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Maximum distance separable 2D convolutional

codes

Joan-Josep Climent Diego Napp Carmen Perea  Raquel Pinto

Abstract

Maximum Distance Separable (MDS) block codes and MDS one-dimensional (1D) convolutional codes are the
most robust codes for error correction within the class of block codes of a fixed rate and 1D convolutional codes of
a certain rate and degree, respectively. In this paper we generalize this concept to the class of two-dimensional (2D)
convolutional codes. For that we introduce a natural bound on the distance of a 2D convolutional code of rate k/n
and degree 6, which generalizes the Singleton bound for block codes and the generalized Singleton bound for 1D
convolutional codes. Then we prove the existence of 2D convolutional codes of rate k/n and degree ¢ that reach

A2 1+2)(ULg)+3) . GHD(E+2) . : .
such bound when n > k~—E—5-k—"if k{4, or n > k~E—5%—=if k | §, by presenting a concrete constructive

procedure.

Index Terms

2D convolutional code, generalized Singleton bound, maximum distance separable code, superregular matrix,

circulant Cauchy matrix.

I. INTRODUCTION

One of the most important requirements for the construction of powerful codes is that they must have good error
correcting properties, i.e., as large (free) distance as possible. The codes that have the largest possible distance

among all codes with the same parameters are called maximum distance separable (MDS). In the context of block
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codes, MDS codes are very well understood. It is well-known that the distance of a block code of rate k/n is
always upper-bounded by the Singleton bound n — k + 1. The class of Reed-Solomon codes is a good example of
block codes that achieve this bound, i.e., are MDS (see, for example, [22]).

The convolutional case is more complex. It was shown in [25] that the distance of a 1D convolutional code of
rate k/n and degree ¢ is always upper-bounded by the generalized Singleton bound (n — k) ({ZJ + 1) +46+1.
Later, concrete constructions of MDS 1D convolutional codes for all rates and degrees have been introduced [30],
[31].

Roughly speaking 1D convolutional codes can be seen as a generalization of block codes in the sense that a
block code is a convolutional code with no delay, i.e., block codes are basically 0D convolutional codes. In this
way, multi-dimensional convolutional codes (nD convolutional codes where n stands for the dimension) extend the
notion of block codes and 1D convolutional codes. These codes have a practical potential in applications as they are
very suitable to encode data recorded in n dimensions, e.g., pictures, videos, storage media, wireless applications,
etc. [14], [29], [35]. However, in comparison to 1D convolutional codes, little research has been done in the area
of nD convolutional codes and much more needs to be done to make it attractive for real life applications.

The algebraic theory of 2D and nD convolutional codes has been laid out by Fornasini and Valcher in [6], Weiner
et al in [8], [33] and recently by Lomadze in [21]. Several attempts aiming at the construction and implementation
of this type of codes have been presented in [1], [2], [4], [11], [17], [19], [20], [24], [34].

Nonetheless, despite its fundamental relevance, very little is known about their distance properties. We mention [5],
[24] for results on the distance properties of 2D convolutional codes in some particular cases. Still the general case is
unexplored: no general bound on the distance has been derived and, consequently, the existence of multidimensional
MDS convolutional codes is not known.

In this paper we investigate these issues for 2D convolutional codes. The paper contains two major results. First,
we derive an upper bound on the distance of 2D convolutional codes (Section III). This bound can be regarded
as the generalization to the 2D case of the generalized Singleton bound for 1D convolutional codes. Hence, this
bound is called generalized 2D Singleton bound and the 2D convolutional codes that achieve such a bound are
called MDS 2D convolutional codes. Second, we show that this bound is tight, i.e., we prove that there exist MDS
2D convolutional codes (Section IV). More concretely, we present a construction of an MDS 2D convolutional
code of rate k/n and degree ¢ with n > kw, ifkt{d,orn> k(%ﬂéﬂ, if k| d. For these
constructions we make use of the so-called superregular matrices. Our construction is valid for any field on which
we can construct superregular matrices with the required properties. However, to illustrate the results of the paper
we also show (in Section V) how to use a circulant Cauchy matrix over a finite field with an odd number of

elements to construct an MDS 2D convolutional code and we provide some examples.

II. 2D CONVOLUTIONAL CODES

In this section we recall the basic background on 2D finite support convolutional codes. We denote the ring of

polynomials in the two indeterminates, z; and z, with coefficients in the finite field F by F[z1, 22].
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Definition 1: A 2D finite support convolutional code C of rate k/n is a free F[zy, z3]-submodule of F[zy, 23],
where k is the rank of C. A full column rank matrix é(zl, 23) € Flz1, 29)"**F whose columns constitute a basis

for C, i.e., such that
C= Im]F[zl,zg] é(‘317 22)
- {@(zl, ) € Floy, 20]™ | B(21, 22) = Gl21, 22)0(21, 22) with G(z1, 22) € Flzy, zg]k} ,

is called an encoder of C. The elements v(z1,22) of C are called codewords and w(z1, 22) are the information

vectors.

We consider a 2D finite support convolutional code as a free submodule of F[z1, 23]", and not as a general
submodule of F[z1,22)™ like in [33], in order to avoid the lack of injectivity, i.e., that two different sequences
produce the same codeword.

Two full column rank matrices G (21, 22), G’ (21, 22) € Flz1, 22)"** are equivalent encoders if they generate the

same 2D finite support convolutional code, i.e., if
Im]F[zl,ZQ] é('zlv Z2> = Im]F[zl,zQ] é\TVI('Zla 22)7

which happens if and only if there exists a unimodular matrix U(z1,22) € Flzy, 22]¥** (see [33]) such that
G(z1,22)U (21, 22) = G/ (21, 22).

From now on we will refer to 2D finite support convolutional codes simply as 2D convolutional codes.

The complexity and the degree of a 1D convolutional code are equivalent and crucial notions. They are one of
the parameters of the generalized Singleton bound on the distance of these codes. To define similar notions for 2D

convolutional codes, we need to consider first the usual notion of (total) degree of a polynomial matrix

G(21,2) = Z G(i,§)2i 2} € Flzy, 2]k,
(i,5)ENG
with G(i,7) € F***, defined as deg(G(z1,22)) = max{i + j | G(i,j) # 0}. Here, and in the rest of the paper,
Ny denotes the set of nonnegative integers. We can define the total degree of a polynomial vector or just of a
polynomial in the same way.
Moreover, given a polynomial matrix CA}’(zl,zz) € F[z1,22)"** we define the internal degree of @(zl,ZQ),
denoted by 6i(é(zl, 29)), as the maximal degree of its full size minors. Note that since equivalent encoders differ

by unimodular matrices, their full size minors differ by a nonzero constant. We can now introduce the notion of

complexity of a 2D convolutional code as follows.

Definition 2 ([24]): Let C be a 2D convolutional code. The complexity of C, represented by 5\@, is defined as the

internal degree of any encoder of C.

We define the degree of a 2D convolutional code in a similar way as it is defined for 1D convolutional codes.
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Definition 3: Let C be a 2D convolutional code, 6(21722) € Flz1, 20]"** an encoder of C and v; the column
degree of the ith column of G (21, 22), i.e, the maximum degree of the entries of the ith column of G (21,22). The

external degree of é(zl, 29), denoted by 65(@(21, z2)), is defined as
k

0e(G(21,22)) = Y v

i=1

and the degree of C, denoted by d¢, is defined as the minimum of the external degrees of all the encoders of C.

Since v = max{v; | i = 1,2,...,k} is the total degree of G(z1, 25), it follows then that
@(zl,zg) = Z G(i,j)2iz], with G(i,§) € F*** and G(i,j) # O for some i + j = v. (1)
0<iti<v

Note that when dc = 0, then @ (21, 22) is a constant matrix and therefore yields a block code. So, from now on

we always assume that ¢ > 0.

Remark 1: If G(21, 20) € Flz1, 2]"** is an encoder of a 2D convolutional code C, then
0:(G(21,22)) < 0(G(21, 22)).

Moreover, if there exists an encoder é(zl, z9) of C, such that 59(6(21, 29)) = JAC, then 5Ac = dc.

If no confusion arises we write § and 4 for dc and SC, respectively. Note that the degree of a 1D convolutional
code equals its complexity, since a 1D convolutional code always admits column reduced encoders whose external
degree equals their internal degree (see [12], [23]). However, for 2D convolutional codes such encoders do not

always exist and there are therefore codes such that 5 < 5. The following simple example illustrates this fact.

Example 1: For any finite field, let C be a 2D convolutional code with encoder

1 0
@(21722) = zZ1 22
1 1
It is easy to check that C has complexity 1 but degree 2. ]

Remark 2: Note that the complexity and the degree of a 2D convolutional code are directly connected with
the notion of degree of a 2D polynomial, which means that different notions of complexity and degree could be
considered. We opted to use the “total degree” of a 2D polynomial since, similarly to the 1D case, the corresponding
notion of complexity gives a lower bound on the dimension of the input-state-output representations of such codes

(see [24)).
We finish this section by introducing the support and the weight of a word. Given a word

V(z1,22) = Z v(i,5)2i ) € Flz1, 2™,
(i.5)€Ng
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with v(4,5) € F" for (i,7) € N2, we define the support of (z1,22) as
Supp (8(21, 22)) = {(i,5) € Nj | v(i, j) # 0}

and the weight of v(z1, z2) as
wt(0(21,22)) = > wt(v(i,j)) = > wt (v(i, §))
(i,5)€ENG (1,7)€Supp(¥(21,22))
where wt (v(Z, 7)) is the number of nonzero entries of v(i, j).

]nxk

Moreover, if G(z1, 22) € Flz1, 22 is the polynomial matrix given by expression (1),

U(z1,22) = Y u(r,s)zz € Flai, 2",
(r,s)eNZ

is the information vector, and ¥(z1, 22) = G(z1, 22)U(z1, 22), is the corresponding codeword, then

v(z1,22) = Z v(a,b)z28,

(a,b)eNZ
where
’U(a, b) = Z G(Zv j)u(rv 5) = Z G(a —rb— S)U’(Ta 5) )
0<itj<v r+s<a+b<v+r+s
s

ITI. 2D GENERALIZED SINGLETON BOUND

It is well-known that an important measure of robustness of a code is its distance (see [12], [22]). We define the

notion of distance of a 2D convolutional code as in [33]. The distance between two words
v1(21, 22), V2(21, 22) € Flz1, 29]"
is then given by dist (91 (21, 22), V2(21, 22)) = wt (U121, 22) — V2(21, 22)) .
Definition 4: Given a 2D convolutional code C, the distance of C is defined as
dist (C) = min {dist (V1 (21, 22), V2(21, 22)) | U1(21,22), V2(21, 22) € C, with U1(21,22) # Va2(21, 22)} .
Note that the linearity of C implies that
dist (C) = min {wt (0(z1, 22)) | U(21, 22) € C, with ¥(z1,22) # 0}.

In this section, we give an upper bound on the distance of 2D convolutional codes of rate k/n and degree 0.
For that we need the following result. Here, and in the rest of the paper, we write #S to refer to the number of

elements in a set S.

Lemma 1: Let CAv'(zl, 23) € Flz1, 22)"** be a full column rank matrix such that all its column degrees are equal
to v, and let C be the 2D convolutional code generated by é(zl, 29). Then

n(u+1)(u+2) B

i <
dist (C) < 5

E+1.
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Proof: Since v is the total degree of G (21, 22) we can consider expression (1). Let u € F* be a nonzero vector
such that G(0,0)u has its first kK — 1 entries equal to zero. Thus, wt (G(0,0)u) <n —k + 1.
Notice that since wt (G(i,j)u) <n, for 1 <i+ j < v, and
v+1)(v+2)

#{(i,j) eNg | 1<i+j<v}= 5 -1,
we have that
dist (C) < wt (é(zh zz)u) - 0<;< wt (G(i, j)u)
= wt (G(0,0)u) + <z_:< v_vt (G(i,j)u)

|
The above result allows us to obtain an upper bound on the distance of a general 2D convolutional code of rate

k/n and degree d, as stated in the next theorem.

Theorem 1: Let C be a 2D convolutional code of rate k/n and degree 6. Then

5 s
3 +1) (| 2] +2 5
dist(C)Sn(LkJ )Q(L’“J ) —k({kJ+1)+6+1. 3)
Proof: Let @(zl, 23) € F[z1, 22]"*¥ be an encoder of C with column degrees vy, s, . . ., v and external degree

0 (e, vy +vo+ - -+uvp=0).
Assume first that vy = 9 = - -+ = 1. Then, from Lemma 1

2t D +2)

i <
dist (C) < )

E+1.

and taking into account that kv, = 4, it follows that

nw—k+lzn(L%J+l)(L%J+2) —k(VJ+1)+5+1

2 2 k
and therefore, expression (3) holds.
Assume now that

VN 2Vg 2 2V >V =Vgpo =" =1V

for some ¢ with 1 < ¢ < k. It follows then that § > ¢(vy, + 1) + (k — t)vk. So, 6 — kv, > ¢ and L%J > .
Let (21, z2) € F[21, 22]* be a nonzero vector whose first ¢ entries are zero. Then, it follows from Lemma 1 that

(Vk +1)(v + 2)

dist (C) <n 5

—(k—t)+1.

This upper bound is larger if v, and t are as large as possible. Since the largest possible values for v; and ¢ are
Vi = L%J andt=0—k {%J substituting this values in the above upper bound, inequality (3) holds. [ ]
The upper bound given by the above theorem is the extension to 2D convolutional codes of the generalized

Singleton bound for 1D convolutional codes (see [25], [31]).
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Definition 5: We call the upper bound in expression (3) the 2D generalized Singleton bound. Moreover, we say
that a 2D convolutional code of rate k/n and degree § is a Maximum Distance Separable (MDS) 2D convolutional

code if its distance equals the 2D generalized Singleton bound.

There could be other expressions for the 2D generalized Singleton bound as there is not a unique obvious way
to define the “degree” § of a 2D convolutional code (see Remark 2).
Finally, note that in the proof of Theorem 1, t = § — kv, implies that vy = vo = -+ = v, = v, + 1. Thus, the

existence of an encoder with column degrees

6 1)
V=V == = T +1 and vy =vgyo = =1 = T

is a necessary condition for a 2D convolutional code to be MDS.

IV. MDS 2D CONVOLUTIONAL CODES

In this section we present a construction of MDS 2D convolutional codes of rate k/n and degree 4. To this end

we need to consider superregular matrices.

Definition 6 ([26]): Let A be an n x ¢ matrix over a finite field F. We say that A is a superregular matrix if every

square submatrix of A is nonsingular.

See [9], [15], [16], [18], [22], [26], [28] for different constructions of superregular matrices. Superregular matrices
are also called MDS matrices [13] or hyper-invertible matrices [3].

Note that every submatrix of a superregular matrix is also a superregular matrix. In particular, all the entries of
a superregular matrix are nonzero. We will use these facts several times throughout the paper.

It is worth mentioning that some authors have used the term superregular to define a related but different type

of matrices, see for instance [7], [10], [32]. So,

1 0 0
€ F3** and 1 1 0| €erxs
1
2 11

are superregular matrices within the meaning of [7], [10], [32], but they are not superregular matrices within the
meaning of Definition 6.
The following lemma is an immediate consequence of Definition 6 and it gives a lower bound on the weight of

a linear combination of columns of a superregular matrix.

Lemma 2: Let A be a superregular matrix of size n x £ over a finite field F, with n > (. It follows that any

nontrivial linear combination of m different columns of A cannot have more than m — 1 entries equal to zero.

Next, for positive integers n, k and J, we construct a 2D convolutional code C of rate k/n and degree 6 whose

distance achieves the upper bound of expression (3).
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Throughout the paper, we denote
)
t=6—-k|-—|.
i
For notational reasons we assume first that & 1 0, i.e., 0 < ¢t < k. The case k | § is simpler and it will be briefly

considered at the end of this section.

Using superregular matrices we will construct an encoder G (21, 22) € Flz1, 29)"*F of an MDS 2D convolutional

code of rate k/n and degree ¢, with column degrees vq,vs, ..., Vg, given by
[#]+1 forr=12.. 1
U= e
2], forr=t+1,t+2,... k.

Let us define
R (T RPN ( SRR (IR

Hence, ¢; and /5 represent the maximum number of nonzero coefficient vectors in F™ that a polynomial vector in
Fz1, 22]™ of degrees L%J + 1 and L%J, respectively, may have.

For a sufficient large field F consider matrices

A’r:[gs gr - g;Q_l}EIF"XZQ for r=1,2,...,t,t+1,....k
and
B, = { 9%, 9he1 901 } e F<i=f) for =12 ...,
such that
6= { Ay By Ay By -+ Ay By A Ao - Ap } € Frx(klatt(ti—tz). )
G = [ rsh(A;) rsh(Ay) -+ rsh(4;) rsh(Ap1) -+ rsh(Ag) } € Fréexk
Go = [ rsh(By) rsh(Bz) --- r1sh(By) } c Frli—t2)xt

are superregular matrices, where

s

90
91
rsh(4,) = ] for r=1,2,...,t,t+1,...,k
9,1
and
gu,
gz;:-‘rl
rsh (B,) = _ for r=1,2,...,t,
90,1
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9
are the reshapes of the matrices A, and B,., respectively. Further, we define the matrix
G . 5 n (6 —02) Xk
G=| |, with gzz{gQ O]EF 1=t2)xk ©6)
G2

Note that we can obtain the matrices G; and G5 from matrix & and vice-versa. In Section V we will present a
method to obtain superregular matrices &, Gy, and Gs.

Now, let us construct polynomial vectors ér(zl, 29) € Flz1, 25]™ as follows

Z g;(m)zizg’ fOrT‘: 1727"'7t7

~ 47 s
GT(21722) _ 0< +]SL}¢J+1 B (7)
Z 9?1725 forr=t+1,t+2,...,k,
0<i+j<| 2]
where 1 : N2 — Ny is the map defined by
(i1
uig) =g+ CEDCETHD o (i) e N2, ®)

5 )
This is a well-known function (one of the Cantor’s pairing functions) commonly used to show that NZ and Ny have
the same cardinality; i.e., p is a bijection. Moreover, u(ry,s1) < p(ra,s2) if and only if r1 + s1 < ro + s, or
1+ 81 =719 + S9 and s1 < So.

Note that the superregularity of the matrix & (also the superregularity of the matrices G; and G,) implies that
all the entries in the polynomial vector @r(zh z9), for r =1,2,...,¢,t +1,t +2,..., k, are nonzero. Moreover,
G, (21, z2) has degree [2] +1, forr =1,2,...,¢, and degree | 2|, for r =t +1,t+2,... k.

Finally, we define the encoder

~ ~

G(Zlvz2):{@1(21,22) Go(z1,22) - Gi(z1,22) -+ Grlz1,22) € Flzy, 2], 9

for which the column degrees of the first ¢ columns are L%J + 1 and the column degrees of the last k — ¢ columns
are L%J, that is, expression (4) holds. Now, since ¢ = & — kL%j it follows that v + 9 + --+ + v, = 6, i.e.,
8.(G(21,22)) = 0.

Note that L%J + 1 is the total degree of @(zl, 29); therefore, according to expressions (1) and (7) we can write

expression (9) as

Gl 2)= Y G, )27 (10)
0<i+j<[f]+1
where
1 2 .. gt tHL L gk if0<i+j<|[g
. [ Iuig)  Iuting) Iuig) Iuting) 9pu(ig) ] ifo<iti=ly)
G(i,j) = (1)
1 2 t oy s — |8
Iutiy) Ini) 7 Iugy O 0 ] ’ ifity=lgl+1
or equivalently
é(31722) =| Zo(21,22) Ti(z1,22) -+ IL%JH('Zla@) }g, (12)
June 24, 2014 DRAFT
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10

with

)
15(21722) _ IZ§28 sz_lz% 12%23_1 IZ?Zg , for§:0,1,2,..., \\kJ + 1,

and I is the n x n identity matrix.

Next result establishes that G (21, 22) is an encoder of a 2D convolutional code of rate k/n and degree ¢.

Lemma 3: Let é(zl, 23) be the matrix defined by expression (9). Then C = Imgy;, ., é(zl, 29) is a 2D convolu-

tional code of rate k/n and degree §.

Proof: Let us show that G (21, 22) is a full column rank matrix and that C has degree 0.
We need first to prove that é(zl, 22) has a nonzero full size minor. Let G(21,22) be the k x k submatrix of
é(zl, 29) constituted by the first k rows of CA?(zl, 29). Since @(zl, z9) has external degree (56(@(2'1, z9)) = 4, we
have that

det(G(21,22)) = Z mijZizl,  where my; €T,
0<itj<6

i.e., det(G(z1,22)) is a polynomial of degree less than or equal to §. Note that mgs = det(Mys), where Mys is

the k£ x k submatrix of & constituted by the first k£ rows of the matrix

gy Gy o g g g ]

The superregularity of & implies that ms # 0, consequently det(G (21, 22)) # 0 and therefore @(zl, z9) is a
full column rank matrix.

Moreover, it also implies that deg det(G(z1, 22)) = & and in turn § < §;(G(21, 22)). It follows that the complexity
8 of C is lower bounded by 6, i.e., 5 > 6. In addition, since 5 < § we obtain that 5 =0. By Remark 1 we conclude
that C has degree 9. ]

Next we show that G (21, z2) as defined in expression (9) generates a 2D convolutional code with distance equal to
the 2D generalized Singleton bound given in expression (3), i.e., that @(zl, 29) generates an MDS 2D convolutional
code.

First we need to consider several technical results. The first one introduces a lower bound on the weight of

codewords generated by a single monomial wz{z35.

Lemma 4: Let CA?(zl, 29) be the matrix defined by expression (9) and assume that U(z1,22) = uziz for some

uw € F¥\ {0} and (r,s) € No. If 5(z1, 22) = G(21, 22)0(21, 22) then

wt (6(2:1722)) Z n€2 — (k — t) + 1.

~

Proof: Since wt (é(zl,ZQ)’UJZ{ZS) = wt (G(Zl,ZQ)u), we can assume, without loss of generality, that

u(z1,22) = u.
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. . . uy .
Let us consider the matrix G of expression (6), u = , with u; € F* and u, € F¥—t and assume that
U2
V1
v = Gu. Then v = , where v1 = Giu and vy = Gouy.
(%)

Note that v; is a nontrivial linear combination of columns of an nfy x k superregular matrix and v, is a linear

combination of columns of an n({; — £2) x ¢ superregular matrix. We consider two cases.

. U1 . R L
Case 1: u; = 0. In this case, we have that v = where v; is a nontrivial linear combination of the
0

columns of an nfy x (k — t) superregular matrix, with k — ¢t < nfy. By Lemma 2, wt (v) > nly — (k —t) + 1.
Case 2: u; # 0. Then v; and vs are nontrivial linear combinations of the columns of an nfy; x k and an
n(¢1 — ¢3) x t superregular matrices, respectively. Further, as nfy > k and n(¢; — ¢3) > t, it follows from Lemma

2 that wt (v1) > nly — k + 1 and wt (va) > n(f; — f2) —t + 1 and consequently we obtain
wt (v) =wt (v1) +wt(ve) >nly —k—t+2>nly— (k—1t)+1

where the last inequality follows from the fact that ¢; > ¢ 4+ 2 and n > t.
By expression (12), wt (@(21, zo)u(z1, 22)) = wt (v) and the result follows. [ |
Next, we derive a lower bound on the weight of codewords generated by any nonzero polynomial vector
U(21,22) € Fl21, 22]*. We consider the case § < k in Lemma 5 and then the case § > k in Lemma 6.

It will be useful to write the information vector u(z1, 22) as the sum of M different monomials
M
U(z1,22) = WU(Ty, Sm) 21 ™ 2™, (13)

m=1

and consequently, the corresponding codeword v(z1, 22) @(21, z9)u(z1, 22) as

X

V(21,22) = VUim (21, 22), (14)
1

3
I

where, form =1,2,..., M,

~

Um (21, 22) = G(21, 22)U(Tmy Sm )21 25™

= > Gl julrmsm)z g (15)
0<i4j<| F|+1
and therefore
Supp (Uyn (21, 22)) C {(a,b) | "+ Sm < a+b <1y +5m + LiJ + 1} . (16)

We can assume, without loss of generality, that
M(rmvsm) <:u’(rm+175m+1)7 for m = 132a"'aM_17
where p is the map defined in expression (8). So,

Tm + Sm < Tm+1 + Sm+41, OF Ty + S = Tmt1 + Smy1 and Sy, < Sppt1- (17)
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We assume from now on that n > ¢ k. However, we conjecture that the code presented above is an MDS 2D

convolutional code for any given parameters n, k, and 6.

Lemma 5: Assume that § < k and n > {1k. Let é(zl, 29) be the matrix defined by expression (9). If u(z1, 22) €

F[z1, 22)% is a nonzero vector and o(z1, z9) = G(z1, 22)U(21, 22) then
wt (U(z1,22)) >n—(k—1t)+ 1.

Proof: Since § < k we have that L%J = 0 which implies that /; = 3 and ¢t = §. Moreover, from expression
(10) we have that
G(z1,22) = G(0,0) + G(1,0)21 + G(0,1) 2y (18)

with G(1,0) and G(0, 1) having at most ¢ nonzero columns.
Note that if M = 1, the result follows from Lemma 4. Hence, assume M > 2.

From expressions (18) and (13), we have that

M
v(21,22) = Z (G(0,0)u(rm, sm) 21 25™ + G(1,0)U(rrm, 8m) 2™ T 25™ + G(0, (1, sm) 2™ 25m 1) (19)

m=1

and from expressions (2), (10), (17) and (19) it follows that v(ry, s1) = G(0,0)u(r1, s1). Note that the superreg-
ularity of G(0,0) and the fact that u(rq, s1) # 0, imply that wt (v(ry,s1)) > n —k + 1; so, v(ry,s1) # 0 and
therefore (71, s1) € Supp (V(z1, 22)).

If (r9,82) & {(r1 +1,51),(r1,81 + 1)}, from expressions (10), (18), (13) and (19) we have that v(rs, s9) =
G(0,0)u(ra, s2) and, as in the previous case, wt (v(rz,s2)) > n — k + 1. So v(ra,82) # 0, and therefore,
(r2, 82) € Supp (V(21, 22)).

On the other hand, if (r2,s2) € {(r1 +1,s1), (r1,s1 + 1)}, again from expressions (10), (18), (13) and (19) we

have that

G(0,0)U(T’Q,Sg) + G(l,())u('rl,sl), if (7’2,82) = (T’l + 1,81),
v(re, 82) =

G(0,0)u(re, s2) + G(0,D)u(ry, s1), if (re,s2) = (r1,81+1),
and using the fact that G(1,0) and G(0, 1) have at most ¢ nonzero columns it readily follows that wt (v(ra, s2)) >
n—k—t+1. So v(rs,s2) # 0, and therefore, (12, s2) € Supp (V(z1, 22)).
Taking into account that k > ¢, n > 3k, and that in either of the two cases wt (v(re,s2)) > n—k—t+ 1, it
follows that
wt (v(21, 22)) = > wt (v(i, 7)) 2 wt (v(r1, 51)) + Wt (v(r2, 52))
(4,7)€Supp(¥(21,22))

>n—k+1l+n—k—t+1>2n—-3k+2>n+2>n—(k—1t)+1.
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Fig. 1: The set U 1 Sm for 6 =7 and different values of M

Lemma 6: Assume that 6 > k and n > f1k. Let é(zl, 29) be the matrix defined by expression (9). If u(z1,22) €

F[21, 22]% is a nonzero vector and v(z1, ) = G(z1, 22)U(21, 22), then
wt (U(z1,22)) > nly — (k—1t) + 1.
Proof: Since § > k we have that L%J > 1.

Consider u(z1, 22), U(21, 22), and V,,, (21, z2) as in expressions (13), (14), and (15). For m = 1,2,..., M, define

the sets
Sm = {(i,4) € N} | (i,5) € Supp (Ve(z1, 22)) for exactly m values of ¢ € {1,2,...,M}}.

See Figure 1 for M = 2, 3.

It follows then that

M M
U Supp Bm(21,22) = | S (20)
m=1 m=1

and that

Z # Supp (B (21, 22)) Z m# S @1)
m=1 m=1

Since there are ¢; pairs (a,b) such that r,,, + s, < a+b < rp + s + L%J + 1 (see expression (16)) and the
pairs (7., $;n,) are pairwise distinct, every (4, ) € Supp (v(z1, 22)) is contained in Supp (¥,,, (21, z2)) for at most
¢, different values of m. This shows that S,, = () for m > ¢;.

If (i,j) € Sm. we have that (i,5) € ('_, Supp (¥4, (21,22)) for some ay,as,...,am € {1,2,..., M}, and

therefore from expression (2), the coefficient v(¢, j) is given by

= Z Gl —TaysJ — Say)W(Tay» Say, )-
w=1
By expression (11), this is a linear combination of at most mk columns of G and as n > kf; > km, it follows that
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and therefore v (7, j) is always different from zero. This yields that

Supp (8(21, 22)) = | Supp (Bm (21, 22))

m=1

and consequently, from expression (20),
M
# Supp (B(z1,22)) = > # Sim- (23)
m=1

Let us see now that "M 45, > o + M.

Bearing in mind expression (17) it follows that

m=1 m=2

L L
# Supp (Z ﬁm(zl,22)> > # Supp <Z ﬁm(zth)) +1, forall L with2<L < M,

and therefore
M M
# Supp (z ) > 4 Supp (z amul,zz)) o
m=1 m=2

> o+ >4 Supp (Vm—1(21, 22) + Vm (21, 22)) + M — 2. 24

We study now the value of # Supp (Var—1(21, 22) + Var (21, 22)).

Note that rp; = rp;—1 and sp; # Spr—1, Or rpp #* rpr—1. This implies that either

N . )
(rar—1+ a,spr—1) € Supp (Upr—1(21, 22)) \ Supp (Vas(z1,22)), fora=0,1,..., LfJ

or

)

(Far-10531-1 + 1) € Sup @1 (1,20) \ Subp B (o 22)) - For b= 0,1, | .

Then, using that # Supp (Vs(21,22)) > ¢2 we obtain that

# Supp (Vnr(21, 22) + Var—1(21, 22))) > # Supp (Var (21, 22))) + {k

which together with expressions (23) and (24) implies that
m=1

M
Z #S5m = # Supp (v(z1, 22)) = # Supp (Z 8m(zl722)> > ly+ M. (25)

Finally, observe that since # Supp (U, (21, 22)) < 41, for m = 1,2,..., M, then by expressions (21) and (25),

it follows that

M M M
> (mk—1)#8m =Y mk#Sm — > #Sm
m=1 m=1

m=1
M
<k Y #Supp (Om(21,22)) — lo — M < Mlyk — 2. (26)
m=1
M
Then, since wt (9(21, 22)) = Z wt (v(Z, 7)), it follows by expression (22) that

M
Wt (D(21,22)) = ) wt ( Z > (n—(mk-1))

m=1(4,j)€Sm 1(4,5)€Sm
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M M M
=Y (n— (mk—1)#Sm =n >  #Sm — Y _ (mk — 1)#Sn
m=1 m=1 m=1

and therefore, by expressions (25) and (26) and the fact that n > {1k, we obtain
wt (U(z1,22)) > nly +nM — Mlik+2>nly+2>nly — (k—1t)+ 1,

which concludes the proof. [ ]
Next we will prove that G (21, 22) constructed in expression (9) is an encoder of an MDS 2D convolutional code

Theorem 2: Let a(zl, 29) be the matrix defined by expression (9). If n > kly, then C = Imp(,, 2 CAv'(zl, 29) is an
MDS 2D convolutional code of rate k/n and degree §.

Proof: The fact that C is a 2D convolutional code of rate k/n and degree ¢ follows from Lemma 3.

Since t =6 — k L%J , it follows that

PRPIREN (L TIES ML PO

According to Definition 5, to prove that C is MDS, we need to show that if ¥(z1, 22) € C is a nonzero codeword,
then
wt (70\(2:1, 22)) Z Tlgg — (k — t) + 1. (27)

Since T(z1,22) # 0, it follows that ©(z1,20) = G(z1,20)U(21, 22) for some G(z1,25) € Flzy, 2" with
u(z1, 22) # 0 which we can write as the sum of M different nonzero monomials as in expression (13).

If M =1, the proof of the theorem follows from Lemma 4. Assume then that M > 1.

If 0 < k, then ¢; = 3 and therefore n > 3k; it follows then that {5 = 1 and inequality (27) holds by Lemma 5.
Finally, if 6 > k, inequality (27) holds by Lemma 6. [ ]

So far we have assumed that k 1 §. Assume now that k | 4, i.e., ¢t = 0. As in the previous case, we consider

matrices
Ar=[gg gy g;rl}elﬁ‘”m for r=1,2,...,k
such that
6= [ A Ay - A ] € Frxkee, (28)
g= [ rsh(4;) 1sh(Ay) -+ 1sh(Ay) | € Frex¥

are superregular matrices. Then

~

Gr(z1,22) = Z g;(iyj)zizg € Flz1,22)" for r=1,2,...,k

0<i+5<%
is a polynomial vector of degree % with coefficients vectors g;, € F", for w =0,1,...,¢2 — 1, and the encoder
G(z1,22) = [ Gi(21,22) Go(z1,22) -+ Gilz1,22) } € Flz1, 2], (29
June 24, 2014 DRAFT
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has column degrees v, = £, for r = 1,2,..., k and, consequently, 8.(G(21,22)) = 0.

Remark 3: It is not difficult to show that Lemmas 3, 4, 5 and 6, and Theorem 2 (with n > k/5 instead of n > kf7)

also hold for matrix @(zl, z9) defined as in (29) instead of the same matrix defined as in (9).

V. CONSTRUCTION AND EXAMPLES

In this section, we use the method introduced by Roth in [26] to obtain a circulant Cauchy matrix (see also [27]).
These matrices will allow us to obtain the superregular matrices &, Gy and Gs, if t # 0, (or & and G if t = 0)

needed to construct the MDS 2D convolutional codes presented in the previous section.

Theorem 3: Let k and 0 be positive integers and consider t, {1 and ly as defined in Section 1V. Assume that
n > kf, with
b, ift#0,

ift =0.

e:
627

Assume also that F is a finite field with q elements where q is an odd number such that q > 2nf + 1. Let o be an

(qgl) (that is « is a square of a primitive element of F) and let b be a nonsquare element in F.

element of order

Consider the (51) x (“5%) Cauchy circulant matrix C' = [ ¢;; | where
_ 1

71 pai—t

-3
for 0§i,j§qT.

1) Fort # 0, we define the matrices G, and Go in the following way

G = [ rsh (A1) 1sh(4s) rsh (A;) rsh (A1) rsh (Ag)
g6 95 g6 g’ g5
| 9 4 g gt gt
t+1
L 95271 g?z*l gzgfl gfz—]_ 95271
G = | 1sh(By) rsh(By) rsh (B,)
gi, 97, g,
B Gy 9ion 9oyt
| 91%1—1 931—1 921—1
where
Cin,r—1
Cin4+1,r—1
g; = (30)
Cj+1)n—1,r—1
June 24, 2014 DRAFT
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SJor (4,r) € ({0,1,..., 6o —1} x{1,2,... )k} U{la,la+1,...,01 — 1} x{1,2,...,t}). Moreover, let & be
the matrix defined in expression (5) obtained from Gy and Go. Then &, G and Go are superregular matrices.

2) For t =0, we define the matrix G in the following way

9% g 9

gi g1 - gi
G= | 1sh(A;) 1sh(4s) --- 1sh(4g) | =

9%2—1 g?g—l T gé?g—l

where g7 is defined as in (30) for (j,r) € ({0,1,...,02 — 1} x {1,2,...,k}). Moreover, let & be the matrix

defined in expression (28) obtained from G. Then & and G are superregular matrices.

Proof: 1) The assumptions on « and b ensure that C' is a Cauchy circulant matrix (see [26, page 1317]),
and therefore, that C' is a superregular matrix (see also [22, page 323]). The matrices G; and G are superregular
because they are submatrices of C.

a—1

Now, taking into account that o™ 2

1 1 _3
:co7qT_1—u+v7 for 0 < w,v < qT

=1, it follows that

T b 1 pats e

Cu,v
and, consequently,

€0,951 —jntr—1
. C1,952 —jntr—1
g] - . )
Cnfl,%lfjnJrrfl

for (7,7) € (10,1, 0y — 1} x {1,2,.. . kDU ({lobo +1,..., 6 — 1} x {1,2,...,1}).

So, after the appropriate rearrangement of the columns of &, we obtain a submatrix of the Cauchy matrix C' formed
by the first n rows and the {3k + (¢ — £2)t columns defined by the above expression. Consequently, & is also a
superregular matrix.
2) Analogous to 1). |
By Theorem 2, from the matrices &, G; and G, if ¢t # 0, or the matrices & and G, if ¢t = 0, defined in Theorem
3, we construct an encoder @(zl, 29) of an MDS 2D convolutional code of rate k/n and degree ¢. The following

two examples help us to understand the above construction.

Example 2: Let £k = 2 and 6 = 2. Then ¢t = 0 and ¢ = {5 = 3. Since k¢ = 6, we consider n = 6. Furthermore,
since 2nf + 1 = 37, we consider ¢ = 37 which is an odd prime.
Then the Cauchy circulant matrix C' = [ ¢;; | defined by

1

CZJ:W’ for OSZ,]Sl?
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with « =4 and b =5 is

9 3 22 8 T 17 21 31 30 16 3 29 5 13 25 33
33 9 3 22 8 7 36 21 31 30 16 3 29 5 13 25
25 33 9 35 22 8 2 3 21 31 30 16 3 29 5 13
13 25 33 9 35 22 17 2 36 21 31 30 16 3 29 5
5 13 25 33 9 35 T 17 2 36 21 31 30 16 3 29
29 5 13 256 33 9 § 7 17r 2 36 21 31 30 16 3

3 29 5 13 25 33 9 35 22 8 v 17 2 36 21 31 30 16
6 3 29 5 13 256 33 9 35 22 8 7 17 2 36 21 31 30
30 16 3 29 5 13 25 33 9 35 22 8 7 17 2 36 21 31
31 30 16 3 29 5 13 25 33 9 35 22 8 7 17 2 36 21
21 31 30 16 3 29 &5 13 25 33 9 35 22 8 7 17 2 36
36 21 31 30 16 3 29 5 13 25 33 9 35 22 &8 7 17 2
21 31 30 16 3 29 &5 13 256 33 9 35 22 8 7 17
36 21 31 30 16 3 29 5 13 25 33 9 35 22 8 7
2 36 21 31 30 16 3 29 5 13 25 33 9 35 22 8
17 2 36 21 31 30 16 3 29 &5 13 256 33 9 35 22
T 1t 2 36 21 31 30 16 3 29 5 13 25 33 9 35
8§ 7 17 2 3 21 31 30 16 3 29 5 13 25 33 9

Thus according to part 2 of Theorem 3, the matrix G is constituted by the first two columns of C, i.e.,

9 93
G = rsh(4;) rsh(Az)}: gi gi

9 33 25 13 5 29 3 16 30 31 21 36
359 33 25 13 5 29 3 16 30 31 21
This matrix is superregular because it is a submatrix of C.

The matrix & obtained from matrix G is

[ 3 35 29 36 |

33 16 9 3
05:{/11 Az}Z{gé gi 95 gt }: o o

13 31 25 30

5 21 13 31

29 36 5 21

Note that according to Theorem 3, the matrix & is the submatrix of C' formed by the 6 first rows of the columns

0,12,6,1,13,7.
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Finally, from expression (29) we have that

G(21,22) = | gd+giz1 +gize g2+ giz + 932

9+ 321 + 229 35 + 2921 + 3622
33 41621 + 1729 94321 + 229
2543021 + 722 33+ 1621 + 1725
13+ 3121 +820 2543021 + 729
54 21z1 + 2225 13 + 312z + 829

29 4+ 3621 + 3529 5+ 2121 + 2225

is an encoder of an MDS 2D convolutional code of rate 2/6 and degree 2. Note that we also can obtain matrix

G(z1, 22) from matrix G and expression (12) as
Glz1,20) = | I Iz Iz } ¢

with I the 6 x 6 identity matrix. ]

Example 3: Let k = 2 and § = 3. Then t = 1, ¢ = 3, and ¢; = 6, and therefore £ = 6. Since k¢ = 12, we
consider n = 12. Furthermore, since 2nf + 1 = 145, we consider ¢ = 149 which is an odd prime. For o = 4 and
b =3 we have the Cauchy circulant matrix C' = [ ¢;; | where

1

Cij = T3 0 0<4,57 <7l

Consider the matrices

Gi=[¢y] for i=0,1,...,35and j =0,1

and

Gy =[ciy] for i=236,37,...,71 and j = 0.
Thus the matrix & obtained from G; and G, is given by
6= |: A1 Bl A2 :|

~[ b ot gi|at ot ot|a} af o3 ]
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74 146 16 | 23 8 110| 27 80 108

4 76 53 | 112 43 63 | 74 146 16
70 123 87 | 107 38 97 | 4 76 53
67 131 40 | 142 127 134 | 70 123 87
140 111 122 | 61 77 42 | 67 131 40
116 62 128 | 24 45 33 | 140 111 122
50 132 35 | 8 32 49 | 116 62 128
100 55 21 | 148 9 102| 50 132 35
34 48 141 2 129 95 | 100 55 21
10 101 118 | 65 115 18 | 34 48 141
83 117 105|126 22 83 | 10 101 108
80 108 73 | 89 28 39 | 83 117 105

Finally, from expressions (10) and (11), the polynomial matrix G (21, 2z2) obtained from &, is

G(z1,22) = | gi+91z1 +9bz + 9327 +9iziza + 982 g5+ 9121 + 932

T4 + 14621 + 1629 + 2322 + 82129 + 11023 27 + 8021 + 10829
44 7621 + 5329 + 11222 + 4321 29 + 6322 74 + 14621 + 1629
70 + 12321 + 8729 + 10727 + 382129 + 9723 4+ 7621 4+ 5329
67 + 13121 + 4029 + 14222 + 1272129 + 13422 70 + 12321 + 872
140 + 1112 + 12229 + 6122 + 772120 + 4222 67 + 13121 + 4025
116 + 6221 + 12825 + 2427 + 452129 + 3325 140 + 11121 + 1222,
50 4+ 132z1 + 3529 + 852% + 322129 + 492% 116 + 6221 + 12829
100 + 5521 + 2129 + 1482% + 92120 + 10223 50 4+ 13221 + 3529
34 4+ 4821 + 14129 + 22% + 1292129 + 952% 100 + 5521 4 2129
10 4+ 10121 + 11829 + 6527 + 1152120 + 1823 34 + 4821 + 1412
83+ 11721 + 10529 + 12627 + 222125 + 8825 10 + 10121 + 1082
80 + 10821 + 7329 + 8927 + 282125 + 3923 83 + 11721 + 10524

which is an encoder of an MDS 2D convolutional code of rate 2/12 and degree 3. |

VI. CONCLUSIONS

In this paper we have introduced a natural upper bound on the distance of 2D (finite support) convolutional codes
of rate k/n and degree 0 and we have consequently generalized the concept of MDS 1D convolutional codes to
MDS 2D convolutional codes. Moreover, we have proved that these codes exist, presenting a concrete construction
of MDS 2D convolutional codes which makes use of a special class of superregular matrices. Finally, we have

shown how these matrices can be constructed by means of a Cauchy circulant matrix.
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