arXiv:1505.00026v1 [cs.IT] 30 Apr 2015

Distributed Multilevel Diversity Coding

Zhiging Xiao, Jun Chen, Yunzhou Li, and Jing Wang

Abstract

In distributed multilevel diversity coding/K correlated sources (each withih components) are
encoded in a distributed manner such that, given the outfipoils any o encoders, the decoder can
reconstruct the first components of each of the correspondingpurces. For this problem, the optimality
of a multilayer Slepian-Wolf coding scheme based on binrang superposition is established when
K < 3. The same conclusion is shown to hold for genéfalinder a certain symmetry condition, which

generalizes a celebrated result by Yeung and Zhang.

Index Terms

Data compression, diversity coding, entropy inequaliggtange multiplier, linear programming, rate

region, Slepian-Wolf, superposition.

. INTRODUCTION

Consider the scenario whe#€ correlated sourcet, Us,--- ,Ux are compressed b sensors in
a distributed manner and then forwarded to a fusion centejofot reconstruction. This is exactly the
classical distributed data compression problem, for wiStdpian-Wolf coding([1],[I2] is known to be
rate-optimal. However, to attain this best compressiomieficy, encoding at each sensor is performed
under the assumption that all the other sensors are fuiregigoroperly; as a consequence, inactivity of
one or more sensors typically leads to a complete decodihgdaat the fusion center. Alternatively,
each sensor can compress its observation using convengoimd-to-point data compression methods

without capitalizing the correlation among different stes so that the maximum system robustness can
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be achieved. In view of these two extreme cases, a naturatiqgoerises whether there exists a tradeoff
between compression efficiency and system robustnesstiibdied data compression.

One approach to realize this tradeoff is as follows. Spedificwe decompose each into K
componentsl, 1, Uy 2, - - , Uk i, ordered according to their importance, and encode thenuah s
way that, given the outputs from any sensors, the fusion center can reconstruct the dirsbompo-
nents of each of the correspondiagsources. The aforedescribed two extreme cases correspond t
Uk, Uk k—1,Ukx) = (0,---,0,U) and (Ug1,Uk2, -+ ,Upx) = (Uy,0,---,0), respectively.
One can realize a flexible tradeoff between compressioniezifig and system robustness by adjusting
the amount of information allocated to different composelite shall refer to this problem as distributed
multilevel diversity coding (D-MLDC) since it reduces toethwell-known (symmetrical) multilevel
diversity coding (MLDC) problem whet/; , = Uy, = - -- = Uk almost surely for alk.

The concept of MLDC was introduced by Roché [3] and more fdisntgy Yeung [4] though research on
diversity coding can be traced back to Singleton’s work onximam distance separable codes [5]. The
symmetric version of this problem has received particuttergion [6], and arguably the culminating
achievement of this line of research is the complete chariaeation of the admissible rate region of
symmetrical MLDC by Yeung and Zhang|[7]. Some recent devaleqts related to MLDC can be found
in [8]-[11].

The goal of the present paper to characterize the perforeiamits of D-MLDC, which, we hope, may
provide some useful insights into the tradeoff between aesgion efficiency and system robustness in
distributed data compression. More fundamentally, we a@iraxamine the principle of superposition [4]
in the context of D-MLDC. Although superposition (or morengeally, layering) is a common way
to construct sophisticated schemes based on simple tyildimcks and often yields the best known
achievability results, establishing the optimality of Bumnstructions is rarely straightforward, especially
when encoding is performed in a distributed manner. In faggn for the centralized encoding setup
studied in [7], the proof of the optimality of superpositimalready highly non-trivial. This difficulty
can be partly attributed to the fact that it is often a techihjcformidable task to extract layers from a
generic scheme using information inequalities in a comvargument, even in cases where the use of
layered constructions may appear rather natural.

From this perspective, our work can be viewed as an initiep sowards a better understanding of
layered schemes for distributed compression of correlstedces. We shall propose a multilayer Slepian-
Wolf coding scheme based on binning and superposition, atablksh its optimality for D-MLDC when

K < 3. This scheme is also shown to be optimal for gené&ralnder a certain symmetry condition, which
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generalizes the aforementioned result by Yeung and Zhasgrmmetrical MLDC|[7]. The main technical
difficulty encountered in our proof is that it appears to bieasible to characterize the admissible rate
region of D-MLDC by deriving inner and outer bounds sepdyadd then making a direct comparison
based on their explicit expressions. To circumvent thifiadifty, we follow the approach in_[7], where
the analysis of the inner bound and that of the outer bounccaneeptually intertwined. Specifically,
we analyze certain linear programs associated with theeaahie rate region of the proposed scheme
and leverage the induced Lagrange multipliers to estalttishentropy inequalities that are needed for
a matching converse. Since the problem considered here rie gemeral than that in [7], the relevant
linear programs and entropy inequalities are inevitablyarepphisticated. It is worth mentioning that,
in a broad sense, the strategy of determining an informdkienretic limit by connecting achievability
and converse results to a common optimization problem (ecessarily linear) via duality has find
applications far beyond MLDC (see, e.g.,[12]).

The rest of this paper is organized as follows. We state thséc libefinitions and the main results in
Sectiorl. SectioiTll contains a high-level descriptidnooir general approach. The detailed proofs can
be found in Sections IV and]V. We conclude the paper in Seffibn

Notation: Random vectorg X;,t € T') and (X, ,t € T,¢' € T") are sometimes abbreviated &5
and X7, respectively. For two integers;,z> € Z, we define[z; : 23] £ {z € Z: 21 <z < 22}.
The cardinality of a finite seV’ is denoted by|V|; moreover, for anyl’ C [1:|V]], let (V), =

{fveV:|{v eV v <wv}| €T} We often do not distinguish between a singleton and its efe¢m

[I. PROBLEM FORMULATION AND MAIN RESULTS
A. System Model

Let Uy 1.x], k € [1: K], be K vector sources. We aSSLHnﬂﬂat Ui:k),er @ € [1: K], are mutually
independent whereas, for eachthe components off};.x o (i-€., Ur,, k € [1: K]) can be arbitrarily
correlated. Let{Uu;K},u;K](t)}Zl be i.i.d. copies o}, k1. x]-

An (n, (M, k € [1: K])) D-MLDC system consists of:

e K encoders, where encodenc; (k € [1: K]) maps the source sequen(dg[ to a symbolSy in

1:K]

1This assumption can be relaxed to a certain extent and canobiéied in various ways. In this paper we do not seek to

present our results in their most general forms since thdtheg statements and expressions may become rather wywiel
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[1 : Mk], i.e.,

K

Encr: [[ Ui — [1: My,

e 2K _ 1 decoders, where decodBrecy (() S V C [1:K]) produces a reconstruction dif‘",[

denoted by}’ ,. ., based onsy, i.e.,

a=1

\4

Decy : H [1: M| — H HZ’[I?,OH

keV

keV a=1

A D-MLDC system with K = 3 is illustrated in Fig[lL.

SV — U‘T}7[1|V|]

S
ULy, Uy, ULy Ly .
—» Enc Dec{l} —>U111
n n n
U2,1»U2,2aU2,3 Sa o
—» Ency » Decyy —» U3,
vy, ur,, U}
3,1»%3,2» %33 Frn
—» Encs |g, N Decizy —» U3,y
> Un 0n
o1 Dec{l’z} — Aln’h A1n72
U2,1aU272
» rn rn
o D U1,1»U1.,2
€C{1.3} Un Un
<~ 3,1-U3 2
rn rn
U2.1:U2,2
& DeC{2~3} —» N
’ n n
> Usy,Us
rn rn rn
> U1,17U1,27U1,3
L i frme Trn
I Decyi 231 U3y, Uy, Ud's

Fig. 1. System diagram for D-MLDC witli = 3.
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B. Admissible Rate Region
Arate tuple(Ry, k € [1 : K]) is said to admissible if, for any> 0, there exists atn, (M, k € [1 : K]))
D-MLDC system such that
(1) (Rate Constraints)
1
ElongﬁRk—i—e, kell: K], (@H)

(2) (Reconstruction Constraints)

Pr {U&[l:\VH 7 U@,mvu} <e 0#VC[l:K]. (2)

The admissible rate regioR; is defined as the set of all admissible rate tuples.

C. Multilayer Slepian-Wolf Coding

We shall propose a D-MLDC scheme, which can be viewed as aatautension of that in_[7] to
the distributed encoding setup. This scheme, termed rewytil Slepian-Wolf coding, includes two steps:
intralayer coding and interlayer coding.

e Intralayer Coding: For eacha € [1: K], encoderk (k € [1: K]) compressed/;’ , using the con-
ventional binning scherHeof rate r; o; correct reconstruction oty ,, o € V, based on the cor-
responding bin indices is ensured (with high probabilitgy &ll V' C [1 : K] with |V| = «a if
(Tha,k € [1: K]) € Rk, Where

Ria 2 {(r,w, kel:K) 1Y mha>H(UvalUvia), VEVkaV €Vi, [V]}

kev
with

Va2 {VC[l:K]:1<|V|<a},
ko VIZ{V C:KN\V: V| +|[V|=a}, VeEVga.

¢ Interlayer Coding:In this step, encodek (k € [1: K]) generates its output by combining the bin

indices associated with’ , a € [1 : K], via superposition. Note that the resulting rate region

K
Ri = {Z (ko k€1 :K]): (g, k €[1:K]) € Rga, a€ll: K]}
a=1
is an inner bound ok}, i.e.,
Ry C Ri. 3)

2Here one can in fact use universal Slepian-Wolf coding st¢ #mezoding and decoding can be performed without the

knowledge of the source distribution [13].
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D. Main Results

Our first main result shows tha& i coincides withRj. when K < 3.

Theorem 1: R}, = R for K < 3.

To state our second main result, we need the following definit

Definition 1 (Symmetrical Source)Ve say that the distribution df|;. ) [1.x) iS Symmetrical entropy-
wise if H (Uyo) = H (Uy o) forall a € [1: K] andV, V' C [1: K] with |V| = [V/].

It is worth noting that the symmetrical MLDC problem studiied[7/] corresponds to the special case
where H (Uy,o) = H (Uy/ o) foralla e [1: K] and@ S V,V' C [1: K].

Theorem 2:1f the distribution ofUj;.x 1. IS symmetrical entropy-wise, theR7, = R.

[1l. OUTLINE OF A GENERAL APPROACH

In this section we attempt to give an outline of our generakagch, which is in principle not restricted
to the cases covered by Theorelmis 1 Bhd 2. On a conceptual tiegebpproach was originated inl [7]

(and made more evident in [10]). It consists of three majepst

1) characterize the supporting hyperplane®gf (more precisely, the supporting hyperplaneof .,
a € [1: K]) via the analysis of the corresponding linear programs;

2) establish a class of entropy inequalities based on theabgg multipliers induced by the aforemen-
tioned linear programs;

3) derive a tight outer bound oR x by leveraging these entropy inequalities.

A. Linear Program

Each supporting hyperplane & , is associated with a linear program
K
LP% o : min Zwkrk,a
k=1

over riq, kell:K],

st Y Tha 2 H(UvalUva), VEVga V' eV, [V],
keV

wherew = (wy, k € [1: K]) € RE. It often suffices to consider the case where the weightsk €

[1: K], are ordered. For this reason, we define

WKé{W3w12w22"'2wK2wK+1é0}-
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7

Moreover, to facilitate subsequent analysis, we introdiheefollowing partitioH of Wy for eacha €
[2: K]

K
WQ?QA{WGWK:w1<ijk}7
k=2
0 1 1 K
WKaé{wGWK wz>—k2l: Wy, andwl+1<m _z: wk}, lel:a—2],
+1 k=I+2

K
W&?;l) £ {W eEWg :we_1 > Zwk} .
k=«

We setW'?) £ W
Definition 2 (Lagrange Multiplier):We sag (cwvl,a, VeVgaV e V}(,a [V]) is an optimal La-
grange multiplier ofLP} , with w € Rf if

Z Z cvivi o (UvalUvia) = £ (4)

VEVK o VIEVS V]

Z Z Cv|V/,a = Wk, ke [1 : K]7 (5)

VeVk,.akeV Vievy V]

CV|V’,CV 2 O, v S VK7OH V/ € Vl]{,a [V] ’

where f3' denotes the optimal value &Py ,

It is in general not easy to find optimal solutlc(nrzpct, kell: K]) and optimal Lagrange multiplier
<cv‘v,,a, VeVka V' €Vi, [V]) for a givenLPY , (see Sectiof 1V for a detailed analysisld?y’,).
However, the task becomes relatively straightforward whea 1 or o = K as shown by the following
two lemmas (which can be proved via direct verification).

Lemma 1:For linear progranLPy ; with w € RE, (r,‘zpf,k ell: K]) is an optimal solution and

(CV|(7),17 Ve VKJ) is the unique optimal Lagrange multiplier, where
Zplt 3 (Uk,l)7 ke [1 : K] )

C{k}|0,1 = wg, k€ [1 : K] .

Forw € Wi, we havew, > -5 0% we = wy > 2S00 we, U e 1], andwy < S5 L we =
wy < A wk U Elia—1]. Therefore,WﬁS?a, e ,ng;” indeed form a partition ofWx.
41t can be shown tha(CV‘vlya, VeVka, V' €V, [V]) is an optimal Lagrange multiplier dfP¥ , if and only if it is

an optimal solution to the (asymmetric) dual problemL& ..
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Lemma 2:For linear program_Py - with w € Wy, (rgp;{,k efl: K]) is an optimal solution and

(evipxnv.k, V € Vi i) is an optimal Lagrange multiplier, where
rive £ H (U Uy iy i) - k€ [1: K],

LK1 KL = Wy — Wey1, k€11 K],

CV|[L:K\V,K = 0, otherwise

The general case € Rff can be reduced to the casec Wy via suitable relabelling.

B. Entropy Inequality

In this step we aim to establish a class of entropy inegealiteeded for a matching converse by exploit-
ing the properties of optimal Lagrange multipliersléf}? ,, o € [1 : K. More precisely, we shall identify
suitable conditions under which there exist optimal Lagaamultipliers<cv‘vl7a, VeVka V' eV, [V]),
a € [1: K], such that

> Yo e HXvIXv) = > Y ey (Xv|Xy) (6)
VeV VeV, V] VeVK o VIEV) V]
for all Xp;.) anda > o'.
The following lemma indicates thdtl(6) always holds whén= 1.
Lemma 3:Let (cyjp1,V € Vi,1) and (cv‘vlw VeVga V' eV, [V]) be optimal Lagrange mul-

tipliers of LP}¢ ; andLPY ,, respectively. We have

S HEXY) > Y Y ey H (Xv|Xy)

VeVka VeV, o VeV, «[V]
for all X(y.x).
Proof: According to [(5),
C{k}0,1 = Wk = Z Z Cvivi,ao kell:K]. (7)

VeV ak€V VeV V]
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It can be verified that
K

> evpiH (Xv) = cpqoaH (X)
VGVKJ kzl

K
=> Y > vy H(XR) (8)

k=1VeVk atkeV V'eVy [V]

= > Y cvvay HXR

VEVk.a VeV [V] keV

Z Z cvivr o H(Xv)

VeVk,a V’GV'K V]
Z Z evivr o (Xv | Xv),
VEVk.a VIEVE [V]

where [8) is due td (7). This completes the proof of Lenfrha 3. [ |

v

v

C. Outer Bound

As shown by the following lemma, the existence of entropygiradities [(6) implies thatR i is an
outer bound ofRj.

Lemma 4:1f for any w € RE, there exist optimal Lagrange muItipIie(sVW,,a, VEVka V' eV, [V]),
a € [1: K], such that[(B) holds, then

R;{ CRg. (9)

Proof: Let (R, k € [1 : K]) be an arbitrary admissible rate tuple. It suffices to show tha

K K
Zkak > chtv, (10)
k=1 a=1

from which [9) follows immediately. We shall prove via indion that, for any D-MLDC system satisfying

(@) and [2),
K B
> wi (R +e) zz +— Yo > cvwisH (5V|Uﬁ:KH1:BPSV’)
k=1 a=1

VGVK['} VeV 51V]
K
_ﬁéezwk> 56 [1:K]7 (11)

k=1
whered, tends to zero as — 0. One can deducé (1L0) frorh (11) by settiig= K and sending — 0.
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It can be verified that

K
1
wy, (Ry +€) > - Zwklong
k=1

LK
> -
2~ kE_lwkH(Sk)

g

:% S ey H (), (12)

VeVk
where [I2) is due to the fact (see Lemia 1) that the optimatdrage multiplier(cy g,V € V1) is
uniquely given bycyp.1 £ wy, k € [1: K]. Note that

H(Sv) > H (Uy,) + H (Sv|Uyy) — H (Uy,|Sv)
> H (Upy) + H (Sv|UP,) —nde (13)
2 H (UVJ) + H <SV|Uﬁ:K],1) - n567 Ve VK,la (14)

where [1B) follows by[(2) and Fano’s inequality. Substitgt{14) into [12) and invokind{4) provels (11)
for 3 = 1. Now assume that (11) holds fgr= B — 1. In view of (), we have

> > ey <5v\Uﬁ:K},[1:B_1], SV/)

VeVk -1 V'V p_4[V]

> ) > CV\V’,BH<SV’U[H1:K],[1:B—1}7SV/)' (15)

VeVk s VeV 5lV]

It can be verified that
H (Sv\Uﬁ;K},[LB_uaSV')
=H (U\?BvSV|U[n1:K],[1:B—1}7SV/) - H <U37B|UH:KL[1:B—1]7SV"SV/)
> H (UQB, SvIUT iy 1511+ SV,) —nd., VeVgp V' eVip, (16)
where [16) follows by[(2) and Fano’s inequality. Moreover,
H (U&&SV\Uﬁ;K},[1;3_1]75V/> > H (UQB‘UH:KLU:B—IPSV’) +H (SV’UH:KHLB]’SV'>
> H (U 5|0 ) + H (SvIU 1.5 S ) (17)

= H (Uv,p|Uy'p) + H <5v!U["1;K],[1;B}7 5\//) ; (18)
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where [[1T) is due to the fact thal) ; <> Uy 5 < (Uﬁ:K],u:By Sy) form a Markov chain. Continuing

from (139),
Z Z cyiv,p—1H <5V|U["1;K],[1;B_1p Sv’)

VeVk -1 VeV g 1 [V]

>n Z Z ey gH (Uv,s|Uv,B)
VeV V'EVY 5[V]

+ Z Z CV\V/,BH(SV|U[T{;K},[1;B]75V’)

VEVK B V/EVY 5[V]

—nde Y > s (19)

VEVk 5 V'EVy 5[V]

2n Z Z cyv,gH (Uv,s|Uy B)

VEVK B V'EV) 5|V]

S et (U

VEVk B V/EVY 5[V]

K
—n5ez Z Z Cv|v'.B

k=1 VeVk s keV VIEV/K,B [V]

K
=aff+ Y Y sl (SV]U[?:KHLB],SV/) —n6. 3wy, (20)

VeV V/EVy 5[V] k=1
where [19) is due td (16) an@ _(18), arid](20) is duelfo (4) ahd®mbining [20) and the induction

hypothesis prove$ (11) fof = B. [

IV. PROOF OFTHEOREM[I]

Theorentl is trivially true wherk = 1. The case/ = 2 is a simple consequence of Lemfa 3 and
Lemmal4. Therefore, only the cagé = 3 remains to be proved.

To this end, we shall give a detailed analysisléfy’,. First consider the following related linear
program

3

—~— W
LP3 5 : max E Wk T2
k=1

over rpo, kel[l:3],
s.t. TEpo > T/J{k}, kell:3]

T2+ 12 > Yy gy vy, 60 €[1:3] i #

July 5, 2018 DRAFT



12

wherey, V € V34, are non-negative real numbers. We gay,,V € V35) is an optimal Lagrange

multiplier of LP3 o if

3
Do@matpy D gy (Vi +vag +vgy) = fi
k=1 ijel1:3],i<y
Z 5\/72:’(0]@, k‘G[l:?)],
VeV ke
cvp >0, V €Vzo,

where fjpv denotes the optimal value dﬁgz. One can solvel?li/{rv;j2 with w € W3 by considering 5

different cases (see Talile I).

TABLE |

=
LINEAR PROGRAMLP; ,

Case Condition Optimal Solution Optimal Lagrange Multiplier
w € W(;O% FoRt 8y (77/1 L " ) C{1,2},2 =3 % (w1 4+ w2 — ws)
1,2 — WP{1y T 3 (P{1,2} {1,3} — ¥{2,3} -
1 Pi1,2) < Pi1,3) +Pi2,3) A g+ L (6 " v ) ¢1,31,2 = 3 (w1 — wa + ws)
To2 = W2y T 5 (¥{1,2} — ¥{1,3} {2,3} -
Ysy SV T8 | o Wiy + L (=0 L L ) E2,31,2 = 2 (—w1 4 w2 + w3)
T = VPys3 5\~ ,2 )3 2,3 N .
Yizm SVuy tpm | s tha T e év,2 £ 0, otherwise
~ A
- C{3},2 = —w1 + w2 + w3
© M 2y + v i N
we Wy _opt A C{1,2},2 = W2
2 Ton = Yi2y +¥i12) — V1,31 _ o
Yi1,2y > Vi1,3) + Vi2,3) opt A& s Ci1,3},2 = W1 — Wa
2 ) év,2 £ 0, otherwise
~ A
- C{2}2 = —wW1 + w2 + w3
© M 2Py + v i R
3 w &€ WS,Q _opt A 1/} C{172}’2 = w1 — W3
To2 = ¥{2} -
Yi1,3) > Y2y Y23 N C{1,3},2 £ ws
opt A
Tap = 3y + 3y — Yyi2) A i
¢v,2 = 0, otherwise
~ A
- C{1},2 = W1 — W2 + w3
w e W, Tl’p; éw{l} c 2w w
3 5 {1,2},2 = W2 — W3
4 oy 2 Yy + ¥, i A
Yi2,3y > Vi1,2) +V{1,3) . C{2,3},2 = W3
S EYE P
7. = —
52 ) 23 2 év.2 20, otherwise
~ A
C{1},2 = W1 — w2 — W3
~opt A
—e e =Y A
5 w e Wi, Fopt & Yoy + Viaay C{1,2},2 = W2
2,2 — 2 1,2 -
{2,3} = ¥{1,2} {1,3} B E1,3},2 £ ws
(0 <9y + bt £ Ly
Ton =
52 © .3y év,a £ 0, otherwise
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Now set
Viey £ H (Up|Uy,2), kell:3],
Vi gy £ max {H (Ui, Uj2) — ¥ — 5,0}, 4,5 € [1:3],i#j,
wherev;, is a maximizer ofmax, 1.3\ (xy H (Ur,2|U,,2). Moreover, define
7@3,2 = {(T‘k,g,k,’ €[1:3]):rp2 > Viry, k€ [1:3],
Tig + 12 > Yy + gy gy, id €[1:3]i # i}

One can prove via direct verification thARf; » coincides With7~23,2.
Lemma 5:R32 = R .

See Fig[R for illustrations oR3 2 (i.e., 71372), where the optimal solutions in Takile | are highlighted.

Rs Rs
RQ RQ
Ry / R /
Case 1 Case 5 Case 2 Case 5
P12 < 1z + o3
> E E
Y13 < 1o + thag P12 > P13 + P23

Yoz < P12 + P13

Rg Rd
A
R2 R2
Rl/ \ Rl \
Case 3 Case 5 Case 4
P13 > P12+ a3 a3 > 12+ P13

Fig. 2. lllustrations ofRs2 (i.e., Rs,2) and optimal solutions in Tab[é I.
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Lemma 6:Let i, j, k be three distinct integers ifi : 3].
H (Ui2,Uj2), H (Ui2,Uj2) = iy + iy,
H (Ui2|Ug2) + H (U;2|Uk2), H (Uiz2,Uj2) < Ppy + 9y
(@) If Yy > Vpiry + Yy thentgy +dp i + Yy = H (Ui, Uj2).
(3) If ¢{Z} + w{i,j} + ¢{]} =H (Ui72’Uk’2) + H (Uj72’Uk’2), then

Q) Yy +Ypgy Yy =

Yy + Uiy + Yy = H (Ui 2, Uk 2),

Yy +Yge T Ypy = H (U2, Urg) -

Proof: See Appendix_A. [ |
According to Lemmal6, we have the following four casesigs +1y; ;1 +g;y (6,5 € [1: 3]0 # j):
(Case A)

Yy + Y2y Yoy = H (Ur2,Us2)
Yoy +vpzy + v = H (U2, Us2),
Yroy + Y23y + Y3y = H (U22,Us2) 5
(Case B)
Yy + Y2y + ey = H (U2, Us2)
Yy +vpsy vy = H (U2, Us),
Vyoy + ¥qa3y + sy = H (U22|U12) + H (Us2|Ut2) > H (Us2,Us2) ;
(Case C)
Yy + Y2y + gy = H (U2, Us2)
Yy +Yasy + gy = H (Ui2|Uz2) + H (Us2|Usz2) > H (U1 2,Us2),
Yoy + ¥q23) + 3y = H (Uz2,Us 2) 5
(Case D)

Yy + 2y + ey = H (U12|Us2) + H (U22|Us 2) > H (Ut2,Uz2)
Yy + Vs + vy = H (U, Us ),

Yoy + Uio3y + sy = H (Uz2,Us2) -
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Now one can readily solvePy’, with w € W3 by considering all possible combinations of these four
cases and those in Taljle | (i.e., Cases 1-5). For examplsidesrthe scenario where Case 2 and Case

C are simultaneously satisfied (henceforth called Case I[RCan be verified that
Yy = H (U12|U22)
Yy3y = H (Us2|Us2),
3y =0,
Yoy + Y0y + ey = H(Ur2,Us).
For (Fggt,k €l: 3]) in Table[l, we have
f‘f,%t = Yy + Y3y
= H (U12|U22),
fS,p; = Yoy + Y12y — Y13}
= (V) + Yy +¥) — (P + o)
= H (Us2),
iy =)
= H (Us2|Usz2) .

In view of Lemmd]i,(n‘zp;,k €fl: K]) with 7% £ 7%, k € [1 : K], is an optimal solution ofPY,.

Therefore, the optimal value &fPy’, is given by
[ =wiH (U12|Uz2) + weH (Ua2) + wsH (Us 2|Us2) .
Moreover, (cyjy: o,V € V32, V" € Vi, [V]) with
C{1}{2},2 2wy — W2,
C{3}|{2},2 2 ws,
C{1,2}|0,2 £ w2,
cypvio =0,  otherwise

is an optimal Lagrange multiplier dfP’,.
One can obtain the following lemma by analyzing the other lgioations in the same manner. It is
worth mentioning that not all combinations are possibleecHjrally, Cases 2D, 3C, and 4B violate

Lemmal®6(2), so such combinations are void.
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Casg  cry(my2 C{2}|{r2},2 C{3}{vs}.2 ©{1,2}10,2 C{1,3}10,2 {2,3}10,2

1A 0 0 0 2 (w1 + w2 —ws) | 3 (w1 — w2 +ws) | 3 (—w1 + w2 + ws)
1B 0 2 (—w1 + w2 +ws) | 5 (—w1 + w2 +ws) | 5 (w1 + w2 —ws) | 3 (w1 — w2 + ws) 0

1C | 1 (w1 — w2 + ws) 0 2 (w1 — w2 +ws) |3 (w1 + w2 — ws) 0 1 (—w1 + w2 + w3)
1D % (w1 + w2 — ws) % (w1 + w2 — ws) 0 0 % (w1 — w2 + ws) % (—w1 + w2 + ws)
2A 0 0 —w1 + w2 + w3 wWa w1y — Wa 0

2B 0 0 —w1 + w2 + w3 wWa w1y — Wa 0

2C w1 — W 0 w3 w2 0 0

3A 0 —w1 + wa + w3 0 w1 — w3 w3 0

3B 0 —w1 + wa + w3 0 w1 — w3 w3 0

3D w1 — ws wa 0 0 w3 0

4A w1 — w2 + w3 0 0 Wo — W3 0 w3

4C w1 — wa + w3 0 0 wWo — W3 0 w3

4D w1 w2 — W3 0 0 0 w3

5A w1 — W2 — W3 0 0 wo w3 0

5B W) — Wo 0 w3 w2 0 0

5C w1 — W — W3 0 0 wWa w3 0

5D w1 — W3 wa 0 0 w3 0

Lemma 7:For linear prograni.PY, with w € Ws, (cyjyr0,V € V35, V' € V3o [V]) in TabIe[]H is

an optimal Lagrange multiplier. The general casec R3 can be reduced to the case € W5 via

suitable relabelling.

The next result shows thdtl(6) holds wh&nh= 3, which, together with[(3) and Lemna 4, completes
the proof of Theorerl1.

Lemma 8:Let (CVJ, Ve V371), (CV\V’,Za Ve V372, Ve Vgg

mal multipliers in Lemmall, Lemmad 2, and Lemfia 7, respegctivéle have

for all X;.5.

Z Cv 1H XV
Vevs,

SWe setc{k}‘{k/},g =0 for &’ 75 Vk.

July 5, 2018

D

VeVs2 Vievs |

V]

ey v o H (Xv | Xv)

> 3 evsH (XvXpany)

Vevs s

[V]), and(cy;3,V € V33) be the opti-

(21)

(22)
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Proof: Note that [(2IL) follows from Lemmi 3. The proof ¢f {22) is redéed to Appendix B. =

V. PROOF OFTHEOREM[Z

The proof of Theorem]2 also largely follows the general apphooutlined in Sectiohll. However,

due to the symmetry assumption, some simplifications areilples

A. Linear Program

When the distribution olU;.x 1.x] IS Symmetrical entropy-wisell (Uv,«|Uyv ) depends oV €
Vi and V' € Vi  [V] only through[V]; for this reason, we shall denote it &y, and rewrite

LP¥% . in the following simpler form
K
LPVI;a : min Zwkrk,a
k=1

over ripq, kel[l:K],

s. t. Z Tho = H|V|7a, VeVka.
keV

Definition 3: We say(cv,q, V € Vi) is an optimal Lagrange multiplier dfPy; , with w € RE if

Z CV,aH\V\,a = ?2’7 (23)
VEVK,&
Y cwa=wp ke[l:K], (24)
VeVk o:keV
CVa = 0, Ve VK@, (25)

where 7, denotes the optimal value &Py .

Forl e [0: a — 1], define
Hk@ — Hk—l,om ke [1 : l],

Hao—Hia kell+1:K],

a=l
where Hy , = 0.
Lemma 9: (r,(fv)a,k: ell: K]) € RK,a-
Proof: See Appendix . [ |
Fora e [1: K] andl € [0: a — 1], define

Qﬁ?,aé{vg[lzm;yv\:a,[lzl]gv}.
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Recall thatwg?a, “e ,W&?’;” form a partition of Wg. Forw € Wi anda € [1: K], let [}y denote

the unique integer if0 : « — 1] such thatw € WY}Q it is easy to verify that
0=0<y<---<IFg_; <I%.

Moreover, forw € Wx anda € [1: K], define

w A 1
Ao = o — 1Y Z Wk
k=l¥+1
and
Vlg,a £ {(CV,Oc Ve VK,a) :
C[l:k},a = Wk — wk,‘—‘,—l, k? S [1 : l;v — 1] s (26)
ClLyl,a = Wiy — Aga (27)
craz 0, Ve, (28)
cva =0, otherwise (29)
> va=w, ke[¥+1:K]} (30)

veal®) rev
Note that [(25) and((27) are void whe}f = 0. The definition ofC¥ , can be extended to the case
w € Rf through suitable labelling.

Lemma 10:For anyw € Wk, (cya-1,V € Vg q_1) € C¥ a1 and(cyq,V € Vi) € C¥.or

Y cva=AY, (31)
veal®)
Y a=uwp, ke[l:K], (32)
VEVK.akeV
cva >0, VEVka, (33)
[ty o~ Sy Ja-1 = ba 20, (34)

K
lZw ¥ =0
P ks a )

Z CV,a = k=1 (35)
VeVk.a wy, l&v > 0.
where
lw
w A w - 1
904 = /\a - Z (Oé —-1- k) Cl1:k],e a—1— lgév_l : (36)
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Proof: See AppendixD. [
The main result of Sectidn VAA is as follows.
Lemma 11:For linear program?};a with w € W, (r,(ﬁ), kell: K]) is an optimal solution, and
every(cv,a,V € Vi) € CY , is an optimal Lagrange multiplier.
Proof: In view of Lemmd.9, we havér,%), kell: K]) € Rk.o. Consider an arbitrarfey o,V € Vi o) €
C¥ o It follows from Lemma 1D thatcy,.,V € Vi ) satisfies[(24) and (25). Note that

lw

K [e%
Zwkr](i‘i) _ Zwk (Hio — Hip-1.0) Z wy,
k=1

k=1 =41

le

w1
= Z (W — wet1) Hio + (wiw — AY) Hiw o + A Hao

k=1
-1
= C[l:k},aHk,a+C[1:lg’},ang’,a+ Z CV,aHoz,oz (37)
h=1 veal®)
= Z CV,aH|V|,om
VEVK,OC

where [37) is due td (31). On the other hand, for &ny, : k € [1 : K]) € Rk.a,

§ WETk,o = § § CV,aTk,o

k=1VeEVk o:keV

D, o) Tha

VeVk,a keV
> Z CV,aH\V\,a
VeVk,a

Therefore, ( (L) Jkell: K]) is an optimal solution. This also shows thai .,V € Vi ) satisfies

(23), thus is indeed an optimal Lagrange multiplier. [ |

B. Entropy Inequality
Define the indicator function
1, eventis true,

7 (even} =
0, eventis false.
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Lemma 12:Forw € Wg with AY > 0 and(cy,,V € Vi o) € (CKQ, define(cyr o—1,V’' € Vg a—1)

as follows:

ka1 = Wk — Wett, k€ [1:I0 4 —1],

A
C[l:l‘c;" 1],04—1 =Wy, — A

a—1»
ov 1 Iy a
Cv’ a—1 = /\—aw Z CV,a + /\_w Z CV,a Z k0 Z I{V/ _ <V> [La]\{T}}’
: VEQ( ¥yicv veggj?{) k=l +1 T=k+1

/ (13'71)
Vie Qs
cvia-1 =0, otherwise

whered¥ is given by [[36). The following statements are true.

(1) (CV’,a—I, Ve VK@_l) S (Cv[%a_l-

(2) We have
> e H(Xv) > > cvaH
V'eEVK,a-1 VEVK o
for all X[;.x).
Proof: See AppendixE. [

Lemma 13:For anyw € RE, there exist(cy,o,V € Vi) € C¥ o @ € [1: K], such that
Y v HXy) > Y cvaH (38)
VIEV ¢ o VEVK N
for all X{;.x) anda > o'
Proof: By symmetry, it suffices to considev € W . We shall first assume i > 0, which implies
AW >0, a€[l: K]. Define(cy.k,V € Vi k) with

C[1:k], K 2wy —wpe1, k€l:K],
cvx =0, otherwise

It is easy to verify thatcy k', V € Vi k) € C¥ ;. One can successively construct the desfred,, V € Vg )
from o = K — 1 to a = 1 by invoking Lemmd1R.
Now consider the case; > --- > wx_1 > wx = 0. The preceding argument implies the existence
of (€0, V € Vica) € C_y 0 a € [1: K — 1], such that
Z CQ/’,a’H (XV’) = Z C/V,aH (XV)

VeV 1o VeVk_1,a
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wi—1). Define(cya,V € Vgqo), a € [1: K —1],

for all X}1.x_1) anda > o/, wherew’ 2 (wy,---,
with
CV,CE é C%/;om K ¢ ‘/7
cva £0, otherwise
and(cVJ(,V’e WU{J()VWth
v 2y, K¢V,

cvi =0, otherwise

It is easy to verify that sucltey .,V € Vi ), a € [1: K], have the desired properties. The general case
=wg =0 for someK’ < K can be handled via inductiBn [ |

wherew; > - > wr_1 > wgr = -+ =

C. Outer Bound
The following result, together witi{3) and Lemral 13, contgdethe proof of Theorein 2
Lemma 14:1f any w € R, there exist(cy,a,V € Vi o) € C¥ ,, a € [1: K], such that[(38) holds,

then
Rix € Rk

when the distribution ot/|;.) 1. IS Symmetrical entropy-wise
Proof: Let (R, : k € [1 : K]) be an arbitrary admissible rate tuple. It suffices to show tha

K K
> wpRi > fr.
k=1 a=1

Without loss of generality, we assumec Wy . We shall prove via induction that, when the distribution

of Up.x1:x7 IS Symmetrical entropy-wise, for any D-MLDC system satisfy (1) and [(2)

(39)

w

B

1 n n
Cl1:k], 6H< [l:k]’U[lzK],[lzﬁ]ﬂU[k+1:ﬁ],K)

B
Zwk Ry +e) 22 + =
k=1 a=1 k=1
K
> cvsH (SvIULs ) — B0 Y wi, Be[l:K],
k=1

veal)
whered, tends to zero as — 0. One can deducé (B9) frorh_(40) by settifig= K and sending — 0

(40)

1
n

®If wy =--- =wk =0, theney,, =0 forall V € Vk o anda € [1: K].

DRAFT
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The proof of [40) for3 = 1 is the same as that df (11). Now assume that (40) hold$iferB — 1.
In view of (38), we have

Z cvi.p—1H (5\/' |Uﬁ:K},[1:B—1])

Vzeggjiill)

4
> Z (crim,B — g1 Z{k <15 _,}) H (5[1;kﬂUﬁ;K},[1;B_1]>
=1
+ Z cv.pH (SV|Uﬁ:K},[1:B—1]>7 (41)
veall)

where .y 5 — g1 Z {k <Ij_,} > 0, k € [1:1}], according to[(33),[{34), and the fact that

¢k, B—1 = Cl1.k),3 Whenk € [1:1}y_, — 1]. Moreover,

g

Z (cpng,B — g1 Z{k <15 }) H <5[1;k]|Uﬁ;K],[1:B—1})
k=1

w

> Z (cpiw,B — cpmg,p—1Z{k <15 _1}) H <S[1:k]|U[n1;K],[1;B_1p U[?H—l:B},[B:K])
1

o

A4

=> cumsH (5[1:k} Uitk 11:8-1» U[?c-l—l:B},[B:K})
pst

w

- Z k), B—1H <S[1:k]|Uﬁ:K],[1:B—1}7 U[TlLf—I—I:B],[B:K])
=1

o

g
> Zc[lzk},BH (5[1:k}|Uﬁ:K},[1:B—1p U[%H:B},[B:K})
k=1
I5_y
- Z k), B—1H <S[1!k]’Uﬁ:K],[1:B—1}7U[rl;—l—lzB—l],[B—l:K])' (42)
k=1
Combining [41) and{42) gives

w
lel

Zc[lzk],B—lH (S[lzkHU[TlL:K},[l:B—l]?U[?c—i—l:B—l},[B—l:K}) + Z cvi,p-1H (SV’|Uﬁ:KL[1:B—1])
k=1 (%)
VIEQK,B—I

Iy
> g, pH (5[1:@’[]{{;1(},[1;3_1]7Uffcﬂ:B],[B;K}) + Y cupH <SV’U[n1:K],[1:B—1})' (43)
k=1 veal)
July 5, 2018
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Note that

H (5[1;kﬂUﬁ;K},[1;B_1p U[?f+1:B},[B:K}>
=H <S[1:k]’Uﬁ;K],[1:B—1}7U[?c—l—l:B],[B:K]’SUH'LB])
=H (5[1;B}IUH;K],[1;B_1}7Uﬁﬂ:B],[B;K]vS[kH:B])
=H (Uﬁ;B},u;B}a5[1:B]’Uﬁ;1q,[1;3_1]vUﬁﬂ:B],[B;K}aS[kH:B})
- H (U[nlzB},[lzB}’U[nlzK],[lzB—l}7U[ylllc—l—l:B],[B:K]’S[l:B})
> H <Uﬁ:3},[1:3p5[1:B]’Uﬁ:K},[1:B—1]vUﬁﬂ:B],[B:K}aS[kH:B}) — nod (44)
=H <Uﬁ:B},[1:B} |Uﬁ:K},[1:B—1}v Uﬁcﬂ:B},[B:K]v S[k+1:B]>
+H (5[1:B]|Uﬁ:K},[1:B—1]a Ult. g1, 0:8) Ukt 1:8),[B:K) S[k+1:B]> — nde
=H <Uﬁ:B},[1;B} |Uﬁ:K},[1:B—1}v Uﬁcﬂ:B},{B:K])
+H (S[LkﬂUﬁ:K},[LB—ua Ull.B)1:8): U[%H:B},[B:K}) — N0
>nHyp+ H (5[1;k]|Uﬁ;K],[1;Bp UfZH;B],[B;K]) —nde, kell:lg], (45)

where [(44) follows by[(2) and Fano’s inequality. Similanye have

H (SV|U[7{:K},[1:B—1])

=H (U&[LB]’SV|Uﬁ;K],[1:B—1]> - H (Ug,[l;aﬂUﬁ:KHLB—uvSV)
> H <U3,[1:B]vSV|Uﬁ;K],[1:B—1}> — nde
:H<W%BWWKWBAO+H<&ﬂﬁﬂmﬂﬂlﬁwm>_ME

> nHjy g+ H (SvIUfx ) —nde V€ QF), (46)
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Continuing from [(4B),

w
lel

Zc[l:k],B—lH (S[likHU[rlL:K},[l:B—l]vU[?c-i—l:B—l},[B—l:K}) + Z cv,p—1H <5V'|Uﬁ;1<},[1;3_1])
= (%)
VIEQK,B—I

s
>n Y evpHyip+ Y cuws-H (5[1:kﬂUﬁ:KH1:B]a U[?c-l—l:B},[B:K})
k=1

VGVK’B
+ Z CV7BH (SV‘U[TIL:K},[I:BO —née Z ¢v,.B (47)
veal®) VeVis

5
> nfg + Z B H (5[1:k}|U[T1L:K},[1:B]v U[?f—i-l:B},[B:K})
k=1

K
+ Z CV7BH (SV‘U[TIL:K},[I:BO - néez:wk, (48)
veol®) k=1

,B

where [(47) is due td (45) and_(46), andl(48) is due td (23), &5)vell as Lemma_11. Combining_(48)
and the induction hypothesis provésli(40) foe= B. [ |

VI. CONCLUSION

We have characterized the admissible rate region of D-MLDIQHe case< < 3 and the case where
the source distribution is symmetrical entropy-wise. lawiof the intimate connection between MLDC
and its lossy counterpart known as multiple descriptionirepdiL4], it is expected that the results in the

present work may shed new light on the robust distributedcgouoding problem (which is the lossy
counterpart of D-MLDC) studied ir_[15].

APPENDIX A

PROOF OFLEMMA
Proof of Part (1) of Lemmal6:It follows by the definition ofyy; ;, that
Viiy + Vg + Uy = H (Ui, Uj2)
whenH (Ui 2,Uj2) > Yy + -
When H (Ui 2,Uj2) < ¥y + g5y, we must have
Yy = H (Ui2|Us2)
Yy = H (Uj2|Uky) ,

Vg =0,
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Yy + Vg + gy = H (Ui 2|Uk2) + H (Uj2| Uy 2) -

Proof of Part (2) of Lemmal6:Note thatyy; ;1 > 1 k) + k) iIMmplies <y ;1 > 0. It then follows

by the definition ofy; ;, that

VYiiy + Uiy + Yy = H (Uig,Uj2) -

Proof of Part (3) of LemmA&l6:In view of the fact that);, > H (U; 2|Ux2), ¥g;y > H (Uj2|Uy2),

andiy; ;3 > 0, we must have
Yy = H (Ui2|Uk2)
Yy = H (Uj2|Uky)
Uiy =0
whenvyy + ¥ 1 + gy = H (Ui2|Uk2) + H (Uj2|Ug,2). Note that
H (Ui 2,Ui2) = HU; 2|Ug 2) + H(Ug2)
=y + H(Ugz2)

> Py + Yy

where [50) is due to[(49). It follows by symmetry th&t(U; o, Uy o) >

definition of ¢(; 1, andsy; 1, completes the proof of Lemnid 6.

APPENDIX B
PROOF OF(22) IN LEMMA

It suffices to considew € Wj.

July 5, 2018
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Vg + Y- Invoking the
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Case 1AW ¢ Wg?%):

1 1
— (w1 + wo — 'wg)H(Xl,XQ) + 5 (w1 — wWoy —l—wg)H(Xl,Xg) + 5 (—w1 + w2 +w3)H(X2,X3)

1
+3 (—w1 +wa +ws3) (H (X1, X2) + H (X1, X3) + H (X2, X3)) + (w1 —wa) H (X1, X2, X3)

> (w1 — wg) H (X1) + (we — w3) H (X1, Xa2)
1

+3 (—w1 +wa +ws3) (H (X1, X2) + H (X1, X3) + H (X2, X3)) + (w1 —wa) H (X1, X2, X3)

= (w1 — ’lUQ) (H (Xl,Xg) + H(Xl,Xg) —H (Xl,XQ,X3)) + (’LU2 — w3) H(Xl,Xg)

2 (wl — ’wg) H (Xl) + (w2 — wg) H (Xl,Xg) + ’ng (Xl,XQ,Xg) (51)
> (wl — ’wg) H (Xl‘XQ,Xg) + (w2 — ’wg) H (Xl,ngXg) + w3 H (Xl,Xg,Xg) ,
where [[51) is due to Han’s inequality [16].

Case 1B € Wgog andvy = v3 = 1):

% (—wi + ws + ws) (H (Xa|X1) + H (X3]X1))

+ % (w1 +wy —ws) H (X1, X2) + % (w1 —wy +ws) H (X1, X3)

> % (—w1 +wy +ws) (H (X2| X1, X3) + H (X3]X1, X2))
+ % (w1 + we — ws) H (X1, X2) + % (w1 — wy +ws3) H (X1, X3)
(w1 —wa) (H (X1, X2) + H (X1, X3) — H (X1, X3, X3)) + (w2 — ws) H (X1, Xa)
+ % (—wy +wa + w3) (H (X3| X1, X3) + H (X1, X))

b5 (s ) (H (Xol X1, Xs) + H (X, X)) + (ur — wn) H (X1, X3, Xy)

>

(wy —w2) H (X1) + (we —w3) H (X1, X2) +w3H (X1, X2, X3)

> (w1 — wg) H (X1’X2,X3) + (’wg — wg) H(Xl,Xg‘Xg) + wsH (Xl,XQ,Xg) .
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Case 1C#; = v3 = 2):

1 1
3 (w; —wy +ws) (H (Xl‘XQ) + H (Xg’Xg)) + 5 (w1 +wy —ws) H (X1, X2)

(—w1 + w2 + w3) H (X2, X3)

1
(w1 — wo + ZU3) (H (X1|X2,X3) + H(X3|X1,X2)) + 5 (w1 + wy — ’LU3) H(Xl,Xg)
(—w1 + w2 +ws3) H (X2, X3)

= (wl — wg) H (Xl‘XQ,Xg) + (w2 — wg) H (Xl,Xg)

1
+3 (—w1 + w2 + w3) (H (X1|X2, X3) + H (X2, X3))

1
+3 (wy —wa 4+ w3) (H (X3| X1, Xo) + H (X1, X2))

= (wl — wg) H(Xl‘XQ,Xg) + (w2 — wg) H(Xl,Xg) + wsH (Xl,Xg,Xg)
> (wl — wg) H(Xl‘XQ,Xg) + (w2 — wg) H(Xl,ngXg) + wsH (Xl,Xg,Xg).

Case 1D #; = v = 3):

1 1
5 (w1 + wo — ?,Ug) (H (X1|X3) + H (X2|X3)) + 5 (w1 — wo + ’LU3) H (Xl,Xg)

+ = (—wy + we + w3) H (X2, X3)

1
> (ZU1 + wg — ?,Ug) (H (X1|X2,X3) + H(X2|X3)) + 5 (w1 — wo + ’LU3)H(X1,X3)

+ RN

1
5 (—w1 + w2 + w3) H (X2, X3)

Z (wl — ’wg) H (Xl‘XQ,Xg) + (w2 — ’wg) H (Xl,Xngg)
1
+ 5 (—w1 + wo + wg) (H (X1’X2,X3) + H (Xg,Xg))
1
+ 5 (wl — wy + ’wg) (H (Xg‘Xl,Xg) + H(Xl,Xg))

= (w1 —w2) H (X1]| X2, X3) + (w2 — w3) H (X1, X2|X3) + wsH (X1, X2, X3) .
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Cases 2A and 2B« < Wg?%):
(—w1 + we + w3) H (X3 X,,) + weH (X1, Xo) + (w1 — we) H (X7, X3)
> (—wy 4+ wa + ws3) H (X3 X1, Xo) + woH (X1, Xo) + (w1 — w2) H (X1, X3)
= (w1 —wo) (H (X1,X9) + H (X1,X3) — H (X1, X2, X3)) + (we —ws) H (X7, X2)
+ (—wy + we + ws) (H (X3|X1, X2) + H (X1, X2)) + (w1 —ws) H (X1, Xa, X3)
> (wy —wa) H(X1) + (wy —ws) H (X1, X2) + wsH (X1, X2, X3)
> (w1 —wa) H (X1] X2, X3) + (we —ws) H (X1, X2| X3) + wsH (X1, Xo, X3) .

Cases 2C and 5B:

(w1 — wo) H (X1 X0,) + ws H (X3|X,,) + woH (X1, Xo)
> (w1 — ws) H (X1| X2, X3) + ws H (X3]X1, Xa) + woH (X1, X2)
= (w1 — we) H (X1| X2, X3) + (wy —ws3) H (X1, X2) + wsH (X1, X2, X3)
> (wy — wa) H (X1|Xa, X3) + (ws — ws) H (X1, Xa| X3) + w3 H (X1, X, X3) .
Cases 3A and 3Bw < Wéog :
(—w1 + wy + ws) H (X2 X,,) + (w1 —ws) H (X1, Xo) + wsH (X1, X3)
> (w1 +wz +w3) H (Xo| X1, X3) + (w1 — w3) H (X1, X2) + w3 H (X1, X3)
= (w1 — wg) (H (X1, X3) + H (X1, X3) — H (X1, X2, X3)) + (w2 — w3) H (X1, X2)
+ (w1 —we) H (X1, X2, X3) + (—wy +wy + ws) (H (X2| X1, X3) + H (X1, X3))
> (wy —wa) H(X1) + (wy —ws) H (X1, X2) + wsH (X1, X2, X3)
> (w1 —wy) H (X1] X2, X3) + (wo —ws) H (X1, X2| X3) + wsH (X1, Xo, X3) .

Cases 3D and 5Dv/( = vp = 3):
(w1 — w3) H (X1|X3) + wo H (X2|X3) + w3 H (Xl,X3)
> (w1 — w3) H (X1|X3) + wo H (X2|X1,X3) + wsH (Xl,Xg)

= (w1 —wo) H (X1|X3) + (w2 —ws) H (X1, X2|X3) + wsH (X1, X2, X3)

> (w; —wy) H (Xl‘XQ,Xg) + (wg —ws3) H (Xl,ngXg) + wsH (Xl,Xg,Xg) .
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Cases 4A and 4C:

(w1 —wa +ws3) H (X1]|X,,) + (w2 —ws3) H (X1, X2) + wsH (X2, X3)
> (wy — wz +ws3) H (X1| X2, X3) + (w2 — w3) H (X1, X2) + w3 H (X2, X3)
= (w1 — we) H (X1| X2, X3) + (wg —w3) H (X1, X2) + wsH (X7, X2, X3)
> (wy —wy) H (X1] X2, X3) + (wy —ws) H (X1, X2| X3) + wsH (X1, Xo, X3) .
Case 4D {; = v = 3):
wi H (X1|X3) + (ws — ws) H (Xa|X3) + wsH (Xa, X3)
> (w1 — wa +w3) H (X1]| X2, X3) + (w2 — w3) (H (X1|X3) + H (X2|X3)) + w3 H (X2, X3)
— (w1 — w2) H (X1| X2, X3) + (wa — ws) (H (X1]X3) + H (X2|X3)) + wsH (X1, Xa, X3)
> (w1 — we) H (X1]Xa, X3) + (wo — ws) H (X1, Xa|X3) + wsH (X1, X2, X3).
Cases 5A and 5C:
(w1 —we —ws) H (X1|X,,) + weH (X1, X2) + wsH (X1, X3)
> (wy — wa) H (X1 X2, X3) + (ws — ws) H (X1, Xa) + ws (H (X1, X2) + H (X1, X3) — H (X1))
> (wy —wa) H (X1] X2, X3) + (wy —ws) H (X1, X2) + wsH (X1, X2, X3)
> (w1 —wy) H (X1]| X2, X3) + (wy —w3) H (X1, X2| X3) + wsH (X1, Xo, X3) .

APPENDIXC
PROOF OFLEMMA
The following result is needed for the proof of Lemina 9.
Lemma 15:Assume that (Xy) = H (Xy) for all V.V’ C [1: K] with |[V| = |V’|. We have
H (X K1) 2 (K] Ko 19)

(41 12
for anyiy,is,j € [1: K] such thati; <iy < j.

Proof: It suffices to consider the case < i,. Note that
inH (Xp1eia)| Xpis197) = 2 H (X X i 1)
k=1

i2

= H (Xl Xiy1)) + 2 H (Xiap a3 1 X (1) Uios1:9)
k=1 k=1

> H (X1 [ Xpiy+157) + i2H (Xpi,—11| X5 -
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Therefore,
H (X1.0,-11 X [i:5)) _H (X1:02]| Xfip41:51)
19 — 1 B 19 '
One can readily complete the proof via induction. |

Now we are ready to prove Lemrha 9.
Proof of Lemmal9:Consider an arbitrary” € Vi . LetV; 2 VN[l andVy £ V\V;. It suffices

to show that

H (Ui 1ol o
> H (UralUp+1ala) + V2l % > H (Upvi)alUpvisrala) - (52)
keV;
First consider the cask # ), i = 1,2. Note that
Vi
Z H (Uk,oc|U[k+1:a},a) = ZH <U<V1>rva|U[(V1>T+l:a],a)
k€V1 T=1
[Vi]
2 ZH (UT,G|U[T+1:04},04) (53)
=1
=H (U[I:\V1|],Q|U[|V1H—l:a},a) 5 (54)

where [538) is due to the fact thét;). > 7 for 7 € [1 : |V;|] and that the source distribution is symmetrical

entropy-wise. Moreover, we have

H Ul—i-lza,a H Ul:a—l ,a|Ua—l+1:a— Vil],«
W (a[_l})zw (U }a[—l Vill.a)
> H (Unwaf).al Upal1:a-1vif.a) (55)
= H (Uyv;j41:v.0lUpvi+1:0]0) » (56)

where [(55) is due to Lemmiall5 and the fact that [ > |V5|. Combining [(54) and (56) proves (52) for
the casd; # 0, 1 =1,2.

Note that [[52) degenerates fo[54) whén= () and degenerates o (56) wh&h = (). This completes
the proof of Lemmalo. [ |
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APPENDIXD

PrOOF OFLEMMA [1I0

Proof of [31): Note that

Sus Y Y e

k=lw+1 k=lw +1V€Q£< ) ey
= > e 2,1
Veﬂgj"ﬁ‘;) keV\[1:1¥]
=(@=1Y) D cvas
veal®)
from which the desired result follows immediately. |

Proof of [32): Consider the following two cases.
(Case L)k e [1:1Y]:

> ZCM} Y, e

VEVKYOL:]CEV VGQ(Z )
K,«

= Wk — )\Xl + Z
veal®)

where [57) is due td (31).
(Case 2)k € I +1: KJ:
Z CV,o = Z Vo = Wk
VeVikatkeV Veﬂgi):kev
[
Proof of [33): It suffices to verify thatww — Ay > 0 whenl}y > 1. Indeed, this is a simple
consequence of the fact that € W(l ) |
Proof of [34): Consider the foIIowmg three cases.

(Case 1)I¥_; <I¥ —2: Note that

w

Z (a—l—k)c[lzkm:(a—l—lg’ wpw_ 41— Z wr — (=1 =17)\Y (58)
k=l +1 k=1 +1
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and
I K Iy
(=T + > we= > wpt+ Y wy
k=l_ +1 k=ly+1 k=ly_,+1
K
k=l¥_,+1
= (o= 1= 130) A (59)
We have
1w 1
0y = | AY — —1—k)cp. ——
a a Z (a )c[l-k],a a—1— lw—l
k=l +1 @
I 1
= (AW - (a—1-1¥ w 1=\ | —————— 60
a (a a—l) Wiw_ +1 + Z W + (a a) o oa—1— lw—l ( )
k=l¥_,+1 @
I 1
= |+ D we— (a1 R | e
k=l¥_,+1 @
w W W 1
= ((O[ —1-— la—l) )\Oc—l — (Oé —1- loc—l) WZ371+1) 70[ 1 lZ{V_l (61)
= A1~ Wi+ (62)
- C[l:l‘;’fl],a o C[l:l‘;’fl],a—l’
where [60) and[(61) are due fo {58) andl(59), respectivelyart be verified that
K
(a=1-03 ) Ay = Z W
k=l"_ 41
K
= Z Wy + Wpw_ 41
k=l¥_,+2
> (=210 ) ww 414w 41 (63)
= (a —1- lz[v_l) wl‘&viﬁl, (64)

where [68) follows from the fact that Wg%j)l. Combining [(62) and (64) proves > 0.
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(Case 2)I¥ , = 1% — 1: Note that

a—1 —
K
(=T = > up
k=ly+1

= (Oé —1-— Z(V)év_l) )\2/_1 — Ww

o

= (a— )Ny — wy. (65)
We have
O = (W — (a1 1%) cpramya) —
«a o a ) ClLiv],a Oé—l—lg_l
1
= (\V — —1-1% w =AY

(a (Oé oc)(wla Oé))a_l&v

= Aol — Wi (66)

- C[l:l‘;’fl],a o C[l:l‘;’fl],a—l’

where [€6) is due td_(65). The fact th@} > 0 follows by (64) and[(€6).
(Case 3)IY_; =¥ Note that

Moreover, we have

1 1 a
wo__
a—1-I¥ "% (a—=1-1¥)(a—1¥) k—%;ﬂwk
K
1 1
<a 1= « l&") k_%;ﬂwk
= A1~ AL
=y, ]a Ty a1
[
Proof of [35): Consider the following two cases.
(Case 1)1 = 0:
D wa= ), ca
VeV a vea®.
1 K
== 67
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where [67) is due td (31).
(Case 2)IY > 0:

-1
Z Vo = Z Clt:k],a T ClL1:w],a T Z
VEVk q k=1

veal®)

= Z (wp — wi11) + (wl‘g — /\3’) + Z CV,a

k=1 Veﬂg‘j{)
-1
= (i — wrr1) + (wiw — AY) + AY (68)
k=1
= wy,
where [(68) is due td (31). [ |

APPENDIX E
PROOF OFLEMMA [12
Proof of Part (1) of Lemm&a-12:Note that [(26),[(27), and_(29) obviously hold. Moreoveér,)(&8

implied by [34). Therefore, it suffices to verify (30).
Consider an arbitrary integére I, + 1: K|. We have

cy,
> > %17_‘1[2/_1

v (1),
V/eﬂg(fgill):kew VEQ VeV

Do
{V’ € Qﬁ(’a_)l tkeV' C V}
= 2 a—1-1", Vi

veal® ey

= Z Cv,a- (69)

veal®) rev

Note that

lw

> )\Lw D> Wa D Cila ZI{ [m]\{T}}

w @ =l 1 1
V/ng“ﬁ):keV/ veal) et T

lw

1 !/
W Y. Wa Y. Cia Z > I{V = <V>[1:o4\{r}}- (70)

(%) =l¥_,+1 T=i+1
VeQ,s, ! V/EQS(;:Q kev’
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Moreover,
> > V=W
T=i+1 ()
VieQy ST ket
= le{k € <V>[1:a}\{7'}}
T=1+
—(a—1-)T{keV) +z{/<; c <v>[1ﬂ}, Vel ie v, +1:0y).
Therefore,
15 «
1 W
Z W Z Vo Z C[1:4),x Z I{V/ = (V>[1;a}\{7}}
V/eﬂg(ljvij):kew VGQQ&;) =y +1 T=i+1
Ly
_ Aiw S oeva Y e (la-1-0T{hevi+T{ke (V)y,})
@ Veﬂgﬁj{) =1y +1

2y

1 .
= )\_w Z (Oé —-1- Z) Cl1:4],c Z CV,a
@ i=ly_, +1 ()
VeQs keV

lw

+ % Z CV,a za: C[l:i],aI{k €(V) [1=i}}’

Veﬂgt‘i):kev =1t

where [[72) is obtained by substitutirig {71) intal(70). Comiig (69) and[(713) gives

§ Cv' a—1

V'eﬁg%::ll) kev’

lw

= Z CV,q + /\iw Z CV,a z": C[l:i],aI {k € <V>[1:i}} :

veal®) rev veal®ipey T
Now consider the following two cases.

(Case 1)k € [I¥_; +1:1¥]: We have

§ CVa = § CV,a

veal®) rev veal®)
=AY
and
I{k c <V>[M]} =T{kell:d}, Vel icy, +1:17],
July 5, 2018
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(71)

(72)

(73)

(74)

(75)

(76)
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where [75) is due td (31). Continuing from (74),

Z Cva—1
V/enfji:a) kev
lw
1 - .
= > a+t NG Y wa Y, cpgeI{ke[l:d} (77)

W a W ‘: wW
veal®) rev veal™ ey Tt

N

I
= Z CV,a + )\iw Z Cl1:4],00 Z CV,a
i=k

W a y W
veal®) rev veol™) pey

;o

I

=+ Z Cl1:i],a (78)
i=k

= Wk,

where [7¥) and[(78) are due fo {76) add](75), respectively.
(Case 2)k € [I¥ + 1 : K|: We have

Z CV’ a—1 = Z CV,a (79)

V'eﬂggiﬂ):kew veal®)rev
= Wk,
where [[79) follows by[(74) and the fact that
I{k c <v>[1ﬂ} —0, Vel i, +1:13].

This completes the verification df (30). [ |

Proof of Part (2) of Lemm&_12:Note that
V]

Z H <X<V>[1:\vu\m>

T=1+1
\4 V]

- Z H<X<V>[1:\vu\m|X<V>[u1> T Z H<X(V>[1n-])

T=i+1 T=it+1

VI

- Z H <X<V>[1:\vu\{r} ’X<V>[1:i1> +(VI=9H <X<V>[1=i]>
T=14+1

v

(VI-1-i)H (XV‘X(VNM]) + (V| -9 H (X<v>[11i]) (80)

= (V= 1= H(Xv)+H (X, ), i€l0:[V]-1], (81)
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where [80) is due to Han’s inequality [16]. We have

Z i—a:: Z CV@H (XV/)

V/eﬂggill) veal® vicy

:i_a: > eva > H (Xv)

* VGQ&?‘L) V'eﬂgiiﬁ):\//gv
oY -
=% 2 wa ) H <X<V>[M]\{T}>
o Veﬂgi) T=I¥_,+1
> i—“:: Y cva ((a 1Y ) H(Xy)+H (X[Hgfl])) (82)
“ VGQ&&)
Iy
= Y vl (Xy) - Aiw S (a—i-Depge S vl (Xy)
veal®) BaCSES veal®)
+ (C[lzzg,l],a - C[lzzg,l],aq) H (X[ug,l]) : (83)

where [(82) follows by[(81), and (83) is due fo(31) ahd] (34).rwer,

w

Z )\Lw Z Vi i: ], Z I{V/ = <V>[1;a}\{T}}H(XV')

b «
1
W Z Z L] Z H <X<V>[1:a]\ﬁ}>
Ad VEQ&,Q) i=lY_,+1 T=i+1
lW
1 - .
> D Wa D, Chaa (=10 H(Xy) + H (X)) (84)
“ VeQ& a) =l
lW
1 .
= 3w Z (@—=1—1)cpga Z cv,aH (Xv)
« i:l‘;’71+1 VGQQ%‘;)
lw
1 w
+ W Z C1:d),aH (X[I:i]) Z CV,a
O i=Iw 41 Veﬂgi)

I I

1 .
= Yo ola—1—epga Y, wvaHXv)+ D it (Xug), (85)

&=y, +1 Veﬂgi) i=ly_+1
where [84) and[(85) are due fo {81) and](31), respectively Noe can readily complete the proof by
combining [82) and(85) and invoking the fact that;) .1 = c[1.5,« Wheni € [1:1%_; —1]. [
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