1601.07325v1 [cs.IT] 27 Jan 2016

arxXiv

DoF Analysis of the MIMO Broadcast Channel
with Alternating/Hybrid CSIT

Borzoo Rassouli, Chenxi Hao and Bruno Clerckx

Abstract—We consider a K -user multiple-input single-output
(MISO) broadcast channel (BC) where the channel state infor-
mation (CSI) of user i(i = 1,2,..., K) may be instantaneously
perfect (P), delayed (D) or not known (N) at the transmitter
with probabilities \>, A\, and )%, respectively. In this setting,
according to the three possible CSIT for each user, knowledge
of the joint CSIT of the K users could have at most 3% states.
In this paper, given the marginal probabilities of CSIT (i.e., A\,

D and \%), we derive an outer bound for the DoF region of the
K-user MISO BC. Subsequently, we tighten this outer bound
by taking into account a set of inequalities that capture some
of the 3% states of the joint CSIT. One of the consequences
of this set of inequalities is that for K > 3, it is shown that
the DoF region is not completely characterized by the marginal
probabilities in contrast to the two-user case. Afterwards, the
tightness of these bounds are investigated through the discussion
on the achievability. Finally, a two user MIMO BC having CSIT
among P and N is considered in which an outer bound for the
DoF region is provided and it is shown that in some scenarios it
is tight.

I. INTRODUCTION

In contrast to point to point multiple-input multiple-output
(MIMO) communication where the channel state information
at the transmitter (CSIT) does not affect the multiplexing gain,
in a multiple-input single-output (MISO) broadcast channel
(BCO), knowledge of CSIT is crucial for interference mitigation
and beamforming purposes [1]]. However, the assumption of
perfect CSIT may not always be true in practice due to
channel estimation error and feedback latency. Therefore, the
idea of communication under some sort of imperfection in
CSIT has gained more attention recently. The so called MAT
algorithm was presented in [2] where it was shown that in
terms of the degrees of freedom, even an outdated CSIT can
result in significant performance improvement in comparison
to the case with no CSIT. Assuming correlation between the
feedback information and current channel state (e.g., when
the feedback latency is smaller than the coherence time of the
channel), the authors in [3|] and [4] consider the degrees of
freedom in a time correlated MISO BC which is shown to
be a combination of zero forcing beamforming (ZFBF) and
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MAT algorithm. Following these works, the general case of
mixed CSIT and the K-user MISO BC with time correlated
delayed CSIT are discussed in [5] and [6]], respectively. While
all these works consider the concept of delayed CSIT in time
domain, [7] and [8]] deal with the DoF region and its achievable
schemes in a frequency correlated MISO BC where there is
no delayed CSIT but imperfect CSIT across subbands, which
is more inline with practical systems as Long Term Evolution
(LTE) [1]. In [9], the synergistic benefits of alternating CSIT
over fixed CSIT was presented in a two user MISO BC with
two transmit antennas. In [[10] and [11], the MISO BC with
hybrid CSIT (Perfect or Delayed) was considered. The recent
work of [12] investigates the DoF region of the K-user MISO
BC with hybrid CSIT and linear encoding at the transmitter.
[13[] and [14] show that the optimal sum DoF is achievable
if the CSIT is not too delayed in broadcast channels and
interference networks, respectively.

The complete characterization of the general MISO BC
with perfect, delayed or unknown CSIT is an open problem.
The main aim of this paper is to investigate this problem
and provide some answers toward this goal. To this end, our
contributions are as follows.

o Given the marginal probabilities of CSIT in a K-user
MISO BC, we derive an outer bound for the DoF region.

o A set of inequalities is proposed that captures not only
the marginals, but also the joint CSIT distribution. This
shows that for the K-user case (K > 3), marginal
probabilities are not sufficient for characterizing the DoF
region.

o The tightness of the outer bounds is investigated in certain
cases.

o Finally, a two-user MIMO BC is considered in which
the CSI of a user is either perfect or unknown. An outer
bound for the DoF region is provided and it is shown
to be tight when the joint CSIT probabilities satisfy a
certain relationship.

The paper is organized as follows. In section [IIj the system
model and preliminaries are presented. An outer bound is
provided in section based on the marginal probabilities
and the proof is given in section Section [V] provides an
outer bound that depends on the joint CSIT probabilities. The
tightness of the outerbounds will be discussed in section
Section investigates a two user MIMO BC with CSIT
either perfect or unknown, and section concludes the
paper.

Throughout the paper, f ~ o(logP) is equivalent to
limp o0 & = 0. ()T and (.)! denote the transpose and
conjugate transpose, respectively. C N (0, X) is the circularly
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Fig. 1: A CSIT pattern with Appp = ANpp = Apyp = %

symmetric complex Gaussian distribution with covariance
matrix ¥. For a pair of integers m < ¢, the discrete
interval is defined as [m : ¢] = {m,m+1,...,q}. Y; =
Vi, Yiga, ..o, YJ}’ Y([i:j]) ={Y(@),Y(i+1),....Y0()}
and Y" =Y ([1: n]).

II. SYSTEM MODEL

We consider a MISO BC, in which a base station with
M antennas sends independent messages Wi,..., Wg to K
single-antenna users (M > K). In a flat fading scenario, the
discrete-time baseband received signal of user k at channel
use (henceforth, time instant) ¢ can be written as

Yi(t) = HI(6)X(t) + Wi(t) , k€ [l: K], te[l:n] (1)

where X(t) € CMM*1) js the transmitted signal at time
instant t satisfying the (per codeword) power constraint
S lx@)]? < nP. Wi(t) and Hy(t) are the additive
noise and channel vector of user k, respectively, and are also
assumed i.i.d. over the time instants and the users. We assume
global perfect Channel State Information at Receivers (CSIR).

The rate tuple (R1, Ro, ..., Rx), in which R; = 28(Wil)
is achievable if there exists a coding scheme such that
the probability of error in decoding W; at user i(i €
[l : K]) can be made arbitrarily small with sufficiently
large coding block length. The DoF region is defined as
{(dl, ey dK)|3(R17 Ry, ..., RK) S C(P) such that d; =
limp_, oo %, Vi} where C(P) is the capacity region (i.e.,
the closure of the set of achievable rate tuples).

The probabilistic model used in this paper for CSIT avail-
ability allows the transmitter to have a Perfect (P) instan-
taneous knowledge of the CSI of a particular user at some
time instants, whereas at some other time instants it receives
the CSI with Delay (D) and finally, for the remaining time
instants the CSI of the user is Not known (N) at the transmitter.
The CSIT model can be fixed (i.e., as in the hybrid model),
alternating or both (i.e., fixed for a subset of the users and
alternating for the remaining subset.) When there is delayed
CSIT, we assume that the feedback delay is much larger
than the coherence time of the channel making the feedback
information completely independent of the current channel
state. In this configuration, the joint CSIT of all the K users
has at most 3% states. For example, in a 3 user MISO BC,
they will be PPP,PPD,PPN,PDP,... with correspond-
ing probabilities A\ppp, A\ppp, AppPN, APDP,... and, as an
example, the marginal probability of perfect CSIT for user 1

is A\p = 220.Q'e{P.D.N} APQQ"-

Fig. 2: A symmetric CSIT pattern for the 3-user MISO BC
with the marginals Ap = 3, Ap = 2.

By CSIT pattern we refer to the knowledge of CSIT repre-
sented in a space-time matrix where the rows and columns rep-
resent users and time slots, respectively. The channel remains
fixed within each time slot, while it changes independently
from one slot to another. For simplicity, we assume the delayed
CSI arrives at the transmitter after one time slot. Figure [I]
shows an example of a CSIT pattern, in which the transmitter
knows the channels of users 2 and 3 perfectly at time slot 1
and has no information about the channel of user 1. The CSI
of user 1 will be known in the next time slot due to feedback
delay and is completely independent of the channel in time
slot 2.

Finally, a symmetric CSIT pattern means that the marginal
probabilities of perfect, delayed and unknown CSIT are the
same across the users, i.e. )\’Q = A, Vi € [1: K|,Q €
{P,D, N}. As an example figure [2 shows a symmetric CSIT
pattern for the 3-user MISO BC in which A\p = %, Ap = %

III. AN OUTER BOUND GIVEN THE MARGINALS

Theorem 1. Let 77(.) be an arbitrary permutation of size
j over the indices (1,2,..., K), and a,;(.) be a permutation
of 7 satisfyinéﬂ

(A% A0 () < (A CFD) 3\ Ona (FDY e 1),

)
Given the marginal probabilities of CSIT for user ¢ (which can
be any two of A\i, A%y and Ay, since i + A + Ay, = 1), an
outer bound for the DoF region of the K-user MISO BC with
M transmit antennas at the transmitter (M > K) is defined
by the following sets of inequalities

J ) J i—1 7 (r)
Ao (3) 2r—1Ap
<1 —=r=1"r
D e D D Gy ©)
i=1 1=2
, i1

Y duy <1+ Y074 as D) L v, jel1: K.
4)

For the symmetric scenario, the sets of inequalities are sim-
plified as

jdj(') jl

T o<1+ - 5
g; <14 Ap) 5)
J

Y duiy <1+ (i —1)(Ap+Ap) , Vrl, je[l: K]

i=1
(6)

For K = 2, the outer bound boils down to the optimal DoF
region in [9].

I'The reason for arranging the users according to the sum of the perfect and
delayed CSIT probabilities becomes clear in (28).



IV. PROOF OF THEOREM 1

For simplicity, we assume j = K, since it is obvious
that each subset of users with cardinality 7 (j < K) can
be regarded as a j-user BC. Also, we assume the identity
permutation (i.e., 7 (i) = i) while the results could be easily
applied to any other arbitrary permutation.

—iAp

A. Pm(’fofzz 1 17 <1+Zz 2 127, 1)

First, we improve the channel by giving the message and
observation of user ¢ to users [i +1: K] (1 € [1 : K — 1]).
Hence, from Fano’s inequality,

nR; < I(Wi Y[ [Wii-1), Q") + ney (7

where " denotes the global CSIR up to time instant n,
Wo = 0 and €, goes to zero as n goes to infinity. By this
improvement, channel input and outputs (i.e., the enhanced
observations of users) form a Markov chain which results in
a physically degraded broadcast channel [15]]. Therefore, ac-
cording to [|16], since feedback does not increase the capacity
of physically degraded broadcast channels, we can ignore the
delayed CSIT (D) and replace them with No CSIT (N). This
is equivalent to having the channel of user ¢ perfectly known
with probability A% and not known otherwise. From now on,
we ignore the term ne,, for simplicity (since later it will be
divided by n and n — oo) and write

TLR W“Yll ‘W[lz 1]7Q )
< Z = ®)
i=1
i |W11 1 Q )
h(Y|0") 4_253 Yt K
h — W — 7Q

- St L 111.[1 ) +no(log P) (9)
‘,’f%%e m}jo =, ) and we have used the fact that
% ~ o(log P), since with the knowledge of
Wik and Q", the observations Y}, ;1 can be reconstructed

within the noise distortion. Before going further, the following
lemma is needed.

Lemma 1. Let 'y = {Y1,Y3,...,Yn} be a set of N(> 2)
arbitrary random variables and ¥/ (I'y) be a sliding window
of size j over I'y (1 < 4,57 < N) starting from Yj i.e.,

(')

= Y(i—1)N+h Y(z‘)N+17 e ,Y(i+j—2)N+1

where (.)n
lowing inequality holds for Vm € [1

defines the modulo N operation. Then, the fol-
: N —1]

N
Yinil4) € ST REN ™ (Tn)]4)

i=1

(N —m)h( (10)

where A is an arbitrary condition.
Proof: We prove the lemma by showing that for every
fixed m(> 1), holds for all N(> m+ 1) using induction.

It is obvious that for every m(> 1), (10) holds for N =
m + 1. In other words, h(Y[;.nj|A4) < Y72, h(Yi]A). Now,

considering that is valid for N(> m + 1), we show that
it also holds for N + 1. Replacing N with N + 1, we have

(N +1—=m)h(Yj1.n41)|4)
z
—
=h(Yiny]A) +(N = m)h(Yii.n—11, YN, YNy1 |A)
N
h(Yiva|A) + Y (TN (@y)|A) (11
i=1
= WY1l A) + D> h(TY ()| A)
i=1
N
+ ) MW (TN )] A) (12)
i=m-+1
= h(}/[N7m+1:N] |YN+17 }/[I:me] y A)
+ Z RN ™ (@N)|A) + h(YNi1, Yiin—m)|A)
i=1
N
+ Y (U ()| 4) (13)
i=m-+1
= h(Yv[N—m—Q—lzN] |YN+17 Yv[l:N—m] ) A)
m N+1
Y RENTT@N)A) + Y AN (T )|A)
3 1=m-+1

|
.MS )
I

R(YN —mtil YN+ 1, YN —meie1]s A)

i=1

m N+1
+ 3 AV mpiylA) + Y R(EN T (T ga)|A)
=1 i=m+1
(14)
< Zh(YmeJri'Yr[i:meJrifl]a A) + Z h(Yr[i:meJrifl”A)
1=1 i=1
N+1
+ ) WM )]A) (15)
i=m-+1
N+1
—Zh (N (T )|A) + Y RO (T )| A)
=1 1=m-+1
N+1
= > h(EH T (Ty)l4) (16)

where in <I>N = {Yj1.n_1}, Z} and we have used the
validity of (I0) for N. In (I2), we have used the fact that
YN () = UV ™(@y) fori € [m+1: N] . In
, the chain rule of entropies is used and in , the sliding
window is written in terms of its elements. Finally, in @, the
fact that conditioning reduces the differential entropy is used.
Therefore, since m(> 1) was chosen arbitrarily and is
valid for N = m + 1 and from its validity for N(> m + 1)
we could show it also holds for IV + 1, we conclude that
holds for all values of m and N satisfying 1 <m < N — 1.

|

Each term in the summation of (9) can be rewritten as

(i = DAV g Wi, ) = (Vi y [ Winior), )
i(i—1)




S [P CIT0) = BRI Tn)
i(i—1)

i—1 n n

_ 2 MY |Er7i,‘T.i7n) — h(Y" | Eri, Tin)] (18)
i(i—1)

where T'; = {Y1 ab Tin = AWi—1), "} and E,.; =
iy} - {Y"LJL .i is from the apphcatlon of lemma 1
(m = 1) and (I8) is from the chain rule of entropies. Before
going further, the following lemma is needed. This lemma,
which is based on [|I7], is the key part in the proof.

Lemma 2. In the K-user MISO BC defined in , for the
users m,q € [1: K| (m # q), we have

h(Ypl4) —h(Yg'|4) _ [ 1 CSITof gis P
nlog P _{ 0 CSITof gis N
(19)
where A is a condition such as the condition of entropies in
(I8) or later in (23). Interestingly, (I9) is only a function of
the CSIT of the second user.
Proof: Based on the four possible states for the joint CSIT
of m and ¢, we have
1) CSIT of m is N or P and CSIT of q is P:

h(Y|A) = h(Y'A) < h(Y[A) = R(Y' A, W) (20)
—_ —

<nlog(P)

<

A7)

n,P—o0

no(log P)

A Gaussian input with the conditional covariance matrix of
Yxa = Pu;-u;-H achieves the upper bound, where ufl- is
a unit vector in the direction orthogonal to H, (since Hy is
known).

2) CSIT of m is N and CSIT of q is N: In this case
both Y,7 and Y" are statistically equivalent (i.e., having the
same probability density functions, and subsequently, the same
entropies.) Therefore,

MYIA) — h(Y] ) = 0 e
3) CSIT of m is P and CSIT of q is N: This is the second
result of Theorem 1 in [17ﬂ ]
From (9) and @ we have
S N
i(i—1)
=2 r=1
+ nlog P + no(log P)
K i—1
<nlogP—|—ZZ 1ogP+n0(1ogP)
1=2 r= 1
(22)

where A, ; is the condition of the entropies in (I8) and (22)
is from the application of lemma 2 and the fact that n is
sufficiently large. Therefore,

K

d; PV
§:<1+§:Z%j1).

i=1

(23)

2The differential entropy terms in the left hand side of can be written
in terms of the expectation of the difference of entropies conditioned on the
realizations of A. Since the conditional probability density functions exist and
have a bounded peak, the same steps of [[17] as discretization, considering the
cannonical form and bounding the cardinality of aligned image set can be
applied.

It is obvious that the same approach can be applied to any other
permutations on (1,2, ..., K) which results in . In addition
to the mentioned proof, an alternative proof is provided in

Appendix [A]

B. Proof of El 1di <1+ ZK 1(/\a”K
We enhance the channel in two ways:

+ A5 )

1) Like the approach in [9], whenever there is delayed CSIT
(D), we assume that it is perfect instantaneous CSIT (P),
but we keep the probability of delayed CSIT. In other
words, the CSIT of user ¢ is perfect with probability
A% + A%, and unknown otherwise.

2) We give the message of user i to users [i + 1 : K.

Therefore,
nR; < I(Wi;Y;"\W[lzi_l],Q") +ne, , Vie[l: K]. (24)

By summing (@0) over users and writing the mutual informa-
tion in terms of differential entropies,

<nlogP
—
ZnR < h(Y7"|1Q2™) +no(log P)
i=1
K
+ Z (WY Wiz, Q%) = B(Y Wi, Q)]
i=2
(25)
By applying the results of lemma 2 to (23), we have
K K—1
> d <1+Zx AR =14 ) (N + Ap). (26)
i=1 i=2 i=1

Let 7%(.) be an arbitrary permutation of size K on
(1,...,K). Applying the same reasoning, we have

SUEES i

(27) results in K inequalities all having the same left hand
side. Therefore,

SO ATy vaK ). @)

K-1 .
d; <1+ nll(l(n) (A\p @ 4 D (Z))
T i=1

(28)

This is due to the possible orders of channel enhancements
and it is obvious that cv,x (.) will minimize if it satisfies
@) (for j = K.)

V. AN OUTER BOUND CAPTURING THE JOINT CSIT
PROBABILITIES

In the previous section, an outer bound was provided in
terms of the marginal probabilities. In this section, we tighten
the outer bound by introducing a set of inequalities that
captures the joint CSIT probabilities. We start with simple
motivating examples. Consider the pattern shown in figure
By Fano’s inequality, we write,

nRy < I(Wy; Y{'|Q")
an S .[(I/Vl7 Y1n|Qn, Wg)

(29)
(30)



Fig. 3: A symmetric CSIT pattern for the 3-user MISO BC.

Adding (29) and (30) results in

2nRy < I(W; Y'|Q™) 4+ T(Wy; Y|, Wa). (31)
By doing the same for Ro, we have
2nRy < I(Wo; Y3 Q™) 4+ T(Wo; Y54 |2, Wh). (32)
Finally, the rate of user 3 is written as
nRs < I(Ws; Y5 Q" We, Wa). (33)

Therefore,

2nRy 4+ 2nRs + nR3
< h(Y2n|an Wl) - h(Y1n|an Wl) +h(Y3n|Qn7 le WQ)
g P

<%lo

TRV Q" W) — h(Y5'[Q", Wa) + h(Y" Q") + h(YS'[Q")
—_—

<nlogP

(34)

<%ZlogP <nlog P
—h(YT* Q" Wy, Wa) — h(Y5'|Q", Wy, W)
S_h(Y1"7Y27L‘Qn,W17W2)
log P + R(Y|Q", Wy, Wa) — (Y, YQ, Wi, W)
(35

8n
3

IN

8n
3 log P+ h(Y5'|©) — h(Ys'pnn, YiiNeN, Y1 NN pl©)

o(log P)

Fig. 4: A symmetric CSIT pattern for the 4-user MISO BC.

slots, which has the same marginals as in figure 3} the sum
DoF is 2(> 2). This simple example confirms that for the
K-user MISO BC (K > 3), the marginal probabilities are not
sufficient in characterizing the DoF regiorﬂ Motivated by this
simple example, we can have the following set of inequalities

for the 3-user MISO BC with P and N

%y + 2y + ds < 2+ 20p + App_
2dy +do +2d3 <24+ 2Ap + Ap_p

di+2dy+2d3 <242\p+ A_pp (39)

where a dashed line in the above means that the CSIT of the
corresponding user is not important (for example, App_ =
Appp + Appn which is a summation over all the possible
states for the CSIT of user 3). By looking at the difference of
entropies in @ it is observed that this difference is of order
o(log P) when there is at least one N in the joint CSIT of users
1 and 2 (i.e., PNN, PNP, NPN, NPP, NNP and NNN) and,
therefore, is upperbounded by n(Appp + Appn)log P. This
results in the first inequality of (39) and the same reasoning
applies to the remaining two inequalities. (39) is a set of
inequalities that captures the joint CSIT probabilities and is
not only a function of the marginals.

Now consider the pattern shown in figure [4] for the 4-user
MISO BC. From (31), (32) and (33), we can write

—h(Ypnn: Yanen: Yannpl©: Yo pnn: Yiinen: Yiinnp) 2n(R1 + Re + Rs)

S_h(Y17TPNN7Y27fNPN7Y27?NNP|@7Y27,LPNN1Y17,LNPN1Y17,LNNP1W3)NO(1°gP)
(36)
8n

where in (34), lemma 2 is applied to the differences re-
sulting in the values written under the braces and in
@), © = {Q", Wi, W>}. We have split the observa-
tions of users 1 and 2 in terms of the joint CSIT,
Le, V' = (VpynYinpn: Yiivyp) and Y5 =
(Ya'pnn: Yo'npn: Yo'nnp)- is due to the fact that there
is at least one unknown CSIT (N) in the joint states of user 1
and user 2 (i.e., PN, NP and NN. see rows 1 and 2 of the CSIT
pattern shown in figure [3). Therefore, we have the following
inequalities for the pattern shown in figure 3]

2dy + 2ds + ds <
2y + dy + 2ds <

dy + 2dy + 2ds < (38)

wW|oow| cow]| oo

From (38), the sum DoF of the pattern in figure [3] has the
upper bound of 2, while it can be easily verified that for the
pattern with PPP in the first slot and NNN in the next two

< B(YJQ", W) — h(Y{Q", W)

<ZlogP
+h(Y]" Q" Wa) — h(YZ' ", Wa) 4+ R(Y{"'[Q") 4+ h(Y3" Q™)
—_ 2
<nlogP <nlog P <nlog P
+h(Y3 Q" Wy, W) — h(YH|Q", W1, Wa)
<2logP
+h(Y5 Q" Wy, Wa) — h(YFQ™, Wy, W3)
<2logP
— 2h(Y3'|Q", W1, Wa, W3)
< 3nlog P — 2h(Y ", W, Wa, W) (40)

Alternatively, we can change the role of users 1 and 3 and

31t is important to emphasize on the difference between the following two
statements

a) Two CSIT patterns with different marginals can have the same DoF
regions.

b) Two CSIT patterns with the same marginals can have different DoF
regions.

The first statement is already known in literature. For example, by compar-
ing the original 2-user MAT (i.e., Ap = 1) and the scheme DN,ND,NN in
[9], it is concluded that both of them have the sum DoF of 4/3, while having
different marginal prbabilities (for the latter, A\p = %). However, the set of
inequalities proposed in this section addresses the second statement which is
a new problem and cannot result from the first statement.



write

2nR < I(Wl;Y1n|Qn,W2, Wg) + I(Wl;Yln‘Qn, WQ,Wg)
2nRy < I(Wos Y5 |QU") + I(Wo; Y5 |Q", W3)
2nRs < I(W3; Yé’L|Q”) + I(Wg; YgL|Q”7 Wg).

Following the same reasoning in (@0), we have

ZH(Rl + RQ + Rg) S 3n IOgP — 2h(Y1n‘Qn, Wl, WQ, Wg)
(41)
Adding @0) and (@I), we have

4n(R1 + Rs + R3)
< 6nlog P

— 2 (h(Y{ |2, W, Wa, W3) + h(Y3|Q", W1, Wa, W3))
< 6nlog P — 2h(Y7", Y54 |Q", Wy, Wy, W3). (42)

For the rate of user 4, we can write

2’)1R4 § 2I(W4; Y;ln|Qn7 Wh WQ, Wg)
= 2}L(S/’4",7‘|(2’r747 Wla WQ; W3)
—2h(Y{"|Q", Wy, Wa, W3, Wy) .

o(log P)

(43)

Adding @#2)) and @3), we get

4n(R1 + Ry + R3) + 2nRy
< 6nlog P+ 2 (h(Y"|V) — h(Y]", Y5 |¥)) (44)
< 6nlog P+ 2 (W(Y{'[¥) — A(T,|W)) ~2h(T}|T,,, V)

1

o(log P)

(45)
< 6nlog P —2h(T.|T,,, ¥, Wy). (46)

o(log P)

where in , U = {Q", Wy, Wy, W3}, and in @,

J— n n n n !
Tn = {Yslennn: Yiinenn: Yinnen Yiinvned T =
{Y{", Y3} — T,,. Therefore, we have

2dy +2de +2ds +dy <3 47

In the left hand side of , user 4 has the coefficient of 1 and
the remaining 3 users have the coefficient of 2. Also, instead
of changing the roles of user 1 and 3, roles of user 2 and 3 or
roles of user 1 and 2 could have been changed. Although this
(3) changes would not result in a new inequality due to the
structure of the pattern shown in figure |4} these changes of the
roles of the remaining 3 users (with coefficient 2) are necessary
in general. Therefore, motivated by this simple example, we
can have a set of inequalities for the 4-user MISO BC with P

and N.
2d1 4+ 2do + 2d3 +dy <24 4Xp

+min{App__, Ap_p_,A\_pp_}
dy + 2ds + 2ds + 2dy < 2+ 4Xp

+min{A\_pp_,A\_p_p,A\__pp}
2dy +do 4+ 2ds +2dy <24 4Mp

+min{Ap_p_,Ap__p,A\__pp}
2dy + 2dg + d3 +2dy <2+ 4\p

+min{Ap__p,App__,A_p_p}
(48)

where each inequality in is obtained from (g) inequalities

each of which with the same left hand side. The general K-user
MISO BC can be addressed by using the following definition

A(a,b) = The probability that the CSIT of users a and b is P.
a,be[1: K], a#b (49)

Theorem 2. Let 7/(.) be an arbitrary permutation of size j
over [1 : KJ. For the K-user symmetric MISO BC with no
delayed CSITE], we have

j—1

23 " duigiy + dui(y < 24205 — 2)Ap
i=1
i X7 (), 7 (b
a,bE[lI:rjn—nl]:a<b{ (71— ((I) T ( ))}

vrd i e [3: K. (50)

Proof. The proof is a straightforward generalization of the
previous examples.

VI. ON THE ACHIEVABILITY

In this section, we consider the bounds in @ for the
symmetric scenarioE] For K > 3, we show that given the
marginal probabilities of CSIT, there exists at least one CSIT
pattern that achieves the outer bound in the following two
scenarios.

A Ap =0

In this case, 25 —1 inequalities are active and the remaining
inequalities become inactive. The reason can be easily verified
from the inequalities, however, a simpler intuitive way is to
consider that when there is no delayed CSIT, those inequalities
derived from the degraded broadcast channel are inactive. In
this case, the region is defined by 2 — 1 hyperplanes in Rf

and has the following K corner points
(LAp, ..., Ap),(Ap, 1, Ap, ...y AR), ..., (Ap, ... AR, 1)
(G

4The assumptions of symmetric scenario and no delayed CSIT are only used
for the readability of formulations. It is important to note that the approach
in this section can be applied to the general asymmetric scenario including
the delayed CSIT (in this case, the delay is enhanced to perfect instantaneous
as in subsection [[V-B).

5The main goal of this section is to show that these bounds can become
tight and are not always loose.



Outer Bound For The 3 User MISO BC

Fig. 5: Region in case A for 3 user BC

The corner points have the unique characteristic that the whole
region can be constructed by time sharing between them.
Therefore, the achievability of these points is equivalent to
the achievability of the whole region. Figure [3] shows the
region for the 3 user broadcast channel. The corner points
are simply achieved by a scheme that has IV time slots and
consists of two parts: in the first Ap NV time slots, zero forcing
beamforming (ZFBF) is carried out where each user receives
one interference-free symbol. In the remaining Ay /N time
slots, only one particular user (depending on the corner point
of interest) is scheduled.

B. /\Ngfégﬂ—l

i=27
Before going further, we need the following simple lemma.
Lemma 3. The minimum probability of delayed CSIT for
sending order-j symbols in the K -user MAT is
K—-j5+1
K 1°
K Zi:j %
Proof: From ., the MAT algorithm is based on a
concatenation of K phases. Phase j takes (K — j—l—l)( ) order-
7 messages as its input, takes (Ij) time slots and produces

AB™(K,j)=1— (52)

7 (Jf 1) order-7 4+ 1 messages as its output. In each time slot of
phase j, the transmitter sends a random linear combination
of the (K — j + 1) symbols to a subset S of receivers
, |S] = j. Sending the overheard interferences from the
remaining (K — j) receivers to receivers in subset S enables
them to successfully decode their (K — j + 1) symbols by
constructing a set of (K —j+1) linearly independent equations.
Therefore, the transmitter needs to know the channel of only
(K —j) receivers. In other words, at each time slot of phase j,
the feedback of (K — j) CSI is enough. In the MAT algorithm
the number of output symbols that phase j produces should
match the number of input symbols of phase j + 1. The ratio

outer bound

L

Fig. 6: Region in case B for 3 user BC

between the input of phase j + 1 and output of phase j is:
(K —5) (%) _ (K =)
J ( jfl) J

This means that (K — j) repetition of phase j will produce
the inputs needed by j repetition of phase j + 1. In general, in
order to have an integer number for repetitions, we multiply
phase 1 by K! (i.e., repeat it K'! times), phase 2 by (KL_!I), and
so on. Therefore, phase j will be repeated ((j —1)!(K —j))K
times which takes ((j — 1)!(K — ])')K(Ij) time slots. Since
(K —j) feedbacks from each time slot is sufficient, the number
of feedbacks will be ((j — 1)!(K — /)N K (%) (K — j). For a
successive decoding or order-j symbols, all the higher order
symbols must be decoded successfully. Therefore, instead
of having delayed CSIT at all time instants from all users,
the minimum probability of delayed CSIT is the number of

feedbacks from phase j to K divided by the whole number
of time slots multiplied by the number of users,

S = DK — i)l () (K i)
SK S —DIK - i)!K(jffl)K
K—-j+1
Ky, b

ABTHK, j) =
=1

|
ZK =%27), the 2% — K —1 inequalities

having ", d; (summation w1th equal Welghts) in the left-hand
side become inactive and the remalmng K i1 4! ( ') inequal-

In this case (i.e., Ay <

ities are active which construct 32X o1 J! ( ) hyperplanes in
RK The region has 2% — 1 corner points. In other words, if
the coordinates of a point are shown as (p1,ps, ..., Pk ), there
are (K ) (j € [1 : K]) points where j of its K coordinates

14+ h
—+ L le 2. and the remaining K — j coordinates are Ap.

are
The region 'for the 3 user broadcast channel and the achievable

scheme are shown in figure [6] and figure [7] respectively. The
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Fig. 7: Achievable scheme in case B for 3 user BC

achievable scheme is based on a concatenation of ZFBF and
MAT as follows. For the (I; ) corner points, we write
M 1 M2 ; . m
Ap = — Ap = —=_\min 1) = —
P Nl s AND N2 s \D (J ’ ) n
where m,n, M; and N; (i = 1,2) are integers. Making a
common denominator between A\p and A\p we have
anNQ . nN 1M2
anNz’ o anNQ.
We construct nN1 N5 time slots where the CSIT of each user
can be Perfect (P) or Delayed (D) in nM1 N2 or nN1 M time
slots, respectively. In the first nM; Ny time slots, ZFBF is
carried out. In the remaining n(N; Ny — M;Ns) time slots,
j-user MAT algorithm is done. At each time slot of the ZFBF
part, 1 interference-free symbol is received by each user and

in the MAT part, "(Ilverj_ Ivf:fv 2) symbols are sent to each of

the users in subset S (with |S | = j) where S depends on the
corner point of interest. In order to do the MAT algorithm
in the second part, the minimum probability of delayed CSIT
should be met

(53)

Ap = (54)

TLNlMQ )\mln( ) (N1N2 — M1N2) (55)
Dividing both sides by nN1No,
Ap > AB™ (5, 1)(1 = Ap) = A5 (5, 1)(Ap + An)  (56)
which results in \p
Ay < 57
Zz 2 N
Since it should be valid for all j, we have
A
Ay < —L2 (58)

it

which is the condition assumed in this case.
Finally, through an example, we show that the bounds in

Theorem 2 can be tight. Consider the pattern shown in figure

[B] According to sections [I] and [V} the DoF region has the

following outer bound

0<didods <1, ditdy< > (59)
2d; +da +2d3 <3 (60)
dy + 2dy + 2d3 < 3. 61)

The achievable point (di,d2,d3) = (3,%,2) makes the

inequalities in (60) and (6I) tight therefore, it is on the

Fig. 8: An example.

Vg Lz(ve, up)

Ly (uCa VCIWC) uc ve

Fig. 9: The achievable scheme for the boundary point
(3:3:%):

boundary of DoF region. This point is achievable as shown in
figure [0 where the receivers are called A,B and C. Symbols are
shown in red where the transmitter has perfect CSIT and those
received signals that are not important in the achievability
scheme are shown as ”...”

VII. TWO USER MIMO

In previous sections, the K-user MISO BC was considered.
The general MIMO BC is more challenging due to the
mismatch between the number of receive antennas® In this
section, we consider a two user MIMO BC where each user
is equipped with Ny (k € [1 : 2]) antennas and a base station
with M (> N;+ Ny) antennas wishes to send two independent
messages Wi and W, to their corresponding receivers. The
received signal of user k is given by

Yi(t) = HIOX)+Wi(t), k€[1:2], t€[1:n] (62)
where the channel matrices are assumed to be full rank
almost surely. We assume that the CSI of a particular user
is either instantaneously Perfect (P) or Not known (N) re-
sulting in the four possible states PP, PN, NP and NN
with corresponding probabilities App, Apn, Axyp and Ayn.
Let Y; ; denote the received signal at the j'* antenna of user
i (G e [l:2,j€[l: N Without loss of generality,
we assume N; > Ni. An outer bound on the DoF region
is provided in Theorem 3 and its achievability is discussed
afterwards.

Theorem 3. An outer bound for the DoF region of the
channel in (62) is given by

dl d2 2
— 4+ =<1+ A =14+
N +N2 + App + Anp + Ap

dy +dy < Ny + Nao(App + Apn) =

(63)

Ny + Nodp  (64)

Proof: By enhancing user 1 with the message of user 2,

oTt is important to note that with different number of antennas, as stated
in [18], the dimensions of useful signals and interference signals are not the
same in contrast to the symmetric case. Furthermore, the users have different
capabilities of decoding which must be taken into account in the achievability
schemes.



Fano’s inequality (ignoring ne,,) results in

an S [(Wl; Y’HQ”, WQ)

= h(YT|Q", Wa) — h(YT|Q", W7, Wa) (65)
no(log P)
nRy < I(Wa: YSIQ) = h(Y|Q") —h(YZ|Q", Wa). (66)
—_—
<nNslog P

Ignoring o(log P), we have

n(N2R1 +N1R2)
S TLNlNQ IOgP-l- NQh(Y’{L|Qn, WQ) — Nlh(YgKZn, Wg)

(67)
Ny
< nNiNzlog P+ Y h(¥)*(Ty,)|F) — N1h(Y5|F)
=1
(68)

Ny
= nNiNalog P+ > [h(\pfz (D, )| F) — h(Y§|F)} (69)
i=1
< nN;Nylog P+ nNiNa(App + Anp)log P (70)
where in (68), F' = {Q", W} and lemma 1 has been applied
with I';, denoting the N; elements of Y7 (i.e., Y1”[1:N1]) and
m = Ni — Na. Applying the same procedure of section [II|
and lemma 2 to each term of the summation in results
in (70). By dividing both sides of by nlog P and taking
the limit n, P — oo, (63) is obtained.
For the inequality in (64), we have

nRy < I(Wi;YT|Q")

= I(Wi Y vy 1927) + TW Y vy 1vyg 1927 YT,

= h(Yf[LNQ} ") — h(Yf}[l:er] |Q", Wh)
+h(Y vy vy 1927 Y 1))
= h(Y np v 12 YT vy W)
< h(Ying)) =Y g 197 W) + R (Y vy 1:0)
—_———— —_——————
<nNs log P <n(Ni—N3)log P

- h(er,L[Ng—&-lle]|Qn) 17?[1:N2]7W1’W2) (1)

no(log P)
< niNilog P — h(Y{[1.n, |2, W1) — no(log P)  (72)
where in (7I), we used the fact that conditioning reduces

the entropy. We enhance user 2 with the message of user 1.
Therefore,

nRy < I(Wy; YHQ™, W)
= h(YZ|Q", Wy) — h(Y3|Q", Wy, Ws).

no(log P)

(73)

By adding and (73)), we get
nRy +nRy < h(Y35[Q", Wi) — A(Y{" 18,127, W)

<nNa(App+Apn)log P

+ nNy log P — 2no(log P) (74)

where the same procedure of section has been applied to
the difference in (74). Therefore,

di + ds §N1+N2(/\PP+>\PN):N1+N2)\1P. (75)

|
In the sequel, we show that when Apy < %)\ NP, the outer

bound, which is defined by (63)) and (64), is tiéht. Specifically,
we show the achievability of the inner bound defined by the
following inequalities

di  do

L Y
N1+N2_ AP

-
di +ds < Ny + Ng()\pp + Hlin()\p]\/'7 ﬁ2>\Np)).
1

(76)
(77)

It is obvious that when Apy < %ANP, the inner bound
coincides with the outer bound. We consider a block of n
(sufficiently large) time instants. In this block, there are nApy
time instants in the PN state (i.e., where the CSI of user 1 is
perfectly known and CSI of user 2 is unknown), nAyp time
instants in the N P state, n\pp time instants in the PP state
and nAypn time instants in the NN state. Without loss of
generality, we assume 7 is chosen in such a way that all these
numbers are integers. From now on, whenever it is said that NV
symbols are sent orthogonal to the matrix H, it is meant that
these IV symbols are precoded by a matrix whose columns are
chosen from the null space of H*.

The following achievable schemes are based on a simple
interference cancellation scheme. In other words, if at each of
the m time instants in the PN state, N; private symbols are
sent to user 1 and N> private symbols are sent (orthogonal to
the channel of user 1) to user 2, user 2 needs to get rid of n/V;
)interfering symbols from user 1 to decode its own symbols. If
we pick m%—; time instants in the NP state, at each of these
time instants, N» interfering symbols can be sent to user 2 and
since these interfering symbols are already known at user 1,
N7 new private symbols can be sent (orthogonal to the channel
of user 2) to user 1. This could be viewed as a generalization

3
of the S5 [9] to the MIMO case where the mismatch between
the number of receiving antennas across the users is taken into
account. The achievability is divided into two scenarios.

A. Nidpy < Nodnp

In this case, the region is shown in figure

A.I: When N1 — N + NoAL < NiA%, the region (figure
(a)) has the corner points Aj(Ny, NoAb) and As(Ny —
Ny + NQ/\};, NQ).

The achievability of A; is as follows.

Phase 1: At each of the nApy time instants, N; and N,
private symbols are sent to user 1 and user 2, respectively.
These No private symbols are sent orthogonal to Hj(t).
Therefore, user 1 receives its intended nN;Apy symbols
and user 2 receives n(Ny; + Na)Apy symbols. User 1 can
decode its symbols immediately, while user 2 has to get
rid of nNyApy interfering symbols. Phase 2: Among the
nAn p time instants in the N P state, %n)\ pNn (< nAyp) time
instants are selected. At each of these selected time instants,
N5 interfering symbols of phase 1 are sent to user 2 and N
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Fig. 10: The DoF region when N1 Apy < NoAnp.

new private symbols are sent to user 1. These Nj private
symbols are sent orthogonal to Hy(¢). User 2 receives the
nNiApyn interfering symbols which enables it to decode its
private symbols in phase 1. The interfering symbols of user 2
are already known at user 1, therefore, user 1 can successfully
decode its private symbols in this phase.

Phase 3: In the remaining time instants in the NP state
(i.e., nAnp — %n/\p]\/ ) and all the n\yn time instants, Ny
private symbols are sent to user 1.

Phase 4: In all the nApp time instants, N7 and N> private
messages orthogonal to Ho(¢) and H; (¢), respectively are sent
to user 1 and user 2.

Therefore, user 1 and user 2 can, respectively, decode nN;
and nNo(App + Apy) private symbols in the block of n time
instants which achieves the first corner point (Ny, Ng)\}g).

The achievability of As is as follows.

Phase 1: Among the n)\yp time instants in the N P state,
n% Apn time instants are selected. At each of these selected
time instants, No and N private symbols are sent to user 2
and user 1, respectively. These N; private symbols are sent
orthogonal to H(¢). Therefore, user 2 can decode nN1 Apy
private symbols and user 1 receives n(N; + Nz)%—;)\ PN
symbols of which nN;Apx symbols are interferers.

Phase 2: At each of the n\py time instants, N; interfering
symbols in phase 1 are sent to user 1 and N» private symbols
to user 2. These N, private symbols are sent orthogonal to
H;, (). Therefore, user 1 is able to decode its private symbols
in phase 1.

Phase 3: There are nAyp — %—;n)\ pN remaining time

(N1—N3)
Ny

instants in the NP state. nAnn of them are selected

(note that n/\NN(lNiN” < nAyp — n)\pN due to the
condition in the ﬁgure ua)) At each of these selected time
instants, N and N7 private symbols are sent to user 2 and user
1, respectively. These N; private symbols are sent orthogonal
to Ho(t). Therefore, user 1 has to get rid of nAyn (N1 — Na)
interfering symbols.

Phase 4: At each of the n)\yy time instants, Ny private
symbols are sent to user 2 and N; — Ny interfering symbol
from phase 3 are sent to user 1. The interfering symbols
are already known at user 2, therefore user 2 successfully
decodes its symbols. User 1, having /N; antennas, is capable
of decoding all the sent symbols in this phase.

Phase S: In the remaining time instants in the NP states,
Ny and N; — Ny private symbols are sent to user 2 and
user 1, respectively. These N1 — Ny private symbols are sent
orthogonal to Hy(¢).

Phase 6: The same as phase 4 for the achievability of A;

Therefore, user 1 and user 2 can, respectively, decode
n(N1 — N2 + NaAL) and nNo private symbols in the block
of n time instants which achieves the second corner point.

A.2: When Ny — Ny + NaAL > Nj)Z, the region (figure
. (b)) has the corner pomts B, (Nl, Ng)\%;.) B2(N1)\%, N»)
and By (N NlNg(Ap—Ap) NiNaAL—N2AL L),

Ni—Ns N1—Na
The achlevablhty of Bj is the same as that of A; and the

achievability of B is as follows.

Phase 1 and 2: Similar to the phase 1 and phase 2 in the
achievability of As.

Phase 3: There are nAyp — —n)\pN remaining time
instants in the NP state. At each of these remaining time
instants, No and N; private symbols are sent to user 2
and user 1, respectively. These N; private symbols are sent
orthogonal to Hy(t). Therefore, user 1 has to get rid of
nNoAnp — nlNyApy interfering symbols.

Phase 4: There are nAyy time instant in the NN state.
w of them are selected (note that nAyy >

M due to the condition in the figure b)) At

Ni—N>
each of these selected time instants, No private symbols are

sent to user 2 and N7 — N, interfering symbols from phase
3 are sent to user 1. Therefore, with /N7 antennas, user 1 can
decode its private symbols in phase 3. Since these interfering
symbols are already known at user 2, it can successfully
decode its Ny private symbols in this phase.

Phase 5: In the remaining time instants in the NN states,
N5 private symbols are sent to user 2.

Phase 6: The same as phase 4 in the achievability A;.

Therefore, user 1 and user 2 can, respectively, decode
nNiA% and nN, private symbols in the block of n time
instants which achieves the second corner point.

The achievability of B3 follows the same lines as the
achievability of By except that in phase 5, in the remaining
NN time instants, instead of sending No private symbols to
user 2, Ny private symbols are sent to user 1.

In conclusion, the outer bound in Theorem 3 is the optimal
DoF region in this case (i.e., N1Apy < NoAnp).
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Fig. 11: The achievable DoF region (i.e., the inner bound) and the outer bound when N1 Apxy > NoAnp.

B. NiApn > NoAnp
In this case, the athievable region has three corner points
C1(N1, Nodpp + RAnp). Ca(N1A2, Np) and C(Ny —

NQ)\NP7N2>\%;\ + %—%ANP). This is shown in ﬁgurealong
with the outer bound where the outer bound has two corner
points (Cy and D) when A}, > A% and three corner points
otherwise (i.e., Cy, E¥ and D).

The achievability of C} is as follows.

Phase 1: There are n\ py time instants in the PN state and
n%)\]\]p(ﬁ nApy) of them are selected. At each of these
selected time instants, N7 and Ny private symbols are sent to
user 1 and user 2, respectively. These N, symbols are sent
orthogonal to H; (¢). Therefore, user 1 receives its intended
nNaAnp symbols and user 2 receives n(Ny + Ng)%—fANp
symbols. User 1 can decode its symbols immediately, while
user 2 has to get rid of nNo AN p interfering symbols.

Phase 2: At each of the n )\ p time instants in the N P state,
Ny interfering symbols of phase 1 are sent to user 2 and N
private symbols are sent to user 1. These /V; symbols are sent
orthogonal to Hy (). User 2 receives the nNo Ay p interfering
symbols which enables it to decode its private symbols in
phase 1. Since these interfering symbols are already known at
user 1, it can successfully decode its [Ny private symbols in
this phase.

Phase 3: In the remaining time instants in the PN state
(i.e., nA\py — %n/\Np ) and all the n\yn time instants, Ny
private symbols are sent to user 1.

Phase 4: The same as phase 4 in the achievability of A;.

Therefore, user 12and user 2 can, respectively, decode niVy
and n(NoApp + %—?)\ N p) private symbols in the block of n
time instants which achieves the first corner point.

The achievability of Cs is as follows.

Phase 1: At each of n\p time instants, N and N private
symbols are sent to user 2 and user 1, respectively. These V|
symbols are sent orthogonal to Hy(¢). Therefore, user 2 can
decode its intended nNoAnp symbols and user 1 receives
n(N1 4+ N2)Anp symbols of which nNo Ay p are interferes.

Phase 2: Among the n)\py time instants in the PN state,
n%—f/\Np(g nApy) time instants are selected. At each of

these selected time instants, [V; interfering symbols of phase
1 are sent to user 2 and No private symbols are sent to user
2. These Ny symbols are sent orthogonal to Hj (¢). Therefore,
user 1 can decode its private symbols in phase 1.

Phase 3: In the remaining time instants in the PN state
(i.e., nA\py — %‘n/\Np ) and all the n\yn time instants, Ny
private symbols are sent to user 2.

Phase 4: The same as phase 4 in the achievability of A;.

Therefore, user 1 and user 2 can, respectively, decode
nN1A% and nN, private symbols in the block of n time
instants which achieves the second corner point.

The achievability of C3 follows the same lines as the
achievability of Cy with the difference that in phase 3, in
the remaining time instants in the PN state and all the nAy
time instants, instead of sending N» private symbols to user
2, N; private symbols are sent to user 1.

As an example, figure [I2] shows the achievability of the
corner point Bz in figure [I0(b). In this example, A\py =
App = g, ANp = Ayn = 3. u and v are private symbols
from (independently) Gaussian encoded codewords for user 1
and user 2, respectively and n = 12. When the CSI of a user
is known at the transmitter, it is shown in red.

VIII. CONCLUSION

Given the marginal probabilities of CSIT, an outer bound
was derived for the DoF region of the K-user MISO BC
with alternating/hybrid CSIT . This outer bound was shown
to be achievable by specific CSIT patterns in certain regions.
A set of inequalities was provided based on the joint CSIT
distribution which shows that in general, the DoF region of
the K -user MISO BC (when K > 3) cannot be characterized
completely by the marginal probabilities. Finally, an outer
bound for the DoF region of a two user MIMO BC in which
the CSIT of a user is either perfect or unknown was derived
which was shown to be tight in some scenarios.

APPENDIX A —
K 4 K 3,2
AN ALTERNATIVE PROOF OF } ;- G < 143757 ) S5

The proof is based on the approach used in [3]], therefore
the following definitions are necessary. The channel vector of




user k at time instant ¢ can be written as
H (1) = Hy(t) + Hy(t)

where Hy,(¢) and Hy(t) are the estimate of the channel and
estimation error with distributions CN (0, (1 — o2(t))I) and
CN(0,0%(t)I), respectively. The variance of error is

oR(t) = B [ IF(0)]2].

As observed from the above, although the channel is assumed
stationary, the estimate is a non-stationary process meaning
that the quality of estimation varies over time. The quality of
CSIT for user k at time instant ¢ is

log (07(1))
logP

From the results of [19], if the rate of feedback scales linearly
with log P (or equivalently, the variance of estimation error
decrease as o( P~ 1) or faster), perfect CSIT multiplexing gain
can be obtained. Therefore, the effective range of () will be
[0,1] where in terms of DoF, ay(t) = 1 could be interpreted
as perfect CSIT of user k at time instant {. We also define Ot
as the set of all channel estimates up to time instant ¢. Again,
for simplicity, we show the inequalities for a fixed permutation
of the users while the results could be easily extended to any
arbitrary permutations. As in part A of the first proof, the same
channel improvement is done here. The only difference is that
we assume the users not only have perfect global CSIR, but
also they know the channel estimates at the transmitter. From
the chain rule of entropies, each of the terms in the summation
in (9) can be written as

|W1 [1:—1]> }/[]i Z]la Q Qt)

(78)

ag(t) = — lim

P—oo

(79

[ AV (E
2 ;

t=1

_h(Y[1:1‘—1](t)\W[1:i—1]7 e 2 Q) (80)
i—1 '

By adding Yf_l to the conditions of the second entropy, l@i
will be increased. Therefore,

37

<nlog P

h(Y{" 1", Q)

K Th(Y 1 (8)|Use, Q¢

=2 t=1
(Y i—1](O)|Usz, Q1))
1 —1

} + no(log P). (81)

where U;; = (Wp. Z,ll,Y[tl 1]1,975 L QY and Q(t) is the
global CSIR at time instant ¢. In what follows, we find an
upper bound for the term in the brackets of (8I)). Following
the same approach as in [3]], (82) to (89) are obtained in which
we have the Markov chain X(t) < U, <> Q(t) < Q(t). In

, we have written the signals of the users in terms of their
concatenated channels and noise terms. is the application
of extremal inequality [20]], [21] where the Gaussian distribu-

tion maximizes a specific difference between two differential

entropies. The last inequality comes from (101) in [22]],

in which
¥? = diag (0[21:1'—1] (t)) :

Therefore, we can write
K K

Z TR <nlogP + Z { log(;le_t 12)) ) o(logP)}
i=1 i=2 t=1
+ no(log P)
Dpeloa(t) + -+ o (t)]
—nlogP—&—ZE; =111 (1_1) ! log P
+ nKo(log P). (90)

Since the channel is degraded and D is replaced with IV, the
CSIT is either P or N. Therefore, the «’s are either 1 with
probability A% or 0 otherwise. Hence, for n large enough, we
have

Jim. Z[ou(t) +---

t=1

+ a1 (

i—1
O =ny Ap
r=1

which results in

K R K izl
— <nlogP + logP+nKo log P
oD

at large n. Dividing both sides by n log P and taking the limit
of (OI) as n, P — oo, we get

K i—1 .
de <1+ZM. 92)
3 1=2

It is obvious that the same approach can be applied to any
other permutations of (1,2,..., K).
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