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Abstract

A converse method is developed for the source broadcast problem. Specifically, it is
shown that the separation architecture is optimal for a variant of the source broadcast
problem and the associated source-channel separation theorem can be leveraged, via
a reduction argument, to establish a necessary condition for the original problem,
which unifies several existing results in the literature. Somewhat surprisingly, this
method, albeit based on the source-channel separation theorem, can be used to prove
the optimality of non-separation based schemes and determine the performance limits

in certain scenarios where the separation architecture is suboptimal.
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Notation and abbreviations

Vectors

We use X™ = (X (1), X(2),...,X(m)) to show a vector.

Common Functions

The following is the list of the functions which are used frequently. The base of

logarithm is 2 unless it is stated otherwise.
e Binary entropy function: H,(p) = —plogp — (1 — p)log(1 — p)
e Inverse of binary entropy function: H, '(*)

e For any a,b € [0, 1], we define a xb=a(l —b) + (1 —a)b
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Chapter 1

Introduction

In the source broadcast problem, a source is sent over a broadcast channel through
suitable encoding and decoding so that the reconstructions at the receivers satisfy the
prescribed constraints. The special case of sending a Gaussian source over a Gaussian
broadcast channel has received particular attention. For this special case, it is known
that source-channel separation is in general suboptimal [1] and hybrid digital-analog
coding schemes can outperform pure digital/analog schemes [2-5]. The extension of
the hybrid coding architecture to the non-Gaussian setting can be found in [6].

In contrast, the progress on the converse side is still somewhat limited. To the best
of our knowledge, the first non-trivial result in this direction was obtained by Reznic
et al. [3] for the scalar version of the aforementioned Gaussian case. The converse
argument in [3] involves an auxiliary random variable, which is generated by the source
via an additive Gaussian noise channel. This auxiliary random variable is constructed
in exactly the same manner as the one in Ozarow’s celebrated work on the Gaussian
multiple description problem [7]. However, this resemblance is, in a certain sense,

rather superficial. Indeed, on a more technical level, the auxiliary random variable
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introduced by Ozarow (as elucidated in [8-11]) plays the role of exploiting an implicit
conditional independence structure whereas the role of the auxiliary random variable
in [3] is apparently different and still largely elusive. Recent years have seen several
new converse results [12-14] for the source broadcast problem. These results are
based on arguments similar to the original one by Reznic et al., especially in terms
of the way the auxiliary random variables are constructed and exploited. It is worth
noting that such arguments can only handle a restricted class of auxiliary random
variables (essentially those that can be generated by the source via certain additive
noise channels); this restriction typically leads to certain constraints on the set of
sources, channels, or distortion measures that can be analyzed.

The present work is, to a certain extent, an outcome of our effort in seeking
a conceptual understanding of the converse argument by Reznic et al. in general
and the role of the associated auxiliary random variable in particular. We shall
show that one can establish a source-channel separation theorem for a variant of
the source broadcast problem and leverage it to derive a necessary condition for the
original problem. This necessary condition, when specialized to the case of sending a
scalar Gaussian source over a Gaussian broadcast channel, recovers the corresponding
result by Reznic et al. [3]; moreover, in this way, the converse argument in [3] finds
a simple interpretation, and the associated auxiliary random variable acquires an
operational meaning. It should be pointed out that, in our approach, the auxiliary
random variable can be generated by the source in an arbitrary manner. Therefore,
the restriction imposed in the existing arguments [12-14] is in fact unnecessary. On
the other hand, the problem of identifying the optimal auxiliary random variable

naturally arises due to this additional freedom. It will be seen that the analytical
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solutions for this problem can be found in some special cases; interestingly, these
solutions indicate that the specific choices of auxiliary random variables in [3,13] are
actually optimal in their respective contexts.

Our work is also partly motivated by the problem of sending a bivariate Gaussian
source over a Gaussian broadcast channel first studied by Bross et al. [15]. For
this problem, it is known that the achievable distortion region of a certain hybrid
digital-analog coding scheme [16] matches the outer bound in [15] whereas separate
source-channel coding is in general suboptimal [16,17]. An alternative proof of the
outer bound in [15] was recently obtained by Song et al. [18] (see [19] for its conference
version). This new proof [18] bears some similarity to the aforementioned converse
argument by Reznic et al. [3]. We will clarify their connection by giving a unified proof
for the vector Gaussian case, which implies, among other things, that the outer bound
in [15] can be deduced from the general necessary condition for the source broadcast
problem found in the present report. Therefore, our converse method, albeit based on
the source-channel separation theorem, can be used to prove the optimality of non-
separation based schemes and determine the performance limits in certain scenarios
where the separation architecture is suboptimal.

The rest of this report is organized as follows. We present the problem setup in
Chapter 2 and the relevant capacity results for broadcast channels with receiver side
information in Chapter 3. We establish a source-channel separation theorem for a
variant of the source broadcast problem in Chapter 4. It is shown in Chapter 5 that
this separation theorem can be used in conjunction with a simple reduction argument
to derive a necessary condition for the original source broadcast problem; moreover,

this necessary condition is evaluated for the special case of the binary uniform source
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with the Hamming distortion measure. The quadratic Gaussian case is treated in

Chapter 6. We conclude it in Chapter 7.



Chapter 2

Problem Setup

The source broadcast system (System II) consists of the following components (see

Fig. 2.1):
e an ii.d. source {S(¢)}2, with marginal distribution pg over alphabet S,

e a discrete memoryless broadcast channel py, y, x with input alphabet A and

output alphabets )V;, 1 =1, 2,

e a transmitter, which is equipped with an encoding function f™™ . ™ — X
that maps a block of source samples S™of length m to a channel input block
X"of length n (the number of channel uses per source sample, i.e., 7, is referred

to as the bandwidth expansion ratio),

e two receivers, where receiver i is equipped with a decoding function gi("’m) :
Y — S{” that maps the channel output block Y;"generated by X" to a source

reconstruction block 5’;“, 1=1,2.

Unless stated otherwise, we assume that S, 31, 32, X, Vi, and ), are finite sets.
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Yy receiver 1 Gm
ggn,m) 1
transmitter X"
gm — f(m,n) Pyi,y2|X
Yy receiver 2 .
() —— S
9o

Figure 2.1: System II

Let Pg, s (ps) denote the set of joint distributions over S x S; with the marginal

distribution on § fixed to be pg, 1 =1, 2.

Definition 1 Let k be a non-negative number and Q; be a non-empty compact subset
of Ps,s,(ps), i = 1,2. We say (k, Q1, Qa) is achievable for System 11 if, for every
€ > 0, there exist an encoding function f0™™ : 8™ — X" and decoding functions

g Y= S

[

1 =1,2, such that

SRt (2.1)
m

& |
Bro | P ;psu),&(n —ql| <€ 1=1,2, (2.2)

where ||-|| is the 1-norm. The set of all achievable (k, Qq, Q2) for System 11 is denoted

by I'.

Remark: It is easy to verify that

1 & |
m Zpsu),ém € Ps,s(ps), i=12.
t=1

Now consider the following more conventional definition.
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Definition 2 Let w; : S x S’Z — [0, 00) be two distortion measures. For non-negative
numbers k, di, and dy, we say (k,dy,ds) is achievable for System 11 under distortion
measures wy and wy if, for every € > 0, there exist an encoding function f0™" .

S™ — X" and decoding functions gi(n’m) Y= S™, i =1,2, such that

1 0

A

K+ €,

N

Elw,(S(t), Si()] < di+e, i=1,2. (2.3)

M

3= 33

o~
Il

1

The following results show that Definition 1 is more general than Definition 2.

Proposition 1 (k,d;,dy) is achievable for System 11 under distortion measures w;
and wy if and only if (k, Q(wi,d1), Q(ws,dz)) € T, where Qwi,d;) = {pgs €
PSx&(pS) s Elw; (S, Sz)] <d;},1=1,2.

Proof: Let T be a random variable independent of (S™, 5’{", 35”) and uniformly dis-
tributed over {1,--- ,m}. It is easy to verify that (2.2) can be written equivalently

as

min HpS(T),S‘i(T) —qi|| <€ 1=12,

4€Q;

and (2.3) can be written equivalently as

Elw;(S(T),S(T))] < d;+e¢, i=1,2.
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Note that

Elwi(S(T), SN = D Pser)sum (s 8wils, 8)

SES,§Z'ESZ'
< Z qi(s, 8i)wi(s, 8;) + Z |ps(T)7§i(T)(5, 8i) — qi(s, 8i)|wi(s, 8;)
SES,§¢ES¢ SES,§¢€S¢

< di + |psery 5 ry — Gl max _wi(s, $;)
SES,$;,ES;

for any ¢; € Q;(w;, d;), i = 1,2. Therefore, we have

E[’LUZ(S(T), S’Z(T))] <d;+ min ||pS(T),S‘i(T) o QzH max wi('sv 31)7 1 =1,2,
¢:€Qi(w;,d;) s€8,5;€8;

from which the “if” part follows immediately.

Now we proceed to prove the “only if” part. Assume that (k,d;, ds) is achievable
for System II under distortion measures w; and ws. For every ¢ > 0, according to
Definition 2, we can find encoding function f(™™ : 8™ — X™ and decoding functions

""" Y = S

1)

i = 1,2, satisfying * < x + € and Ew;(S(T), S(T))] < d; + e,
i =1,2. We shall denote S(7T") simply by S since the distribution of S(7') is pg, and
denote S; and S, by Sfe) and §§€), respectively, to stress their dependence on €. Note
that {psﬁie),gée) : € > 0} is contained in a compact set and E[w; (.S, SZ(E))] < d; + € for
every € > 0,1 = 1,2,. Therefore, one can find a sequence €y, €3, - - - converging to zero

such that

I Ps ) g0 = P35,
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m
2
Yy receiver 1 ‘o
g§n,m) > Sl
. transmitter X"
S PYvalxX
Yy receiver 2 R
(n,m) — S
g2

Figure 2.2: System II

for some pg g 5, with pgg € Qi(w;,d;), i = 1,2. This completes the proof of the
“only if” part.

Source-channel separation is known to incur a performance loss for System II in
general. However, it turns out that, for the following variant of System II (see Fig.
2.2), separate source-channel coding is in fact optimal. This system (System f[) is

the same as System II except for two differences.
1. The source is an i.i.d. vector process {(S;(t), S2(t))};2, with marginal distribu-
tion pg, g, over finite alphabet S X Ss.
2. 5%" is available at receiver 1 and can be used together with Y" to construct S’{”.

Let Pg . 5,18 (pgh 5,) denote the set of joint distributions over S x S x S with
the marginal distribution on & x S, fixed to be pg, 5,- Moreover, let Ps s (pg,)
denote the set of joint distributions over Sy X S, with the marginal distribution on

S, fixed to be D3,

Definition 3 Let K be a non-negative number, 0, be a non-empty compact subset

0f Pg, v xé, (pgth), and Qs be a non-empty compact subset of Ps s, (pg,). We say

9
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(R, 0, QQ) is achievable for System II if, for every e > 0, there exist an encoding
function fo™) . ST x 8P — X" as well as decoding functions g%n’m) LY X Sy — SA{”

and ¢\"™ 1 Y1 — 8 such that

L <qi+e (2.4)
m
reo, || m Ps 5 Si —4q > € .
@neds ||M = S1(t),52(t),5:(t) 1
: 1 i Bl < (2.6)
ML ) Py, — 2| = € -
Q2 || M 4= Sa(t),S2(t) 2
The set of all achicvable (R, Q1, Qz) for System 11 is denoted by T.
Remark: For the ease of subsequent applications, here we allow f(m,n)’ ggn,m)’ nd

gén’m) to be non-deterministic functions as long as the Markov chains (S, S7") «»
X" (YY), S (Y7, S5%) «» S, and S <5 Y < S are preserved. It will
be clear in the proof of the separation theorem that such a relaxation does not affect
T

To discuss source-channel separation for System II, we need to specify the source
coding component and the channel coding component. It will be seen that the source
coding part is the conventional lossy source coding scheme. The channel coding part

is more involved and is described in the next section.

10



Chapter 3

Broadcast Channels with Receiver

Side Information

3.1 Definitions

Let py,,y;|x be a discrete memoryless broadcast channel with input alphabet X and
output alphabets );, i = 1,2. A length-n coding scheme (see Fig. 3.1) for py, v, x

consists of

e two private messages M; and My, where (M7, My) is uniformly distributed over

Ml X M27

e an encoding function f™ : M; x My — X" that maps (M, M;) to a channel

input block X",

)

e two decoding functions gfn) Y= M, i = 1,2, where gi(n maps the channel

output block at receiver ¢, i.e., Y;", to Mi, 1=1,2.

11
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Yy receiver 1 N
(n) — M
91
transmitter X7
My, My — f(”) ! Pyi,ys|X
Yr receiver 2 .
(n) —> M,
9o

Figure 3.1: Broadcast channel with two private messages

Definition 4 A rate pair (Ry, Ry) € R? is said to be achievable for broadcast channel
Pyvi,va|x if there exists a sequence of encoding functions ™ My x My — X7 with

%log |IM;| > R;, i = 1,2, and decoding functions gl(n) V= M, i = 1,2, such that

lim PT’{(Ml,MQ) 7é (Ml,MQ)} = 0.

n—oo

The private-message capacity region C(py; y,|x) is the closure of the set of all achiev-

able (Ry, Ry) for broadcast channel py, y,|x -

A computable characterization of C(py, v, x) is still largely unknown. Interestingly,
the problem becomes significantly simpler if message Ms is available at receiver 1 or
message M is available at receiver 2; in fact, this is the setting that is most relevant
to the present work. Specifically, consider the scenario where two private messages
M, and M; need to be sent over broadcast channel py, y,|x to receiver 1 and receiver
2, respectively, and M, is available at receiver 1. In this case, a length-n coding

scheme (see Fig. 3.2) consists of

e two private messages M;, i = 1,2, where (M, M5) is uniformly distributed over

M1 X MQ,

12
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M,

i receiver 1 A
e L

transmitte X7
My by o Tonmiter L
Yy receiver 2 .
(n) — M,

9o

Figure 3.2: Broadcast channel with receiver side information

e an encoding function f™ : M; x My — X™ that maps (M;, M) to a channel

input block X",

e two decoding functions g%n) : VI X My — M, and gén) 1 V3 — My, where gﬁ”)

maps (Y;", M) to M, and ggn) maps Y3 to Ms.

Definition 5 A rate pair (Ry, Ry) is said to be achievable for broadcast channel
Pyi,va|x With message My available at receiver 1 if there exists a sequence of encoding
functions f™ 1 My x My — X™ with %log IM;| > R;, i = 1,2, as well as decoding

functions g™ : Y1 x My — My and g§% : Y3 — My such that

lim Pr{(M, My) # (M, My)} = 0.

n—oo

The capacity region C1(py, v, x) 5 the closure of the set of all such achievable (R, Rs).
The capacity region Ca(py, v,|x) for broadcast channel py, v, x with message My avail-

able at receiver 2 can be defined in an analogous manner.

13
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3.2 Capacity Results

It is known [20, Theorem 3| that Ci(py; v,x) is given by the set of (R, Rs) € R%

satisfying

Ry < 1(X;Y1), (3.1)
Ry < I(V;Y3), (3.2)
R+ Ry < I(X5YA|V) + 1(V;Ya) (3.3)

for some py,x v v, = Pv,xPy,,vs|x; moreover, it suffices to assume that V| < |X| + 1.

By symmetry, Ca(py; v, x) s given by the set of (Ry, Ry) € R% satisfying

Ry < I(V; 1), (3.4)
Ri+ Ry < I(V: Y1) + I(X;Ya|V) (3.6)

for some py,xviv; = Pv,xPyvi,vz|x; again, it suffices to assume that [V| < |X] + 1.
A class of distributions P on the input alphabet X is said to be a sufficient class of
distributions [21, Definition 1] for broadcast channel py, v, x if, for any pv;, v, xvi,v2 =

PViVa,XPpy, vy x 0 there exists DV Vo X Y4 Yo with p; € P and DY, o8 = Pvivalx such

14
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that

I(Vi;Yh) < I(Vis V),
1(Va; V3) < I(Va; Ya),
(Vi Ya) + 1(X; Ya|VA) < T(Vi; V1) + I(X; Ya|VA),

I(X;YA|Va) + 1(Vy; Ya) < I(X;Y3|Va) + (Va3 Ya).

For broadcast channel py, y,|x, we say that py, x is essentially less noisy than py, x
if there exists a sufficient class of distributions P such that I(V;Y;) > I(V;Y3)
for any pv.xvi,yo = PvxPyvivex With px € P [21, Defintion 2]; similarly, we say
that py,|x is essentially more capable than py,x if there exists a sufficient class of
distributions P such that I(X;Y;|V) > I(X;Y5|V) for any pv.xy, v = Pv.xPyvi,va|x
with px € P [21, Defintion 3]. It is known that “less noisy” (“more capable”) implies
“essentially less noisy” (“essentially more capable”), and “less noisy” implies “more

capable”, but the converses are not true in general.
Proposition 2 Ifpy,|x is essentially less noisy than py,|x, then C1(py, vo)x) = C(Dvy,v|x)-

Proof: To compute Ci(py,,y,x) defined by (3.1)-(3.3), it suffices to consider those py

in a sufficient class P. It is easy to see that

IV + 1(V3Ya) < I(XGVV) + TV ) (3.7)

= I(X; Y1)

for any pv,xvi,v» = Pv,xPvi vo|x With px € P, where (3.7) is due to the fact that py,|x

is essentially less noisy than py, x. Therefore, (3.1) is redundant if px is restricted to

15
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P. Note that the rate region defined by (3.2) and (3.3) for py.xyi.va = Pv,xPvi,va|x
with px € P is exactly C(py,vs/x) [21, Theorem 1]. This completes the proof of

Proposition 2.

Proposition 3 If py,|x is essentially more capable than py,x, then Co(py, vy x) 15

given by the set of (R, Ry) € R% satisfying

Ry + Ry < I(X;Y7)

Jor some PxXy1,Ys = PXDPvy,Ys|X -

Proof: To compute Ca(py, v,|x) defined by (3.4)-(3.6), it suffices to consider those px

in a sufficiently class P. Note that

I(V:Y) + I(X;Ya|V) < I(V: Y1) + I(X; V4| V) (3.8)

=1(X;1)

for any pv,x vi,v, = Pv,xPyi,vo)x With px € X', where (3.8) is due to the fact that py, x
is essentially more capable than py, x. Therefore, given px € P, the right-hand side of
inequality (3.6) attains its maximum value /(X;Y7;) when V = X. Clearly, given py,
the right-hand side of inequality (3.4) also attains its maximum value /(X;Y};) when

V = X. As a consequence, Ca(py; v;x) can be expressed as the set of (R, Ry) € R%

16
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satisfying

R, + R, <I(X;Y))

for some pxy, v, = PxPyvivoix With px € P. Removing the redundant constraint

px € P completes the proof of Proposition 3.

3.3 Examples

Consider a broadcast channel py, v, x with X = Y, = ), = {0,1}, where py,x is
a binary symmetric channel with crossover probability p;, ¢ = 1,2; such a channel
will be denoted by BS-BC(py, p2). Without loss of generality, we shall assume 0 <
p1 < po < % It is well known that C(BS(p1,p2)) is given by the set of (Ry, Rs) € R%

satisfying

Ry < Hy(a x p1) — Hy(p1),

RQ S 1-— Hb(Oé *p2>
for some @ € [0,3]. Next consider a broadcast channel py, y, x with X = {0,1}
and ); = {0,1,e}, ¢ = 1,2, where py,x is a binary erasure channel with erasure
probability €;, i = 1, 2; such a channel will be denoted by BE-BC(ey, €2). Without loss

of generality, we shall assume 0 < ¢; < ey < 1. It is well known that C(BE-BC(ey, €3))

17



M.A.Sc. Thesis - Kia Khezeli McMaster - Electrical Engineering

is given by the set of (R, Ry) € R3 satisfying

R < (1), (3.9)

R < (1-B)(1-e) (3.10)

for some g € [0, 1].

The following results are simple consequences of Proposition 2 and Proposition 3.

Proposition 4 For BS-BC(py, ps) with 0 < p; < ps < 1,

Cl(BS’BC(pbPZ» = C<BS'BC(]91,]92));

Co(BS-BC(p1,p2)) = {(R1, R2) € R : Ry <1 — Hy(pa), R + Ra <1 — Hy(p1)}

Proposition 5 For BE-BC(eq, €3) with 0 < €1 < €5 < 1,

Cl(BE—BC(El, 62)) = C(BE—BO(El, 62)),

CQ(BE‘BC(El, 62>> = {(Rl, RQ) € Ri_ . RQ S 1-— €9, R1 + R2 S 1-— 61}.

Now consider a broadcast channel py, vy, x with X = )} = {0,1} and ), =
{0,1,e}, where py,|x is a binary symmetric channel with crossover probability p,
and py, x is a binary erasure channel with erasure probability €; such a channel
will be denoted by BSC(p)&BEC(e). Without loss of generality, we shall assume

p € [0,3] and € € [0,1]. One can obtain the following explicit characterization of

C(BSC(p)&BEC(e)) [21, Theorem 4].

1. e € [0,4p(1 — p)]: C(BSC(p)&BEC(¢)) is given by the set of (R, Ry) € R%

18
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satisfying

Rl S 1 —Hb(a*p),

RQ S (1 — e)Hb(a)

for some a € [0, 3.

2. e € (4p(1—p), Hy(p)): C(BSC(p)&BEC(e)) is given by the set of (R, R2) € R2

satisfying

R1 S 1 —Hb(a*p),

Ry < (1 —¢€)Hp(a)

for some « € [0, 4], or

Rl S 1 —Hb(()é*p),

Ry < Hy(axp) — €

for some « € (&, %], where & is the unique number in (0, %) satisfying

19
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3. € € [Hy(p),1]: C(BSC(p)&BEC(e)) is given by the set of (R, Ry) € R? satisfy-

ing

Ry < B[1 — Hy(p)],

Ry <(1-p5)(1—¢)

for some 3 € [0, 1].
Proposition 6 C,(BSC(p)&BEC(€)) has the following explicit characterization.
1. € € [0, Hy(p)]: C1(BSC(p)&BEC(€)) = {(R1,R2) € R% : Ry <1 — Hy(p), By +
Ry <1—¢€}.
2. e € (Hy(p),1]: C1(BSC(p)&BEC(€)) = C(BSC(p)&BEC(¢)).

Proof: According to [21, Theorem 3|, BEC(¢) is more capable than BSC(p) when
e € [0, Hy(p)]. Therefore, one can readily prove Part 1) by invoking Proposition 3
as well as the fact that I(X;Y;) and I(X;Y3) are simultaneously maximized when

px(0) = px(1) = 5. Part 2) follows from Proposition 2 and the fact that BSC(p) is

essentially less noisy than BEC(¢) when € € (Hy(p), 1] [21, Theorem 3].
Proposition 7 Co(BSC(p)&BEC(€)) has the following explicit characterization.
1. € € [0,4p(1 — p)]: Co(BSC(p)&BEC(e)) = C(BSC(p)& BEC(¢)).

2. ¢ € (4p(1 —p),1) and p # 0: Co(BSC(p)&BEC(¢€)) is given by the set of

(R1, Ro) € R satisfying

Rl S 1— Hb(a*p),

Ry < (1 — ) Hy()
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for some o € [0,d], or

Rlél—Hb(@*p),
R2§1_67

for some a € (&, 3], where & is the unique number in (0, 3) satisfying

l—a=xp A

(1 —2p)log <~—) = (1—e)log<1géa>.

a*xp

3. e=1o0rp=0:Cy(BSC(p)&BEC(€)) = {(R1,Rs) € RZ : Ry <1—¢, R+ Ry <

1 — Hy(p)}.

Proof: Part 1) follows from Proposition 2 and the fact that BEC(e) is less noisy than
BSC(p) when € € [0,4p(1—p)] [21, Theorem 3]. Part 3) is trivial. For Part 2), one can
readily show that Co(BSC(p)&BEC(€)) is given by the set of (R, R2) € R? satisfying

R1§1—Hb(oz*p),
RQS]'_GJ

Ri+ Ry <1— Hy(axp)+ (1 —€)Hy(a)

for some o € [0, 3] by following the proof of [21, Claim 2 and Claim 3]. In light

of [11, Lemma 6], when € € (4p(1 — p),1) and p # 0, the following optimization
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C,(BSC(p)&BEC(0)) |
—C(BSC(p)&BEC(e))

0.13

o 0.0749

0.0259

Figure 3.3: Co(BSC(p)&BEC(€)) vs. C(BEC(€)&BSC(p)) with p = 0.3 and € = 0.87

problem

max 1 — Hy(a*xp)+ (1 — €)Hy(a)

a€l0,3]

has a unique maximizer at a« = &. This completes the proof of Proposition 7.
Remark: It might be tempting to conjecture that Proposition 2 continues to
hold if “essentially less noisy” is replaced by “essentially more capable”. However,
this conjecture turns out to be false. Indeed, for BSC(p)&BEC(e), it is known [21,
Theorem 3] that BEC(e) is more capable (but not less noisy) than BSC(p) when
e € (4p(1 — p), Hy(p)], yet Part 2) of Proposition 7 indicates that in this case
Co(BSC(p)&BEC(¢)) is strictly larger than C(BSC(p)&BEC(¢)) (see Fig. 3.3). Anal-
ogously, Proposition 3 is not true in general if “essentially more capable” is replaced
by “essentially less noisy”. For example, according to [21, Theorem 3] , BSC(p)
is essentially less noisy than BEC(¢) when € € [Hy(p),1) and p # 0, but Part 2)
of Proposition 7 shows that in this case Co(BSC(p)&BEC(¢)) is strictly larger than

{(Ri,R2) € RZ : Ry <1—¢€, Ry + Ry <1— Hy(p)} (see Fig. 3.4).
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C2(BSC(p)&BEC(e))
C(BSC(p)&BEC(¢))

0.1

Ry

0.0265

0.0243 0.0978 0.1187

Ry

Figure 3.4: Cy(BSC(p)&BEC(e)) vs. Co(BSC(p)&BEC(e)) £ {(R1, Ry) € R2 : Ry <
l—¢ R+ Ry <1— Hy(p)} with p=0.3 and e =0.9

Finally consider the case where py, y,|x is a scalar Gaussian broadcast channel with
power constraint P and noise variances Ny and Ny (0 < N3 < Ny); such a channel
will be denoted by G-BC(P, Ny, N2). It is well known that C(G-BC(P, Ny, Ny)) is
given by the set of (R, Ry) € R? satisfying

Ry < %log (6’%—1—1]\6 )
1 ( P+ N, )

Zlog (2
\BP 1 N,

Ry 5

IN

for some § € [0, 1]. One can readily prove the following result by adapting Proposition

2 and Proposition 3 to this channel model.

Proposition 8 For G-BC(P, Ny, N3) with 0 < N1 < No,

Cl(G-BO<P, Nl,NQ)) == C(G-BO(P, Nl,NQ)),

1 P+ N, 1 P+ N,
- = 2 N < — < — .
Co(G-BC(P, Ny, Ny)) {(R17R2)ER+ R2_2log( Y ),R1+Rg_2log< ¥ )}
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Chapter 4

Optimality of Source-Channel

Separation for System II

Now we are in a position to state the following source-channel separation theorem,
which shows that a separation-based scheme that consists of lossy source coding and
broadcast channel coding (see Fig. 3.2 and the associated description) is optimal for
System IT. This result can be viewed as an extension of [17, Lemma 3] from degraded

broadcast channels to general broadcast channels.

Theorem 1 (IZ}, Ql,éz) S f if and only if (R51|§2(Q1>,R§2(Q2)) S I%Cl(pyl,YQ‘X),

where

R§1|§2(Q1) = min I(gl,éllgg),

P5,5,,5, €<

R§2<Q2) = Hlin~ [(SQ,SQ)

p§27§2€Q2
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Proof: The proof of the “if” part hinges on a separation-based scheme. We shall
only give a sketch here since the argument only involves standard techniques. Let
S, be jointly distributed with (5’1,5'2) such that pg g, ¢ € 9, and I(Sl;§1]5'2) =
R§1|52(Q1). Let S, be jointly distributed with S, such that D3, 3, € 9, and 1(52; SQ) =
R52(Q2). By the functional representation lemma [22, p. 626] (see also [23, Lemma
1)), we can find a random variable W of cardinality [W| < |S,|(|S;]| — 1) + 1 with the

following properties:
e W is independent of Sy;

e S = ¥(Sa, W) for some deterministic function 1 : Sy x W — Si;

e S| < (32, 5’1) < W form a Markov chain.

It is easy to see that

= [(Sl, SQ, W)

For any 6 > 0, let Ry = (1 + 6)I(S1;5|S5) and Ry = (1 + 6)I(Sy;S5). We inde-
pendently generate 2m%1 codewords W™ (m;y), my = 1,---,2m%  each according to
[T/, pw, and independently generate 2”72 codewords S§*(ms), mg = 1,--- , 272,
each according to J];", pg,. Codebooks (W™ (mi) 20 and {S5(mg) Y20 are re-
vealed to the transmitter and the receivers. It can be shown that, given (57", Si*),
with high probability one can find an index M, such that (S}*, Sy, W™ (M,)) are

jointly typical with respect to pg, 3, y when m is large enough (see [22] for the defini-

tion of typical sequences and the related properties). Similarly, given 5”5”, with high
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probability one can find an index M, such that (55", S5*(My)) are jointly typical with
respect to pg, 5 . If there is more than one such M; (or M;), we choose the smallest
index among them; if no such M; (or M,) exists, we set M; =1 (or My =1). Now a
length-n coding scheme is used to send messages M; and M, over broadcast channel
Dvi,vs|x to receiver 1 and receiver 2, respectively. Given 5’5”, receiver 1 can recover
Mj and use it together with Y]" to produce an estimate M;. Receiver 2 can use Y to
produce an estimate M,. We assume that this length-n coding scheme is good in the
sense that M; = Mi, 1 = 1,2, with high probability. Note that the existence of such a
good length-n coding scheme is guaranteed by Definition 5 when ™ > #(1 + 2J) and

n is large enough. Receiver 1 then constructs 5’{” with

~ ~

Si(t) = D(Sa(t), W(My, 1), t=1,---,m,

where W (M, t) is the t-th entry of W/™(M;). Receiver 2 sets S5 = SP(M,). It
is easy to show that (S7*, Sy, 5‘{") are jointly typical with respect to pg g, 5 with
high probability, and (~§”, S;”) are jointly typical with respect to pg, g, with high
probability. This completes the proof of the “if” part.

Now we proceed to prove the “only if” part. Consider an arbitrary tuple (&, Ql, Qg)
I. Given any € > 0, according to Definition 3, we can find encoding function
fmm) s Sm o Smo_y xm as well as decoding functions ¢{™™ @ Y1 x S — 8™ and
g™ Y~ 8™ osuch that (2.4)-(2.6) are satisfied. Let Q be a random variable in-
dependent of (S7*, S5*, X", Y, Y3*) and uniformly distributed over {1,--- ,n}. Define

X = X(Q)? Y; = Y;(Q)a L= 1727 and V = (V(Q)a Q)? where V(t) = (let_l’YvQT,lt—H?Sgl)
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for all ¢. It is easy to verify that V <> X < (Y7, Y3) form a Markov chain. Note that
I(S"; 57155") < I(ST5Y7'155")
< I(S7", 555 Y7")

< I(X™ Y7

I(X™ Vi)Y
1

-+
Il

I(X", V{5 Ya()

M:

t=1

I
NE

I(X(t); Ya(1))

1

=nl(X(Q):; Y1(Q)|Q)

<n(Q,X(Q); Y1(Q))

=nl(X(Q):; Y1(Q))

=nl(X;Y;) (4.1)

~+~
I
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and

~—~
i

ISy 85y < I(S9 Y9

I
NE

](Sgﬁ YZ(t) ’Y27?t+1)

t=1

](Yltila er,LtHa Sgn: Ya(t))

M:

t=1

I
WE

I(V(t); Ya(1))

1

=nl(V(Q);Y2(Q)|Q)
<nl(V(Q),Q;Y2(Q))
=nl(V;Y3). (4.2)

o
I
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Moreover,

I(S7; S7|Sem) + 1(Sy; Sy
< I(S7Y7'|Sy) + I(Sys Y3

=D (ST 55) + 1(55 Ya()|Y5i)]
t=1

n

<D XYY 85 + 1055 Ya (1) V5]

t=1

< ) (X, Y s i)Y 55) + (s, 55 Ya(1))]

t=1

= (X Y)Y Y0, 85 + T3 Vi)Y, 857) + (Y34, S5 Ya(t))]
t=1
S (X () Y)Y Va0, S5+ T Ya(4)V5 40, S5 + T(Y3Y S5 Ya())]
t=1

(4.3)
= (X Y)Y, Y5, 0, S5 + (Y Yy, S5 Ya())]
=Y (X1 Ya)|V (1) + I(V(1); Ya(t))]
=n[[(X(Q):V1(Q)V(Q),Q) + I(V(Q); Y2(Q)|Q)]
<n[[(X(Q): Y1 (Q)V(Q),Q) + I(V(Q), Q; Ya(Q))]
=nl(X;Y1|V) +nl(V;Ys), (4.4)

where (4.3) follows by the Csiszar sum identity [22, p. 25]. Let 7" be a random

variable independent of (S7*, S, S’{” , S’;”) and uniformly distributed over {1,---  m}.
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Define 5; = S;(T) and S'9 = 8,(T), i = 1,2. Note that

1 m
Pg, 5,,500,80 = D P50,54(05 (0).5200)
t=1

Moreover, we have

I(S7 8785y = > I(Si(1); 57547, S5)

= ml(S;; S\9|S) (4.5)
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and

It follows by (4.1), (4.2), (4.4), (4.5), and (4.6) that
o . ale)) o o . ble n
(1(51:517152), 1(52: 857)) € —Cilpyiaix).
Since {pS1 5,800 40 1 €> 0} is contained in a compact set and
02,071 59

min —qil| <,

8, s, 5,50

in |[ps a0 — @2 <€
q2€g2|| 52,8 |

for every € > 0, ¢ = 1,2, one can find a sequence €y, €y, -+ converging to zero such

that

lim ps 2 a

koo Sl,Sg,Slek>,§ée’“> = P51,5,,51,5:
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for some pg, 5 & 5, With pg g 5 € Q, and P3, .5, € Q,. It is clear that

I(S1;9152) > Rg,5,(Q1),

I(S2;S5) > Rg,(Qo).

Now the proof can be completed via a simple limiting argument.
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Chapter 5

A Necessary Condition for the

Source Broadcast Problem

5.1 Necessary Condition

We shall show that the source-channel separation theorem for System IT (i.e., Theorem
1) can be leveraged to establish a necessary condition for System II via a simple

reduction argument. Let Ri(pg g, 5,) denote the set of (Ry, Ry) € R} satisfying

Rl S I(S; Sl’U%

Ry < I(U; S,)
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for some py; 5 6, 5, = PU|sPs 3, 5,- Similarly, let Ro(pg g, g,) denote the set of (R, Rp) €

R? satisfying

R, < I(U; S),

Ry SI(S;§2|U)

for some py; 5 5 5, = PUISPs 3, 5,

Theorem 2 For any (k, Q1,Q2) € I, there exists pg g 5, with pgg € Qi, i = 1,2,

such that

Ri(p&gl’sb) Q /‘ilci(pyl,y2|x), 1= 1,2 (51)

Proof: By symmetry, it suffices to prove (5.1) for i = 1. We augment the probability
space by introducing a remote source {(Sy(t), Sy())}s2, such that (S (t), Sy(t), S(t)),
t = 1,2,---, are independent and identically distributed over finite alphabet S x
S, x S. Consider an arbitrary tuple (k, Q1, Qs) € I'. Given any € > 0, according to
Definition 1, we can find encoding function ™™ : 8™ — X™ and decoding functions

g™ sy S

7 )

i = 1,2, satisfying (2.1) and (2.2). Let 7" be a random variable
independent of (S7*, Sy, S™, 5”1", Sgn) and uniformly distributed over {1,---,m}. De-
fine S; = Sy(T), i = 1,2, S = S(T), and S\9 = S,(T), i = 1,2. It is clear that the
distribution of (S, S5, 5) is identical with that of (Sy(t), Sa(t), S(t)) for every ¢, and

(S1,5,) <+ S 5 (S'9, 54V form a Markov chain. Moreover, we have
1 m
m ;pgl(t)’§2(t)7s(t)’§l(t)ng(t) = D3,,8,,5,5( 80
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Since mingeg, [|[pg g0 — ¢ill < € for every € > 0, i = 1,2, one can find a sequence

€1, €2, - - converging to zero such that

lim

k—>oop5‘1,§275,§§6k),§éek) = P5,,5,,5.%1,5 (5’2)

for some pg 5 g3 5 Withpgg € Qi,i = 1,2. Note that (5.2) implies (x, {pg, g, ¢, }> {Ps,.5,}) €

. Therefore, it follows from Theorem 1 that
(1(S1; 118), 1(52; 32)) € KC:(py; vaix)-

Here one can fix pg ¢, ¢, and choose pg, 3, ¢ arbitrarily. Since I(Sy;51]8,) < I(S;54]5,),
there is no loss of generality in setting S, =S. Denoting S, by U completes the proof
of Theorem 2.

Remark: Since Ci(py, v,x) and Ca(py; v,x) are convex sets, it follows that (5.1)
holds if and only if 5C;(py; ;| x) contains all the extreme points of R;(pg g, 5,), ¢ = 1, 2.
One can show via a standard application of the support lemma [22, p. 631] that, in
contrast with the cardinality bound || < [S]+1 for preserving Ri(pg g, g,): ¢ = 1,2,

it suffices to have || < |S| for the purpose of realizing all their extreme points.
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5.2 The Binary Uniform Source with the Ham-
ming Distortion Measure

In this section we set S = S; = Sy = {0,1}, ps(0) = pg(1) = %, and w; = wy = wgy,

where wy is the Hamming distortion measure, i.e.,

0, s=35
wH(S> ‘§) -
1, otherwise
The problem is trivial'! when d; = % or do = % Therefore, we shall focus on the

non-degenerate case d; € [0, %), i =1,2, and assume
C(py,x) Smax[(X;Y;) >0, i=1,2,
pPx

correspondingly.

Proposition 9 If Elwy (S, S;)] < di, i = 1,2, with dy < d, then

Rl(]?s,gl&) 2O C(BS-BC(dy, dy)), (5.3)

Ra(pgs, s,) 2 C(BS-BC(dy, dy)), (5.4)

where C(BS-BC(dy,dy)) (see Section 3.3 for its definition) is given by the set of

'In fact, it reduces to a point-to-point problem.
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(Ry, Ry) € Ry satisfying

Rl S Hb(Oé * dl) — Hb(dl),

R2 S 1 —Hb(a*dg)

for some o € [0,3], and C(BS-BC(dy,dy)) is given by the set of (Ri,Ry) € RS

satisfying

Ry < B[ — Hy(dy)],

Ry < (1= B)[1 — Hy(dy)]

for some B € [0,1]. Moreover,

Ri(ps,5,.5,) = C(BS-BC(dy, dy)), (5.5)

Ra2(ps s, 5,) = C(BS-BC(dy, d)) (5.6)

when Ps, 515 18 @ BS-BC(dy, dy) with dy < ds.
Proof: Let py g ¢, g, = PulsPs.g,.s,» Where pys is a BSC(a) with a € [0, 1]. We have

min 1(S; 81|U)

P, Elw (S,81)]<d1

Pg, ‘S:E[wH(S,él)]Sdl

= d/lre%(i)gll} Hy(axd)) — Hy(d)) (5.7)

= Hb(Oé * dl) — Hb(dl),
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where (5.7) follows from [11, Lemma 2|, and (5.8) is due to the fact that Hy(a*d}) —
H,(d}) is a monotonically decreasing function of dj for dj € [0,1]. Similarly, it can
be shown that

min I(U;85) =1 — Hy(a* dy). (5.9)

Ps, ‘S:E[wH(S,S’g)}SdQ

Combining (5.8) and (5.9) proves (5.3).
It is easy to see that (I(S;S;),0) and (0,1(S;S,)) are contained in Ra(ps.g,.5,)-

Note that
1(S;S;) > 1— Hy(d,)

if E[wg(S,5;)] < di, i = 1,2. Now one can readily prove (5.4) by invoking the fact
that Ra(pg g, g,) is a convex set.

Since (5.5) is obviously true, only (5.6) remains to be proved. If Pg, 515 1S @

BS-BC(dy, dy) with d; < dy, then, for any A € [0, 1],

A(U; S) + (1 — N I(S; S,|U)
= M1 — H(Si|U)) + (1 = N[H(S:|U) — Hy(dy)]
< 151223()\(1 — H(S|U =w)) + (1 = N[H(S:|U = u) — Hy(dy)]

< max M1 — Hy(axdy)) + (1 = N)[Hp(a * do) — Hp(d2)].

EE
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Define v = Hy(« * dy), which is a monotonically increasing function of o. Note that

)\(1 — Hb<0é * dl)) + (1 — )\)[Hb(a * dg) — Hb(dg)]
= A1 —vx*d))+ (1 = N [H,(H, ' (v)) — Hy(ds)],

where d = %. It follows by the convexity of Hy(H, ' (v) * d) in v [24, Lemma 2]

that

max A1 — Hy(axdy)) + (1 — N)[Hp(a * ds) — Hp(ds)]

a€l0,3]

= agg’g} AL = Hy(a*dy)) + (1 = A)[Hy(or = d2) — Hy(dy)]. (5.10)
Therefore, we must have Ra(pg g, 5,) C C(BS-BC(dy, dy)), which together with (5.4),
proves (5.6).

Remark: The proof of Proposition 9 indicates that, for the binary uniform source
with the Hamming distortion measure, there is no loss of optimality (as far as Theorem
2 is concerned) in restricting pyjs to be a binary symmetric channel, which provides
a certain justification for the choice of the auxiliary random variable in [13].

Note that the rate pairs (C(py;x),0) and (0,C(py,|x)) are contained in both
C1(pvi,vsx) and Ca(py; ,vs(x)- It is easy to see that C(BS-BC(dy,d2)) € KCi(py;,va|x)

implies

which further implies C(BS-BC(dy,d2)) C kCa(py; vs)x) when d; < dy. This observa-

tion, together with Proposition 9, shows that, for the binary uniform source with the
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Hamming distortion measure, Theorem 2 is equivalent to the following more explicit

result.

Theorem 3 For any (k, Q(wy,dy), Q(wy,dy)) € T' with d; < da,

C(BS-BC(dy,d2)) C KCy(py; va)x)-

By symmetry, for any (k, Q(wy,d1), Qwy, dz)) € I' with dy = da,

C(BS—BC(dl,dg)) g HCQ<py1,y2|X).

Define x* = min{x > 0 : C(BS-BC(di,d2)) C KCi(pv, vex)} if di < da, and
x* =min{x > 0: C(BS-BC(d,dz)) C kCa(py,,vsx)} if di > ds. It is obvious that

1— Hy(dy) 1— Hb(d2>} (5.11)

k* > kT £ max ,
B { C(le\X) C<pY2|X>

i.e., the necessary condition stated in Theorem 3 is at least as strong as the one
implied by the source-channel separation theorem for point-to-point communication
systems. We shall show that in some cases it is possible to determine whether «* is
equal to or strictly greater than s without an explicit characterization of C; (Pv1,va1x)
1=1,2.

Recall that C(BS-BC(dy, d»)) with di < ds is given by the the set of (Ry, Ry) € R%

satisfying

R1 S Rl(a) £ Hb(oz * dl) — Hb<d1), (512)

R2 S RQ(O&) £ 1-— Hb(a/ * dg) (513)
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|. It can be verified that
(1 - 2dy) log (55222

for some «a € [0,

dRQ(CY) _
dfa@) (1 - 2d;) 1og (L5252
for e € (0, 3). Moreover, we have
dRy(ar) 2 lim Ry(a) — Clpyyix)
de(Oé) a=0 al0 Rl(O./)
—1 dRQ(CY)
al0 de(a)
(1 —2dy)log (1252)
(1 — 2dy) log (jfl)
and
dRQ(O[) é lim RQ(O[)
dR; () a=l of3 Ri(a) — Clpyyx)
dRZ(O./)
= lim
ott dRy(a)
(1 —2dy)® 2ds)?
C(1=2dy)?
2l

is a monotonically decreasing function of « for a € [0,

In view of the fact that E g

it is clear that
Ry Ry

Ry, Ry) € R? : + <1

(R € B e+ ey <1

C(BS-BC(dy, ds)) C

(1— 2d2)log( d2>
) :1Whend1=d2—0

2
2We set
(1— 2d1)log<1 L
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if one of the following conditions are satisfied:

1—2d1)2 C(p )
L 1= Hy(dh) < 5C(pyi1x) and =525 > gty

B 1-dq
( 2d1)10g< a1 ) < C(py,|x)

(1—2d2)10g(1;§2) = Clovyx)

2. 1 — Hy(dy) < KC(py,x) and

This observation, together with (5.11) as well as the fact that

Ry Ry
Ry, Ry) € RY : + <1p CCi(pvivalx)s
V) € R e 5 Gl < L € Gl

yields the following result.
Proposition 10 If d; < d», then

1-Hy(d1)  (1-2d1)% C(py;|x)
Clpy;x)?  (1-2d2)? = C(pyy|x)

* 1-d
== 1—Hb(d2) (1_2d1)10g d113 C(le\X)
Clpyyx)”’ (1-2d3) log <%> = Cpyyx)
By symmetry, if di > dy, then
L-Hy(dy)  (1-2dp)* C(Pyy)x)
Cpyyx)?  (1-2d1)? = Cpyyx)
* T 1—d
K =r!= \—Hy(d) (1—2d2)log< d22> Clpyyx)
Clpyy|x)’ (1-2d1) log (1;fl> — Clpyyx)

Remark: A simple sufficient condition for (k, Q(wy, dy), Q(wy,ds)) € T is that

max{1l — Hy(d1),1 — Hy(d2)} < KC(pyi1x, Pralx ),
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where C(py|x, Py |x) = max,, min{I(X;Y;),I(X;Ys)} is the capacity of the com-
pound channel {py,|x, Py,x }. Proposition 10 indicates that this sufficient condition
is also necessary if C'(py,x;Pwx) = Clpvx) and di < dy (or C(pyy|x:Pvalx) =
C(py,)x) and d; > dy). For the special case dy = dy = d, it can be shown that

(k, Q(wy,d), Q(wy,d)) € I' if and only if

1 — Hy(d) < 6C(py,|x,Pya)x)-

On the other hand, for this special case, Proposition 10 gives

1 — Hy(d) 1— Hb(d)}
O(PY1|X) 7 O(pyz\x) '

K*ZI{T:HI&X{

Since C(py;|x, Pys|x) can be strictly smaller than min{C'(py,|x), C(pysx)}, the nec-
essary condition stated in Theorem 3 is not sufficient in general.

For every R, € [0,C(py;|x)], we set

gb(Rl) = HlaX{Rg : (Rl, Rz) - Cl(pyhyﬂx)}.

Note that ¢ : [0, C(py;1x)] = [0, C(pyz|x)] is monotonically decreasing and concave.

Define

, T C(pYQ\X) —¢(Rl)
¢+(O> - ll%lll’ﬂ) Rl )

| T
O Clm)) = | im  Eon) — B
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Similarly, we set

¢(Rg) = max{ Ry : (R, R2) € Ca(pyy va(x)}

for every R, € [0, C(py,|x)], and define

| )
¢ (Cpvalx)) Ra1C(py, x) C(pyy)x) — Re

Now consider the case dy < dy. It is clear that we must have 1 — Hy(d;) < x*C(py;|x)

if

(1 — 2d,)?

1= 2d,)? > ¢_(Cpvix)); (5.14)

similarly, we must have 1 — Hy(d2) < k*C(py,|x) if

O—Q@ﬂ%<%%> .
(1 - 2d1)log (17 <o+ (0) (5.15)

moreover, since ¢, (0) < ¢ (C(py,|x)), it follows that (5.14) and (5.15) cannot be
satisfied simultaneously when d; = dy. The following result is a simple consequence

of this observation.
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Proposition 11 When d, < ds, we have k* > k' if

A channel pyx : X = Y with & = {0,1,--- , M — 1} for some integer M > 2 is
said to be circularly symmetric [25, Definition 1] (see also [21, Definition 4]) if there
exists a bijective function p : ¥ — Y such that xM(y) = y and py|x(p*(y)|z) =
pyix(y|0) for all (z,y) € X x Y, where p* denotes the k-times self-composition of
p (with 1° being the identity function). Note that the binary symmetric channel is

circularly symmetric with p: {0,1} — {0,1} given by

45



M.A.Sc. Thesis - Kia Khezeli McMaster - Electrical Engineering

the binary erasure channel is also circularly symmetric, and the associated p : {0,1,¢e} —

{0,1, e} is given by

L y=0
wy) =40, y=1
e, y=e

Proposition 12 If both py,|x and py,x are circularly symmetric, then

x* =min{x > 0: C(BS-BC(dy,d3)) C KC(py,,vs|x)}-

Proof: By symmetry, it suffices to consider the case d; < da. Let Cse(py;,vsx) denote
the superposition coding inner bound of C(py, y,|x), i-e., the set of (R, Ry) € R%

satisfying

Ry + Ry < I(X;Y1|V)+ I(V; Y2),

R+ Ry < I(X;Y7)

for some py,xvi,v; = Pv,xPvi,v|x- In light of [21, Lemma 2|, the uniform distribution
on X forms a sufficient class of distributions for broadcast channel py, y, x if both
Pyijx and py,x are circularly symmetric. As a consequence, one can readily show

that

Csc(Pyl,YQ\X) = Cl(le,Y2|X) N {(Rh RQ) R+ Ry < C(le\X)}-
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Note that, if C(BS-BC(d:, d2)) C KCi(py;,yz|x), then we must have

1 — Hy(dy) < kC(pyy1x),

which, together with the fact that gg?ggi € [~1,0] for a € [0, 1], implies

C(BS-BC(dbdz)) - H{<R1>R2) R+ Ry < C(pyllx)}-
Therefore,

C(BS-BC(dy,ds)) € kCi(py;,va|x)

= C(BS—BC(dl, dg)) C /fCSC(le,YﬂX)'

Since Csc(Pyi,va1x) € C(Pyi,va1x) € Ci(Pyi,va)x), the proof is complete.

Now we proceed to consider several concrete examples.

5.3 BS-BC(pl,pg)

First consider the case where py, y,x is a BS-BC(p1,p2) with 0 < p; < py < %

Without loss of generality, we shall assume d; < dy. By Theorem 3 and Proposition

4 (or by Theorem 3 and Proposition 12), if (k, Q(wy, d1), Q(wgy,ds)) € T', then

C(BS-BC(dy, dy)) C #C(BS-BC(p1, p2)). (5.16)
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On the other hand, the necessary condition implied by the source-channel separation

theorem for point-to-point communication systems is

1 — Hy(d;) < k[1 = Hy(py)], i=1,2. (5.17)

For the special case k = 1, both (5.16) and (5.17) reduce to

dzzpla Z.:]-727

which is achievable by the uncoded scheme.

In view of Proposition 4 and the calculation of 32?8 fora =0 and o = %, we
have
— 1—p
/ (0 = (1 2p2) 10g< p22>
: (1—2191)105;(1 “)
(1 — 2p2)2
C —
¢—( (le\X)) (1 — 2p1)2
Hence, it follows from Proposition 11 that x* > &' if
(1 — 2d3) log (%) < (1 —2ps)log <1;52> s
(1 — 2d;) log (%) (1 - 2p1) log (1;51)
(1 — 2d1)2 (1 — 2p1)2 ’

For example, (5.18) and (5.19) are satisfied when d; = 0.035, dy = 0.095, p; = 0.15,

and p, = 0.2.
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5.3.1 BE-BC(Q, 62)

Next consider the case where py, y,x is a BE-BC(€1,€2) with 0 < €1 < €3 < 1. With-
out loss of generality, we shall assume d; < dy. By Proposition 5 (or by Proposition

12),

k" =min{x > 0: C(BS-BC(d;, ds)) C kC(BE-BC(ey, €2))},

where the expressions of C(BS-BC(d;,ds)) and C(BE-BC(€y,€2)) can be found in
(5.12)-(5.13) and (3.9)-(3.10), respectively. It is clear that, for any a € [0, 1], there

exists § € [0,1] such that

Hy(axdy) — Hy(dy) < k*B(1 — €1), (5.20)

1 — Hy(a*ds) < *(1 - B)(1 — &), (5.21)

which implies

. Hy(a* dy) — Hy(dy) n 1 — Hy(a* dy) (5.22)

- ]_—61 1—62

for any a € [0,3]. Moreover, the equalities must hold in (5.20) and (5.21) for some

a € |0, %] and 5 € [0,1]; as a consequence, the equality must hold in (5.22) for some

a € [0, 1]. Therefore, we have

H, dy) — Hy(d 1— H,
it = max Jelaxd) = Hi(dy blos dQ), (5.23)
ael0,3] 1—¢ 1 — e
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from which one can readily recover [13, Theorem 1] by invoking Theorem 3. In light
of [11, Lemma 2|, for the optimization problem in (5.23), the maximum value is not

attained at & = 0 or a = 5 if and only if

(1 —2dy)log (%) _loe (1-2d)
_ _ _ 27
(1 - 2d;)log <%> 1—e  (1-2d))

which gives the necessary and sufficient condition for * > k' to hold. The same

condition can be obtained through Proposition 10 and Proposition 11.

5.3.2 BSC(p)&BEC(e)

Finally consider the case where py, v, x is a BSC(p)&BEC(e) with p € [0,1) and

e € [0,1). By Proposition 12,

k* = min{x > 0: C(BS-BC(d;,d>)) C xC(BSC(p)&BEC(e))}. (5.24)

Note that

1-— Hb(dl) 1— Hb(dg) }

*> T: {
K> K max 1—Hb(p)’ T

For the case d; < dy, in view of the expression of C(BSC(p)&BEC(¢)) and the fact

that %Ezg € [—1,0] for a € [0, ], one can readily verify that

C(BS-BC(dy, ds)) C kC(BSC(p)&BEC(e))

< C(BS-BC(dy,d2)) C kC(BE-BC(Hy(p),€));
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as a consequence,

x Hb<Oé * dl) — Hb(dl) 1— Hb(a * dg)
K* = max ,
aclod] 11— Hy(p) 1—e

and we have x* > s if and only if

(1—2dy)log (ﬁf) 1—e (1 — 2d,)?

(1—2d,)log (%) ST—Hp) -~ (1-2d)7

For the case d; > ds, we shall show that

C(BS-BC(d,, d5)) C #C(BSC(p)&BEC(e))

& C(BS-BC(dy, dy)) € kC(BSC(p)&BEC(¢)), (5.25)
where C(BSC(p)&BEC(e)) is given by the set? of (R, Ry) € R? satisfying

Ry <1— Hy(a*p),

Ry < (1 —€)Hy(a)
for some € € [0, 3]. It is easy to see that (5.25) is true when € € [H,(p), 1); moreover,

C(BSC(p)&BEC(e)) = C(BSC(p)&BEC(e)) N {(Ry, Ra) : Ry + Ry < 1 — ¢}

31t follows from [24, Lemma 2] that C(BSC(p)&BEC(€)) is a convex set.
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when € € [0, Hy(p)). Combining this observation with the fact that

C(BS-BC(dy, d3)) € xC(BSC(p)&BEC(e))
=1- Hb(dg) < /i(l — 6)

2% 0(BS-BC(dy, do)) € k{(Ry,Rs) : Ry + Ry < 1 — ¢}

proves (5.25). Now we proceed to show that* k* = k' if kT > 1. In view of (5.24) and

(5.25), it suffices to show that, if k > 1, then

1 — Hy(axdy) < &1 — Hy(a*p)), (5.26)

Hy(a x dy) — Hy(dy) < KT(1 — €)Hy(c) (5.27)

for any o € [0, 1]. Note that (5.26) and (5.27) hold when a = 0 or & = 3. Moreover,
k! > 1 implies p > d;. Therefore, an argument similar to that for (5.10) can be used

here to finish the proof.

4This result is not implied by Proposition 10.
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Chapter 6

The Quadratic Gaussian Case

Let {S(t)}¢2, in System II be an i.i.d. vector Gaussian process, where each S(t) is
an £ x 1 zero-mean Gaussian random vector with positive definite covariance matrix

Ys. The following definition is the quadratic Gaussian counterpart of Definition 1.

Definition 6 Let k be a non-negative number and D; be a non-empty compact set of
¢ x € positive semi-definite matrices, i = 1,2. We say (k, D1, Ds) is achievable for
System 11 if, for every e > 0, there exist encoding function f™™ : R>*™ — X" gnd

decoding functions gi(n’m) c Y — R>™ i =1,2, such that

% < Kk +¢,
min | =S E{(S() - S0)(SW) - S0 - D <6, i=1,2

The set of all achievable (k, Dy, Ds) for System 11 is denoted by I'g.
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Remark: It is clear that (k,D;,D;) € Iy if and only if (k, Dy, D;) € ', where

D;= |J{D/:0=xDj=xD;}, i=1.2
D;eD;

Furthermore, to determine whether or not (x, Dy, D) € I'g, there is no loss of gener-

ality in setting S = E[S™|Y;"], i = 1,2, for which we have

(E)(S(t) = 8:(1)T] =T, i=12.

]
o
©
T

Therefore, it suffices to consider those D; and D, with the property that
D;=D;N{D:0=D =%}, i=1,2 (6.1)

Henceforth we shall implicitly assume that (6.1) is satisfied.

Now we proceed to introduce the corresponding System II in the quadratic Gaus-
sian setting and establish its associated source-channel separation theorem. Let
S £ (ST,51)T be an £ x 1 zero-mean Gaussian random vector with positive defi-
nite covariance matrix g, where 5'1 is an El x 1 random vector, and its covariance
matrix is denoted by g, i = 1,2. Let {(S(t), S1(t), So(T))}52, be iid. copies of
(S, S1,S).

Definition 7 Let & be a non-negative number, Dy be a non-empty compact subset of
{f)l :0 < Dy < Ys}, and D, be a non-empty compact subset of {[?2 :0 < Dy <
Mg, - We say (%, D1, Dy) is achievable for System I1 if, for every € > 0, there exist

an encoding function fU7 . ROX™m x Rée*m 5 X" g5 well as decoding functions
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ginum) . y{w % Rézxm N Rﬁxm and gén,m) . yg — REQXTn such that

<FK-+e,

SIS

min ||y E[(S(8) = Si(1)(S(t) = Si(1)"] = Dy

D.1€Dy

min ||Y E[(S5(t) — S5(£))(Sa(t) — S2(1))"] = Dy

D2€D>

The set of all achievable (/%,151,152) for System 11 is denoted by Tc.

Remark: Similar to Definition 3, here we allow f(™™), gin’m), and gg’”’” to be non-

deterministic functions as long as the Markov chains (S7%, S5*) < X" < (Y%, Y3),
S™ s (Y, 87) 5 S™ and S5t <+ Yy <+ S are preserved.

Note that

where ¥g g = E[5157] and Sg 5 = E[S2S]]. Moreover, we write

~ Dl,l [)1,2
D1 —

Dy1 Dy

for any [)1 € 251, where [?” is an EZ X lz matrix. The following source-channel
separation theorem is a simple translation of Theorem 1 to the quadratic Gaussian

setting. Its proof is omitted.

Theorem 4 (%,251,252) c fG Zf and only ’Lf (Rgl\gg(ﬁ1)7R§2(ﬁ2)) € I%Cl(pyhyﬂx),
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where

> 1 s — Xz 532185 & |
R§1|§2(D1) = min —10g< S1 S1,527 8, 752,51 ),

D1€@1 2 ‘Dl,l - KDQJ‘
~ 1 |E§ ’
Rz (Dy) = min —lo ( ~2>
52( 2) DDy 9 g |D2|
with K being any solution® of Kf)m = DLQ.
Remark: It can be verified that
R§1|§2(2~)1) = min 1(51,5'1’512),

Pg, 5 El(5—51)(5-51)T]eDy

R, (Dy) = Cmin I(55:5,),
p§2‘§2IE[(SQ*SQ)(SQ*SQ)T]GDQ

which highlights the similarity between Theorem 1 and Theorem 4.

Again, in the quadratic Gaussian setting, the source-channel separation theorem
for System II can be leveraged to derive a necessary condition for System II. For
any D; € Dy, i = 1,2, let R1(Xg, D1, Dy) denote the convex closure of the set of

(R1, Ry) € R satisfying

ngll <|ES||D1+2Z|)’
2 | D1[[Zs + Xz
1 by b

Ry < -1 <—’ s Z’)
2 | Dy + X 4|

I1f DQ’Q is invertible, then K = Dlgbgé
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for some ¥z > 0, and let Ry(Xg, D1, Ds) denote the convex closure of the set of

(R1, Ry) € R satisfying

1 X5 + Xz
R < Liog (IZe 22y
1=9 P
1 YollDy + 5
Ry < tlo (! sllD2 + z!)
2 |D,[|Ss + S|

for some ¥z = 0. By setting Xy = Xg(Xg + Xz) 1 Xs, we can write Ry (Xg, D1, Dy)

equivalently as the convex hull of the set of (Ry, Ry) € R% such that

1 1XuX5t Dy + B — Xy
Ry <=1 ( )
R Dy
1 )
R2 S _10g< 1 ’ S| )
2 |EUES D2+25—2U|

for some Yy satisfying 0 < ¥y =X Xg; similarly, Rq(3g, D1, D2) can be written

equivalently as the convex hull of the set of (Ry, Ry) € R% such that

1 by
Rl S _10g< 1 | S| >7
2 ISy25 Dy + g — Xy
1 I2y25 Dy + S — Sy
Ry < -1 ( = )
R D,

for some Yy satisfying 0 < ¥y < Yg.
Let S be an £ x 1 zero-mean Gaussian random vector with positive definite covari-
ance matrix ¥g. Recall the definition of R;(pg ¢ g,), ? = 1,2 in Section 5. The fol-

lowing result provides a connection between R;(Xs, D1, Do) and Ri(pg s, 5,): ¢ = 1, 2.
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Proposition 13 IfE[(S — 5;)(S — 5))T] = D; € D;, i = 1,2, then
Ri(pS,S},Sz) 2 Ri(257 Dla D2)7 1= L 2. (62)

Moreover, if S — S; and S; are independent zero-mean Gaussian random vectors with
covariance matrices D; and Xg — D;, respectively, i = 1,2, where 0 < Dy <X Dy =X Yg,

then

Ri(Ps,8,.8,) = Ra(Es, D1, D), (6.3)

1 2] 1 S|
Rz(p575,17§2) g {(Rl,Rg) & R%’_ : RQ S Elog <|D2‘>’R1 +RQ S élog <_|D1|>}

(6.4)

Proof: By symmetry, it suffices to prove (6.2) for i = 1. Given any Xy satisfying
0 =X Xy X Xg, we can find U jointly distributed with S such that U and S — U are
independent zero-mean Gaussian random vectors with covariance matrices Yy and
Yg — Xy, respectively. Note that for any (gl, 5'2) jointly distributed with such (U, S)
subject to the constraints that E[(S — S;)(S — 5,)T] = D; € Dy, i = 1,2, and that

U+ S (51,5,) form a Markov chain, we have

. 1 YYD+ 3 — %
1(5:5JU) > L 1og (2028 it = ol (6.5)
2 | Dy
A 1 |Xs|
I(U:S) > =1 ( ) 6.6
(U:52) 2 108 \ (53 52D, 3 33 — 3| (6:6)

where the equalities in (6.5) and (6.6) hold when S — S; and S; are independent zero-
mean Gaussian random vectors with covariance matrices D; and >g— D;, respectively,

i =1,2. Now the desired result follows by the convexity of Ri(pgg, 3,)-
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To prove (6.3), it suffices to consider the non-degenerate case 0 < Dy < Dy < Yg;
the general case 0 < Dy =< Dy < Y5 can be proved via a simple limiting argument. Let
O; be a zero-mean Gaussian random vector, independent of (U, .S), with covariance

matrix Yo, = (D;' — XM i = 1,2. It is clear that

1(S;5,|U) = I1(S; S + O4|U),

I(U;8,) = I(U:; S + Os).
For any A € [0, 1],

max )\Rl + (1 - )\)RQ

(R1,R2)€R1(pg g, 5,)

= max M (S; $1|U) + (1 — N I(U; Sy)

PU|s

=max A\ (S; 5+ O1|U) + (1 = N)I(U; S + Os)

PU|S

A yzs—EU—i—Eo‘ 1—A ’ZS‘FEO’
_ A ( : ) 1 ( 2 ) 6.7
0<Spang 208 o] LS AN P Sy (6.7)
A /|SuEs'D +Ss — Suly 1- A sl
= max —log( > + log< = >
0=3y=2g 2 | D | 2 |XuXg Dy + Xg — Xy
= max AR + (1 — N Rs,

(R1,R2)€ER1(Xs,D1,D2)

where (6.7) is due to the conditional version of [26, Corollary 4]. This together with

the convexity of Ri(pg g, 5,) and Ri(Xs, D1, Do) proves (6.3). It can be verified that
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and

I(U; 8y) + I(S; So|U) < I(U; 81) + I1(S; S1|U)

1
= 1log (—'ZS|>
2 |Dy|/’

from which (6.3) follows immediately.

Theorem 5 For any (k,Dy,Ds) € T'q, there exist D; € D;, i = 1,2, such that
Ri(Ss, D1, D) € kCipyivyix), i =1,2. (6.8)

Proof: By symmetry, it suffices to prove (6.8) for i = 1. Let {Z(¢)}{2, be an i.i.d.
vector Gaussian process, independent of {S(¢)}:2,, where each Z(t) is an ¢ x 1 zero-
mean Gaussian random vector with positive definite covariance matrix ;. Define
Si(t) = S(t) and Sy(t) = S(t)+ Z(t) for t = 1,2, ---. Now consider an arbitrary tuple
(k,D1,Ds) € I'g. Given any € > 0, according to Definition 6, there exist encoding

function f0™™ . R>™ — X" and decoding functions gf"’m) SV R = 1,2,

satisfying?
n
— < Kk +¢,
m
R . .
. 2 . (6) _ale T < —
Jmin m;l E[(S() = S;7 () (S(t) =577 ()] = Dif| <€, i=1,2

2We have denoted S;(t) by Si(e) (t) to stress its dependence on €
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Therefore, one can find a sequence €y, €, - - - converging to zero such that

Jim — Z E[(S(t) — 5™ (1)(S(t) = 5 (#)"] = D; (6.9)

for some D; € D;, i = 1,2. Note that

As a consequence, we must have (k, Dy, Dy) € I'. Tt then follows from Theorem 1
that

( 10g<’25_25(25+22> 12S|> 1 <’ZS+2Z’>> € KCy(p )
|Dy — Dy(Dy + 7)1 D] 1Dy + 2] 1(Py1 va1x )

Here one can fix (Dy, Ds) and choose the positive definite covariance matrix ¥y

arbitrarily; moreover, it can be verified that

S5 — Ts(Zs + 2)'Ss| _ |Dy' + T5|
D1 = Di(Dy +X2) ' Di] |50+ 55
_ [ZslID1 + 24
|D1||Xs + 22|
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This completes the proof of Theorem 5.

Note that Ri(Xg, D1, Dy) coincides with the capacity region of vector Gaussian
broadcast channel with covariance power constraint Yg and noise covariances A; =
(D' =¥, i = 1,2, when 0 < D; < Dy < Xg. For this reason, we shall denote
R1(Xs, D1, Dy) alternatively by C(G-BC(Xg, Ay, Ay)) (even when Ay and Ay are not
well-defined). One can obtain the following refined necessary condition for the case

where py, y,x is a scalar Gaussian broadcast channel.
Theorem 6 If py, y,x is a G-BC(P, Ny, No) with 0 < Ny < N, then, for any
(k, D1, Ds) € T'g, there exist D; € Dy, i = 1,2, with D1 = Dy such that

C(G—BC(Es, Al, Ag)) Q KC(G—BC(P, Nl, NQ))

Proof: According to the remark after Definition 6, there is no loss of generality in
setting S™ = E[S™|Y;"], i = 1,2. As a consequence, in (6.9) we must have D; < D,
if py, x is degraded with respect to py;;x. Now one can readily adapt the proof of
Theorem 5 to the current setting to show that, for any (k, D, Ds) € I'g, there exist

D; € D;, i =1,2, with D; < Dy, such that

Ri(Ss, Dy, Dy) C kCi(G-BC(P, Ny, No)), i =1,2. (6.10)
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It follows from Proposition 8 that C,(G-BC(P, N1, Ny)) = C(G-BC(P, Ny, N»)), and

Co(G-BC(P, Ny, N)) is given by the set of (R, R2) € R? satisfying

1 )y P+ N; .
—10g<| S|)§§10g< ]—I\_ﬁ ), 1=1,2.

Moreover, in view of (6.2) and (6.4) in Proposition 13, we have

1 2] 1 X5
c 2 . < = 2 < — T .
R2(257D17D2) = {(Rl’RQ) € R+ R2 - 210g <|D2|>7R1 +R2 - 210g <|D1|)}

Therefore,
7-\),1 (ZS, Dl, Dg) g /{Cl (G—BC(P, Nl, NQ))

= RQ(ZS, Dl, Dg) C KJCQ(G—BC(P, Nl, NQ))

when 0 < D; < Dy < X¥g. This completes the proof of Theorem 6.
For the case 0 < Dy = Dy < Yg, one can show by leveraging Proposition 13 that

(6.10) is equivalent to the existence of (Sy, S5) with E[(S — 5;)(S — 5)T] = D; € D;,

1= 1,2, such that

Ri(psg,.5,) € KCi(G-BC(P, Ny, No)), i=1,2;
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in fact, there is no loss of generality in assuming that S — S; and S; are independent
zero-mean Gaussian random vectors with covariance matrices D; and ¥ g — D;, respec-
tively, i = 1,2. Note that U is not restricted to the form U = S + Z (or equivalently
U = E[S]S + Z]) in the definition of Ri(pgg, g,), @ = 1,2, where Z is a zero-mean
Gaussian random vector independent of S. Therefore, removing this restriction does
not lead to a stronger necessary condition. This provides a certain justification for
the choice of the auxiliary random variable in [3].

With no essential loss of generality, henceforth we focus on the non-degenerate

case £ > 0. Define

P* = min{P > 0: C(G-BC(Xg, A1, Ay)) € kC(G-BC(P, N1, Ny))}.

It is clear that, for any 3, > 0, there exists 5 € [0, 1] such that

1 <|ZsHD1+Ez|> < g(ﬂP*+N1>
2 |Dy||Xs + 22/ — 2 N, ’
1 18s + 27| K P*+ N
2o (o) < 3% (Gpran):
2 | Dy + X 4| 2 BP* 4+ Ns
which can be rewritten as
|Xs|| Dy + Sy |\ *
P (BRI
=N D s s, Y
| Dy + X7\ =
P vy (1222,
ﬁ _( 2) |25+Ez| 2
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Hence, for any >, > 0, we have

|Dy + S|\ * 1Xs|| Dy + 2|\ =
P* + N, <—) _N 2N< ) — N,
( 2) EES 2 "\|Dy[|Zs + ] !
ie.,
13s||D1 + X2\ = DEEWIN-
P*>N< ) +(N,— N <—> —N,. 6.11
=MD, s D) T o1

Moreover, there must exist some 5 € [0, 1] and a sequence of positive definite matrices

Eg), k=1,2,---, such that

. 251Dy + 29N k. (BP*+ N
m 5 Lo o) =gl (Cw ).
koo | D1|[5s + 277 !

i Lo (12522 1)) Z t gy (D0

(6]
k—o0 2 |D2_’_E(Zk)| 2 BP* 4+ Ns
which implies
_ Sg||Dy 4+ W)y S+ DWW\ L
P* = lim N1<| s[|1Dy (Zk)‘> +(N2—N1)<%> Ny, (6.12)
koo M Dy||Dy + 27 Dy + 25|

Combining (6.11) and (6.12) gives

|Zs||D1—|—Ez| . |25—|—22| %
P* = su N( ) 4+ (Ny— N (—) — N, 6.13
SN DD, v s,) TN, sy N (68
Therefore, by Theorem 6, if (k, Dy, Ds) € I'g, then
. 1Xs|| D1 + 2|\ = 1Y+ 3z|\ =
P> inf su N( ) +(Ny— N (—) N, (6.14
= A, S M\ B D s, T M, e (619
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where the infimum is over D; and D, subject to the constraints D; € D;, 1 = 1,2,
and Dy < Dy. For the case where D; = {D; : 0 < D; < 6,}, i = 1,2, for some 6

and Oy satisfying 0 < ©; < Oy < X5, we can simplify (6.14) to

|ESH@1+EZ| é ‘Eg—i-zzl A
P o (IO Ta)E o (st Taly:
s Mg 0,15, T Mg, 5, :

from which one can readily recover [3, Theorem 1] by setting ¢ = 1.

Now partition S(t) to the form S(t) = (ST (t), ST (t))T, t = 1,2,---, where each
S;(t) is an ¢; X 1 zero-mean Gaussian random vector with positive definite covariance
matrix Yg., i = 1,2. We require that {S;(¢)}?2, be reconstructed at receiver i subject
to positive definite covariance distortion constraint A;, ¢ = 1,2. This corresponds to
the case where D; = D;(A;) £ {D; : 0 < D; = Bg, D;; = A;} with D; partitioned to
the form

Dy #
D; — ! S i=12.

# Do
Therefore, the lower bound in (6.14) is also applicable here. By restricting ¥, to a

special block diagonal form?

M0
Y, = :
0 g

3Here I is an ¢, x ¢; identity matrix
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one can deduce from (6.14)

) . |Xs|| Dy + 7|\ = |Xs + 22|\ =
P> inf su th( > + (Ny — N (—) — N
= amh, e M, s, T M sy T
. 1Xs||Dio + Xz,|\ = 1Xs, + 32, \ =
= inf su N( : 2) + (Ny — N <#> — Ny, (6.15
b S MDDy 4 5] T M,y ) T (619

where the infimum is over D; and Dj subject to the constraints D; € D;(A;), i = 1,2,

and D; = D,. This potentially weakened lower bound, when specialized to the case

Y Y

k =1, is at least as tight as [18, Theorem 1]. Note that, for any D; € D;(A;), i = 1,2

and any positive definite matrix ¥ partitioned to the form

Yz, #
Yz = ’ , (6.16)
# Yy,
we have
1Xs[| D12 + 2z, > |Xs +2z||D12 + Xz,
|D1|| D2+ Xz,| = |D1+2z||Dop + Xz,|
> X5+ 27|
T D1y + [ Dap + Bz,
=5 + Xzl (6.17)
T AL+ 22, || A + 22,
and
|252 + EZ2| > |ES2 + EZz| (618)

|Doo+ Xz, = [Aa+ Xz,
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Substituting (6.17) and (6.18) into (6.15) gives

X5 + 2z
‘Al + EZ1HA2 + EZQ‘

|25'2 + EZz’
‘A2 + EZz‘

P> sup N1< >é+(N2—N1)< )i—NQ, (6.19)

Yz>0

where ¥z is partitioned to the form in (6.16). Setting x = 1 in (6.19) recovers [18,
Corollary 1]. An equivalent form of the lower bound in (6.19) was first obtained by
Bross et al. [15] via a different approach for the special case k = 1 = ¢, = 1. It is
worth mentioning that source-channel separation is known to be suboptimal in general
for this problem [16,17]. Somewhat surprisingly, the lower bound in (6.19), derived
with the aid of a source-channel separation theorem (i.e., Theorem 4), turns out to be
tight when k = ¢ =1 [18, Theorem 2| and is achievable by a class of hybrid digital-
analog coding schemes?! [18, Section IV.B]. Therefore, the application of source-
channel separation theorems is not restricted to the relatively limited scenarios where
the separation architecture is optimal; they can also be used to prove the optimality
of non-separation based schemes and determine the performance limits in certain

scenarios where the separation architecture is suboptimal.

4The hybrid scheme in [16] can be viewed as an extremal case of this class of schemes.

68



Chapter 7

Conclusion

We have established a source-channel separation theorem, which is further leveraged
to derive a general necessary condition for the source broadcast problem. It is in-
triguing to note that, in certain cases (see, e.g., Theorem 3 and Theorem 6), this
necessary condition takes the form of comparison of two capacity regions. This is by
no means a coincidence. In fact, it suggests a new direction that can be explored to

establish stronger converse results for the source broadcast problem [27].
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