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Abstract—Random key graphs form a class of random intersec-
tion graphs and are naturally induced by the random key predis-
tribution scheme of Eschenauer and Gligor for securing wireless
sensor network (WSN) communications. Random key graphs
have received much interest recently, owing in part to their
wide applicability in various domains including recommender
systems, social networks, secure sensor networks, clustering and
classification analysis, and cryptanalysis to name a few. In this
paper, we study connectivity properties of random key graphs
in the presence of unreliable links. Unreliability of the edges are
captured by independent Bernoulli random variables, rendering
edges of the graph to be on or off independently from each
other. The resulting model is an intersection of a random key
graph and an Erdds—Rényi graph, and is expected to be useful
in capturing various real-world networks; e.g., with secure WSN
applications in mind, link unreliability can be attributed to harsh
environmental conditions severely impairing transmissions. We
present conditions on how to scale this model’s parameters so that
i) the minimum node degree in the graph is at least %, and ii) the
graph is k-connected, both with high probability as the number
of nodes becomes large. The results are given in the form of zero-
one laws with critical thresholds identified and shown to coincide
for both graph properties. These findings improve the previous
results by Rybarczyk on the k-connectivity of random key graphs
(with reliable links), as well as the zero-one laws by Yagan on
the 1-connectivity of random key graphs with unreliable links.

Index Terms—Random key graphs, Erdds-Rényi graphs, k-
connectivity, minimum node degree, sensor networks.

I. INTRODUCTION

Random key graphs have received significant interest re-
cently with applications spanning key predistribution in secure
wireless sensor networks (WSNs) [21, [3], [8], [9], [13]], social
networks [[7]], [18], [41]], recommender systems [27]], clustering
and classification analysis [4]], [19], cryptanalysis of hash func-
tions [3]], circuit design [33], and the modeling of epidemics
and “small-world” networks [38]]. They belong to a larger
class of random graphs known as random intersection graphs
2171, (10N, [141, [281, [34], [33]; in fact, they are referred
to as uniform random intersection graphs by some authors [2]],
131, 161, (281, [32-[34), [45], [46].

To fix the terminology, we will describe random key graphs
in the context of secure WSNs, where they have originated
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from. Security is expected to be a key challenge in resource
constrained sensor networks. A widely accepted solution for
securing WSN communications is the random predistribution
of cryptographic keys to sensor nodes, and utilization of
symmetric-key encryption modes [17], [21]], to ensure
message secrecy and authenticity. Among various key pre-
distribution algorithms proposed to date, the original scheme
by Eschenauer and Gligor (EG) is still the most widely
recognized one. According to the EG scheme, each of the
n sensors is assigned K,, distinct keys that are selected uni-
formly at random from a key pool of size P,. Two sensors can
then securely communicate over an existing communication
link if they have at least one key in common; i.e., if they share
a common key. This notion of adjacency defines the random
key graph, hereafter denoted by G(n, K,,, P,,). For generality,
K,, and P,, are assumed to scale with the number of nodes n,
with the natural condition 1 < K,, < P, always imposed.

In this paper, we study connectivity properties of random
key graphs in the presence of unreliable links. Unreliability
of the edges are captured by independent Bernoulli random
variables, rendering each edge of G(n; K,,, P,,) to be on (with
probability p,,) or off (with probability 1 — p,,) independently
from all other edges. Put differently, we consider an Erd6s—
Rényi (ER) graph G(n;p,) [11] on the same set of n
vertices, with edges appearing between any pair of vertices
independently with probability p,,. A random key graph with
unreliable links thus corresponds to the intersection of a
random key graph and an ER graph. Hereafter, we denote
this graph by G,,, = G(n; Ky, p,) NG(n; p,); see Section [l
for precise definitions.

Just like the random key graph, the G,,, model can be used
in various applications, particularly when links are expected to
be unreliable. For example, in a secure WSN application, links
might be unreliable due to wireless media of the communica-
tion, or due to physical obstacles and altering environmental
conditions severally impairing the transmission. We refer the
reader to and for two other applications of G,,,: i)
secure connectivity of WSNs under an on-off channel model,
and ii) large scale, distributed publish-subscribe services in
online social networks, respectively.

The main goal of this paper to study k-connectivity of Goy,.
A network (or graph) is said to be k-connected if for each
pair of nodes there exist at least £ mutually disjoint paths
connecting them. An equivalent definition of k-connectivity
is that a network is k-connected if the network remains
connected despite the failure of any (k — 1) nodes [29]; a
network is said to be simply connected if it is 1-connected. k-
connectivity is a fundamental graph property and is important
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for various applications of random key graphs. For example, in
a WSN application where sensor nodes operate autonomously
and physically unprotected, k-connectivity provides communi-
cation security against an adversary that is able to compromise
up to k—1 links by launching a sensor capture attack [8]; i.e.,
two sensors can communicate securely as long as at least one
of the k disjoint paths connecting them consists of links that
are not compromised by the adversary. Also, k-connectivity
improves resiliency against network disconnection due to
battery depletion, in both normal mode of operation and under
battery-depletion attacks [26]. Furthermore, it enables flexible
communication-load balancing across multiple paths so that
network energy consumption is distributed without penalizing
any access path [13].

Our main contributions are zero-one laws for two related
graph properties for G,,,: i) the minimum node degree being at
least k, and ii) k-connectivity. Namely, we present conditions
on how to scale the model parameters K,,, P,, p, such that
these properties hold with probability approaching to one and
zero, respectively, as the number of nodes n becomes large.
Our main results also imply a zero-one law for k-connectivity
in random key graph G(n, K,,, P,,) (see Corollary 2)), and the
established result is shown to improve that given previously
by Rybarczyk [32]]; see Section for details. Moreover,
for the 1-connectivity of G,,, we provide a stronger form of
the zero-one law as compared to that given by YaZan [37]; see
Section

We organize the rest of the paper as follows: In Section
[l we survey the relevant results from the literature, while in
Section [[Il we give a detailed description of the system model
Gon- The main results of the paper are presented (see Theorem
[I) in Section [[V] with a detailed discussion and comparisons
with the existing results given in Section[[V-D} also, in Section
[[V-E] we provide numerical results that confirm Theorem [l
The basic ideas that pave the way in establishing Theorem []
are given in Section [Vl Sections [Vl through [VIII are devoted
to establishing the zero-law part of Theorem [I whereas the
one-law of Theorem [I] is established in Sections [[X] through
[XTII The paper is concluded in Section [XIV] and some of the
technical details are given in Appendix

II. RELATED WORK

Erdés and Rényi [11] and Gilbert introduces the
random graph G(n, p), which is defined on n nodes and there
exists an edge between any two nodes with probability p
independently of all other edges. The probability p can also be
a function of n, in which case we refer to it as p,,. Throughout
the paper, we refer to the random graph G(n, p,,) as an Erdds-
Rényi (ER) graph following the convention in the literature.

Erd6s and Rényi [11] prove that when p, is 1“"%
graph G(n,p,) is asymprotically almost surel)El (a.a.s.) con-
nected (resp., not connected) if lim, - o, = +o0 (resp.,
lim,, s o0 a, = —00). In later work [12]], they further explore
k-connectivity in G(n,p,) and show that if p, =

'We say that an event takes place asymptotically almost surely if its
probability approaches to 1 as n — co. Also, we use “resp.” as a shorthand
for “respectively”.

Inn+(k— 1) Inlnn+tay,

, G(n,py) is a.a.s. k-connected (resp., not
k- connected) if limy,_yo0o 0y = 400 (resp., lim, o0 0y, =
—00).

Previous work [2], [32], investigates the zero-one law
for connectivity in random key graph G(n, K,,, P,,), where P,
and K, are the key pool size and the key ring size, respec-
tively. Blackburn and Gerke [2] prove that if K,, > 2 and P,

[n¢], where ¢ is a positive constant, G(n, K, P,) is a.a.s.

connected (resp., not connected) if liminf,, PKlnn > 1

(resp., limsup,, , ;o P 2 < 1). Yagan and Makowsk1

demonstrate that ifl K,, > 2, P, = Q(n) and = 1“”%,
then G(n, K,,, P,) is a.a.s. connected (resp., not connected)
if lim,, o o, = +00 (resp., lim,,_, o, = —00). Rybarczyk

obtains a stronger result without requiring P, = Q(n).
In particular, she derives the asymptotically exact probability
of connectivity in G(n, K,, P,) as follows: under K,, > 2,
if the sequence an = lnnton phag g
limit o* € [—00, 0], then the probab111ty of G(n K., P,)
being connected approaches to e —e™" as m — oo. This
asymptotically exact probability result is stronger than a zero—
one law since the latter can be obtained by setting o™ as co and
—oo in the former. Rybarczyk also establishes [33] Remark 1,
p. 5] a zero-one law for k-connectivity in G(n, K, P,) by
showing the similarity between G(n, K, P,,) and a random
intersection graph via a coupling argument. Specifically,
she proves that if P, = ©O(n®) for some ¢ > 1 and
K2 = lnntk- 1)1“1“"+0‘” , then the G(n, K,, P,) is a.as.
k ‘connected (resp not k- connected) if lim,,— o0 @y, = +00
(resp., lim,,, oo vy = —00).

Recently Yagan gives a zero-one law for connectivity
(i.e., l-connectivity) in graph G(n, K,,, P,) NG(n, p,,), which
is the intersection of random key graph G(n,K,, P,) and
random graph G(n,p,), and clearly is equivalent to our key
graph G,,; see Section [l Specifically, he proves that if

S
K, >2, P, = Q(n) and p,,- [ — % ~ €Inn hold, and

lim;, o0 (P, In n) exists, then graph G(n, K, P,) N G(n, p,)
is asymptotically almost surely connected (resp., not con-
nected) if ¢ > 1 (resp., ¢ < 1). A comparison of our results
with the related work is given in Section

After the submission of this paper, we have derived
the asymptotically exact probability of k-connectivity in
G(n,K,,P,) (resp., G,y [44]). Based on the proofs in

this paper, we show i) that [-] under P, = Q(n), if the
Inn+(k— l)lnlnn-l—an has

sequence v, defined through & K —
a limit a* € [—o0, 00], then the probability of G(n K., P,)

2We use the standard asymptotic notation o(-), O(-), O(),
is, given two positive sequences fp and gn,

Q(+), ~. That

1) fn= o(gn) means limgy s oo 5— =0.

2) fn = O (gn) means that there exist positive constants ¢ and N such
that fr, < cgp for all n > N.

3) fn = Q(gn) means that there exist positive constants ¢ and N such
that f,, > cgp for all n > N.

4) fn = O (gn) means that there exist positive constants c1,co and N
such that c1gn < frn < cagn for all n > N.

5) fn ~ ¢gn means that lim, In 1; ie.,

7 fn and g, are
asymptotically equivalent.
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being k-connected converges to e G as n — 00, and ii)

that under P, = Q(n) and &= = o(1), if the sequence

Pp— Iy,

o, defined through p,, - {1 _( (ﬁig) )
K,

has a limit a* € [—o0, 00], then the probability of G,,, being

_ Innt+(k—1)Inlnn+a,
- n

k-connected converges to e *-D' as n — 00.

III. SYSTEM MODEL G,,,

Consider a vertex set V = {vy,vs,...,v,}. Each node
v; € V is assigned a key ring S; that consists of K, distinct
keys selected uniformly at random from a key pool P of
size P,. The random key graph G(n, K,, P,) is defined on
the vertex set V such that two distinct nodes v; and v; are
adjacent, denoted K;;, if their key rings have at least one key
in common,; i.e.,

Kij = [SinS; #0].

For distinct nodes v, and v, we let S, denote the intersection
of their key rings S, and Sy; i.e., Sy = Sz NSy,

Our main interest is to study random key graphs whose
links are unreliable. In particular, we assume that each link is
on with probability p,,, or off with probability 1 — p,,, inde-
pendently from any other link. Namely, with C;; denoting the
event that link between v; and v; is on, {Cj;, 1 <i < j <n}
are mutually independent such that

P[Ci;] = pn,

This unreliable link model can be represented by an
Erd6s-Rényi (ER) graph G(n,p,) on the vertices VV such that
there exists an edge between nodes v; and v; if the link
between them is on; i.e., if the event C;; takes place.

Finally, the graph G, (n, K,, P,,p,) is defined on the
vertices V such that two distinct nodes v; and v; have an
edge in between, denoted FEj;, if the events K;; and C;; take
place at the same time. In other words, we have

Ei; = K5 N Cij,

1<i<j<n. (1)

1<i<ji<n )
so that
Gon(nuKnuPnupn) = G(?’L,Kn,Pn) ﬁG(nupn)' 3)

Throughout, we simplify the notation by writing G,,, instead
of Gon(n, Ky, Py,pn). Thus, our main model G,, is an
intersection of a random key graph and an ER graph.

Throughout, we let ps(K,,, P,) be the probability that the
key rings of two distinct nodes share at least one key and
let p.(K,, P, pn) be the probability that there exists a link
between two distinct nodes in G,,,. For simplicity, we write
ps(Kn, Py) as ps and write pe(K,,, P, pn) as p.. Then for
any two distinct nodes v; and v;, we have

ps = P[Kjj]. 4)

It is easy to derive py in terms of K, and P, as shown in
previous work [2]], [32]], [39]. In fact, we have

(M)
1- P: ’ if Pn Z 2Kn7
(i) (&)
1 if P, <2K,.

ps=P[510577é®]=

Given (2), the independence of the events C;; and K;; gives

pe := P[Eyj] = P[Cyj] - P[Kyj] = pn - ps (6)
from () and @). Substituting @) into (6), we obtain
(")
Pe = Dn - [1 — fg—] if P, > 2K,. )
()

IV. MAIN RESULTS AND DISCUSSION
A. The Main Result

The main result of this paper, given below, establishes
zero-one laws for k-connectivity and for the property that
the minimum node degree is no less than k in graph G,,,.
Throughout this paper, k is a positive integer and does not
scale with n. Also, we let N (resp., Ny) stand for the set of
all non-negative (resp., positive) integers.

We refer to any pair of mappings K, P : Ny — Np as a
scaling as long as it satisfies the natural conditions

K,<P,, n=12.... (8)
Similarly, any mapping p : No — (0, 1) defines a scaling.

Theorem 1. Consider scalings K, P : Ny — Ng, p : Ng —
(0,1) such that K,, > 2 for all n sufficiently large. We define
a sequence o : Ng — R such that for any n € Ng, we have

_Inn+(k—1)Inlnn + o,
= - )
The properties (a) and (b) below hold.

(a) If ’;3 = o(1) and either there exists ¢ > 0 such that

Dent > € holds for all n sufficiently large or lim,,_, o pen = 0,
then

(C))

€

lim P[G,, is k-connected] =0 if lim «, = —o0,
n— o0 n— o0
(10
and
. Minimum node degree P _
nlggop of Gy, is no less than k | 0 Jnlingo Gn = =00
(1)
(b) If P,, = Q(n) and fg—; =o(1), then
lim P[G,y, is k-connected] =1 if lim a,, = o0, (12)
n—00 n— oo
and
. Minimum node degree . P o
nlggop of Gy, is no less than k | 1 zfnlgl;o Gn = 0.

13)

Note that if we combine (I0) and (I2), we obtain the zero-
one law for k-connectivity in G,,,, whereas combining (L))
and (I3) leads to the zero-one law for the minimum node
degree. Therefore, Theorem [I] presents the zero-one laws of
k-connectivity and the minimum node degree in graph G,.
We also see from (9) that the critical scaling for both properties
is given by p. = w The sequence o, : Ng —
R defined through (O) therefore measures by how much the
probability p. deviates from the critical scaling.
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In case (b) of Theorem [I] the conditions P, = Q(n) and
I;" = o(1) indicate that the size of the key pool P, should
grow at least linearly with the number of sensor nodes in
the network, and should grow unboundedly with the size of
each key ring. These conditions are enforced here merely for
technical reasons, but they hold trivially in practical wireless
sensor network applications [8]], [9], [13]. Again, the condition
I;—Z = 0(1) enforced for the zero-law in Theorem [1 is not a
stringent one since the P, is expected to be several orders of
magnitude larger than K,,. Finally, the condition that either
pen > € > 0 for all n large or lim,,_, pen = 0 is imposed to
avoid degenerate situations. In most cases of interest it holds
that p.n > € > 0 as otherwise the graph G,,, becomes trivially
disconnected. To see this, notice that p.n is an upper-bound
on the expected degree of a node and that the expected number
of edges in the graph is less than p.n?; yet, a connected graph
on n nodes must have at least n — 1 edges.

B. Results with an approximation of probability ps

An analog of Theorem [I] can be given with a simpler form
of the scaling @); i.e., with p, replaced by the more easily
expressed quantity K2/P,, and hence with p. = p, K2 /P,.
In fact, in the case of random key graph G(n, Kn, P ) itis a

common practice [2]], [32]], [39] to replace p,
to the fact [39]] that

K2
Ps ~ ?n P,
However, when random key graph G(n, K,,, P,,) is intersected
with an ER graph G(n,p,) (as in the case of G,,) the
simplification does not occur naturally (even under (I4)), and
as seen below, simpler forms of the zero-one laws are obtained
at the expense of extra conditions enforced on the parameters
K,, and P,.

(14)

Corollary 1. Consider a positive integer k, and scalings
K,P: Ny = Ny, p: Ng — (0,1) such that K,, > 2 for

all n sufficiently large. We define a sequence o : Ng — R
such that for any n € Ng, we have
K2 Inn+(k—1)Inlnn+ a,
Pn- o5 = ( ) : 5)

P, n
The properties (a) and (b) below hold.

(a) If %f‘ = O(1%) and lim;, oo (Inn + (k — 1) Inlnn +
Q) = 00, then
lim P[G,, is k-connected] =0 if lim o, = —o0,
n— o0 n—r 00
(16)
and
. Minimum node degree P _
nlggop of Gy, is no less than k | 0 Jnlingo G = =00
(I7)
K2
(b) If P, = Q(n) and 5+ = = O(X), then
lim P[G,y, is k-connected] =1 if lim a, = o0, (18)
n—r0o00 n— oo

and

Minimum node degree

lim_ of G,y is no less than k

n—oo

=1 if lim a, = 0.
n—00
19)

A proof of Corollary [[ can be found in Section [V-H Note

that the condition I;" = O(3;) enforced in Corollary [II

implies both £= = o(1) and 7= Ky = o(1), and thus it is a
stronger condmon than those enforced in Theorem [Tl

C. A Zero-One Law for k-Connectivity in Random Key Graphs

We now provide a useful corollary of Theorem [I] that gives
a zero-one law for k-connectivity in the random key graph
G(n, Ky, P,). As discussed in Section [V-D] below, this result
improves the one given implicitly by Rybarczyk [33].

Corollary 2. Consider a positive integer k, and scalings
K,P : Ng = Ng such that K,, > 2 for all n sufficiently
large. With oo : Ng — R given by

2 _
gzlnn—i—(/{ 1)lnlnn—i—04n7 n=1.2.... (0
P, n
the following two properties hold. ,
(a) If either there exists an € > O such that nI;: > € for

2
all n sufficiently large, or lim,, nilg—: = 0, then we have

lim P[G(n, K., P,) is k-connected] =0 if lim a, = —o0.
n—r00

n—r00

(b) If P,, = Q(n), then we have
lim P[G(n, K,, P,) is k-connected] =1 if lim o, = cc.
n—roo

n—roo

A proof of Corollary [2| can be found in Section [[V-GI

D. Discussion and Comparison with Related Results

As already noted in the literature [2)], 11, [12], [32l,
(331, [39]], Erd6s-Rényi graph G(n, p,,) and random key graph
G(n, K., P,) have similar k-connectivity properties when
they are matched through their link probabilities; i.e. when
pn = ps with py as defined in (). In particular, Erd6s and
Rényi [12] showed that if p, = Inn+(k— 1)1n1n”+°‘" , then
G(n,py) is asymptotically almost surely k- connected (resp .
not k-connected) if lim,, o o, = +00 (resp., lim,, o @, =
—00). Similarly, Rybarczyk [33] has shown under some extra
conditions (i.e., P, = O(n%) with £ > 1) that if p; =
ln”Jr(k*lzllnln”JrO‘", then G(n, K, P,) is almost surely k-
connected (resp., not k-connected) if lim, ,.c a,, = 400
(resp., lim,,—, o0 vy = —00).

The analogy between these two results could be exploited to
conjecture similar k-connectivity results for our system model
Gon. To see this, recall from (@) that

Gon = G(n, Ky, Py,) N G(n,py).

21

Since G(n, K, P,,) and G(n, ps) have similar k-connectivity
properties, it would seem intuitive to replace G(n, K,, Py,)
with G(n, ps) in the above equation (2I). Then, using

Gon >~ G(nvps) N G(n,pn) = G(nvpnps) = G(n,pe),
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Fig. 1. Empirical probability that Gon (n, K, P, p) is 2-connected forp = 0.2,
p=0.4,p=0.6,p = 0.8 withn = 2000 and P = 10, 000. Vertical dashed
lines stand for the critical threshold of 2-connectivity asserted by Theorem[I}

we would automatically obtain Theorem [I] via the afore-
mentioned results of Erdds and Rényi [12]]. Unfortunately,
such heuristic approaches can not be taken for granted as
G(n, Ky, P,) # G(n,ps) in general. For instance, the two
graphs are shown [38]], to exhibit quite different charac-
teristics in terms of properties including clustering coefficient,
number of triangles, etc. To this end, Theorem [I] formally
validates the above intuition for the k-connectivity property,
and it is worth mentioning that we establish Theorem [l with a
direct proof that does not rely on coupling arguments between
random key graph and ER graph.

We now compare our results with those of Rybarczyk
for the k-connectivity of random key graph G(n, K,,, P,,). As
already noted, Rybarczyk [33] Remark 1, p. 5] has established
an analog of Corollary2l but under assumptions much stronger
than ours. In particular, her result requires that P, = O(n¢)
where £ > 1. In comparison, Corollary [2| established here
enforces only that P, > Q(n), which is clearly a much
weaker condition than P, = ©O(n®) with ¢ > 1. More
importantly, our condition P, > Q(n) requires (from 20Q))
only that K,, = Q(\/ﬂ) for the one-law to hold; i.e., for
Gy, to be k-connected. However, the condition P, = O(n¢)
with ¢ > 1 enforced in [33] requires the key ring sizes
to satisfy K, = Q(vnt~llnn) with £ — 1 > 0. This
condition not only constitutes a much stronger requirement
than K, = Q(+/Inn), but it also renders the k-connectivity
result given in not applicable in the context of WSNs.
This is because K, controls the number of keys kept in
each sensor’s memory, and should be very small due to
limited memory and computational capability of sensor nodes;
in general K,, = O(Inn) is accepted [9] as a reasonable bound
on the key ring sizes.

Finally, we compare Theorem[I] with the zero-one law given
by Yagan for the 1-connectivity of G,,,. As mentioned in
Section [[ above, he shows that if

Inn Inn+(c—1)lnn

Pe ¥ C— =

n n

then G,,, is a.a.s. connected if ¢ > 1, and it is a.a.s. not
connected if ¢ < 1. This was done under the additional

(22)

o9t
0.8t
0.7t : =
0.6t :
I

. "
05 £

1
0.41 1 :
!

Prob. that G,, is k-connected

x k=10

16 18 20 22 24 26 28

Fig. 2. Empirical probability that Gon(n, K, P, p) is k-connected for k =
4,6,8, and 10. We take n = 2000, P = 10, 000 and p = 0.2. Vertical dashed
lines stand for the critical threshold of k-connectivity asserted by Theorem[Il

conditions that P, = Q(n) (required only for the one-law)
and that lim, . py Inn exists (required only for the zero-
law). On the other hand, Theorem [I] given here establishes
(by setting k£ = 1) that, if

Inn + «
e = ——— (23)
n
then G,,, is a.a.s. connected if lim,,_ . ¢, = 00, and it is
a.a.s. not connected if lim,,_ o, «;, = —o0. This result relies

on the extra conditions P, = (n) and % = o(1) for the

one-law and on I;—i = o(1) for the zero-law.
Comparing (22) and ([23), we see that our 1-connectivity
result for G,,, is somewhat more fine-grained than Yagan’s
[37]. This is because, a deviation of a,, = +Q(Inn) is re-
quired to get the zero-one law in the form (@2)), whereas in our
formulation (23)), it suffices to have an unbounded deviation;
e.g., even o, = *Inln---Inn will do. Put differently, we
cover the case of ¢ = 1 in @22) (i.e., the case when p, ~ 1“7”
and show that G,,, could be almost surely connected or not
connected, depending on the limit of «,; in fact, if (22) holds
with ¢ > 1, we see from Theorem [I that G,,, is not only 1-
connected but also k-connected for any k£ = 1,2, . ... However,
it is worth noting that the additional conditions assumed in

are weaker than those we enforce in Theorem [I] for k£ = 1.

E. Numerical Results

We now present numerical results to check the validity of
Theorem [Tl particularly in the non-asymptotic regime. In all
experiments, we fix the number of nodes at n = 2000 and the
size of the key pool at P = 10, 000. For Figure [l we consider
several different probabilities of links being on; specifically,
we have p = 0.2,0.4,0.6,0.8, while varying the parameter
K from 5 to 23; recall that K stands for the number of
keys per node. For Figure 2l we fix p = 0.2 and vary K
from 16 to 29. For each parameter pair (K, p), we generate
200 independent samples of the graph G,,(n, K, P,p) and
count the number of times (out of a possible 200) that the
obtained graphs i) have minimum node degree no less than &
and ii) are k-connected, for k = 1,2, .... Dividing the counts
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by 200, we obtain the (empirical) probabilities for the events
of interest. In all cases, we observe that G,,, is k-connected
whenever its minimum node degree is no less than k, yielding
the same empirical probability for both events. This confirms
the asymptotic equivalence of the properties of k-connectivity
and the minimum node degree being no less than & in G,,, as
stated in Theorem [I1

Figure [l plots the empirical probability of 2-connectivity in
Gon, versus K for different p values, while Figure Rldepicts the
empirical probability of k-connectivity in G, versus K for
different k. For each curve, we also show the critical threshold
of k-connectivity asserted by Theorem[dl (viz. @) by a vertical
dashed line. Namely, the vertical dashed lines stand for the
minimum integer value of K that satisfies

e =p- (1_ (P;{K>/(£)) - 1nn+nln1nn. (24)

Even with n = 2000, the threshold behavior in the probability
of k-connectivity is evident; it transitions from zero to one with
K varying very slightly from a certain value that is close to the
analytical prediction obtained from (24). Hence, we conclude
that the experimentally observed thresholds of k-connectivity
are in good agreement with our theoretical results.

F. A proof of Corollary [I]

Consider p,, K,, and P, as in the statement of Corollary

[[ such that (]]3[) holds. As explained above, conditions % =

o(1) and " = 0o(1) both hold. The proof is based on Theorem
o Namely, we will show that if the sequence o’ : Ng — R is
defined such that

Inn+ (k—1)Inlnn+ o,
Pe = ( ) (25)

n

for any n € Ny, then it holds that

al = a, +0(1) (26)

under the enforced assumptions. In view of lim,, o (Inn +
(k—1)Inlnn+a,) = oo and 26), we get lim,, ;o0 penn = 00
from (23). Thus, for any ¢ > 0, we have p.n > ¢ for
all n sufficiently large. Hence, all the conditions enforced
by Theorem [I] are met, and under (23) and (26), Corollary
[ follows from Theorem [II since lim, o af, = oo if
lim,, oo vy, = F00.

We now establish (28)). First, as seen by the analysis given
in Section [V=BI] below, we can introduce the extra condition
a, = o(lnn) in proving part (b) of Corollary[I} i.e., in proving
the o2ne-1aw under the condition lim,,_, o, a,, = o0. This yields
pnﬁi—: = O(l’“") under (T3). Also, in the case lim,, o0 @ =

—00, we have o, < 0 for all n sufficiently large so that
pnilg =0(22). Now, in order to establish (26), we observe

from part (a) of Lemma [8 that
K 2 K}
s = —++ 0 27
Ps=p ( P2 ) 27)

3Except Fact 1 and Lemmas 1-6, the statements of other facts and lemmas
are all given in Appendix [A]

Then, from [@27) and the fact that p. = psp,, we get

K? K? K?
e =p, ot on (2 28
Pe=Pn-p- b5 (Pn> (28)
Substituting (13, py, be = O(22) and Kf‘ =0 () into
8), we find
Inn+(k—1)Inlnn + o, = O(1
De = ( ) ( ) (29)

n

Comparing the above relation with (23)), the desired conclusion
26) follows. [ |

G. A proof of Corollary

We first establish the zero-law. Pick K,,, P, such that 0)
holds with lim,, oo o, = —00. Itis cl2ear that we have «,, < 0
for all n sufficiently large so that = = O(2) = o(1). In
view of 7)) we thus get

_Inn+(k—1)Inlnn + o, +o(1)

s — , N = 1, 2, e
n
Let p, = 1 for all n. In this case, graph G,, becomes
equivalent to G(n, K, P,) with
1 k—1)Inl n to(l
_Inn+( YInlnn 4+ a, £ o(1) " 1.9

e — y N/

" (30)

From (30) and 0), we have p.n = n§—5 + o(1) so that
i) if there exists an ¢ > 0 such that nilg" > ¢, then there
exists an € > 0 such that goen > ¢ for all n sufficiently
large and ii) if lim, o nas® = 0, then lim, oo pen = 0.
Thus, all the conditions enforced by part (a) of Theorem [I]
are satisfied for the given K,,, P, and p,. Comparing (30)

with @), we get lim,, o, @, + 0(1) = —0co and the zero law
lim,, o P[G(n, K,, P,) is k-connected] = 0 follows from
(IO of Theorem 1l

We now establish the one-law. Pick K,,, P, such that 0)
holds with lim,, o o, = +00, P, = Q(n) and K, > 2
for all n sufficiently large. In view of [39, Lemma 6.1], there
exists K,,, P, such that K,, > 2 for all n sufficiently large,

K,<K, and P,=P,, n=12...,
and
K2 1 k—1)lnl i
Ky _Innt(k-Dhbnt+da, o gy
B, n
with
an=0(nn) and lim &, = co.

n—oo

By an easy coupling argument, it is easy to check that
P [G(n, K, P,) is k-connected}
< P[G(n, K, P,) is k-connected] .

Therefore, the one-law proof will be completed upon showing

lim P {G(n,Kn,Pn) is k-connected} =1.

n—oo
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K2
Under (3I) we have =

O(Inn). Tt also follows that Kn —
we get
Inn+ (k—1)Inlnn+ &, £ o(1)

Ps = ’ TL:1,2,...,
n

o(B2) = o(1) since &, =

o(1). In view of @1,

&

and with p,, = 1 for all n sufficiently large, we obtain

. Inn+(k—1)Inlnn+ a, +o(1) 19
e — y n=1,4,...,

n

It is clear that lim, . &, + o(1) = oo. Thus, we get the
desired one-law by applying (I2) of Theorem [ [ |

V. BASIC IDEAS FOR PROVING THEOREM ]
A. k-Connectivity vs. Minimum Node Degree

It is easy to see that if a graph G is k-connected, then the
minimum node degree of G is at least k [29]]. Therefore, we
have

(G is k-connected] C [ Minimum node degree }

of GG is no less than k

and the inequality

. Minimum node degree
P[G is k-connected] < P [ of GG is no less than & }
follows immediately.
It is now clear that (IT) implies (IQ) and (12) implies (I3).
Thus, in order to prove Theorem[Il we only need to show (1))
under the conditions of case (a), and (I2) under the conditions

of case (b).

B. Confining a,

As seen in Section [V-Al Theorem [I] will follow if we
show () and (I2) under the appropriate conditions. In this
subsection, we show that the extra condition «,, = o(Inn) can
be introduced in the proof of (I2). Namely, we will show that

part (b) of Theorem [Tl under v, = o(Inn)

= part (b) of Theorem [ (32)

We write G,,, as Gop(n, Ky, Py, pn) and remember that
given K, P, and p,, one can determine «, from (9); just
use ().

Assume that part (b) of Theorem [0 holds under the extra
condition av,, = o(Inn). The desired result (32) will follow if
we establish

lim P G(n,f(mpn,ﬁn) is k-connected (33)
n—00
for any K, P, and p,, such that I;— =o(1), P, = Q(n), and
~ Inn+(k—1)Inlnn + &,
Pe = ( (34)

n

holds with lim,, yo &, = -+oo. We will prove (33) by a
coupling argument. Namely, we will show that there exist
scalings K,,, P, and p,, such that

and P, = Q(n)

2n (1) (35)

and
R Inn+(k—1)Inlnn + &,
De = ( ) (36)
n
with
dn =o(lnn) and lim &, = oo, 37)
n— o0
and that we have
P[Gon(n, f(n, I:’n,ﬁn) is k-connected |
> P[Gon(n, Kn, Pn,ﬁn) is k-connected . (38)

Notice that Kn, I:’n and p,, satisfy all the conditions enforced
by part (b) of Theorem [I] together with the extra condition
Gy, = o(Inn). Thus, we get

lim P[G,,(n, Kn, ]3",13”) is k-connected | = 1

n—oo

(39)

by the initial assumption, and (33)) follows immediately from
[@8) and (@9). Therefore, given any K,,, P, and j, as stated
above, if we can show the existence of Kn, ]5" and p,, that
satisfy (33)-(38), then the desired conclusion (32) will follow.

We now establish the existence of Kn, ]5 and p,, that
satisfy (33)-@8). Let P, = P, and K,, = K,, so that (33)
is satisfied automatically. Let &, = min {&,,InInn}. Hence,
we have &,, < a,, &, = o(lnn) and lim,_,~ &, = 400 s0
that (37) is also satisfied. The remaining parameter p,, will be
defined through

. (Pn}%j(n) _ lnn+ (k—1)Inlnn + d,

(<) "

)

so that p. = pp,- |1 — %] satisfies (36). Thus, it remains
, (x2)

to establish (38).

Comparing [@0) with (34), it follows that p,, < p, since
Kn = f(n, ]5" = Nn and &, < &,. Consider graphs
Gon(n,Kn,Pn,ﬁn), Gon(n,Kn,Pn,ﬁn) that have the same
number of nodes n, the same key ring size K, and the
same key pool size P,, but have different probabilities p,,
and p,, for a link to be on. We will show that there exists a
coupling such that G, (n, K, P, py) is a spanning subgraph
of Gon(n, Kn,Pn,pn) so that, as shown by Rybarczyk [33]
pp- 7], we have

(40)

P[Gon(n, Ky, Py, pp) has property 2]

< P[Gon(n, Kp, P,,py) has property 2]. (41)

for any monotone increasinﬂ graph property . The proper-
ties of being k-connected and having a minimum node degree
of at least k£ can easily be seen to be monotone increasing
graph properties. Therefore, @8) will follow immediately
(with K,, = K,, and P,, = B,,) if @) holds.

We now give the coupling argument that leads to (I).
As seen from (@), G,, is the intersection of a random key
graph G(n, K,,P,) and an ErdGs-Rényi graph G(n,p;,).
Using graph coupling, we use the same random key graph

4A graph property is called monotone increasing if it holds under the
addition of edges in a graph.
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(42)

K, P)NG(n,pn).  (43)

Since p, < pn, we couple G(n,p,) and G(n,p,) in
the following manner. Pick independent Erd6s-Rényi graphs
G(n,pn/pr) and G(n,p,) on the same vertex set. It is clear
that the intersection G(n,p,/pn) N G(n,p,) will still be
an Erdds-Rényi graph (due to independence) with an edge
probability given by p,, - g—: = Pn. In other words, we have
G(n,pn/pn) N G(n,pn) = G(n,p,). Consequently, under
this coupling, G(n,p,) is a spanning subgraph of G(n,py).
Then from @) and @3), G,,(n, K, Py, prn) is a spanning
subgraph of G,,(n, K, Py, D) and @) follows.

C. The Method of First and Second Moments

The following fact is based on the method of the first and
second moments and will be useful in deriving zero-one laws
for the minimum node degree of a graph. We use E[] to denote
the expectation operator.

Fact 1. For any graph G with n nodes, let Xy be the number
of nodes having degree  in G, where £ =0,1,....,n—1; and
let 6 be the minimum node degree of G. Then the following
three properties hold for any positive integer k.
(a) For any non-negative integer ¢, if E[X,| = o(1), then
lim P[§ =¢] =0.

n—roo

(b) If [4) holds for £ =0,1,...,k — 1, then

(44)

lim P[§ > k] = 1.
n—oo
() I E[(X0)*] ~ {E[X]}” and E[Xe] — +00 as n
oo hold for some ¢ =0,1,..., k—1, then
lim P[§ > k] = 0.

n—r 00

A proof of Fact[is given in Appendix [B=Al

D. Useful Notation for Graph G,

We collect in this section some notation that will be used
throughout. For any event A, we let A be the complement of
A. Also, for sets S, and Sy, the relative complement of S, in
Sy is given by S, \ Sp.

In graph G,,,, for each node v; € V, we define N; as the
set of neighbors of node v;. For any two distinct nodes v, and
vy, there are (n—2) nodes other than v,, and v, in graph G,,.
These (n — 2) nodes can be split into the four sets Ny, N7,
Nzy and Nz as follows. Let N, be the set of nodes that are
neighbors of both v, and vy; i.e., Ny, = N, N N,. Let N,y
denote the set of nodes in V \ {v,, v, } that are neighbors of
vy, but are not neighbors of v,. Similarly, Nz, is defined as
the set of nodes in V' \ {v,, v, } that are not neighbors of v,
but are neighbors of v,. Finally, Nz is the set of nodes in
V\ {vz, vy} that are not connected to either v, or v,.

For any three distinct nodes v,,v, and vj;, recalling that
E,; (resp., IJy;) is the event that there exists a link between
nodes v, (resp., vy) and v;, we define

Eajnyj = Boj N Byjy  Egjeyg;

Ez_jﬂyj = Eacj N Eyj7 and Ez_jﬂ%

= Eacj ﬁE—yj,
=T, nE,,.

In graph G,,, for any non-negative integer ¢, let X, be the
number of nodes having degree ¢; let D, , be the event that
node v, has degree £. We define ¢ as the minimum node degree
of graph G,,, and define k as the connectivity of graph G,,,.
The connectivity of a graph is defined as the minimum number
of nodes whose deletion renders the graph disconnected; thus,
a graph is k-connected if and only if its connectivity is at
least k. Finally, a graph is said to be simply connected if its
connectivity is at least 1, i.e., if it is 1-connected.

VI. ESTABLISHING (I1)) (THE ZERO-LAW FOR THE
MINIMUM NODE DEGREE IN G,,,)

Our main goal in this section is to establish (I1)) under the
following conditions:

K2
@), K,, > 2 for all n sufficiently large , P—" =o(l) (45
lim o, = —occ and p.n >¢e¢ >0 or lim p.n=0. (46)
n——4oo n—r00

From property (c) of Fact [I we see that the proof will be
completed if we demonstrate the following two results under
the conditions ([@3) and (#6):

lim E[X] = +oo, 47
and
E[(X0)°] ~ {E[X.]}. (48)

for some £ =0,1,...,k— 1.

The first step in establishing @7) and (#8) is to compute the
moments [E [X/] and E | (X,)?|. This step is taken in the next
Lemma. Recall that in graph G,,,, X, stands for the number
of nodes with degree ¢ for each ¢/ = 0,1,.... Also, D, ¢ is
the event that node v, has degree ¢ for each z = 1,2,... n.

Lemma 1. In G,,, for any non-negative integer { and any
two distinct nodes v, and v,, we have

E[Xg} =nP [DLg] y (49)

2
E [(Xg) } = nP[Dy4] +n(n — 1)P[Dyy\Dysl.  (50)
Lemma [I] follows from the exchangeability of the indicator
random variables {1[D;¢];4 = 1,...,n} upon writing X, =
> 1[D; ¢]. Interested reader is referred to the full version

[41]] for details.
In view of ([@9), we will obtain (d7) once we show that

nEIJIrloo (nP[Dye]) = +00. (51)
under (3) and @G). Also, from @9) and (3Q), we get
2
E | (X) 1 1 P[D.\D
[ } _ n . [Da,e(1Dy,¢] (52)

(E[x/]}> nPDzf  n {P[D,}
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Thus, (@8) will follow upon showing (31)) and

P (D, \Dy.i] ~ {P D] }* (53)

for some ¢ = 0,1,...,k — 1 under (#3) and (46).
We establish (31) and (33)) from of the following two results.

Lemma 2. Ifp. =0 ( \/—) then for any non-negative integer
constant { and any node vy,

()" (pen) e Pem.

A proof of Lemma [l is given in Appendix

P[Dg,e] ~ (54)

Lemma 3. Let p, = o(l), K,, > 2 for all n sufficiently
large, p. = Inn(k— l)lnln"Jra" with lim, _, o, = —oo.
Then, properties (a) and (b) below hold.

(a) If there exist an € > 0 such that p.n > € for all n
sufficiently large, then for any non-negative integer constant ¢
and any two distinct nodes v, and vy, we have

P[Dye 0 Dyl ~ ()72 (pen)* e, (55)
(b) For any two distinct nodes v, and v,, we have
P[Ds 0N Dyo] ~ e 2P, (56)

Proof. Recalling that £, is the event that nodes v, and v,
are adjacent, we have

P [DLg n Dyj]

=P[Dy¢NDysNEyyl +P[DyeNDysNEyl.  (57)

Thus, Lemma [3] will follow from the following two results.

Proposition 1. Ler ps = o(1), K,, > 2 for all n sufficiently
large and p. = Inn(k— 1)1n1nn+°‘" with lim,, _, o o, = —o0.
Then, the following two propemes hold.

(a) If there exist an € > 0 such that p.n > € for all n
sufficiently large, then for any non-negative integer constant
¢, we have

(58)

P[D,s N Dy N Epyl ~ )%t e 2pen,

()2

(pen
(b) We have

—2pen

P[Dy 0N DyoNEyyl ~e (59)

Proposition 2. Ler ps = o(1), K,, > 2 for all n sufficiently
large and p. = lnnt(k- 1) Inlnntan ik lim,, oo 0y = —00.
If there exists an € > 0 such that pen > € for all n sufficiently
large, then for any positive integer constant {, we have

P[Dy¢ N Dy N Eyy] =0 (P[DyeNDyeNEyyl). (60)

Propositions [1l and [ are established in Section [VII and
Section [VIII respectively. Now, we complete the proof of
Lemma [l Under the condition p.n > ¢ > 0, (33) follows
from (38) and (60) in view of (37). For ¢ = 0, we obtain (36)
by using (39 in (37) and noting that P[D, cN D, oNE,,] =0
always holds; it is not possible for nodes v, and v, to have
degree zero and yet to have an edge in between. [ |

We now complete the proof of (31) and (33)) under (43) and
(@8). First, in view of (Q) and the condition lim,, o a, =
—00, we obtain p, < M for all n sufficiently
large. Thus, p. = 0(\}) and We use Lemma 2] to get

()" (pen) emPem 61)
for each ¢ = 0,1,.... The proof will be given in two steps.
First, in the case where there exists an € > 0 such that p.n > €
for all n sufficiently large, we will establish (31) and (33) for
¢ = k —1. Next, for the case where lim,,_, o pen = 0, we will
show that (3I) and (33) hold for £ = 0

Assume now that p.n > € > 0 for all n sufficiently large.

nlP[Dge] ~n

Substituting @) into (&I) with £ =k — 1, we get
nlP [Dw,k—l] (62)
~n:- [(kj — 1)']_1 (pen)k_l e*lnn*(kfl) Inlnn—a,
=[(k—1)1""
x (Inn+ (k—1)Inlnn + a, )"t e~ k-Dninn—an
Let
fn(k§04n)

:(lnn—i-(k—l)lnlnn—i-an)k lem(k-DInlnn—on

and observe that we have Inn + (k — 1) Inlnn 4+ «,, > € for
all n sufficiently large since p.n > e. On that range, fix n,
pick 0 < v < 1 and consider the cases o, < —(1 —v)Inn
and a;, > —(1 — ) Inn. In the former case, we have

fn(k;an) >c- ef(kfl) Inlnn+(1—7) lnn7

whereas in the latter we obtain

k—1 e—(k—l)lnlnn—an _ ,yk—le—ozn'

fulk; o) > (yInn)

Thus, for all n sufficiently large, we have
fn(ky an) > min {6 . e—(k—l) Inlnn+(1—7) lmn7 ,yk—le—ozn} )

It is now easy to see that lim,,_,~ f,(k; @,) = oo since 0 <
v < 1 and lim,, o, @, = —00. Substituting this into @2), we
obtain (31) with ¢ = k — 1. In addition, from (34) of Lemma
Dl and (33) of Lemma 3 it is clear that (33) follows with
¢ = k — 1. As mentioned already, (31) and (33) imply (@7)
and @8) in view of Lemma [l and the zero-law (II)) is now
established for the case when p.n > € > 0.

We now turn to the case where lim,,_, pen = p; = 0.
This time, we let £ = 0 in (6I) and obtain

nP[Dy o] ~ne P ~n.

We clearly have (31) for £ = 0. Also, from (34) of Lemma [
with ¢ = 0, and (36) of Lemma 3] we obtain (33)) for ¢ = 0.
Having obtained (31) and (33) for £ = 0, we get (@7) and (48)
and the zero-law (II) is now established from Fact[I] (c). W
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VII. A PROOF OF PROPOSITION[I]

We start by noting that D, , N D, N E,, stands for the
event that nodes v, and v, both have ¢ neighbors but are
not neighbors with each other. To compute its probability, we
specify all the possible cardinalities of sets N, N,y and Nz,
defined in Section To this end, we define the series of

events Ay, in the following manner
Ap = [[Noy| = W]V [[Nag| = € = ]V [[Nzy| = £ = h] (63)

for each h = 0,1,...,
the discrete set S.
It is now a simple matter to check that

?; here, |S| denotes the cardinality of

Y4

U (40 Esy).

h=0
for each £ = 0,1,.... Using ([&4) and the fact that the events
Ap (h=0,1,...,¢) are mutually exclusive, we obtain

DLg N Dyj n E—M/ = (64)

L
e Z P [Ah N E—xy} .
h=0
We begin computing the right hand side (R.H.S.) of (63) by
evaluating E,. From @), we have Eyy = K3y N Cyy. Hence

P [Dye N DyeNEyy (65)

Ery = Ky UCyy = Ky U (Kyy N Cly). (66)
Also, by definition we have
K,
Koy = | (1Sey| = u). (67)
u=1
For each u = 1,2, ..., K,, we define event X, as follows:
Xy = (|Szyl = u) ﬁc—wy (68)
Applying (&7) to (@6) and using (G8)), we obtain
K’Vl
Epy = Koy U { [U (|Sayl =w) | N Cwy}
u=1
K’Vl
=K.y U <U Xu> . (69)
u=1
From (69) and the fact that the events K, X1, Xs, ..., Xk,
are mutually disjoint, we obtain
Ky
P Ay NEyy] =P[AnNEy| + > PlANX].  (70)
Substituting (Z0) into (63), we get
]P)[DmgﬂDygﬂE—mJ
_Z]P’ A NE,,] +ZZ]P’AhﬂX (71

=0u=1
Proposmon ﬂ] will follow from the next two results.

Proposition 1.1. Let ¢ be a non-negative integer constant.

prs - 0(1)r Pe = lnnJr(klellnlnnJran with hmn%oo Qp =
—00, then
Z [An N KLy 072 (pen)** e2Pem, (72)
h=0

Proposition 1.2. Let { be a non-negative integer constant.
Consider ps = o(1), K, > 2 for all n sufficiently large and
De = In (k= 1)1" Inntan yith lim,, o, oy = —o0. Then, the
following two propemes hold.

(a) If there exists an € > 0 such that pon > € for all n
sufficiently large, then we have

ZZ]P’AhﬁX <Z]P’ Athw}) (73)

h=0u=1 h=0
(b) We have
Kn
ZP[AomXu]zo(P[Aomm). (74)
u=1

In order to see why Proposition [l follows from Propositions
1.1 and 1.2, consider ps and p. as stated in Proposition [1
Then from Propositions 1.1 and 1.2, (Z2) and (Z3) hold.
Substituting (72) and (Z3) into (ZI), we get (38). Also, using
(T2) with ¢ = 0 we get P [Ag N K,y| ~ e ?P<". Using this
and [Z4) in {I) with £ = 0, we obtain (39) and Proposition
[[lis then established. [ |

The rest of this section is devoted to establishing Proposi-
tions 1.1 and 1.2. We will establish Proposition 2] in the next
Section [VIII and this will complete the proof of Lemma [3]
and thus the zero-law (II).

A. A Proof of Proposition 1.1
Given P[K,,] =1 —ps — 1 as n — oo, it is clear that

14

> P AN KL, NXZ:P[Ah | Koy

h=0 h=0

(75)

The next result evaluates a generalization of PP [Ah | sz] In
addition to the proof of Proposition 1.1 here, the proofs of
Propositions 1.2 and 2.1 also use Lemma [

Lemma 4. Let mi,mo and ms be non-negative integer
constants. We define event F as follows.
F = [[Nay| = ma] N [[Nagl = mo] N [[Nay| = ms]. (76)

Inn+(k—1) Inlnn+a,
n

Then given w in {0,1,..., K, } and p. =
with lim,, oo v, = —00, we have

pMmitmatms

. 672pﬁn+—pe§:un

PF | (|Sayl = u)] ~

mllmg!mgl
X AP[Exjry; | (|Sayl = w)]}™
XAPIE, jrgg | (|Say| = w)]}™

x {P[E; ZiNyj | ([Sayl =w)]}™ (77)
with j distinct from x and y.

A proof of Lemma [ is given in Appendix

10
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Given the definition of Aj, in (63) and K., < (|S4y| = 0),
we let mq = h,ma =ms3 =/ —h and v = 0 in Lemma @] in
order to compute [P [Ah | sz] We get

P[Ap | Kuy]
20—h
— n K, "
~ = ¢ BB | Kol
X AP[Egny; | Kaygl Y MPIE, s | Kayl} ™" (78)

In order to compute the RH.S. of (Z8), we evaluate the
following three terms in turn:

PlEzjny; | Kyl PIE

xjNyJ |

K.y, and P[E

zjNyj |

Kyl

For the first term P[E,jny; | Kayl, We use Eyj = Kgj N Cy;j
and E,; = K,; N Cy; to obtain

]P[ijﬂyj | Kﬂcu]

= P[(ij N Cyj) N (ij N Kyj) | Kﬂcu]

= pn2 'P[K:Ej N Ky; | Kﬂcu] (79)

Applying Lemma [0 (Appendix [A=B) to (Z9) and using the
definition p. = p,ps, We get

PlEzjny; | Koyl < pe’ (80)
We now evaluate the second term P[E_ ;- | Kyl Tt is
clear that I,; is independent of K,. Hence,
PlEysj | Kay| = pe. (81)
Since p., = Inn(k— 1)1nln"+o‘" with limy,_s o0 i, = —00, We
have p, = o ( f) Together with (80), (8) this yields
P[Emjmﬁ | K:Ey] = P[E:Ej | K:Ey] - ]P[ijﬂyj | Kﬂcu]
:pe_O( 62) ~ Pe- (82)
Similarly, for the third term P[E=., . | K.y, we have
PlEgry; | Kyl ~ pe (83)

Now we compute the R.H.S. of (Z8). Substituting (82) and
(83) into R.H.S. of (Z8), given constant £, we obtain

P [Ap | Kay]
~ L LeT2Pen {P[Eyjny; | K ]}h 2(£=h)
K€ — h)I2 zjNYj Ty Pe .
(84)
for each h = 0,1,...,¢. Thus, for h = 0, we have
P [Ao | Koy] ~ (0) 7% (pen)* e 72", (85)
For h = 1,2,...,¢, we use (80) and (84) to get
]P[AM@ oy (PEugoys | K]}
P [Ay | Ksy] R — AP U einus | R
n- (f')2
< - ) ,
S me—np ~°W
Thus, we have
P[Ay | Koyl =0 (P[Ao | Kuy]), h=1,2,....0. (86)

Applying (83) and [B6) to (Z3), we obtain the desired conclu-
sion (Z2) (for Propostion 1.1) since ¢ is constant. [ |
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B. A Proof of Proposition 1.2

Notice that ([Z4) can be obtained from (Z3) by setting £ = 0.
Thus, in the discussion given below, we will establish (Z3) for
each £ =0,1,... under p.n = Q(1), and show that this extra
condition is not needed if ¢ = 0.

We start by finding an upper bound on the left hand side
(L.H.S.) of [Z3). Given the definition of X, in (GS)), we obtain

P[A, N A, <P[Ay N (|Sey| = u)] .

Then, we have
K’Vl

ZZ]P’ [An N Xy

h=0u=1

<3S BN (Snyl = u)]

h=0u=1

Ky
- Z{ |SW| = u] Z]P [An | (lswyl = u)] } (87)
h=0

To compute the R.H.S. of (7)), we first use Lemma 10 to get
1 K2 \"“
Pl =% 55 (77)
Next, we compute P[A), | (|Szy| = u)]. Given (63), we let
my = h and my = ms = ¢ — h in Lemma @ and obtain
n2t—h
RI[(¢ — h)!]?
h
X AP[Ezjny; | (|Sey] = u)]}
X AP[Ejny; | (|Szy] = w)]} "

X APLE, e | (1Szy| = )]}
(89)

From E,; = C;; N Ky; and E,; = Cy; N K,;, it is clear
that E,; and E,; are independent of (|S;,| = w). This leads

(88)

. —2pen+ n

PePnt
Kn

PAn | (|Sey| = w)] ~

P[Emjﬁyj | (|Szy| - u)] < ]P)[Ezj | (|Socy| = u)] = (90)
P[Exjmﬁ | (|Szy| = u)] < ]P)[Ezj | (|Sacy| = U)] =p. 91
PlEGAy,; | (ISey| = w)] < P[Ey; | (IS2y| = w)] = pe. (92)

Applying @, @1) and ©@2) to (89), we obtain
P [Ah | (|SIU| _ u)] < 2n2€—h . e*2pcn+l’elp(7;nu . (pe)%_h

pe;?;’"-u (pen)ﬂfh 93)

— 26_2pen+

for all n sufficiently large.
Applying (©3) to (87), we derive for all n sufficiently large

Ky

ZZP [An N X

h=0u=1
¢
h=0

K’Vl
(94)

<2 \F

Given ([©4), it is clear that (Z3) follows once we prove

) . (95)

L
R.H.S. of @) = o <Z]P’ [An N oy

h=0
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Using p.n = Q(1), it follows that
¢

Z (pen)2E7h =

h=0

O (pen)™. (96)

Notice that @6) follows trivially for £ = 0 without requiring
pen = Q(1). Applying ([88) and (@6) to R.H.S. of (94), we get
R.HS. of (©F)

— o) (o™ e T (5 )on
From (72) and (O7), we have
R.H.S. of (©4)

Pn
. eKn

Kn

K, 2 u
—ZP A1 Ty - O((11)? Z( e > |

u=1 n
(98)

If we show that
K2 n
o eRn P = o(1), 99)
then we obtain

i ( K’r% ePnPe”)“ < Pnlif}(n ef(z pet 0(1)
ot P, — K, T 1= Pnliﬁ — elp<_?z Pen )
(100)

leading to (Z3) given (O8) and the fact that ¢ is constant.
Now we prove (@9). Given p. = 1“"“’“_1211“1“"“‘" with
limy, o0ty = —00 we have p. < 2 - 12 for all sufficiently

large n. Recalling also that K, > 2, we get

Pnpen
Kn

e < gipnlnm, (101)

on the same range. From Lemma [8 propert;/ (©) (Apper;dix
[A=B), it holds under p; = o(1) that ps ~ K: so that 5= =
o(1) and &= = o(1). We now obtain

K2

P,

K2

Pk, "B P

Then, - K < 2p, for all n sufficiently large. Hence, on the
same range, we see from (I0I) that

K2

P K, R P < 9p - eipelnm, (102)
In order to evaluate the R.H.S. of (I02), we define
F(n) = 9p, - eaPnlnn (103)
With p,ps = pe < 2 1“—” for all n sufficiently large, we note
that .
ps< ot (104)
2 npy,

Now, fix n large enough such that (I02) and (I04) hold. We
consider the cases p, < — and p, > -, separately. In
the former case, we have F(n) < 2p,e?/* immediately from
(I03). In the latter case we use the bound (104) to get

(Inn)?

Inn s
e1Pn Inn <3 n3/4

12

upon noting that p,, < 1. Combining the two bounds, we have

F(n) < max {2pse3/4 , 3n"1/4(In n)2} (105)

for all n sufficiently large. Letting n grow large and recalling
that p; = o(1) we obtain lim,,_,~ F'(n) = 0. This establishes

@9 in view of (102), and ([@3) follows from (O8) and (T00)
for constant ¢. From (O4) and ([@3), we finally establish the

desired conclusion (73). Note that (74) also follows since the
extra condition p.n = (1) is used only once in obtaining
(©6) which holds trivially for £ = 0. The proof of Proposition
1.2 is thus completed. |

VIII. A PROOF OF PROPOSITION[2]

Given (Z1)) and Proposition 1.2 (property (a)), it is clear that
Proposition 2] will follow if we show for each £ = 1,2. .. that

Y4
P[Dys N Dy N Eygyl =0 <Z]P’ (A, NK,, ) . (106)
h=0

In order to establish (I06), we evaluate P[D, yN D, ¢NE,,]
proceeding similarly as in the proof of Proposition I To this
end, we define the series of events B, in the following manner

By, :(leyl = h)ﬂ (|Nwﬂ| ={l—h-— 1)
N (INzyl =€—h—1). (107)
for each h = 0,1,...,£ — 1. An analog of (&d) follows

immediately for any positive integer /.

-1
Dz,l n Dy,l N Eacy = U (Bh n Ezy) .
h=0

(108)

The minus one term on ¢ is due to the fact that = and y are

adjacent on event I,,; there can be at most £ — 1 nodes that

are neighbors of both z and y on D, ,N D, ,N E,,.
Given (I08) and mutually exclusive events B (h

0,1,...,¢ — 1), we obtain
—1
P[Dy¢ N Dyy N Ey] = P[ByNEyy). (109)
h=0

We will establish Proposition [2] by obtaining the following
result which evaluates the R.H.S. of (109).

Proposition 2.1. Let ¢ be a positive integer constant. If ps =

o(1), pe = % with lim,, .o a, = —00 and pen =
Q(1), then
-1
> PBiNEyl=o0 (ZP (A, mKM,]> . (110)
h=0 h=0

In order to see why Proposition [2| follows from Proposition
2.1, observe that (I10) establishes (I06) with the help of (T09).
As noted before, this establishes Proposition

Proof. As given in (€7), K,, = U§;1[|Sxy| = u]. Using this
and the fact that F,, = K, N Cyy, we get

Kn

Eay = U [(|Szy| = U)ﬂcry}

u=1
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We use ), to denote the event (|Sy,| = u) N Cyy, where
u=12,...,K,. Thus, E,, = Uff;‘l Y. Then considering

that the events Y;,Y5, ..., Yy are disjoint, we get

Br N <U yu>] ZZnP[Bh ﬁyu]

P[B,NE.| =P

u=1 u=1
(111)
Given Y, = [(|Szy| = u) N Cyy], we obtain
P[Bn N V] SP[ma(|Sxy| =u)]. (112)
Applying (II2) to (11D, it follows that
-1
> P[ByN E.,]
h=0
-1 K,
< P[By N (|Szy| = u)]
h=0u=1
Ko -1
= Z {PHSﬂcul = - Z]P)[Bh | (|Sayl = u)]} - (113)
u=1 h=0

R.H.S. of (I13) is similar to the R.H.S. of (87), whence
it will be computed in a similar manner. We first calculate
P [By, | (|Szy| = u)]. Given the definition of By, in (I07), we
let m; = h and mo = ms3 = ¢ — h — 1 in Lemma[4] to obtain

20—h—2 N
P[By | (|Sey| = w)] ~ m TEpen TR
X {P[Eyjny; | (1Sey| = w)]}"
X AP[Egzy; | (1Sey| = w)]} "1
X {P[ x]ﬁy] | (| ry| - u)]}lihil'
(114)

Substituting @0), (OT) and (O2) into (I14), we obtain

P B | (|Say| = u)] < 2677 (pen)? 702,
(115)
for all n sufficiently large.

Returning to the evaluation of the R.H.S. of (I13), we apply
(I13) to (II13) and obtain for all n sufficiently large,

-1

> P[ByN E.,]
h=0
K, ¢
Z { |Szy| _ ’LL] 2872Pcn+pKLn-pcn . Z (pen)257h72 }
u=1 h=0
= (pen) 2 x RHS. of (09). (116)
From p.n = Q(1), it follows that
-1
> P[ByNE,|=0(RHS. of @). (117
h=0
Given @3) and (I17), we obtain (TI0) and this completes the
proof of Proposition 2. |

Having established Propositions [I] and 2l we prove Lemma
Bl and the zero-law (II) follows as explained in Section [VII

IX. ESTABLISHING (I2)) (THE ONE-LAW FOR
k-CONNECTIVITY IN G,,,)

As shown in Section[V=B] we can enforce the extra condition
an = o(lnn) in establishing (I2) (i.e., the one-law for k-
connectivity in G,,,). Therefore, we will establish (I2) under
the following conditions:

@), K,, > 2 for all n sufficiently large , P, = Q(n), (118)

K, .
B, — oW, lim an =

+o0 and «;, = o(lnn). (119)

In graph G,,,, consider scalings K, P : Ny — Ny and p :
No — (0,1) as in Theorem [Il We find it useful to define a
sequence 3, : N x Ng — R through the relation

Inn+fInlnn + Ben,

De = : (120)

n
for each n € Ny and each ¢ € N. (I20) follows by just setting
Ben :=npe —Inn — {Inlnn. (121)

The one-law (I2) will follow from the next key result.
Recall that, as defined in Section k is the connectivity
of the graph G,,,, namely the minimum number nodes whose
deletion makes it disconnected.

Lemma 5. Let { be a non-negative constant integer. If K,, > 2

Sor any sufficiently large n, P, = Q(n), % = o(1), and (I20)

holds with (¢, = o(Inn) and lim, .o B, = +00, then
lim Pk =/] =0. (122)

n—oo

We now explain why the one-law (I2) follows from Lemma
Consider p,, K, and P, such that (I18) and (I19) hold.
Comparing @) and (I20), we get

Ben =(k—1—0)Inlnn + a,. (123)

Since a;, = o(Inn) and lim,,_, oo a, = +00, we have for each

¢=0,1,...,k—1 that

lim B¢, =400 and Be, = o(lnn). (124)
n—oo
Given (124), we use Lemma [3] and obtain
lim Plxk=4¢=0, ¢£=0,1,...,k—1.
n—oo
For any constant k, this implies lim, . P[x > k] = 1, or
equivalently
lim P[G,y, is k-connected | = 1.
n—oo
This completes the proof of the one-law (12)). [

The remaining part of this section is devoted to the proof
of Lemma
Proof. We present the steps of proving Lemma 3] below. First,
by a crude bounding argument, we get

Pk={l < Plk=0 N (6>0]+P[6</],

where ¢ is the minimum node degree of graph G,,,, as defined
in Section We will prove Lemma [3 by establishing the
following two results under the enforced assumptions:

lim P[6 </ =0

n—r00

if lim By, = +oo, (125)
n— oo

13
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and
lim Plk=¢ N d>¢ =0 if lim B, =+oo. (126)
n—o0 n—r00

We first establish (123). First, from ¢Inlnn o(Inn),
Ben = o(lnn) and p, = w, it is clear that
Do ~ 1“7" Then p, = 0(%). Thus, from Lemmas [1] and 2]
we get

E[X(] = nP[Dy e ~n- ()" (pen)’ e P
Substituting p. ~ 1“7” and (120) into (127), we get
E[X/] ~n ()t (Inn)f e on—tninn=pFen — (p)=t c=Fen,

(127)

In view of the fact that lim,,_, B¢, = +00, we thus obtain
E[X,| = o(1). Then from property (a) of Fact [I (Section

-0, we get
lim P[6 =¢] = 0.

n—oo

(128)

As seen from (121, S¢,,, is decreasing in ¢. Thus, we have
limy, 00 Bex,n = 00 for each * =0,1,..., ¢ It is also im-
mediate from (IZ1) that B¢+ ,, = o(Inn) since B¢, = o(lnn).
Therefore, using the same arguments that lead to (I28), we
obtain

0, (*=0,1,...,0

lim P[5 = ¢*]

n—oo

and (IZ3) follows immediately.

As ([I29) is established, it remains to prove (I28) in order
to complete the proof of Lemma [5l The basic idea in estab-
lishing (126) is to find a sufficiently tight upper bound on
the probability P[x = ¢ N ¢ > /] and then to show that this
bound tends to zero as n goes to +oc. This approach is similar
to the one used for proving the one-law for k-connectivity in
Erdds-Rényi graphs [12]], as well as to the approach used by
Yagan to establish the one-law for connectivity in the
graph Gop,.

We start by obtaining the needed upper bound. Let A denote
the collection of all non-empty subsets of {v1,...,v,}. We
define N, = {T | T € N,|T| > 2} and Ky = U,,erS;. For
the reasons that will later become apparent we find it useful
to introduce the event £(J) in the following manner:

E(T) U Kzl < Jr] .
TeN*

(129)

where J = [J2, J3,. ..
valued array. Let

,Jn] is an (n — 1)-dimensional integer

P,
ry = min QK—J gD . (130)
We define J; as follows:
7= max{|(1+¢e)K, |, [A\K,i]} i=2,...,m,
kPl i=rn+1,...n
(131)

for some arbitrary constant 0 < € < 1 and constants A, y in
(0, %) that will be specified later; see (I34)-(133) below.
By a crude bounding argument we now get

Pl(k=1¢0) N (6 >0)]
SPIEDN]+Pl(k=£6) N (6>£) N

g, a3 Ji‘{
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Hence, a proof of (126) consists of establishing the following
two propositions.

Proposition 3. Let ¢ be a non-negative constant integer. If
(120) holds with B¢, > 0, K,, > 2 and P, > on for some

o > 0 for all n sufficiently large and ’;: = o(1), then
lim P£(J)] =0, (133)

where J = [Ja,Js,...,Jn] is as specified in (I31) with
arbitrary € in (0,1), constant X in (0,%) is selected small
enough to ensure

02\ Tom
max | 2X\o, A (—) <1, (134)
o
and constant p in (0, %) is selected so that
e\’ e\”
({2 (2 1 s

A proof of Proposition3lis given in Section[X]below. Note that

A
2\ T=2X

for any o > 0, limyjo A (% = 0 so that the condition
(I34) can always be met by’ suitably selectin§ constant A >

0 small enough. Also, we have lim, o (ﬁ) = 1, whence
o

limy, 0 /72 (ﬁ) =0, and (I33) can be made to hold for any

constant 0 > 0 by taking p > 0 sufficiently small. Finally,

we remark that the condition P, > on for some o > 0 is

equivalent to having P, = Q(n).

Proposition 4. Let ¢ be a non-negative constant integer. If
K, > 2 and P, > on for some o > 0 for all n sufficiently
large, > = o(1), and ({[2Q) holds with B = o(Inn) and
limy, o0 Be,n = +00, then

Ky

n—oo

lim P|(k=0) N (6>6) N W}:o,

where J = [Ja,Js,...,Jn] is as specified in (I31) with
arbitrary € in (0, 1), constant ju in (0, §) selected small enough
to ensure ({[33) and constant X € (0, %) selected such that it

satisfies ([34).

A proof of Proposition [ is given in Section [XI| below.
Using Proposition Bl and Proposition E (with the same

constants €, A, 1) in (I32), we obtain the desired conclusion

(126). The proof of Lemma 3 is now completed. [ |

X. A PROOF OF PROPOSITION[3]

We begin by finding an upper bound on the probability
P [E(J)]. To this end, we define

Kn. .:27"'5717
A ’ (136)
|uPn] =1+ 1,...,n.
From (I31) and (I36), we get
max{|(1+¢)K,],Y:} z::2,...,7°n, (137)
Y; i=rn+1,...,n.
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We also define
No={T|TeN,2<|T|<r},
and
Ny ={T|T eN,|T|>ra}.

Using the definition (129) and the fact that J; = Y; for i =
rn+ 1, +2,...,n, we get

&(J)

U kel <Jpry] | U
TeEN_

U [IKrl < Y]
T€N+
(138)

Given J; = max{[(1 + ¢)K,],Y;} for i = 2,3,...,7,, we
have

U Kzl < Jir] (139)

TeEN_

U krl <t +o)K,] | U
TeN_

From (I38), (I39) and the fact that N* = N_ UAN,, we

obtain
(140)

E(J)
It is easy to check by direct inspection that

U kri<+oaK= J [IKrl < (1+e)Ky)
TeN_ TEN 2

U [zl < Yir|]

TeEN_

U Kzl <(+e)K,] | U
TeN_

U [iKz| < Yir]

TeN™

(141)
where Nmz denotes the collection of all subsets of

{v1,...,v,} with exactly two elements. With Y =
[}/27}/37" 7Y’n.] and
EY)={J [IKrl < Yir| (142)

TeN™*

it is also easy to see that

ED = U kel < +e)K,] | UEY).
TEN 2
upon using (I41) and (I42) in (I40).

Using a standard union bound, we now get

PIED <PEY)]+ Y PlKr|<(1+e)Ky].
TEN, 2

It was shown in Proposition 7.2] that given P,, = Q(n)

and lim,,_, o K,, = 0o, we have

PE(Y)] = o(1). (143)

Noting that lim, ., K,, = oo holds in view of Lemma [J]
and P, = (n) by assumption, we conclude that (I43) holds
under the assumptions enforced in Proposition 31

15

In order to compute ) ;.o\ [[K7| < (14 ¢)K,], we use
exchangeability and the fact that [N, 2| = (3). With Ky2 =
S1 US>, we find

BEW)] < o(1) + @P Kio < [(1+ K], (144)

Then, from (I44), the desired conclusion (I33) (for Proposi-
tion [B) will follow if we show that

n?*P K12 < [(14¢)K,]] = o(1). (145)

This will also be established by means of the bounds given
in [36]]. To this end, it was shown [36} Proposition 7.4.11, pp.
137-139] under the condition £ (1) that

n —
P, —©

Ky

K, (1—¢)
P_n) ’

PKya < (142K, ]| < (ma)

with T'(e) := (1 + a)eE. Using this bound, we now obtain

na-—ok, %

K K, (1—¢)
n)

n’P Kiz<|[(1+e)K,]] < (I‘(E) 3
(146)

Given P,, > on and I;" = o(1), there exist a sequence wy,

satisfying lim,,_, 4 wnn: oo such that for all n sufficiently
large, we have

P, > max{on, K,wy,}.

As noted before, it also holds that lim,,_, . /,, = oo in view
of Lemma[7] It is now easy to see that

K 2l(nn 5
2 . 2 eKn(l-c
nKEn(l-g) n S min< n 1-"_Kn(l—a) _ n,

n g Wn,

1 2
n~zlnn et-9
<max{ ——,
o W,

for all n sufficiently large to ensure that K, > 4/(1 —¢). The
last inequality follows by considering the cases K, > Inn
and K,, < Inn separately for each n on the given range. It
follows that

n

lim l"(a)nKna*E) =
n—roo

0,

n

and the desired conclusion (I43) follows from (I46). Propo-
sition 3] is now established. [ |

XI. A PROOF OF PROPOSITION [4]

We start by introducing some notation. For any non-empty
subset U of nodes, i.e., U C {v1,...,v,}, we define the graph
Gon(U) (with vertex set U) as the subgraph of G,,, restricted
to the nodes in U. If all nodes in U are deleted from G,,,, the
remaining graph is given by G, (U¢) on the vertices U®
{v1,...,v} \ U. Let Nye denote the collection of all non-
empty subsets of {vy,...,v,} \ U. We say that a subset T’
in Mye is isolated in G,,,(U°) if there are no edges (in G,,,)
between the nodes in 7' and the nodes in U° \ T. This is
characterized by

Eij, vweT, vjeU\T.
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With each non-empty subset 7' C U° of nodes, we associate
several events of interest: Let Cr denote the event that the
subgraph G, (T) is itself connected. The event Cr is com-
pletely determined by the random variables (rvs) {.S;, v; € T'}
and {C;, v;,v; € T'}. We also introduce the event Dy, 7 to
capture the fact that T is isolated in G,,(U°), i.e.,

N Es

v; €T
v; €UNT

DU,T =

Finally, we let By, denote the event that each node in U has
an edge with at least one node in 7', i.e.,

BU,T = ﬂ U EZJ
vieUv; €T
We also set
AU,T = BU,T NCrN DU,T-

The proof starts with the following observations: In graph
Gon, if the connectivity is ¢ (i.e., K = ¢) and yet each node
has degree at least £ 4+ 1 (i.e., 6 > /), then there must exist
subsets U, T of nodes with U € N, |[U| = ¢ and T € Nye,
|T| > 2, such that G,,(T) is connected while 7" is isolated
in G,,(U®). This ensures that G,,, can be disconnected by
deleting an appropriately selected set of ¢ nodes; i..e, nodes in
U. Notice that, this would not be possible for sets 7" in Ny
with |T'| = 1, since the degree of a node in T is at least /+1 by
virtue of the event § > ¢; this ensures that a single node in 7" is
connected to at least one node in U°\ T'. Moreover, the event
x = £ also enforces G, to remain connected after the deletion
of any ¢ — 1 nodes. Therefore, if there exists a subset U (with
|U| = ¢) such that some T in Ny is isolated in G, (U°),
then each of the ¢ nodes in U should be connected to at least
one node in T and to at least one node in U° \ T'. This can
easily be seen by contradiction: Consider subsets U € N with
|U| = ¢, and T € Nye with |T| > 2, such that there exists
no edge between the nodes in 7" and the nodes in U° \ T
Suppose there exists a node v; in U such that v; is connected
to at least one node in U\ T but is not connected to any node
in T'. Then, G,,, can be disconnected by deleting the nodes in
U\ {v;} since there will be no edge between the nodes in T'
and the nodes in {v;} WU\ T. But, |U \ {v;}| =¢—1, and
this contradicts the fact that xk = /.

The inclusion

(k=0 N (>0 C

U

UeN, .o, TENye: |T|>2

Avu,r

is now immediate with Nnm denoting the collection of all
subsets of {v1,...,v,} with exactly r elements. It is also easy
to check that this union need only be taken over all subsets 7T’
of {v1,...,v,} with 2 < |T| < [25].

We now use a standard union bound argument to obtain

Pl(rn=0) 0 (6>0 n EJT)]
Z P {-AU,T N TJ)}
UEN, 0, TENye: 2<|T|< | 25¢ |

L2z

=> > P[AU,T n W}

r=2 UG./\/n,LTENUc,T

<

(147)
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with NUC)T denoting the collection of all subsets of U® with
exactly r elements.

For each » = 1,...,n — ¢ — 1, we simplify the nota-
tion by writing A = Afy, v} {vessvesn)s Pl =
Divs oo} fvesssvesr}s (w1000} {ves 1oy} AN

r = Clugs1,...v04,}- Under the enforced assumptions on the
system model (viz. Section [I), exchangeability yields

O =

P [AU,T] =P [Az_]r] , U e Nn,e, T e NUC7T

and the expression

>

UG./\/n,Z,TG./\/Uc,T

() oo

follows since [N, | = () and [Nye .| = (";g). Substituting

into (I47) we obtain the key bound

P [-AU.,T n W}

P [(ﬁ =0 n (6>0 N 5(J)]
L) n\ (n—~ —
< .
_; (€)< ) ) ]P’[Ag,r N 5(.1)}
The proof of Proposition F] will be completed once we show

()" ) el nE@] =0 as)

The means to do so are provided in the next section.

(148)

—¢
"TJ

Jim >0

r=2

XII. BOUNDING PROBABILITIES P [Ag,r N 8(])}

First, for r =2,3,...,n — £ — 1, observe the equivalence
Dy, = ﬂ [(Uiew,,Si) N S; = 0] (150)
Jj=r+4+1
where v, ; is defined via
Vp,j 2:{i=€+1,£+2,...,£+7‘20ij} (151)

foreachj=1,2,... fand j=r4+L+1,7+(+2,...,n. In
words, v, ; is the set of indicesin i =¢+ 1,0 +2,... 0+
for which v; is connected to the node v; in the communica-
tion graph G(n;py). Thus, the event [(Uie,, ,S;) NS; = 0]
ensures that node v; is not connected (in G,,) to any of the
nodes {vgy1,...,ve4r}. Under the enforced assumptions on
the rvs 51,52, ..., Sy, we readily obtain the expression

Si, t=0+1,....0+r

P | Dy, Ol'j, t=L+1,... .0+,
j=l+r+1,....n
n—|Yicv Sl
B
P’Vl
j=r+L+1 (Kn)
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In a similar manner, we find
Si,i=04+1,....0+7
Cij, i=1,...,¢,
j=L+1,... 0+r
(Pn_IUiEUT’jSi‘)

- Ul

P’Vl
Ky
It is clear that the distributional properties of the term
|Uicw,; Si| will play an important role in efficiently bounding
P[D; ] and P [Bg,,]. Note that it is always the case that

P (B,

| Uicw,.,; Sil > K1 |vr | > 0]. (152)

Also, on the event £(J), we have
| Uiev,, Sil = (Jpu, ;1 +1) - 1lvry| > 1] (153)
for each j = r+/¢+1,...,n. Finally, we note the crude bound
| Uiew,; Sil < |vrj|Kn (154)

foreach j=1,... /4.
Conditioning on the rvs Sgi1,...,Sr4¢ and {Cyj, 1,7 =
¢+1,...,0+r} (which determine the event C,.), we conclude

via (I32)-(134) that
P [Ag)r N m}

P [CT NBe,r NDer N W}

(Pn*I:(n‘VT,j‘
Herbx i (1=
(Pn*L(VT,j))
Kn
()
where for notational convenience we have set
L(vr5) max { Ky, - 1{[vr ;] > 0],
(w1 +1) - 1wyl > 1]}
It is immediate that the rvs {|v,;[}7_,. 1, (as well as
{|vrj1}5=1) are independent and identically distributed. Let v,

denote a generic random variable identically distributed with
vrj, j=1,...,0,7+£+1,...,n. Then, we have

. )

X H;‘l:r+£+1

(155)

|vr| =gt Bin(r, pp). (156)

where we use the notation =, to indicate distributional
equality. Then, we define L(|v,|) as follows:

L(v,) = Inax{Kn “Llve] > 0], () + 1) - 1 [[pr] > 1]} .
(157)

Observe that the event C,. is independent from the set-valued
random variables v, ; for each j = 1,...,¢ and for each
j=r+{+1,...,n. Also, as noted before {|v,;|}7_,. 1,
(as well as {|um-|}§:1) are independent and identically dis-
tributed. Using these we obtain

P [Ag)r n TJ)}

(Pn—Kn|uT\) ¢ (Pn—L(ur)) n—r—~¢
<P[C,] xE 1—%] x E (f;;;
K, n

17

We will give sufficiently tight bounds for each term ap-
pearing in the R.H.S. of (I38). First, note from Lemma [I1]
(Appendix [A-B)) that

PlC]<r?pi7,  r=23,....n. (159

)

Next, we give an easy bound on the second term appearing in
the R.H.S. of (I38). With

P, - K,
<n n
2K,

r

(160)

it follows that |v,| < r < %. Then we use Fact 3] and
Fact [2] successively to obtain

(Pann‘l/r‘)
K’Vl
Pr,
(i)
Taking the expectation in the above relation and noting that
E[|v.|] = rp, via (I36), we get

(e

P’Vl
(x.)
under the condition (I60). Finally, for the last term in the

R.H.S. of (I38), we establish in Lemma [12] (Appendix [A=B)
that if 2 = o(1) and p. = o(1), then
(PnfL(uT))

El(")]

Py
< min {e‘pe(l+5/2), e PAT 4 o~ Knng [r > rn]} (162)

1- <1—(1—p)*" <21, ps.

E|l1-

)] < 2rpspn = 2rpe (161)

Kn

for all n sufficiently large and for each r = 2,3,...,n.
Substituting the bounds (139), (I61) and (162) into (I38),

and noting that each of the terms in the RHS of (I38) are

trivially upper bounded by 1, we obtain the key bounds on

the probabilities P [.Ag)r n & )} that are summarized in the
following Lemma.

Lemma 6. With J defined in (I31) for some &, \ and i in
(0,3). if fg—: = o(1) and p. = o(1), then the following two
properties hold.

(a) For all n sufficiently large and for each r

2,3,...,{;&1

Py
57| we have

P {Az_]r n W}
< (pe) - (2rpe)*

n—r—~{
X [min {e*pﬁ(lJrs/Q), e PN e Kung [ > rn]H .

(b) For all n sufficiently large and for each r = 2,3,...,n,
we have

P [Ag)r n m}

< min {TT_2 (pe)rf1 , 1}

n—r—~{
(158) X |:m1n {6_p8(1+8/2), e_pe>\7‘ + e_KnHl [T > T’n,]}j| .
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XIII. ESTABLISHING (T49)

Ky

We now proceed as follows: Given 3= = o(1) and the
definition of r,, in (I30), we necessarily have lim,, .o 7, =
+00, and for an given integer X > 2, we have

rn, > R for any n > n*(R) (163)

for some finite integer n*(R). We define f,, ;, as follows.

Ftr = ( ) (" - z>P (4, nET)].

Then, we have

LHS. of M) = Y fueo
r=2

n

14

(164)

For the time being, pick an arbitrarily large integer R > 2 (to
be specified in Section [XIII-B), and on the range n > n*(R)
consider the decomposition

2t 2t
Z fn,f,r—z.fnfr+ Z fnlr"’ Z fnlr
r=2 r=R+1 r=r,+1

Let n go to infinity: The desired convergence (I49) (for
Proposition ) will be established if we show

R
Z fn,f,r = 0(1)7

r=2
Zn fn,f,r = 0(1)7

r=R+1

(165)

(166)

and

—¢
nt]

Z frjer = o(1).

r=rp+1

(167)

The next subsections are devoted to proving the validity of

(163), ([166) and ([I&7) by repeated applications of Lemma
Throughout, we also make repeated use of the standard bounds

()=

valid for all r,n =1,2,... with r < n.

n en

)<t

(168)

r r

A. Establishing (I63)

Positive scalar ¢ in (0, 1) is picked arbitrarily as stated in
Proposition @ Consider K,,, P, and p, as in the statement of
Proposition @ For any arbitrary integer R > 2, it is clear that
(163) will follow upon showing

lim fre,=0 if lim (3, =400 (169)
n—o0 n—r00
foreachr = 2,3, ..., R. On that range, property (a) of Lemma
[6] is valid since r < LP - K”J for all n sufficiently large by

virtue of the fact that o(1).

'n.

18

From the easily obtained bounds (;) < n‘ and (”;e) <n",
we now get
,fn,f,r
< nt .ot pr2 r 1(2Tp ) efpe(lJrs/Q)(nfrfE)
_ (2T)€TT 2, Z-l—rpf-i-r 1 e—pen(l+a/2) . epe(l-l—a/?)(r-l—f)'
(170)
for each » = 2,3,...,R. Given p. = Inntélnlnntfen
In — o(1) (since ﬂgyn = o(Inn)), we find
R. H. S. of (T70)
(2r)err=2
_ n@-l—rpé-l—r—l . e—pen(1+8/2) . epe(1+€/2)(r+€)
Inn l+r—1
~ nEJrT (_) . ef(lnnJrEln1nn+ﬁeﬁn)(1+s/2) . eo(l)
n
=n-(In n)“_T_l . [nil(ln n)%e*ﬁ’*”]pﬁ/2

— /2 (ln n)T—f5/2—1 e Ben(l+e/2)
=o(1)

by virtue of the facts that r is bounded and lim,, o B¢, =
+oo. We get (I69) and the desired result (I63) is obtained. M

B. Establishing (I66)

Positive scalars A, 1 are given in the statement of Proposi-
tiond Note that R can be taken to be arbltrarlly large by V1rtue

of the previous section. From () < nf, (") < 8(” 0

and property (b) of Lemmal@l for n > n*(R) (with n (R) as
specified in (163)) and for each r = R+1,...,7,, we obtain

r
< nttrer (pe)T71 efpcr)\(nfrfl)' 171)
Now, observe that on the range r = R+ 1, R+2,. LTKJ
from r < 2=, we have for all n sufficiently large, n—r—¢ >
2(n—¢) > Z. This yields
e—perk(n—r—é) < e—per)\n/?;' (172)

Inn+linlnn+PB
n

Substituting p, = into (T72), we also get

e—per)\n/?; _ e—r)\(lnn-l—f Inlnn+pBe5)/3
— n*T}x/3(ln n)fT)\f/fiefT)\ﬁLn/:S. (173)
Applying (I72), (T73) and p. < 2122 o (IZI), we get

fn,f,r

o+ (2ln”>rl —r)\/3 —rAL/3 _—TNBen/3
<nTre". n”= "2 (Inn) "M PeT AR

n

< né+1—r>\/3 . (26 lnn)r
=n*t. (2en 3 Inn)". (174)
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Given 2en~*3Inn = 0(1) and (I74), we obtain

Z fnfré Z TL

r=R+1 r=R+1
oi1 (2en™31Inn)RH1

1 —2en=*31nn
nCHARED /3 (90 1y ) BHL,

23

(2en™*?1Inn)"

(175)

We pick R > w sothat +1—AR+1)/3<—3. Asa
result, we obtain

R.H.S. of (T73) = o(1)

and thus >2'" oo fn.er = 0(1).We now obtain (I66). [ |

C. Establishing (I67)

Positive scalars A\, o are given in the statement of Propo-

sition @ We need consider only the case where r,, < L”T’EJ

for infinitely many n, as otherwise (I67) would hold trivially.
From () < nf, ("T_g) < (") and property (b) of Lemma [l
¢

we get for r =1, +1,..., [ "5,

n—~£

n g3
uar <0t (1) (7 )
T

We will establish (I&7) in two steps. First set 7,, = {

Ape
| 2% ] is intersecting the

3
Obviously, the range r =7, +1, ...,
range 7 = #p,...,|%5%|. We first consider the latter range

2
below. For r = #,, ..., L"T_ZJ, it follows that e Pe™ < ¢=3,

From Lemma [7] (Appendix [A-B), K,, = Q (\/ In n) holds.
Then e~ = o(1) < § — e~3. Therefore,

- =
(e_PeTk + e—KnH)T S (%) _ 3@—77,'
Then, we get
L5 L=
Z fn-,l-ﬂ“ < 32777,”2 Z ( ) < 32777,”2 .on — 0(1)
- — \r

(176)
upon using the binomial formula ZL 7] R OED SN ES
2™ and the fact that ¢ is constant.

If 7, <7, + 1 for all n sufficiently large, then the desired
condition (I67) is automatically satisfied via (IZ6). On the
other hand, if r,, + 1 < 7,,, we should still consider the range
r rn + 1,...,7, — 1. On that range, we use arguments
similar to those leading to (IZI) and obtain

-7

-

fn,f,r S né-i—rer (pe)ril (e—;ﬂerk —+ e_KnM)n (177)
upon using also property (b) of Lemma
On the range r =7, + 1,...,7, — 1, we have
S 41 . P, {nJ Tl Pnn
>y =min | | —|, min
- K, 2 K, 2
and thus
efﬂKn 67#K
<
PeT'A De - mln{K 5
K,e #En  2¢—1En
<

oA ’ A

19

since P, > on and p.n > 1 for all n sufficiently large.
Given K,, = O (\/ln n) it follows that

lim Kpe "% =0 and lim e #£» =0,
n—oo n—oo
whence we get
—pKn
. e
lim =0.

n—00 Pl

Then for any given 0 < 1 < 1, there exists a finite integer
n*(n) such that for all n > n*(n), we have

et < eT3ppard <e?. (e”pe”‘ —1). (178)
Fromr <7, — 1< %, it follows that p.r\ < 3 and
eTPTA > 073 (179)
Given (I78) and (I79), we obtain for all n > n*(n),
ef,uKn < efpcr)\ . (enper)\ _ 1) — efperA(lfn) _ efperA
and thus
e PerA 4 omhEn < e~ PerA(1—m) (180)

Recalling (120) and the fact that n — £ — r > n/3, we get

e~ PerA(1—n)(n—r—£) (181)
< n*w\(l*n)/B(ln n)*T/\Z(lfn)/BefMﬁz,n(1*77)/3_
Using (I80Q) and (I81) in (I77), and noting p. < 21“—" we get

r—1

2Inn

,fn,f,r S nf-}-rer ( )
n

« AL 3 (1 ) =P M=) /3 =rABe (1) /3
< nlJrlfr)\(lfn)/B . (28 lnn)r

=t (2en AT/ )"

(182)

Given liAIIln_mo o = oo, then for any arbitrarily large
integer R, we have r, > R for all n sufficiently large. From
2en~A1=M/3Inn = o(1) and (I82), we have

Fn—1
Z fner < Z n (2en™ A(d=m)/3 Inn)"
Tn+1 R+1

o1 (2en=AA=m/3 lnn)RJrl

~

1 —2en=20=-m/3Inn

ne+1—,\(1—n)(1%+1)/3(2e lnn)ﬁ’,-l—l' (183)
Since R was arbitrary, we pick R> i’gff% Then
(+1-X1—n)(R+1)/3<-\1-1)/3.
As a result, we have R.H.S. of (I83) = o(1), whence
1
Z fn,é,r =o(1
rn+1
The desired conclusion (167) is now established. [ |

Having established (163), (I66) and (I67), we now get
(I49) and this completes the proof of Proposition [l [ |
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XIV. CONCLUSION

We investigate random key graph with unreliable links
which amounts to the intersection of random key graphs
with Erd6s-Rényi graphs. We derive zero-one laws for k-
connectivity and minimum node degree being at lest k. These
zero-one laws are shown to improve the existing results on
1-connectivity of random key graphs with unreliable links as
well as k-connectivity of random key graphs.

An extension of our work would be to consider a different
unreliability model than the independent on/off model used
here. One possible candidate is the so-called disk model
where two nodes have to be within a certain distance to
each other to have a link in between; this induces a random
geometric graph. Intersection of random key graphs with
random geometric graphs has already received some interest
[22], [23], but the model is proven to be difficult to analyze
with results obtained thus far for its connectivity [23], [24],
[43]], not for k-connectivity.
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APPENDIX A
ADDITIONAL FACTS AND LEMMAS

A. Facts

We introduce additional facts below. Proofs of Facts [2| and
] are fairly standard and omitted here; interested reader is
referred to the full version [41]] for details. All other facts are
established in Appendix [Bl

Fact 2. For 0 < x < 1, the following properties hold.
(a) If0 <y <1, then (1 —2)¥ <1-—ay.
(b) If y=0,1,2,..., then

1
1—:vy§(1—x)y§1—:vy+§:v2y2.

Fact 2lis used in proving the one-law (I2) of Theorem [I] as
well as in proving Fact @] Fact Bl Lemma [0l and Lemma

Fact 3. Let © and y be both positive functions of n. If v =
o(1), then for any given constant € > 0, there exists N € N
such that for any n > N, the following properties hold.

(a)

eG4y < (] gy < ey (184)
(b) If 2%y = o(1) further holds, then
(I—x)¥ ~e ™, (185)

Fact 3l is used in the proofs of Lemma 2] and Lemma [

Fact 4. Let integers x and y be both positive functions of n,

where y > 2x. For z =0,1,...,x, we have
) G
L >1- , 186
GREEVEE e
and
) Tz <x4)
ro=1-—+0(—=). 187
() y y? e

Fact [ is used in the proof of Lemma

Fact 5. Let a,x and y be positive integers satisfying y >
(2a + 1)z. Then

(188)

(2) (2)

Fact[3lis used in the proof of the one-law (I2) of Theorem [l

() l()}

B. Lemmas
We introduce additional lemmas below. The proofs of all
the following lemmas are deferred to Appendix

Lemma 7. Let { be a non-negative constant integer. If P, =
Q(n) and (I2Q) holds with B¢, > 0, then K, = Q (\/ln n)

Lemma [7]is used in proving the one-law (12) of Theorem [I1

Lemma 8. In G,,, given P, > 2K,, then the following
properties holzd.

(@) p, = 2+ 0 (53).

n

(b) ( [B6) Lemma 7.4.3, pp. 118]) ps < —Pnjifkn'

(c) ps = o(1) if and only if Ig—f = o(1).
(d) If ps = o(1) or Ili—f = o(1), then %*?‘ =ps =0 (p?).

Lemmal8]is used in the proof of the zero-law (1) of Theorem
[[l as well as in the proofs of Lemma [7] and Lemma

Lemma 9. Consider K,, P, with K,, < P,. The following
properties hold for any three distinct nodes v, v, and v;.
(a) We have

P [(Kaj N Kyj) | Kay] <5 (189)
(b) If ps = o(1), then for any w=10,1,2,..., K,, we have

P((Kuj N Ey) | (1Sey] = u)] = Kinps +0(p2),  (190)

nU
B[Eajuys | (1S = w)] = 2pe = = - pe £0(pc%). (19

Lemma[]is used in the proof of the zero-law (L)) of Theorem
[[ as well as in the proof of Lemma [

Lemma 10. If P, > 2K,,, then we have
/K2 O\

< —| ——— .

—“uw\P, - K,

Lemma [IQ] helps in proving the zero-law (1) of Theorem [1

Lemma 11 ( Lemma 10.2] via the argument of [36]
Lemma 7.4.5, pp. 124]). For each r = 2,...,n, we have

PC] <r 2 (p.) " ". (192)

P[[Szy| = u]

Lemma [Tl is used in proving the one-law (I2) of Theorem 1

Lemma 12. With J defined in (I31) for some ¢, \ and p in
0,3). if fg—: = 0o(1) and p. = o(1), then we have

< min {e‘pe(1+€/2), e P e Kunq [p > rn]} (193)
for all n sufficiently large and for each r = 2,3,...,n.
Lemma [I2] helps in proving the one-law (I2) of Theorem [Il
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APPENDIX B
PROOFS OF FACTS
A. Proof of Fact [l (Section [V-C))

1) Proof of property (a): Clearly, [6 = ¢] implies [X, > 1],
whence P[§ = ¢] < P[X, > 1]. Since X, is a non-negative
integer, we have E[X,] > P[X, > 1], leading to P[§ = {] <
E[X]. Then for £ = 0,1,...,k — 1, given condition E[X/] =
o(1), we obtain P[§ = ¢] = o(1).

2) Proof of property (b): For constant k, given P[§ = ¢] =
o(1) for ¢ =0,1,...,k — 1, we obtain
k—1
P[ézk]:l—zpwzﬁ]—)l, as n — +00.
£=0
3) Proof of property (c): Fix £ =0,1,...,k— 1. From the

method of second moment Remark 3.1, p. 54], we have

{E[X]}”

E[(X¢)]

Then, from E[X/] # 0, and IE[(XZ)2] ~ {E[X/]}?, we get
P[X, = 0] = o(1).

PX,=0/<1- (194)

Therefore, we get lim,,_,o, P[0 > ¢] = 0. The desired result
lim,, o0 P[d > k] = 0 also follows since £ < k — 1.

B. Proof of Fact

From (y;z)zﬁand (5)2%’ we get
("2) _ (y—>2) y—x—t
© <y—2—w H '

Wedeﬁneg()—y;—ftt 1—ﬁ,wheret—012

Clearly, g(t) decreases as t increases for t =0,1,2,...,z, so
g(z) < g(t) < g(0). As a result, we have
z y—z z
<1— * ) g(;)g<1—3) . (195)
y—=2 (%) y
Given the above expressions, we use Fact[2] and obtain
(1— x ) S (196)
y—z y—z
x 1 /zx 2
(1——) <124 - ( ) . (197)
(0 y  2\vy

From (193) and (196), we get (186).
Using 0 < z < z in the R.H.S. of (I97), we also have

= 4
(1—5> 31—ﬁ+0<$—2>. (198)
Yy Y Yy
To evaluate R.H.S. of (196), we have
2
R.H.S. of (198) — (1 _ ﬁ) — 2T (199
y y(y—=z)
Given y > 2z and 0 < z < z, it follows that z < % and thus
y — z > y/2. Note that > 1. Then, we have
2 3 9 g4 4
SR g 0(””—2) (200)
yly—=2) ~ y?/2 z ¢ Y

22

Applying (199) and (200) into (196), we get
>1-2_0

(5=) =5 o(5)

Using (T98) and 201I) in (193), we obtain (I87).

(201)

C. Proof of Fact[l

The proof is similar to that of Lemma 5.1 in Yagan [37].
First, given positive integer a, it holds that

y—ax x—1 _ y x—1
( : ) e y—aw )_H<1_ @ > (202)
(z) £=0 (y - é) £=0 Y- ¢
Letting a = 1 in (202), we obtain
C g (1o =)
= 1-—. (203)
(%) g y—t
From property (b) of Fact 2] it follows that
T 2a 2ax 1/ 2az \? ar
R I I (i) P ,
y— ¢ y—0 2\y—t y—t
(204)
where, in the last step we used the fact that a < “-* since

y > (2a + 1)z by assumption.
From (202), 203) and @204), we get (I83).

APPENDIX C
PROOFS OF LEMMAS

A. Proof of Lemma [2 (Section [VI)

The events Fy;, Eo;, ... ,Ei_17i, Ei-i—l,i ..., E,; are mu-
tually independent for any node v;. Thus, for each i
1,2,...,n, the degree of node v; follows a Binomial distri-
bution Bin(n — 1, p.); i.e

P[D; ] = (

n—1

‘ )pef(l —pe)" L (205)

Given p, = o (%) and constant ¢, it follows that p. = o(1)

and p.2(n — ¢ —1) = o(1). Then from property (b) of Fact[3

(1 — pe) =t ~ e7Pe(n=t=1) holds. Then given p, = o(1)
and constant ¢, we further get (1 — p.)" "1 ~ e ~P<", Using
this and (", ") ~ (¢!)"*n’ in (203), we obtain

P[Did] ~ () (pen)” e 7"

B. Proof of Lemma [ (Section [VILAl

In graph G,,, besides v, and v,, there are (n — 2) nodes,
denoted by vj,,vj,,...,v;, , below. The (n — 2) nodes are
split into the four sets Nzy, Ny, Nz, and Nzy as defined
in Section According to the definition (Z8), under event
F we have |Ngy| = m1, |Nog| = ma, |Ngy| = ms, so that
|Nz5| = (n — m1 — ma — mg — 2). Therefore, given non-
negative constant integers mi, mo and ms, the constraints 0 <
|Nayls | Nagl, [Nayl, [Nzg| < n—2 are satisfied. In this setting,



IEEE Transactions on Information Theory 2015

it is clear that the number of possible instances for realizing

the event F is given by
- - -2
() () () e
ms
The event 7 defined below is an instance of F.

o))

7 — {vjm1+1vvjm1+2a ceey

n—2 n—mp—2

mi ma

J = (wa {Ujl,vh,...,

va1+m2 } )

ny = {Ujm1+m2+1vvjm1+m2+2a s Vg bmgtma } )
Nzy = {vjm1+m2+m3+1vvjm1+m2+m3+2v RRR /an72}
(207)

It is clear that all instances of F happen with the same
probability. Let node v; be any given node other than v, and
vy in graph G,,,. Then

Egjny; < (vj € Nay) 3 Egjnys < (vj € Nag); (208)
E?mej = (’UJ S ny), and Ezjﬁyj (1}] S Nfﬂ) . (209)

Applying the above equivalences (208) and (209) to the
definition of 7 in (207), we obtain

mi m1+ma
= ﬂErjmyji N ﬂ Eejing:
i=1 i=my+1

n—2

i=mi+ma+msz+1

Given E,; = Cy; N Ky  and Ey; = Cy; N Ky, we have

mi+ma+msa

A

i=mi+mao+1

Emmm) :

(210)

Eajnys = (Caj N Cyy) N (Kay N Ky;). Q211

For any node v; distinct from v, and v,, we have the fol-
lowing observations: (a) events Cyj, Cy;, CrjNCyj, Kpj, Ky
and thus E,;, E,; given by (C-B) do not depend on any
nodes other than v,, v, and v;; (b) given (|Sgy| = u), event
K,.;NK,; does not depend on any nodes other than v, v, and
v;; (c) from (211D, and observations (a) and (b) above, event
Ejny; does not depend on any nodes other than v, v, and
v; given that (|S;,| = w); (d) since the relative complement
of event Eyjn,; with respect to event E,; is event E =,
given observations (a) and (c) above, event £ TG and then
similarly, events E - . and E - - do not depend on any
nodes other than v,, v, and v;.

From observations (c) and (d) above, we conclude that

Eﬂﬁjl Nyjgis -+ Ezjml NYJmy

E1j7n1+1 ﬂyjm1+1’ R 1].77114»7712 myj7n1+7n27

1]‘7711 +mo+mg ﬁyjml +mo+mz’

E

TIn—2NYJn—2

14j7n1+7n2+1ﬂyjm1+m2+17 Tt

Timy+mo+mz+1M0YJmy+motmz+17 """

are mutually independent given that (|.S;,| = u).

23

Then from 206) and 210), we finally get

m2—2>

P[F | |Sﬂcu| = u]

(00

mi

X AP[Egjny; | ([Seyl = uw)]}™
X {P[Ezjrg; | (|Seyl = w)]}™
X AP[E 5y | ([Sayl = w)]}™
X {B[Egjeg; | (1Sey| = w]"=mmemms=2 - @12)

upon using exchangeability.
For any constants mj,my and mgs, we have

n—2\/n—mi—2\/n—m;—ms—2
mi ma ms3
mi ma ms3 mi+ma+ms
Nn_.n_.n_:ni' (213)
ml! ’ITLQ! m3' mllmg!mg!
Now, we evaluate the probability
{PlErg7 | (1Say] = w)]}tmmmmemme™20 (214)

It is clear that

n—mi—mso—mgz—2
@I = (1 - P[ijuyj | (|Sﬂcu| =u)]) e
215)
From Lemma[9] and the fact that p, < w for all

n sufficiently large, we find

pnu

P[ijuyj | (lswyl =u)] = 2p. — 7 “Pe E O(pe2)
Pnl 1
= 2P — — P E — 21
Pe = o PeEO <n> (216)

Inn

217)

—0(22) = ot

Then using the above relation, given constants mi,mo and
mg, we obtain

n

(n—my —mg —mg — 2{P[Erjuy; | (|Say| = )]}
h;")] o(1). (218)

Given 217) and @2I8), we use property (b) of Fact [ to
evaluate R.H.S. of @I3) (i.e., @14)). We get

QI ~ e

Substituting @216) and @I17) into (@219), given constants

m1, mo and mg, we find

— (0= my =y = ma—2)- [0

(n—my—ma—msz— 2)P[E21uy1|(‘sry|:“)].

(219)

Q) ~ e 2P Peto( )] | p(mitmatms+2)-0(1)
_ Pnu
~ TP R P, (220)

Applying 213) and (220) into (Z12), we obtain (77) and this

establishes Lemma M}
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C. Proof of Lemma[/

The proof is similar to [37, Lemma 5.3]. Given ¢, 3¢, > 0
and (120), we obtain p, = p,, - ps 2 1“" . Since p, < 1, we

get pg > 1“" Then using ps <
of Lemma P

- glven in property (b)

— > o holds Using this, we find

K2
P, — K,

Inn

n

K,
K2 = (Py—Ky) > - p, - 20

. (221)

Given K,, > 1, we have K"Tl’“" < KT”% for all n sufficiently
large. From @221) and P, = Q (n), we now get

<P, =Q(lnn)

The desired result K,, = In n) is now immediate.
D. Proof of Lemma
1) Proof of property (a): Recall from () that given P, >
2K,,, we have
Po—K,
Kn
P’Vl
()
We use Fact[d] (in particular (I87)) to evaluate R.H.S. of (222)
and obtain

p5:1—P[SmSj:®]:1—( ). (222)

2 2
nefizo((B)) e

2) Proof of property (b): Property (b) is proved in [36,
Lemma 7.4.3, pp. 118].

3) Proof of property (c): From 223), ps = o(1) if and only
if

o(1) or f;n o(1), we use property (b) and have I;n

" = o(1); namely, property (b) holds.
4) Proof2 of property (d): From property (c), given Ds =
o(1). From 223) and fg—f = o(1), it follows that pg ~
Therefore,

2
n

Then, we get I;—f =p, £0 ((ps)Q)-

E. Proof of Lemma

1) Proof of property (a): We start by computing the
probability P [(K,; N Ky;) | (|Szy] = u)] for each wu
0,1,2,..., K,. First, note that

P{(Kzj N EKy;) | (|Sey] = w)]
=1-P[(K UKy) | (ISnl=w)]. @24
From the inclusion-exclusion principle, this yields

P (K N Kyj) | (|Sey] = u)]

=1-P Ky | (|Sayl = )] =P [Ky; | (|Say| = u)]
+P[(Key N Kyj) | (1Sey] = )] - (225)

24

Note that for each u = 0,1,2,..., K, events Kgg7 and Kyj
are both independent of (|Sy,| = u) however, K,; N K,; is
not independent of (]S, | = u). Thus, we get

P (Ko | |Sayl = u] =P [Kuy] =1—ps (226)
P [Kyj | [Sey| =u] =P [K,;] =1 - ps. (227)
Substituting 226) and @27) into [223), it follows that
]P)[(sz n Kyj) | (|Sxy| = U)]
=2 — 14+ P [(Kyy N Ky)) | (1Sey =w)] . (228)

Given that the events K, and (]S, = 0) are equivalent,
letting u = 0 in (228), we obtain

P [(KOCJ n Kyj) | Key| =2ps —14+P [(KOCJ N Kyj) | szJ .

(229)

Since events K,; and K, are equivalent to [(S, N S;) = 0]
and [(S, N S;) = 0], respectively, we have

(K 0 F) & {S P\ (S US)} 230)

Therefore, from @30), (K,; N K,;) equals the event that
the K, keys forming S; are all from [P, \ (S, U Sy)]. From

|Pn| = Py, |S:| = K, and |Sy| = K,, we get
Pu\ (82 US| = Pu— 2K+ [Siyl. (231)
Under K., we have |Sg] = 0 so that

Pu\ (S.US,)| = P, — 2K,,. Clearly, if P, < 3K,,

then P [(K,; NK,;) | Kzy] = 0 < (1 — ps)% Below we
consider the case of P,, > 3K,,. We have
(Pn—2Kn)
P (Ko NKy)) | Kay] = 52— (232)

(i2)

Applying [37, Lemma 5.1] to R.H.S. of 232)), we get
<@

P [(Kej NKyj) | Koyl

Using @233) in (229), we obtain
P [(Kyj N Kyj) | Koyl <1=2(1=ps)+ (1 - ps)2 =2

2) Proof of property (b): We first estabhsh . Given
ps = o(1), from property (c) of Lemmalﬂ (1) follows.
Then P, > 3K, holds for all n sufﬁmently large We first
compute P[(K,; N Ky;) | (|Szy| = w)] to derive P[(K,; N
Ky;) | (|Szy| = u)] from @28). As presented in (230), event
(K;; NKyj) is equivalent to event {Sj C [Pn\ (SzU Sy)]}
Given |S,,| = u and @31)), it follows that |P,, \ (S, U Sy)| =
P, — 2K, + u. Also, for 0 < u < K, it holds that P, —
2K, +u > K, since P, > 3K,,. Then for all n sufficiently
large, we have

—ps)?. (233)

P,—2K,+u
K,
()
K,—1
- H (1_
t=0

( )

P((Krj N Ky;) | [Say| = u] =

Ky
2K,, —

K
Vo ) (234)
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Now, it is a simple matter to check that

2K, —u\ "
P[(ij N Kyj) | |Sﬂcu| =ul < (1- —p (235)
and
2K, —u Ko
P[(Kaj NKys) | |Sayl = u] 2 (1 - ﬁ) - (236)

We first evaluate R.H.S. of (233). It is clear that 0 < 2K — <
1 for all sufficiently large since P, > 3K, and u < K We
utilize Fact 2l to get

R.H.S. of 233)
Ko (2K, —u) 1 [K, (2K, —u)]?
<1-— — .
<1 - +35 { ’ (237)

Applying 237) to (233), we obtain
P[(Kaj N Kyj) | |Say| = u]

2K2  ukK, K?
+0( 5 )

<1l—-—=
< 2 + o)

Then we evaluate R.H.S. of @36). With 0 < v < K,
and P, > 3K,, it follows that 0 < 2Xezt < 1 for all n
sufficiently large. We utilize Fact [2] and m to get
K, (2K, —u)

(238)

P[(Kaj NKyj) | |Say| =u) 21— (239)

It is easy to see that

Kn 2Ky —u)  Kn(Q2K,—u) _ (K_?'i) . (240)

Applying 240) to 239) and using (238) it follows that
S — oK?  ukK, K
PRz 1K) |82 =] = 1= 252 4+ 552 0 (2.

Given ps = o(1), from property (d) of Lemma[8 we have that
2
Ko = ps £ 0 (p2) ~ ps. Given 0 < u < K, this yields

P[(Kzj N Kyj) | [Say| = 4]
=1-2[p.+0 ()] + 1= [P O (B2)] £ O (12)

= 1=+ 72— . £0(p.2). (241)
Applying 241) to (228), we obtain
u
P [(Kuj N Kyj) | (1Sey| = )] = - ps £ O(ps*) (242)

K,
and this establishes (190).
We now turn to the proof of (I91). From (I90), we obtain
PlEsjoy; | (|Szy] = u)]
=P[Ey; | (|S2y] = w)] + P[Ey; | (|Szy| = u)]
—PlEjny;j | (|Szyl = u)].
= 2p. — P[Cy;] - P[Cy, ] P(Kyj 0 Kyj) | (|Szyl = u)]
= n2 . s + O s
p {K p p
_ Pnu
= — pe=* e ).
K P O(p.?)
The desired result (I91) is now established.

F. Proof of Lemma
It is not difficult to see that

P[|Szy| = u]
_ - O
(i)
1 K, 1° (P.—Kn)! (P,—K,)
Tl {(Kn —u)!] (P, —2K,+u) P,
< % K?zu ' (Pn - Kn)Kniu ' (Pn - Kn)iK

1 K? "
T w\P,—-K, )

G. Proof of Lemma

Recall J; defined in (I31). Here we still use Y; defined in
(136 for j > 2. Then (I37) follows. We define M (|v,|) and
Q(|v|) as follows:

M(v.) =11y > 0] - maX{Kn,Yn)‘,,T‘ +1} (243)
Qvr) = Knl[lvy| = 1]+ ([(1 + &) K] + D1 [|vy| > 1]
(244)

Lemma is an extension of a similar result established in
Lemma 10.1, pp. 11]. There, it was shown that for r =

1,2,..., (2],

(Pn—M(uT))

A L < e P e K1 > ] (249)
(ic2)

Recalling the definition of L(v,.) in (I3Z) and using the

definitions of M (v,.) and Q(v,.) in (243) and (244), we have
the following cases.

E

(a) If |v| = 0, then L(v,) = M(v,) = Q(v,) = 0.

(b) If |v,.| = 1, then L(v,.) = M (v,) = Q(vr) = K.

(c) If || > 2, then
L(v,) = max {Kn, Tnjvr] + 1} (246)
M(vy) = max { Ky, Y, |, + 1} (247)
Q) =1+e)K,|+1. (248)

Then for case (c), we further have the following two subcases.

() If [vp| = 2,3,...,7,, given 246), @47) and J}, | =
max{(1 +¢)K,,Y],, |} from (I37), it follows that

L(v;) =max {[(1+&)K,| +1,Y, ), + 1}
Q(vy)} from @41 and
248).

) If |vp| =7y + 1,7, + 2,...,n, given 246), @47) and
Jiv,| = Y}u,| from (13D, it follows that

(249)

resulting in L(v,) = max {M(v,),

) = M(v,) = max {K,, |uP,| + 1} . (250)

L(v

Given I;— = o(1), then |uP,] > [(1 + ¢)K,] for all
n sufficiently large. Consequently, from (248) and (230), it
follows that L(v,.) = max {M (v,.), Q(v,)}.
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Summarizing cases (a), (b), and (cl)-(c2) above, given
any |v.|, we have L(v,) = max{M(v.),Q(v,)} for all n
sufficiently large. This yields

|

(PnfL(uT))

(i2)

P,
Ky

E

< min {E [((f;”] 5 [%Q()))] } e

We will show the following result: for all n sufficiently large
and for any r = 2,3,...,n,
(Pn_Q(VT))

IE[()

Clearly, if (232) holds, we can substitute (243) and (232) into
(@31} and obtain (193), which establishes Lemma
For any given n and any given r, from (244), we get
(253)

Pr,
K n

‘| < e~ Pe(14e/2) (252)

Pn—Q(vr)

)

(Pn*fKn{l[\Vr\:lH(lJrE)l[lVr\>1]}T)

)

E

Py,
Ky

Py
Ky,

( )]SE

From Lemma 5.1 in Yagan [37], it follows that

RH.S. of @53) < E [(1 _ps>1uur\:n+<1+s>1uur\>1]} _
(254)
Then from (I36), we obtain

R.H.S. of (254)
=P[lvy| = 0] + (1 — po)P[|v,| = 1]
+(1 _p5)1+ap[|yr| > 2]
= (1=pu)" +7rpa(1—pn) (1 = ps)
1= (1= pa)" = rpa(l —pa) 11— ps)' . (255)

We introduce a continuous variable < and define
f(v,pn,ps) as follows, where v > 1.

F(rpnsps) = (1= pa)” +ypn(1 = pn)" (1 = py)

+ [1 - (1 - pn)V - 7pn(1 _pn)’y_l](l - ps)lJrs'

(256)
From (233) and (236), we obtain
RH.S. of @34) = f(r,pn,Ds)-

Note that since 7 is an integer, we cannot take the partial
derivative of f(r, p,, ps) with respect to 7. We have introduced
continuous variable v and hence can take the partial derivative
of f(~,pn,ps) With respect to . We get

(257)

Of (v,Pn,ps)
Iy
= (1 - pn)v[l - (1 _p8)1+€] In(1 — pn)
+pn(1 _pn)7_1[1 —ps— (1 - p5)1+8][1 +In(1 - pn)]
< (1=pn)"[1 = ps — (1= ps) ] In(1 - pp)
+pn(L—pn) 1= ps — (1= po) L+ yIn(1 — py)],
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where, in the last step, we used the fact that In(1 — p,,) < 0.
Therefore, it’s clear that
1 Of (7, P, ps)

(I =pn)7 11— ps — (1 —ps)tte] o

S (1 _pn) ln(l _pn) +pn[1 + ’71D(1 - pn)]

= (1 =pn+puy) Il —pn) +pn
with (1 —p,)Y 1 —ps — (1 — ps)! €] > 0. Using In(1 —
Pn) < —pp <0 and v > 1, we get

1 f (7, Pn,ps)
(1 =pp)" 1 = ps — (1 — ps)'+e] oy
< —pn(1 = pn +pnY) + pn
=pi(1—7) <0. (258)

Given p, and ps, then f(vy,pn,ps) is decreasing with
respect to vy for v > 1. Then given r > 2, 234) and (237),
we have

R.H.S. of @33)
< f(2,pn.ps)
= (1 - pn)2 + 2pn(1 _pn)(l - ps) “"pi(l _ps)lJra
(259)
< (1= pn)® +2pn(1 = pn)(1 = ps) + p2(1 — ps)(1 — eps)
(260)
=1—pe[2 —epe — (1 — £)pn] (261)
< exp{—pel2 —epe — (1 = €)pnl} (262)

where in (239) we use 0 < p, < 1, 0 < € < 1 and Fact 2] to
obtain (1 —p,)° < 1 — eps; and in @60) we use p. = Pnps;
and in (261) we use the 1 —x < ¢~ that holds for any = > 0.

Given p. = o(1), then p. < % for all n sufficiently large.
Using this and 0 < p,, < 1, we obtain

9
=1 —
+2

for all n sufficiently large. Applying the above result to (262),
we obtain

2—epe—(1=e)pa 22— —(1—2)

R.H.S. of @33) < e Pe(1+£/2), (263)

Applying (263) to (233), we get (232) and Lemma [12]is now
established. [ |
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