Vo = 0 and V) to be zero-mean Gaussian
random variables with variance 0‘2/1, independent of each other and all previously defined auxiliary random
variables. When the channel matrix is invertible, Xy, and Xy, are chosen such that

‘/i — h13 h‘23 XV1
0 his Doy Xv,

In this case, Xy;,¢ = 1,2 are correlated Gaussian random varaibles with variances

|hoa|? 2

X p—
Var () = G I
B SNR, 2 @
B SNRlsNR2+INR1INR2—2\/SNR15NR2|NR1INR2C089 Vi
‘h14’2 2
Var (Xy.,) =
() = s P
INR
2 2 (5)

~ SNR;SNR; + INR,INR; — 2¢/SNR;SNR,INR;INR, cos 6"

When the channel matrix is singular, we seﬂ 0‘2/1 = 0, i.e., there is no cooperative private message. The
variance parameters must satisfy the power constraint

Var (Xy,) + Var (Xy;) <1, i=1,2
The destinations receive

Y3 =hi3s(W1 + Uy) 4 hosWa + Vi + hosUs + Z3
YZ; :h24(W2 + UQ) + h24W1 ‘|‘ h14U1 + Z4

In Theorem as mentioned earlier, we set Cy; = Cyy = Co3 = ARja3 = ARy = 0, ie., only Cyy is
non-zero, in general.

In appendix [C| we show that with the above choice of auxiliary random variables, there are power
and rate allocations under which we achieve an R; which is within Ry of the point-to-point capacity
Cy = log(1 + SNR;) of the primary link and an R, which is within a constant of Cp, as defined in
Theorem [3.2] Specifically, we prove that

Theorem 8.1: If Ry > 7,

Cgr, > Cg, — 23 — 2R,.

To prove the converse part of Theorem [3.2] we need the following theorem that is similar to Theorem
It is proved in appendix [D]

In fact, in a region where the channel matrix is ill-conditioned, we do not employ cooperative private message.
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Theorem 8.2: The capacity region ¢ is contained within | J; €'(0), where €'(0) is the set of rate pairs
(Rq, Ry) satisfying

Ry <1+

11 5 lOg(l + SNRQPQA)

1
Ry+ Ry <14 —— [1og(1 + 2SNRy Py + 2INRy Pry) + S log(1 + (SNR; + INR, + CNR) Py )

110
SNR, P4
log(1 + >atia
+log(l+ T NRy o
1

R+ Ry <24+ —— [log(l + 2SNR; Py 4 + 2INR; P2 4) + dlog(1 + SNR; Py g) + log(1 +

SNRy P 4 )
146

14+ INRy Poy
SNR; P 4
14+ INRy P4

) + 6log(1 + (SNRy + INR, + CNR)PlB)]

— 4

2R; + Ry <34+ —— [log(l + 2SNR; P4 + 2INR; Py4) + dlog(1 + SNRy P 3) + log(1 +

1+6
9SNRy Py + INRy P4
log(1 + INR,P
+log(l +INRy Pra + 1+ INR P4

with power constraint

Pis+0Pp Pya
iy <1 Pop =0.
14+6 - 14467 2B
1+6

Setting the power terms to their maximum possible value, i.e., Piy = 1+, Pigp = =5t =1,2, we

get a new outer bound on the capacity region that is easier to use. The following lemma is shown in
appendix

Lemma 8.1: The capacity region % is contained within J; € (), where €(9) is the set of rate pairs
(Ry, Ry) satisfying

Ry < log(1 4+ SNRy) + 2

1494
Ry + Ry <—— [log(l + 2SNR; + 2INRy) + dlog(1 + (SNR; + INRy 4+ CNR)) + log(1 + ﬂ)] +3
1 SNR;
2R, + Ry <L [1og(1 + 2SNR; + 2INR;) + dlog(1 4+ SNR;) + log(1 + ﬂ)
149 1+ INR;

25NR; + INR;
14+ INR;

Setting Ry = log(1 4+ SNR;) — Ry in this lemma we get Cr, < C’_RO.

+ max(log(1 + INRy + ),log(1 + 2INRy)) + 6 log(1 + (SNR; 4 INR; + CNR)) | + 6

APPENDIX A
PROOF OF THEOREM

We prove this sum-rate achievability result in two steps. Instead of directly comparing Cgym with the
rate achievable by the coding scheme in section we will first show that the Cgyy is within a constant
of CLOM "a quantity we define below inspired by the result for the linear deterministic model. We will then
prove that the coding scheme in section [IV|can be used to achieve a sum-rate which is within a constant
of CEOM. Specifically, we prove the following two lemmas which together imply Theorem To simplify
the notation, let z = SNR,y = INR, z = CNR, and define np = |logz|*,n; = |logy| T, nc = |logz| ™.

Lemma A.l: Define

LDM _ LDM(§) — (! / n
CLDM — max CEOM(§) = max min(u; — 6, uy — 4, us, uy — 4, uy — 10)
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where

uy = 755 (0np + max{np,nc})
1
uhy = 355 (0 max{2np —n;,nr} + np + max{np,ny,nc})
2
ug = 2—+5 (5max{n1, np — m} + maX{”D; nr, nC})
2(1+0
uly = %max{nmm}

and uy is as defined in Theorem Then Coym < CEIM + 10.
Proof: The following inequality is useful for the proof.

llogz|" < (logz)" <log(1+x) <1+ (logx)™ <2+ [logz|*, Vz > 0.

It is easy to verify that u; < u} +4,us < u) + 6 and uz < u} + 10. So we get the result. [ |

Note that in the definition of C)PM we have preserved the term wu,4 rather than have all the terms as
functions of np,n; and ne. The reason for this is that the linear deterministic model is too coarse to
model the channel phase information. When the channel matrix becomes ill-conditioned, the term u, may
dominate Cg,m and also have a large gap with respect to /.

Next we show that C5OM can be achieved within a constant.

Lemma A.2: Csym > CEIM — 7.

Proof: To simplify the notation, let

B 22 +y? — 2zycosd

b= z(x +y)
22 +y? — 2zycosd
By = :
y(z +y)

Then, for the auxiliary random variables in section we have ¢ = [jzVar (Xy). We note that
Brz = [Bay, and it is easy to show the following properties for 5 and (5.

1) When = < % <2,wehave 5, <3,i=1,2.

2) When £ > 2 we have ; > %, and when % > 2, we have 35 > %.

To satisfy the average power constraints, we always allocate the source powers such that local average
power constraints are satisfied, i.e., the average power for each mode is at most 1. We consider five
different regions which together cover all possibilities. In the first four regions, we consider the coding
schemes for the corresponding LDM and show that the Gaussian channel can allocate the same rates for
all the messages up to some constant. The last region is unique for Gaussian channel, where following
the scheme for the LDM can be strictly suboptimal. The sum rate is

1
2+9

< 8 NI

Region 1: 2 <z orz<lory<1.

In this region we do not use any cooperation (05 = d¢ = 0 in Theorem [4.2). The scheme reduces to
Han and Kobayashi’s scheme for the interference channel[9]], [6], and it is not hard to show that Cé-an'\,"
can be achieved within 6 bits in this region.

Region 2: 2y < x < z and y > 1.

This region corresponds to the case n; < np < n¢ for the LDM. The sources share messages with

each other and there is no relay.
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In this region, 5, > % is a finite constant bounded away from 0. We set C,; = 0, AR = 0. In modes B
and C, each source uses power 1 — % to send data to its own destination and uses power i to share bits
with the other source. By superposition coding, the following rates are achievable.

11
RB:Rc:IOg(l—F%) Z(nD—l)Jr

0C,s = log (1 + 2) > (nc —np —1)".

Therefore we can set Rg = Rc = (np — 1)* and 6Css = (nc —np — 1)*.

For the virtual channel, we take Ry: = 0 and set powers o3, = %,0[2] = %,Var (Xy) = % So
destination 3 receives Wy, Uy, Wo, Vi, Uy with powers £, %, z ’%x, % respectively, and destination 4 gets
W, Uy, Wy, Vo, Uy with powers £, 30 2 %, %, respectively. It is easy to verify that the following con-
straints on non-negatives rates imply all the relevant rate constraints in Theorem

x
2Rw + Ry + Ry gm(u%)

RU+RW§10g<1+y4 )
RU§10g<1+£>
4y
RVSCSS

Hence the following non-negative rates are achievable.

2Rw + Ry + Ry < (np —2 —1log6)"
Ry + Ry < (max(np —nr,n;) —3)*
RU S (nD — Ny — 3>+
RV S Css
Setting Ry = 2(Rw + Ry + Ry ), we can achieve

(2np —4 —2log6)*
Ry =ming (2max(np —nr,ns) +2Cs — 6)*
(2np —ny+ Cgs — 5 —log6)™

Therefore the sum rate is

Reum = 2—%1_5(5RA + Rp + Rc) > min {u, — 9,u; — 6,u) — 10}.
Hence CLPM can be achieved within 6 bits in this region.
Region 3: 2x <y < zand y > 1.

This region corresponds to the case np < n; < nc for the LDM. The sources share messages with
each other and relay is used when the cooperation link is strong. In particular, we consider two subregions
as in the LDM. When n¢ is small, we will only use the cooperative private signal to improve the virtual
channel sum-rate. But when n¢ is big enough to achieve the cut-set bound of the virtual channel, we
need to use relaying in modes B and C (AR > 0) to further increase the achievable rate.

We set Cy; = 0. Firstly, we assume that x > 1 and consider the following two subregions.

1) y‘sx > z. This subregion corresponds to the case nc —np < dny for the LDM. We set AR = 0. As
in Region 2, we can set Rg = Rc = (np—1)" and §Cy; = (nc —np —1)*. For the virtual channel,
we choose Ry = Ry = 0 and set powers o}, = 3, Var (Xy) = 5. Then we apply Theorem {4.1| as

in Region 2, and get Rsym > min {u} — 4, u) — 11} . Hence CLPM can be achieved within 7 bits in
this case.
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y‘sx < z. This subreglon corresponds to the case nc —np > dng for the LDM. In modes B and C,

sources use power s L to send data to its own destination and 1 VL and , respectively, to send to
the other source and the other destination, respectively. By superposmon coding, the following are
achievable.

Rg=Rc=log |1+ 3 > (np — log )"
1+3+
: . ! 1
AR = log 1—1-—”3 > min(n; —np, =(nc —np —dny)) —2 —log3 — =4
1+ y0+2 2 2
1 /zy® 1
AR+ 6C,, = log 1—1—5 — 2§(nc+5n1—np—1)—log3
T

Since the condition y‘sx < z implies that én; — 1 < ng — np, it is easy to see that we can set
Rg = Rc = (np — logh)*
6Css = (0n; — 1 —log3)™
AR = (min(n; — np, %(nc —np—o0ny)) —2—1log3 — %5)*.
For the virtual channel, we use the same scheme as in the previous subregion. Then we apply

Theorem as in Region 2, and get Rgym > min{uj, u}} — 11. Hence CLOM can be achieved
within 7 bits in this case.

Now we consider the case z < 1. As np = 0, no (significant) direct transmission of data from source
to destination is possible; all data must pass through the other source. This can happen in one of two
ways: relaying in modes B and C, and cooperative private message for the virtual channel. We note that
the power allocation for > 1 might not satisfy the local power constraints in modes B and C now. As
in the previous case , we consider the following two subregions separately.

1y

2)

y? > 2. In modes B and C, the sources use all their power to send data to the other source and get
Ry =Rc =0, 0C, = 10g(1 + Z) > Ne.

For the virtual channel, each source relays the shared data to the other destination and the direct
link signals are treated as interference. It is easy to show that we can achieve

. Y nc
Ry =2 log(1+ ——),C,) > 2(— — 2),
» = 2min(log(1 + 7). Cu) 2 25 —2)

Therefore the sum-rate is Rsum > ) — 4. Hence C DM can be achieved in this case.

y? < z. In mode B and C, each source uses powers % y; and 1 5» respectively, to share bits with
the other source and the other destination, respectively. By superposition coding, the following rates

are achievable.

AR =log (1 ) > min nI,l(nC—ém))—g—Q

Hr

AR+ 6Cys = log(1+ = \/ nc—l—ém)—l
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Therefore we can set

§5Cs = <5n1 - gf

+
AR = <min(n1, %(nc —dng)) — é — 2)

For the virtual channel, we use the same scheme as in the previous subregion and achieve

3
— 21mi _ > B R
Ry =2min((n; — 1),Cys) > 2(711 1 25).

Therefore the sum-rate is Rgym > min {u), u}} — 4. Hence C5PM can be achieved in this case.

Region 4: © < z < y,2z <y, and z > 1.

This region corresponds to the case np < ng < ny for the LDM. The sources share messages with each
other and the other destinations, and relay is used when both the cooperation link and the interference
link are strong. In particular, we consider two subregions as in the LDM. When ns and n; are small,
we will only use the cooperative private signal and the pre-shared public signal to improve the virtual
channel sum-rate. But when ng,n; are big enough to achieve the cut-set bound of the virtual channel,
we need to use relaying in modes B and C (i.e., AR > 0) to further improve the achievable rate.

Firstly, we assume that > 1 and consider the following two subregions.

1)

2)

y < 2y’ or ng —np +1 < 6(n; — np). The condition y < xy° leads to n; < np + on; + 0 + 1.
In mode B, C, each source uses power 1 — 1/z to send data to its own destination and 1/z — 1/z
and 1/z to share bits with the other source and the other destination respectively. By superposition
coding, the following rates are achievable.

Rg=Rc=log(l+x)—1> (np—1)"
5Cos =log(1+2) =12 (ne —np —2)*
xr

0Csq = log(1 + g) > (ng—nc—1)7"
2

Therefore we can set the corresponding rates equal to the lower bounds on right-hand side. By the
assumption, we have either C;3 > n;y —np or Cy + Cyy < nj + 1.

For the virtual channel, we take Ry = 0 and set powers of, = %, o = %,Var (Xy) = —;. Then
we apply Theorem {.1|as in Region 2, and get Rgym > min {u} — 9,45, — 10} . Hence CLPM can be
achieved within 6 bits in this case.

y > xy°. In modes B and C, each source uses a power of % to send data to its own destination

1 1 . . . . .
and - and Py to share bits with the other source and the other destination, respectively.

We note that this is a valid local power allocation since we have y'*°z'=2° > y'=%z > 1. By
superposition coding, the following rates are achievable.

2
Rg = Rc =log (1 + —— > (np — logh)*
L+ s+ /s
= 1+06 1+ 26 )
5C55+AR:log(1+1 Sz >2min(nc—np, ;—nl— —; nD>—2—10g3—§

z
+ 3 /y1+5wl_25

[ yl=9 1—-6 1—26 1—-6
x1—25>2 5 nr— 5 nD—T—log&

W

0Csq + AR =log (1 +
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Since the condition y > xy° implies that n; +1 > np +dny and 1 —§ > 0, it is easy to verify that
we can set

6Css = 6(nr —np) — 3—log3—§

2
3 0
(5Csd:5nD—§+§—log3
. 1—9 1
ARzmm(nc—nD—cS(n[—nD), 5 n[—EnD>+1.

For the virtual channel, we use the same scheme as in the previous subregion. Then we apply
Theorem n as in Region 2, and get Ry, > min {u},u5} —9. Hence CLDM can be achieved within
6 bits in this case.

Now we consider the case z < 1. As np = 0, no (significant) direct transmission of data from source
to destination is possible; all data must pass through the other source. This can happen in one of two
ways: relaying in modes B and C, and cooperative private message for the virtual channel. We note that
the power allocation for > 1 might not satisfy the local power constraints in modes B and C now. As
in the previous case , we consider the following two subregions separately.

1) y° > 2. The analysis here is the same as the corresponding case in Region 3, i.e., 2z <y, < 1 <

y < zand 3’ > 2.
2) y‘S < z. In modes B and C, each source uses powers % and

1

24/ ytt
and the other destination, respectively. By superposition coding, the following rates are achievable.

= to share bits with the other source

0Css + AR =log (1 + %) = min (nc, L ;_ 5n1) -2

24/yl+s

AR:10g<1+%\/F>21;5n1—1

Therefore we can set

(5(:55 = 57’L[ -3

) 1—9
AR = min (nc—én[, 5 n1> —1.
For the virtual channel, we use the same scheme as in the previous subregion and achieve

3
Ra =2min((n; — 1), Cys) > 2(77,1 1 5).

Therefore the sum-rate is Rgym > min {u}, ub} — 4. Hence CLOM can be achieved in this case.
Region 5: 1 < ©<2z>wxz>Landy> 1

This region corresponds to the case np = n; for the LDM. In LDM, the channel is degenerated and
cooperation is not helpful. However, in the Gaussian case, whether the channel is degenerated further
depends on the phase information of the channel, which is not captured by the LDM.

When x < 1, we have y < 2z < 2 and get np = n; = 0. Therefore, C5PM = (0, which can be achieved
trivially. Below we assume x > 1.

In this region, we have n; — 2 <np <n;+2 and f; < 3. We set C;g =0, AR = 0. As in Region 2,
we can set Rg = Rc = (np — 1) and 0Cys = (nc — np — 1)*. For the virtual channel, we set rates
Ry = Ry = 0 and powers o3, = %,Var (Xy) = % By Theorem , non-negative rates which satisfy
the following conditions are achievable

3Redundant conditions are not listed here. Also, conditions corresponding to error events which involve an unwanted message along with
zero-rate messages are also not listed. For example, the rate constraint on Ry, + Ry, is avoided since it corresponds to the error event of
destination 3 making an error on the unwanted message mw, and the message my, which is absent in this case.
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2
RV < log (1 + %) A Css
Therefore, for the virtual channel, we can achieve
(27’LD — 2)+
RA = min (ng+Ce — 1)F

(ny + log(L + 57) — 1)
By the assumption, it is not hard to verify that Rgym > min {u) — 4, u, — 6, uy — 6} . Hence CPM can
be achieved within 2 bits in this region.
|

APPENDIX B
PROOF OF THEOREM

We prove the outerbound by first proving an outerbound for a more general channel with generalized
feedback of which ours is a special case. Specifically, we consider the following two user interference
channel p(y1, Y2, ys, Ys|x1, o) whose input alphabets are X, X respectively for the first and second
sources, output alphabets are )5, ), respectively for first and second destinations, and ), and )»
respectively are the output alphabets (of the generalized feedback) for first and second sources. Let
Wi and W, be the messages of the first and second sources. At time ¢, the first source’s signal X,
may depend only on its past outputs Y and its message W, similary for the second source. We also
have cost functions ¢; : X} — R, and ¢y : Xy — R, and there are average cost constraints P, and
P,, respectively, on the first and second sources. Along the lines of [23l], we focus on channels of the

following form p(y1, ya, ys, yalz1, x2) = >, ., P(u1, U2, Y1, Yo, Y3, ya|z1, ¥2), where

p(ur, Uz, Y1, Y2, Y3, Ya| w1, 2) = p(ur, Ya|1)p(u2, y1|v2)d(ys — f3(w1,u2))0(ys — fa(z2, 1)),

where U; and U, take values in alphabets U/, and U respectively, and, for every x; € AX), the map
fs(z1,.) : Uy — Y5 defined as uy — f3(x1,uz) is invertible, and similarly, for f;. The capacity region of
this channel may be defined as usual.

The following gives an outerbound on the capacity region of the above channel.

Theorem B.1: If ( Ry, Ry) belongs to the capacity region of the above channel, there there is a p(q, z1, x2)
with E[c;(X;)] < P, and E[ce(X3)] < P such that for the joint distribution

p(ulaU2,ylay2,y3,y4,$1,952) = p(ulaU2,y27y3,y4|$17$2)p(q7$1,$2),

Ry < I(X1;Y2, Y53 X5,Q), (6)
Ry < I(Xy; Y1, Y4] X1, Q), (7
Ry + Ry < I(X1, Xo; Y3, Y4|Q), (3
Ry + Ry < I(X1;Ys, Y3|Yy, Xo, Q) + 1( X1, Xo; V4[Q), )]
Ry + Ry < I(X2; Yy, Y1|Y3, X1, Q) + 1(X1, Xo; Y3[Q), (10)
Ry + Ry < I(Xy, Xo; Y3, Y3|Up, Yo, Q) + I( X1, Xo; Yo, Ya|Us, Y1, Q)). (11)
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Proof: The bounds (6)-(7) are simple cutset bounds. The next three (8)-(T10) were proved in [26]
Theorem II.1]. We omit the proofs here. The last one is new and its proof follows. By Fano’s inequality,
for any € > 0, we have a sufficiently large blocklength n such that

n(Ry —e) < I(Wy; Y3
< ](Wl;YE’)anlnaifln’YVQn)
= H(YE{L, ur Yy, }/én) - H(YE’F» ury", }/QHIWI)
= H(UT, " Yy") + H(YS' UL, Y YY) — H(YS, Y, Y5 [Wh) — H(UY|YS, YY", Y5, ).
(12)
But,

H(YPUT Y Y3 < 0 H(Yau|Uny, Yig, Yau),

t=1

H(Y3 Y Y3 W) =) H(Yay, Yag, Yau[Wh, Y3 Y771 Y3 )

t=1

= H(Yau, Vi, You X1, W0, Y4V v )
t=1

= H(Uny, Y1y, Yau | X1, W0, Uy Y V)

t=1

- Z H(U2,t7 Y’I,t|X{7 W17 U2t_17 }Gt_lu }/Qt_l) + H(}/2,t|Xf7 W17 Ué? }/lta }/Qt_l)

t=1

DN H(Uss Vigl U YL YY) 4 H(Yag | X4, Usy, Vi)

t=1

= (H(Uzy, Yig, Youl U™ V{71 YY) = H(Y2u U3, YL, YY)
t=1
+ H(}/Q,t‘Xl,ta U2,t7 le,t)

> " H(Usy, Y1, Yau[US™ YT YY) = H(Yau|Usy, Vi)
t=1

+ H(Yo4| Xi 4, Xoy, Usy, Yi4)

ZH(U;a Y1n?Y2n) - ZI(Xl,ta X2,t; Y27t|U27t, Yl,t),
t=1

H(Uﬂ%n> Yln’ Y2n> Wl) :H(U{L‘X{L? Ys"’ Y1n> YQn’ Wl)

- Z H<U17t‘U1t717 X1 Y Y Yy, W)

t=1

= H(Up| X1y, Yay)

t=1

= Z H(Ul,t|X1,t> Xot, Y11, Yoy, Uz,t)
t=1

= Z H(Y;;,t|X1,t, X2,t7 Yl,t, Yz,t, UQ,t),

t=1
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where (a) follows from the fact that (W, X?) — (Y"1, YJ™) — Xy, — (Uay, Y1) is a Markov chain.
Substituting in (12)), we get

n(Rl - E) SH(Ufbv }/1n7 Yv2n> - H<U;> lena Y?)

+ (Z I(Xa4, Xo; You |Usy, Yii) + H(Ya 4 |Ur g, Yig, You) — H(Yae| Xa 4, Xoy, Yiu, You, UZ,t)) .

t=1

Similarly,

n<R2 - 6) SH(UQTL? }/1n7 Y?) - H<U?7 iflna Y?)

+ (2”: I(Xa4, Xop; Yiu|Urg, Yor) + H(Yai|Usy, Yig, Yo ) — H(Ys54| X1 4, Xoy, Yig, You, Ul,t)) .
t=1
Adding up,
n(Ry + Ry — 2¢) < i I( X4, Xot; Yor|Usy, Yie) + 1( X1 4, Xog: Y14|Ury, You)
t=1
+ (X1, Xo 43 Y| Uy, Yiu, Yo ) + 1(Xag, Xoy; Yau|Usy, Y, Yau)
= zn: I(X14, Xot; Y14, Y| Uy, You) + 1(Xa 4, Xog; Yor, Yar|Uss, Y1)

t=1

Proceeding as usual by picking () to be uniformly distributed over {1,...,n} and letting X; = X, ¢ and
so on, we obtain (11).
|
We will use the above theorem to prove our outerbound. Without loss of generality, we may rewrite
our channel (by absorbing phases into the inputs and outputs) in the following symmetric form.

Yie = (|ha1| Xt + Z14)1s, =0 (13)
Yo: = (Jhia| X1t + Z54)1s,,—0 (14)
Y3, = |h13|€j9/2X1,t131,t:1 + |hos| Xo s, =1 + Z3y, (15)
Y = |hal X ls, =1 + [hoa| /2 X5 1, o1 + Zay. (16)

Recall that 6 = 013+ 0oy — 014 — 023, and we assume |hi3]? = |hos|? = SNR, |h14]? = |has]? = INR, |h1o|? =
|h21|*> = CNR. Notice that our channel fits the model of Theorem if we identify the first and second
sources’ channel inputs as (X7,S7) and (X3, Sy) respectively, the outputs for the two sources are Y;
and Y5 respectively, and Uy = h14 X 15,21 + Z4, Uy = ho3Xs1lg,-1 + Z3. The two destinations’ channel
outputs are Y3 = hi3Xilg,—1 + Us, and Yy = hoy Xs1g,-1 + U; respectively. And the cost functions are
c1(z1, 81) = |71|*15,=1 and co(wo, 52) = |22|?15,—1 With unit power constraints P} = P, = 1.

Using Theorem [B.1| we get an upperbound on the sum-rate, namely, the minimum of the right hand
sides of (8)-(11)) and the sum of the right hand sides of (6) and (7)), maximized over p(q, z1,x2) which
satisfy the power constraints. First of all, let us notice that when the channel and the power constraints
are symmetric, as is the case for the channel in (I3)-(16), without loss of generality, we may assume
that ]P)(Sl = 1,52 = 0) = P(Sl = O, SQ = 1) Let 6 = ]P)(Sl = 1,52 = 1)/]?(51 = 1,52 = 0), and
Y= P(Sl = O, SQ = O)/P(Sl = 1,52 = O) AISO, let

PlA:E[|X1|2|51:S2:]_], PlB:E[|X1|2|51:]_,SQ:O:|, PlCZO, and
Py =E[|Xo]? | S1 =5 =1], Pp=0, P =E[|Xo]? | S1=0,8 =1].

We have E [| X;|?1s,21] = (0Pia+ P+ Pic)/(2+6+7) < 1, for i = 1,2. We now derive the outerbounds:
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1) Cut(0)

From (6)-(7),

Ry + Ry < I(X1,51;Y2,Y3| X5, 55, Q) + I(Xy, Sp; Y1, V4| X1, 51, Q)
< H(S1) + H(S2) + 1(X1;Ys, Y3 Xy, Q, 51, S2) 4+ I(Xo; Y1, Ys| X1, Q, S1, S2)
<2+ (I(X1;Y3|Q, 81 = 8o = 1) + I[(Xo; Y4|Q, 51 = Sy = 1))P(S) = S = 1)
+ 1(X1;Y2,Y5|Q, 81 = 1,5, = 0)P(S; = 1,5, =0)
+ I(X2;Y1,Y4|Q, 81 = 0,5, = 1)P(S; = 0,5, =1)

)
< 24— (log(1 + zPia) + log(1 + x P
< 2+5—|—’y( g( 1A) g( 2A))

1 1
4+ ——log(l+(x+2)Pig) + ———log(1+ (x + 2) P
55 B+ (2 2)Pin) + e log(L+ (2 + 2) Pic)

0
<2+ 5 (log(1 + 2Pia) + log(1 + 2P2a))

+ log(1+4 (x + 2)Pi) + log(1+ (z 4 2) Pac).

240 2446
2) Z(9)
From (10),
Ry + Ry < I1(Xa, 82, Y1, YalYs, X1, 51, Q) + (X1, S1, X, S2; Y3|Q)
< H(S2) 4 H(S1,82) + I(Xp; Y1, YalYs, X1, Q, 51, S2) + I( X1, Xo; Y3[Q, S1, S2)
<3+ (I(X2; YalYs, X1, Q, 81 = 52 = 1) + I(Xy, Xo; Y4[Q, S1 = S5 = 1))P(S) = Sp = 1)
+ I(X1; Y3|Q, 51 = 1,8, = 0)P(S; = 1,5, = 0)
+ I(Xo; Y1, Y3, Ya[Y3,Q, 8 = 0,5 = 1)P(S; = 0,5, =1)

0 LE’PQA
<3+ ——(log|1+——"———) +log(l+20P 4+ 2yP
< 2+5+7( g( 1+yP2A> g( a4+ 2y 2A))

1 1
—log(1 P, —log(1 P.
+2+5+7 og(l+z 1B)+2+5+7 og(1+ (z +y+ 2)Pac
<310 (log {1+ "2 ) L 1og(1 1 20P + 2yPy)
— (lo — o x
S 215 g 1+ yPon g 1A Y14
1
log(1 P, log(1 P
+2+5 og(l+z 1B)+2+5 og(l+ (x+y+ 2)Pac
3) V()
From (T1),

Ri+ Ry < I(X4, 51, Xy, 52 Y1, Ya|UL, Y2, Q) + I(X1, 51, Xo, 92, Y2, Yy|Us, Y1, Q))
< QH(Sl, 52) + I(Xsz; Y17Y:3’U17Y2,Q, S, 52) + I(XlaX%YQ,Yzl‘U%YhQ, 51752)
<4+ (I<X1>X2;Y3‘U17Q,S1 =Sy = 1) + [(X17X2;YZL|U2,Q7 S =5 = 1))P(Sl =Sy = 1)
+ (I(X1;Y3|U, Y5, Q, 81 = 1,8, = 0) + I(X1; Y2, Uh]|Q, 81 = 1,8, = 0))P(S; = 1,5, = 0)
+ (1(X2; Y1, Up|Q, S1 = 0,8 = 1) + I(Xo; Ya|Us, ¥1,Q, 51 = 0,5, = 1))P(S1 = 0,5, = 1)
<4+ (I(Xy, Xo; V3|U, Q, 51 = Sy = 1) + (X1, Xo; Ya|Uz, Q, 51 = 52 = 1))P(S1 = S2 = 1)
+ I(X1;Y3, U, Y2|Q, 81 = 1,5, = 0)P(S; = 1,5, = 0)
+ I( X9 Yy, U, Y1]Q, 81 = 0,9, = 1)P(S1 = 0,5, = 1)
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J

<44+ ———(log(1+yPos+
< 2+5+7(g( Yi24

20Pia + yPoa

20Poy + yPlA))
+lo 1+yPig+ ——
1+ yPa ) g( Yyria

1+ yPa

log(1+ (x+y+2)Pig)+ log(14 (x+y + z)Pac)

+— -
240+ 245+
0 2$P1A+yP2A) ( 2$P2A+ZJP1A))
<A+ ——(log (1 +yPos+ 2224 Log (14 yPy + — 22214
> 2+5( g( Yl24 1+ yPis g Yyria 1+ yPor
+2+510g(1+(m+y+z)P13)+2+510g(1+(m+y+z)ch).
4) Cut'(9)
From (B,

Ry + Ry < I(X1, 51, X5, 52 Y3,Y4|Q)
< H(S1,S2) + 1(X1, X; Y3, Y4]Q, S, S2)
<24 1(Xy, Xo; Y3, Yi|Q, 81 = Sy = DP(S; = S, = 1)
41X Ya, Yl Q, S0 = 1,8, = 0)P(Sy = 1,5, = 0)
+ I(X9;Y3,Y4|Q,58, =0,5 =1)P(S; =0,5 =1)

@ d
<2+ m (log(l +2(z + y)(Pia + P2a) + PiaPoa(2® + y* — 22y cos ‘9)))

1

— log(1 P
+ gy 8L+ (2 1) Pip) +

— log(1 P
55 o8+ (@ +9) o)

)
<2+ 355 (log(1 4 2(z + y)(Pia 4 Poa) + PiaPou(a® + y* — 2zy cos b))

+ log(1 + (z +y)Pip) + log(1+ (z + y) Pac),

240
where (a) follows from the fact that
[(X17 X27 }/237 YAJQ: Sl = SZ = 1)
= h(Ys,Y4|Q,S1 = So = 1) — h(Y3,Yy| X1, X5,Q, 5 = S, = 1)
< log(det K), where K is the covariance matrix of (Y3,Y})
<14 (2 + ) (1 = |p*)PraPea + (@ 4 y)(Pra + Poa) + 2Re(hizhigp)\/ PraPaa
+ 2R€<h14h;4p)\/ PlAPQA — 2R€(h13h;3h’{4hg4)(1 — |p|2)P1AP2A

7
<1+ (x+y)(Pia+ Pia) + 4y/xy|p|\/ PiaPia cos 3 + (2% 4+ y* — 2zy cos ) (1 — |p|*) PiaPoa
<log(1l+2(z +y)(Pia + Paa) + PiaPoa(2® + y* — 22y cos)).

249

It remains to show that CH2 < Cqum + 7. By power constraint, we have Pi4 < 22 Py < 22 P <
246, Py <2+40.
In Cut(9), Z(6), Cut’(5), each term is a monotone increasing function of P4, P,p, Pic,i = 1,2, so
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249

)

Cut(0) <2+ L _510g(1 + x2 + 5) +dlog(1l+x

213
log(1+ (& + 2)(2 +8)) + log(1 + (z + 2)(2 + 9))]

240 240

; + 2y j; )+ log(14 (24 9))
l’Z_—i_(s

+1og(1+(x+y+z)(2+5))+5log(1+ﬁ)}

, 1 246 249 2496
< P
Cut'(§) <2+ 5 5[5log(1+2(:€+y)( S S )+ ( S

+log(1 + (z +y)(2 +6)) + log(1 + (z +y)(2 + 5))].
In V(J), observe that

1 -
< _
Z(0) <3+ 2+5_510g(1+2x

)2(2® + y* — 22y cosh))

20Pia + yPaa
L+yPia
L 2xPy g+ Y2
- 4] 14+yPia
2x 244
Smax{1+y¥+(ljyy2)?§; }
1+ 2y242

1 +yPoy +

So we have

1 1+ 2+5+(21+y)¥
V() §4+—[510g max 97 Ly 2 +log(1+ (z+y+2)(2+4))
2+90 1+ 2y20

1 + 2+9 + (21"‘1‘:’!)27-‘—6
+ 0 log | max 97 2}53/? +log(1+(m+y+z)(2+5))]

Comparing them term by term with u;,7 = 1,2, 3,4, then we get

Cut(6) —uy < 2+2—j_5 5 log 2 j; g + dlog 2 j; g +log(2 + 6) + log(2 + 5)-
1 7 2 2 1
Z(é)—uQ§3+2—+5 dlog +5+log(2+5)+log(2+5)+5log }_5
V(6) — us < A+ ——[510g 250 1 10g(2 4 8) + dlog 12 + log(2 + 6)
2+0L 0 ) ]
) 1 T 246\’
Cut'(0) —uy <24+——|dlog | —— | +1log(2+ )+ log(2+0)]|.
24061 )
For 6 > 0,
) 2+0 1
< < .
2+6log( ) )< eln?2’ 2+510g(2+5) “eln?2
So we can conclude that
CHD = max min(Cut(0), Z(5), V (), Cut'(9))
< mglxmm(ul, Usg, Us, Ug) + eln2+4 < Csum + 7.
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APPENDIX C
PROOF OF THEOREM [8.1]

As in the sum-rate case, we will prove this achievability result in two steps. Instead of directly comparing
Cpg, with the rate achievable by the coding scheme in section we will first show that the Cp, is within
a constant of C}'QEM, a quantity we define below inspired by the result for the linear deterministic model.
We will then prove that the coding scheme in section can be used to achieve an [?; which is within
Ry of the point-to-point capacity Cy = log(1 + SN R;) of the primary link and an R, which is within a
constant of CFPM. Specifically, we prove the following two lemmas which together imply Theorem
To simplify the notation, let ; = SNR;, y; = INR;, 2 = CNR,i = 1,2, and define n; = [logz;|*, a; =
llogy;| 7,8 = [logz|*,i=1,2.

Lemma C.1: Define

CpM = méaxC}}EM(é) = max min(u} — 10 — 2Ry, uy, — 5 — Ro, u5 — 5 — R, u}),

5>0
where
T— ! n
171467
1
u’2:1+5[n2\/a2—a2/\n1+(5(5\/a2\/n1—”1)]
1
ty = sl = m) "+ (2 — o))
1
uifm[(al—m)*—az/\n1+(nz—061>V042+5(5V0¢2V”1—”1)}-

Then Cr, < CFPM + 13 + 2R,.
Proof: 1t is easy to verify that u; < u)]+3,us < ub+8+ Ry, uz < uh+8+ Ry and uy < u)+13+2R,.

So we get the result. L [ |

Next we show that the secondary user can achieve CEEM within a constant given that the primary user
achieves a rate within Ry of its link capacity. L

Lemma C.2: For Ry > 7, (Ry, Ry) = (Cy — Ry, C;PM — 10) is achievable. [ |

Before proving Lemma[C.2] we first prove the following R,-capacity result for the interference channel,
i.e., the cognitive rate achievable without source cooperation.

Lemma C.3: For Ry > 7, CESOM < CfC 41, where

U]
- . Mo V Qo — (g A Al
COFC-LDM _ 1pip
cog (a1 —ni)t 4+ (ng —aq) ™
(g —ny)T —ag Ang+ (ng —ay) Vay
and C{%f © is the Ry-capacity for the interference channel.

Proof: Let CTFC be the outer bound to the interference channel capacity region derived in [9]. From
the achievability result there, we know that given R; = log(1 + SNR;) — Ry, Rs is achievable if

(10g(1 + SNR1> — Ry + 1, Ry + 1) e C'FC,

It is straightforward to verify that Ry = CfSPM — 1 is achievable by considering the weak, mixed,
and strong interference regions separately. [ ]
Similar to the symmetric case, let

g, = it + Y12 — 2\/T122Y1Y2 cos O
L=

T1X2

By = T1T2 + Y12 — 24/T172Y1Y2 cos 0
2 — ’
Y1Y2
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and it is easy to show that when % > 4(% < 1), we have 8 > 1(6; > i) Then we can show the
following lemma, which is the counterpart of Lemma [7.1] for the Gaussian case.

. 1 1 dif

Lemma C.4: When 7122 > 4 or 712 < ¢, we have Siz1(1A 22) = g[z1 (1A 32)]V [yn(1 A £)] =

Proof: If % > 4, we have 3 > }1 and x; > 4%. Hence

FNEN

1
B (1A 22y > oA 2y

Y2 Y2
4 1
Bror(IA2) 2 522N 2y > a2y > 2y n 2
Y2 T Y2 T 4 T
If % < }1, we can rewrite the LHS as

Brri (1A ﬁ) = 2w(1 A ﬁ) = By (1 A %)

Y2 o) Y2 T2
Now, using the fact that 55 > }l and y; > 4% when % < %, we can show similarly that

(1A %)1 V(1A i—zn.

A,

Byyr (1A L2 >
T2

]

Proof of Lemma [C.2] When z < 3 Vya, 92 < 1,27 <1 or zy < 1, it is easy to see from the LDM

that the cooperate is not needed and C]'-{'(?M can be achieved by the scheme for the interference channel.
So we assume z > 1 V yo and x1, T3, ys > 1 below.

When % < % < 4, it corresponds to the region n; +no = ay + s for the LDM. As the channel gains

are aligned, the cooperation is also not helpful. In fact, C;M is dominated by u) and uj in this region,
and it is not hard to verify that it is smaller than C}}C using Lemma (C.3| Hence CPM can be achieved
by the scheme for the interference channel. Below we further assume that % >4 or Zi—“”j > }1.

We assume that y; > 1. According to the LDM, we set 0, = 1,0 = 6, and d¢ = 0, an(i/ cooperation is
achieved through cooperative-private messages. For simplicity, we will require that Rig, R1a > log(1 +
.I'l) — Ro.

In mode B, source 1 uses power Iil to share bits with source 2 and power 1 — Iil to send data to
destination 3. Under the natural order of superposition coding, the following rates are suppported.

(1 — %)%1
Rip = log(1 + Tl) =log(l+ ;) —1
C z

For the virtual channel, source 1 uses three messages W3, U, V; and source 2 uses two messages
W, U,. For source 1, we allocate powers o7, = 3,00, = i,\/’ar (Xv) =1 A *2), and for source 2,
oYy, = 3,00, = i,\/ar (Xv,) = L2Var (Xy,) = s(1A ). Destination 1 gets Wy, Uy, Vi, Wa, Uy with
powers %, 5712, %(1 A z—j), =, % resp., and U, is treated as noise. Destination 2 gets Ws, Uy, W1, Uy
with powers %, 3”721, z, %, resp., and U, is treated as noise. Using lemma it is easy to verify that the
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following constraints on non-negative rates imply all the relevant constraints in Theorem {.1]
T1+ U

)
y1 + k/4
)
zy+ k/4
— )

Rw, + Ry, + Rw, + Ry, <log(1+

Ry, + Rw, + Ry, < log(l +

RW1 + RUI + RVI S IOg(l +

RW1 + RUI S 1Og(1 + %)

L
Ry, + Ry, <log(1 + ”T)

k /4
RUI + RVI < 10g<1 + %)
I
Ry, <log(l+ —
U g( 43/2)
Ry, < Cyy

To +
RW1 + RWQ + RU2 S IOg(l + 2 &

)

Rw, + Ry, <log(1l + &——

Rw, + Ry, <log(l+ =)
Ry, <log(l+ —2).

First we will get the condition on R, such that Ry4 = log(1 + x1) — Ry is supported by the above
constraints. Set R, = 0. In the worst case, we have C;5 = 0 when Ry, = 0. So at least we can achieve
Ry 4 = Rw, + Ry,, where non-negative Ry, and Ry, satisfy the constraints

Ruy, + R, < log(1+ )
T
161 )

Y2
Ty + yz)

)

Hence a rate ;4 which is the minimum of log(1 + %) and log(1 + z.-) + log(1 + 22442 is acheivable.
Thus, we may conclude that R4 = (log(1 + z1) — Ro)™ is achievable when Ry > 7.

Now in the original constraints, set Ry = (log(1+ x;) — Ry)*. Then by Fourier-Motzkin elimination,
we can show that Roy = min(v; — 9, vy + Cyj9 — 7+ Ry, v3 — 19,04 + Cio — 16 + Ryp) is achievable, where
v;, 1 = 1,2,3,4 are defined in Proposition When Ry > 7, using the fact that C;5 > 6(8 —ny — 1), we
get

RUI < log(l +

Ry, <log(1+

1
Ry(0) = 1+5R2A > min(u) — 9,uy — 7+ Ry — 1,uy — 19, u) — 16 + Ry — 1).

Hence C;PM can be achieved within 10 bits in this region.

The case y; < 1 is similar and we can show that C}'%EM can be achieved in this region. The proof is
omitted due to space limit. [ ]
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APPENDIX D
PROOF OF THEOREM [8.2]

We prove the outerbound by first proving an outerbound for a more general channel with generalized
feedback of which ours is a special case. Specifically, we consider the following two user cognitive
interference channel p(ys, ys, ys|T1,22) whose input alphabets are X, X, respectively for primary and
secondary sources, output alphabets are ));, ) respectively for primary and secondary destinations, and
Y, is the output alphabet for the secondary source. Let W} and W, be the messages of the primary and
secondary sources. At time ¢, the secondary sources signal X, ; may depend only on its past outputs Y,
and its message 5. We also have cost functions ¢; : X1 — R, and ¢, : &, — R, and there are average
cost constraints P; and P, respectively, on the primary and secondary sources. Along the lines of [23],
we focus on channels of the following form p(ys, y3, ys|T1, T2) = Zulm p(u1, Uz, Y2, Ys, Ya|T1, T2), Where

p(u1, Uz, Y2, Y3, Ya| w1, 22) = p(ur, Yo|r1)p(ua|@2)d(ys — f3(x1,u2))0(ys — fa(wa, ur)),

where U; and U, take values in alphabets U/, and U, respectively, and, for every x; € A}, the map
fs(z1,.) : Uy — Y5 defined as uy — f3(x1,ug) is invertible, and similarly, for f;. The capacity region of
this channel may be defined as usual.

The following gives an outerbound on the capacity region of the above channel.

Theorem D.1: If (R, Ry) belongs to the capacity region of the above channel, there there is a p(q, 1, x2)
with E[c;(X;)] < P, and E[ce(X3)] < P such that for the joint distribution

p(u17u27y27y37y47x1:$2) :P(Ulyumyby37y4\$1,1’2)p(q,9517$2)7

Ry < I(X2; Yyl X1, Q), (17)
Ry 4+ Ry < I(X1;Ys,Y5|Yy, X5, Q) + 1( Xy, Xo; Y4|Q), (18)
Ry + Ry < I(Xo; Ya4|Y5, X4, Q) + (X1, Xo; Y3]Q), (19)

2R + Ry < I(Xy, X203 Y3|Q) + I(X1; Ya|Q) + 1( X1, Xo; Ya|Uz, Y2, Q) + 1(X1; Y3] X0, Y2, Y4, Q). (20)

Proof: The first bound is a simple cutset bound. The next two (18)-(19) were proved in [26,
Theorem II.1]. We omit the proofs here. The last one is new and its proof follows.
By Fano’s inequality, for any € > 0, we have a sufficiently large blocklength n such that

n(Ry—e) < I(Wy;Y3') = H(Y') — H(Y3'|Wh) = H(Y3") — H(YS'[XT, Wh).
But, H(Y]'| X7, W) = HUZ Xy, Wh) > HURNYS, X7, Wh) = H(UZ|YS), where the last equality
follows from the facts that UJ — X — (Ws, Y5") — (W5, X7') is a Markov chain and W, W are independent.
Hence,

n(Ry —¢) < H(Y]') — H(UZ|Y3). @1
Another application of Fano’s inequality gives
n(Ry — ) < I(W1;Yy')
< I(Wis Yy Y50, Y0 Wa)
= I(W; Y5, 5", Y[ [Wa)
= H(YJ|Wa) + H(YP Y3 Wa) + H(YP Y, Y] Wa) — HYZ Y YR W). (22)
Again, using Fano’s inequality,
n(Ry —€) < I(W; YY)
< T(Wo; Y[, Y5, UY)
Q 1(Wo; Y, U Y3
= H(Y UF|Y;") — H(Y), US[Y5', W)
= HUF|Yy") + H(Y U3, Y5") = H(Y[|Yy', Wa) = H(USYS)", Y5', W),
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where (a) follows from the fact that Y;' — X7 — W; — W5 is a Markov chain and W, is independent of
Wy. Furthermore, H(UY Y, Y3, W) = H(UY| X3, Y, Y, Wy) = H(UF|XY), where the first equality
is due to the fact that X7 is a deterministic function of (W5, Y3") and the second equality follows from
Uy — X3 — (Y, Yy, Ws) being a Markov chain. Thus,

n(Ry — €) < HULYG) + HOPIULYE) — B, Wa) — HUZYE Y W), (23)
Adding up 21)-(23)), we have
n(2R: + Ry — 3¢) < H(YJ) + H(Y7|Wa) + H(YJ Y5, Y7, Wa) + H(Y] U3, Y3)
— H(Y;, Y55 Y[ [Wa) — H(UF Y[, Y5, W) 24)
But,

n

H(Y;) <) H(Ys),

t=1
n

H(Y3' [Wa) =) H(Ya,)

H(YzinD/Qna YT» WQ) - H(Y3n|X§l> }/énv Y;1n7 WQ) = H(an|X§a Y?» Y;Ln) < Z H(Yévt|X27t’ }/2»757 YZM)?

t=1

H(YPIUS, YY) < H(Yaa|Uzy, Yau),
t=1
H(Yén, }/E’)nv Y4n|W17 W2) = H(}/Zn|W17 WQ) + H(S/:Sna YZLD/;L? Wl? WQ)
= H(YJ"|XT, Wy, Wa) + H(Y3", Y, | XT, X3, Y5, Wi, Wa)

=3 (H(Yau|X14) + H(Y3y, Vi X4, Xo, Yas))

t=1
n

= Z (H(You| X14) + H(Ysu| Xa, Xog, You) + H(Yas| Xa 4, Xoy, Yau)),

-
M:ll
NN

(H(Yo4| X14) + H(Ys4| X1, Xog, You, Yar) + H(Yae| Xat, Xog, Usy, Yoy)),

~+

1

H(UY), Yy, Wa) = H(UF | X3, Y], Yy, Wa)
(U3'1X3)
(

(

\%
T n -

Ug | X7, X5)
Y XT, X3)

H(Ys4| X1, Xoy).

t=1
Substituting in (24)), we get

n(QRl + R2 - 36)
> Z I( X4, Xop; Yay) + 1(Xay; Yo ) + (X4, Xog; Yar|Usy, Yo ) + 1(Xq 45 Y| Xoy, You, Yay).
t=1

Proceeding as usual by picking () to be uniformly distributed over {1,...,n} and letting X; = X; ¢ and
so on, we obtain (20).
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|
We will use the above theorem to prove our outerbound. Notice that our channel fits the model if we
identify the primary and secondary sources’ channel inputs as X; and (X3, S3) respectively, the output
for the secondary source is Y, and Uy = hy4 X, + Zy4, Uy = hos Xolg,—1 + Z3. The primary and secondary
destinations’ channel outputs are Y3 = hy3X; + Us, and Yy = hoy Xo1lg,-1 + U; respectively. And the cost
functions are ¢;(x1) = |z1|* and cy(z2, s9) = |72|*15,—1 with unit power constraints P, = P, = 1.
In Theorem let 6 = P(Sy = 0)/P(S; = 1). Also, let

Pia=E[Xi| S =1], P =E[|X,[*| S>=0], and
PQA:EUXQ‘2|52:1}, PQBZO.

We have E [|X]?] = (Pia +6Pis)/(1+0) <1, and E [| X5]*15,—1] = Pia/(1 +d) < 1. We now derive
the outerbounds:

1) Ry
From (17,
Ry < I(Xy, 89 Y| X4, Q)
< H(Sy) + 1(X9; Ya| X1, Q, S, = 1)P(S, = 1)
2) R+ Ry
From (18],

Ri+ Ry < I(X4;Y5,Ys|Yy, X5, 95, Q) + I(Xy, Xs, 52 Y4|Q)
< I(X1;Ye, Y3|Ys, Q, 82 = 0)P(Sy = 0) + [(Xy; Ya| Yy, Xo, @, 52 = 1)P(S2 = 1)
+ H(S2) + I(X1:Yy|Q, So = 0)P(S2 = 0) + I(Xy, Xo; Ya[Q, S2 = 1)P(Sz = 1)
= H(Ss) + 1(X1;Y2,Y3,Y4|Q, S = 0)P(Sy = 0)
+ (I( X1, Xo; Ya|Q, So = 1) + I(X1; Y3|Yy, Xo, Q, 52 = 1))P(Sz = 1)

<1+ log(1+ (x1 4+ y2 + 2) Pip)

146
1 x1P1a
+ —— (log(1 + 2x9P54 + 2y Pig) +log | 1 + ————
1—1—5( g( 24724 Yo 1A) g( 1+y2P1A)>
3) Ri+ Ry
From (19),

Ri+ Ry < I(Xs, 8, Ya|Y3, X1, Q) + 1(X1, Xs, Sa; Y3|Q)
< H(S2) + I(Xo; YalYs, X1,Q, S, = 1)P(S, = 1)
+ H(Ss) + 1(X1;Y3]|Q, So = 0)P(Sy = 0) + 1(Xy;Y3]Q, 52 = 1)P(Sy = 1)
= 2H(S2) + I1(X1;Y3]Q, Sy = 0)P(Sy = 0)
+ (1(Xo: Ya|Y3, X1, Q, 52 = 1) + I(X1:Y3]|Q, So = 1))P(S2 = 1)

1 ZL'QPQA
log(l+z1Pig) + —— (log |1+ ———— | +log(1l + 221 P14 + 2y, P
g( 1 1B) 1+5< g( 1+y1P2A) g( 1414 U1 2A))

<2
T

4) 2R, + Ry
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From (20),
2R1 + Ry
< (X1, Xo, 52;Y3|Q) + 1(X1; Ya|Q) + 1( X1, Xo, So; Ya|Q, Uz, Ya) + I(X1; Y3|@Q, X2, 55, Y, Yy)
< I(X7, Xo, So; Y3|Q) + I( X1, So; Ya|Q) + 1(Xy, Xy, Sa; Ya|Q, Us, Ya) + I(X1; Y3|Q, X2, Sa, Y, Yy)
< 3H(S2) + (1(X1;Y3[Q, 52 = 0) + 1(X1; Y3, Y2, Yi[Q, S2 = 0))P(S2 = 0)
+ (1( X1, X203 Y3]Q, 82 = 1) + 1(Xy, Xo; Y4|Q, Us, Sy = 1) + I(X1; Y3|Q, X2, Yy, Sy = 1))P(S, = 1)

)
<3+ —5 (log(1 + z1Pig) + log(1 + (21 + y2 + 2) PiB))

(1085 (14221 Pia +2y1 Poa) + +1og(1 + yoPra +

2$2P2A+y2P1A)+10 (1+ x1P1a )
L+ 41 Poa .

APPENDIX E
PROOF OF LEMMA [8.1]

The power constraint implies that we have Piga < 1+ 6, Py <1+ 6,Pip < 1%‘5. In the upper bound
of Ry and R; 4+ R», each term is a monotone increasing function of P4, P>, Pig. So

1
< <
R2_1+1+510g(1+x2(1+5))_1+1+5log(1+x2)+1+610g(1+5),
1 1496
R1+R2§1+1—+5 log(1 4 2x9(140) +2y2(1 +0)) +dlog [ 1 + (21 + y2 + 2) 5
1 1+ ———
+Og( +1+y2(1+5)
1 1
< _
< 1+1+5 [log(1+2x2+2y2)+5log(1+(af;1+y2+z))—|—log <1—|— 1+y2>}
4] 1+0 2
1 log(1
+1+50g( J )+1+60g( o),
< 24+—— |log(1 + 224 (1 2y1(1 log(1 log(1
Ri+ Ry < +1+5{0g( + 221 (1 +6) +2y1(1 4+ 6)) + dlog(1 + x4 5 ) + log( +1—|—y1(1—|—5))

1 T
< 24— |log(1 4 2z + 2y;) + 0 log(l +z1) +log [ 1 +
= 1to [ g( 1 yl) g( 1) g( 1+y1)}

4] 1496 2
+1+510g( 5 )+1+§log(1+5).

In the upper bound for 2R; + Rs, observe that

209 Pos + Y2 Pia
1 P <1 1496
+ Y2 P14 + L+ Py = +y2(149) +

21‘2P2A —|— y2(1 —|- 5)
I+ y1Poy
(2z2+y2)(149)
< max{ L+y2(1+0) + T+yi1(1+6) }
1+ g f 22tz }

1+y1

<
_(1+5)max{ 1+ 92,
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So we have

1 1
2Ry + Ry < 3—1—1— [log(l +221(140) + 2y, (1 +9)) + dlog <1 + 2

+ 4 1+ y(1+0)

(2z2+y2)(1+0) 1+9
+ log (max{ L+ 4a(1+0) + 1+y1(146) 7 }) + dlog (1 + (21 +y2 + 2) - ) }

1 T
<3 —[1 14 22y + 2, + 6 log(1 log(1
< +1+5 og(1 4 2z1 + 2y1) + dlog(1 + x1) + log( +1—|—y2>
229 + Yo
X —_—

+ ma (log (1 Ty o ) , log(1+ 2y2)> +dlog(1+ (1 +y2 + z))]
1

20 1496 3
—l——log( >+1+510g(1+5).

1+9 )

We finish the proof by noticing that for § > 0,

(1]
2]
3]
[4]
5]
(6]
7]
(8]
[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

(20]

1) 1446 1 1 1
1 < log(1 < .
1+9 og( ) )< eln?2 and 1+0 og(l+9) < eln?2
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