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Abstract

This paper is devoted to study two main problems: on the one hand, to compute the apparent distance of an abelian code and
on the other hand, to give a notion of BCH multivariate code. To do this, we present an algorithm to compute the apparent distance
of an abelian code, based on some manipulations of hypermatrices associated to its generating idempotent. Our method uses less
computations than those given in [5] and [10]; furthermore, in the bivariate case, the order of the computations is reduced from
exponential to linear. Then we use our techniques to develop a notion of BCH code in the multivariate case and we extend most
of the classical results on BCH codes. Finally, we apply our method in two directions: we construct abelian codes from cyclic
codes, multiplying their dimension and preserving their apparent distance; and we design abelian codes with maximum dimension
with respect to a fixed apparent distance and a fixed length.

I. INTRODUCTION

The oldest lower bound for the minimum distance of a cyclic code is the BCH bound (see [7, p. 151]). Its study and its
generalizations are classical topics, which include the study of the very well-known family of BCH codes. In 1970, P. Camion
[5] extended the notion of the BCH bound to the family of abelian codes by introducing the apparent distance of an abelian
code. In the case of cyclic codes, the apparent distance and the lower BCH bound coincide (see paragraph below Definition 9).

The computation of the apparent distance of an abelian code C' in a semisimple ring is based, in turn, in the computation
of the apparent distance of some polynomials, which correspond to all sets of idempotents belonging to C'. This implies
that an enormous number of computations are involved. Then, it is of interest to simplify it. In [10], Sabin computes the
apparent distance of a single polynomial by using matrix manipulations, in the frame of 2-D cyclic codes (abelian codes in
two variables). Even the Sabin’s matrix method simplifies the original one, the number of computations was not modified. So,
the problem of reducing the exponential complexity is still open.

In the Camion’s mentioned paper, one may see that the apparent distance of a cyclic code equals the apparent distance of a
polynomial associated to the generating idempotent. There are examples that shows that in the multivariate case the equality
does not hold. Then, we wonder if we can obtain the apparent distance of an abelian code by using uniquely manipulations
of the hypermatrix associated to its generating idempotent.

This is the first goal of this paper. We present an algorithm to compute the apparent distance of an abelian code, based on
certain manipulations of the hypermatrix (that extends the Sabin’s matrix methods) associated to the generating idempotent of a
given code. Our method uses less computations than the others; in fact, in the bivariate case it has linear complexity, in certain
sense, instead of the exponential complexity of the original computation (see Remark 20); moreover, we use our techniques
to develop a notion of BCH code in the multivariate case and we extend most of the classical results in BCH codes. Finally,
we apply our techniques in two directions. The first one consists of constructing abelian codes from cyclic codes, multiplying
their dimension and preserving their apparent distance. The second one consists of the design of abelian codes with maximum
dimension with respect to a fixed apparent distance and length.

In Section III, we present some technical results that we use to compute the minimum apparent distance of a code by using
a subset of hypermatrices. Here, we give the notion of minimum apparent distance of a hypermatrix and we show that the
apparent distance of an abelian code equals the minimum apparent distance of some hypermatrices associated to its generating
idempotent. Section IV is devoted to develop an algorithm to computing the minimum apparent distance. Even most of those
results are technical, they enclose techniques that will be used to give a notion of BCH multivariate code. This is done in
Section V, where we also study the extension of some classical results about this BCH codes. In Section VI we give some
applications.
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II. NOTATION AND PRELIMINARIES

In this section, we shall introduce all notation and terminology needed to understand our results. We also recall some basic
facts and definitions.

All throughout, I, denotes the field with g elements where ¢ is a power of a prime p. An abelian code is an ideal of a
group algebra [F,G, where G is an abelian group. It is well-known that a decomposition G ~ C,,, x --- x C,._, with (), the
cyclic group of order r, for k =1,...,s, induces a canonical isomorphism of F,-algebras from F,G to

Fole1, ... @]/ (xft = 1,... 20 —1).

We denote this quotient algebra by A,(r1,...,7s). We identify the codewords with polynomials f(x1,...,xs) such that every
monomial satisfies that the degree of the indeterminate x;, belongs to Z,,, the ring of integers modulo ry, that we always
write as canonical representatives (that is, non negative integers less than 7). We denote by [ the set Z,, X --- X Z,_ and
we write the elements f € A,(r1,...,7s) as f = f(x1,...,25) = 3. a; X', where i = (i1,...,4,) € [ and X' =z ... 2%,
In case we first consider a polynomial f € Fy[z1,..., 5], possibly having a monomial whose degree in the k-th variable is
greater than or equal to 7, then we denote by f its image under the canonical projection onto A, (r1,...,7s). We deal with
abelian codes in the semisimple case; that is, we always assume that ged(ry,q) = 1 for every k =1,...,s.

We denote by U,, the set of all r;-th primitive roots of unity, for each i = 1,...,s and we define U = {(aq,...,as)
a; € U, }. If Fpo|F, is an extension field containing every U,,, with i = 1,... s, it is well known that every abelian code
C in Ag(ry,...,rs) is totally determined by its root set Z(C) = {a € FS, : f(a) =0 forall f € C and alr7) =1},
Fixed a = (a1,...,as) € U, the code C' is determined by its defining set, with respect to «, which is defined as D, (C) =
{(a1,...,a5) €T : f(af',...;a%)=0forall f € C}.

We recall that for positive integers b, ¢, 7, the ¢*-cyclotomic coset of b modulo 7 is the set Cyt (b)) = {a-¢" € Z, : i € N}
(the parameter r will be omitted because it will always be clear from the context). Its multivariate version is the notion of
q*-orbits (see, for example, [2]). Given an element a = (ay,...,as) € I, we define its ¢*-orbit modulo (r1,...,rs) as

Qt(a):{(al-qi,...,as-qi)EI : ieN},

in the case ¢t = 1 we only write Q(a). We also recall that the multiplicative order of a, modulo b is the first positive integer
m, such that b divides a™ — 1. We shall denote it by Op(a).

It is easy to see that, in the semisimple case, for a fixed o € U and for every abelian code C' in A,(r1,...,75), Do (C) is a
disjoint union of g-orbits modulo (ry, ..., rs). Conversely, every union of g-orbits modulo (r1,...,rs) determines an abelian
code (an ideal) in Ay(r1,...,7s) (see, for example, [2]).

To define and compute the apparent distance of an abelian code, we will associate to its defining set, with respect to o € U,
certain hypermatrix that we will call g-orbits hypermatrix. For any i € T we write its k-th coordinate as i(k). A hypermatrix,
with entries in a set R, indexed by I (or an I-hypermatrix over R) is an s-dimensional [-array, that we denote by M = (a;);. ;.
with a; € R [11]. The set of indices, the dimension and the ground field will be omitted if they are clear by the context. In
the case s = 2 we will say that M is a matrix, and for s = 1 we will call M a vector. We write M/ = 0 when all of its
entries are 0; otherwise we may write M # 0. As usual, a hypercolumn is defined as Hy,(k,b) = {a; € M : i(k) = b}, with
1 <k <sand 0 <b<rg, where the expression a; € M means that a; is an entry of M. A hypercolumn will be seen as an

(s — 1)-dimensional hypermatrix. Conversely, note that given k € {1,...,s} and b € Z,,, a hypermatrix indexed by H Ly,
j=1
ok
may be viewed as a hypercolum (of certain s-dimensional hypermatrix) indexed by I(k,b) = {i € I : i(k) =b}. In tffe case
s = 2, we refer to hypercolumns as rows or columns and when s = 1 we only say entries.
Let D C I. The hypermatrix afforded by D is defined as M = (ai)i6 ;> where a; = 1if i ¢ D and a; = 0 otherwise. When D
is an union of ¢‘-orbits we will say that M is the hypermatrix of ¢*-orbits afforded by D, and it will be denoted by M = M (D).
For any I-hypermatrix M with entries in a ring, we define the support of M as the set supp(M) ={i €I : a; # 0}, whose
complement will be denoted by D(M). Note that, if D is a union of g¢’-orbits, then the g'-orbits hypermatrix afforded by D
verifies that D(M (D)) = D.
Let Q; be the set of all ¢*-orbits in I, for some ¢ € N. We define a partial ordering over the set of ¢-orbits hypermatrices
{M(D) : D=UQ, for some @ C Q;} as follows:

M(D) < M(D') < supp (M (D)) C supp (M(D")). (1)

Clearly, this condition is equivalent to D’ C D.

Let Fyo| & F}; be an extension field such that U C ;.. The (discrete) Fourier transform of a polynomial f € Ay(r1,...,7s)
(also called Mattson-Solomon polynomial [10]), with respect to «v € U, that we denote by ¢, 5, is the polynomial ¢, ¢(X) =
djer f(ad)X3. Clearly, ¢, € Ago(r1,...,75) and it is known that the function Fourier transform may be viewed as an
isomorphism of algebras @q : Agv(r1,...,75) — (IE‘IC;JI,*), where the multiplication “x” in IE‘Iq{JI is defined coordinatewise.
So, we may see (., s as a vector in Fqlv or as a polynomial in Ay (r1,...,7s). See [5, Section 2.2] for details.



III. APPARENT DISTANCE AND BCH BOUNDS
In this section we present some technical results, some of them well-known, that we use to compute the minimum apparent
distance of a code.
Throughout this section s, g and r1, ..., 75 will be positive integers, with ¢ a power of a prime number p, such that p t r;, for
i=1,...5. Weset [ =[[;_, Z,, and X' = 2 2 We begin with the definition of apparent distance of polynomials
and hypermatrices.

A. The apparent distance of polynomials and matrices

Let f =Y., a; X" be a polynomial in Age (r1,...,rs). It is known that for each k € {1,..., s}, viewed f as a polynomial
in Fgv[x1, ..., 2, it may be written as an element in R[xy], where R = Fyv[z1,. .., Tx—1, Tk+1, - .., Zs). In this case, we set
== szzgl fk_,bzzrz, where frp = g aiYki, and Yki = Xi/xz. The degree of f; as polynomial in R[z], denoted by

i(k)=b -

deg(fx), as usual, is called the k-th degree of f. For any h € I we denote by dj[h] = dj[h](f) the k-th degree of X f and
by cx[h] = cx[h](f) the coefficient of xzk[h]; ie. (XPf)y a.n)- In the case s = 1 we denote by d[h] = d[h](f) the degree of
the polynomial z" f and by c[h] = c[h](f) its leading coefficient.

Definition 1. /5, p. 21]. Let s,q, m1,...,rs and I be as above. Let f € Agw(r1,...,7s). The apparent distance of f, denoted
by d*(f), is
1) d*(0) =0.
2) In the case s =1 (with r = 1r1)
d*(f) =max{r—d[h] : 0<h<r-—1}

3) For s > 2,
e (f) = max{ max {d*(ex[h])(ry — dk[h])}} .

hel |1<k<s
Example 2. Set f = x3 — (21 + 1)z2 in A3(2,4) and take h = (1,2). Then XPf = z23f = (29 — 23)z; — 23 =
(=1 — z1)x3 + x122. In this case, c1[(1,2)] = z2 — 23, d1[(1,2)] = 1, c2[(1,2)] = —1 — 21, d2[(1,2)] = 3 and we get
d*(c1[(1,2)]) = 2 and d*(c2[(1,2)]) = 1. So that, for h = (1,2), we have that maxi<g<2 {d*(cx[h])(rr — di[h])} = 2. One
may check that considering all the elements in I = Zy X Z4 we obtain d*(f) = 4.

In [10, Section 2.3], Sabin computes the apparent distance by using matricial methods for polynomials in two variables. As
a generalization of those techniques, we introduce the notion of apparent distance of a hypermatrix.

For a positive integer 7, we say that a list of canonical representatives by, ...,b; in Z, is a list of consecutive integers
modulo r, if for each 0 < k < | we have that byy1 = by +1 mod 7. If b = by, (resp. b = by 1) we denote b™ = by 1 (resp.
b~ = by).

Definition 3. Ler s,q, 71,...,7s and I be as above. Let M be a hypermatrix, k € {1,...,s}, b € Z,, and Hp(k,b) a
nonzero hypercolumn. The set of zero hypercolumns adjacents to Hyps(k,b) is the set of hypercolumns

CHp(k,b) = {Hpn(k,bo), Hpr (kyb1), ..., Har (kb)) }

such that Hyr(k,b;) = 0 forall j € {0,...,1}, bo, ..., by is a list of consecutive integers modulo ry, b™ = by and Hy(k, b)) #
0.

In the case s = 1 we replace hypercolumns by entries.
Notation 4. We denote by wn(k,b) the value |CHy(k,b); in the case s =1 we write war(b) = war(1,0).
We point out that for some values k and b it may happen that wys(k,b) = 0.

Definition 5. Let s,q, r1,...,7rs and I be as above. Let M be a hypermatrix over Fy and k € {1,...,s}.
1) If M is the zero hypermatrix, its apparent distance is d*(0) = 0.
2) In case s = 1, the apparent distance of a vector M is d*(M) = maxpez, {wn(b) + 1}.
3) For s > 2, we give the definition in two steps:
(3.1) The apparent distance of M with respect to the k-th variable is

di (M) = max {(war(k,b) +1) - d"(Hn (k. b))} -
Tk
Then
(3.2) the apparent distance of M is d*(M) = maxi<p<s{d;(M)}.

As the apparent distance of a hypermatrix is a maximum we focus on those hypercolumns involved in the computation of
the maximum by the following definition.



Definition 6. Let M be a nonzero hypermatrix. We say that a pair (k,b), where k € {1,...,s} and b € Z,,, is an involved

pair (in the computation of d*(M)) if d*(M) = (wa(k,b) + 1)d*(Hps(k,b)). The hypercolumn Hps(k,b) is called, in turn,

an involved hypercolumn (in the computation of d*(M)).
We denote the set of involved pairs by Ip(M).

Examples 7. ) First, we consider I = Z4 and set M = (2,0,0,1) over Fs. In this case, d*(M) = max{wp(b) +1 : 0 <

b <3} = max{wp(0) + 1,wpr(3) + 1} = max{3,1} = 3 and Ip(M) = {0}.
2) Now set I = Zg X Zs and consider the matrix over Fs,

We begin by computing dj(M). In this case

so di (M) = 5. Now, with respect to x5 we get

1 0 0 0 O
M = 1 1.0 0 1
1 1.0 0 1
b wM(l,b) d*HM(l,b) (wI\,[(l,b)—Fl)'d*HM(l,b)
0 0 5 5
1 0 3 3
2 0 3 3
b [ wnr (2.0) | & Har (2,0) | @nr(20) + 1) - & Har(2,0)
0 0 1 1
1 2 2 6
4 0 2 2

Therefore, d5(M) = 6 and hence d*(M) = 6. We also have that Ip = {(2,1)}.

3)Set q=2,r1 =3, r2 =3 and r3 = 5. Let M = M (D) be the hypermatrix afforded by the set of 2-orbits

= Q(0,0,0)UQ(1,0,0) UQ(0,1,0) UQ(0,0,1)
UQ(1,2,0)UQ(1,2,1) UQ(1,2,2) UQ(1,1,0)
UQ(0,1,1) UQ(1,0,2) UQ(0,1,2).

In the following tables we show all computations. We recall that we only have to compute apparent distances on nonzero

hypercolumns.

So that dj (M) = 16, d5(M) = 6 and d5(M) = 6. Hence d*(M) = 16 and Ip(M) = {(1,2)}.

D

b wM(l,b) d*HM(l,b) (wI\,[(l,b)—Fl)'d*HM(l,b)
1 0 4 4
2 8 16
b [ wnr(2,0) | & Har(2,0) | (wnr(2,0) + 1) - d* Hpr (2, D)
0 0 8 8
1 0 6 6
2 0 6 6
b [ wn(3,0) | & Har(3,0) | (wnr(3,0) + 1) - & Hpr(3,0)
1 0 6 6
2 0 6 6
3 0 6 6
4 1 6 12

Now we present the relationship between the apparent distance of hypermatrices and polynomials. Let s,q, r1,...,75, I

and A4(r1,...,7rs) be as above. We recall that for any polynomial f = >
coefficients of f is M(f) = (&)

iel*

icl

a Xt e Aylr, ...,
Moreover, for any k € {1,...,s} writing f = fr = Zzgl frpx? one may check

rs) the hypermatrix of



that M (fr») = Hum(k,b). The following theorem, that generalizes the arguments in [10, pp. 189-190], relates the apparent
distances of f and M(f).

Theorem 8. Let s,q, m1,...,7s, I, and Ay(r1,...,rs) be as above. For any polynomial f € Aq(r1,...,1s) with coefficient
hypermatrix M (f), the equality d*(f) = d*(M(f)) holds.

Proof. We proceed by induction on s. Recall that a hypercolumn may be viewed as an (s — 1)-dimensional hypermatrix. In
case s = 1, we consider a polynomial f = Z:;Ol a;x’ and take its matrix of coeffcients M = M(f) = (ag...a,_1). Take
any i € supp(f) and set h =1 — 1 —wp(i) —i. Since a;4; = 0 for all 0 < j < wyr (i) then d[h] = deg(zh f) =i+ h and its
leading coefficient is c[h] = a;. Hence wys(i) = r — 1 — d[h] which give us d*(M(f)) < d*(f). Now, for any h € I = Z,,
we have that deg(x” f) = d[h] then wps(d[h] — k) > r — 1 — d[h], and hence d*(f) < d*(M(f)).

Suppose that the result is true for every integer 1 < ¢ < s. We will prove that it is also true for s. Consider f = > ;. ; ;X i
and M = M(f). If we write f = fr, = S35 frpxl then M(fyp) = Har(k,b) for all k € {1,...,s} and b € Z,. Suppose
that Hps(k,b) # 0 for some b € {0,...,7,—1} and k € {1,..., s}, and consider h € I such that h(k) = rp,—1—wps(k,0)—b
and h(k’) = 0 for all ¥’ # k. Then di[h] = b+ h(k) and cx[h] = fis.

So, 1, — di[h] = war(k,b) + 1 and d*(frp) = d*(Hu(k, b)) by induction hypothesis. This implies that d* (M) < d*(f).

Now take h € I, k € {1,...,s} and consider X®f, dj[h] and ¢;[h]. In this case, wys (k, di[h] — h(k)) > 7 — 1 — di[h]
and hence d*(f) < d*(M). O

B. The apparent distance of an abelian code
Now we are going to define the apparent distance of an abelian code. We recall that as A,(r1,...,7s) is a semisimple ring,

every ideal is generated by an idempotent which decompose as sum of primitive idempotents. Having in mind this fact, it is
easy to see that the following definition is equivalent to Camion’s definition in [5].

Definition 9. Let C be a code in Ay(r1,...,rs). The apparent distance of C, with respect to o € U, is d}(C) =
min {d* (M (pa.c)) : 0# e* =e € C}, where ¢, denotes the image of e under the discrete Fourier transform, with respect
to «, as we denoted in the previous section. The apparent distance of C is d*(C') = max {d;; (C): peU } We also define
the set of optimized roots of C as R(C) ={B € U : d*(C) = d3(C))}.

In [5] one may see that d},(C') = min{d} (pq,; : f € C} and that w(f) > d, (pq,r) for all f € C. These facts imply that
the apparent distance is a lower bound for the minimum distance of any abelian code; in fact, the apparent distance of any
cyclic code is exactly the maximum of all its BCH bounds (what P. Camion calls the BCH bound of a cyclic code) [5, pp.
21-22].

Theorem 10 (Camion [5]). For any abelian code C in Ay(r1,...,7s) the inequality d*(C) < d(C) holds.

Note that, if e € A4(r1,...,7s) is an idempotent and E is the ideal generated by e then for any o € U we have that
Pa,e * Pae = Pa,e- Then if v =, a; X' we have that a; € {1,0} C F, and a; = 0 if and only if i € D(E). So that
M(pa,e) = M(D,(E)). Conversely, a g-orbits hypermatrix afforded by a set D which is union of g-orbits corresponds with
the image, under the Fourier transform with respect to some o € U, of an idempotent; to witt, the generating idempotent of
the ideal in Ay(r1,...,7s) determined by D.

Now let C' be an abelian code, « € U and M the hypermatrix aforded by D, (C). For any g-orbits hypermatrix P < M
[see (1)] there exists an idempotent ¢’ € C' such that P = M (pq,e’). So we may conclude that the apparent distance of an
abelian code may be computed by means of g-orbits hypermatrices P < M (¢4, ); that is

min{d*(P) : 0£#P < M} =
min{d*(M(pa.)) : 0#e*> =ec C}=d,(C).
This fact drives us to give the following definition.
Definition 11. In the setting described above, for a qt-orbits hypermatrix M, its minimum apparent distance is

mad(M) = min{d*(P) : 0#£ P < M}.

Finally, in the next theorem we set the relationship between the apparent distance of an abelian code and the minimum
apparent distance of the coefficient hypermatrices of the Fourier transforms of its generating idempotent.

Theorem 12. Let C' be an abelian code in Ay(r1,...,rs) and let e be its generating idempotent. Then d;,(C) = mad (M (¢a,e))
(o € U). Therefore, d*(C') = max{mad (M (pa.)): a € U}.

In next section we present a technique to compute the minimum apparent distance of a hypermatrix and thereby to compute
the apparent distance of an abelian code.



Remark 13. Let us note that to get the maximum value that defines d*(C) we do not need to compute the maximum apparent
distance over all the elements of U. Indeed, let Q(a1), Q(as2),...,Q(ay) be all different g-orbits modulo (r1,...,7s) and fix
the representatives aq, . .., ap. Chose o € U to get a defining set D, (C). We look for the elements 5 = (51,...,08s) € U for
which it is possible that Dg(C) # D, (C). In this way, 5 € U has to satisfy ﬂaiqt = « for some t € Z and a; = (a;1,. .., 0is)
such that ged(a;j,7;) = 1 with j = 1,..., s. In this case, it is clear that Dg(C) = a;- D, (C), where the multiplication has the
obvious meaning. Moreover, since Dga; (C) = Dgaira  geisa)(C) and |Q(a;)| = ged{Or, (q)}i; for all a; = (as, ..., ais)

[I5_, ¢(ri) . .
m defining sets or elements in U.

Then, we denote by K (r1,...7s) = {a; = (ai1,..-,ais) : ged(agy,ry) =1,7=1,...,8,i=1,...,h} and fixed a« € U
we define R, = {8 €U : % =a,a; € K(r1,...,7rs)}. So, in practice, fixed « € U, d*(C) = max{dZ(C) : Be Ra}

such that ged(asj,7;) =1, j =1,...,s, we have to consider at most

IV. COMPUTING THE MINIMUM APPARENT DISTANCE OF A HYPERMATRIX

Let s,q, r1,...,7s and I be as in the preceding section, and let Q; be the set of all g*-orbits in I, for some ¢ € N. For an
arbitrary subset Q' C Q; we set D = Ugeor @, and construct M = M (D), the q*-orbits hypermatrix afforded by D. Consider
an arbitrary hypercolumn of M, say Hs(k,b), where k € {1,...,s} and b € Z,,. Recall that I(k,b) = {i € I : i(k) = b},
Hpy(k,b) ={a; € M :i€ I(k,b)} and consider the set D (k, b) = I(k,b)\ supp(HM(k b)).

We clalm that H(k,b) may be viewed as a (s — 1)-dimensional hypermatrix of ¢* -orbits, where ¢’ = |Cy: (b)| and Cy: (b)
is the ¢'-cyclotomic coset of b, modulo 7y, and, as such, it is the hypermatrix afforded by D, (k,b). To prove this, first note
that for each i € I(k,b), we have that ¢"'i(k) = i(k) = b, hence ¢*'i € I(k,b); that is, I(k,b) is closed under q' -orbits.
Now let i € I(k,b) be such that a; = 0. Since i € I, there exists Q) € Q; such that i € ) and then ¢"'i € Q, which implies
that a,; = 0, because M is a qt-orbits hypermatrix. This shows that Hys(k,b) is a qt/-orbits hypermatrix. The fact that
D (Hy(k, b)) = Dps(k,b) is obvious.

Proposition 14. Let M be a q'-orbits hypermatrix and N < M. Then, for each k = 1,...,s and b € Z,,, Hx(k,b) <
Hy(k,b), viewed as q' -orbits hypermatrices, where t' = t|Cy: (b)| and Cy: (b) is the q'-cyclotomic coset of b, modulo .

Proof. Since N < M then D(M) C D(N); so that Dy (k,b) € Dy(k,b). Having in mind the ordering in (1), the claim in
the paragraph prior this result shows us that Hy (k,b) < Hy(k,b) viewed as ¢* -orbits hypermatrices. O

Lemma 15. Let M be a nonzero q'-orbits hypermatrix. Consider k € {1,...,s} and b € Z,,. Let A be an (s—1)-dimensional
hypermatrix indexed by H‘S];i Zy;, such that supp(A) C supp(Hp(k,b)). Then, there exists N < M such that:
J

1) supp(Hy(k,b)) C supp(A).

2) If P < M verifies that supp(Hp(k,b)) C supp(A) then P < N.

3) If Ais a ¢'1 O orbits hypermatrix where Cyt (b) is the q'-cyclotomic coset of b, modulo ry, then A= Hy (k,b).
Hence, N is the q'-orbits hypermatrix with maximum support (with respect to the inclusion) such that supp(Hy(k,b)) C
supp(A).

Proof. Set A = supp(H(k,b)) \ supp(A) and let N be the ¢'-orbits hypermatrix such that D(N) = D(M) U (U 1Q:(1))-
It is clear that N < M and supp(Hy (k,b)) C supp(Har(k,b)). Let us see that the conditions of our lemma are satisfied.

1. Take any i € supp(Hx(k,b)). Then Q;(i) N D(N) = () and then Q;(i) N A = 0, so that Q;(i) C supp(A), because
i€ supp(Hp(k,b)). Hence i € supp(A).

2. Suppose that P < M verifies that supp(Hp(k,b)) C supp(A). Take any i € supp(P); that is, i ¢ D(P). Then
Q:(1) N D(P) = 0. We are going to see that Q.(i) N D(N) =

As P < M, then D(M) C D(P) and so Q;(i) " D(M) = 0, then i ¢ D(M). So, if Q;(i) N D(N) # 0, then there exists
j € A such that Q;(i) = Q. (j). From here, we have that j € supp(P) and since j(k) = b then j € supp(Hp(k,b)) C supp(A),
which is impossible.

3. Assume that A is a ¢‘/% (®)_orbits hypermatrix. Suppose that supp(A)\ supp(Hy (k, b)) # 0 and consider i € supp(A)\
supp(Hn (k,b)). Then Q4(i) C D(N). Let N’ < M be the hypermatrix afforded by D(N) \ Q(i). Then N < N’ and

D+ (k,b) = Dn(k,b) \ Qc,. 1)/ (i) 2 D(A).
Hence, Hy/(k,b) < A, which contradicts the statement (2) which was already proved. O
By applying repeatedly lemma above we get the following corollary.

Corollary 16. Let M be a nonzero q'-orbits hypermatrix. Consider the list of pairs (k1,b1),..., (ki, b)) where 1 < k; < s
and b; € Zrkj with j =1,...,1. Then, there exists a hypermatrix N < M with maximum support such that Hy (k;,b;) =0,
where j =1,...,1

Our next result shows a sufficient condition to get at once the minimal apparent distance of a hypermatrix.



Proposition 17. Let D be a union of qt-orbits and M = M (D) # 0. Let Hy(k,b) be an involved hypercolumn (see
Definition 6) in the computation of d* (M), with 1 <k < s and b € Z,,. If d*(Hn (k,b)) = 1 then mad(M) = d*(M).

Proof. By hypothesis, we have that d*(M) = (wa(k,b) + 1) - d*(Hp(k,b)) = wnr(k,b) + 1. Consider a hypermatrix
0 # M’ < M. Clearly, if there is [ € Z,, such that Hps(k,l) = 0 then Hypp (k,1) = 0 ; so that, as Hps(k,b) # 0 then
CHp(k,b) € CHp(E,), for some b € Z,, and hence d*(M') > (wn (k, ') + 1)d*(Hpp (kb)) > wnm(k,b) +1 =
d*(M). O

Note that the proposition above has not interest in the case s = 1; however, if M is a vector we have that mad(M) = d*(M).
In fact, if P and M are q'-orbits vectors with P < M, then d*(P) < d*(M) implies P = 0. In the multivariate case we have
the following result.

Lemma 18. Let D be a union of qt-orbits such that M = M (D) # 0. Let Hp (k,b) be an involved hypercolumn in the
computation of d*(M), with 1 <k <sandb € Z,,. If P < M and d*(P) < d*(M) then d*(Hp(k,b)) < d*(Hn(k,b)).
Consequently, Hp (k,b) < Ha(k,b) as ¢! ®_orbits hypermatrices.
Proof. As d*(P) < d*(M), then

d* (M) d* (Hpr(k, b)) (war (b, 0) +1) >
> @ (P) > d(Hp(k, b)) (wp(k, ) £ 1)

If Hp(k,b) = 0 then we have finished; so, suppose that Hp(k, b) # 0. Then we have that CH;(k,b) C CHp(k,b) and so
wyr(k,b) < wp(k,b). This fact, together with the inequality above imply that d*(Hp(k, b)) < d*(Hp (k, b)), Wthh in turn,
implies that Hp(k,b) < Hp(k,b). O

In the rest of this section, we present our method to compute the minimum apparent distance of a hypermatrix. The proof
uses recursion on the dimension of a hypermatrices; so that, for the convenience of the reader we begin by considering the
case of dimension 2; that is, matrices. The case of dimension 1 is covered by the argument in paragraph below Proposition 17

Proposition 19. Let Q; be the set of all q'-orbits modulo (r1,72), p € {1,...,|Q¢| — 1} and {Qj}?:l a subset of Qy. Set
D = U?Zle and M = M (D). Then there exist two sequences: the first one is formed by nonzero q'-orbits matrices,

M:M0>"'>Ml750

and the second one is formed by positive integers
mo > - 2 my

with | < p and m; < d*(M;), for 0 < i <1, verifying the following property:
(1) If Pis a q*-orbits matrix such that 0 # P < M, then d*(P) > my and if d*(P) < m;_1 then P < M;, where 0 < i <1

Moreover, if l! € {0,...,1} is the first element satisfying that my; = my then d*(My) = mad(M).

Proof. First note that M # 0 because u < |Q;| — 1. We shall construct our sequences by recursion. We shall construct two
sequences by recursion satisfying condition (I). Set My = M, mg = d*(M) and let Ip(M) be the set of involved pairs
in the computation of d*(M) (see Definition 6). If there is a pair (k,b) € Ip(M), with k € {1,2} and b € Z,,, such that
d*(Hp(k,b)) = 1 then by Proposition 17 we have finished (with [ = 0); so, suppose that d*(Hps(k,b)) # 1 for any pair
(k,b) € Ip(M). In this case, by Corollary 16, we may construct the ¢*-orbits matrix, M7 < M with maximum support, such
that Hys(k,b) = 0 for all (k,b) € Ip(M).

We claim that for any q*-orbits matrix P < M, if d*(P) < mg then P < Mj. Assume that P is a q*-orbits matrix with
P < M and d*(P) < myg. Take any (k,b) € Ip(M). By Lemma 18, d*(Hp(k,b)) < d*(Hum(k,b)) = mad(Hp (k,b))
because Hps(k,b) is a vector and then Hp(k,b) = 0 (see coment below Proposition 17). Thus P < M; because M; has
maximum support. So, if M; = 0 then we have finished by taking again [ = 0.

If M; # 0, we finish the base step by defining m; = min{mg,d*(M;)} and so we get My and m; satisfying the required
condition by the preceding paragraph.

Suppose we have constructed, for 6 € {1,...,u — 1} the sequences M =My > --->Ms#0and myg > --- > ms
such that for all ¢ € {1,...,d}, it happens that m; = min{m;_1,d*(M;)} and if P < M satisfies that d*(P) < m;_1 then

To get the step 6 + 1, we shall proceed with M; as we have done for M. First we check the existence of a pair (k,b) €
Ip(Ms), with k € {1,2} and b € Z,,, such that d*(H s, (k,b)) = 1. If this happens, then by Proposition 17 we have finished
(with | = §); so, suppose that d*(Hps(k,b)) # 1 for any pair (k,b) € Ip(M;s). As above, Corollary 16 allows us to construct
the g¢t-orbits matrix, Ms,; < Ms with maximum support, such that Hygy,, (k,b) = 0 for all (k,b) € Ip(Ms). If Ms 1 =0,
we finish by setting [ = 0; otherwise, Lemma 18 together with the definition of minimum apparent distance show us that



any ¢'-orbits matrix 0 # P < M, satisfying d*(P) < my verifies that P < Ms, because Hyy,,, (k,b) = 0 for all pair
(k,b) € Ip(Ms).

We define ms11 = min{ms,d*(Ms,1)} which increases our sequences satisfying (I) by the arguments in paragraph above.

This process must stop at most in |Q;| — i steps, because the supports of the considered ¢‘-orbits matrices differs in at
least one ¢'-orbit. The sequences end at the step [, in which either d*(Hyy, (k,b)) = 1 for some pair (k,b) € Ip(M;), with
k € {1,2}, or M;11 = 0. We note that, if I’ € {1,...,1} is the first element such that m; = my then my; = d* (M) = d*(M;).
We shall prove that mad(M) = d*(M;/). Suppose that there exists a ¢‘-orbits matrix 0 # P < M with d*(P) < my = my.
By the construction of our sequences one must have that P < M;,; < M;. Now, if the sequence of matrices stops because
d*(Hp, (k, b)) = 1 for some pair (k,b) € Ip(M;), then by Proposition 17 we have that mad(M;) = d*(M;) and then P = 0.
Now if the sequence stops because M;,; = 0 then P = 0. So in both cases it happens that P = 0, which is impossible. Hence
mad(M) = d*(My). (]

Remark 20. Let us comment briefly the complexity of our algorithm above in the particular case s = 2. Given an abelian
code C'in A4(r1,72), we denote by {e1,...,e,} the set of primitive central idempotents which belong to C' and let Q be the
set of all g-orbits modulo (r1,72). The computation of the apparent distance of C, with respect to any o € U, by the methods
given in [5] and [10] needs 2# — 1 computations of apparent distances of g-orbits matrices, while the number of computations
in our method is at most u; that is we change exponential complexity by linear complexity.

Example 21. Set ¢ = 2, ;1 = 3 and 7, = 9. Let M = M (D) be the matrix afforded by the set of 2-orbits D = Q(1,0) U
Q(0,1) UQ(1,3) UQ(L,6).
Following the construction given in the proof of proposition above we get mg = d*(M) = 3 and Ip(My) = {(1,0),(2,0), (2,3),(2,6)}.
We set
S=|J  supp(Hu(k b)) ={(0,0),(0,3),(0,6)}
(k,b)EIp(M)

and construct M; by puting 0 in the entries a; ; for which (z,5) € Q(0,0) U Q(0, 3) (note that (0,6) € Q(0, 3)).
One may see that M7 # 0; so we repeat the process. Now d*M; = 4, Ip(M;) = {(1,2),(2,2),(2,5),(2,8)} and m; =
min{mg, d*M;} = min{3,4} = 3. In this case

S={14) - 7=2,58U{(2,J) : j=1,2,4,5,7,8}

and {Q(al, ag) : (al, ag) S S} = Q(l, 2) @] Q(2, 2) This yields M = 0.
Thus, we obtain the sequences M > My, mg =3 > my = 3 and so mad(M) =3 =d*M.
We note that, following the methods in [5] and [10] we should compute the apparent distance of 15 matrices.

Next theorem is the main result of this section. Here, we give a general method that simplifies the computation of the
minimum apparent distance of a hypermatrix.

Theorem 22. Let s,q, r1,...,7s be positive integers, with q a power of a prime number p, such that p{r;, fori=1,...s.
We set I =[];_, Zy,. Let Q be the set of all q*-orbits modulo (r1,...,7s), pp € {1,...,|Q¢| — 1} and {Q;},_, a subset of
Q. Set D = U;‘ZIQJ- and let M = M (D) be the ¢'-orbits hypermatrix afforded by D. Then there exist two sequences: the
first one is formed by pairwise disjoint sets of nonzero qt-orbits hypermatrices

{M}=Mgp,....M; (M; #£0, Vi).

and the second one is formed by positive integers
mo > - 2 My,

where | < p, each L € M verifies that L < M and m; < min{d*(L) : L € M;}, with 0 <1i < l. Moreover, these sequences
verify that:

1) If 0 < i and L € M; then there exists L' € M;_1 with L < L'.

2) If 0 <iand P < M with d*(P) < m;_y then P < L for some L € M,.

3) If0 # P < M then d*(P) > my.

4) If I € {0,...,1} is the first element such that my = my, then there are P < M, and L € My, such that P < L and
d*(P) = mad(M) = my.

Proof. As p < |Q¢] — 1 then M # 0. We proceed by induction on s. The case s = 1 follows from the paragraph after
Proposition 17 and s = 2 is Proposition 19, taking M; = {M,}, for i = 0,...,l. Now suppose we know that our theorem
holds for 2 < s — 1. We shall prove it for s.

Let us recall that any hypercolumn of M, say Hy(k,b), with 1 < k < s and b € Z,,, may be viewed as a ¢ |_orbits
hypermatrix of dimension s — 1 (as we have seen at the beginning of this section), and, as such, by induction hypothesis, we
may compute mad(H y;(k,b)) and obtain the sequences of this theorem for it.

£C e ()



Now we shall associate to each ¢‘-orbits hypermatrix 0 # P < M a set, denoted by S(P), of ¢'-orbits hypermatrices
less than P, with respect to (1). Recall that Ip(P) denotes the set of involved pairs in the computation of d*(P). As we
have already mentioned, we know that for each (k,b) € Ip(P) we may compute mad(Hp(k,b)) and construct sequences
{Hp(k,b)} = Ho, ..., Higkp) and ho, ...,y p) satisfying properties (1) to (4) of this theorem. Now, for each (k,b) € Ip(P),
set h(k,b,i) = |H;|, for i € {0,...,1(k,b)} = Ny ). We fix an arbitrary indexation on the elements of H; with Ny ; ;) =
{O, ey h(k, b,l) — 1} and set "y(k, b) = {(u,v) Lu e Nl(k,b)7 OES Nh(k,b,u)}-

By Lemma 15, for each (k,b) € Ip(P) and E = (u,v) € v(k,b) we may construct the ¢ Y| orbits hypermatrix, that
we call (P, E/), with maximum support, such that Hp g)(k,b) is exactly the element of H, with corresponding index v. We
collect these hypermatrices in the sets

HC e (

R(P.,kb) = {(P,E): Ec~kb}\{P} and

S(P) = U R(P kD).
(k,b)eIp(P)

Now we set My = {M}. To construct M we shall collect first, by recursion, a sequence of disjoint sets of hypermatrices
less than or equal to M, that we will denote To(M), ..., Tn(ar) (M), where n(M) € N, that satisfies the following properties.
For each i = 0,...,n(M), T;(M) # 0 and for any P € 7;(M), one has that S(P) C T;;1(M). In addition, Ty,(ary41 (M) = 0
. To do this, we set To(M) = {M} and Ti(M) = S(M). Now, once T;(M) has been constructed, we set 7;11 (M) =
Uper () S(P). So that, if T;(M) # 0 and P € T;(M) then S(P) C Tit1(M).

Note that, for each j € {1,...,¢+ 1} and P € T;(M), there must exist L € 7;_1 (M) for which P < L (strictly) and so,
the construction of the sequence must stop.

Let n(M) € N be the first element for which 7,,(yry11 (M) = 0. Now we set.

TMo) = | T
J=0
mo = min{d*(N) : NeT(My)} and
m = {Ne€TMo) : S(N)=0}.

Let us remark that if N € o then for every (k,b) € Ip(N) we have that [(k,b) = 0 and then d*(Hy(k,b)) =
mad(Hy (k,b)); moreover, for any (k,b) € Ip(IN), we have that {(N, E) : £ € y(k,b)} = {N} and so R(N, k,b) = (; hence,
for any (k,b) € Ip(N) and any hypermatrix 0 # L < Hy(k,b) we have that d*(L) > d*(Hy(k,b)) as (s — 1)-dimensional
¢'1€a ®)l_orbit hypermatrices.

Another property of 7, that we need is the following. If P < M is a hypermatrix such that d*(P) < mg then there exists
N € 1o such that P < N. Indeed, first, if S(M) = () then P < M € ny and we are done. So, suppose that S(M) # 0. By
Lemma 18 Hp(k,b) < Hps(k,b) (strictly), for all (k,b) € Ip(M) and then P < L for some hypermatrix L € S(M) = T1(M)
and d*(P) < mo < d*(L). Again, if S(M) = () we are done; otherwise we may find, L’ € S(L) C T2(M) for which P < L'.
We may continue the process until finding NV € ny with P < N, as desired.

Now suppose that P < M, with d*(P) < mg and N € g is such that P < N. Again d*(P) < mo < d*(N) and then by
Lemma 18 we have that Hp(k,b) < Hy(k,b) for all (k,b) € Ip(N), which implies that Hp(k,b) = 0 because of our remark
two paragraphs above.

We are now ready to construct M. Using Corollary 16, for each N € ng, we define L(N) < N as the hypermatrix of
maximum support for which Hy ) (k,b) = 0, for all (k,b) € Ip(NN). Then we define

My ={L(N) : 0£L(N) and N € no}.

Note that Mo N M; = (), because of the construction of the R(P, k,b)’s.

If My = 0 then I = 0. If M; # ) we get a new element in our sequence; so we have My, M, and we have to
check properties (1) and (2) of our theorem (properties (3) and (4) will be checked when we finish the construction of the
sequences). Property (1) is obvious, as My = {M}. To check property (2) we suppose that there is a hypermatrix P < M
with d*(P) < mg. As we have already seen, there exists N € 7y such that P < N, and for all (k,b) € Ip(N) we have that
Hp(k,b) =0, so that P < L(N), because L(N) has maximum support.

Suppose we have constructed pairwise disjoint sets Mg, Mq,..., M; with M; # 0 for j = 1,...,i and a sequence
mo > --- > m,;_1. verifying properties (/) and (2) of our theorem and, moreover, if P € M, and N € M, is such that
P < N then Hp(k,b) = 0 for all (k,b) € Ip(N) (in a similar way of the hypermatrices in M;j). Suppose we also have
constructed 7g, ..., -1

The induction step is analogous to the base step. For each P € M;, we construct To(P), ..., Tp(py(P) and collect



n(P)
U U
PeM,; j=0

m; min ({d*(P) : PeT M)}U{mi-1}),
ni = {NeT M) : S(N)=0}

T (M)

and
Mit1 ={L(N) : 0#£L(N) and N €n;}.

Clearly, properties (1) and (2) of our theorem hold. If M,1; = () we have finished our construction of sequences with [ = 1.

Now property () guarantees that the process must stop; that is, there exists [ € N such that M;,; = @; in fact, each
sequence could have at most . elements. So, suppose we have constructed Mo, ..., M;, mg > --- > my such that M; # ()
and M1 = 0. As T(M;) # 0 then 7, # () and then m; may be computed as above. So the sequences are completed. Now we
have to check properties (/) to (4) of our theorem. As we have seen, properties (/) and (2) are immediate. To see property (3),
we consider a nonzero gt-orbits hypermatrix P < M and suppose that d* (P) < m; < mg. Then, P < N for some N € 7,
and, since d*(P) < d*(N) it must happen that, as above, Hp(k,b) = 0 for all (k,b) € Ip(N). However, M;;1 = (), so that
P=0.

Finally, let I’ € {0,...,1} be the first element such that m; = m;. As it has the minimum value then there must exist
P €T (My) such that my = d*(P) and P < L for some L € My . The fact that d*(P) = mad(M) is obvious. O

In [3, pp. 357-358] the reader may find an explicit algorithm for the cases of two and three variables.

Example 23. We are going to continue with the hypermatrix in Example 7(3). We recall that ¢ =2, 11 =3, 79 =3, 713 =15
and M = M (D) is the matrix afforded by the set of 2-orbits

D = Q(0,0,00UQ(1,0,0)UQ(0,1,0)UQ(0,0,1)
UQ(0,1,1)UQ(1,0,2)uQ(0,1,2).

Then d*(M) = 6 and Ip(M) = {(1,2), (2,2),(3,0), (3,1), (3,2), (3,3), (3,4)}.

Now we shall compute S(M). To do this, we have to obtain the sequences for each H,(k,b) such that (k,b) € Ip(M)
it is described in the proof of the theorem above or in [3, p. 358]. This gives us R(M,1,2) = R(M,2,2) = R(M,3,0) =0
and R(M,3,1) = R(M,3,4) = {B;}, where Bj is the hypermatrix such that D(B;) = DU Q(1,1,2), and R(M,3,2) =
R(M,3,3) = {Bz}, where By is the hypermatrix such that D(B;) = D UQ(1,1,1).

Hence S(M) = {Bj1, Ba}. One may check that, for By we get d* (By) = 12, Ip(B1) = {(1,2), (2,2)} and S (By) = 0,
and for By we get d* (Bg2) = 18, Ip(B2) = {(1,2), (2,2)} and S (Bz) = 0. Then To(M) = {M}, T1(M) = {B1, B2} and
%(M) = @ So that T(M) = {M, Bl, BQ}, moy = Inin{6, 12, 18} =6 and Mo = {Bl, BQ}

Now we are going to construct M;. To do this, we have to consider, for each N € 1), the hypermatrix L(N) < N
having maximal support with respect to the property Hpny(k,b) = 0 for all (k,b) € Ip(N). In our case, it happens that
L (B;) = L(By) = 0; so that M = () and the process is finished. The sequences are { M} and mg = 6. Hence mad(M) = 6.

If we define the code C' in A3(3,3,5) with defining set D, (C) = D, for some « € U, then we have that d,(C) = 6.

V. MULTIVARIATE BCH BOUND AND BCH CODE

This section is devoted to generalize the notion of BCH codes to the multivariate case. We also study the extension of most
of the clasical results about this codes. To do this, we first present a generalization of the notion of BCH bound and BCH
code, based on the results that we have seen in the previous sections. Then we shall show that most of the classical results
for BCH codes can be generalized to our setting.

We keep all notation from the preceding sections; that is, s, ¢, ¢ and r1,...,rs are positive integers, with ¢ a power of a
prime number p, such that p{r;, fori =1,...sand A,(r1,...,rs) is the quotient ring Fy[x1, ..., zs]/ (x]* = 1,... 2= — 1).
Also, I = [[j_, Zy;, Qu is the set of all g"-orbits modulo (r1,...,7s) and if D is a union of ¢*-orbits then M (D) denotes the
g-orbits hypermatrix afforded by D. We recall that U,, denotes the set of all r;-th primitive roots of unity, foreachz=1,...,s
and we define U = {(a1,...,a5) : a; € Uy, }.

Our first task is to extend the notion of BCH bound. Next result is the first step in order to establish this extension.

Lemma 24. Let § € Z be such that 6 > 2 and consider o € U. Let 0 # C' be an abelian code in Ay(r1,...,1s), Do(C) its
defining set and M = M (D, (C)). If there are an element k € {1,...,s} and a list of (§ — 1)-consecutive integers modulo
Tk {0y -+, Jo—2} such that Hyr(k,j5;) =0, with i =0,...,0 — 2, then d*(C) > d*(C) > 6.

Proof. We know that mad(M) = d(C) < d*(C) < d(C); so, we have to see that § < mad(M). Let P < M be a hypermatrix
such that d*(P) = mad(M). Since P < M then Hp(k, j;) =0, forall s =0,...,6 — 2. Let {4, ...,j5_o} be the biggest
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list of consecutive integers modulo ry, containing {jo, ..., js—2} which Hp(k,j.) =0, forall i =0,...,6 — 2. Since C # 0
then Hp(k,j; ) # 0 and so w(k,j,~) =& > 4. Hence § < &' < d*(P). O

Now we deal with the general case.

Theorem 25. (Multivariate BCH bound) Let s,q, 71, ...,rs be positive integers, with q a power of a prime number p, such
that p{ r, fori =1,...s and o € U. We set I = H;Zl Zy,;. Let C' be a nonzero abelian code in Ay(r1,...,rs) with
defining set D, (C) and M the g-orbits hypermatrix afforded by D, (C). Suppose that there exist a subset v C {1,...,s}
and a list of integers {0 > 2 : k € v} satisfying the following property: for each k € =, the hypermatrix M has zero
hypercolumns Hur(k, jk,0)); - - s Har(k, jir,s5,—2)), where {ji0)s -5 Jk,5,—2)} is a list of consecutive integers modulo .
Then d,(C) = [Ixe, Ok Hence, d*(C) = []c., O

Proof. We proceed by induction on |y| = {. The case I = 1 is covered by the lemma above. So, suppose that, our theorem is
true for [ — 1 and let C' be a nonzero abelian code in A4(r1,...,rs) with defining set Do (C) and M the g-orbits hypermatrix
afforded by D, (C). Let P < M be a hypermatrix such that d*(P) = mad(M). Since P < M then Hp(k,jy.q)) = 0
for k € vy and i = 0,...,0; — 2. For each k € ~, we set N, = Hp(k,b;) the nonzero hypercolumn of P such that
{H p(k, j(kﬂ-))}fif C CHp(k,by) (see Definition 3). By the definition of apparent distance of a hypermatrix we have that
d*(Ny) - 0x < d*(P) for any k € . Now, we know that Hy, (u, ju,q;)) = 0, with uw € y\ {k} and i =0, ..., 0, — 2. Let Cn,

be the abelian code in Ag(r1,...,7s) such that D(Nj) = D,(Cn,) where we are considering Vi, as a hypermatrix indexed
by [l Zr;. Then M(Do(Cn,)) = Nyi. By induction hypothesis d*(Ni) > mad(Ny) = d* (Cn,) > H .. Hence
ueY\{k}

d*(P) > [I4e~ O and we are done.

Let us reformulate last theorem in terms of lists of positive integers. We recall that for any element b € Z and any positive
integer 7, we denote by b the canonical representative of b in Z,..

Corollary 26. Let v C {1,...,s} be a set, and let 6 = {0, > 2 : k€ v} and b= {b, >0 : k € vy} be lists of integers. For
each k € ~y consider the list of consecutive integers modulo vy, J, = {bg,...,bp + 0 — 2} and set A, ={ie I : i(k) € Ji}.
If C is a nonzero abelian code satisfying U;_; A, € Da(C), for some a € U, then d*(C) > [[¢., Ok

Proof. Immediate from the theorem above by taking j; 0) = by, until J(k,55—2) = br + 0 — 2. O

Example 27. Let C; and C> be the abelian codes in A5(5,7), with defining sets D1 = D, (C1) = Q(0,1) U Q(1,1) and
Dy = D,(C2) = D1 UQ(0,0) UQ(0, 3), with respect to some « € U. We set My = M (D) and My = M (Ds).

We are going to apply Lemma 24 to C;. A simple inspection shows us that Hy, (2,1) = Hjpy, (2,2) = Hpy, (2,4) =0 so
that by taking k = 2, jo = 1 and j; = 2 we get § = 3. Therefore d*(Cy) > 3.

Now we apply Theorem 25 to C. Again, a simple inspection shows us that Hpz,(1,0) = Hypy,(2,1) = Hp,(2,2) =
Hu,(2,4) = 0. In this case, we take v = {1,2}, j10 = 0, j2,0 = 1 and ja; = 2. So that 6; = 2, 2 = 3 and hence
d*(C2) = 6.

We are ready to present a new notion of multivariate BCH code. We recall that I(k,l) ={ie I :i(k) =1}

Definition 28. (Multivariate BCH code) Let s,q, 1,...,7s, I be as above. Let v C {1,...,stand 6 ={rp > 6. >2 : k €
~v}. An abelian code C in Ay(r1,...,7s) is a multivariate BCH code of designed distance 0 if there exists a list of positive

integers b= {by, : k € v} such that
O —2

) =JU U @b

key 1=0 jeI(k,br+1)

for some o € U, where {by, ... by + 0, — 2} is a list of consecutive integers modulo 1. We denote C' = By(a,7,4,b), as
usual.

As a direct consequence of Theorem 25 we have that d* (Bq(a,7,6,b)) > [[c, O

Example 29. In Example 27, the code C} is a multivariate BCH code, Cy = Bs (o, {2}, {3}, {1}), while Cy = Bs (o, {1, 2}, {2, 3}, {0, 1}).
Let us show an example of a multivariate BCH code in A3(3,5,5). Let C3 be the abelian code with defining set D3 =

D.(C3) = Q(0,0,0)UQ(0,0,1)UQ(0,1,0)UQ(1,0,0)UR(1,0,1)UQ(1,0,2)UQ(1,1,0) UQ(1,2,0), with respect to some

a € U. Set M3 = M(Ds). In this case Hp,(2,0) = Hpr, (3,0) = 0 so we may take v = {2,3}, § = {2,2} and b = {0,0}

to conclude that C5 = Bs (a, {1,2},{2,2},{0,0}).

From now on, we shall extend the basic properties of BCH codes to the multivariate case. The following property is
immediate.

Corollary 30. Let By(c,,0,b) be a multivariate BCH code. For each k € v, set J, = {E, ceey b 40k — 2} and Ay =
{iel : i(k) € Jp}. If C is an abelian code in Ay(r1,...,7s) such that Uj_; Ap C Do (C) then dim C' < dim By(w, 7, d,b).



It is known (see [9, Theorem 10, p. 203]) that any (univariate) BCH code B = By(w, d,b) in A,(r1,...,rs) verifies that
d(B) > ¢ and dim(B) > r — m(§ — 1), where m = O,.(¢). In the multivariate case we have the following result.

Theorem 31. Let s,q, r1,...,7s be positive integers, with q a power of a prime number p, such that p{r;, fori =1,...s.
We set I =1[;_, Zr;. Let By(c,7,0,b) be a multivariate BCH code with 6 = {0, > 2 : k€ v} and b= {b;, >0 : k € v}.
Then dimg, By(a,7,d,b) > szl Ty —m (Ekev ((5k -1 Hsj;i rj)) , where m = lem {O,, (Q)}Z:r

J
Proof. Set C = By(7, 6,b). By definition we have that

O —2

p.()=JUJ U e

kevy 1=0 ic1(k,br+1)

Clearly |I(k,h)| = H%; r; for all h € Z,,, and for any i € I we have that |Q(i)| < lem{O,, (¢)};_, = m, so that
J
dim(C) = [[=; 7 = [Da(C)]
[[oirj—m (Zkev ((5k —-1) HS;:;; Tj)) :

v

VI. APPLICATIONS
A. Multiplying dimension in abelian codes

We shall construct abelian codes starting from BCH (univariate) codes with designed distance § € N. We keep all notation
from the preceding sections.

Lemma 32. Letr D be a union of g-orbits modulo (r1,72) and consider the g-orbits matrix M = M (D). The following
conditions on M are equivalent:

1) Each column H((2,5) verifies that either Hy(2,7) = 0 or all of its entries have constant value 1.
2) For all (i,5) € Zy, X ZLy,, it happens that (i,j) € D if and only if (x,j) € D for all x € Z,,.

Proof. The result comes immediately from the definition of (hyper)matrix afforded by D; that is, for any a;; € M, a;; = 0 if
and only if (¢,7) € D and, otherwise, a;; = 1. O

As the reader may see, an analogous result may be obtained by replacing r3 by 7;. For our next theorem we recall that,
associated to the computation of the apparent distance of a hypermatrix, we defined the set of optimized roots of C as
R(C)={BeU : d*(C) =d;(C))}. We also keep the notation in Remak 13.

Theorem 33. Let n and r be positive integers such that gcd(gq, nr) = 1. Let C be a nonzero cyclic code in Ay(r) with d*(C) =
§d>1and o = (o1, 2) € Uy, X R(C). Then, the abelian code Cy, in Aq(n,r) with defining set Do (C,) = Zy, X Dqy, (C)
verifies that d*(Cy,) = ¢ and dimg_(C,) = ndimg, (C).

Proof. Consider § = (f1,52) € U, x U, and let C,, the abelian code such that Dg(C,) = Z,, x Dg,(C). It is clear that
Djs(Cy,) satisfies the condition (2) of Lemma 32; so, the g-orbits matrix afforded by Dg(C),), N = M(Ds(C,,)), verifies
the condition (1) of that lemma. If M = (a;),j € Z,, is the g-orbits vector afforded by Dg,(C) then Hy(2,5) = 0 if
and only if a; = 0. Hence, and since d*(C) = 4, for all nonzero row of N, Hn(1,b), we have that wy(1,b) = 0 and
d*(Hn(1,b)) =d*(M) < 4. So di(N) = max{(wn(1,b)+1)d*(Hn(1,b))} = d*(M) < 4. Moreover, the equality is reached
when (32 € R(C).

Now, for all nonzero column of N, Hx(2,b), we have that wy(2,b) < d*(M) < ¢ and d*(Hn(2,b)) = 1, hence dj(N)
max{(wn(2,b) + 1)d*(Hwm(2,b))} < d*(M) < 6. Therefore, d*(N) = d*(M) < § and from Proposition 17, dj(Cy,)
mad(N) = d*(N) < 4. The equality is reached if Sz € R(C).

Finally, since dimr,(Cy) = |supp(N)|, we have that dimg, (C,) = ndimg,(C). O

Example 34. Set ¢ =2, r =55, n = 3, a = (a1, a2) € Us x Us; and let C be the cyclic code in A3(55) with defining set with
respect to az, D = D, (C) = C3(1) U C2(5). Set M = M (D). A simple inspection on M shows us that C' is a BCH code
with parameters C' = Bs(aa,7,13) and dimension 25. By applying Theorem 33 we construct the new bivariate code C; with
defining set D(C}) = Z3 x D. So that d*(C3) = 7, dimp, (C3) = 75 and its length is 165. In fact C; = Ba(a, {2}, {7}, {13}),
by Lemma 24.

In order to multiply dimension in multivariate Reed Solomon codes we have the following result.

Proposition 35. Let B,(«, 7, d,b) be a multivariate BCH code with vy = {k}, 6 = {0k} and b = {by}, for some k € {1,...,s}.
If ri, = q — 1 then d}, (By(c,v,0,b)) = 6 and dimy, (By(a,v,0,b)) = (rp — op + 1) HSJ;i ;.
J
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Proof. Since 1, = ¢ — 1 we have that l[g =1 mod 7, hence Q(i) C I(k,1) for all i € I(k,1). So,

ot o2
Do(C)= |J I(kD).
I=br,

S

By following the proof of Theorem 31 in the case v = {k}, for some k € {1,...,s} we have that dimp, (C) = [[;_, rj —
Da(C) = (i — 84+ ) [T 7.

Note that if M = M(D,(C)) and [ € {bg,...,b, + 5 — 2} then Hy(k,1) = 0, otherwise, all of the entries of Hy;(k,1)
have constant value 1. Therefore, was(k, by — 1) = 6 — 1 and d*(Hps(k, by, — 1)) = 1, then di (M) = 6.
We claim that d*(M) = d;(M) and we shall prove it by induction on s. The case s = 1 is trivial. Assume that it is true
for s — 1 (s > 2) and consider j € {1,...,s} \ k. Then, for all [ € Z,,, the hypercolumn Hj(j,!) may be viewed as an

(s — 1)-dimensional ¢/“e()l-orbits hypermatrix indexed by J = Hi: L, say H(4,1) = (a3);c 5, where

0 ifi(k)e{%,...,bk+5k—2}
aj =
1 otherwise.

Note that for all [ € Z,, it happens that Hy;(j,1) # 0, which implies that wx,(j,1) = 0. In addition, H(j, 1) may be viewed
as an (s — 1)-dimensional hypermatrix afforded by

br+0r—2

U Aie ﬁzm Ci(k) =1
I=by, m=1

mj

By induction hypothesis we have that d*(Hx(j,1)) = dj.(Hn(j,1)) = k. So, dj(M) = 0y for all j € {1,...,s} \ k and
therefore, d*(M) = max{d}(M) : i=1,...s} = d;(M) = 0y, as desired. Now, from Proposition 17, mad(M) = d*(M) =
5k- Then, dZ(Bq("y,(S, b)) = 5k . O

The proposition above is applicable to the codes that we obtain by using the construction given in Theorem 33, when we
start from Reed-Solomon codes.

Corollary 36. Let R = By(«,d,b) be a Reed-Solomon code of length r. Then, for each positive integer n and any o' € Uy,
there exists a multivariate BCH code, C = B, ({o/, a}, {2}, {0}, {b}), such that iim(C) = (r —d + 1)n = n - dim(R) and
dx(C) =4.

B. Designing maximum dimensional abelian codes (HD codes) for prescribed bounds

In this section we will give another application of our techniques. Given an ambient space (and then a fixed length), we
will design abelian codes with the highest dimension with respect to a fixed value for their apparent distance (HD codes, for
short). As the reader will see our ideas are based in the consideration of the distribution of the g-orbits on the indexes of
hypermatrices. We have used the GAP program to compute the minimum distance of some codes. We begin with an example
of codes of length 35.

Example 37. We shall design HD codes in F3°. We begin by constructing HD cyclic codes, that is, BCH codes. Observe the
distribution of 2-orbits (2-cyclotomic cosets in this case) in a 1 x 35 vector:

[Q(0), Q(1), Q(1), R(3), R(1), Q(5), Q(3), Q(7), Q(1), Q(1), Q(
Q(1),Q(3), Q(3), Q(7), Q(15), Q(1), Q(3), Q(1), Q(3), Q(5), Q(7
QR(1),Q(1),Q(3),Q(15),Q(3), R(3), Q(7), Q(1), Q(15
Q(3),Q(1),Q(3), QA

5

=

)

)

-

)

J

(s

and K (35) = {1,3} (see Remark 13).

Then, one may see that the vectors afforded by D; = Q(1) U Q(5) or Dy = Q(3) U Q(15) verify that d*(M(Dy)) =
d*(M(D3)) = 5. Consider o € Uss and let Cy the cyclic code such that D,(C;) = D;. Observe that Dy = 3 - D (see
Remark 13). One may check that d*(C7) = 5. Clearly, C is a BCH code of dimension 20 (so that, it is a HD code) and one
may check that its minimum distance is d(C}) = 6.

Now we want to fix a higher apparent distance. To do this, we extend the defining set of Cy to D3 = D7 U Q(7) and note
that 3 - D3 = Dy U Q(7). Set Dy = 3 - D3. Then, one may check that the cyclic code C5 with D, (C3) = D3 has apparent
distance 6 and dimension 16. One may also check that d(C3) = 7. In fact, this code have the highest dimension with respect
to this bound; that is, it is a BCH code. Finally, a simple inspection shows us that any BCH code of length 35 with designed
distance greater than 6 must contain the cyclotomic cosets Q(1) U Q(3) and hence its dimension must be less than 11.



Now we want to construct bivariate HD codes in A2 (5, 7) (so that all of them will have the same length). Now, the distribution
of 2-orbits in a 5 X 7 matrix is as follows

Q(0,0) Q(0,1) Q(0,1) Q(0,3) Q(0,1) Q(0,3) Q(0,3)
Q(1,0) Q(1,1) Q(1,1) Q(1,3) Q(1,1) Q(1,3) Q(1,3)
Q(L,0) Q(1,1) Q(1,1) Q(1,3) Q(1,1) Q(1,3) Q(1,3)
Q(L,0) Q(1,1) Q(1,1) Q(1,3) Q(1,1) Q(1,3) Q(1,3)
Q(0,0) Q(1,1) Q(1,1) Q(1,3) Q(1,1) Q(1,3) Q(1,3)

and K(5,7) = {(1,1), (1,3)}.

Setting D5 = Q(0,0)UQ(1,0)UQ(0,3) we have that mad(M (Ds)) = 4. Consider a € Us x Uz and the abelian code such
that D, (C5) = Ds. Note that if D = (1,3) - D5 then mad(M (D)) = 4. It is easy to check that C5 is a code of dimension
27 and d*(C5) = 4. By using the GAP program we obtain that d(C5) = 4. It is interesting to note that there are no cyclic
codes with this parameters (see the remark below). However, C5 is not a HD code with apparent distance 4. In fact, if we
consider the code Cf such that D, (C%) = D5\ Q(0,0) we have that C% is a HD code with apparent distance d*(C%) = 4 and
its dimension is 28. The reader may check that the distribution of the g-orbits in the matrix above shows us that any abelian
code in A5(5,7) with dimension greater than 28 has apparent distance less than 4.

Now we want to fix a higher apparent distance. To do this, we consider now Dg = Q(0,1) U Q(0,3) UQ(1,3). The matrix
afforded by Dg has mad(M (Dg)) = 6 and the abelian code, Cs, such that D, (Cs) = Dsg, is a HD code with apparent distance
6, dimension 17 and minimum distance 6. Finally, set D7 = Q(0,0)UQ(1,0)UQ(0,1)UQ(0,3)UQ(1,3). The matrix afforded
by D7 has mad(M(D7)) = 8 and the abelian code, C7, such that D, (C7) = Dy is a HD code with d*(C7) = 8, dimension
13 and minimum distance 8.

Remark 38. In the example above, one may check that for any binary cyclic code C of length 35, it happens that if dim C' > 25
then its apparent distance verifies that d*(C) < 3, because D, (C) cannot include neither of Q(1) nor Q(3). Then, even the
abelian code C5 may be seen as a cyclic code (via the Chinese Remainder Theorem) its apparent distance, computed as a
cyclic code, will never be more than 3.

VII. CONCLUSION

We developed an algorithm to computing the minimum apparent distance of a hypermatrix which noticeably reduces the
number of involved operations in the computation of the apparent distance of an abelian code, with respect to the methods
proposed in [5] and [10]. In the two dimensional case the number of computations is of linear order instead of exponential
order. Our techniques allowed us to give a notion of BCH multivariate bound and code, respectively. Moreover, we construct
abelian codes from cyclic codes preserving their apparent distance and multiplying their dimension, and, given an ambient
space, we design abelian codes with the highest dimension with respect to a fixed value for their apparent distance.
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