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Abstract—In this paper, the available spatial Degrees-Of- Interference alignment makes the interference less damagi
Freedoms (DOF) in single antenna systems is exploited. A by merging the communication dimensions occupied by inter-
new coding scheme is proposed in which several data streamsfering signals. In [2], Maddah-Ali, Motahari, and Khandani

having fractional multiplexing gains are sent by transmitters . . .
and interfering streams are aligned at receivers. Viewed as introduced the concept of interference alignment and stowe

a field over rational numbers, a received signal has infinite itS capability in achieving the full Degrees-Of-FreedonQB)
fractional DOFs, allowing simultaneous interference aligment for certain classes of two-uséf channels. Being simple and

of any finite number of signals at any finite number of receives. gt the same time powerful, interference alignment provitied
The coding scheme is backed up by a recent result in the field g\ for further research. Besides lowering the harmfigasff

of Diophantine approximation, which states that the convegence . . . .
part of the Khintchine-Groshev theorem holds for points on ron- of the interference, interference alignment can be appbed

degenerate manifolds. The proposed coding scheme is provedProvide security in networks, c.f. [8].
to be optimal for three communication channels, namely the  The study of interaction between two users sharing the same

Gaussian Interference Channel (GIC), the uplink channel in  channel goes back to Shannon’s work on the two-way channel
cellular systems, and theX channel. It is proved that the total in [1]. His work was followed by several researchers and

DOF of the K-user GIC is % almost surely, i.e. each user enjoys the t interf h | d the fundamment
half of its maximum DOF. Having K cells and M users within € two-user interierence channel emerged as the fundamen

each cell in a cellular system, the total DOF of the uplink chanel  building block in dealing with interference in networks.
is proved to be £ Finally, the total DOF of the X channel Although partial capacity results on the interference clean

with K transmitt]grgland M receivers is shown to b%. are recently derived, c.f. [5]-[7], the problem of charaiziag
Index Terms— Interference channels, interference alignment, the Cgpac_ity region of .th.e Gaussian .Interference Channel
number theory, Diophantine approximation. (GlC) is still open. In [4], it is shown that in the two-userGl
the Han-Kobayashi (HK) scheme [3] achieves within one bit
of the capacity region, as long as the interference from the
private message in the HK scheme is designed to be below
IME, frequency, and space are natural resources time noise level.
wireless systems. While time and frequency are two It turns out that moving from the two-user scenario to a
global resources independent of systems’ topologies,espdarger number of users is a challenging task. Indeed Afer
is a local resource related to the number of antennas incaser GIC K > 2), the Han-Kobayashi approach of interfer-
porated in transceivers. Spectrum sharing is known as a l&yce management is not enough and we need to incorporate
solution to time/frequency allocation among several ustss the interference alignment in the signaling.
avoid interference in the system, orthogonal schemes do notnterference alignment im-dimensional Euclidean spaces
allow different transmissions overlap in time or frequencyor n > 2 is studied by several researchers, c.f. [2], [9]-[11].
Orthogonal schemes fall short of achieving high througliput In this method, at each receiver a subspace is dedicated to
dense networks because allowing for multi-user interfeggéa interference, then the signaling is designed such thathall t
proved to be optimal in such networks. interfering signals are squeezed in the interference pabes
Achieving the optimum throughput of a system requireSuch an approach saves some dimensions for communicating
efficient interference management. Interference aligrinsea desired signal, while keeping it completely free from thiein
type of interference management that exploits spatial @=gr ference. Using this method, Cadambe and Jafar showed that,
Of-Freedoms (DOF) available at transmitters and receivecontrary to the popular belief, A-user Gaussian interference
channel with varying channel gains can achieve its total DOF

OFinancial support provided by Nortel and the correspondimatching which is £. Later, in [12]' it is shown that the same result
funds by the Natural Sciences and Engineering ResearchoCairCanada 2

(NSERC), and Ontario Ministry of Research & Innovation (ORE) are Can.be achieved using a S|m-ple approach baseq ona pam.CUIar
gratefully acknowledged. pairing of the channel matrices. The assumption of varying
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channel gains, particularly noting that all the gains stouln Section VI-C, the total DOF of thé& -user GIC is derived.
be known at the transmitters, is unrealistic, which limhe t In Sectior V1], it is proved that the uplink channel in cediul
application of these important theoretical results in fcac systems haq’frf‘fl DOF, whereK is the number of cells and
This paper aims to remove this shortcoming. M is the number of users within each cell. In Section MIIl,
In [13], followed up by [14], [15], interference alignmentthe total DOF of theK x M X channel is derived. Finally,
is applied in single antenna systems. In [13], it is showBectionIX concludes the paper.
that lattice codes, rather than random Gaussian codes, arBotation: R, Q, N represent the set of real, rational, and
essential parts of signaling for three-user time-invdr@lCs. nonnegative integers, respectively. For a random variable
In [14], after aligning interference using lattice codee t E[X] denotes the expectation valuye, b);, denotes the set of
aggregated signal is decoded and its effect is subtracted frintegers between andb.
the received signal. In fact, [14] shows that the very strong
interference region of th& -user GIC is strictly larger than the I1. MAIN CONTRIBUTIONS AND DISCUSSIONS
corresponding region yvhen alignment is not applied. I_nrtheA' Main Results
scheme, to make the interference less severe, transmiters .
lattice codes to reduce the code-rate of the interferenbighw N this paper, the total DOFs of three channels, namely the
guarantees decodability of the interference at the recdive K -user GIC, the uplink channel in cellular systems, and the
[15], Sridharan et al. showed that the DOF of a class of 3-usér X M X channel, are characterized using a new coding
GICs with fixed channel gains can be greater than 1. Thistestfheme. _
was obtained using layered lattice codes along with suseess 1heorem 1:The total DOF of thei -user GIC with real and
decoding at the receiver. time invariant channel coefficients {§ for almost all channel
In [16] and [17], the results from the field of Diophantind€alizations. o
approximation in Number Theory are used to show that Theorem 2:The total DC_)F_ of a ceIIuIar_ system consisting
interference can be aligned using properties of rational aff & cells andM users within each cell iy for almost
irrational numbers and their relations. They showed that tf!l channel realizations. _
total DOF of some classes of time-invariant single antennalheorem 3:The total DOF of thek' x M X channel with
interference channels can be achieved. In particular,nEtkgal and time invariant channel coefficients jsfi7— for
and Ordentlich in [16] proposed an upper bound on the to@most all channel realizations.
DOF, which accounts for the properties of channel gains
with respect to being rational or irrational. Using this app B. Real Interference Alignment

bound, surprisingly, they proved that the DOF is everywhere to 4y aiable DOF of the systems having multiple-antenna,

discontinuous for the class of channels under investigatio time-varying, and/or frequency-selective channels caeftie
The chanr_1e|s conS|d_ered in [16] a”‘_’ [17] are special n t%?ently exploited by choosing appropriate signaling diats
sense that signals not mteno_led f(_)r a given receiver araalig to maximize the channel gains and avoiding or aligning
by trr]'e channel;cTrr:erer:ore, Sl'gnr?l”;g design |s|notfr_eqldf[m1 interference. We refer to the alignment scheme incorpugati
t(i_t e nature o td? channe .IT e first eﬁmrw]pe O_mteg,&"en&irectional signaling asector alignmentin contrary, it was
glgnmeqt In one- |mden_S|ona spaces, whict ret?uwes brgpa commonly believed that time-invariant frequency-flat $ing
esign, 1S prgsente n [18,]' Usmg |r.rat|ona NUMDETS dxtanna channels are restrictive in the sense that thepmtrev
transmit directions and applying Khlntch_me—Gr_oshevt‘eem us to incorporate vector alignment. Here, we develop a ma-
[18] shows the two-usei™ channel achieves its total DOF..pinery that transforms the single-antenna systems irtodis
This is the first channel in which no variations in Coeﬁ'cgentmuItiple—antenna systems with infinite-many pseudo argsnn
over time or frequency and no multiple antennas are requirgfieeq the number of available dimensions in the resultant
to achieve the total DOF. This is because rational dimessiofq ,qo multiple-antenna systems is, roughly speaking, as
@n one-dimensional Spaces can play the role _Of real dimeasicﬁlgany as rationally-independentirrational numbers. Welsate
n more-t?an-twg dlrgensmnat! spa;::es. Inl this pa:cpieﬁr, we tae pseudo multiple-antenna channels mimics the behatior o
one sfp olr_wsrhan ﬁ)_rove Iﬁ ?tt e tota DOE}% hajserl real multi-dimensional systems (in time/frequency/space,
GIC, the uplink channelin cellular systems, and thehannel {5 oyample, allows us to simultaneously align interfersat

can be achieved without the need for channel variation oVgf \oceivers of static single-antenna channels. We reféné

time/_frequency/space.. i alignment scheme applicable in single antenna systemeaas
This paper is organized as follows: in Sectiah Il, the ma'QIignment

theorem of this paper is stated and some discussions follow.

In Section[ll, the main ideas incorporated in the proposed

coding scheme are presented. Moreover, several examglesGr Almost All vs All Cases

provided to shed light on the ideas. In Section IV, some In the statement of the theorem, it is emphasized that the
background on the field of Diophantine approximation anthtal DOFs of the/{-user GIC, the uplink channel in a cellular
in particular, Khintchine-Groshev type theorems are presk  system, and theX channel are achievable for almost all
Sectior VY describes the coding scheme used to prove the metiannel realizations. It means the collection of all pdssib
theorem. Moreover, the performance analysis, based ontreaghannel realizations in which the total DOF may not be
results in the field of Diophantine approximation, is préedn achieved has measure zero. In other words, if all channel



gains are drawn independently from a random distributien th Again, if we assume time-variant channels, however, thpgeup
almost surely the channel has the desired properties estjuibound can be achieved, see [10].
for achieving the total DOF. The applicability of Theoreil 1 is not restricted to the singl
In the case of theK-user GIC if all channel gains areantenna case. In fact, we can also show that for Rheser
rational, then the total DOF is strictly less thénThis is due MIMO GIC the total DOF of the channel can be achieved
to the recent upper bound on the total DOF obtained by Etkior almost all cases. This can be proved by simply viewing a
and Ordentlich in [16]. This result, together with Theorermsingle user as\/ virtual users in which a transmit antenna
[, implies that the total DOF of the channel is everywheiis paired with a receive antenna. Using separate encoding
discontinuous with respect to channel coefficients. Thituis (resp. decoding) at all transmit (resp. receive) antentiees,
to the fact that for any set of channel gains one can find a setobiannel becomes &/ K-user single antenna GIC. Applying
rational numbers arbitrarily close to it. This behaviorisque the theorem to this channel, we conclude that the toteﬂ%@f
to this channel (or related networks with single antenna$}. achievable and this meets the upper bound. In [21]), the
In fact, almost all of the total DOFs obtained for Multipletotal DOF of theK -user IC is obtained for the case where the
Input Multiple Output (MIMO) systems are discontinuous abumbers of transmit and receive antennas are different.
a point or on a set of measure zero. However, none of themNeedless to say, Theordm 1 is also applicable to channels
are everywhere discontinuous. (either single or multiple antennas) with complex coeffitée
Other than rational channel gains, infinitely many channki fact, the real and imaginary parts of the input and the atutp
realizations are not covered by the theorems. However,ciéin be paired. This converts the channefo virtual users.
cannot be concluded that for these realizations the totdfOTherefore, the total DOF of the channel can be achieved by a
are not achievable. In fact, it is proved that there are sominple application of the theorem. It is worth noting thahjo
cases where the total DOFs can be achieved and those casesessing between all antennas and/or real-imaginaty par
are out of the scope of the theorems, c.f., [16]-[18]. As amtransmitter increases the achievable sum rate of the ehann
example, the total DOF of th& -user GIC can be achieved byHowever, at high SNR regimes this increase vanishes and the
using a single layer constellation at transmitters in theced total DOF of the channel can be achieved by separate coding
case where all cross gains are rational numbers and alltdireger all available dimensions.
gains are algebraic irrationals (this is the case for alnatist The total DOF of theX channel with complex coefficients
irrationals) [16]. This is due to the fact that cross gairs lifollows similar behavior, but it can not be derived by pairin
on a single rational dimension and therefore, the effechef tin fact, a simple extension of the coding proposed in thisepap
interference caused by several transmitters behaves tefthaesults in the total DOF of this channel [19].
interference caused by a single transmitter. Using a sihafie

stream, one can deduce that the multiplexing gain%oiB I1l. M AIN IDEAS AND BASIC EXAMPLES

achievable for each user. In this section, we review some important features of the
real interference alignment introduced in [18] and extesd i

D. Time Varying versus Time-Invariant Channels application to more general cases. To clarify basic ideas,

Cadambe and Jafar in their papers [10] and [11] prové¢ rely on some simple examples and provide only rough
that the total DOFs of the time-varyinf§-user GIC andX reasoning for rationality of the schemes. Unless otherwise
channel can be achieved. They showed that the variatioreof ated, the following assumptions are in place throughtuist t
channel in time, if it is fast enough to be assumed independeFection.
provides enough freedom to align the interference. However
such an assumption about the variation of wireless channels
is not practically realistic. Moreover, it imposes an inastm
sible delay on the system, noting that wireless channels are
changing slowly.

Here, we propose a signaling scheme that achieves the total
DOFs in almost all realizations of the channel without impos
ing any delay to the system or requiring channel variation.
Indeed, the channel can be static over time and still it is
possible to achieve the total DOFs of the channels.

Generic Assumptions

1) All channels are additive.

2) The received signals are corrupted by unit
variance additive Gaussian noise.

3) All transmitters are subject to power con-
straint P.

In [18], constellation points carved from integers are used

construct a code for transmission of a given data stream. Car

o rying multiple data streams, a transmitter designdgraasmit

E. MIMO and Complex Coefficients Cases constellationbased on a linear combination of constellations
Let us consider thé(-user MIMO GIC where each node indesigned for individual data streams. Since all transnsitise

the network is equipped witi/ antennas. The upper bound set of finite points as the input symbols, the received symbo

on the total DOF states that at md% is achievable for this before corruption by additive noise is also a finite set, Wwhic

channel. Except for the three-user case where Cadambe andalled thereceived constellatian

Jafar in [10], through explicit interference alignmentpsied It will be shown that the performance of the system is highly

that % is achievable, the total DOF dk-user MIMO GIC related to the design of transmit constellations. In oraer t

with static channel states is not considered in the liteeatufocus on the important aspects of the optimum constellation



y=z 4z The received constellation consists of points represémtab
T by A(uy + aus 4 bus) wherewu;s are integer. Let us choose
_'_'%!n_'_'_ two distinct pointsv; = A(ug + aus + bus) andve = A(uj +
Fig. 1. A point-to-point communication system. The recaeastellation is v/, +buj) in the received constellation. The distance between
the same as the transmit constellation. these two points igl = A|(u1 — u}) + a(us — ub) + b(us —
uj)|. Khintchine-Groshev theorem (see Secfion IV, Theorem

I

LT [4) provides us a lower bound on any linear combination of
~ . integers. Using the theorem, one can obtin, ~ % where
T2 a\ Y dmin 1S the minimum distance in the received constellation.
—)T 7T—’ To be able to remove the noisé,;, = 1. Hence, 4 ~ Q2.
. - b Ina noise-free env_ironment, the receiver can decodg tlee t_hr
—>T messages if there is a one-to-one map from the received signa
to the transmit constellation. Mathematically, one camsiat
Fig. 2. A multiple access channel. this condition by enforcing the following:

Separability Condition
design, we bypass the effect of error correction codes and  The receiver is able to decode the three messages
assume that receivers can remove the additive noise unelerth ¢ . and 5 are rationally independent. In other
following condition: words, p1 + aps + bps = 0 has no non-trivial
solution in integerg, p2, andps.

Noise Removal

A receiver can completely remove the noise if the
minimum distance of the received constellation
points is greater than/N, whereN is the noise
variance.

Having the above condition, the receiver can decode all
three messages. To calculate Ugerate R, = log(2Q —1) in
terms of P, we need to find a relation betweéhand P. Due
to the power constraints, we hate= A2Q?. We showed that

The preceding assumption is by no means correct. Howevér,z (2. Therefore,” ~ Q°. Hence, we have
it provides accurate estimates of the total DOFs of the syste oy R 1 5
under investigation. In the following sections, we will dxin L el 0.5logP 3 2)
that if the minimum distance of the received constellatonfi ~ Two facts are hindered in the preceding example. First,
order of /N P¢ for anye > 0, then a code with rate arbitraryKhintchine-Groshev theorem is not valid for all possibléres
close to the size of the transmit constellation exists sheh t Of @ andb. In fact, there are infinitely many cases that are
the noise can be completely removed from the received sigr2®t addressed in the theorem (see Fidure 3). However, the
To see the power of the above assumption, we look at theorem asserts that the measure of these points is zero. In
following examples. other words, for any smooth probability distribution on the
Example 1 (Point-to-point communicationk single user pair of (a,b), the probability that the theorem holds is one.
channel is shown in Figufg 1. Given an integerthe transmit Second, the separability condition does not hold in genéral
constellation/ = (—Q,Q)z = {-Q,—-Q +1,...,Q —1,Q} fact, this condition holds again with measure one. Hence, we
is used for transmission of a single data stream. Since itdan conclude:
assumed that the additive noise has unit variance and the

minimum distance in the received constellation, which s th Achievablity for Almost All Cases

same as the transmit constellation, is also one, the noisbea The proofs presented in this paper are based
removed from the received signal. TherefaRex log(2Q —1) on the separability condition and Khintchine-

is achievable for the channel. On the other hand, the input ~ Groshev type theorems. Therefore, all results are
power is less tharQ?. Hence,P = Q2. The multiplexing valid for almost all channel realizations.

gain associated with the data stream can be computed as
) As mentioned in the previous example, the pairb) can
r= lim 05loa P L. (1) possibly take all vectors iiR?. Let us assume that and b
Example 2 (Multiple Access éhanneA‘ multiple access have a relation. For instanckjs a function ofa, sayb = a2.
channel with three users is shown in Figlite 2. The channelthis case, the paifa, b) lies on a one dimensional manifold
can be modeled as in R?, see Figurd]3. Since the manifold itself has measure
zero, Khintchine-Groshev theorem can not be applied dyrect
For such cases, however, there is an extension to Khintchine
It is assumed that andb are two real numbers. Moreover, letGroshev theorem (see Sectipnl IV, Theorgin 5) which states
us assume that all three users communicate with the receitbeat the same lower bound on the minimum distance can be
using a single data stream. The data streams are modulatpdlied when coefficients lie on a non-degenerate manifold
by the constellatiori/ = A(—Q,Q)z where A is a factor and, in fact, the measure of points not satisfying the thaore
controlling the minimum distance of the received constiella is zero.

Yy =x1 + axrsy + bxe + 2.
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Fig. 3. There are infinitely many points on tae— b plane with measure Fig. 4. The two-useX channel. Data streams intended for the first receiver,

zero that are not addressed by the Khintchine-Groshev hedthese are 1 @nd uz, are aligned at the second receiver occupying one third ef th
called bad events). The cunte= a2 is a non-degenerate manifold and byrecelved dimension. Similarly, data streams intendedersecond receiver,

the extension of Khintchine-Groshev theorem, the measfitmo events is V1 andvz, are aligned at the first receiver occupying one third of dueived
zero on the curve. dimension.

Non-degenerate Manifolds [25] following signaling is proposed for the channel:

Let U ¢ R? be an open set. The functiof :
U — R"™ is [-non-degenerate aty € U if

1) f is [ times continuously differentiable on

21= hoguy + hiavy,

29= hajuz + hi1va,

some sufficiently small ball centered:ai. where u1,us and vy,vo are data streams intended for the
2) Partial derivatives off at zy of orders up first and second receivers, respectively. All data strearas a
to [ spanR™. transmitted using the constellatidn = A(—Q, @)z, where
The functionf is non-degenerate at, if it is Q is an integer and4 is the factor controlling the minimum
I-non-degenerate at, for somel € N. We say distance of the received constellation.
that f is non-degenerate if it is non-degenerate The direction used to transmit data streams are chosen based
almost everywhere ofl. on the channel coefficients. As we will explain, this choice

allows us to align unwanted signals at receivers. In general

. . we can state the following:
The preceding example can be extended to the multi-user 9

multiple access channel. The following statement pregbets

Transmit Directions Matching the Channel
result:

To transmit multiple data streams from a trans-

Achievable DOF in a Multiple Access Channel mitter, channel coefficients are used as generators
for the directions.

In a multiple access channel with users, each

user enjoys+ of the total DOF provided that _ S _ _ _

the channel coefficients are independent over Using the above signaling, the received signal can be writte

rational numbers and lie on a non-degenerate as:

i inRE

manifold in . y1= (hi1haa)ur + (harhig)us + (hirhiz)(v1 + v2) + 21,
Remark 1:Due to the general statement of the achievablitny_ (harhaz)os + (huahaa)v + (harhoz)(un + uz) + 22.
for almost all cases, the preceding statement about thé tothe received signals are linear combinations of three témms
DOF of the K-user multiple access channel holds for almosthich two of them are the intended data streams and one is
all channels. However, the capacity region of theuser the sum of interfering signals, see Figlile 4. Let us focus on
multiple access channel is completely characterized acahit the first receivery; resembles the received signal of a multiple
be shown that under all circumstances each user can engm@gess channel with three users. However, there is an iargort
% of the total DOF. We will show that the above codinglifference between them. In the two-us€rchannel the term
scheme is capable of achieving the total DOF of channelsrresponding to the interfering signals, i@, = v1 + vs,
with interference. is a sum of two data streams. However, we claim that this

In the following example, we will look at the two-usé¢ difference does not change considerably the minimum distan
channel that was originally introduced in [2]. This examplef the received constellation, i.&,,;,. Recall that Khintchine-
adds two important features to the signaling. First, mldtipGroshev theorem is used to boumg,;,. The bound is a
data streams are transmitted from each transmitter. Secouction of the maximum value that the integers can take.
interference alignment is required to achieve the total ®F The maximum value ofi3 is 2AQ), which is different from a
the channel. single data stream by a factor of two. Since this change only
Example 3 (Two-useX Channel [18]): In the two-userX affects the constant term of Khintchine-Groshev theorem, w

channel, each transmitter has independent messages to bett€dmin ~ % and the receiver can decode all data streams
receivers, see Figufé 4. Hence, each transmitter has tveo dheach of them have a multiplexing gain éf Therefore, the
streams and they need to be transmitted such that they camtiplexing gain of% is achievable in total, which meets the
be separated in their corresponding receivers. In [18], theper bound.



Interference Alignment

In the two userX channel, we were able to perform perfect
alignment in the system. As the following example shows,
however, this is not the case in general.

Example 4 (Alignment at two receiverd)et us consider a
communication scenario in which three transmitters try to

It is interesting to see what Khintchine-Groshev theorem olign their signals at two different receivers. The charisel
fers whenv; andv, receive in different directions. In this casedepicted in Figur¢l5. In order to shed light on the alignment
the received constellation consists of points represémtayp Part of the signaling, the intended receivers are remowve fr
a linear combination of four integers. Therefore, Khintehi the picture.

Groshev theorem gives ds,;, ~ %. Hence, each data stream Alignment can be done at the first receiver by sending a
can carry information with a multiplexing gain df, and in smgle data stream with directioh from each o_f the trans-
total, the DOF of 1 is achievable. This means interferen&aitters; whereas alignment at the second receiver reqbites
alignment reduces the power 6f in the expression ofl,;,, @¢: @ndab as chosen transmit directions for first, second, and
which in turn allows achieving higher DOFs. third transmitters, respectively. In general, it is not sible

The signaling proposed for the two-us&rchannel can be © simultane(_)usly align three single _data streams at two
interpreted as follows. The received signal at each recevae different receivers. Therefore perfect alignment is nasfele
real number, which is a one-dimensional component. One day, transmitting single data streams from each transmitter.
embed three rational dimensions, each of which has dimensio The solution to this problem is partial alignment, which is
L in this one dimensional space, see Figlre 4. One of thd§gt introduced in [10]. In this technique, instead of sexgli

3 7 .
dimensions is associated with interference and the other tit#St one data stream, several data streams are transndted f

with intended signals. Thereford, out of two dimensions each transmitter. The idea is to choose the transmit dnegti
available at both receivers are used for data, which in tug@sed on channel coefficients in such a way that the number

gives us the total DOF of the channel. In general, we c&h received directions is minimum. For sake of simplicitye w
state: choose the same directions at all transmitters. Tedlenote

the set of transmit directions. A directidh € 7 is chosen as
a transmit direction if it can be represented as

Two data streams are aligned at a receiver if
they arrive at the receiver with the same received
direction (coefficient).

Rational Dimension Occupation

If a receiver observe& data stream inK differ-

ent directions, then each data stream occuples

of the receiver’s dimension. Moreover, if multiple
data streams are aligned at a receiver then the
dimension that they occupy is the same as that of
a single data streams.

T = a®' b2, 3)

where0 < s; <n —1 for all i € {1,2,3}. In this way, the
total number of transmit directions &; = n?°.

Generating Transmit Directions

Let G = {¢q1,92,.-.,9m} denote a finite set
of real numbers. The set of transmit directions
G generated byG is the collection of all real
numbers representable by

As above example reveals, available dimensions at all
receivers, like time and frequency, are natural resournes i
wireless systems. Interference alignment at all receivers
a way of exploiting the full potential of these resources by
reducing the unused dimensions at all receivers. In the two
userX channel, we have observed that interfering signals from
two different sources can be easily aligned at a single vecei
Moreover, two interfering streams are received with theesam
direction occupying onlyg of the available dimensions of the
receivers. This is in fact the best efficiency that one CaI’EhOHn
for in reducing the number of waste dimensions. This id

S1 82

91 92

wheres; € N for all i € {1,2,...,m}. G is
closed under multiplication.

s
g

To compute the efficiency of the alignment, one needs to
d the set of received directions in the first and second

inspires us to define the alignment efficiency as follows.

Alignment Efficiency

Let us consider that all transmitters transmit the
same number of data streams, sdy, using
L, different directions. Moreover, the maximum
dimension occupied by interference at all re-
ceivers is caused by, received directions. The
alignment efficiency) is defined as the ratio of
L, and L, as

L,
Alignment is called perfect iff = 1.

$8ceivers, which are denoted By and 75, respectively. Since

all transmit directions arrive at the first receiver intaGt= 7.

To compute the set of received directions at the second
receiver, we look at the received directions due to the first,
second, and third transmitters separately. Since all ointhe
are multiplied bya, the received directions due to the first
transmitter are of the form®t1b%2¢%, where0 < s; < n—1
for all i € {1,2,3}. Similarly, a®:b%2F1c*: and a®1b52cs3+1
are the types of received directions due to the second and
third transmitter, respectively. Taking the union of albse
directions, one can compufg. However, we can easily see
that the set of directions formed hy'b%2¢%3, where0 <
s; < n for all i € {1,2,3} includes7; and can be used as
an upper bound on the number of received directions. This



signaling:

1 =h11711 + ho1®21 + h31231,
xo =h12w12 + haaT22 + h3axso,
x3 =h13713 + hagwas + h33xas.
The messages intended for the first receiver are transmitted
by x11, 212, andz3 (red circles in Figur€l6). In the previous
example, we have shown that the signals carrying these data

can be efficiently aligned at the second and third receivers
using transmit direction§; generated by

G1 = {h11ha1, hi1hs1, highea, hiahsa, hishas, hishss}.

Fig. 5. Three transmitters wish to align their signals at teceivers. Each . . . L. .
circle on the transmitters’ sides represents a set of datarss transmitted 10 Se€ this, let us consider the signal. This signal arrives

in the directionsT . Each circle on the receivers’ sides represent the receivegt the second and third receivers multiplied by ho; and

directions due to different transmitters. The receive@dions can be aligned :

with efficiency arbitrary close to one. hllh?’l’ respectively. I_n other wordsyi1 521 and hiifisy are
equivalent channel gains between and the second and third

receivers. Therefore, these factors need to be incorgbiate

the selection of transmit directions to have efficient atigmt

at both receivers. A similar argument can be appliedafor

3 andz3. In a similar fashion, one can obtain the s@tsand

( 1) . Gs used for sending messages to the second and third receivers

n+ by using generators

Sincen is an arbitrary integer, any alignment efficiency close Go = {harh1, hothsy, hashia, hoohas, hoshis, hoshas )
to 1 is possible. Hence, the partial alignment approaches th ’ ’ ’ ’ ’
perfect alignment. and

For the multiple transmitter and receiver, the above aproa B
can be easily extended. In fact, it can be shown that the gterfe Gs = {hs1h11, harhay, hazhaz, hazhaz, hashis, hashas},
alignment is possible for any finite number of transmitterd a respectively.

set hag(n + 1)3, which is an upper bound fak.. Hence, we
conclude that

_ b
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receivers. The previous example ensures us that the preceding sig-

) ) naling is efficient regarding interference alignment. Hoere
Simultaneous Interference Alignment we need to guarantee that the messages can be decoded at
Partial interference alignment of any finite num- the intended receivers. To this end, we look at the received
ber of signals is possible at any finite number of directions at the first receiveh?, Gi, h?,G1, and h3,G, are
receivers. Moreover, by increasing the number of received directions due to the intended messages. Cléasly,
transmit directions, one can achieve any align- are all different and therefore can be separated based on the
ment efficiency close to one. separability condition. Moreover, it can be shown that the

set of intended directions has no intersection with the §et o

The above example shows that a set of data streams wifffTfering directions represented ByUg; (recall thatg, and

the appropriate directions in any system can play the rof8 are closed under multiplication). Dividing the dimensidn o
of a single data stream in the two-us&t channel, where the first receiver into five, one can conclude that two of them

perfect interference alignment was possible. In addition gre ocqupied by i_nterference and .three of t.hem are occupied
perfect alignment, which is desired in any system, receivé?y the intended signals. Therefo@e;s an achievable DOF at

are required to decode their own messages from the receifdd f_|rst receiver. Due to symmetry, a s_|m|lar argument can be
signals. However, the receiver can decode its own messafBB!ied for the second and third receivers, resulting; ias
if the intersection of the set of received directions due '€ fotal DOF of the channel.
interference and message is null.
In the last example, we will combine all ideas presented in IV. DIOPHANTINE APPROXIMATION:
this section to obtain the total DOF of tl3ex 3 X channel. KHINTCHINE-GROSHEV TYPE THEOREMS
Example 5§ x 3 X channel): In this example, we con- In number theory, the field of Diophantine approximation
sider the3 x 3 X channel shown in Figurél 6. In thisdeals with the approximation of real numbers with rational
channel, each transmitter has independent messages fomathbers. The reader is referred to [22], [23] and the refa¥en
three receivers. Letn;; denote the message transmitted btherein. Khintchine theorem is one of the cornerstonesim th
the 4th transmitter and intended for thigh receiver, where field. It gives a criteria for a given functiogh : N — R
i,j € {1,2,3}. In addition, letz;; denote the signal carryingand real numbew such that|p + vq| < %(|q|) has either
the messager ;. infinitely many solutions or at most finitely many solutions
The transmitters send their messages using the followifay (p, q) € Z2. Let A(v)) denote the set of real numbers such



1
P00 — 000

Fig. 6. The3 x 3 X channel. Each red circle represents a set of data streaerslétt for the first receiver. They can be aligned with efficyearbitrary
close to one at the second and third receivers, occupiirtg the received directions. Similarly, signals intended tlte second and third receivers can be

aligned efficiently at non-intended receivers (blue ancegreircles). Each set of data stream can carry data with plextng gain of%. There are 9 sets of
streams resulting in the total DOF %f.

that|p+wvq| < ¥(Jv]) has infinitely many solutions in integers.and has the full measure if
The theorem has two parts. The first part is the convergence o . _
part and states that if(|¢|) is convergent, i.e., qu_lw(q) =oo andy is monotonic (6)

> In [1811,_'1I'heorem[¥1 is used to prove that the total DOF

ZUJ(Q) <o of the two-userX channel can be achieved using a simple

=1 coding scheme. It is also proved that the three-user GIC can
then A(y) has measure zero with respect to Lebesque meshieve the DOF 01‘3—* almost surely. Note that Theorem 4
sure. This part can be rephrased in a more convenient waydags not include the case where elements aifre related. It
follows. For almost all real numberf + vg| > (|q|) holds turned out that such a shortcoming in this theorem prevented
for all (p, q) € Z* except for finitely many of them. Since theus from proving the achievablity 03 for the three-user GIC.
number of integers violating the inequality is finite, onencalet us assume lies on a manifold with dimension less than

find a constank such that m in R™. In this case, the theorem may not be correct as
the measure of the manifold is zero with respect to Lebesque
Ip +vq| > r1b(|ql) measure. Recently, [24] and [25] independently extended th

holds for all integerg and ¢ almost surely. The divergenceconvergence part of the theorem to the class of non-degenera
part of the theorem states thd{) has the full measure, i.e. mar_uf_olds. However, a subclass of non-degenerate masifsld
the setR — A(¢)) has measure zero, providedis decreasing Sufficient for the proofs of the results in this paper. Theref

and(|g|) is divergent, i.e., in the following theorem we state the theorem in its simplest
- form by limiting the scope of it.
Zw(q) - . Theorem 5 ([24] and [25]):Let n < m, v =
= (v1,v2,...,v,) € R™ and g1,¢9,...,9m be functions

) ) . ) from R” to R with the following conditions:
There is an extension to Khintchine’s theorem due to 1) gi fori e {1,2,...,m} is analytic,

Groshev, which regards the rational approximation of linea 2) 1, 91,9 gm are linearly independent ovat
3 ) AR m .

forms with rational coefficients. Let = (v1,v2,...,0m) . . )

andq = (q1,q0,...,qn) denote anm-tuple in R™ and Fo([0 anzl%rlnonotonlc :‘Enqtlorn/) |"t N — R, such that

7™, respectively. LetA,, (1) denote the set ofn-tuple real 2.4=1 9" (q) < o0 the inequality

numbersg such that I+ q191(V) + q292(V) + ... + gmgm (V)| < ¥(ldle) (7)

lp+v-q| < ¢(ld|) (4) hﬁ\s at rﬂgost finitely many solutionig, q) € Z x Z™ for almost
all veR".

has infinitely many solutions fop € Z andq € Z™. [ql«  Throughout this paper, the functian(q) is chosen as-1—

is the supreme norm af defined asnax; |q;|. The following  for an arbitrarye > 0. Clearly, this function satisfie§](5) and

theorem gives the Lebesque measure of the/sgty). is an appropriate candidate for the theorem. If all conditio
Theorem 4 (Khintchine-Groshevlret ¢ : N — R*. Then of the theorem hold, then one can find a constastich that

the setA,,(¢) has measure zero, provided for almost allv € R™

K

max; |g|)™ e

iquluj(q) <o 5) PHB9V) Fa0)+ ot angn (V)] > ( =
q=1



holds for allp € Z andq € Z™. {Ty, T2,...,Typ—1} independent vectors we have
One class of functions satisfying the conditions in Theorem

is of special interest. Letj(v) denote the set of all szz_lT.x. ©)
monomials with variables from the set= {v;,vs,...,v,}. prt e

In other words, a functiory belongs toG(v) if it can be a

represented ag = vi'vy®---vSm for some nonnegative wherez; is thei'th component ofx in the direction ofT;.
integerssy, so, . .., sn. It is easy to show that any collectionBeing a real numbeg; for i € {0,1,..., M — 1} can carry

of functions fromg(v) satisfies the conditions of Theorém 5at most one DOF. If a transmitter, however, wishes to send
More specifically, all functions belonging ti(v) are analytic. less than}M data streams, say, then it choosed, bases out
Moreover, a set of monomials are independent @vers long ©f M available bases and discards the rest of bases. In this
as they are distinct. As a special case whervseas only one Scheme only integral DOFs are possible for each transmitter
member, i.ev = {v}, then we havg(v) = {1,v,0%,2%,...}. Asa simple example, a single antenna transmitter can send a
data stream with either one DOF or zero DOF.
In this paper, we prove that the restriction on achieving
V. CODING SCHEME AND PERFORMANCEANALYSIS integral DOFs can be relaxed in a dramatic way. We claim that

Unless otherwise stated, we assume that the same encod’iﬂger some regularity conditions, which are not too resteg

and decoding schemes are applied at all transmitters ! fracttlonal Dt?':\'/s pc_>53|ble. Let u; focu_s onl gl;'lir:jgle
all receivers, respectively. In the following, we will deibe antenna transmitter. viewing as a one-dimensiona €

the proposed encoding and decoding schemes for a gi é)r%ce It ha?_ onlly oneb base; Whereals \:llevylr;g as aaglﬁctor
transmitter and receiver. leld over rational numbers (or equivalently integers),

. . ' . infinitely many bases.
Construction of a single data stream Let us first explain The 7th t it h t of | b
the encoding of a single data stream. The constellafica €1 ransmitier chooses a Set of Teal nUmbers, say

(—Q,Q)z as the set of input symbols is chosen. Even though ~, {Tio, Tit, - - -, Tim—1)} @S the set of transmit directions
one can use the continuum of real numbers as the in {transm|_tt|ngM independent dat_a streams: The members
alphabets, restriction to a finite set has the benefit of eadye? Ti are mdepende_nt over the field of rat|_ona_1l numbers.

. ) . 1—c n the proposed coding scheme, the transmit signal can be
feasible interference alignment. We assu@e= ~ P2+ rttapresented by

where~ is a constant. Notice that since the number of inpu M1
symbols are bounded thr 1, the data stream modulated 2= A Z T, (10)
by C can at most prowdeiLTe6 DOF. We will show that at =
high SNR regimes this DOF can be achieved.

Having formed the constellation, a random codebook witherew for I € {0,1,..., M — 1} is the'th data stream
rate R is constructed to change the channel into a reliabfansmitted in the direction dfy;.
one. This can be accomplished by choosing a probability The parameter controls the input power of the transmit-
distribution on the input alphabets. The uniform distribntis  ters. In what follows A is computed based on an upper-bound
the first candidate and it is selected for the sake of simplicion the input power of a typical transmitter. We start with the
Note that since the constellation is symmetrical by assiampt following chain of inequalities

the expectation of the uniform distribution is zero and the M1
transmit signal has no DC component. The power consumed E[22] @ 42 Z T2E [u3]
by the data stream can be loosely upper-boundegZ?as =0

Remark 2: The parameters involved in the proposed con- ®) M—1
struction, i.e,Q, m,y, ande, are universal and applied to all < A%Q? (Z Tﬁ)
the available data streams. Clearly, the optimum perfooman 1=0
of a system can be attained by selecting these parameters = A2Q?\?
appropriately.

Encoding schemelt is well known that a transmitter with Where (a) follows from the fact that all data streams are
average power constraiftand equipped with/ antennas has independent and (b) follows from the fact that the data sieea
M degrees-of-freedoms available for data transmissiors iEhi are all the same and heneg < @Q*. We use a short-hand
due to the fact that the input signal lies on &irdimensional nhotation)\; as\; = ?igl T?. Since eaclly; is constant)\;
Euclidean spafe As it has been reported in numerous paperis also a constant. To satisfy the power constraint, it isireg
the most applicable approach utilizing these available ®O#hat )
relies on the expansion of the input signal intb bases and A< P>
transmission of a single data stream over each of these.bases T QN

; ! . ) ) iy ;
For instance, if the input signal is € R then by choosing forallie {1,2,..

., K}, whereK is the number of transmit-
o . : ) ters. Clearly, it is sufficient to choose

1if a channel is timef/frequency varying then the input sigoser M y
extensions of time/frequency lies on a@f-dimensional Euclidean space. 1
Therefore, MIMO and time/frequency varying channels beh#vwe same A= Pz
regarding the DOF. Q
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where ( = min; /\i By assumptionp = 7P2<}5+:>. Hence, transmitter. The received signals due to the transmit signa

we have S x; are hy;x;, hoixy, ..., hyux;. If we choose the transmit
A =EPR0F (11) directions from the sef;, which consists of directions of the
form
where¢ = % & K
In fact, A and(@ are two important design parameters in the 855 j
o : s [Tw )| I IIw )

encoding @ controls the cardinality of the input constellation,
which in turn provides the maximum achievable rate for
individual data streams. The cardinality of the constilhat 0<s};<n—1 0<sjp<n
grows roughly asPz=. On the other handA controls the
minimum distance in the received constellation, which imtu power ofh; for all j € {1,2 K"} is lowered by one. It
affects the performance. Our calculation reveals that nibema . ; ﬂh that/ — e 1K (K-1) '
how many data streams each transmitter is intended to send sy 1o show - (n+1) '
Q and A only depend onm, which is the reciprocal of the _he efficiency of _the allgnmsent can beKmeasured by the
multiplexing gain of each data streams. ratio of A" and M, i.e.,n = i = (nTH) - The perfect

Transmit directions and interference alignment The alignment happens whef/ = M’ , i.e., the ratio is one.
most important part of the proposed coding design is tf#Pwever, asn can be chosen arbitrarily large, then we can
selection of transmit directions. As it is shown in Secii@ih | have any efficiency close to one from the proposed alignment
through several examples, transmit directions providerfet- t€chnique. In a loose sense, we can say that any number of
ence alignment as well as separability at all receiversatn, f transmitters can align their signals at any number of regsiv
to design the optimum directions, interference alignmémyp  Decoding schemeThe received signal at thgth receiver
the role as the separability condition usually comes foe fre i its general form can be represented by

One important observation is that the transmit directions
need to be generated based on channel parameters. Monomials
are the best candidates as they are forming a non-degenerate
manifold in higher dimensions. This property allows us to

incorporate Khintchine-Groshev type theorems in the perfavhere 7, and T/, are the received directions due to an

mance analysis. intended data stream and an interfering signal, respégtive
We will explain in more details how the transmit direction$t js assumed thatl; and L/ are the number of received

can be chosen based on the channel coefficients. To havgiractions due to the intended data streams and interfering

glimpse on the procedure, we consider there/gfeeceivers signals, respectively;; is an intended data stream), is the

in the network receiving signals frol¥ transmitters as inter- an interfering Signa|s_ Because of interference a||gnmem

ference. The interference, due to all transmitters at Receipossible thaif;; data streams arrive at the directiﬁﬂ, which

j, can be represented ds = > i°, hjz; wherehy; is @ results inu), € (—f;1Q, f11Q)z. To have a uniform bound, let

real number. Clearly, if each transmitter transmits oneadajs definef = max(; ;) fj andU’ = (=fQ, fQ)z. Clearly,

stream then it is impossible to align them at all receiver§!_l e U for all j’s and!’s.

However, it is possible to align the transmit signals if each'\we assume that; + L, < m for all j € {1,2 K}
; M—1 _ al; s , 2,00, .
transmitter encodes/ data streams as; = >, Tuui for The j'th receiver is interested in data streamg for all I €

j=1 k=1&k+#£i j=1

then the received directions at all receivers belong,tas the

L.—1 Ls.fl
yi =AY T+ ) Ty | +2,  (12)
=0 =0

all i € {1,2,..., K}. Therefore, the interference at thgh 10 1 ... L, —1}. The data stream;; is decoded as follows.
receiver can be written as The received signal is first passed through a hard decoder. Th
K M-1 hard decoder looks at the received constellation
Ij = Z Z (hjiTil)Uil, Lj—1 Lg.fl
=1 [=0 _ _
. . o V,=A ;U Tu'
where(h;; T;;) is thereceived directiorfor the!'th data stream J ; it ; at

of the i’th transmitter. If the transmit directions are chosen
randomly, then all of the received directions are distimodl a and maps the received signal to the nearest point in theedenst
the total number of received directionsA&SK’, which is not lation. This changes the continuous channel to a discrete on
desirable. in which the input symbols are from the transmit constedlati
To reduce the number of received directions;’s can be U and the output symbols are from the received constellation
used as the generators for the transmit directions. Let us ix.
the set of received directions by assuming that all receivedit is assumed that the received constellation has the psoper
directions belong to the s&f., which consists of directions of that there is a many-to-one map framtoi/; = S Tald.
the form X, H;il h3;', wheren is an arbitrary integer and Recall that the transmit directions are chosen in such a way
0<sj; <nforallie{l,2,...,K}andj € {1,2,...,K'}. that all u;’s can be recovered uniquely frotd;. This, in
If M’ denotes the number of received directions then it is eafct, implies that if there is no additive noise in the chdnne
to show thatM’ = (n + 1)%K", then the receiver can decode all intended data streams with
A transmit direction is legitimate if it arrives at all regers zero error probability. This property holds, for exampléen
with directions belonging td7... Let us focus on the’th Tj's and T}, are all distinct and linearly independent over
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rational numbers. Throughout this paper, we always designT};’s or sz
the transmit directions in such a way that this conditiordsol
The equivalent channel betweery and the output of the
hard decodef:;; becomes a discrete channel and the joint-
typical decoder can be used to decode the data stream from
a block of;'s. To decode another data stream, Recejverwhere?}'s are all distinct monomials at receivgr Moreover,
performs the same procedure used for decoding In fact, , for all | {0,1,...,L; + L} — 1} are bounded by
joint-decoding is not used to decode all intended datamstsea (— fQ, fQ)z. Therefore, the distance between any two points
Performance Analysis Let d; . denote the minimum in the received constellation; can be bounded usingl(8) as
distance in the received constellatidf). The average error follows:

is 1. Then a point inV; can be represented as

Li+L;—1
v=A v+ Z Ty | . (16)
=1

probability in the equivalent discrete channel from inpuyt i > L/
to outputij; , i.e. P, = Pr{aj # u;} is bounded as: ' (2fQ)Lithi—tre
2 SinceL; + L;- < m, we have
d; . L
P€< Jmin < e _ _Jmin . 13 A
_Q< 2 )_ Xp( 8 ) 49 djmin>57,1+- (17)
(2fQ)m—tte

P. can be used to lower bound the rate achievable for theThe probability of error in hard decoding (séel(13)) can be
data streamu;;. In [16], Etkin and Ordentlich used Fano’sbounded as

inequality to obtain a lower bound on the achievable rate, A 2
which is tight in high SNR regimes. Following similar steps, P, < exp (—g (TM) ) , (18)
one can obtain Q
R wheren is a constant and a function of «, o, and~;s.
Rji= (i, u;i) Substituting4 and Q in (8) yields

(:)H (wji) — H (wje|i) P. < exp (—nP°), (19)

> H(uj) — 1 — Pelog U] which shows that, has the desired property.

® (1—P.)log || —1 The_following the_orem summarizes the conditions needed

© to achieve the multiplexing gain 07% per data stream.

=(1-F)log(2Q —1) -1 (14)  Theorem 6:Consider there aré transmitters and<” re-

) ] ceivers in a system parameterized by the channel coefficient
where (@) follows from Fano's inequality, (b) follows from€t yectorh, Transmitteri sendsM data stream along directions
fact thatuj; has a uniform distribution on its range, and (C)IE = (T, T2, ..., Ty 1y} for all i € {1,2,...,K}. The
follows from the fact thaft/|, which is the number of integers yata streams intended for thiéth receiver arrive atL; di-
in the interval[—Q, Q], is boundeq by2Q _—.1. Let us assume rections, which ardg; = {Tjo, Tia, . . 7Tj(L-71)}- Moreover,
that P, — 0 as P — oco. Under this condition, the achievableihe interference part of the received signal at il receiver
multiplexing gain from data stream;; can be obtained asp557/ effective data streams with received directioRs =

follows: (T} Tl TYp, )} for all j € {1,2,...,K'}. Lef the
v lim R, following conditions for allj € {1,2,..., K’} hold:
A e 0.5log P Cl Components off; are distinct member oG(h)
> 1 log @ and linearly independent over the field of rational
= phs 0.5log P numbers.
(@) 1 —€ Components of; and7,; are all distinct.
T mte (15) C3  One of the elements of eithgf or 7, is 1.

. Then, by encoding each data stream using the constellation
where (a) follows from the fact tha) = yP=i9. Since 1/ = (—Q, Q); whereQ = P> 5 and~y is a constant, the
¢ > 0 is an arbitrary constant, the multiplexing gain fis following DOF is achievable for aimost all realizations bt

achievable for the data stream;. system:
Provided that all intended data streams can be successfully — Li+Ly+---+ Lk (20)
decoded at all receivers, the achievable DOF at fhie sum m ’

receiver can be written a% However, it is achievable underwhere m is the maximum received directions among all
the condition thatP, — 0 as P — oo and it needs to be receivers, i.e.;m = max; L; + L.

shown. To this end, one requires to calculate the minimumRemark 3:If C2 holds, then the measure of the event
distance between points in the received constellation. “components of7; and 7, are dependent over the field of

Recall thatL; + L, < m andT;;’s andT};’s are all distinct rational numbers” is zero.

and monomials with variables from the channel coefficients. Remark 4:1f C3 does not hold, then by adding a virtual
Theoremb can be applied to obtain a lower bound on tldata stream in the direction 1 at the receiver, one can cdaclu
minimum distance. Let us assume that one of the directioﬂmatmL+1 is achievable for all data streams.
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extreme points oR can be identified by solving the following
optimization problem:

) AR
ry = lim

SNRL oo Ret 0.51log SNR’ (22)

The total DOF refers to the case whexe= {1,1,...,1},i.e.,
the sum-rate is concerned. Throughout this papef, denotes
the total DOF of the system.

An upper bound on the DOF of this channel is obtained in
[10]. The upper bound states that the total DOF of the channel
is less than%, which means each user can at most enjoy one
half of its maximum DOF.

B. Three-user Gaussian Interference Channel: D@F;’—’ is

Fig. 7. The K-user GIC. User: for ¢ € {1,2,...,K} wishes to Achievable

communicate with its corresponding receiver while recgjinterference from
other users. In this section, we consider the three-user GIC and explain
in detall that, by an appropriate selection of transmitations,

Theoreni6 implies that the most difficult part of the desigtnhe DOF of ; is achievable for almost all cases. We will

is the selection of transmit directions for all users. Thislue explaln_ |n_ mo.re de@l that by an apprOp”ate selection of
. . K transmit directions this DOF can be achieved.
to the fact that random selection resultssin = > ;" | L;

received directions, which in turn provides 1 DOF for th%lIn [18], we defined the standard model of the three-user

channel. A careful design is needed to reduce the number oD' fThe de;_'_m_lt_'ﬁn 'z as fOHOW.S: f h I lled
received directions at all users. In the following sectiom, efinition 1. The three user interference channel is calle

provide such a design for th&-user GIC. standard if it can be represented as

= Giz1 + T2 + 23 + 21
VI. K-USERGAUSSIAN INTERFERENCECHANNEL yo= Goo + 1 + 3 + 29 (23)

A. System Model y3= Gzx3 + 21 + Goxa + 23.

The K-user GIC models a network in whidki transmitter- \yherez; for Useri is subject to the power constraift. z;
receiver pairs (users) sharing a common bandwidth wish 4p Receiver is AWGN with unit variance.

have reliable communication at their maximum rates. The |, [18], it is also proved that every three-user GIC has an
channel’s input-output relation can be stated as follo®®, sequivalent standard channel as far as the DOF is concerned.
Figure[T, The parameters in the standard channel are related to the pa-

rameters of the original one thorough the following equatio
1= h11z1 + higza + ...+ higxx + 21, g g geq

y2= ho1@1 + hooxa + ... + hogxx + 22, Go = M’
) ) ) ) ) hi2hazhay
= : £ : (21) G — hi1highas
Y= hi121 + hgows + ...+ hgx Tk + 2K, " highorhis’

. . . hazhi3

wherez; andy; are input and output symbols of Useffor G = Bl
1€ {1,2,..., K}, respectivelyz; is Additive White Gaussian hlghizhm
Noise (AWGN) with unit variance fori € {1,2,...,K}. Gy = 512721
hiahoshsy

Transmitters are subject to the power constréint ;; repre-
sents the channel gain between Transmiitemd Receiver As mentioned in the previous section, transmit directioes a
j. It is assumed that all channel gains are real and timeonomials with variables from channel coefficients. For the
invariant. The set of all channel gains is denotedihyi.e., three user case, we only uék, as the generator of transmit
h={hi1,...,hig,ho1,..., hoK,...,hk1,...,hxi}. Since directions. Therefore, transmit directions are seleaterhfthe
the noise variances are normalized, the Signal to Nois@Radet G(Gy), which is a subset of(Gy, G1, G2, Gs). Clearly,
(SNR) is equivalent to the input powé. Hence, we use them G(Go) = {1,Go, G3, G}, - - }.
interchangeably throughout this paper. We consider two different cases based on the valu€ pf

In this paper, we are primarily interested in charactegzirbeing algebraic or transcendental. Although the measure of
the total DOF of theK-user GIC. LetC denote the capacity being algebraic is zero, we prove that for each case the total
region of this channel. The DOF region associated with tHi#&OF can be achieved if the transmit and receive directions
channel is in fact the shape df in high SNR regimes satisfy the conditions of Theorefl 6. We start with the case
scaled bylog SNR. Let us denote the DOF region ®. All whereGy is algebraic.
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1) Case |:G) is algebraic: By definition, if Gq is algebraic ~ Remark 5:1n a special case] = 1 in (24). In other words,
then it is a root of a polynomial with integer coefficientstLeG, is a rational number. This case is considered in [16] and
us assumeés, satisfies it is proved that it can achieve the total DOF of the channel.

2) Case lI: Gy is transcendental:lf Gq is transcendental
then all members of(Gy) are linearly independent over the
whereag,aq_1,...,a0 are integers. In other words, the sefield of rational numbers. Hence, we are not limited to any
T ={1,Go,G%,..., Gg‘l} is a basis folG(Go) over rational subset 0iG(Gy), as far as the independence of transmit direc-
numbers. Therefore, as the transmit directions need tod®e intions is concerned. We will show th%t;];—} is an achievable
pendent over the field of rational numbers, the transmitiees DOF for anyn € N. To this end, we propose a design that is
restricted to choose their transmit directions among numine not symmetrical.

T. We assume that all transmitters transmit along all dioesti  Transmitter 1 uses the set of direction; =
in T, i.e.,T; =7 forall i € {1,2,3}. By this selection, C1 {1,Go,G3,...,G}} to transmitL; = n+1 to its correspond-

ang+ad71G371+...+Q1G0+a0 :Oa (24)

in Theoren{ B holds for all transmitters. ing receiver. Clearly/; satisfies C1. The transmit signal from
In this case, Transmitter sendsL; = d data streams as User 1 can be written as
follows it no
— j T = A Gjul j .
T = AZO Ghuij, (25) ;0 01
=

gransmitters 2 and 3 transmit iho, = L3 = n directions

for all ¢ 1,2,3}. The received signal at Receiver 1 can b
i€ {1,2,3} ved sig W using7z = T3 = {1,Go, G%,...,G~ '}, Clearly both7; and

written as . o
T3 satisfy C1. The transmit signals can be expressed as
d—1 d—1
y1=A GiGhui; +> Gluh, | +21,  (26) ol
jgo Jgo ! To = A Z G%’UQJ‘
j=0

where u; = ug; + ug; for all j € {0,1,...,d — 1}. The

signals from Transmitters 2 and 3 are aligned and the numB&d el

of received directions ig} = d. Moreover C2 and C3 in T3 = AZC’%W“

Theoreni 6 hold for this receiver. Since the received sighal a s !

Receiver 2 is similar to that of Receiver 1, we can deduce that ) _ )

L) = d and C2 and C3 hold. The received signal at Receiver 1 can be expressed as:

The received signal at Receiver 3 can be written as

n n—1

a1 4 =AY GiGluy;+ Y Guy, | +21,  (30)
ys =AY GsGlus; + > Glub; | + 23,  (27) =0 =0

J=0 J=0 whereu); = ug; + us;. In fact, transmit signals from Users
whereus; = ug; +uy(j_1) for j € {1,2,...,d — 1}, u3o = 2 and 3 are aligned at Receiver 1. This is due to the fact that
ugo, andu}, = u14. The number of received directions fromout of 2n possible received directions, only directions are
interfering users is! + 1. However, they are not independeneffective, i.e.,L} = n. One can also confirm that C2 and C3
over the field of rational numbers. Using_[24)¢ can be hold at Receiver 1.
represented as a linear combination{of Gy, GZ, . . ., Gg’l} The received signal at Receiver 2 can be expressed as:
with rational coefficients. Multiplying both sides df {27y b

—1 n
aq, We have J . )
d—1 d—1 ya=A Z G2Guz; + Z Ghuy; | + 22,  (31)
~ j i d, 1 . =0 =0
yz3 = A Z aqG3Gyus; + Z G'Oadugj + aqGgusy | + Zs,
=0 =0 whereus; = uy;+ug; forall j € {0,1,...,n—1} andus,, =

(28) wui,. At Receiver 2, transmitted signals from Users 1 and 3
wheregs = aqys and z3 = a4z3. Substituting from[(27), we are aligned and the number of effective received directisns
obtain L, = n + 1. Moreover, it can be easily seen that C2 and C3

hold at Receiver 2.
d-1 , -1 The received signal at Receiver 3 can be expressed as:
g3 =A ZadG3Géu3j + Z G%(adulgj — ajulgd) + Z3.
3=0 j=0 ST n-l , A
w; (29) y3s=A ZO G3G6U3]‘ + ZO Géulgj + z3, (32)
Clearly, L, = d and C2 and C3 hold for this receiver as well. 77 .
The maximum number of received directions at all receivewhereugj =i +ug; forall j € {1,2,...,n} anduf, =
is m = 2d. Since C1, C2, and C3 hold at all receivers, by;o. At Receiver 3, transmitted signals from Users 1 and 2
applying Theorenil6 we conclude that the total DOF%O'I’S are aligned and the number of effective received directisns

achievable for almost all cases. L, =n+ 1. Clearly, C2 and C3 hold for Receiver 3.



14

Since C1, C2, and C3 hold at all users, we only neafle claim that7;;, the set of received directions at Receiver
to obtain the number of maximum received directions at alldue to Transmittek, is a subset off,.. In fact, all transmit
receivers. To this end, we observe that directions of Transmittek arrive at Receivei multiplied by
hi... Based on the selection of transmit directions, however, th
maximum power ofi;; in all members off;;, is n— 1. There-

. Therefore, an application of Theorelh 6 reveals that thiere, none of the received directions violates the condit

m =max{Ly + L}, Lo+ Ly, Ly + L} =2n+1

following DOF is achievable. (486) and this proves the claim.
Li+ Ly + Ly Since 7, is not related to Usek, one can conclude that
Psum= —— T € T, forall &k € {1,2,...,K} andk # i. Hence, we
3n+1 deduce that all interfering users are aligned in the dioesti
T ot 1l (33) of T-. Now, L} can be obtained by counting the members of
Sincen is an arbitrary integer, one can conclude t@ais Tr- It is easy to show that
achievable for the three-user GIC almost surely. L;=(n+ 1)K(K—1)_ (37)

C. K-user Gaussian Interference Channel: DOE X js The received directions at Receivieare members of; 7;
Achievable 2 and 7,. Since h;; does not appear in members @f, the

In this section, we prove the main theorem of this paper, i.emembers off;; 7 and 7, are distinct. Therefore, C2 holds

the DOF of% is achievable for thek-user GIC. As pointed at Receiveri. Since all the received directions are irrationals,

. . ; o C3 does not hold at Receiver
out in Sectio V, we need to design the transit directiondlof a SinceC; andC; hold for all users, we can apply Theorem

transmitters in such a way that th_ey §at|s_fy the condmdns.ﬁ t0 obtain the DOE of the channel. We have
Theorenh. Recall that all transmit directions are monasni

with variables inh. We reserve the direct gains and do not P— LitLlot...+1Lk

use them as generating variables. The reason is that C2 in m+1

Theoreni b requires that all received directions be distiBgt  Kn®"l(n+ 1)(K*1>2 38
setting aside the direct gains, a transmit direction from th B m+1 (38)

intended user is multiplied by the direct gain and therefore\yheren, is

is distinct from all other transmit directions (by C1 allismit )

directions from a user are distinct). M= max Li+L;
We assume that all channel gains are transcendental. On the K1 (K—1)? K(K-1)

one hand, since the measure of being algebraic is zero, this =n" " (n+1) +(n+1) - (39

assumption is innocuous. On the other hand, as we learr@simbining the two equations, we obtain

from the three-user case algebraic gains are beneficiakgs th K

reduce the number of transmit directions required to aehiev Tsum = N TR T

the total DOF of the channel. + (%5 + nK—1(n41)(K-1)?2
We start with selecting the transmit directions for User g0, can pe arbitrary large, we conclude tHatis achiev-

A directionT € G(h) is chosen as the transmit direction for,

e able for theK-user GIC.
User: if it can be represented as

(40)

K K
) VII. CELLULAR SYSTEMS: UPLINK
T=][11": (34)
el e J A. System Model
wheres;;'s are integers satisfying In a cellu_lar network, an area is partitiongd into _several
, cells and, within each cell, there is a base station serngegsu

sj5 =0 Vie{l,2...,K} inside the cell. There are two modes of operation. In thenlapli
0<s;<n-1 Vje{l,2,....K} & j#i mode, users within a cell transmit independent messages to
0<suy<n Otherwise. the base station in the cell; whereas in the downlink mode,

the base station broadcasts independent messages torall use
inside the cell. In this section, we only consider the uplink
mode. Abstractly, the uplink mode corresponds to a network
Li =nf"Y(n+ 1)<K*1> (35) in which several Multiple Access Channels (MAC) share the
- , same spectrum for data transmission. Let us assume there
Clearly, 7; Sat'Sf',eS C1 for alk € {1’.2’ oo K} . _existMpusers in each MAC and there afé MACs in the

Tc_) computeL; _(the number of |nereqdent received dI'nfatwork. The received signal at the base station in Eelan
rections due to interference), we investigate the effect B represented as
Transmitterk on Receiveri. Let us first define/,. as the set

of directions represented by {34) and satisfying M K
_ Yk = th(kz)wkl + Z Ii 42k (41)
{Sjj =0 Vie{l,2,....K} (36) =1 i=1&ik

0<sjy <n Otherwise.

The set of all transmit directions is denoted By It is easy
to show that the cardinality of this set is

2

users within the cell intra cell interference
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where [y, is the aggregate interference from all users in Cell
i, i.e.,

M
Iy = Z hiiny @it (42)
=1

Let Cyp denote the capacity region of this channel. The DOF
region associated with the channel can be defined as the shape
of the region in high SNR regimes scaled log SNR. Let us
denote the DOF region bR,,. We are primarily interested in
the main facet of the DOF region defined as:

. Zszl Zi\il Ry
Tup = Gl X S I0g SNR (43)

where Ry, is an achievable rate for thé&h user in Cellk.

. . Fig. 8. TheK x M X Channel. Usei fori € {1,2,..., K} wishes to trans-
KM 1250,
B. The Total DOF OfM+1 is Achievable mit an independent message;; to Receiver; for all j € {1,2,...,M}.

To obtain an upper bound on the total DOF of this channel,
we assume that all users within a cell can cooperate. This

cooperation converts the uplink mode to a MIQuser GIC  ,,.,. Based on the selection of transmit directions, however,
with M antennas at the transmitters and one antenna at i maximum power Ofhi(xmy in all members of 7y, is

receivers. An upper bound on the DOF of the MISQOuser ,, — 1. Therefore, none of the received directions violates the
GIC is obtained in [20]. The upper bound states that the tot@dndition [46) and this proves the claim.

. Y . .
DOF of the channel is less thafy7. We will show that this  gjnce 7 is not related to thei's base station, one can
DOF is achievable. conclude that7; C 7 for all i € {1,2,..., K}. Hence, we

We start with selecting the transmit directions of #&h  gequce that all interfering users are aligned in the dioesti

user in Cellk. A direction T € G(H) (H is the set of all of 7 Now, L/ can be obtained by counting the members of
channel gains) is chosen as the transmit direction for thés U7 Itis easy to show that

if it can be represented as

K K M . L= (n+ 1)MK(K*1). 47
r=TITIT "5 (44)
j=li=11=1

The total number of received directions at tfith base
wheres;;;y's are integers satisfying stations iszl]‘i1 Ly + L. SinceCy and C; hold at all base
stations, we can obtain the total DOF of the channel as

SjGn =0 Vie{l,2,....K} &le{l,....M}
OSSj(km)Sn—l VjE{l.,Q,...,K}&j;ék o ZszlzngzlLkm
0<sjuy)<n Otherwise. UM MK —T(n + 1) (BM-D(E-1) 4 (4 [)MK(E-1) 1]
The set of all transmit directions is denotedBy,,. It is easy _ MKEnK=1(n 4 1)EM-1)(E-1)
to show that the cardinality of this set is MnE-1(p 4 1)(EM-1(E-1) 4 (n 4 1)MKE-1) 41
Lygm = TLKﬁl(’n + 1)(KM*1)(K71). (45) = MK (48)

M4 ()5 R
Clearly, 7, satisfies C1. (=) nR = (n IR =DE=D

We claim that all signals from non-intended cells are alijne._ b bit | lude thafE |
at all base stations. In order to prove the claim, we intredu®NCe 7 can be arbitrary large, we conclude hats is

T: as the set of received direction due to interference at tﬁghlevable for the uplink of a cellular system.
i'th base stations. Clearly,

K M
VIIl. K x M X CHANNEL
Ti= U U Cigem)Tem).

k=1kki m=1 A. System Model
Let us defineT as the set of directions represented by (44)

and satisfying The K x M X channel models a network in whidk trans-
mitters wish to communicate witd/ receivers. Unlike the
siiny =0 Vijie{l,2,....,K} &1e{1,2,.... M} interference channel, each transmitter has a messagedor ea
0 <sju) <n Otherwise. receiver. In other words, Transmittefor all i € {1,2,..., K}
(46) wishes to transmit an independent message to Recgif@r
We claim that7; C 7. In fact, all transmit directions of all j € {1,2,..., M}. The message transmitted by Transmitter

the m'th user in Cell k£ arrive at Receiveri multiplied by < and intended for Receivéris denoted byn ;. The channel’s



16

input-output relation can be stated as follows, see Figlire 8s denoted byG(H;). Let 7; denote a subset of(H;)

consisting of monomials represented by
y1= h11z1 +hisze + ...+ higTr + 21,

K M
Yo= h2171 + haoZa + ... + hax Tr + 22, T — H H(hjihli)sji’ (53)
t= : f (49) i=1j=1
ym= harixy + haeze + .o+ ok + 20, where
s1, =0 Vi€{1,2,...,K}

wherez; andy; are input and output symbols of Useffor
i€{1,2,...,K}, respectivelyz; is Additive White Gaussian
Noise (AWGN) with unit variance fori € {1,2,...,K}.
Transmitters are subject to the power constréint;; repre- The messagen; fori € {1,2,..., K} is transmitted along

sents the channel gain between Transmiitand Receivey. girections in7;; where7;; C 7. A directionT in T;; can be
It is assumed that all channel gains are real and time 'm'a”arepresented as

LetCx denote the capacity region of this channel. The DOF M

region associated with the channel can be defined as the shape T = H H(hjlhll)sjla (54)
of the region in high SNR regimes scaled log SNR. Let us i

denote the DOF region bR x. We are primarily interested in

0 <sj; <n Otherwise.

Clearly, 7; has(n 4 1)K members.

—

=1y

the main facet of the DOF region defined as: ere
SE SM po su=0 vie{l,2,...,K}
P = lim_mx SRR G0 (0SsiSasl ViEL2 Mk
X Tes 0<s;<n Otherwise.

where R;; is an achievable rate for the messagg and R

is the set of all achievable rates. The DOF achievable by tHeiS easy to show that the cardinality df; is n™~'(n +
messagen,; is denoted byr;. 1)(M-D(E=1)_ The received directions due to; at all re-

ceivers belong t@; . In fact,zy; arrives at receivef multiplied
by (h;ih1;) and since the power dfr;;hy;) in all directions
B. The Total DOF of£Y__ js Achievable in zy; is less tham we conclude that the received directions

K+M-1 i X X X
An upper bound on the DOF of this channel is obtained ?‘re all in77. Therefore, all transmit signals are aligned and

[11]. The upper bound states that the total DOF of the chanqgegoiai)%”]?f; of directions ify, for all j € {2,3, ..., M}
is less than£__ which means each message can at most; . ' . . .
A similar argument can be applied for signals intended for

K+M-1"
i K ) ) .
achieve of DOF. We will show that this DOF is Receiverj for all j € {2,3,..., M}. Therefore, the received
signals can be represented as

+M-1
achievable. To this end, Transmittefor all ¢ € {1,2,..., K}

transmitsM signals alongM directions as follows:
yi=41+ D+ Iz +...+ Ty + 21,

M
T = Z hjixji, (51) Yo=Yz + Io1 + Ios + ... + Lo + 22,
j=1 . . . . .
’ = : . : (55)
wherez;; is the signal carrying the message; . Let us focus yar= Gar + Inin + Tngo + -+ T 1yar + 21,
on the signals intended for Receiver 1, i€.;, x12,...,21k.
The received signals due to these transmit signals can wbleerel;; is the part of interference caused by all messages in-
written as tended for Receiverat Receiverj. Due to symmetry, we only
3 ) ) ) consider the received directions at Receiver 1. At Recelyer
1= hi1x11 + hisz12 + ... + hig @1k there areM; interfering signals, each of which consists of at
1= (ha1h11)m11 + (hoshiz)wis + .. + (harchig )21k most (n + 1)M~-DX directions. Therefore, the total number

_ _ _ _ _ of interfering directions isL) = (M — 1)(n + 1)(M-DEK,
L= 1 1 E ? (52) ' On the other handj; consists ofK ™~ (n +1)(M-1(E-1)
Ivii= (hMlhll)xll + (hMghlg).Tlg + ...+ (h]\llth)le- directions. This is due to the fact th@lt = h%lell +h%2$12 +
oo+ Wgmig and zy; for all i € {1,2,...,K} consists
Since i1, z12,...,z1x are not intended for Receivgrfor  of nM—1(n + 1)M-D(E-1) directions. Therefore, the total
all j € {2,3, .. .7M}, I is a part of interference at Re-number of received directions is
ceiver j. We claim that we can align all interfering signals

x11, %19, ..., Tk at all Receiverg € {2,3,..., M}. L= (M—1)(n+1)M-DE L gpM=1(p 4 1)(M-DE-1)
Let H; denote the set of all coefficients appeared .

in Iy lsy.... Iy Qe Hy _ {(horh1y), Ssmg Theoreni]6, we can conclude that

(ha2h12), ..., (harzhi2), harihik)}. Hi has (M — 1)K KMnM~1(n41)(M-DE-D

. . . >
members. The set of all monomials with variables B TXsum = KM =1 (n1)M=DE=D L (A1 1) (n41)M-DE 11 (56)
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is achievable for theX channel. By rearranging, we obtain [12] B. Nazer, M. Gastpar, S. A. Jafar, and S. Vishwanathgtiiic inter-

KM

TXsum Z M—1 .
K+ (M-1) (nTH) + nM—l(n+1)1(AJ—1)(K—1)
(57)
Since [5Y) holds for alh, we obtain
KM
T'Xsum = m7 (58)

which is the desired result. In a special cadé,= K and

. 2 .
the total DOF issZ—. This shows that as the number o
transmitter and receivers increases the DOFs{oand GIC

2K—-1°

behaves similarly.

In this paper, we have considered three static channéfsg,]
namely theK-user Gaussian Interference Channel (GIC), the
uplink channel of cellular systems, and thex M X channel. [20]
We have proved that the total DOF of these systems can
be attained by incorporating real interference alignment j21]
the signaling. We have proved that single antenna systems
can be treated similar to multiple antenna systems whetgg]
directions can be used for data transmission and reception.
This result is obtained by proposing a new coding scher#8]

(18]

IX. CONCLUSION

in which several fractional dimensions are embedded into
single real line. These fractional dimensions play the afle
integral dimensions in Euclidean spaces. This fact is stipgo
by a recent extension of Khintchine-Groshev theorem for t
non-degenerate manifolds. The total DOF of the MIMO case ' Acta Mathematica Hungarica 940. 1-2, pp. 99-130, 2002.

as well as the complex case is also achieved by a simple

application of the main result.

(1]

(2]

(3]

(4]

(5]
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(8]
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