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Perfect Output Feedback in the
Two-User Decentralized Interference Channel

Samir M. Perlaza, Ravi Tandon, H. Vincent Poor, and Zhu Han

Abstract—In this paper, the n-Nash equilibrium (7-NE) region
of the two-user Gaussian interference channel (IC) with perfect
output feedback is approximated to within 1 bit/s’rHz and 7
arbitrarily close to 1 bit/s/Hz. The relevance of the 7)-NE region is
that it provides the set of rate-pairs that are achievable and stable
in the IC when both transmitter-receiver pairs autonomously tune
their own transmit-receive configurations seeking an 7-optimal
individual transmission rate. Therefore, any rate tuple outside
the 7-NE region is not stable as there always exists one link
able to increase by at least 7 bits/s/Hz its own transmission rate
by updating its own transmit-receive configuration. The main
insights that arise from this work are: (i) The n-NE region
achieved with feedback is larger than or equal to the 7-NE
region without feedback. More importantly, for each rate pair
achievable at an n-NE without feedback, there exists at least one
rate pair achievable at an 7-NE with feedback that is weakly
Pareto superior. (i) There always exists an 7-NE transmit-receive
configuration that achieves a rate pair that is at most 1 bit/s/Hz
per user away from the outer bound of the capacity region.

Index Terms—Interference channels, feedback communica-
tions, Gaussian channels, wireless networks, distributed infor-
mation systems.

I. INTRODUCTION

N point-to-point communications, perfect output feedback

does not increase the capacity either in the discrete or
the continuous memoryless channel [1], [2], [3]. At most,
feedback increases the capacity by a bounded number of bits
per channel use in channels with memory. This is the case for
colored additive Gaussian noise [4], [5] and stationary first-
order moving average Gaussian noise [6]. The same can be
said for some multiuser channels in which the capacity region
is broadened only by a limited number of bits per channel use.
This is the case for the memoryless Gaussian multiple access
channel (MAC) [[7], [8], [9], [LO]. In the discrete memoryless
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broadcast channel (BC), there exists evidence that feedback
increases the capacity region [11], [12], [13]. However, in
particular cases such as the physically degraded BC, the
opposite has been formally proven [14].

Feedback substantially enlarges the capacity region of the
two-user memoryless Gaussian interference channel (IC) [15].
The same effect is observed in some special cases with a
larger number of users, e.g., in the symmetric K-user cyclic
Z-interference channel [16] and the fully connected K-user
IC [17]. The two-user linear deterministic IC with partial
feedback has been considered in [18], [19] and [20]. In the
particular case of the two-user memoryless Gaussian IC, in the
very strong interference regime, the gain provided by feedback
can be arbitrarily large when the interference to noise ratios
(INRs) grow to infinity. One of the reasons why feedback
provides such a surprising benefit relies on the fact that it
creates an alternative path to the existing point-to-point paths.
For instance, in the two-user IC, feedback creates a path from
transmitter 1 (resp. transmitter 2) to receiver 1 (resp. receiver
2) in which signals that are received at receiver 2 (resp.
receiver 1) are fed back to transmitter 2 (resp. transmitter 1)
which decodes the messages and re-transmits them to receiver
1 (resp. receiver 2). This implies a type of cooperation in
which transmitters engage each other to transmit each other’s
messages.

In decentralized multiuser channels, the benefits of feedback
are less well understood and the existing results from the cen-
tralized perspective do not apply immediately. In a decentral-
ized network, each transmitter-receiver link acts autonomously
and tunes its individual transmit-receive configuration aiming
to optimize a given performance metric. Therefore, in decen-
tralized networks, a competitive scenario arises in which the
individual improvement of one link often implies the detriment
of others due to the mutual interference. From this point of
view, in decentralized networks, the notion of capacity region
is shifted to the notion of equilibrium region. Such a region
varies depending on the associated notion of equilibrium,
e.g., Nash equilibrium (NE) [21]], n-Nash equilibrium (7-NE)
[22]], correlated equilibrium [23]], satisfaction equilibrium [24]],
etc. In particular, when each individual link aims to selfishly
optimize its individual transmission rate by tuning its transmit-
receive configuration, the equilibrium region is a subregion of
the capacity region and it must be understood in terms of
the n-NE. Once an 7-NE is achieved, none of the links has
a particular interest in unilaterally deviating from the actual
transmit-receive configuration as any deviation would bring
an improvement of at most 7 bits/s/Hz. When, n = 0, an 7-
NE corresponds to an NE. Essentially, any deviation from an
NE implies no gain or even a loss in the individual rate of



the deviating transmitter. Therefore, any rate tuple outside the
NE-region is not stable as there always exists at least one link
that is able to increase its own transmission rate by updating
its own transmit-receive configuration.

An approximate characterization of the 7-NE region of the
decentralized Gaussian IC without feedback is presented in
[25], with 7 > 0O arbitrarily small. This characterization implies
two important points. First, in all the interference regimes, the
1-NE region is non-empty, which verifies some of the existing
results in [26], [27] and [28]]. Second, the individual rates
achievable at an n-NE are both lower and upper bounded.
The lower bound corresponds to the rate achieved by treating
interference as noise, whereas the upper bound requires partial
decoding of the interference. Interestingly, in some cases of
the strong and very strong interference regimes, it is shown
that the n-NE region equals the capacity region. Conversely,
in all the other cases, the n-NE region is a subregion of the
capacity region and often, it does not contain all the strictly
Pareto optimal rate pairs, e.g., the rate pairs on the boundary
of the sum-capacity.

In the case of the IC with feedback, conventional wisdom
leads to the idea that the n-NE region must not be different
from the n-NE region of the IC without feedback. This follows
from the fact that feedback can be seen as an altruistic action
in which the benefit is not for the transmitter-receiver pair that
implements feedback but rather for the other pair [29]. Note for
instance that, the alternative path from transmitter ¢ to receiver
1 mentioned above appears thanks to the feedback from
receiver j to transmitter j. Note also that when a transmitter-
receiver pair uses feedback to cancel the interference of a bit
received during channel use t—1, the corresponding interfering
bit must be re-transmitted during channel use ¢ such that
it can be reliably decoded in order to effectively cancel its
effect during channel use ¢ — 1. This implies that, subject
to a feedback delay, such a transmitter-receiver pair can opt
for not transmitting the information bit during channel use
t — 1 and instead, transmitting it at channel use ¢ at the place
of the interfering bit. This reasoning shows that for every
individual rate that is achievable with feedback, there always
exists an alternative transmit-receive configuration in which
the previous channel outputs obtained by feedback are not
used and such a configuration achieves the same transmission
rate. Therefore, intuitively, feedback should not be useful
in decentralized channels given that transmitter-receiver pairs
whose individual interest is their own transmission rate do not
have a particular interest in using it.

However, this paper shows the opposite. Even in the strictly
competitive scenario in which both links are selfish, the use
of feedback can be shown to be individually advantageous
and thus, transmitter-receiver pairs might opt to use it in
some cases. This is basically because, when one transmitter-
receiver pair uses feedback, it motivates the others to use it,
which leads to a mutually beneficial situation and thus, to
an equilibrium. This observation leads to two of the most
important conclusions of this work: (i) The 7-NE region
achieved with feedback is larger than or equal to the n-NE
region without feedback. More importantly, for each rate pair
achievable at an 7-NE without feedback, there exists at least
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Fig. 1. Two-user Gaussian interference channel with perfect channel-output
feedback at channel use ¢.

one rate pair achievable at an 7-NE with feedback that is, at
least, weakly Pareto superior; and (éi) There always exists an
n-NE transmit-receive configuration pair that achieves a rate
pair that is at most 1 bit/s/Hz per user away from the outer
bound of the capacity region even when the network is fully
decentralized.

The remainder of the paper is structured as follows. In Sec.
the decentralized IC with feedback is formally introduced
and its equivalent game theoretic model is presented. In Sec.
the n-NE region of the linear deterministic IC (LD-IC) with
feedback (LD-IC-FB) is fully characterized for any n > 0. In
Sec. using the intuition obtained from the LD-IC-FB, the
1n-NE region of the GIC with feedback is approximated to
within one bit/s/Hz and n > 1 bit/s/Hz. This approximation
inherits the one-bit precision of the approximation of the
capacity region of this channel [15]. This work is concluded

by Sec.

II. PROBLEM FORMULATION
A. Channel Model

Consider the fully decentralized two-user interference chan-
nel with perfect channel-output feedback in Fig. [I] Transmitter
i, with ¢ € {1, 2}, communicates with receiver ¢ subject to the
interference produced by transmitter j € {1,2} \ {i}. At each
block, transmitter 7 sends M; information bits b; 1, ..., b; as
by transmitting the codeword X; = (Xi71,...,Xi7Ni)T €
XN, where XV denotes the codebook of transmitter 4 and
N, denotes the corresponding block-length in channel uses.
All information bits are independent and identically distributed
(i.i.d.) following a uniform probability distribution. The chan-
nel output at receiver ¢ is denoted by Y, = (Y; 1,. .. ,Yi)Ni)T
and during channel use ¢, it holds that

Yie = huXie+hij X+ Zig, (D

where Z;, = (Z; 1, ..., Zi)Ni)T represents the noise observed
at receiver ¢. At each channel use ¢t € {1,..., N;}, the noise
terms Z;; are independent real Gaussian random variables
with zero means and unit variances.

The channel coefficient from transmitter j to receiver % is
denoted by h;; and it is assumed to be a real. The channel-
input vector X; = (X;1,...,X;n,)" has zero mean entries
and it is subject to the variance constraint
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with P; = 1 the average transmit power of transmitter <.

A perfect feedback link from receiver ¢ to transmitter ¢,
with finite delay d > 0 channel uses, allows at the end of each
channel use t > d, the observation of the channel output Y; ;4
at transmitter ¢. In the following, without loss of generality,
the feedback delay is assumed to be d = 1 channel use.

The encoder of transmitter ¢ can be modeled as a set of
deterministic mappings fi(l), ey fi(Ni), with fi(l) {0, 1}Mi x
N— X andVet e {2,... N} £ {0, 1M x Nx R —
A, such that

Xi,lzfi(l)(bi,l» -y bin,, ) and €))
Xi,t :fq(t) (bi,lv ceey bi,Mi? Qia 1/;,17 ERE in,tfl)v (4)

where (2; is an additional index randomly generated. The index
Q; is assumed to be known by both transmitter ¢ and receiver
1, while totally unknown by transmitter 7 and receiver j.

At the end of the transmission (of B blocks), receiver 7
uses the sequence Y; 1,...,Y; g, to generate the estimates
lA)Z-,l, ey 131 B M, of the transmitted bits via a decoding function
gi : REN: {0, 1}31\/[7, such that (i)i,h . 7bi,B Mi)T =
9(Yi1,...,Y: gnN,). The average bit error probability at re-
ceiver 7, denoted by p;, is calculated as follows:

1 BM;
pi = BM,; Z ]1{?)11.[7£b11,£}. ®)
{=1

A rate pair (Ry,Ry) € R? is said to be achievable if it
satisfies the following definition.

Definition 1 (Achievable Rate Pairs): The rate pair
(R1,R2) € RZ is achievable if there exists at least one
pair of codebooks XlN ' and XQN > with codewords of length
N; and N,, respectively, with the corresponding encoding
functions fl(l),...,ffN1 and fél),..., 2(N2) and decoding
functions g; and gs, such that the average bit error probability
can be made arbitrarily small by letting the block lengths N;
and Ny grow to infinity.

The Gaussian IC with feedback in Fig. [I| can be fully
described by four parameters: (a) the signal to noise ratios
SNR; = hZ and (b) the interference to noise ratios INR;; =
hfj. The aim of transmitter ¢ is to autonomously choose
its transmit-receive configuration s; in order to maximize
its achievable rate R;. More specifically, the transmit-receive
configuration s; can be described in terms of the number
of information bits per block M, the block-length N;, the
codebook X%, the encoding functions fi(l), cee fi(N'i), etc.
Note that the rate achieved by transmitter-receiver pair 4
depends on both configurations s; and sy due to the mutual
interference naturally arising in the interference channel. This
reveals the competitive interaction between both links in
the decentralized interference channel. The following section
models this interaction using tools from game theory.

B. Game Formulation

The competitive interaction of the two transmitter-receiver
pairs in the interference channel can be modeled by the
following game in normal form:

G = (K { Ak pex {unbex) - ©)

The set K = {1,2} is the set of players, that is, the set of
transmitter-receiver pairs. The sets A4; and A, are the sets of
actions of players 1 and 2, respectively. An action of a player
1, which is denoted by s; € A;, is basically its transmit-receive
configuration as described above. The utility function of player
7is u; : Ay x A2 — R4 and it is defined as the achieved rate
of transmitter ¢,

u; (81, $2) :{

where ¢ > 0 is an arbitrarily small number and R;(s1,s2)
denotes a transmission rate achievable with the configurations
s1 and so, ie., p; < e. Often, the rate R;(s1,s2) is written
as RR; for the sake of simplicity. However, every non-negative
achievable rate is associated with a particular transmit-receive
configuration pair (s1, s2) that achieves it. It is worth noting
that there might exist several transmit-receive configurations
that achieve the same rate pair (R;,R2) and distinction
between the different transmit-receive configurations is made
only when needed.

A class of transmit-receive configurations s* = (s},s3) €
A1 x Aj that are particularly important in the analysis of this
game are referred to as 7-Nash equilibria (n-NE) and satisfy
the following conditions.

Definition 2 (n-NE [22]): In the game G =
(K. A Ak} pexc - {urtrex). an action profile (si,s3) is
an n-NE if Vi € K and Vs; € A;, it holds that

Ri(s1,s2), if pi<e
0, otherwise ’

@)

wi(si,s7) < wi(s],s7) +1. ®)

From Def. 2| it becomes clear that if (s}, s3) is an 7-NE,
then none of the transmitters can increase its own transmission
rate more than 7 bits/s/Hz by changing its own transmit-
receive configuration and keeping the average bit error prob-
ability arbitrarily close to zero. Thus, at a given n-NE, every
transmitter achieves a utility (transmission rate) that is 7-
close to its maximum achievable rate given the transmit-
receive configuration of the other transmitter. Note that if
n = 0, then the classical definition of NE is obtained [21].
The relevance of the notion of equilibrium is that at any 7-
NE, every transmitter-receiver pair’s configuration is n-optimal
with respect to the configuration of the other transmitter-
receiver pairs. The following investigates the set of rate pairs
that can be achieved at an 7)-NE. This set of rate pairs is known
as the n-NE region.

Definition 3 (n-NE Region): Letn > 0. An achievable rate
pair (Ry, Rs) is said to be in the 1n-NE region of the game
G = (K, { A} pexc - {uk}pex) if there exists a pair (s}, s3) €
A1 X Ajg that is an n-NE and the following holds:

ui(sy,s5) = R1  and us(s},s3) = Ro. 9)

The following section studies the 7-NE region of the game G
in (@), with > 0 arbitrarily small, using a linear deterministic
model of decentralized IC.

III. LINEAR DETERMINISTIC INTERFERENCE CHANNEL
WITH FEEDBACK

The linear deterministic approximation of the GIC was
introduced in [30]]. In general, the linear deterministic model



deemphasizes the effect of background noise and focuses
on the signal interactions. Furthermore, as shown in [31],
it provides valuable insights that can be used to study the
corresponding Gaussian model.

The linear deterministic IC is described by four parameters:
ni1,No2, N1z, and na1, where n;; captures the signal strength
from transmitter ¢ to receiver 7, and n;; captures the interfer-
ence strength from transmitter j to receiver <. The input-output
relation during channel use ¢, with ¢ € {1, ..., max(Ny, N3)}
is given as follows:

Yl’t:Sq_nnXl’t + Sq—n12X27t7 and
Y, =8T"" X1, + 87" Xy, (10)
where
¢ = max (n11;n227n127n21) (11)

and X;; and Y, are both g-dimensional vectors whose
components are binary. Additions and multiplications are
defined over the binary field, and S is a ¢ x ¢ lower shift
matrix of the form

Note that at the end of a transmission of B blocks, i.e., B -
max (N7, N2) channel uses, the channel input and channel
output can be represented by the super-vectors

T
T T
Xl:<X§1) ,...,XEB) ) and

(12)
Ygz(Yﬁ”T,.wxﬁBﬂ)T, (13)

where at each block b, it holds that
xV= ()ry? ,“.,JKSKHT)T and (14)
yﬁw::<y§?T, .,yfﬁhT)T, (15)

with X} (@ ) and Y(bt), two g-dimensional binary vectors for
all ¢ € {1 max(Nl,Ng)} and b € {1,...,B}. The
parameters n;; and n;; correspond to |1 logQ(SNRZ—)J and
|2 log(INR;;)], respectively, where SNR; and INR;; are the
parameters of the GIC in Fig. [I| For a detailed discussion
about the connections between the LD-IC and the GIC, the
reader is referred to [32].

A. Preliminaries and Existing Results

In the following, some of the existing results used to fully
characterize the n-NE region of the LD-IC-FB are briefly
presented. These results are described using the notation
adopted in this paper and it might be different from the one
used when they were first introduced.

1) Capacity of the LD-IC without Feedback: The capacity
region of the two-user LD-IC without feedback is denoted by
Crpic and it is fully characterized by Lemma 4 in [32].

Lemma 1 (Lemma 4 in [32]]): The capacity region Crpic
of the LD-IC without feedback corresponds to the set of non-
negative rate pairs (Ry, Ry) satisfying

R; < ng, with i € {1,2},
R+ Ry < (n11 —ni12)™ + max(ngg, n12),
Ry + Ry < (n22 —mo1)™ + max(nyy, noy),
Ri+ Ry < max (nzu (n11 — ”12)+)
+max (niz, (n2 —n2)*), (16)
2R1 + Ry < max (nq1,n921) + (n11 —na2)t
+max (n12, (n22 —n21) "),
Ri + 2Ry < max (ngg, niz) + (na2 —no1) ™

+ max (7121, (TL11 — n12)+).

Note that the capacity region shown in Lemma [I] is a
particular case of the capacity region presented in [33] that
applies to a larger class of deterministic interference channels.

2) n-NE Region of the LD-IC without Feedback: The n-NE
region of the linear deterministic interference channel without
feedback is denoted by NVipic and it is fully characterized in
[25] in terms of the set

Brpic = {(RlaRQ) €ER*: L; <R, <U,Vic {1,2}} ;

(17)
where, Vi € {1,2},
L (i —nij) ", (18)
l’j, dﬁf Ni; — min (Lj,’flij) lf nij < TL”,(lg)
v min ((nw — Lj)Jr, n“) if M5 > Nij

Using this notation, the 7-NE region Nppic is formalized
by the following lemma.

Lemma 2 (Theorem 1 in [25|]]): The n-NE region of the
two-user LD-IC without feedback Nipic is

Nipic = Bupic NCrpic. (20)

3) Capacity of the LD-IC with Feedback: The capacity
region of the linear deterministic interference channel with
feedback is denoted by Cy,pic/rp and it is fully characterized
by Corollary 1 in [15].

Lemma 3 (Corrollary 1 in [15]]):  The capacity region
Cupic/rB of the two-user LD-IC with feedback corresponds
to the set of non-negative rate pairs (Ry, R2) satisfying

Ry <min (max (mag, mao), max (m, n2n) ), @1)

Ry <min (max (s, non ), max (nas, m12) ), 22)

Ry + Rp<min (max (naz,nz1) + (ma1 = nar) ", (23)
(

max 7111,7112) (n22 —n12)+).



2n - 2n-m
2(n-m) 2m
1 n 1 2
0<0z<§ ‘o, §<a<3
N poeesasess: 2(n-m) .,
L=v e ’ ]
n-2m o m .,
0O n-2m L:UR n 2(n-m)2n-m 0422 O0 L U 2(n-mn2m 2n-m
1 1
=
n
2n-m m
1 9 = m N 1<a<?2
Ry
U
& &
2(n-m)
m-n
0 2n-m 0O m-n n m
Ry

Fig. 2. Illustration of Cpp1c (red dotted line), N1,pic (solid blue line), Cr,pic /FB (green dotted line), and Nipic /FB (magenta solid line) in all interference

regimes.

B. Main Result

The n-NE region of the LD-IC with feedback and 7 arbi-
trarily small is denoted by Nipic ,FB- In order to define the
set M.pic /FB, first consider the following open set:

BLDIC/FB = {(Rl,Rg) eR?: (Lz — 77)+ < R, Vi€ {1,2}}
(24)
where L; is defined in (I8). The main result for the LD-IC
with feedback is stated in terms of the sets Bypic/rp and
CLpIC/FB-
Theorem 1: Let n > 0. For a two-user linear deterministic
IC with feedback, the n-NE region N1 pic JFB satisfies

Nwipic/re = Brpic/re N CLpic,rB- (25)

The proof of Theorem [I]is presented in Sec. However,
before presenting the proof, some important observations are
discussed.

Note that the lowest individual rate achievable at an 7)-NE,
ie., (L; —n)™T, is the same with and without feedback. That
is, Vi € {1, 2},

inf Nipre = inf Nipio/es = (Li = mt. (26)
These two observations unveil several important facts. On the
one hand, this implies the following inclusion:

Nwipic € Nipic/rs- (27

As shown by the examples in the next section, strict inclu-
sion holds for all interference regimes in the symmetric case.
Conversely, strict equality holds in particular cases, consider
for instance, a non-symmetric case in which ny; = ney =
n >0, noy = 2n and nyy = 0.

On the other hand, the equality in (26) also shows that
increasing the space of actions by letting both transmitter-
receiver pairs choose whether to use or not the observations
of the previous channel-outputs via the feedback link does not
induce new NEs with lower individual rates. This statement
might appear obvious, however, it has been shown that increas-
ing the set of actions of players might reduce their individual
rates or even the sum-rate at an NE. In particular, this effect
has been observed in the parallel Gaussian IC and parallel
Gaussian MAC when transmitters are allowed to use larger
sets of transmit-receive configurations [27], [34]. In the general
realm of game theory, this effect is often referred to as a
Braess-type paradox [35]]. Fortunately, Braess-type paradoxes
do not appear in the game G = (K, {Ax},cxc - {tr}rex)-

A final observation is that in some cases, all Pareto optimal
rate pairs of the capacity region Cppic/rp are achievable at
an NE. The following lemma formalizes this observation.

Lemma 4 (Sum-Rate Optimality): In the game G =
(Ko Ak} per s {uktyex ), the n-NE region Nipic/rp, with
n arbitrarily small, includes all the set of sum-optimal rates
pairs (R, Ra) of the capacity region Cypic/rs, if and only



(n22 — n21) " = (naz — n12) "< (12 — 1) ™ (28)

—(ng1 —n11) " )+ and

(n11 —n12) " — (n11 — n21) "< ((n21 — n22) ™ (29)

— (n1a —na2) ")

The proof of Lemma [] is presented in Appendix [A] Lemma
M) highlights that there exist cases in which the set of sum-
optimal rate pairs of the capacity region is not entirely inside
the n-NE region. An interesting observation from Lemma 4] is
that if the direct links have larger capacity than the cross-
interference links, i.e., n;; > max(n;;, n;;), then the set
Nipic ,FB includes all the sum-optimal rate pairs only if the
capacities of the cross links are identical, i.e., ne; = nis.

The following section presents some examples to provide
some intuition about the impact of feedback in decentralized
ICs using a symmetric channel.

C. Examples

Consider a symmetric linear deterministic IC with perfect
channel-output feedback in which, n = ny; = ngy and m =
n19 = Neo1, With normalized cross gain o = % The regions

Croic, Nipic, Crpic/rs, and Nppic/rp are plotted in Fig. 2]

for different interference regimes, i.e., very weak interference
(0 < o < 1), weak interference (1 < o < 2), moderate
interference (% < a < 1), strong interference (1 < a < 2)
and very strong interference (o > 2), respectively.

From Fig. 2] it becomes clear that at least in the symmet-
ric case, the use of feedback increases the number of rate
pairs that are achievable at an NE in all the interference
regimes. Another important observation from Fig. [] is that,
at least in the symmetric case, all the sum-optimal rate pairs
are achievable at an NE when feedback is available. This
drastically contrasts with the case in which feedback is not
available, i.e., in the LD-IC without feedback. Note that Fig.
shows that when 0 < a < %, only one rate pair of the
infinitely many sum-optimal rate pairs is achieved at an NE
in the LD-IC without feedback. Alternatively, in the strong
interference regime, i.e., o > 1, NLDIC/FB = Crpic/rB and
NMipic = Crpic, and thus, all the achievable rates of the IC
with and without feedback are also achievable at an NE in the
symmetric case.

1) Achievability in the Very Weak Interference Regime:
Consider the scenario of very weak interference, for instance,
let o = %, with m = 2 and n = 6. From Theorem 1 it follows
that the 7-NE region is Nipic/rg = {(R1,R2) € R?
ViR, 2 4, Ry + Ry < 10} In Fig. the region NLDIC/FB
corresponds to the convex hull of the points (4,4), (6,4) and
(4,6). The rate pair (4,4) is achieved by treating interference
as noise and the use of feedback is not required; the rate pairs
(6,4) and (4,6) are achieved when one of the transmitter-
receiver pairs uses feedback to cancel the interference of the
other.

a) Achievability of (4,4): The rate pair (4,4) is achiev-
able when both transmitters use their top (n — m)* = 4
levels, which are interference-free, to transmit new bits at
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Fig. 3. Coding scheme for achieving the rate pair (4,4) at an NE in the

symmetric LD-IC with feedback, with n = 6 and m = 2.
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Fig. 4. Coding scheme for achieving the rate pair (6,4) at an NE in the

symmetric LD-IC with feedback, with n = 6 and m = 2.

every channel use. Note that any attempt by a transmitter to
increase its rate by using its m = 2 lowest levels would
bound its probability of error away from zero since those
levels are subject to the interference of the m = 2 top levels
of the other transmitter (see Fig. 3). For transmitter 1 (resp.
transmitter 2) to be able to use its m = 2 bottom levels,
transmitter-receiver pair 1 (resp. transmitter-receiver pair 2)
must implement an interference cancellation technique, e.g.,
channel-output feedback. However, as shown in the following
example, this would at most, guarantee the same rate of 4 bits
per channel use. Thus, these receive-transmit configurations in
which transmitters use their top (n —m)™ = 4 levels form an
NE. Interestingly, as seen in Fig. 2] this is the worst 7-NE in
terms of both individual rates and sum-rate.

b) Achievability of (6,4) and (4,6): The rate pair (6, 4)
is achievable at an NE when transmitter 1 uses all its n = 6
levels to transmit new bits at each channel use, while trans-



mitter 2 uses the following transmit-receive configuration: (a)
At channel use t, the top m = 2 levels of transmitter 2 are
used to re-transmit bits that have been sent by transmitter 1
during channel use ¢ — 1 and that have produced interference
in the bottom m = 2 levels of receiver 2; (b) The bottom
(n —m)T = 4 levels are used to transmit new bits at each
channel use. Note that at channel use ¢, with ¢ > 1, the top
bits of receiver 2 are used to clean the interference affecting
the m = 2 bottom bits in channel use t — 1. Note also
that canceling the interference produced by bits a; and aq
at receiver 2 during channel use ¢ = 1 requires transmitter 2
to re-transmit a1 and ao over its m = 2 (interference-free) top
levels during channel use ¢ = 2. A key observation is that,
when transmitter 2 retransmits a; and ay during channel use
t = 2, these bits produce interference at receiver 1 that can be
cancelled since a; and ay are received interference-free during
channel use ¢t = 1. The same occurs with bits a; and ag during
channel uses ¢ = 2 and so on. Hence, for each interfering bit
that transmitter 2 re-transmits on its top m levels per channel
use, it allows transmitter 1 to transmit a new bit per channel
use in the corresponding level of its m bottom levels. Thus,
when transmitter-receiver pair 2 uses feedback, it benefits in
the sense than it can cancel the interference and use its m
bottom levels. However, it unintentionally benefits transmitter-
receiver pair 1 as it is allowed to increase its individual rate.

Remark 1: Note that transmitter-receiver pair 1 achieves

arate Ry = % = 6 bits per channel use and transmitter-
receiver pair 2 achieves a rate Ry = ‘“\][\372_4 = 4 — 7 bits per

channel use, with n = NAQ, as in the first and the last channel
use only 2 new bits are transmitted. Hence, the strategy
described above is an n-NE as the strategy in which the top
(n —m)T = 4 levels of transmitter 1 are used to transmit
new bits at each channel use would achieve a rate R}, = 4
bits per channel use. That is, an improvement of n = NAQ
is feasible by unilateral deviation of transmitter-receiver pair
2. However, such an improvement 1 can be made arbitrarily
small by transmitter-receiver pair 2 by increasing its block-

length Ns.

Remark 2: Note that when transmitter-receiver pair 2 uses
feedback to re-transmit at channel use ¢ the bits that produced
interference during channel use ¢ — 1, it does not increase its
own transmission rate, indeed it decreases by n = Niz bits per
channel use, with respect to a transmit-receive configuration in
which it transmits new bits over the (n—m)* = 4 top levels at
each channel use. Hence, since the improvement is bounded
by n = N% bits per channel use, it indifferently uses either
configuration at an 7-NE. However, for each interfering bit that
transmitter 2 re-transmits on its top m levels per channel use, it
allows transmitter 1 to transmit a new bit per channel use in the
corresponding level of its m bottom levels. From this point of
view, transmitter-receiver pair 2 exhibits an altruistic behavior.
That is, it uses an alternative action that is n-optimal with
respect to its own individual interest, but it allows transmitter-
receiver pair 1 to achieve a higher transmission rate.

2) Examples in the Strong Interference Regime: Consider

the scenario of strong interference, for instance, let o = %

with m = 3 and n = 2. From Theorem [I] it follows that

the 7-NE region is Nyipic/rs = {(R1,R2) € R? : ViR; >
0, R1 + Ry < 3}. In Fig. [2] the region Ny pic/rp corresponds
to the convex hull of the points (0,0), (3,0) and (0, 3). The
rate pair (0, 0) is achieved when interference is treated as noise
and feedback is not required; the rate pairs (3,0) or (0,3)
are achieved when one of the transmitter-receiver pairs uses
feedback. As a complementary example, the achievability of
the rate pairs (2,0) and (0,2) is presented to highlight the
relevance of the random indices Q; in (3).

a) Achievability of (0,0): The rate pair (0,0) is achiev-
able as an NE when transmitter ¢, with ¢ € {1, 2}, uses all its
levels to send at each channel use randomly generated bits that
are uniquely known by transmitter ¢ and receiver ¢. The fact
that these bits are known by the intended receiver implies that
it does not exists an effective transfer of information, which
justifies Ry = Re = 0. This transmit-receive configuration is
an NE. This is due to the fact that in the strong interference
regime, all levels of receiver ¢ are subject to the interference of
transmitter j. Hence, simultaneous transmission and reliable
decoding of new bits at each channel use is simply not
possible. Moreover, no individual deviation from this strategy
increases the individual rates.

Remark 3: Note that transmitting randomly generated
bits known at the intended receiver does not increase the
rate of the corresponding transmitter-receiver pair and does
not bound the probability of error away from zero in case
they are not decoded. However, at the non-intended receiver,
these randomly generated bits produce interference and thus,
constrain the other transmitter from sending new bits at each
channel use. Interestingly, if the random bits are not sent by
transmitter 1, transmitter 2 would be able to send new bits and
achieve a rate Ry > 0.

Transmitter-receiver pair ¢ can increase its own rate when
either transmitter-receiver pair j does not transmit or when
it re-transmits its interfering bits, as shown in the following
example.

b) Achievability of (3,0) and (0, 3): The rate pairs (3,0)
and (0, 3) are achievable as an NE when one of the transmitters
uses all its m = 3 levels to transmit new bits at each channel
use and the other transmitter re-transmits these bits at each
channel use ¢ + 1 (see Fig. [5). Without any loss of generality,
let Ry = 3 bits per channel use. Under this condition, it
follows from (2I)-(23) that the maximum rate that transmitter-
receiver pair 2 can achieve is Ry = 0 bits per channel use.
The key observation is that transmitter 2 does not increase its
own rate by sending new bits to its own receiver. Hence, either
it remains silent or it re-transmits the channel-output fed back
by receiver 2 and in both cases it achieves a rate Ry = 0.
Nonetheless, when transmitter-receiver pair 2 re-transmits the
interfering bits, it provides an alternative path from transmitter
1 to receiver 1 and thus, it allows the achievability of R; = 3
bits per channel use.

Remark 4: Note that in this case the use of feedback by
transmitter-receiver pair 2 is strictly beneficial to transmitter-
receiver pair 1 as it allows the achievability of a rate R} = 3
bits per channel use. Nonetheless, it does not increase nor de-
crease the rate of transmitter-receiver pair 2. Hence, since there
does not exist a strict improvement in the rate of transmitter-
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Fig. 5. Coding scheme for achieving the rate pair (3,0) at an NE in the

symmetric LD-IC with feedback, with n = 3 and m = 2.

receiver pair 2 by the use of feedback, this transmit-receive
configuration can be seen as an altruistic decision, while it
still constitutes an NE.

D. Proof of Theorem [I]

To prove Theorem [I] the first step is to show that a rate pair
(R1, Ry), with R; < L; —n and i € {1, 2}, is not achievable
at an n-equilibrium for an arbitrarily small 7. That is,

Nwipicyrs € Cupic/rs N Brpic,ri- (30)

The second step is to show that any point in Cppic/rg N
Brpic/rp can be achievable at an n-equilibrium V7 > 0. That
is,

Nvipic/rs 2 Crpic/re N BLpic/re, (€29

which proves Theorem [T}

1) Proof of (30): The proof of is completed by the
following lemma.

Lemma 5: A rate pair (R1, Ra) € Crpic/rp, With either
R, < ((nu —np) " — 77>+ or Ry < ((nzz —ngy) " — 77>+
is not achievable at an n-equilibrium, with n > 0 arbitrarily
small.

Proof: Let (si,s5) be an 7)-NE transmit-receive con-
figuration pair such that users 1 and 2 achieve the rates
R1(s%, s5) and Ra(s7, s3), respectively. Assume, without loss
of generality, that Ry (s}, s5) < ((n11 —npg)t = n)Jr. Then,
let s§ € A; be a transmit-receive configuration in which
transmitter 1 uses its (ny; — n12)+ top levels, which are inter-
ference free, to transmit new bits at each channel use ¢. Hence,
it achieves a rate Ri(s},s3) > (n11 —ni2)". Note also
that the utility improvement R (s}, s3) — Ri(s},s3) > n is
always possible independently of the current transmit-receive
configuration so of user 2. Thus, it follows that the transmit-
receive configuration pair (s}, s3) is not an n-equilibrium. This
completes the proof. ]

2) Proof of (BI): To continue with the second part of the
proof of Theorem |1} consider a modification of the feedback
coding scheme presented in [15]. The novelty consists of
allowing users to introduce some random symbols into their
common messages as done in [25] for the case of the IC
without feedback. Let X; = {0, 1}™ax(ni:m5i) be the set of

all possible binary vectors of dimension max(n;;,n;;). Let
" and X,.c = {0,1}™ be the
sets of all poss1ble bmary vectors of dimensions (n;; — nji)*'
and nj;, respectively, such that X; = X; p x & ¢. Thus, at
each channel use ¢, transmitter ¢ sends the bits X,; € Xj.
Vector X; ; € &, can be expressed as a concatenation of the
components of the vectors X; , p € X; p and X, ; ¢ € X ¢.
The bits in X ; ; p are exclusively seen by receiver i in the
case in which n; > n;; and thus, they play the role of a
private message. The bits in X; ; ¢ are seen either by both
receivers or at least by receiver j. Thus, in the case in which
these bits X; , ¢ are seen by both receivers, they play the
role of a common message. Let the message index Wl(b)
{1,...,2M:} during block b be expressed in terms of indices
W(F), € {1,....2NFr} and W € {1,...,2VFc ), that
is, W(b) (Wz(lg, W( )) The rate R; p is the number of bits
excluswely and rehably decoded by receiver ¢ per channel use;
and the rate I2; ¢ is the number of bits reliably decoded by at
least receiver j per channel use, respectively. More specifically,
R Rz p+ R1 ,C = IV[

The encoding of the message index Wi(b), during block
b, is made following Markov superposition coding. At the
end of channel use ¢t — 1, transmitter 7 decodes from the

feedback signal Ygf)t)il, the common symbol sent by trans-

mitter j, i.e., X;t) 1,c- Using Xg'?t)fl,

symbol x® i t 1,c» transmitter ¢ uses the encoding functions
f(t) 2N7¢R,;,c} > {1 2N'R7' R} N

{0,1}"™* to generate the next common symbol ngt) c =

Fo (X0 0 X0 0o w,0), with the symbols of
the first block X; (1 )C and X§ 8 o» as well as, the symbols

of the last block X . and X(7)

J,N;,C?
receivers. Q\” € {1,...,2NiRir} is the index of the ran-

domly generated message index that is assumed to be known
by both transmitter ¢ and receiver i. R; r is the rate that
represents the number of transmitted bits that are known by
both transmitter ¢ and receiver ¢ per channel use. To gener-
ate, X;; p, transmitter ¢ uses the encoding function fi(_?g :
Xio X Xjo X Xio x {1,...,2NBupYy 5 10 1} mi=nsa) "
such that X p = £ (X, 0, X)) 0. X0 0 WD),
Note that the rate I; g does not have an impact on the
number of bits effectively transmitted by transmitter-receiver
pair ¢ as IR; g bits are already known by receiver ¢ in each
channel use. This superposition coding implies that the pair
of symbols (ng’t)_l_c,XE.f’g_Lc) determines a center of a
cloud of symbols, the symbols X z(bt)C determines a smaller
cloud of symbols inside the previous cloud and finally, the
private symbol index Wi(fg determines a private symbol inside
the smaller cloud. This coding scheme is referred to as a
randomized Han-Kobayashi coding scheme with feedback and
it is thoroughly described in Appendix
The proof of uses the following results:

¢ and its own common

,cXchx{l

known at both

o Lemma [6] proves that the randomized Han-Kobayashi
scheme with feedback achieves all the rate pairs

(R1, R2) € CLpic/FB;



o Lemmal(7]provides the maximum rate improvement that a
transmitter-receiver pair can obtain when it deviates from
the randomized Han-Kobayashi scheme with feedback;

o Lemma [§] proves that when the rates of the random
components Ry r and Ry r are properly chosen, the
randomized Han-Kobayashi scheme with feedback is an
n-NE, with n > 0; and

o Lemma [9] shows that for all rate pairs in Cppic JFB N
Bipic/re there always exists a randomized Han-
Kobayashi scheme with feedback that is an n-NE and
achieves such a rate pair.

This verifies that CLDIC/FB n BLDIC/FB - NLDIC/FB and
completes the proof of (3T).

Lemma 6: The achievable region of the randomized
Han-Kobayashi  coding  scheme  with  feedback in
the linear deterministic IC is the set of tuples
(Rl,C,Rl,R,Rl,P,R2,C,R2,R,R2,P) that satisfy the
following conditions:

Ric+ Rir < nop

Ry p < (ngg —nia)t
Ric+Rip+Royc+Ryp < max(nii,niz)
Roc+ Ror < nig

Rip < (nig —na)t
Roc+ Rop+ Ric+Rir < max(nag, n21)~(32)

The proof of Lemma [¢] is presented in Appendix [B]

The set of inequalities in (32) can be written in terms of the
transmission rates Ry = Ry p+Ri ¢ and Ry = Ry p+ Ry ¢,
which yields the following conditions:

Ry R < nog,

Ri+Rir < max(ni1, no1),

Ry +Ror < max(ni1,n12),

Ri+ Ry+ Rop < max(nig,niz) + (n2e — ni2)t,
Rar < nag,

Ry + Ror < max(nez, n12),

Ry + Rir < max(nez, n21),

R + Ry + RLR < max(n227n21) + (nu - n21)+.

(33)
Note that V(Ri,R2) € Crpic/rs. there always exists a
Rl,R > 0and RQ)R > 0, such that (Rl, RI,R7 Ry, RQ’R) satis-
fies the conditions in (33). Therefore, the relevance of Lemma
E] relies on the implication that any rate pair (R, Rp) €
Crpic/rB is achievable by the randomized Han-Kobayashi
coding scheme with feedback, under the assumption that the
random common rates R r and Ry r are chosen accordingly
to the conditions in (33).

The following lemma shows that when both transmitter-
receiver links use the randomized Han-Kobayashi scheme with
feedback and one of them unilaterally changes its coding
scheme, it obtains a rate improvement that can be upper
bounded.

Lemma 7: Let n > 0 be an arbitrarily small number and
let the rate tuple R = (Ryc — ¢, Rir— ¢, Ri,p— ¢, Ra,0c —
&, Ror — &, Rop — L) be achievable with the randomized
Han-Kobayashi coding scheme with feedback such that R, =
Rip+Ric— %77 and Ry = Rop + Rac — %77. Then, any
unilateral deviation of player i by using any other coding

scheme leads to a transmission rate R; that satisfies

- 2
R;<max (n;;,n:5) — (Rj,c + Rj.r) + 37 (34)

Proof: From Lemma [f] it is known that for all rate
tuples (Ri, R2) € Crpic/rp there always exists a rate tu-
ple R = (Rl,C7R1,R7R17P7R2707R2,R7R27P)’ with Ry =
Rip+ Ric and R = Ry p + Roc that satisfies (33).
Assume that both transmitters achieve the rates R by using the
randomized Han-Kobayashi scheme with feedback described
in Appendix

Without loss of generality, let transmitter 1 change its
transmit-receive configuration while transmitter-receiver pair 2
remains unchanged. Let B denote the number of blocks sent
by both transmitters after the transmit-receive configuration
change of transmitter-receiver pair 1. Note that this new
configuration can be arbitrary, i.e., it may or may not use
feedback, and it may or may not use any random symbols. It
can also use a new block length Nl # Nj. Hence, the total
duration of this transmission is

T = Bmax(Ny, Ny) (35)

channel uses. Denote by Wl(b) and Q(lb) the message in-
dex and the random index of transmitter-receiver pair 1
during block b after its deviation, with b € {1,...,B},

wi = (W o) and @ = (Y, 07)
- o ) T\' -
Let also ng) = (X(lbi ,...,X(ﬂvl ) and X(lb) =

()

- T T
<Y§i s Y R > be the corresponding vector of out-

puts of transmitter 1 and inputs to receiver 1 during block b,
with X ibfn and f/'ibzn two g-dimensional binary vectors for all
me{l,..., Ny} and for all b € {1,..., B}. Hence, an upper
bound for R; is obtained from the following inequalities:

TR, = H (W)= H(W|Q))

=1(wix, 7o)

- (1 ~ (B
+1 (wie, v, 7))

o-(1)

(a) = (B) /
< I (W1;X1 NN &) ‘Ql) + T61(N7)

= (1) = (B) = (1)
ZH(X1 . ) |91)—H(X1 e
+T61(Ny)

(b)
g T - max (TLH, n12)

= (1) = (B)
-H (Xl a"'axl |W1791) +T51(N{)a

=(B)
7X1 ‘Wlaﬂl)

(36)

where, R
(a) follows from Fano’s inequality, as the rate R; is
achievable by assumption, and thus, the all message in-

dices Wl(l),.. ,Wl(B) can be reliably decodable from

~ ~ (B '
xﬁ”,...,xi ) and €2, after the deviation of transmitter-

receiver pair 1; and

(b) follows from the fact that for all b € {1,...,B} and

forall m e {1,..., Ny}, Y v vY e <
~ (b ’ ’

H(Ygzn) < max (ni1,m12).



To ( )reﬁne this upper bound, the term
1

H (21 ,...7Z§B)|W1, Ql> in (36) can be lower bounded.

Denote by Wz(bg and Qg’) the common message index and
the random index of transmitter-receiver pair 2 during block
b after the deviation of transmitter-receiver pair 1, with

Wao = (Wel, ..., W) and Qo0 = (00, Q).
Hence, the following holds:

T(R2,c + Rar) = H(W2 0, Q)

D HWac, Q| W1, Q)

— IWae, @YV, Y |W1,Ql)
+H(W20,QQ|X1 N 2 Wl,Ql)

QI Wae 2.7 Y W)

+ (WQC,QQW1 S A W1791,X§1)7...7X§B))
Drwoe 0¥V, YW )

+ H(Wao, Q| X0), ;Bg,Wl,Ql,Xg),...,XﬁB))

~ (1) -

< I(W207927 yee X \W1,91)+T5(N2)
<HYY, . Y \Wi, )+ Te(Ny), (37)
where,

(d) follows from the independence of the index messages
w®, o W, ol forall be{1,...,B}:

(e) follows from the fact that the output of transmitter
1 at the m-th channel use of block b is a determin-
istic function of W and the previous channel outputs
DRI o ngi,...,ifff?,l,

() follows from the signal construction in (I0); and finally,
(g) follows from Fano’s inequality as the message indices
W(%) and Q(l) Q(B) can be reliably decoded
by receiver 1 using the 51gna1s X gé, o X gBC) as transmitter-
receiver pair 2 did not change its transmit-receive configura-
tion.

Substituting into (36), it follows that:

Ry <max (n11,m12) — (Ra,c + Ra.r) + 61(N7) + d2(Na).

Note that 61(]Sf1) and d5(N2) are monotonically decreasing
functions of N; and N,, respectively. Hence, there always
exists an 7 > 0, such that

2
— (Ra,c + Ro,r) + 37

The same can be proved for the other transmitter-receiver pair
2 and this completes the proof. ]

Lemma [7| reveals the relevance of the random symbols 24
and )5 used by the randomized Han-Kobayashi scheme in the
construction of the common words X gb)c and X gb)c during
block b, respectively. Even though the random symbols used
by transmitter j do not increase the effective transmission
of data of the transmitter-receiver pair j, they strongly limit
the rate improvement transmitter ¢ can obtain by deviating by
the randomized Han-Kobayashi scheme. This observation can

Ry <max (n11,n12)

be used to show that the randomized Han-Kobayashi scheme
with feedback can be an 7-NE, when both R; g and R3 g
are properly chosen. For instance, for any achievable rate pair
(R1, R2) € Brpic/rs N Crpic,/ra. there exists a randomized
Han-Kobayashi scheme with feedback that achieves the rate
tuple R = (Ric— ¢, Rir— ¢, Ri,p — RQ c— ¢ Ror—
& Rop — 1), with R; = RLP +R;, 77 and 7 arbltrarlly
small. Denote by R; max = max (1, n”) (Rjc+Rjr)+ 317
the maximum rate transmitter-receiver pair ¢ can obtain by
unilaterally deviating from its randomized Han-Kobayashi
scheme. Then, if Ri,max — R; < n, any improvement obtained
by either transmitter deviating from its randomized Han-
Kobayashi scheme is bounded by 7. The following lemma
formalizes this observation.

Lemma 8: Let n > 0 be an arbitrarily small number and
let the rate tuple R = (Ryc — ¢, Rir—§,R1,p— &, R2,.0 —
& Ror — ¢, Rop — ) be achievable with the randomized
Han-Kobayashi coding scheme with feedback and satisfy Vi €

{1,2},

2
Rip+Ric2L; — 37 and (38)

2
RzC+RzP+R C+R]R maX(nu,nz])‘f’?)?? (39)

Then, the rate pair (R, Ra), with R; = R, c + R, p —
a utility pair achieved at an n-NE equilibrium.

Proof: Let (s7,s3) € A1 x Az be a transmit-receive
configuration pair, in which the individual strategy s; is a
randomized Han-Kobayashi scheme with feedback satisfying
conditions (38)-(39). From the assumptions of the lemma,
it follows that (si,s3) is an n-NE at which uq(s],s3) =
Ri,c+ Rip — 31 and us(s},s3) = Re.c + Rop — 3.
Consider that such a transmit-receive configuration pair
(s1,s5) is not an n-NE. Then, from Def. [2| there exist at least
one i € {1,2} and at least one strategy s; € A; such that the
utility u; is improved by at least n bits per channel use when
player 7 deviates from s} to s;. Without loss of generality, let
1 = 1 be the deviating user and denote by R, the rate achieved
after the deviation. Then,

%77 is

- 2
ui(s1,85) = R = ui(s],83)+n = RI,C+R1,P+§77- (40)

However, from Lemma [/} it follows that

N 2
Ri<max (ni1,n12) — (Re,c + Ro.r) + 3 (41)
and from the assumption in (39), with i = 1, i.e.,
2
Ry c + Ry r = max(nii,ni2) — (Ri,c + Ri,p) + 37 (42)
it follows that
Ri<Ri ¢+ Rip, (43)

which is a contradiction for any 1 > 0, given the initial
assumption (@0). Hence, this proves that there does not exist
another coding scheme that brings an individual utility im-
provement higher than 7. Note that from (38), with i = 1, it
follows that
Ric+Rip> )" 44)

1
(n11 —MNi2 —+ gT}



Then, combining and (@4), it yields Roc + Rop <
nio + %n. This verifies that there always exists a rate Ra g
that simultaneously satisfies (38)-(39) and the corresponding
conditions in (32). The same can be proved for the other
transmitter-receiver pair. This completes the proof. ]
The following lemma shows that all the rate pairs (Ry, R2) €
Crpic/rB N Brpic/rp can be achieved by at least one 7-NE.

Lemma 9: Letn > 0 be an arbitrarily small number. Then,
for all rate pairs (Ry, Ry) € Crpic/rs N Brpic/rs, there
always exists at least one n-NE transmit-receive configuration
pair (s3,s3) € Ay x Ag, such that uy(s},s5) = Ry and
uz(s7, s3) = Ra.

Proof: From Lemmal[§] it is known that a transmit-receive
configuration pair (s}, s3) in which each player’s transmit-
receive configuration is the randomized Han-Kobayshi scheme
with feedback satisfying conditions (38)- is an 7-NE and
achieves any rate tuple (Ri.c, R1,r, R1,p, R2,c, R2.r, R2. p).
Thus, from the conditions in (32), (38)-(39), it follows that

Ric+Rip > (n11 —ni2) ™,
Ric+ Rir < nay,

Ry p < (na2 — n12)+ )
Ric+Rip+ Rec+ Rer = max(nii,nia),

(45)

Roc + Rop > (n22 —no1)t,

Ry c+ Raor < nig,

R p < (nuy —nar) ",

Rg7c + RQ,P + Rl,C’ + Rl,R = maX(ngg, 7121).

The region characterized by (@3) can be written in terms of
Ri = Ric+ Ri,p and Ry = Ry ¢ + Ry p. This yields

Ry > (n11—ni2)t

Rir < Noy

R+ Rir < max (ny1, n21)

R+ Rar < max (n11,n12)
Ri+Ry+Rer < max(nii,niz) + (nos — 7112)+
Ry > (nag —mno1)t

Ro g < N

Ro+ Ro R < max (ng2,n12)

Ry + Ry R < max (n22,n21)

Ry+ Ry + Rig < max(ng2,na1)+ (n11 — ng1) "

Finally, it is proved by inspection that for all (Ry, Rp) €
Cupic/rB NBrpic/re, With R; = R; o+ R; p and i € {1,2},
there always exist an By g > 0 and an Ry g > 0 such that
conditions @]) are always met and thus, the rate pair (R1, R2)
can be achieved at an n-NE. This completes the proof. ]

E. Discussion

In this section, some properties of the 7-NE transmit-receive
configurations are highlighted. For this purpose, special no-
tation is introduced. At each channel use ¢, the channel
input vector X;; in (I4) can be written as the concate-
nation of three vectors: X,;;p, X;;c and X,;;p, ie,
X = (Xlt,C,XIt7P,XIt7D)T, as shown in Fig.
specifically,

More

e X, . c contains the levels at transmitter ¢ that are ob-
served at both receiver ¢ and receiver j and thus,

dim Xi’t’C:miH (TL“', TLjZ‘) ] (46)

e X, p contains the levels at transmitter ¢ that are ob-
served only at receiver ¢, and thus,

dim X; ¢ p=(ni; —n;)"; and 47)

e X, . p contains the levels at transmitter ¢ that are ob-
served only at receiver j, and thus,

dim Xi’t_’D:(nji — nii)Jr (48)

Note that vectors X; ; p and X;; p do not exist simultane-
ously. The former exists when n;; > nj;, while the latter
exists when n; < nj;. Vector X;;c can be written as
the concatenation of two vectors: X; ¢ 1 and X, ; ¢, i€,

T
T T
Xitc= <Xi,t,C1’ Xi)t’CQ) . Vector X ; ; c1 (resp. X ¢,c2)
contains the levels of X; ; ¢ that are seen at receiver ¢ without
any interference (resp. with interference of transmitter 7).

Hence,

dim XM,Cl:min ((n” — nij)+ ,’I’Lji> s and (49)

dim X”,ngmin (nii, nﬂ) — min ((n” - nij)+ ,nji) .

Vector X ;. p can also be written as the concatenation
of two vectors: X;;p1 and X,;;po, ie, X p =

7

T T .
(XM,Pl,Xi,t’PQ) . Vector X ; ¢ p1 (resp. X; ; po) contains
the levels of X;; p that are seen at receiver i without any
interference (resp. with interference of transmitter 7). Hence,
)" (50)

. +
dim X,‘7t,p1:<(nii — Mg — ’I’Lij) and

+
dlm Xm,pg:min ((n“ — ’flji)+ ,nij> (51)

The channel output Y;; can also be written as a con-
catenation of two vectors: Y,y and Y, p, ie., Y;; =

7
(YIt,U,YIt,D> . Vectors Y; ; p and Y; ; 7 contain the le-
vels in Y, ; that are received with and without the interference
from transmitter j, respectively. Hence,

dimY;v=(ny; —ni )", (52)

dim Yi,t,D:nij. (53)

Using this notation, the first property of an n-NE transmit-
receive configuration is highlighted by the following remark.

Remark 5: A necessary condition for a transmit-receive
configuration pair (s}, s5) to be an 7)-NE, is that independently
of s;f, s7 requires that the levels X;;c1 and X, p1 are
used at each channel use t either to transmit new bits to
receiver ¢ and increase the individual rate; or to re-transmit
bits previously transmitted by transmitter j that are needed
at the receiver ¢ for canceling interference. This reasoning is
aligned with intuition as these levels are seen interference-free
at receiver 7. If s} does not use these bits for at least one of
these two purposes at each channel use, there always exists
another configuration that does this and thus, it contradicts
the fact that (s, s3) is an 7-NE, with # arbitrarily small.

Remark 6: All levels in X;; c2 are potentially subject
to the interference of transmitter j. Hence, if at an 7-NE,
transmitter j is interfering at levels X;; co with bits that
are independent of bits previously sent by transmitter ¢, no
new bits can be sent by transmitter 7 via X; ; c2 to increase
its individual rate, as the interference cannot be cancelled.
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Fig. 6. Different components of channel input X ; ; =

interference regime (d) and very strong interference regime (e).

Alternatively, if transmitter j is interfering at levels X; ; c2
with bits previously sent by transmitter ¢ or not interfering at
all, then new bits are sent by transmitter ¢ at each channel
use via X; ; co. This implies that there exists a set of NEs
transmit-receive configurations in which some levels (or all
levels) in X;; c2 are not used to transmit new information.
Similarly, all levels in X, ; p are seen only by receiver j.
Thus, if transmitter j does not re-transmit these bits to receiver
i, these levels are not used by transmitter ¢ to send new bits at
each channel use ¢. Hence, there exists a set of NEs at which
some levels (or all levels) in X; ; p are not used by transmitter
i to increase its own rate.

Finally, from Remark 5 and Remark 6, it becomes clear
that for every bit of interference that is cancelled by receiver ¢,
transmitter ¢ needs to re-transmit the corresponding interfering
bit via a level that is being reliably decoded at receiver «.
Hence, the same rate can be obtained by a transmit-receive
configuration in which feedback is not used. However, as both
configurations provide the same rate, transmitter-receiver pair
1 indifferently uses either of them, as it does not make any
difference with respect to the utility function in (7). Nonethe-
less, the situation is dramatically different for transmitter-

(Xi,t,c7Xi,t,P7Xi,t,D and channel output Y'; ; =
t € {1,...,max(Ny, N2)} and ¢ € {1, 2}, in the very weak interference regime (a

1,t,C1 Y
Xitc } LU
X1t.c2{
Yi:ip
Xip Xl,t,PQ{
X201 Y
X2,t4,C s 2,t,U
Xotcof
Yo
Xt p 2‘t7P2{ "
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X101
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X240 {

X1,ciX1,02{
Xl,t,D{

Xo A X200
X2,t,D{

(Yi,t,U:Yi,t,D) at channel use ¢, with
, weak interference regime (b), moderate interference regime (c), strong

receiver j when transmitter-receiver pair ¢ decides whether
to or not to re-transmit interfering bits. Indeed, for every
bit that transmitter-receiver ¢ decides to retransmit to cancel
interference, transmitter-receiver pair j gains one additional bit
per channel use. This is basically because that re-transmitted
bit has been already reliably decoded by receiver j and thus,
its interference can be cancelled. This highlights the altruistic
nature of using feedback, as first suggested in [29].

IV. GAUSSIAN INTERFERENCE CHANNEL WITH FEEDBACK

This section presents an approximation to within 1 bit per
channel use of the n-NE region of the GIC with feedback
(GIC-FB), with n > 1 bits per channel use. This result is given
in terms of existing inner and outer bounds of the capacity
region of the GIC-FB, which are briefly described hereunder.

A. Preliminaries and Existing Results

The following definition provides a formal description of a
class of bounds known as “approximation to within b units”.

Definition 4 (Approximation to within & units): A closed
and convex region X C R} is approximated to within £ units
if there exist two sets X and X such that X C X C X and



xn) € X then (v — )T, ... (v, —&)7T) €

Ve = ($1,...,

[

Using Def. [ existing results can be easily described.

1) Capacity Region of the Gaussian IC: The capacity
region of the real GIC without feedback is denoted by Cgic.
An exact characterization of Cgrc is known only for the case
of the very weak interference regime [36], [37], [38] and the
very strong interference regime [39]], [40]. In all the other
regimes, the capacity region is approximated to within half
a bit per dimension [41]] (see Def. ). The approximation in
[41] is given in terms of two regions: (a) A region R that
is achievable with a “simplified” Han-Kobayashi scheme; and
(b) an outer bound of the capacity region, denoted by R. The
full descriptions of both R and R are available in [41]].

2) n-NE Region of the Gaussian IC: The n-NE region of
the GIC without feedback is denoted by NMgic and it has been
approximated to within half a bit per dimension in [25]]. This
approximation is given in terms of two other regions: (a) Bqic
that acts as an inner bound; and (b) Bgic that acts as an outer
bound. Here, for the case of the real GIC, it follows that

Bare={(R1,Rs) : L; < R; < Uy, i € {1,2}},
Baie={(R1, R2) : L; < R; < max {01- - 1,L¢} ie{1,2}},
and
1 SNR; >
o=y og 1+ 17 INR,, 54
and

~ 1
Ui:§ min <10g (1 + SNRl + INR”)

[SNRJ» — max (INR;;, SNR ‘/INRijrr)
1+ INR;; + max (INR,,, SNR, /INR,;) |’

3t

—log | 1+

log (1 + SNR;) > . (55)

Note that L; is the rate achieved by the transmitter-receiver
pair ¢ when it saturates the power constraint in (2) and treats
interference as noise. Following this notation, the 7-NE region
of the two-user GIC can be written as in the following lemma.

Lemma 10 (Theorem 2 in [25]]): Let n > 0. The n-NE
region of the two-user GIC Ngic is approximated to within
half a bit per dimension by the regions RNBac and RNBaic
and thus, R N Baic C Ngic € RN Bgic.

3) Capacity Region of the Gaussian IC with Feedback: One
of the approximations of Cqic/rp is given by Suh and Tse in
[15]. This approximation is to within one bit (Def. ) for the
case of the real GIC and it is given in terms of two regions:
(a) a region Ry achievable with a simplified Han-Kobayashi
scheme with feedback that uses block Markov encoding and
backward decoding (Theorem 2 in [15]); and (b) an outer-
bound region (Theorem 3 in [15]), denoted in the following
by Rrp. The set of rate pairs (Ry, Ry) € Ryp satisfy the

following set of inequalities for a given p € [0, 1]:

1
Ry < log (1 + SNR, + INRys + 2p\/SNR11NR12>
1
= 56
3’ (56)
1 1 SNR; )
< = _ -
Ry < 5 log (1 + (1 — p)INRo1) + 3 log (2 + NRy,
-1, (57)
1
Ry < log (1 + SNR, + INRy; + 2p\/SNR2INR21>
1
= 58
3’ (58)
1 1 SNR, )
< = _ —
Ry < 5 log (1 + (1 — p)INRy2) + 5 log (2 + INR,,
1 (59)

SNR
Ry + Ry < 1)-

1
S gloe (2 * INRy,
1
+5log (1 + SNRy + INRoy + 2p\/SNR21NR21),
L SNR, )
Sl (2 T NRy, /) 1
1
+5 log (1 4 SNR; + INRys + 2,0\/SNRIINR12).

The region ﬁEB is an outer bound of the capacity region, i.e.,
Caic )FB © Rpp. The region Rpp is the set of rate pairs
(R, Ro) that satisfy the following set of inequalities, with
p€l0,1]:

1
Ry < S log (1 + SNR; + INRys + 2p\/SNRlINR12),(62)

(60)

Ri+ Ry <

(61)

1
Ry < G log (1+ (1~ p*)INRyy)
1 (1— p?)SNR, )
+§ log <1 + 1+ (1= p2)INRay (63)
1
Ry < 7 log (1 + SNR; + INRy; + 2ps/SNRQINR21) ,(64)
1
Ry < 3 log (1+ (1 — p*)INR;2)
1 (1 — p?)SNR, )
+§ log (1 + 1+ (1— p2)INRs (65)
1 (1 — p?)SNR;, )
< glog (1
Ri + Ry og < + 1+ (1= p2)INRay (66)
log (1 + SNR, + INRy; + 2p\/SNRQINR21) and
1 (1 — p?)SNR, )
<-log(1
Ri+ Ry < g( I AN (67)

1
+5 log (1 + SNRy + INRys + 2p\/SNR11NR12).

The approximation of Cqic/rp is described in terms of Rpp
and Ryp by the following lemma for the case of the real GIC.

Lemma 11 (Theorem 4 in [15]):  The capacity region
Ccic/rB is approximated to within one bit by the regions
EFB and RFB'

B. Main Results

In this subsection, the n-NE region of the real GIC-FB
Naic /FB is approximated to within one bit per channel use



(Def. @), with n > 1 bit per channel use. ‘This approximation
is given in terms of three regions: Rpp, Rrp and Baic/rs,
where the closed region Bgic JFB 18

Beaic/ps={(R1,R2) : (Li —n)" < Ri, i € {1,2}},(68)

with L; given by (34). Using these elements, the main result
is given by the following theorem.

Theorem 2 (n-NE Region of the GIC with Feedback): Let
n = 1. Then, the 1-NE region Ngic/vp of the real Gaussian
interference channel with perfect output feedback is approx-
imated to within 1 bit by the regions Rpg N Bgic/rp and
Ry N Bgic/rp and it satisfies:

Rpg N Baicrs € Naicyrs € Res N Baicyrs. (69

It is worth noting that Theorem [2] is analogous to Theorem
[l In the case of the LD-IC-FB (Theorem [I)), the n-NE region
is fully characterized for any 1 > 0 arbitrarily small. In
the case of the decentralized real GIC-FB (Theorem [2), the
1n-NE region is approximated to within 1 bit and for any
n > 1. This implies that for all (Ry, Rz) € Ngic/rp, any
unilateral deviation from the equilibrium strategy that achieves
these rates does not bring a rate improvement larger than 1
bit per channel use. The relevance of Theorem [2] relies on
two important implications: (a) If the pair of configurations
(s1, $2) is an 1)-NE, then players 1 and 2 always achieve a rate
equal to or higher than (L; —n)* and (Ly —n)*, with Ly and
Lo as in (54), respectively; and (b) There always exists an 7)-
NE transmit-receive configuration pair (s1,s2) that achieves
a rate pair (Ry(s1,$2), Ra(s1,$2)) that is at most 1 bit per
channel use per user away from the outer bound of the capacity
region.

C. Proof of Theorem 2]

The proof of Theorem [2] closely follows along the same
lines as the proof of Theorem [I] In the first part of this proof,
given an 7 > 0, it is shown that R; > (L1 —n)" and Ry >
(L — )™ are necessary conditions for the rate pair (R, R2)
to be achievable at an 7-NE. That is,

Neicyrs € Ree N Baic/re- (70)

In the second part of the proof, it is shown that any point in
Rpp N Baic rp is an n-NE, with n > 1, that is,

Rep N Baicyrs € Naic/rs, (71)

which proves Theorem [2]
1) Proof of {0): The proof of is completed by the
following lemma.
Lemma 12: A rate pair (Ry, R2)

either R1 < (% log(l + 15&?12) - 77)
SNRo

+
1 . .

(5 log(1 + Pmgsr) — 77) is not an n-NE, for a given n = 0.

Proof: Let (s7,s3) be a transmit-receive configuration
pair such that users achieve the rate pair R; = Ry(s},s5)
and Ry = Ry(s},s3), respectively, and assume (s}, s3)
is an 7-NE. Hence, from Def. 2] it holds that any rate
improvement of a transmitter-receiver pair that unilaterally
deviates from (sj,s3) is upper bounded by 7. Without loss

€ Cqic/rp, With
or Ry <

14

, +
of generality, let R (s},s5) < <%10g(1 + IEE\IRle) — 77) .

Then, note that independently of the transmit-receive configu-
ration of transmitter-receiver pair 2, transmitter-receiver pair
1 can always use a transmit-receive configuration s} in which
transmitter 1 saturates the average power constraint (2)) and
interference is treated as noise at receiver 1. Thus, transmitter-
receiver pair 1 is always able to achieve the rate R(s},s3) =
Llog(1+ 1_&&1}{112 ), which implies that a utility improvement
R(s),s5)— R(s7,s3) > n is always possible. Thus, from Def.
the assumption that the rate pair (R;(s7, s3), Ra(s7,s3)) is
an n-NE does not hold. This completes the proof. [ ]

2) Proof of (71): Consider the randomized Han-Kobayashi
scheme with feedback introduced in Sec. for the case of
the LD-IC model. This coding scheme can be extended to the
Gaussian case by letting & p and X; ¢ be the set of private
and common codewords of length NV; symbols for transmitter
i such that VX, € X0, 7 BE[X!cXic] < Aic and
VX p € X;p, §-E[X] pXip] <\ip. The terms \; p and
Ai,c are the fractions of power assigned to the common and
private codewords, i.e., A\; ¢ +A; p < 1. As suggested in [15],
the fraction A; p is chosen such that the interference produced
at receiver j is at the level of the noise, ie., A\; pPINR;; <1

and thus, Vi € {1, 2},
, 0.

This choice of the power allocation reproduces the main
assumption of the linear deterministic model in which the
private messages, when they exist, do not appear in the
other receiver as they are seen at a lower or equal level
than the noise. More interestingly, note that by using this
power allocation, transmitter ¢ uses message splitting only
in the very weak, weak and moderate interference regimes
(INR;; < SNR;). For instance, in the very weak interference
regime, e.g., INR;; < 1, no common message is used by
transmitter ¢ as the channel between transmitter ¢ and receiver
7 has a very small capacity and thus, it privileges the private
messages, i.e., A\; p = 1. In the very strong interference
regimes (INR;; > SNR;), transmitter ¢ uses the alternative
path provided by feedback to communicate with receiver ¢, i.e.,
the link transmitter i - receiver j - transmitter j - receiver i,
and thus, no private message is used, i.e., A; p = 0.

The proof of is immediate from the following lemmas.
In particular, Lemma @] states that the randomized Han-
Kobayashi scheme with feedback achieves all the rate pairs
(R1,R3) € Rpp; Lemma provides the maximum rate
improvement that a given transmitter-receiver pair achieves
by unilateral deviation from the randomized Han-Kobayashi
scheme with feedback; Lemma [T3] states that when the rates
of the random components I; r and R» g are properly chosen,
the randomized Han-Kobayashi scheme with feedback forms
an 7-NE, with 7 > 1; Lemma|16|shows that RpgNBgic/r C
Naic ,FB; and finally, Lemma states that the regions
Rpp N Baicyre and Ryp N Bgic/re approximate the 7-NE
region within 1 bit, and this completes the proof of (71).

Lemma 13: The achievable region of the randomized
Han-Kobayashi  coding  scheme  with  feedback in

(72)
otherwise.



the GIC-FB is the set of non-negative rates
(Ri,c,R1,r, R1,p, Ra,c, Ro.r, R2 p) that satisfy, Vi € {1,2}
and p € [0,1],

1
Ric+Rig < log (14 (1= p)INRy;) — 5, (73)
SNR; 1
Zog (2 2 4
Rip < 5 1o ( +INR]-1-) -, (74)
Ric+ Ri,P +Rjc+ Rjr (75)

1 1
< 3 log (1 + SNR; + INR;; + 2p SNRiINRij> ~3

The proof of Lemma is presented in Appendix [C] The
set of inequalities in Lemma can be written in terms of
Ry = Ric + Ri,p and Ry = Ry ¢ + Ry p. This yields the
following set of conditions:

1
Rin <3 Liog (1 r(1- )INR21) -5, (76)
Ri+ Rip < Liog (1 . )INRgl)
SNR,
1 _1
+5 log (2 n INRzl) : 77)
|

Ry + Ry < log (1 ¥ SNR1 + INRys

+2p\/SNR11NR12) - (78)

1
Rog < log (1 . )INng) -5 (79)
Ry+ Ror < 5 Lo (1 . )1NR12)
SNR,
,1 2 _
tyoe ( + INR12) ’ (80)
1

Ry + Ry n <  log (1 n SNR2 + INRy,

+2p\/SNRQINR21) - 81)

SNR

Ri+Ry+ Rop < log (2+ INR;) (82)

+§ log (1 + SNRy + INRys + 2p«/SNR11NR12> -

SNR

Ro+Ri+Rig < log (2 n INR;l) (83)

+§ log (1 + SNR, + INRg; + Qp\/SNRQINRgl) 1.

It is worth noting that for any rate pair (R;, Rs) that satisfies
(o) - - that is V(Ri, R2) € Ryp, there always exist a
Ri g > 0anda Ry g > 0 such that that (R1, Ry r, Rz, Ro.r)
satlsﬁes - (83). This implies that any rate pair (R;, R2) €
Rypp is also achievable by the randomized Han-Kobayashi
scheme with feedback as long as the rates %y g and Ry R
are properly chosen.

The following lemma determines the maximum rate im-
provement that can be achieved by a transmitter that unilater-
ally deviates from a strategy pair in which both transmitters
use the randomized Han-Kobayashi scheme with feedback.
The statement of the lemma as well as its proof are analogous
to Lemma [7] in the LD-IC-FB case.

Lemma 14: Let the rate tuple R =
(Ri,c,Ri,r,R1,p,Rac,Ra.r, R2.p) be achievable with
the randomized Han-Kobayashi coding scheme with feedback
such that Ry = Ry p + R1,c and Ry = Ry p + Ra . Then,
any unilateral deviation of transmitter-receiver pair i by
using any other coding scheme leads to a transmission rate
R; that satisfies

-1
—(Rjc + RjR).

Proof: From Lemma [I3] it is known that for all rate
tuples (R1,R2) € Rpp there always exists a rate tuple
R = (Ric,Rir,Ri1p,Roc,Ror,Rop) , with Ry =
Ri.p+ Ric and Ry = Ry p+ Ry ¢ that satisfies - ([3).
Assume that both transmitters achieve the rates R by using
the Han-Kobayashi scheme following the code construction in
(I26) and the power allocation (123) - (I23)), in Appendix [C]

Without loss of generality, let transmitter 1 change its
transmit-receive configuration while the transmitter-receiver
pair 2 remains unchanged. Let B denote the number of
blocks sent by both transmitters after the transmit-receive
configuration change of transmitter-receiver pair 1. Note that
the new transmit-receive configuration of transmitter-receiver
pair 1 can be arbitrary, i.e., it may or may not use feedback,
and it may or may not use any random symbols. It can also
use a new block length N; # Nj. Hence, the total duration
of the transmission after the deviation is

T = Bmax(Ny, Ny)

(84)

(85)

channel uses. Denote by Wl(b) and ng) the message index
and the random index of transmitter-receiver pair 1 during
block b after its deviation, with b € {1,...,B}, W; =

(W(l) W(B)) and ; = (Q(ll),...,QgB)) Let also
x\ = (X{”f, LX) and ¥ = (Yf”f,.. v

be the corresponding vector of outputs of transmitter 1 and
inputs to receiver 1 during block b. Hence, an upper bound
for R, is obtained from the following inequalities:

TR
=H (W) =H (W)

~ (1 B
:I(Wl;Y(l),.. v )|nl)

1 ~ (B
+H(W1|QlaY§ )77Yl )>
(a) 1 ~ (B
<1 (Wl,Yﬁ),...,Yﬁ )|Ql) 4T (N))

:h(ff(l),...,f/lB)ml) h( v ,?§3)|W1,Ql)

+ 161 (Ny)
)T
< 5 lOg (2’/T€(]. —+ SNR1 + INR12 + 2\/ SNRllNR12))
- (1 - (B
—n (V7w an) + T (), (86)
where,

(a) follows from Fano’s inequality, as the rate Ry is
achievable by assumption, and thus, the all message in-
dices Wl(l), .,Wl(B) can be reliably decodable from



~ (B
Ygl),...,Yi ) and €2; after the deviation of transmitter-

receiver pair 1; and
(b) follows from the fact that for all b € {1, ..., B} and for all
= (b) |<-(1 b = (b
me{l,...,T} h(Yl(nzz‘Yl(,l)v > Yl(TZL 1) < h(Yl(rZL) <
% log (271'6(1 + SNR; + INR12 + 2v/ SNRllNRm)).
To refine this upper bound, the term

h (}751), cey l~/'§B)|W17 Q1> in (B6) can be lower bounded.

Denote by WQ(% and Qéb) the common message index and
the random index of transmitter-receiver pair 2 during block
b after the deviation of transmitter-receiver pair 1, with

Waco = (Wi, Wid)) and Qo0 = (08, ..., Q7).
Hence, the following holds:
T(Ra,c + Ro,r) = HWa,c,Q2) (87
d
D H(W.0, QW Q)

(1) = (B)
_I(W2C7Q27Y1 a"'7 |W1791)
+H (WQC,QQ|Y(1) (B) W, )

(1 (B)
—I(W20,927Y1)a--- [W1,84)

(1) ( ) = (1) = (B)
+H(WQC,QQ|Y1 Y wa,x xS )

= (1) ~ (B)

(:) I(WZ,C7927Y1 5 |W1791)
+H(W2,C,92\Y (B) W Xil),...,)ZiB))
9 = (1) = (B)
< I(WQ’C,QQ;Yl ,...,Yl |W17Q1)+T(5(N2)
(h) ~ (1 ~ (B 1
S n@Y PP W00+ 7 (50) - L logs(2re))
where,

(d) follows from the independence of the index messages
w® o w ol forallbe{1,...,B};

(e) follows from the fact that the output of transmitter 7 at
the m-th channel use of block b is a deterministic function of
W and the previous channel outputs Y( ) LY

( f; follows from the signal construction m (@, WsLuclh that
b= 1 ,m + h’lle r)n’ with Yl(l?rn - h12X2 7)n + Z£b7)n;

(g ) follows from Fano’s inequality as the message indices

Wé%, e WQ(E';) and Qél), e Q(B) can be reliably decoded

B
by receiver 1 using the signals Yg ),.. Yg ), and ; as

transmitter-receiver pair 2 did not change its transmit-receive

configuration and by assumption of the lemma the rate tuple

R is achievable; and finally,

(h) follows from the

W@ P WL, W e, Qo) > Llog,(2re).
Substituting into (86), it follows that:

fact that

~ 1
Fu<log (1+ SNRy + INRiz + 2y/SNR1INR12) (88)
— (RQ’C + RQ)R) + (51(N{) + (52(N2).

Note that §; (~N 1) and 02(N3) are monotonically decreasing
functions of N; and Ns, respectively. Hence, in the asymptotic

regime, it follows that:

~ 1
R1<§ log (1 + SNR; + INRj5 + 24/ SNRllNng)

—(R2,c + Ra,R) - (89)
The same can be proved for the other transmitter-receiver pair
2 and this completes the proof. [ ]

Note that if there exists an 7 > 0 and a rate tuple
R = (R1,07 Rl,R, Rl,p, RQ,c, RQ,R; RQ,P) achievable with
the randomized Han-Kobayashi coding scheme with feedback,
such that R; — (Ri,c+ R;.p) <, then the rate pair (R1, R2),
with Ry = Ry ¢+ R1,p and Ry = Ry ¢+ Rs p, is achievable
at an n-NE. The following lemma formalizes this observation.

Lemma 15: Let 7 > 1 and let the rate tuple R =
(Rl,Ca RI,R7 Rl,Pa Rgﬁc, RQ’R7 R27p) be achievable with the
randomized Han-Kobayashi coding scheme with feedback. Let
also p € [0,1] and Vi € {1, 2},

R1P+ch

SNR; ) (90)

g1 S

08 + 1+ INRij

Ric+ Rip+ Rj,c +R;Rr On
1

1
=5 log (1 + SNR; + INR;; + 2p/SNR;INR;;) — 3

Then, the rate pair (R1,R3), with R, = R;c + R, p is a
utility pair achieved at an 1-NE.
The proof of Lemma [I3]follows the same steps as in the proof
of Lemma

Proof: Condition (90) is a necessary condition for the
rate tuple (R1, R2) to be an 7-NE, for any value of > 1
(Lemma . Let s7 € A; be a transmit-receive configuration
in which communication takes place using the randomized
Han-Kobayashi scheme with feedback and R; r and Rp g
are chosen according to condition @]) with 7 = 1 and
1 = 2, respectively. From the assumptions of the lemma such
a transmit-receive configuration pair (s}, s3) is an 7-NE and

u;(sy,s85) =R, =Ric+Rip

1
1
2’

92)

—(Rjc + Rjr) —

where the last equality holds from (@I). Then, from Def. [2
it holds that for all ¢ € {1,2} and for all transmit-receive
configuration s; # s} € A;, the utility improvement is upper
bounded by 7, that is,

u;(si, 87) — ui(s,s7) <. 93)
Without loss of generality, let ¢ = 1 be the deviating
transmitter-receiver pair and assume it achieves the highest
improvement (Lemma [14)), that is,

u(s1,85)=

1
3 log (1 + SNR; + INRjs + 24/ SNRllNng)
— (R2,c + Ra.r) - (94)



Hence, replacing and in (93), it yields

uy(s1,83) — ui(sy, s3)

1
= 5 log (14 SNRy +INR; + 24/SNR;INR15)

1 1
-5 log (1 + SNR; + INR1s + 2pv/SNR1INR15) + 5

95)

where (a) follows from the fact that A = 3 log (1+SNRy +
INRy2 + 2v/SNR1INR12) — 3log (1 + SNRy + INRyp +
2pv/ SNRllNRu) + 1 satisfies the following inequality:

J— \/7
A:} log 1 + 2(1 p) SNRllNRm
2 1+ SNR; + INRj2 4 2pv/SNR4,INR 5
1
5
1 9./SNR;INRy; |
<Llog (1 -
2 Og( T1ESNR, +INRy; ) T2
1 SNR; -+ INRys > 1
<log (1 -
5 Og( T IESNR, +INR;,/ T2
] ]
<log(2) + =
5 og (2) 5
-1, (96)

This verifies that any rate improvement by unilateral deviation
of the transmit-receive configuration (s}, s3) is upper bounded
by any 7 arbitrarily close to 1, i.e., n > 1. The same can
be proved for the other transmitter-receiver pair and this
completes the proof. ]

The following lemma shows that all the rate pairs
(R1,R) € Rpp N Baic/rp can be achieved at an 7)-NE,
with n > 1, by a randomized Han-Kobayashi scheme with
feedback, and thus, Rpp N Baic/rs € Naic/re-

Lemma 16: For all rate pairs (R, Ra) € RpgNBaic/rss
there always exists at least one 1-NE transmit-receive confi-
guration pair (s7,s5) € Ay x Ag, with n > 1, such that
u1(sy, s5) = Ry and us(s?, s3) = Ro.

Proof: A rate tuple (RLCH Rl,Ra Rlyp, R21C7 RQ’R, Rg’p)
that is achievable with the randomized Han-Kobayashi scheme
with feedback satisfies the inequalities in - [73). Addi-
tionally, any rate tuple (R1 ¢, R1 r, R1,p, Ro.c, Ro,r, Ro,pP)
that satisfies - [73), ©0) and (OI) is an #-NE (Lemma
[I3). A Fourier-Motzkin elimination of inequalities - ).

and leads to the following set of inequalities:

1 1
Rip < 5log (14 (1= p)INRa1) — o ©7)
1 1
Ry r < 3 log (14 (1 — p)INR42) — By 98)
Ry + R27R < (99)
1 1
5 log (1 + SNR1 + INR12 + 2[)\/ SNRllNng) — 5
1 SNR; )
e
Ri+Rir 5 108 + INRyy
1
+5 log (14 (1 = p)INRy;) — 1 (100)
1 SNR; )
2 — - -
Ry > ;log (1 TN (101)
Ri+Ryr >
1
5 108 (14 SNRy + INRy3 + 2pv/SNR1INR )
1
~3 log (1+ (1 — p)INRq2), (102)
Ry + Ry r <
1
5 log (14 SNR; + INR5; + 2p1/SNR,INR1)
1
—— 103
5’ (103)
1 SNR; )
< —
Ry + Ry < 3 log (2 + INRy,
1 1
+§ log (14 (1 — p)INR43) — 3 (104)
1 SNR; )
> -
Ry > ;log (1 TN (105)
1
Ry + R g 2> 3
log (1 + SNRz + INRoy + 2py/SNR2INRa;1 )
1
—5 log (14 (1 — p)INRz1) (106)
1 SNR; )
> =1 (2 107
Ri+Ro+ Ror 5 108 + INR,, (107)
1
+§ log (1 + SNR; + INR15 + 2p+/ SNRllNng) -1
1 SNR; )
R R Rigp> -1 (2 108
1+ o + R1 R 9 og + INRy, (108)

1
+§ IOg (1 + SNR2 + INR21 + 2[)\/ SNRQINRQl) — 1.

Finally, it is verified by inspection that for any rate pair
(R1,Rs) € Rpp N Bgic e, there always exists a Ry g > 0
and a Ry p > 0 such that inequalities - are also
satisfied. Thus, V(R1, R2) € Rpp N Baic/re, the rate pair
(Ry, Ry) can be achieved at an 7-NE, with > 1. This
completes the proof. [ ]
It is worth highlighting that for all rate pairs (R1, R2) €
EFB mBGIC/FBa it also holds that (Rl +2, Ry + 2) € ﬁFB N
Baicr- This is formally stated by the following lemma.

Lemma 17 (n-NE region within 1 bit): Let n > 1. Then,
the n-NE region Ngic JFB Of the Gaussian interference chan-
nel with perfect output feedback is approximated to within 1
bit by the regions RFB N BGIC/FB and ﬁFB N BGIC/FB'



Proof: From Theorem 4 in [15], it follows that
V(Ry,Ry) € Ryg it holds that (R; — 1,Ry — 1) € Rpp.
Hence, since Rpp N Bgic/rs € Rypp and Rrg N Baic/rs
Res, it follows that V(Rl, Rg) € Rrp N BGIC/FB it holds
that (R — 1, Ry — 1) € Rpp N Baic/re- This completes the
proof. [ |

V. CONCLUSIONS

In this paper, the -NE region of the two-user decentralized
linear deterministic interference channel with feedback has
been fully characterized for > 0 arbitrarily small. Using
this initial result, the 7)-NE region of the two-user decentral-
ized Gaussian interference channel with feedback has been
approximated to within 1 bit for » > 1. The main conclusions
of this work are twofold: (¢) The n-NE region achieved with
feedback is larger than or equal to the NE region without
feedback. (i) The use of feedback allows the achievability at
an 7)-NE of rate pairs that are at a maximum gap of 1-bit per
channel use of the outer bounds of the capacity region even
when the network is fully decentralized.

Some interesting questions that remain unsolved and be-
come directions for future work are the following: (i) Theorem
and Theorem [2] do not provide any insight into the unique-
ness of the 7-NE strategy pair (s1, s2) that generates the rate
pair (R1(s1,s2), R2(s1,52)). Indeed, it is possible that an-
other equilibrium transmit-receive configuration pair (s, s5)
generates the same rate pair, i.e., (R1(s1,52), R2(s1,52)) =
(R1(sh,85), R2(s), s5)). Theorem [I| and Theorem [2| do not
characterize the set of NE transmit-receive configurations but
the set of rate pairs observed at any of the possible n-NE of
the decentralized GIC with feedback. The characterization of
all the transmit-receive configuration pairs (s1, $2) that are 7-
NE:s is still an open problem. (i7) An interesting question that
remains open is how to achieve an NE in the case in which
players do not know the set of strategies of all the other players
and only local information is available. The intuition obtained
from the results presented here leads to imply that other tools
different from those brought from information theory and
game theory would be needed to solve these questions. Finally,
(#i1) despite recent results in the centralized case [20], [19],
[18] and decentralized case [42], [43]], it is worth mentioning
that very little can be said about the benefits of feedback in the
NE region of interference channel when the feedback links are
impaired by noise or when the number of transmitter-receiver
pairs is larger than two.

APPENDIX A
PROOF OF LEMMA [4]

This appendix provides a proof of Lemma @] The proof
relies on the fact that the capacity region Cypic,/rp and the 7-
NE region Npic /B are defined by the intersection of at most
5 half-planes: one upper bound and one lower bound (positive
rates) for each individual rate, Ry and Rs; and one upper-
bound on the sum R; + Ry. The intersection of these half-
planes defines a polygon that can be a pentagon, a quadrilateral
or a triangle as shown in Fig. [/| The upper-bound R; < U;
is never strictly active. In particular, note that the hyperplane

Fig. 7. Tlustration of the rates RJ{ and R;.

that defines the upper-bound on R; + R, satisfies the following
equalities:

Ry + Ry= min (max (naa, na1) + (m1 — 1) ", (109)
ma (11, m12) + (n22 1) ).
= min (max (nag,na1) + (n11 —na1) ™,
max (nas, n12) + (1 — n12)+)
= min (max (n11,n91) + (122 —na1) ™,
max (n11,n12) + (naa — n12)+).

Denote by RJ{ (resp. R;), the maximum rate at which
transmitter 1 (resp. transmitter 2) can transmit informa-
tion to receiver 1 (resp. receiver 2) when transmitter
2 (resp. transmitter 1) transmits information at a rate

Rg = min ( max (ngg,ngl),max (ngg,n12)> (resp. Rl =

min (max (nn, nlg),max (nn, n21))); see Fig.

Hence, all the sum-optimal rate pairs of Cppic/rp are
included in the 7-NE region Nypic/rp if L1 < RI and
Lo < R;, where,

RI:H’IIH (III&X(’/ij7 nij) + (TL” — nij)Jr ,max(njj, nﬂ)(IIO)
+ (n” - nji)Jr ) — min (maX(Tij, lei), max(njj, TLZ])) .
Hence, L; < Rj if and only if

+
(nii = nij) " = (i —n5i) "< ((njz‘ —nj5) = (nij — "jj)) :
(111)

which completes the proof.

APPENDIX B
PROOF OF LEMMA [6]

This appendix provides a description of the randomized
Han-Kobayashi scheme with feedback used in Sec. [[II] and
provides a proof of Lemma [0

Codebook Generation: Fix a  joint  prob-
ability distribution p(U,Uy,Us, X1, X5) =
p(U)p(U1|0)p(U2|U)p(X1|U, Uy )p(X2|U, Us). Generate
oN(RicthirthsotRar)  jjd. N-length  codewords



UJSS’T) = (u1(s,7),...,un(s,r)) according to p(u(s,r)) =

IT plwn(sm)

m=1
re{l,...,2NRectRar)y,

2N(R1,C+R1‘R)} and

, with s € {1,...,

For encoder 1, for each codeword u(s,r),

generate  2N(FictFir)  jid. N-length  codewords

wi(s,m k) = (u11(s,mk),...,u1,n(s,7,k)) according
N

to p(ui(s,r k)|u(s,r))

H p(ul,m(s» r, k)‘um(sv T))’

m=1
with k € {1,...,2N(Fr.e+F1r)} For each pair of codewords
(w(s,r),ui(s,7,k)), generate 2V(F1.P) ijd. N-length code-
words (s, 7k, 1) = (z11(s,mk,1),...,21 n(s,7,k,1))
according to  p(x1(s,r Kk, D)|u(s, ), ui(s,rk)) =

N
H P(x1m (8,7 K, D um (8,7), u1,m(s, 7, k)), with
m=1
le{l,...,2NBr}

For encoder 2, for each codeword wu(s,r),
generate  2N(F2ctR2r)  jjd. N-length codewords
wua(s,m,q) = (u21(s,7q),...,u2,n(s,7,q)) according

N

o p(uz(s, 7, q)lu(s,r))

H p(ulm(S, T q)‘um(& T))?

m=1
with ¢ € {1,...,2N2.c+R2.r)1 For each pair of codewords
(w(s,7),us(s,7,q)), generate 2V(F2.r) jjd. N-length code-
words w2(57 rq, Z) = (IQ,l(Sa r.q, Z)7 ... 7$2,N(Sa 7,4, Z))
according to p(mg(s,r,q,z)|U(s,7’),u2(S,T, q)) =
N

H p(:vgm(s, Ta Q7 Z)|Um(8, 7"), Ug,m(S, Ta Q))’ Wlth
m=1

z€{l,...,2NRpPY

Encoding: Denote by W\” € {1,...,2N(RictRir)} and
Qgt) € {1,...,2NBir} the message index and the random

message index of transmitter ¢ during block ¢, respectively.
Let Wi(t) = (Wz(g,W(t)) be the message index composed
of the common message index Wz(tc) € {1,...,2NRic}
and private message Wi(;), € {1,...,2NRir} Let also
(W2, ) e {1,... 2NRic+Rin)} be the (joint) index
of the common message and common random message
sent by transmitter ¢ during block ¢, respectively. Consider
Markov encoding with a length of 7' blocks. At block
t € {1,...,T}, transmitter 1 sends the codeword wgt) =
t—1 t—1 t—1 t—1 t t t
zy (WD, Q" weh,ef ), wi. o), wi).
where W(c): = s* Q(O) = wf, WQ(O) = r*, Qéo) = w;,
W(T) = [* and QéT) = wj.

T N T
WD = &k, Qf ) _
The 4tuple (s*,k*,wl, LA 2) e {1,...,2NRc)2 x
{1,...,2NBurY % {1,...72NR210}2 x {1,...,2NR2r} g

predefined and known at both receivers and transmitters. It
is worth noting that the message index WQ(tCT Y is obtained
by transmitter 1 via the feedback of y(lt_l) at the end
of block ¢ — 1. That is, for ¢ > 1, (Wy'cV, ¥ Y) =

(Wéfél), QQH)) € {1,...,2™F2c+R2r)} which are the only

indices that satisfy

(u((Wffc‘”,Q?‘”x Wi 08 )),

—2 —2 -2 -2 -1 -1
w (W7, Q) (Wi, 0l =), (wii Vel ™)),

(112)

_2 -2 -2 -2 -1 -1
2 (WP, 0, (Wi, el =), W'D, el ),

WD) ua (W2, 012, (Wi, ol =),
S

where Ag") represents the set of jointly typical sequences
under the assumption that W2(f0_2) and Qét_ ) have been
decoded without errors at transmitter 1 during the previous
block. Transmitter 1 knows W52, Q=2 wliZ? =2
Lo o1 s W s s
W(t D and Qgtil).
le 7...,Q§T) are known by transmitter and receiver 1
and thus, it does not represent an effective transmission of
information. Conversely, indices Qg), . ,Q;T_l) are ignored
and thus, must be estimated. Transmitter 2 follows a similar
encoding scheme.
Decoding: Both receivers decode their messages at the
end of block 7' in a backward decoding fashion. At each
step t € {1,...,T}, receiver 1 estimates the message

Moreover, the random message indices

indices (Wl()T(;t), QgTﬁt), Wé)T(;t), QéTﬁt), Wl(?;;t)) €
{1,...,2NBuey x {1,... 2NFur} x {1,...,2NR20} x
{1 2NR2 R} x {1 2NR1 P} The tuple

(W(T g Q(T R W(T 2 Q(T 2 W(T t)) is the unique
tuple that satlsﬁes

& (T— T— 2 (T—t) A(T—
(u( L0, 00, (20,0 0),

1(
(
(<Wf,Tc V,0{"), 05", 057),
( N Q=1 ngt))?
us

(113)

WT t) QT t)> (Wz(%ft)’ﬂngt)L

(
1,C
WL (=) q(r=(- 1>>))

T
Wi "

T T— 2 (T — A(T—
W, " 9), (Wi 0,08,

s

(Wéz_(t_l)), QgT—(t—l)))) , ygT—t)> c AgN)7

where AE;”’ represents the set of jointly typical sequences.
Receiver 2 follows a similar decoding scheme.

Probability of Error Analysis: An error might occur during
the coding phase at the beginning of block ¢ if the common
message index Wj(fgl) is not correctly decoded at transmitter
1. For instance, this error might occur at transmitter 1 because:
(1) there does not exist an index 7 € {1,...,2N(Fz.c+R2r)}
that satisfies (T12), or (i4) several indices simultaneously
satisty (I12). From the asymptotic equipartion property (AEP)
[44], the probability of error due to (¢) tends to zero when N
grows to infinity. The probability of error due to (i7) can be



made arbitrarily close to zero when N grows to infinity, if

Ric+Rir < 1(U;Y;|X;,U). (114)

An error might occur during the (backward) decodln%’
step ¢t if the messages W1(c D, Wz(TC " and WlP
are not decoded correctly given that the message in-
dices WI(C (=) and W( D) ere correctly de-
coded in the previous decodmg step t — 1. These er-
rors might arise for two reasons: (i) there does not
exist a tuple (VAVl(?g_t),QgT_t),VAVQ(E_Q,QQT_Q,Wf?;;t))
that satisfies @ or (ii) there exist several tuples
(Wl(’cht),Qngt ,WQ(’TC%),QQT%),WS;Q) that simultane-
ously satisfy (IT3). From the AEP, the probability of an error
at receiver 1 due to (¢) tends to zero when N tends to infinity.
Consider the error due to (i¢) and define the following event
during the decoding of block ¢,

E(t)

i :{( (

T T— A (T—t) AT—
ch 0,070, (b0, 08 ),
i7(
1,

=
S

/_\

T— s (T—t) AT—
L), (gl

(t—1 T—(t—1
(T-(-1) (1= ))))

3

1( —t) QgT—t))’(Wz(z—t)’Q(T—t)L
W),
—t) QgT_t)), (Wz(,Tc_t)»QéT_t)%
—(t— 1))79(2T—(t—1))))7ygT—t)>

(115)

(t—1 T—(t—1
(T-(=1) q(T=(-1))

“JQ“JQ“JQ“JQ“JQ

(W

(
2,

/_\

/'\
—~ A~ o~ o~ o~~~ o~

m
PN
g%
- a

where s = (Wl(TC_t) Q(T_t)), r o= (VAV2(7TC_t), fléT—t)) and
k = W(T D with (s,r,k) € {1,...,2NEictRiR}
{1,.. 2N(R2 ctBar)) 5 {1,...,2NF1r) Assume also that
at step t the indices (s, r, k) are (1, 1, 1) without loss of gener-
ality, due to the symmetry of the code. Then, the probability of
error due to (i) during step ¢, p., can be bounded as follows:

_ (t)
pe=Pr U Bl
(s,r,k)#(1,1,1)

< Y Pr(Eu)+ Y Pr(ECL)
s#1,r#1 k#1 s=1,r#1,k#1
+ > Pr(EL, > ()

s#1,r=1,k#1 s#£1,r#£1, k=1

)+
v Pr(EGhw) 3 Pr(EC)
s=1,r=1,k#1 #1,r=1,k=1
+ > pPr(EL,) (116)

s=1,r#1,k=1

20

<2N(R1,C+R1,R+R2,C+R2,R+R1,P—I(U7U2,X1§Yl)+4€)
+2N(R2,C+R2,R+Rl,P—I(U7U2,X1§Y1)+4€)
+2N(R1 c+R1,r+R1,p—I(U,Uz2,X1;Y1)+4e)
4oN(Ri,c+Rip+Rec+R2r— I(U,U2,X1;Y1)+4e€)

(
4N (Ri,p—I(X1;Y1|U,U1,Uz)+4e)
_|_2N(R 1,c+R1,r—1(U,Uz2,X1;Y1)+4e)
(

4N (R2,c+R2 r— 1(U,U2,X31;Y1)+4€) 117)
Now, from (TT4) and (I17), given that I (U;;Y;|X;,U) <

I(U,U;,X;;Y;), the probability of error due to (i) can be
made arbitrarily small if the following conditions hold:

Roc+ Rop < 1I(Uy;Y1|X:1,U)
Rip < I (X;;11|U, Uy, Us)
Ric+Rigp+Rip
+Roc+ Rep< I1(U Uz, X1;Y1).

(118)

The common random message index QZ@ is assumed to be
known at both transmitter 7 and receiver . Therefore, the set
of inequalities in (TT8) reduces to the following:

Roc+ Rop < I(Ug;Y1|X:1,0)
Rip < I(X1;11|U, Uy, Us)
Ric+Rip+Roc+Ror< I(UVUy, X1;Y7).
(119)
The same analysis is carried out for transmitter 2 and thus,

Ric+Rir< I(UpY2|X2,U)
Rop < I (X2;Y2|U, Uy, Us)
Roc+ Rop+Ric+Rir< I(UVUL,XoY2).

(120)
From the probability of error analysis, it follows that the rate-
pairs achievable with the proposed randomized coding scheme
with feedback are those simultaneously satisfying conditions
(IT9) and (120). Indeed, when Ry r = Ropr = 0, the
coding scheme described above reduces to the coding scheme
presented in [15] and the achievable region corresponds to
the entire capacity region of Cypic/rp. In terms of the linear
deterministic model, it follows that Vi € {1, 2},

Ric+ Rir < Ny

R p < (nig — nji)+

Ric+Rip+Rjc+Rjr < max(n,n),
(121)

which completes the proof of Lemma [6]

APPENDIX C
PROOF OF LEMMA [13]

The code generation presented in Appendix [Bfis general and
thus, it applies for both the LD-IC-FB model and the GIC-FB
model. Therefore, from the analysis of the error probability, the
rate tuples achievable in the Gaussian interference channel by
the randomized Han-Kobayashi scheme with feedback satisty
the inequalities in (T19) and (120). That is,

Ric+ Rir < I(UiY]X;,U0)

R; p < I (X Y50, UL Us)

Ric+Rip+Rjc+Rjr < IUU;X;Y;).
(122)



Suppose that transmitter ¢ uses the Gaussian input distribution

U~N(0, p), (123)
UlNN(O, )\i,C) and (124)
Xi,PNN(Oa )\i,P)a (125)

with p+ A ¢ + A, p = 1 and let \; p be determined by (72).
Let also

X, =U+U; + X p, (126)

and assume that U, Uy, U,, and X; p are mutually indepen-
dent. Then the following holds:

(U, Uj, X3 Yi)=h(Ys) — h(Y:|U, Uy, X:)
1
5 log (1+SNR; + INRy;
+2p\/SNRINR;; )

1
—5 log (1 n Aj,pINRij).

(127)

The term I(U;;Y;|U, X;) satisfies the condition
I(Us Y;|U, X;5)=h(Y;|U, X;) — h(Y;|U, Ui, X;) (128)
1
~7 log (1 r(1- p)INRji)
1
5 log (14 As.PINRy;).
Similarly, the term I(X;;Y;|U, U Us) satisfies the condition
I(X4;Yi|U, Uy, Us)=h(Y;|U, Uy, Us) — h(Yi|U, U1, Us, X;)
1
25 log (/\LPSNRi + )\jvaNRij + 1)
1
—5 log (1 n AjypINRZ-j). (129)
Finally it follows from (127), and (129) that Vi € {1, 2},

1
Ric+ Riyr < 3 log (1+ (1 — p)INRy;)

1
—ilog (1 +)\i7PINRji7)7 (130)
1
R;p < B log ()\,’JDSNR,‘ + A, pINR;; + 1)
1
—510g (14 A;.INR;; ), and (131)

1
Ric+Rip+ Ry + Ry < 5 log (1 +SNR; + INRy;

1
+20\/SNRINRy; ) — 5 log (14 X.pINR; ). (132)

In the specific scenario in which INR;; > 1, the inequalities
above can be written as follows:

1
Ri,C + Ri,R < § ].Og (1 + (1 - p)INRﬂ) — 5
1 SNR; 1
) < = _Z
Rip Sglos (2 + INRji) 2

1
Ric+ Rip+ Rjc+ Rjr< 3 log (1 + SNR; + INR;;

1
+20/SNRINRy; ) — 5,

and this concludes the proof.
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