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Coding Schemes with Rate-Limited Feedback that
Improve over the Nofeedback Capacity for a Large
Class of Broadcast Channels

Youlong Wu, Michele Wigger

Abstract—We propose two coding schemes for the two-receiver
discrete memoryless broadcast channel (BC) with rate-limited
feedback from one or both receivers. They improve over the
nofeedback capacity region for a large class of channels, including
the class of strictly essentially less-noisy BCs that we introduce in
this article. Examples of strictly essentially less-noisy BCs are
the binary symmetric BC (BSBC) or the binary erasure BC
(BEBC) with unequal cross-over or erasure probabilities at the
two receivers. When the feedback rates are sufficiently large,
our schemes recover all previously known capacity results for
discrete memoryless BCs with feedback.

In both our schemes, we let the receivers feed back quantiza-
tion messages about their receive signals. In the first scheme, the
transmitter simply relays the quantization information obtained
from Receiver 1 to Receiver 2, and vice versa. This provides
each receiver with a second observation of the input signal and
can thus improve its decoding performance unless the BC is
physically degraded. Moreover, each receiver uses its knowledge
of the quantization message describing its own outputs so as to
attain the same performance as if this message had not been
transmitted at all.

In our second scheme the transmitter first reconstructs and
processes the quantized output signals, and then sends the
outcome as a common update information to both receivers. A
special case of our second scheme applies also to memoryless
BCs without feedback but with strictly-causal state-information
at the transmitter and causal state-information at the receivers.
It recovers all previous achievable regions also for this setup with
state-information.

Index Terms—Broadcast channel, channel capacity, rate-
limited feedback

I. INTRODUCTION

For most discrete memoryless broadcast channels (DMBC),
it is not known whether feedback can increase the capacity
region, even when the feedback links are noise-free and of
infinite rate. There are some exceptions. For example, for
all physically degraded DMBCs the capacity regions with
and without feedback coincide [[1l]. The first simple example
DMBC where feedback increases capacity was presented by
Dueck [2]. His example and coding scheme were general-
ized by Shayevitz and Wigger [3] who proposed a general
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scheme and achievable region for DMBCs with generalized
feedback. In the generalized feedback model, the feedback
to the transmitter is modeled as an additional output of the
DMBC that can depend on the input and the receivers’ outputs
in an arbitrary manner.

Other achievable regions for general DMBCs with perfect
or noisy feedback have been proposed by Kramer [4] and by
Venkataramanan and Pradhan [5]. Kramer’s achievable region
can be used to show that feedback improves capacity for some
specific binary symmetric BCs (BSBC). Comparing the general
achievable regions in [3]], [4], [S] to each other is hard because
of their complex form which involves several auxiliary random
variables.

A different line of works has concentrated on the mem-
oryless Gaussian broadcast channel (BC) [6], [7], [8l, [9],
[10f, [L1h, [L2], [13], [14], [15]. The best achievable region
for perfect feedback and when the noises at the two receivers
are independent is given in [10] and is based on a MAC-
BC duality approach. In [12], the asymptotic high-SNR sum-
capacity for arbitrary noise correlation is derived.

In this paper, we consider DMBCs with rate-limited feed-
back, where the feedback links from the receivers to the
transmitter are assumed to be instantaneous and noiseless but
rate-limited. We present two types of coding schemes that use
Marton coding [[16] in a block-Markov framework (similar
to [3l]), and where in both types the receivers feed back
compression information about their channel outputs of the
previous block.

In our type-I schemes, (Schemes IA-IC), the encoder simply
relays the obtained compression informations as part of the
cloud center of the Marton code employed in the next-
following block. Each receiver reconstructs the compressed
version of the other receiver’s outputs, and decodes its in-
tended data and compression information based on this com-
pressed signal and its own channel outputs. The key novelty of
our scheme is that in this decoding each receiver cleverly uses
its knowledge of the compression messages describing its own
previous outputs in a way as to attain the same performance
as if this message had not been transmitted at all.

In our type-II scheme, (Scheme II), the encoder uses the
feedback messages to reconstruct compressed versions of both
receivers’ channel outputs, and then processes these com-
pressed signals together with the previously sent codewords to
generate update information for the two receivers. This update
information is sent as part of the cloud center of the Marton
code employed in the next-following block. Each receiver



uses backward decoding to simultaneously reconstruct the
encoder’s compressed signal and decode its intended messages
sent in the cloud center and satellite.

Our coding schemes exhibit the following features:

o Unlike previous schemes, our new schemes strictly im-
prove over the nofeedback capacity region for a large
class of memoryelss BCs, which includes:

1) Strictly essentially less-noisy DMBCs, which we
define in this paper and which represent a subclass
of Nair’s essentially less-noisy DMBCs [17]. They
include as special cases the BSBC and the binary
erasure BC (BEBC) with unequal cross-over prob-
abilities or unequal erasure probabilities at the two
receivers, and the binary symmetric/binary erasure
channel BC (BSC/BEC-BC) for a large range of
parameters.

2) The BSC/BEC-BC for all parameters where this
DMBC is more capable [18]] and the BSC and the
BEC have different capacities.

3) The memoryless Gaussian BC with unequal noise
variances at the two receivers|[l]

4) An instance of the semideterministic BC as is
proved in [19].

o When the feedback-rates are sufficiently large, our new
schemes recover all previously known capacity results
for DMBCs with perfect feedback. In particular, they
improve over the Shayevitz-Wigger scheme for perfect
feedback [3]] when this latter is restricted to send all the
update information in the cloud center. This represents a
prominent special case of the Shayevitz-Wigger scheme
that subsumes the capacity-achieving scheme by Wang
[20] or by Georgiadis & Tassiulas [21] for the two-user
BEBC where both receivers know all erasure events.

e Subject to a slight modification, our coding schemes
apply also to a setup with noisy feedback links when the
receivers can code over them. All our achievable regions
remain valid also in this modified setup.

o A special case of our type-II coding scheme applies also
to state-dependent DMBCs without feedback but where
the receivers learn the state causally and the transmitter
learns it strictly causally. Our new achievable region for
this state-dependent setup recovers all previous achiev-
able regions. In particular the Degrees of Freedom (DoF)
result by Maddah-Ali & Tse [22], and the achievable
regions and capacity regions presented by Kim, Chia, and
El Gamal in [23].

The idea of our type-I schemes extends to more general
networks. In [24], such extended coding schemes are proposed
for the discrete memoryless multicast network (DMMN),
where one transmitter wishes to communicate a message to
multiple receivers over a relay network. The result shows that
with feedback, one can strictly improve over noisy network

!Interestingly, our result hinges on the fact that the receivers are allowed to
code over the feedback links: A recent result by Pillai and Prabhakaran [14]]
shows that when the feedback links are additive Gaussian noise channels of
noise variance exceeding a certain threshold, then one cannot improve over the
nofeedback capacity if the receivers simply feed back their channel outputs.
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Fig. 1. Broadcast channel with rate-limited feedback

coding [25] and distributed decode-forward coding [26] for
some DMMN:s.

The rest of this paper is organized as follows: In Sections
and we describe the channel model and present some
previous results on BCs with and without feedback. In Sec-
tion [[V] we define the class of strictly essentially less-noisy
BCs. In Section [V| we propose a simple coding scheme that
motivates our work. Sections [VI] and present our main
results: new achievable regions with rate-limited feedback and
conditions under which they improve over the nofeedback
capacity region. Section [[X|describes our new coding schemes
achieving the rate regions in Section In Section [X] we
compare our new achievable regions with previous results and
discuss extensions of our results to related setups. Finally, in
Section we numerically evaluate one of our achievable
regions for several examples.

A. Notation

Let R denote the set of real numbers and Z™* the set of
positive integers. We use capital letters to denote random
variables and small letters for their realizations, e.g., X and
x. For j € Z%, we use the short hand notations X7 and z7
for the j-tuples X7 := (X1,...,X;) and 27 := (z1,...,2j).
Sets are usually denoted by caligraphic letters, e.g., S. For a
finite set S, we use |S| for its cardinality and S7 for its j-fold
Cartesian product S7:=8x---xS, for j € ZT. For a subset
S C R? we use bd(S) to denote its boundary and int(S) for
its interior. We also use caligraphic letters for events, mostly
E. Moreover, we denote the complement of event £ by £°.

Given a distribution P4 over some alphabet A4, a positive
real number £ > 0, and a positive integer n, TE(”)(PA) is the
typical set in [27]]. Given a positive integer n, let 1, denote
the all-one tuple of length n, e.g., 13y = (1,1,1). B

We use definitions @ := (1 — a) and a x b := ab + ab, for
a,b € [0,1]. Moreover, Z ~ Bern(p) denotes that Z is a binary
random variable taking values 0 and 1 with probabilities 1 —p
and p. We use Hy(+) for the binary entropy function; thus the
entropy of random variable Z ~ Bern(p) is given by Hy(p).

II. CHANNEL MODEL

Communication takes place over a DMBC with rate-limited
feedback, see Figure [l The setup is characterized by the
finite input alphabet X, the finite output alphabets ); and
Yo, the channel law Py, Yo X and nonnegative feedback rates
Rpp,1 and Rpyp 2. If at discrete-time ¢ the transmitter sends the
channel input x; € X, then Receiver i € {1,2} observes the
output Y; ¢ € V;, where the pair (Y14, Y2 1) ~ Py, v, |x (-, -|7¢).
Also, after observing Y;,, Receiver ¢ can send a feedback
signal F; , € F; . to the transmitter, where F;; denotes the



finite alphabet of F;; and is a design parameter of a scheme.
The feedback link between the transmitter and Receiver % is
assumed to be instantaneous and noiseless but rate-limited to
Rpp,; bits on average. Thus, if the transmission takes place
over a total blocklength N, then
|Fial x - x | Fon| <2NBrei e {1,2). (la)
The goal of the communication is that the transmit-
ter conveys two independent private messages M; €
{1,...,[2NF1 ]} and My € {1,...,[2VB2]}, to Receiver 1
and 2, respectively. Each M;, i € {1,2}, is uniformly
distributed over the set M; = {1,...,[2VFi |}, where R;
denotes the private rate of transmission of Receiver 1.
The transmitter is comprised of a sequence of encoding
functions {ft(N)}ivzl of the form ft(N) My X Mg X Fig X
X Frp—1 X Fo1 XX Fa 1 — X that is used to produce
the channel inputs as
X, = £ (My, My, F{7L FETY), te {1, NL @)
Receiver i € {1,2} is comprised of a sequence of feedback-
encoding functions {ng)}il of the form qu(fP V8= Fiy
that is used to produce the symbols
Zt_w (217"’7Y’-L'7t)7

te{l,...,N}, @)

sent over the feedback link, and of a decoding function @EN) :
YN — M, used to produce a guess of Message M;:

M; = oM (). 4)

A rate region (R;,R2) with averaged feedback rates
Rpp,1 > 0, Rpp2 > 0 is called achievable if for every
blocklength N, there exists a set of encoding functions
{ ft(N)} ,_, and for i € {1,2} there exists a set of decoding
functions <I>(N) feedback alphabets {F; t}t 1 satisfying (T,

and feedback-encoding functions {¢( } —, such that the
error probability

PN = Pr (M, # My or My # M) )

tends to zero as the blocklength NV tends to infinity. The
closure of the set of achievable rate pairs (R, R2) is called
the feedback capacity region and is denoted by Cgp.

In the special case Rpp,1 = Rpp 2 = 0 the feedback signals
are constant and the setup is equivalent to a setup without
feedback. We denote the capacity region for this setup Cnors.

When Rpp1 > logy | V1| and Rpy, 2 > log, [V2|, our setup
is equivalent to a perfect-feedback setup where after each
channel use the receivers feed back their channel outputs.

III. PREVIOUS INNER AND OUTER BOUNDS

We recall some previous results on the capacity region of
DMBCs without and with feedback.

A. DMBC without feedback
1) Marton’s coding: The capacity region of DMBCs with-
out feedback is in general unknown. The best known inner
bound without feedback is Marton’s region [16], Rumartons
which is the set of all nonnegative rate pairs (R;, R2) sat-
isfying
I(U07 Ula Yl)
< I(Uo, Us; Y2)
Ry +R2 < I(Uo, Ul;Y1)+I(U2;Y2|U0)—
Rl +R2 S I(Uo, UQ;Y2)+I(U1;Y1|U0)—

(6a)
(6b)
I(U1;U3|Ug)  (6¢)
I(Uy;Us|Ug)  (6d)

/\\/\

for some probability mass function (pmf) Py,v,v, and a
function f: Uy x Uy x Us — X such that X = f(Uy, Uy, Us).

To evaluate Marton’s region, it suffices to consider distri-
butions Py, v,x for which one of the following conditions
holds [28]], [29]], [30]:

o I(Uo; Y1) = 1(Up; Y2);

e I(Up; Y1) < I(Up;Ys) and U; = const,;

e I(Up; Y1) > I(Up; Ys) and Us = const..

2) Superposition coding region: An important subset of
Marton’s region is the superposition coding region, R
which results when Marton’s constraints are specialized to
U; = const. and X = U,. That means, RSupeer is defined as
the set of all nonnegative rate pairs (R, R2) satisfying

SuperPos 4

Ry <I(U; 1) (Ta)

Ry < I(X;Y2|U) (7b)

Ri+ Ry < I(X;Ys) (Tc)

for some pmf Py x. The superposmon coding region RSupeer

is defined in the same way as R
indices 1 and 2.

3) Nair-El Gamal outer bound: In [31] Nair-El Gamal
proposed an outer bound on the capacity region of DMBCs
without feedback. It is the set of all nonnegative rate pairs
(R, Ry) satisfying

Supeﬂ,os but with exchanged

1 < I(U; Y1) (8a)
2 < I(V3Y2) (8b)
R1+R2 I(U; Y1) + 1(X; Y2|U) (8c)
Ri+ Ry < I(V;Ya) + I(X;Y4|V) (8d)

for some pmf Pyy x.

The Nair-El Gamal outer bound is known to coincide with
Marton’s region for the following classes of DMBCs, which
also play a role in the present paper:

e stochastically or physically degraded DMBCs [32]
o less noisy DMBCs [33|]

o essentially less noisy DMBCs [17]

o more capable DMBCs [33|].

In all these classes of DMBCs one of the two receivers is
stronger than the other receiver in some sense. This makes that
superposition coding is as good as the more general Marton
coding and achieves capacity.

The various classes of BCs satisfy the relationships [[L7],
[34]:



Ry < I(Uy, Uy; Y1, Vi|Q) — I(Uy, Uy, Uz, Yo; Vo, V1| Y1, Q)
RZ S I(U07 UQaY27‘/2‘Q) - I(UO7 Ula U27Y1;Vb7 ‘/2|}/27Q)

(9a)
(9b)

Rl + R2 S I(Ul;Yla V1|U07Q) + I(U2;Y27 ‘/2|U07Q) + En*/{lll%} I(UanLv ‘/Z|Q) - é?iaz(} I(UOa UlaU27Y1a}/2; VOD/“Q)

—I(Uo, Uy, U, Yo; V1| Vi, Y1, Q) — I(Up, U1, Us, Y1, Yo; Va| Vi, Ya, Q) — I(Us; Us|Uo, Q)

(9¢)

Ri+ Ry < I(Uy, Ur; Y1, V1|Q) + I(Up, Us; Y, Va| Q) — I(Ur; Us|Uy, Q)

—1(Uo, Uy, U, Y2; Vo, Vi|Y1, Q) — I(Uo, Uy, Uz, Y1; Vo, Va|Y2, Q)

(9d)

o degraded C less-noisy C more capable,
e less noisy C essentially less noisy,

« essentially less-noisy ¢ more capable,
« more capable ¢ essentially less-noisy.

B. DMBC with feedback

Previous results on the DMBC with feedback mostly fo-
cus on perfect feedback, which in our setup corresponds to
Rpp,1 > logy | V1] and Rpy, 2 > logy |Va]. The previous results
that are most closely related to our work are:

1) Shayevitz-Wigger achievable region: The achievable re-
gion with feedback that is most closely related to our pa-
per is the Shayevitz-Wigger region [3]. It is the set of all
nonnegative rate pairs (Rj, Ry) that satisfy (9) for some
pmf PQPU0U1U2|QPV0V1V2|U(]U1U2Y1Y2Q and some function
[ QxUy xUy x Uy — X, where X = f(Up, Uy, Us, Q).

2) Ozarow-Leung outer bound: A simple outer bound on
the capacity region with output feedback is given in [6]. It
equals the capacity region Céil)] of an enhanced DMBC where
the outputs Y;" are also revealed to Receiver 2. Notice that
this enhanced DMBC is physically degraded and thus, with
and without feedback, its capacity region is given by the set
of all nonnegative rate pairs (R1, R2) that satisfy

R1 S I(U;Yl)
R2 S I(X,Yl,Y2|U)

(10a)
(10b)
for some pmf Py x.
Exchanging everywhere in the previous paragraph indices 1
and 2, we can define a similar enhanced capacity region C]E:;%,
2

which is also an outer bound to Cr,. The intersection Cérll% NCean
yields an even tighter outerbound [20], [21].

IV. DEFINITIONS
We recall the definition of essentially less-noisy DMBCs
since they are important for this paper.

Definition 1 (From [17]). A subset Px of all pmfs on the
input alphabet X is said to be a sufficient class of pmfs for
a DMBC if the following holds: Given any joint pmf Pyyx
there exists a joint pmf P[;\, x that satisfies
Py (x) € Px

Ip(U;Y1) < Ip/(U; Y1)

Ip(V;Ya) < Ip/(V;Ya)
)

<
IP(U;Y1) +IP(X;Y2‘U < IP/(U;Y1) -‘rIp/(X;Y2|U)

Ip(V;Ya) + Ip(X;Y1|V) < Ip/(V;Ya) + Ip (X Y3|V)

where the notations Ip and Ip: indicate that the mutual
informations are computed assuming that (U,V,X) ~ Pyyx
and (U,V,X) ~ P[;\,x and P (z) is the marginal obtained
from Pl .

Definition 2 (From [17]). A DMBC is called essentially less-
noisy if there exists a sufficient class of pmfs Py such that
whenever Px € Px, then for all conditional pmfs Py x,

I(U; Y1) < I(U; Ya). (11

The class of essentially less-noisy DMBCs contains as
special cases the BSBC and the BEBC. Also the memoryless
Gaussian BC is essentially less noisy.

For essentially less-noisy DMBCs, Marton’s coding (or su-
perposition coding) is known to achieve capacity [17]]. To eval-
uate the superposition coding region Ré}l;erPos of an essentially
less-noisy DMBC, it suffices to evaluate the region given by
constraints (7) for pmfs Py x that satisfy I(U; Y1) < I(U; Ys).

In this paper, we introduce the new term strictly essentially
less-noisy BC, a subclass of essentially less-noisy DMBCs.

Definition 3 (Strictly Essentially Less-Noisy). The definition
of a strictly essentially less-noisy DMBC coincides with the
definition of an essentially less-noisy DMBC except that In-
equality (1)) needs to be strict whenever 1(U;Y7) > 0.

The BSBC and the BEBC with different cross-over prob-
abilities or different erasure probabilities at the two receivers
are strictly essentially less-noisy.

V. MOTIVATION: A SIMPLE SCHEME

We sketch a simple scheme that motivates our work.
Consider first the coding scheme in Subsection without
feedback, on which we build our coding scheme with feedback
in Subsection

A. A coding scheme without feedback

Assume each message is split into B submessages, M; =
(Ml,la ey Ml,B) and M2 = (M271, e ,MQ’B). We apply
block-Markov coding with B+1 blocks of length n = LBLHJ,
and in each block b € {1,...,B + 1} we use superposition
coding to send fresh messages M, and My ;. Message M
is sent in the cloud center U and Message M> 3, in the satellite
codeword X;'. Thus, the scheme is expected to perform well
when the following gap is nonnegative:

I':=1(U;Ys) = I(U;Y1) > 0. (12)



After each block, both Receivers 1 and 2 decode the
cloud center codeword U} (M, ;) by means of joint typicality
decoding. By the Packing Lemma [27], Receiver 1 will be
successful with high probability whenever

Ry < I(U;Y1) (13)
and Receiver 2 will be successful whenever

Ry < I(U;Ya). (14)
Receiver 2 also decodes the satellite codeword

X7 (M p| M ), which is possible with very high probability
whenever Ry < I(X;Y2|U).
We notice that when

>0, (15)

Constraint (I4) is not active in view of Constraint (I3). In this
case, Receiver 2 would be able to decode the cloud center
even if it contained a second additional message of rate I'.
The problem is that adding an arbitrary additional message to
the cloud center, might make it impossible for Receiver 1 to
decode since then (13) could be violated.

We now show that when there is feedback from Receiver 1,
the transmitter can identify a suitable additional message that
it can add to the cloud center and that will improve the
performance of the scheme.

B. Our coding scheme with feedback

Assume there is feedback from Receiver 1, i.e., Rpp,1 > 0;
we ignore feedback from Receiver 2. As in the previous

codebook of satellite codewords
X7 (Mo | My, Mpy,1p-1)

codebook of cloud centers Uy (Afl,b., JWFb,l,b,l)

Mrp,1,6-1

Mgy 151 = |27 — 1]

-—
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My —»

Fig. 2. Code construction in the simple motivating scheme for each block b.
Each dot represents a codeword.

subsection, we employ a block-Markov strategy. In each
block we use superposition coding as shown in Figure [2}
the block-b cloud center U encodes the two messages M 3
and Mpy,15—1 and the only satellite encodes message Ma .
Here, Mry 1,51 is a feedback message that Receiver 1 sent
back at the end of block b — 1. Specifically, Receiver 1
generates Mgy, 1,p—1 as a Wyner-Ziv message that compresses
Receiver 1’s block-(b—1) outputs Y7, so that a decoder that
has side-information Y27,Lb—1 can reconstruct the compressed

outputs Y%, | of Y%, . Message Mg, 14 1’s rate R; thus
has to satisfy

Ry > I(Y1; Y1]Y2). (16a)

Also, since it is sent over the feedback link, it has to satisfy

Ry < Ry, (16b)
and for ease of exposition, we further restrict
Ry <T. (16¢)

Decoding is performed as follows. After each block b, Re-
ceiver 1 decodes the cloud center. Since it is already aware of
message My, 1,p—1 (it created it itself), in the decoding it can
restrict attention to all cloud-center codewords that correspond
to the correct value of Mgy 1,,—1. (In the code construction
in Figure [2] it restricts to a specific row of the cloud center
codebook. For example, when Mgy 1p-1 = [2nf ] — 1 it
restricts to the light blue row.) Thus, for Receiver 1 the
situation is as if message Mgy 1,5—1 Was not present and had
not been sent at all.

After each block b, Receiver 2 performs the following three
decoding steps:

e Based on YJ it decodes both messages M;; and

Meyp1,p—1 in the cloud center.

o It uses the Wyner-Ziv message M1 -1 and its block-
(b — 1) outputs Y27,Lbf1 to reconstruct ?17,11771’ the com-
pressed version of Y7, ;.

« Based on the triple (Y}",_,, Y3, |, U ) it decodes
its intended message Moy ;,_1 sent in the satellite
X (Mg p—1|Mi p—1, My 1,5—2) of the previous block.

Receiver 1 errs with vanishingly small probability of error
if

Ry < I(U; ). (17a)

Receiver 2 errs with vanishingly small probability of error if
Ry < I(X;Y1,Y,|U) = I(X; Y2|U) + I(X; Y1|U, Ya), (17b)
and if

Ri+ Ry <I(U;Yy) = I(U; Y1) + T,

which is already implied by and (T74).

We conclude by (T6) and (I7) that the error probability of
our scheme tends to 0 as the blocklength n and the number
of blocks B tend to infinity, whenever the rate pair (R, Rs)
satisfies (T7) for some pmfs Pyx and Pfﬁ\Yl that satisfy

I(Y1;Y1|Ys) < min{T, Rep 1 }- (18)

Our new constraints differ from the original superposi-
tion coding constraints mainly in that the output Y5 can be
replaced by the pair (Ya, }71). This is because in our scheme the
compressed output Y; is conveyed to Receiver 2. Remarkably,
there is no cost in conveying this compressed output Y; to
Receiver 2: the compression information for Receiver 2 can
be freely piggybacked on the data sent to Receiver 1. Our new
scheme thus improves over the standard superposition coding
scheme whenever }71 is useful at Receiver 2, i.e., whenever

I[(X;Y1|U, Yz) > 0.



In the presented scheme, the transmitter simply relays the
information it received over the feedback link to the other
receiver. In this sense, the feedback link and part of the cloud
center allow to establish a communication link from Receiver 1
to Receiver 2, where the link is of rate

min{F,RFb)l}. (19)

We use this link to describe the compressed output Y; to
Receiver 2.

C. Extensions

For ease of exposition, we kept above coding scheme as
simple as possible. It is easily extended in the following
directions:

o The block-b Wyner-Ziv code that compresses Y7", can be
superposed on the cloud center U}, since Receiver 1 has
already decoded this cloud center before generating (or
using) the Wyner-Ziv message Mgp | p.

o When Rpy 2 > 0, also Receiver 2 can send a Wyner-Ziv
compression messages over the feedback link; now fwo
additional messages Mgy 1,p—1 and Mgy 2 -1 have to be
included in the block-b cloud center.

o Superposition coding can be replaced by full Marton
coding.

o The receivers can decode the cloud center and their
satellites jointly based on their own outputs and the
compressed version of the other receiver’s outputs.

« Sliding-window decoding at the receivers can be replaced
by backward decoding.

Each of these modifications can only improve our scheme.
However, there is a tension between the first modification and
the last two modifications. If a receiver uses backward decod-
ing instead of sliding-window decoding, it can’t superpose its
Wyner-Ziv code on the cloud center. This is simply because
at the time it has to generate its Wyner-Ziv mesage, it hasn’t
yet decoded the cloud center. The same applies under sliding-
window decoding if the receiver decodes the cloud center and
the satellite jointly.

For each receiver, one has thus to decide on the following

two options:

1) use successive sliding-window-decoding of the cloud
center and the satellite of the Marton code, and superpose
the Wyner-Ziv code on the Marton cloud center; or

2) use joint backward-decoding of the cloud center and the
satellite of the Marton code, and do not superpose the
Wyner-Ziv code on the cloud center.

It is unclear which of the two options performs better. In
Section we present all three possible combinations: both
receivers apply Option 1 (Scheme IA); both receivers apply
Option 2 (Scheme IB); one receiver applies Option 1 and
the other Option 2 (Scheme IC). The corresponding three
achievable regions are given in Theorems [[H3] in the next-
following Section

VI. NEW ACHIEVABLE REGIONS

The following achievable regions are based on the coding
schemes in Section

Our first region is achieved by our scheme IA described in
Section where both receivers apply successive sliding-
window-decoding of the cloud center and the satellite of the
Marton code, and they superpose the Wyner-Ziv code on the
Marton cloud center.

Theorem 1 (Sliding-Window Decoding). The capacity region
Crv includes the set Rrelay,s of all nonnegative rate pairs
(R1, Ry) that satisfy
Ri<I(Uy, Up;Y1,Y2|Q) — I(Y2;Up, Y2|Y1,Q)  (20)
Ry <I(Up, Uz; Yo, Y1|Q) — I(Y1; U, Y1[Y2,Q)  (20b)
Ry <1(Up; Y2|Q) + Az — I(Y1: Y1|Up, Uz, Y2, Q) (20c)
Ry <I(Uo; Y1|Q) + A1 — I(Ya; Ya|Uo, Us, Y1, Q) (20d)
Ri+Ry < I(Uy,Uy; Y1, Ya|Q) + Ay

—I(Ya;Up, Ya|Y1,Q) — I(U1; U2|Up, Q) (20e)
R1+R2§[(U0,U2;Y2,571\Q)+A2
—I(Y1;Up, Y1|Y2,Q) — I(U1; U2|Up, Q) (20f)
Ri+Ry <I(Up,Up; Y1, Y2|Q) + I(Up, Us; Y2, Y1|Q)
—1(Y2; Uy, Ya|Y1, Q) — I(Y1;Up, Y1|Y2, Q)
—I(U1; U2|Uy, Q) (20g)

where
Al = min{I(UQ;YQ,?ﬂUOvQ)a

1(Us; Y2, Yi|Uo, Q) — I(Ya; Y1|Us, Y2, Q) + B 1}
AQ = min{I(Ul;YhYYZ|UO7Q)a

I(U1; Y1, Y2|Uo, Q) — 1(Y2; Y2|Uo, Y1, Q) + Rpv,2}

for some pmf PQPUoUle\QPYfl|Y1U0QPY/2|Y2UOQ and some
Sfunction f: Uy x Uy x Us x Q — X such that A1,Ay > 0

and
1(Y1;Y1|U, Uz, Y2, Q) <min{I(Up; Y2|Q), Rrva}  (21a)
1(Y2; Ya|Up, Uy, Y1, Q) <min{I(Up; Y1|Q), Rrp2}  (21b)
where X = f(Uy, Uy, Us, Q).
Proof: See Section [IX-A| [ ]
For sufficiently large feedback rates Rp,; and Rppo (in

particular for Rp,1 > log,|Vi| and Rpy, o > logy|YVa|), we
have

<
<

Ay = I(Uz; Yo, Y1|Uo, Q)
Ay = I(Uy; Y1, Y2|Up, Q)

(22a)
(22b)

The second region is based on our Scheme IB described
in Section where the receivers apply joint backward-
decoding of the cloud center and the satellite of the Marton
code, but they do not superpose the Wyner-Ziv code on the
cloud center.

Theorem 2 (Backward Decoding). The capacity region Cr, in-
cludes the set Rrelay,bwﬂ of all nonnegative rate pairs (R, Ro)
that satisfy

Ry < I(Uo,Ur;Y1,Y2[Q) — I(Ya; Y2|Y1,Q)  (23a)
2The subscript “relay” indicates that the transmitter simply relays the
feedback information and the subscript “sw” indicates that sliding-window
decoding is applied.
3The subscript “bw” stands for backward decoding.



Ry < I(Uy, Uz Y2, Y1|Q) — I(Y1; Y1 (Y2, Q)
Ry + Ry < I(Uy, U3 Y1, Y2|Q) + Ay

(23b)

—I(Ya; Yol Y1, Q)—I(Ur; U2|Uo,Q)  (23¢)
Ry + Ry < I(Uy, Uz; Y2, Y1|Q) + A
—I1(Y1;Y1|Ya, Q) —I(Uy; Ua|Up,Q) (23d)
Ri + Ry < I(Uy,U1; Y1,Y2|Q) — I(Ya; Y2|Y1, Q)
+I(Uy, Uz; Yo, Y1|Q) — I(Y1; Y1|Y2, Q)
—I(U1; U2|Uy, Q) (23e)

Jor some pmf Po Py,u, v, Py, v QP{,Q Y20 and some function
Uy x Uy x Us x Q = X such that

(24a)
(24b)

1(Y1; Y1|Uy, Us, Ya,Q) < Riw 1
I1(Y2; Ya|Up, U1, Y1,Q) < Ry 2

where X = f(Uy, Uy, Us, Q).

Proof: See Section [[X-B] [ |
Setting Y7 = Y5 = const., i.e., both receivers do not send
any feedback, the region Rielaypw specializes t0 Rvarton-

Remark 1. Constraints 23) and 24) are looser than Con-
straints 20) and 21), respectively. But in Theorem 2| we have
the conditional pmfs PY’llYl and P}"/2|Y2 whereas in Theorem
we allow for more general pmfs PY1|Y1 v, and P}~,2‘Y2UO. It is
thus not clear in general which of the achievable regions in
Theorems [I)or 2] is larger.

The third region is based on our Scheme IC (Section [IX-C)),
where Receiver 1 applies successive sliding-window-decoding
of the cloud center and the satellite of the Marton code, and
superposes the Wyner-Ziv code on the Marton cloud center,
and Receiver 2 applies joint backward-decoding of the cloud
center and the satellite of the Marton code, but does not
superpose the Wyner-Ziv code.

The scheme is particularly interesting when there is no
feedback from Receiver 2, R, 2 = 0, and when Marton’s
scheme specializes to superposition coding with no satellite
codeword for Receiver 1. The rate region corresponding to
this special case is presented in Corollary [I] ahead.

Theorem 3 (Hybrid Sliding-Window Decoding and Backward
Decoding). For Rpy, 2 = 0, the capacity region Cr, includes
the set Rr(ellzly’h of all nonnegative rate pairs (R, Ry) that
satisfy

Ry < I(Uy,Uy;Y711Q) (25a)
Ry < I(Uy, Us; Y1, Y2|Q)
—1(Y1;Uo, Uy, Us, Y1|Y2, Q) (25b)
Ri 4+ Ry < I(Up,Uy;Y1|Q) + Ay
—I(Uy1; Us|Uy, Q) (25¢)
Ry + Ry < I(U1; Y1|Up, Q) + I(Uy, Us; Y1, Y2|Q)
~1(Y1;Up, Ur, U2, Y1|Y2, Q)
—I(Uy; Us|Uy, Q) (25d)

4The subscript “hb” stands for hybrid decoding.

for some pmf PqPu,u,v,1QPy, v,u,q and some function
iUy x Uy xUs X Q — X such that

1(Y1;U1,Y:|Uo, Uz, Y2, Q) < Rev,1. (26)
The capacity region Cg, also includes the region erlzly’hb

which is obtained by exchanging indices 1 and 2 in the above

definition of R, -

Proof: See Section |[X- [ |

If superposition coding is used instead of Marton coding,
Theorem [3] reduces to the following corollary.

Corollary 1. The capacity region Cgy, includes the set Rgliy’s
of all nonnegative rate pairs (R1, Ry) that satisfy

Ry < I(U; 11]Q) (27a)
Ri+Ry < I(U; Y1|Q) + I(X; Y2, Y1 |U,Q) (27b)
Ri+Re < I(X;Y3|Q) — I(V3Y1|U, Y2, Q) (27¢)

for some pmf Pg Py X|QP§,1‘Y1UQ such that
I1(Y1;Y1|U,Y2,Q) < Ry 1. (28)

The capacity region Cg, also includes the region ’Rr(:]zly’sp

which is obtained by exchanging indices 1 and 2 in the above

definition of Rr(ellgiy,sp'

Proof: Let 172 =U; =const, U = Uy and X = Us.
Constraint (25a) then specializes to and Constraint
(25DB) is redundant compared to Constraint (25d). Observe that
Constraints (25d) and (26) are looser than Constraints

and (28), respectively. Also, by (28)), Constraint reduces
to . Thus the capacity region Cg, includes the region

Rfellay,sp' Similar arguments hold for Rr(:liy’sp. [ ]

Remark 2. The region Rr(ellziy‘hb contains the regions in Theo-

rems |Z|and when these latter are specialized to Uy = const.,
UQ = X, and RFb,Q =0.

In our Schemes IA-IC the transmitter simply relays the
compression information it received over each of the feedback
links to the other receiver, as is the case also for our motivating
scheme in the previous section [V]

Alternatively, the transmitter can use this feedback informa-
tion to first reconstruct the compressed versions of the channel
outputs and then compress them jointly with the Marton
codewords. The indices resulting from this latter compression
are then sent to the two receivers. The following Theorem ]
presents the rate region achieved by this Scheme II.

Theorem 4. The capacity region Cg, includes the set Rpmﬁ
of all nonnegative rate pairs (R1, Ry) that satisfy

Ry < I(Uy,Uy;Y1,Y1,V|Q)

—I(V;Uy, Uy, Us, Yo|¥1, Y1, Q) (29a)
Ry < 1(Up, Us; Y2, Y2, V|Q)
_I(V7 UO? Ulv UQ; Y1|Y27 Y27 Q) (29b)

5The subscript “sp” stands for superposition coding.
5The subscript “proc.” indicates that the transmitter processes the feedback
information it receives.



Ry + Ry < I(Up, Up; Y1, Y1, V|Q) — I(Uy; Us|Us, Q)
—I(V;Uo, U1, Us, Ya| Y1, 11, Q)
+1(Us; Yo, Y2, VU, Q) (29¢)
Ry + Ry < I(Uy, Us; Ya, Y2, V|Q) — I(Ur; Us|Up, Q)
—I(V;Up, Uy, Us, Y1 |Ya, Yo, Q)
+I(U1; Y1, Y1, VU, Q) (29d)
Ry + Ry < I(Uo,Uy; Y1, Y1, VIQ) — I(Ur; Us|Up, Q)
—I(V; Uy, Uy, Us, Yo|Y1, Y1, Q)
—I(V; U, U1, Us, Y1|Y2,Y2,Q)

+1(Uy, U; Ya, Ya, V|Q) (29¢)

for some pmf PQPU0U1U2|QP{/1\YlQPf/z|Y2QPV|U0U1U2Y/1§~/2Q
and some function f: X — Uy x Uy X Uy X Q where the
feedback-rates have to satisfy

I(Y1;Y1|Uo, U1, Uz, Y2,Q) < Rpp1 (30a)
I(}/VZ;}/2|UO7U17U2>Y17Q) S RFb,Z (30b)
I(Y1,Y2; Y1, Ya|Up, U1, Uz, Q) < Ry +Rpv2 (30c)

and where X = f(Uy, Uy, Uz, Q).
Proof: See Section [ ]

When~ Rep 1, RF,;,Q~ are sufficiently large, so that we can
choose Y7 = Y7 and Y5 = Y5, we have the following corollary
to Theorem

Corollary 2. Let R %, be the set of all nonnegative rate pairs
(Rl, Rg) that Satisfy

Ry < I(Uo, Uy; Y1, VI[Q) — I(V; Uy, Uy, Us, Ya|Y1, Q)
(31a)
Ry < I(Uo, Us; Y2, V|Q) — I(V;Uo, U, Uz, Y1|Y2, Q)
(1b)
Ry + Ry < I(Uy; Y1, V|Uy, Q) + I(Uz; Ya, VU, Q)
—1(Uy; Us|Uy, Q) + Zg{llig}{l(Uo;Yi, ViQ)

—I(V;Uy, Uy, Uz, Y1,Y2|Y;, Q) } (31¢)
Ry + Ry < I(Uo, U; Y1, V|Q) + I(Uo, Uz; Yo, V|Q)

—1(V; Uy, Uy, Uy, Y1|Y2, Q)

—I(V; Uy, Uy, Uz, Y2|Y1,Q)

—I(Uy; U2|Uo, Q) (31d)

Jfor some pmf Pq Py,u,v,|QPviv,u,usy,y, and some function
f: X —)Z/{O X Uy X Us X Q, where X = f(U(),Ul,UQ,Q).
When Rpy1 > log, |V1| and Rgy 2 > logy |V EI

R . € Crp.

proc.

(32)
As we show in Subsection our new region RT.
includes an important special case of the Shayevitz-Wigger
region [3]].

7Smaller feedback rates suffice in general; for simplicity we use these
conditions on the feedback rates.

VII. USEFULNESS OF FEEDBACK

Our Scheme IC (which leads to Theorem [3) can be used
to prove the following result on the usefulness of rate-limited
feedback for DMBCs. (Similar results can be shown based on
our other proposed schemes.)

Theorem 5. Fix a DMBC. Consider random variables
WM™, U™ UM XM) such that

r™ = roM; vy - 1™ vy > 0. (33)

Let the rate pair (RgM), RéM)) satisfy Marton’s constraints (6))
when evaluated for (UéM)7 Ul(M), UQ(M), X(M)) where Con-
straint (6B) has to hold with strict inequality.

Also, let (RgEnh),RgEnh)) be a rate pair in the capacity
region Cgﬁ)l of the enhanced DMBC.

If the feedback-rate from Receiver 1 is positive, Rp, 1 > 0,
then for all sufficiently small v € (0, 1), the rate pair (R, Ry),

Ry = (1—v)RM 4+ yR{E™ (34a)
Ry = (1— )R + yRE™ (34b)

lies in Rr(elliy’hb,
(R1, Ra) € Rig o, (35)

and is thus achievable.
An analogous statement holds when indices 1 and 2 are
exchanged.

Proof: See Appendix [D] [ ]

The following remark elaborates on the condition of the

theorem that a rate pair satisfies Constraint (6b) with strict
inequality. It will be used in the proof of Corollary [4]

Corollary 3. Assume Rpy1 > 0. If there exists a rate_pair
(RgM), RéM)) that satisfies the conditions in Theorem @ and
that lies on the boundary of Ruaron but strictly in the interior
of 61(3}121’ then

RMarlon c CFb-

=

(36)
If for the considered DMBC moreover Rytarton = CNoFB»

CnofB € Cro. 37

Proof: Inclusion follows from %}) We show (36).

Since (RgM),RgM)) is in the interior of il)], there exists a
rate pair (R\™™ RF™) ¢ ¢ with R"™ > RM™ and
RE™ > RIM Now, since (R™ | RI™) lies on the boundary
of Rarton, the rate pair in (34) must lie outside Ryarcon for
any v € (0,1). By Theorem [5] Equation (33), this rate pair
is achievable with rate-limited feedback for all v € (0,1) that
are sufficiently close to 0. |

For many DMBCs such as the BSBC or the BEBC with
unequal cross-over probabilities or unequal erasure probabili-
ties to the two receivers, or the BSC/BEC-BC where the two
channels have different capacities, it is easily verified that the
conditions of Corollary (3| hold whenever the DMBCs are not
physically degraded. Thus, our corollary immediately shows
that for these DMBCs rate-limited feedback strictly increases

capacity. (See also Examples [I] and 2] in the next Section.)



For the BSBC and the BEBC, Theorem [3] can even be used
to show that all boundary points (R; > 0, Ry > 0) of Cnors
can be improved with rate-limited feedback, see the following
Corollary [ and the paragraph thereafter.

Remark 3. For given random variables
UéM) U, (M) ,Us (M) XM Marton’s region, ie., the rate
region deﬁned by Constraints (6)), is either a pentagon (both
single-rate constraints as well as at least one of the sum-
rates are active), a quadrilateral (only the two single-rate
constraints are active), or a triangle (only one single-rate
constraint and at least one of the sum-rate constraints are
active).

In the case of superposition coding with U. 1(M) = const. and
UQ(M) = XM and when Condition holds, then the region
is a quadrilateral and the only active constraints are (6a)
and (6d). Thus, in this case, constraint (6b) holds with strict
inequality for all rate pairs in this region.

Whenever the region defined by Marton’s constraints (6)
is a pentagon, then the only rate pair in this pentagon that
satisfies Constraint (6b) with equality is the dominant corner
point of maximum Ra-rate.

Corollary 4. Consider a DMBC where Y is strictly essen-
tially less-noisy than Y. Assume Rgp, 1 > 0. We have:

1) If a rate pair (Ry, R2) lies on the boundary of Cnors but
in the interior of Cgll)j then (Ry, Ry) lies in the interior
of Cry, ie., with rate-limited feedback one can improve
over this rate pair.

2) If Cnors does not coincide with C]E:rllgl then Cnorg Is also
a strict subset of Cpp, i.e., feedback strictly improves
capacity.

Analogous statements hold if indices 1 and 2 are exchanged.

Proof of Corollary |} 2.) follows from 1.) We prove 1.)
For strictly essentially less-noisy DMBCs, Cnorg is achieved
by superposition coding. Thus, Ryaron = Cnors and in the
evaluation of Marton’s region one can restrict attention to
auxiliaries of the form U; = const. and Uy = X. By the
definition of strictly essentially-less noisy, when evaluating
Marton’s region we can further restrict attention to auxiliary
random variables that satisfy (33). Thus, by Remark [3] any
boundary point of Ryaron satisfies the conditions of Theo-
rem [5] Repeating the proof steps for Corollary [3] we can prove
that these boundary points cannot be boundary points of Cgy
whenever they lie in the interior of Cgﬁ)l ]

As mentioned, all BSBCs and BEBCs with unequal cross-
over probabilities or unequal erasure probabilities to the two
receivers are strictly essentially less-noisy. Also, for these BCs
Cnors has no common boundary points (R; > 0, Ry > 0) with
the sets Cénh or CEnh unless the BC is physically degraded.
Thus, for these BCs the corollary implies that, unless the
BC is physically degraded, rate-limited feedback improves
all boundary points (R; > 0, Ry > 0) of Cnors Whenever
Rep,1, Rrv2 > 0.

Notice that when a DMBC is physically degraded in the
sense that output Y; is a degraded version of Y5, then
CNoFB = Cgﬂ)1 In this case, (even infinite-rate) feedback does
not increase the capacity of physically degraded DMBCs [1]].

Theorem [3] exhibits sufficient conditions that our coding
schemes improve over the nofeedback capacity. These con-
ditions however are not necessary. In fact, by our discussions
in Section z] and the examples in [21], [20]], [23]], our schemes
can improve over the nofeedback capacity even for DMBCs
where for any choice of the auxiliaries I(Uy; Y2) = I(Up; Y1)
holds.

On a related note, Bracher and Wigger [[19]] showed that our
type-I schemes can improve over the nofeedback capacity even
for semideterministi DMBC:s. This might be surprising since
without feedback the capacity region of semideterministic
DMBCs is achieved by degenerate Marton coding without
cloud center [33], i.e., Uy = const..

VIII. EXAMPLES

Example 1. Consider the BSBC with input X and outputs Y,
and Y described by:

Yi=X®Z, Yo=XO 2, (38a)

for Zy ~ Bern(p1) and Zy ~ Bern(ps) independent noises.
Let Q = const, U ~ Bern(1/2), Wi ~ Bern(f1) and
Wy ~ Bern(B2), for B1, 82 € [0,1/2], where U, W1, Wy are
independent. Also set X = U & W1, and Y, =Y, & Ws. Then

I(U; Y1) =1 = Hy(B1*p1), 1(X;Y2) =1~ Hy(p2),

and
I[(X;Y1,Ys|U) = H(o,00,03,04) — Hy(p2) — Hy (B2 * p1)
I(Y1;Y11Y2,U) = H(a,a2,a3,04) —Hy(B1 % p2) — Hp(B2)

where

= (p1 * B2)p2Br + (1 — p1 * B2)p2
= (p1 * B2)p2Br + (1 — p1 * B2)p2
ag = (p1 * B2)p2B1 + (1 — p1 * B2)p2 1
oy = (p1* B2)p2B1 + (1 — p1 * B2)p2fr.

For this choice, the region defined by the constraints in Corol-
lary [1] evaluates to:

Ry <1— Hy(p1*p1) (39a)
Ry + Ry <1 — Hy(B1 xp1) + H(au, g, a3, )
—Hy(p2) — Hyp(B2 * p1) (39b)
Ry + Ry <1 — Hy(p2) — H(ay, az, a3, 04)
+Hp(B1 * p2) + Hp(B2) (39¢)
Sfor some 1, B2 € [0,1/2] satisfying
H(ou, a2, a3, a4) = Hy(B1 * p2) — Hp(B2) < Rpp1 (40)
and where H(aq,qs,a3,a4) denotes the entropy of

a quaternary random variable with probability masses
(011,@2,@3,04)-

The region is plotted in Figure 3| against the no-feedback
capacity region Cnopg.

8Semideterministic means that the outputs at one of the two receivers are
deterministic functions of the inputs.
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Fig. 3. Cnorp and the achievable region in (39) are plotted for BSBCs
with parameters po = 0.1 and p; € {0.2,0.25,0.3} and for feedback rate
RFb,l =0.8.

Example 2. Consider a DMBC where the channel from X to
Y1 is a BSC with cross-over probability p € (0,1/2), and the
channel from X to Yy is an independent BEC with erasure
probability e € (0,1). We show that our feedback regions
Rﬁellzly,sp and Rglzlyysp improve over a large part of the boundary
points of Cnors for all values of e,p unless Hy(p) = e, no
matter how small Rgy 1, Rpy 2 > 0.

We distinguish different parameter ranges of our channel.
e 0 < e < Hy(p): In this case, the nofeedback capacity

region Cnorg [I7|] is formed by the set of rate pairs
(R1, Ry) that for some s € [0,1/2] satisfy

Ry <1— Hp(sx*p), (41a)
Ry < (1 —e)Hy(s), (41b)
Ri+ Ry <1-—e. (41c)

We specialize the region Rr(ellz‘ sp 10 the following choices.

Let Q = const., U ~ Bern(1/2), X = UV, where V ~

Bern(s) independent of U, and Y, = Yy with probability

~v € (0,1) and Y1 = A with probability 1 — ~, where
Rpp 1

1 —e)Hy(p) + eHy(s * p)

Condition (@2) assures that the described choice satis-

fies 28). Then,
I(U; Y1) =1 — Hy(s xp),

(42)

757

I(X;Y2) =1—e,
and
I(X; Yy, Y2|U) = 'ye(Hb(s *p)—Hb(p))
+(1 —e)Hy(s)
I(Y1;Y1|Ya,U) = (Hy(p)(1 — €) + eHy(s % p)).

When Rpy1 > 0, by Corollary 1| all rate pairs (R1, R2)
satisfying

Ry <1— Hp(s*p) (43a)
Ri+Ry <1—Hy(s*p)+ (1 —e)Hy(s)

+ye(Hy(s * p) — Hy(p)) (43b)

Ri+Ry < 1—e—v(Hy(p)(1—e€)+eHy(s*p)) (43c)

are achievable for any v € (0,1) satisfying @2).
As shown in [[I7], the points (R, Rz) of the form

(1= Hy(s *p), (1 — ¢)Hp(s)),

are all on the dominant boundary of Cnopy, Where sy €
(0,1/2) is the unique solution to

1— Hy(so*p)+ (1 —e)Hp(so) =1—ce.

s€(0,s0), (44)

(45)

For these boundary points, only the single-rate con-
straints @1a) and [@ID) are active, but not @Ic). Thus,
comparing @A) to our feedback region [@3), we can con-
clude that by choosing v sufficiently small, all boundary
points lie strictly in the interior of our feedback
region Rrelly’sp when Rg, 1 > 0.

0 < Hy(p) < e < 1: The nofeedback capacity region
Cnorv equals the time-sharing region given by the union
of all rate pairs (Ry, Ro) that for some « € [0, 1] satisfy

Ry < a1l - Hy(p))
Ry < (1—a)(1—e).
We specialize the region Rgl; sp 10 the following choices:
Q ~ Bem(a); if Q = 0 then U ~ Bern(1/2), X =
U, and Yy = const; if Q = 1 then U = const,, X ~
Bern(1/2), and Ys = Y with probability v € (0,1) and
Y5 = A with probability 1 — ~y, where in order to satisfy
the average feedback rate constraint,
"< Rep 2

= o((1 = e)Hy(p) + Hy(e))
When Rgp 2 > 0, by Theorem 3| all rate pairs (R1, R2)
satisfying

(46a)
(46b)

(47)

Ry <ol = Hy(p)) + (1 — e)yHy(p)  (48a)
Ri+ Ry < (1—a)(l—e)+a(l— Hp))

+ a(l —e)yHy(p) (48b)

Ry + Ry < (1 - Hy(p)) — (1 — a)yHy(e). (48¢c)

are achievable for any ~y € (0,1) satisfying @&7).

Since here 1 — Hy(p) > 1 — e, for small v > 0 the
feedback region in [@8)) improves over Cxorg given in (A6).
In fact, (48) improves over all boundary points (Ry >
O,RQ > 0) Of CNOFB-

Remark 4. The BSC/BEC-BC in Example [2] is particularly
interesting, because depending on the values of the parameters
e and p, the BC is either degraded, less noisy, more capable, or
essentially less-noisy [17|]. We conclude that when Receiver 1
is “stronger” than Receiver 2, Rl(feiay’sp improves over the
no-feedback capacity, for all these classes of BCs even with
only one feedback link that is of arbitrary small, but positive
rate. Similar arguments hold for Rr(el];y’sp when Receiver 2 is
“stronger” than Receiver 1.

We plotted our regions @3) and [@8)) versus the nofeedback
capacity region in Figure {| for p = 0.1 and e = 0.2 or
e = 0.7. In the first case the DMBC is more capable and
in the second case it is essentially less-noisy.
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Fig. 4. Cnors and the achievable regions in and are plotted for
a BSC/BEC-BC when the BSC has parameter p = 0.1 and the BEC has
parameter e € {0.2,0.7}. Notice that 0.2 < Hp(p) < 0.7. The feedback
rates Rpp,1 = Rpp,2 = 0.8.

In the next example we consider the Gaussian BC with
independent noises. We evaluate the region defined by the
constraints of Corollary (1| for a set of jointly Gaussian dis-
tributions on the input and the auxiliary random variables. A
rigorous proof that our achievability result in Corollary [T|holds
also for the Gaussian BC and Gaussian random variables is
omitted for brevity.

Example 3. Consider the Gaussian broadcast channel

Y1=X+2;
Yo=X+ 2

(49a)
(49b)

where Zy ~ N(0,N1) and Zs ~ N(0, N2) are independent
noises. Assume an average transmission power P, and 0 <
Ny < N; < P.

Let Q = const, U ~ N(0,
Wy ~ N(0,8), for a € [0,1]
independent. We use C(z) :=

aP), Wi ~ N(0,aP) and
ﬁ > 0, where U, W1, W5 are
lo

+log(1+x), for x > 0. Setting

X =U+W, Y1 =Y + Wy, we have
aP P
I(U;Yl)zc<m)u I(X;Y2)20<E>,
and
~ aP aP N,
1(X: Y, V1|U) = +C
(X3 Y2, 11 |U) (NQ) ((aP+N2)(N1+5))

aP(Ny + No) + N1N2)
/B(NQ + Oép)

For these choices, the region defined by the constraints
in Corollary [I| evaluates to:

1(V1;v1]v2,U) = ¢

R < C(apdile) (502)

Ry + Ry < C(a;‘if]vl) +c(%)
R ——
o) (RN

— Nofeedback capacity
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- - -Ozarow&Leung region
1.4r — Linear—feedback capacity]
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Fig. 5. CnorB. linear-feedback capacity [10], Ozarow and Leung’s achievable
region [6], and the achievable region in (30) are plotted for Gaussian BCs with
parameters P = 10, N2 = 1, N1 € {4, 8} and feedback rate Rp, 1 = 0.8.

Sor some « € [0,1] and B > 0 satisfying

C(O{P(Z\h + Ng) + N1N2
/B(NQ + OéP)

The region is plotted in Figure [3 against the nofeedback
capacity region Cnorp, linear-feedback capacity [10] and the
Ozarow-Leung’s achievable region [6l] with perfect feedback.

From the plots and from expressions (30) and above, it
is evident that the capacity region is increased for any positive
feedback-rate Ry, 1, Rrp2 > 0. By Proposition E] the same
holds also when the feedback links are additive Gaussian noise
channels of capacities Rgp,1 and Rgy 2. This result very much
hinges upon the fact that we allow the receivers to code over
the feedback link. In fact, Pillai and Prabhakaran showed in
a recent work [14l] that when the receivers cannot code over
the feedback links but are obliged to send back their received
channel outputs, then the capacities without feedback and with
noisy feedback coincide whenever the noise variances on the
two feedback links exceed a certain threshold.

) < Rpp,1- (51

IX. CODING SCHEMES
A. Coding Scheme IA: Sliding-window decoding (Theorem [I)

For simplicity, we only describe the scheme for () = const.
A general ) can be introduced by coded time-sharing [27,
Section 4.5.3]. That means all the codebooks need to be
superposed on a Pp-i.i.d. random vector Q" that is revealed
to transmitter and receivers, and this Q™ sequence needs to be
included in all the joint-typicality checks.

Choose nonnegative rates Rl, Ri, Rl, Rz, Rl, R, auxiliary
finite alphabets Uy, U1, Us, V1, Vs, a function f of the form f:
Uy x Uy x Uz = X, and pmfs Py,u,v,, PYl\UUYl’ PY2|U0Y2'
Transmission takes place over B + 1 consecutive blocks, with
length n for each block. We denote the n-length blocks of
inputs and outputs in block b by zy, yi', and vy,

Define J; := {1,...,[2"% ]}, K; = {1,...,[2"%]},
and £; := {1,...,|2"F |}, for i € {1,2}. The messages
are in product form: M; = (M;1,...,M; ), i € {1,2},
with M;, = (Meip, Mp,ip) for b € {1,...,B}. The
submessages Mc;p, and Mp;, are uniformly distributed



over the sets M.; = {1,...,[2"f%i|} and M,,; :=
{1,...,|2"B».i ]}, respectively, where R, ;, R.; > 0 and so
that R; = Ry ; + Rcyﬂ The feedback message Mgy ;p—1 is
uniformly distributed over the set £;. The common message
My = (Mc1,p, Mc2p) is uniformly distributed over the set
Mc = Mc,l X MC’Q.

The coding scheme is  illustrated in  Table
In each block b, the transmitter uses Mar-
ton’s coding to send both feedback messages

(Mro1,6-1, Mrp25—1) and the common message M.
in the cloud center UO’n:b(MC,b,Mpb717(,_1,Mpb72,b_1),
and the private message M, ;; in the satellite
Uy (Mp.i b, Kip|Me b, Mro,1,6—1, Mrv,2,0-1), for Kip € K,
i € {1,2}. Receiver 1 first decodes the messages sent in
the cloud center Ugfb, and then simultaneously reconstructs
Receiver 2’s compression outputs )72%71 and decodes its
intended messages sent in the satellite U1n,b71- Finally, it
compresses its channel outputs Y}, by means of Wyner-Ziv
coding and sends the compression index Mpy 1, over the
feedback link. Receiver 2 behaves in an analogous way.

1) Codebook generation: For each block b € {1,..., B+1},
randomly and independently generate |27(fte.1t ezt it Hz) |
sequences Ug’b(mc7b,mFb,17b_1,mFb,27b_1), for mep € M,
and mpy;p—1 € L; for i € {1,2}. Each sequence
Ug)b(mc7b,mFb717b_1,mFb727b_1) is drawn according to the
product distribution [ [;"_, Py, (uo,p.¢), where ug + denotes the
t-th entry of ug , (1M b, MEb,1,6—1, MEb2,6-1)-

For 7 € {1,2} and each ug’b(mc,b,mpb,m_l,mpb,27b_1)
randomly and conditionally independently  generate
[2n(Beit RO | sequences  uly (M, bs Kip|Me,b, MEb, 1,51,
mFb’Q?bfl), for Mp.ib S Mp,i and ki,b € K,
where each uﬁb(mp’i,b, ki’b|mc,b, MFb,1,b—1; mFb’Q’bfl)
is drawn according to the product distribution
[T Puiju, (wippe|uop,e), where w;p, denotes the t¢-th
entry of ', (mp.ib, ki b|Me.b, MEb10—1, MEb2,6-1)-

Similarly, for i € {1,2} and each tuple
(Meb, Mpv,1,0-1, MFb2b—1) € M X L1 X Lo randomly
generate |27t | sequences G2 (M i b, Ji b M s
MEp,1,6—1, MEb,2,6—1), for meyip € L; and jip € J;, by
drawing each gzb(mﬂ)’i’b,j@“mgb,mFb’17b,1,mFb’27b,1) ac-
cording to the product distribution [];"_, Py Uo, Y (Yip.t|10,b,t)
where Yi bt denotes the t-th entry of
i (MFb,i,by Ji b Me,by MR, 1,615 MEp,2,5-1)-

All codebooks are revealed to transmitter and receivers.

2) Encoding: We describe the encoding for a fixed block b €
{1,...,B+1}. Assume that M. ; , = M b, Mpip = Mpips
for i € {1,2} and that the feedback messages sent after block
b—1 are Mgp1,p—1 = Mep,1,6—1 and Mgy 2 -1 = MEp2,6—1-
Define mep = (Me1b,Me2,p). To simplify notation, let
MFp,i,0 = Me,i,B+1 = Mpi B+l = 1, for i € {1,2} and
Me,B+1 = (L 1)'

Due to the floor operations and since transmission takes place over B + 1
blocks whereas the messages M1 and Ma are split into only B submessages,
R1 and Rz here do not exactly represent the transmission rates of messages
M7 and M>. In the limit n — oo and B — oo, which is our case of interest,
R; and Rg however approach these transmission rates. Therefore, we neglect
this technicality in the following.

The transmitter looks for a pair (k1 5, ko) € K1 x Ko that
satisfies

(u?7b(mp,1,b7 kl,b|mc,ba TMFb,1,b—1, mFb,Q,b—1),

n
uy , (Myp,2,6, k2,p

Me,by MED,1,b—1, MFb,2,b—1),
n
g (M by MEp, 1,61, MEb2,6-1)) € 7;(/1)6(PU0U1U2)-

If there is exactly one pair (kLb, k'27b) that satisfies the above
condition, the transmitter chooses this pair. If there are mul-
tiple such pairs, it chooses one of them uniformly at random.
Otherwise it chooses a pair (ki 4, k2,p) uniformly at random
over the entire set K1 x Ko. In block b the transmitter then
sends the inputs z} = (1, ..., Zp ), Where

xb,t = f(UO,b,taul,b,t7U2,b,t)y te {17 .. an}a (52)

and wugp¢, Uipe, U2p: denote the t-th symbols of the
chosen Marton codewords ug’b(mgb,mFb’l,b_l,mpbg,b_l),
uf  (Mp,1,65 k1,6 b5 MFD,1,5—1, ML 2,6—1), and

gy 3, (Mp,2,65 k2,6, bs MED,1,6—1, MFb,2,6—1)-

3) Decoding and generation of feedback messages at re-
ceivers: We describe the operations performed at Receiver 1.
Receiver 2 behaves in an analogous way.

After each block b € {1,...,B + 1}, and after observing
the outputs yi',, Receiver 1 looks for a pair of indices

- (

(mclb,fnl:b,gyb,l) € M, x Lo that satisfies

(uf () e 151, T 2,0-1), UT) € T (Pugys)-

Notice that Receiver 1 already knows mp, 1 ,—1 because it has
created it itself after the previous block b — 1.

If there are multiple such pairs, the receiver chooses one
of them at random. If there is no such pair, then it chooses
(mﬁlg, Tpb2,0—1) randomly over the set M, x Lo.

After decoging the cloud center in block b, Receiver 1 looks
for a tuple (j2,5—1,Mp1,6—1,k1,6—1) € T2 X Mp1 x Ky that
satisfies

~n S 5 ~ (1) 5 n
(yz,H (MFb,2,b-1, J2,b-1 |mcyH7 MFb,1,b-2, mFb,?,b~2)a Y1,p—1>
n A I - (1) 5
uy 1 (Mp,1,6—15 K1,0-11M00 b1 b, 1,6-25 T0Fb,2,6-2)
n ~ (1) E~ (n) ~
g p—1 (Mg p_q e 1 b2,M,2.62)) € T (Pyyvvass)-

It further looks for a pair (mpy 1,5, j1,) € £1 X J1 that satisfies

~ . ~ (1 ~
(y?,b(mFb,l,bvjl,Hmi,gvmFb,l,b—lvab,Z,b—l)a
~ (1 ~
ug,b(m;gvab,l,b—lvmFb,Z,b—l)ayib) € 7;(/72)(PY1U0Y1)

and sends the index mp, 1, over the feedback link. If there
is more than one such pair (mFbyLb, Jj1,b) the encoder chooses
one of them at random. If there is none, it chooses the index
mry,1,5 that it sends over the feedback link uniformly at
random over L£;. The receivers thus only send a feedback
message at the end of each block 1,..., B.

After decoding block B+1, Receiver 1 produces the product
message 11 = (M11,...,M1 ) as its guess, where 7y, =
(mg}fﬁb,mp,l,b), for b € {1,...,B}, and mg}l)_b denotes the

first component of milg

4) Analysis: See Appendix [A]



TABLE I
Coding scheme IA: The first four rows in the table depict the encoding process at the transmitter; the following two rows the compression mechanism at the
receivers; and the last two rows the messages decoded at the two receivers. The left-to-right arrows in the last two lines indicate that the receivers apply
forward decoding.

Block 1 2

b

ug,l(mql7 1,1)
X u?yl(mp,l,lykl,l me,1,1,1)
ugyl(mp,z,l, k2 1|lme,1,1,1)
x?(ug,lv “?,17 “3,1)

ug 1 (Me,2, MFb,1,1, MFb,2,1)
uf 5 (mp,1,2, k1,2/me,2, MEb 1,1, MFb,2,1)
ul o(Mp,2,2, k2,2|mec,2, MEb,1,1, MFb,2,1)
mg(“gm “?,27 “3,2)

ugy (Me,bs MFb,1,6—1, MFb,2,6—1)
“?,b(mp,l,b, kl,b|mc,b7 M™MFb,1,b—15 mFb,2,b—1)
ug , (Mp,2.6, k2,b|Me,b, M, 1,6—1, MFb,2,6—1)
n n n n
Ty (uo,b’ U1 bs “2,b)

{’1 771 (mev,1,1, 41,1 1me,1, 1, 1) giz(mFb,l,Qajl,ﬂmc,%mFb,l,lymFb,Q,l) gib(mFb,l,bvjl,Hmc,bymFb,l,b—l:mFb,2,b71)
Yo ﬂg,l(mFb,2,17j2,1|mc,1,171) g;ﬂz(mFb,2,2,j2,2|mc,27mFb,l,lymFb,2,1) ggﬂb(mFb,2,b7j2,b|mc,bymFb,l,b—l:mFb,2,b—1)
Y1 T?Lil% — (Thig,ﬁl}:b,zl), (2,1, Mp1,15k1,1) — (ﬁ’biylg,ml:b,z,b—l)v (G2,01>T0p 1,1 fﬂ1,b—1)
Yo Thﬂ — (Thff%,ﬁl}:b,m), G115 Mp 2,15 k2,1) — ('fhfg,mFb,l,b—l)v G161, Mp 2615 R2,51)

B. Coding Scheme IB: Backward decoding (Theorem [2))

The coding scheme is similar to Scheme IA, except that
here the two receivers jointly decode the cloud center and their
intended satellite using backward coding, and the Wyner-Ziv
codes are not superposed on the Marton cloud center. The
scheme is illustrated in Table [[Il

For simplicity, we describe the scheme without the coded
time-sharing random variable @, i.e., for () = const.

Choose nonnegative rates R, Ry, Ry, Ro, Ry, Ry, auxiliary
finite alphabets L{O,L{l,ug,jil,)}g, a function f of the form
fr Uy x Uy x Uy — X, and pmfs Py,u,v,, Pf’llYl’ P}~,2|Y2.
Transmission takes place over B + 1 consecutive blocks, with
length n for each block. We denote the n-length blocks of
inputs and outputs in block b by zy, yi',, and yy .

Define J; := {1,..., |2"% |}, K; == {1,...,[2"%]}, and
L; = {1,...,[2"% |} |, for i € {1,2}. The messages are
in product form: M; = (M;1,...,M; ), i € {1,2}, with
M;p= (M., Mp,p) for b€ {1,..., B}. The submessages
M. ;p, and M, ;5 are uniformly distributed over the sets
M = {1,...,|2"Fi|} and M,,; = {1,...,[2"%i ]},
respectively, where R, ;, R.; > 0 and so that R; = R, ; +
R.;.

1) Codebook generation: For each block b € {1,..., B+1},
randomly and independently generate |27 (fte.1t ezt it Hz) |
sequences ug’b(mcjb, TMFb.1,6—1, MEp,2,b—1), for mep € M, :=
MCJ X MC72 and Mppib—1 € L;, for i € {1,2} Each
sequence ug , (Me,b, MEp,1,6—1, MEb,2,5—1) 18 drawn according
to the product distribution []}_, Py, (uop+), where ugp
denotes the ¢-th entry of u&b(mc,b, MFb1,6—1s TFb,2,b—1)-

For 7 € {1, 2} and each tuple (mc,b, MFp,1,b—1, m]:b,27b_1)
randomly ~ generate |27 (Bp,i+Ry) | sequences
uy (M, by K b by MEb1,0-1, MEb2,0-1), fOr myp €
M, and k;p € K; by randomly drawing each codeword
gy (M, by Ki b [ by D, 1,6—15 MFD,2,6-1) according
to the product distribution [, Pu,ju, (tib.euop.e),
where Ui bt denotes the t-th entry of
u?,b(mp,i,baki,b|mc,b7mFb,l,b—lymFb,Q,b—l); )

Also, for i € {1,2}, generate |[2"(F+1)] sequences
ggb(mpbyiﬂb,jﬁb), for mep s € £; and j; 5 € J;, by drawing
all the entries independently according to the same distribution
Py .

i

All codebooks are revealed to transmitter and receivers.

2) Encoding: We describe the encoding for a fixed block b €
{1,...,B+1}. Assume that M. ; , = Me;p, Mpip = Mpip,
for ¢ € {1,2}, and that the feedback messages sent after block
b—1are Mpy1-1 = Mro,1,6—1 and Mpp2,6-1 = MEp,2,6—1.
Define mep = (mMc16, Me2,p). To simplify notation, let
MFb,i,0 = Mec,i,B+1 = Mpi B+1 = 1, for i € {1, 2} and
mepr1 = (1,1).

The transmitter looks for a pair (k1 p, ko) € K1 X Ko that
satisfies

(uf y(mp1,b, k1| Meby MBS 1,5—1, MED 2,5-1),

n
uy p(mp,2,6, k2p

Me,b, MVFb,1,b—15 MFb,2,b—1),

g (M by MEp, 1,61, MEb2,6-1)) € 7;(/711)6(PU0U1U2)-

If there is exactly one pair (k1 5, k2,5) that satisfies the above
condition, the transmitter chooses this pair. If there are mul-
tiple such pairs, it chooses one of them uniformly at random.
Otherwise it chooses a pair (k1p, k2,5) uniformly at random
over the entire set KC; X KCo. In block b the transmitter then
sends the inputs z}' = (24,1, ..,%sn), Where

xb,t = f(uo,b,taul,b7t7u2,b,t)7 te {1; v an}7 (53)

and wugp ¢, Uipt, U2p: denote the t-th symbols of the
chosen Marton codewords ug’b(mcyb,mFb’l,b_l,mpr,b_l),
uf 4 (Mp,1,65 k1,6 b5 MED,1,5-1, MiFw,2,6—1), and

uly ,(Mp,2,6, k2,66, ML, 1,6-1, MFD,2,-1)-

3) Generation of feedback messages at receivers: We de-
scribe the operations performed at Receiver 1. Receiver 2
behaves in an analogous way.

After each block b € {1,..., B}, and after observing the
outputs y7',, Receiver 1 looks for a pair (MmEb1,p,J1.6) € L1 X
J1 that satisfies

(7 (mEp,1 .65 J1.6), Y1'p) € E&Z)(Pylyl) (54)

and sends the index mpy, 1, over the feedback link. If there
is more than one such pair (mFb’l,b, ij) the encoder chooses
one of them at random. If there is none, it chooses the index
mpy,1, that it sends over the feedback link uniformly at
random over L.



TABLE II
Coding scheme IB: The first four rows in the table depict the encoding process at the transmitter; the following two rows the compression mechanism at the
receivers; and the last two rows the messages decoded at the two receivers. The right-to-left arrows in the last two rows indicate that the receivers use
backward decoding.

Block 1 2

b

ug,l(mcalv 1,1)
X uf 1 (mp,1,1, k1,1me,1, 1, 1)
ufy 1 (mp,2,1, k2,1|me,1,1,1)

ug 1 (Me,2, MFb,1,1, MFb,2,1)
uf 5(mp,1,2, k1,2[me,2, Mpv,1,1, Mrb,2,1)
ug,z(mp,l% k2,2|me,2, MEp 1,1, MEb,2,1)

ugy (Me,bs MFb,1,6—1, MFb,2,6—1)
U?,b(mp,Lb, k1,b|mc,b, mFb,l,b—lymFb,Z,bfl)
uy 3 (Mp,2,6, K2,bMe b, T, 1,6—1, MF6,2,b—1)

n n n n
T (“0,1’“1,17“2,1)

n n n n
Tg (“0,2’“1,27”2,2)

n n n n
Ty (“0,b7 U1 > “2,b)

Yy g1 (mev,1,1591,1) G5 o (mev,1,2,1,2) g7y (mev,1,0, 51,0)

Ys @31(mFb,2,17j2,1) ﬂg,g(mFb,Q,mjz,z) ﬂgb(mFb,z,b,jzb)
A ~ (1 ~ ~ P ~ ~ (1 s ~ >

i (J2.1, £1) p,1,1,k1,1) — (J2,27m£,%,th,2,17mp,1,27 k1,2) — (J2,b:mig MEp,2,6—1>Mp, 1,6, K1,b)
~ ~ (2 ~ s 2 ~ ~ ~

Yo (G1,1,m i{ Mp,2,1,k2,1) — (J1,2,mﬁ,%,ml:m,hmp,z,%k2,2) — (J1,b7m§g b 1,b—1, Tp.2,bs F2,b)

In our scheme the receivers thus only send a feedback
message at the end of each block 1,..., B.

4) Decoding at receivers: We describe the operations per-
formed at Receiver 1. Receiver 2 behaves in an analogous
way.

The receivers apply backward decoding and thus start
decoding only after the transmission terminates. Then, for each
block b € {1,..., B+1}, starting with the last block B+1, Re-
ceiver 1 performs the following operations. From the previous
decoding step in block b + 1, it already knows the feedback
message Mgy 2,,. Moreover, it also knows its own feedback
messages Mgy, 1,5—1 and mpp 1,5 because it has created them
itself, see point 3). Now, when observing y{" »» Receiver 1 looks
for a tuple (jQ,b,mgb),mpbg,b_l,mp,l,b,l%u,) € Jo X M, x
Lo x Mp 1 x Ky that satisfies

no (- 7 ~ (1) A ~n ~
(U17b(mp,1,b7k1,b|mc)b D 1,6-1,110b,2.6-1), Ua b (MFb,2.b5 J2,6)

n (. (1) - n
Ufo,b(mc,bamFb,l,b—lamFb,Z,b—l)ay17b> ET ( UOUIYIYQ)

After decoding block 1, Receiver 1 produces the product
message 771 = (M11,...,M1,p) as its guess, where 11y =
(m£11) b Mp1p), for b € {1,..., B}, and mill)b denotes the
first component of m( )

5) Analysis: See Appendix

C. Coding Scheme IC: Hybrid sliding-window decoding and
backward decoding (Theorem [3))

Our third scheme IC is a mixture of the Scheme IA and
IB: Receiver 1 behaves as in Scheme IA and Receiver 2 as

in Scheme IB. It achieves region Rfelzly wp- A similar scheme

achieves region Rr(ek)ly b

For simplicity we consider only ) = const.

1) Codebook generation: The codebooks are generated as in
Scheme IA, described in point 1) in Section [X-A] but where
Ry = Ry = 0.

2) Encoding: The transmitter performs the same encoding
procedure as in Section but where mg,24-1 = 1 is
constant for all blocks b € {1,...,B + 1}.

3) Receiver I: In each block b € {l,...,B + 1},

Receiver 1 first simultaneously decodes the cloud center

and its satellite. Specifically, Receiver 1 looks for a tuple
(Meeb—1,Mp,1.b—1, K1,0—1) € M X My, 1 x Ky that satisfies

(ug 1 (Frep—1,mEp 1,2, 1), YT 1,

Wy (110,161,161 e p1,mp0,1,6-2,1)) € TX (Puyusvy)-

It further compresses the outputs y7', and sends the feedback
message My, 1,5 over the feedback link as in Scheme IA, see
point 3) in Section

4) Receiver 2: Receiver 2 performs backward decoding as
in Scheme IB, see point 4) in Section [[X-B]

5) Analysis: Similar to the analysis of the schemes IA and
IB presented in appendices [A] and [B] Details are omitted.

D. Coding Scheme 2: Encoder processes feedback-info

The scheme described in this subsection differs from the
previous scheme in that in each block b, after receiving the
feedback messages My 1., Mpb,2,5, the encoder first recon-
structs the compressed versions of the channel outputs, f’l"b
and Y2 ,- 1t then newly compresses the quintuple consisting of
Yy 17y and Y"b and the Marton codewords Ug';,, U7",, Uy’ that
it had sent durmg block b. This new compression information
is sent to the two receivers in the next-following block b + 1
as part of the cloud center of Marton’s code.

Decoding at the receivers is based on backward decoding.
For each block b, each receiver ¢ € {1,2} uses its ob-
served outputs Y;", to simultaneously reconstruct the encoder’s
compressed s1gnal and decode its intended messages sent in
block b. The scheme is illustrated in Table [IIl

For simplicity, we only describe the scheme for () = const.

Choose nonnegative rates R, RQ, Rl, Rg, Rl, RQ, R,, aux-
iliary finite alphabets uo,ul,ug,yl,yz, V, a function f of
the form f: Uy x Uy x Uy — X, and pmfs Py, v,, PY’lIYl’
Py \y,, and Py 0 0,9, v, Transmission takes place over
B + 1 consecutive blocks, with length n for each block. We
denote the n-length blocks of channel inputs and outputs in
block b by zy, yi'), and yg,,.

Define J; := {1,...,[2"% |}, K; = {1,...,[2"%]},
and £; = {1,...,[2"%]}, for i € {1,2}, and N :=
{1,..., 2" |} The messages are in product form: M; =
(Mi,la ey Mi,B)s 1€ {1, 2}, with Mi,b = (Mc,i,lh Mp,i,b) for



TABLE III
Coding scheme II: The first row depicts the compression mechanism at the transmitter; the following four rows the encoding mechanism at the transmitter;
the subsequent two rows the compression mechanism at the receivers; and the last two rows the messages decoded at the two receivers. The right-to-left
arrows in the last two rows indicates that backward-decoding is used.

Block 1 2 b
vt (n1[1) vg (n2n1) v (np[np—1)
ug ,(me,1,1) ug o(Me,2,n1) ugy (Me,p np—1)

X u?yl(mp,1,1,k1,1|mc,1, 1)
ug 4 (mp,2,1, k2,1|me,1,1)
x?(“g,lv“ﬁp“gl)

uf 5(mp 1,2, k1,2|me,2,n1)
uf 5 (mp 2,2, k2,2/me,2, 1)
x?(u&w uf 9 ug,g)

ul  (mp, 1,6, k1,p|me,p, nb—1)
ug ,(Mp,2,6, ko b|me,b, nb—1)
xg(u&b’ u?,b’ “g,b)

Yi 97 1 (Mev,1,1591,1) 912 (MPv,1,2, J1,2) G5y (M, 1,65 91,6)
Ys G5 1 (Mrv,2,1, 52,1) 93 2 (MFb,2,2, J2,2) T5 5 (MEb,2,6, J2,6)
. (1) - -1
Y1 (mgl) Mp1.1,k1,1) — (" ig)ymp,l,Qy k12,7 Al )) — (mg;mp,l,b:kl,b,né,)l)
. ) (2 . S (2
Ys (mi 1) Mp2.1,ka,1) — (mi % Mp.2,2, ka2, R ( )) — (m£,g7mp,2,b:k2,b,nl<,,)1)

be{1,...,B}. The submessages M., and M, ; ; are uni-
formly distributed over the sets M..; := {1,..., 2|} and
M, = {1,...,| 2"}, respectively, where Ry, ;, R.; > 0
and so that R; = R, ; + R. ;.

1) Codebook generation: For each block b € {1,..., B+1},
randomly and independently generate |27(fe.1+1e 2+R1+R2)J
sequences ug,b(mc,b,nb_l), for mey € Mg = M1 X Mo
and ny_; € N. Each sequence U&b(mc,b,an) is drawn
according to the product distribution []}" ; Py, (uo,s,), where
ug,p,+ denotes the ¢-th entry of ug 0o (M by p—1).

For i € {1, 2} and each pair (., np_1) randomly gener-
ate |2"(Br.itRY | sequences uiy (M. i b, ki p|Mep, np—1), for
Mpip € My, and k;, € K;, by drawing each codeword
uzb(mm,b, k; p|me.p, np—1) according to the product distribu-
tion [T;", Pu,juy(tib,¢|tuop,e), Where ;¢ denotes the t-th
entry of uzb (mp,“,, ki,b|mc,b7 nb_l). o

Also, for i € {1,2}, generate [2"(Fi+%:)| sequences
gﬁb(mFb,i,byji,b)a for MFb,ib € L; and ji,b e J; by drawing
all the entries independently according to the same distribution
P_

Flnally, for each n,_; € N, generate |2"%| sequences
v (np|np—1), for n, € N by drawing all entries independently
according to the same distribution Py .

All codebooks are revealed to transmitter and receivers.

2) Encoding: We describe the encoding for a fixed block
be{l,...,B+1}. Assume that in this block we wish to send
messages Mcip = Meip, Mpip = myp,yp, for i € {1,2},
and define mcp, := (Me,1,5, Me,2,5). To simplify notation, let
MFb,i,0 = Me,i,B+1 = Mp i B+1 = 1, for i € {1,2}, and also
n_1 ="ng—= 1.

The first step in the encoding is to reconstruct
the compressed outputs pertaining to the previous
block }71%71 and }72%71. Assume that after block
b — 1 the transmitter received the feedback messages
Mpp1p-1 = mro1p—1 and Mppop—1 = MEp2,b—1,

and that in this previous block it had produced the

Marton codewords ug, ; = ug,bq(mc,b—bnb—z),
uty = uly  (Mp1p-1,k16-1|Mep-1,n5-2), and
uzyp oy = ugy g (Mp2p-1,kap-1|mep-1,np-2). The

transmitter then looks for a pair (31 b—1,J26-1) € J1 X JTa

that satisfies

(ug,b—lvu?,b—lvug,b—lvgib—l(mFb,Lb lajlb 1)
U5 b1 (Mrv,2,6-1, J2,0-1)) ET ( Py, wv,)-

In a second step the encoder produces the new compression
information pertaining to block b — 1, which it then sends to
the receivers during block b. To this end, it looks for an index
np—1 € N that satisfies

(ug,b—lvu?,b—lvu;,b—hg?,b—l(mFb,l,b—lajl,b—l)v
fgg,b—l(mFb,Z,bflanb 1) ’U{f 1(np—1]np—2))
€ T

The transmitter now sends the fresh data and the compression
message n,_1 over the channel: It thus looks for a pair
(k1p,kap) € K1 x ICy that satisfies

( U0U1U2Y1YZV)

(ug p(mep, np—1),
uf (Mp, 1,65 K1,pMe b, No—1),
ug ,(Mp 2.5, k2,5|Me b, nb_l)) € ’T/64(PUUU1U2)

If there is exactly one pair (k1 p, k2 p) that satisfies the above
condition, the transmitter chooses this pair. If there are mul-
tiple such pairs, it chooses one of them uniformly at random.
Otherwise it chooses a pair (ki p, k) uniformly at random
over the entire set KC; X Ko. In block b the transmitter then
sends the inputs z} = (.1, ..., Zs ), Where

Lot = f(uo,b,t,ul,b,t,ug,b,t), te{l,...,n}. (55)
and  uops.  Uipe,  U2pe  denote  the  ¢-th
symbols of the chosen Marton codewords
ug b (Me,by No—1), ul y (Mp,1.6, k1M by Mp-1), and

ugy (M2, k2,p|Me,b, no—1).

3) Generation of feedback messages at receivers: We de-
scribe the operations performed at Receiver 1. Receiver 2
behaves in an analogous way.

After each block b € {1,...,B}, and after observing
the outputs yi',, Receiver 1 looks for a pair of indices
(mpb’l}b,jl,b) € L1 x J; that satisfies

7'/16( Vv (56)

(1 5 (MEb,1,65 J1,6), Y1'p) €



and sends the index gy, 1, over the feedback link. If there
is more than one such pair (mgp.1 ., j1,5) the encoder chooses
one of them at random. If there is none, it chooses the index
My, 1,5 sent over the feedback link uniformly at random over
L.

In our scheme the receivers thus only send a feedback
message at the end of each block.

4) Decoding at receivers: We describe the operations per-
formed at Receiver 1. Receiver 2 behaves in an analogous
way.

The receivers apply backward decoding, so they wait until
the end of the transmission. Then, for each block b €
{1,..., B+ 1}, starting with the last block B + 1, Receiver 1
performs the following operations. From the previous decoding
step in block b + 1, it already knows the compression index
np. Now, when observing y7';,, Receiver 1 looks for a tuple

(milg, Tp by k1py p—1) € MeX M1 x K1 x N that satisfies

A (1) A ~ 7 ~ (1) ~
(ug,b(mﬁ,ﬁ,nbfl),u’f,b(mp,l,b,k1,b|m£,2,nb71),
vp (el fn—1), YT 4 I1 5 (MEb,1,55 1,))
€ 7;(n)(PU(,Ulvyliq)a

where recall that Receiver 1 knows the indices mpy, 1 and
J1,» because it has constructed them itself under 3).
After decoding block 1, Receiver 1 produces the product
message 1, = (11,1,...,M1,p) as its guess, where 1My, =
(1) 4 . (1
(m((:,l)ﬁ,mp’l,b), for b € {1,...,B}, and milb denotes the

first component of mglf be

5) Analysis: See Appendix

X. RELATED SETUPS AND PREVIOUS WORKS

In this section we compare our results to previous works,
and we discuss the related setups of DMBCs with noisy
feedback channels and state-dependent DMBCs with strictly-
causal state-information at the transmitter and causal state-
information at the receivers.

o0
proc.

A. The Shayevitz-Wigger region and our region R

Consider a restricted form of the Shayevitz-Wigger region
for output feedback where in the evaluation of Constraints (9
we limit the choices of the auxiliaries to

Vi=Va=W=V.

This restricted Shayevitz-Wigger region for output feedback

(57)

is included in our new achievable region R, when the
feedback rates satisfy
Rpp,1 > logy | V1] and Rpp 2 > logy [Va|,  (58)

which is seen as follows. Recall that our achievable region
RS is characterized by Constraints (3I). When the con-

proc.

straints in (@) are specialized to (57), then (Qa), ©Ob), and
(©d) coincide with Constraints (31a), (31b), and (31d), and the

sum-rate constraint (9c) is tighter than the sum-rate constraint
in (31d). The latter holds because min,_g 03{a; — b} >
min;ey 2} @; — Max;eqy 2} b; for any nonnegative {a;, b} .,

As explained at the end of the next subsection, choices as
in are particularly interesting, see also (39) ahead.

B. The Shayevitz-Wigger region and our region Rielayow

Consider a restricted Shayevitz-Wigger region where in
the evaluation of Constraints (9) we limit the choices of the
auxiliaries to

‘/1 - ‘/2 = VO =V = (wl(}/].aQ)7w2(Y27Q))

for some functions ¢; and 2 on appropriate domains.
For choices satisfying (39), the Shayevitz-Wigger rate-
constraints in (9) reduce to

(59)

Ry < I(Up, U3 Y1,V |Q) — I(Y2; V|Q, Y1) (60a)
Ry < I(Uo, Us; Y2, V|Q) — 1(Y1;V]Q, Ya) (60b)
Rl + R2 S I(U17}/i7 V‘QvUO) + I(U27}/27V|Q7 UO)
in I(Up; Y, V
+ in (Uo Q)
—ig{l?g}l(Yl,Yz;V\Q,Yi) — I(Uy; U2|Q, Up)
(60c¢)
Ri 4+ Ry < I(Uo, U3 Y1, V|Q) + I(Upy, Uz; Y2, V|Q)
—I(Uy;U2|Q,Up) — 1(Y2; V]Q, Y1)
—I1(Y1;V1]Q,Y2) (60d)

Our new achievable region Rrefaybw. Which is characterized
by Constraints (23)), improves over this restricted Shayevitz-
Wigger region whenever the feedback rates Rpy 1, Rpy 2 are
sufficiently large so that in our new region we can choose

Vi=¢1(Y1,Q) and Y =(Y2,Q)

and so that Ay, Ay satisfy (22).

In fact, for choices as in @]) the rate constraints in
(604), (60D), and coincide with constraints (23a), (23b),
and when in the latter we choose Y7 and Y> as
described by . Moreover, the combination of the two
sum-rate constraints and is looser than the
sum-rate constraint (60c)), because the former involves a
“min;—q 23 {a; — b;}”-term whereas the latter involves the
smaller “min;eyq 2} a; — Max;e(y 2y by -term.

Choices as in or (39) describe an important special
case of the Shayevitz-Wigger scheme, as all evaluations of
the Shayevitz-Wigger region known to date are based on them.
In particular, the capacity-achieving scheme for the two-user
BEC-BC when both receivers are informed of all erasure
events [20], [21]] is a special case of the Shayevitz-Wigger
scheme with a choice of auxiliaries as in (39). See also the
following Subsections and for further usages of this
choice.

(61)

C. Noisy feedback channels

Consider the related scenario where the feedback links are
replaced by noisy channels of capacities Rgp,; and Rpy 2 and
where the decoders can code over these feedback links. The
following three modifications to our coding schemes suffice
to ensure that our achievable regions remain valid:

+ We interleave two instances of our coding schemes: one

scheme operates during the odd blocks of the BC and
occupies the even blocks on the feedback links; the other



scheme operates during the even blocks of the BC and
occupies the odd blocks on the feedback links.

« Instead of sending after each block an uncoded feedback
message over the feedback links, the receivers encode
them using capacity-achieving codes for their feedback
links and send these codewords during the next block.

e After each block, the transmitter first decodes the mes-
sages sent over the feedback links during this block, and
then uses the decoded feedback-messages in the same
way as it used them in the original scheme.

Proposition 1. Consider a DMBC with noisy feedback chan-
nels of capacities Rpy;1 and Rg,2 where the receivers can
code over the feedback channels. When modified as described
above, our coding schemes in Section @ achieve the rate
regions in Theorems

Proof: See Appendix [ |

D. State-dependent DMBCs with state-information at the
transmitter and the receivers

Consider a state-dependent DMBC of channel law
Py,v, x5, where the state S is observed causally at both
receivers and strictly-causally at the transmitter. That means,
the transmitter learns the time-¢ state .Sy right after producing
the time-¢ input X, and the receivers learn S; at the same
time as their outputs Y7 ; or Y5 ;. There is no feedback.

Our coding schemes in the previous section also apply to
this related scenario when the following modifications are ap-
plied: Let the “feedback messages™ { M7 g} and {Mo pyp},
for b € {1,...,B}, be computed in function of the state
symbols S; only. In this case, the receivers do not have to
feed back anything, since the transmitter observes S;' and can
generate { M1 g} and {Mo g} locally.

This means that our new achievable regions in Theorems [T}
[Z_f] are also valid for this related scenario, if we replace

o the channel law Pyy, x by a state-dependent law

Py v, x5;
« the compression variables }71 and 172 by the state .S,
o the outputs Y; and Y, by the state-augmented outputs
(Y1, 5) and (Yz, S);
and we set Rpp 1, Rpp2 > H(S). (This last condition implies
that Constraints (30) are always satisfied and thus can be
dropped.)
In particular, we have the following corollary to Theorem [}

Corollary 5. Consider a state-dependent DMBC Py, y,|xs
where the transmitter observes the state-sequence strictly-
causally, and the receivers observe it causally.

For this scenario the region RyS is achievable, where

Riioc. is the set of all nonnegative rate pairs (Ri, R2) that
satisfy
Ry < I(Uy,Uy; Y1,V|S,Q)
—I(V; Uy, Uy, U, Y5|Y1, S, Q) (62a)
Ry < I(Uo, Ua; Y2,V |S, Q)
—1(V;Uo, Uy, Us, Y1|Y2, S, Q) (62b)

Rl + R2 S I(UI;Y17V|UO7S7 Q) + I(UQ;Y27V|UO7S7 Q)

_I(U17U2|UO7S7Q)
in {I(Uy;Y;,V|S,
+1,En{1ig}{ (Uo; 15, Q)

—I(V;Up, Uy, Uz, Y1,Y2|Y5,5,Q)}  (62¢)
Ry + Ry < I(Up,Uy; Y1, VIS, Q) + I(Up, Us; Y2, V|S, Q)
—I1(V;Up,Ur,Us, Y11Y2,5,Q)
—I(V;Up,Uy,Us, Y5|Y1,5,Q)

—1(Uy; Us|Uy, Q) (624d)

for some pmf PqoPy,u,v,1QPv|v,v,v,5q and some function
fZ X — Uy x Uy X Uy X Q, where X = f(UU7U1,U2,Q).

The state-dependent setup considered in this subsection can
also be modelled as a DMBC with generalized feedback [3]].
Consequently, the Shayevitz-Wigger achievable region for
generalized feedback [31117] (see in particular also [23l Corol-
lary 1]) applies.

By similar arguments as used in the previous two subsec-
tions, it can be shown that for state-dependent DMBCs with
causal and strictly-causal state-information at the receivers and
the transmitter our new achievable region R improves over
a restricted version of the Shayevitz-Wigger region for gener-
alized feedback when in the latter the choice of auxiliaries is

limited to (57).

E. The Kim-Chia-El Gamal region for state-dependent DM-

BCs and our regions R;‘;‘g and Rrelaybw

Consider the class of deterministic state-dependent DMBCs
where the two outputs Y; and Y5 are deterministic functions of
the input X and the random state S. As in the previous Sub-
section we assume that the transmitter has strictly-causal state-
information and both receivers have causal state-information.

Kim, Chia, and El Gamal [23] evaluated the maximum sum-
rate achieved by the Shayevitz-Wigger scheme with general-
ized feedback [3] for deterministic state-dependent DMBCs
when the auxiliary random variables of the Shayevitz-Wigger
scheme are restricted to one of the following two choices:

e Choice 1 (coded time-sharing):

0 w.p. 1—-2p
Q=41 wp »p , (63a)
2 w.p p
0 fQ=0
Vo=Vi=V={Y, ifQ=1, (63b)
Y1 ifQ=2
and
Uy ifQ=0
X=<U; ifQ=1 (63c)
U, iftQ=2

for 0 < p < 0.5 and some pmf Py,v,v, = Pu,Pu, Pu,-

10The Shayevitz-Wigger region for generalized feedback [3] is character-
ized by constraints as shown in (@) but where in some places the outputs Y3
and Y2 have to be replaced by the generalized feedback output Y.



¢ Choice 2 (randomized superposition coding):

1 p. 1
Q= w12 (64a)
2 w.p. 1/2
Y, ifQ=1
Vo= Vi=Tp—422 TQ@=1 )
Y1 lfQ:2
and
x- U o=l (64¢)
U2 lfQ:2

for some pmf Py,uv,v, = Pu,Pu, v, Pusv,-

Choice 1 essentially results in a coded time-sharing scheme,
and was shown [23]] to be optimal for some deterministic state-
dependent DMBCs, e.g., the state-dependent broadcast erasure
channels [21], [22] and the finite field deterministic channel
[22]. Choice 2 results in a randomized superposition coding
scheme and can achieve larger rate regions than Choice 1. For
no state-dependent DMBC a better choice for the auxiliaries
for the Shayevitz-Wigger region is known.

Since Kim, Chia, and El Gamal’s choices of auxiliaries
in (63) and (64) satisfy Condition (57), by the discussion in
the last paragraph of the previous subsection [X-D| our new
region Rpi¢ recovers the sum-rates obtained by Kim-Chia-El
Gamal.

F. The Maddah-Ali&Tse DoF region and our regions Rye
and Rrelay,bw

As pointed out in [23]], the celebrated Maddah-Ali & Tse
scheme [22] for the two-user i.i.d. fading BC with strictly
causal state-information is a special case of the Shayevitz-
Wigger scheme for generalized feedback, when the scheme is
extended to real-valued alphabets and specialized to the choice
of auxiliaries in (63)). Since their choice also satisfies (61)), by
the discussion at the end of Section their DoF result
for the two-user i.i.d. fading BC is also included in our new
achievable region R;%¢. The same holds for the capacity of
Maddah-Ali & Tse’s deterministic approximation of the i.i.d.
fading BC, which is a deterministic state-dependent DMBC.

Various works have improved and extended Maddah-Ali &
Tse’s DoF result. For example, Yang, Kobayashi, Gesbert, and
Yi [37] modified and improved Maddah-Ali & Tse’s scheme
to apply to the more general setup where the transmitters also
obtain imperfect (rate-limited) causal state-information. They
showed that, under some mild assumptions, their improved
scheme achieves the optimal DoF region for arbitrary station-
ary and ergodic fading processes. In this sense, they could
bridge the gap between Maddah-Ali & Tse’s setup and a setup
where the transmitter learns the state causally (and not only
strictly causally).

Chen and Elia [36] proposed a coding scheme for an even
more general setup where the transmitter accumulates state-
information about each fading sample over time. They were
able to determine the optimal DoF region under some mild
assumptions.

Both the Yang et al. scheme [37] and the Chen and Elia
scheme [36]] are related to the Shayevitz-Wigger scheme with a

choice of auxiliaries as in (39)), and thus also to our new region

Rpioc. See [30, Chapter 4] for a more detailed discussion.

G. Comparison with noisy network coding

Our coding schemes are reminiscent of the compress-and-
forward relay strategy [38] or the noisy network coding for
general networks [25], [39] in the sense that the two receivers
compress their channel outputs and send the compression in-
dices over the feedback links. The operations at the transmitter
are however very different from noisy network coding. On
one hand, we use Marton coding to send independent private
and common messages to the two receivers. On the other
hand, the transmitter either reconstructs the quantized version
of the receivers’ outputs (our type-II scheme) or it simply
relays the compression messages (our type-I schemes). In
particular, as explained in Section when the feedback
links are noisy, the transmitter first decodes the compression
messages sent over the feedback links and then operates on
these compression messages. In noisy network coding the
transmitter would compress and forward the observed noisy
feedback signals, without attempting to recover the transmitted
compression messages.
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APPENDIX A
ANALYSIS OF SCHEME IA (THEOREM[I)

By the symmetry of our code construction, the probability
of error does not depend on the realizations of M, ; p, My, ; 1,
Ki,b’ J,;’b, MFb,i,bs for 1 € {1,2} and b € {1, .. .,B}.
To simplify exposition we therefore assume that M.;; =
Mp,i,b = Ki,b = Ji,b = MFb,i,b =1 forall ¢ € {172} and
b e {1,..., B}. Under this assumption, an error occurs if, and
only if, for some b € {1,..., B},

(Mp,1,0, My 20, MY, M3) ) # (1,1,1,1).

Epsilon For each b € {1,..., B}, let & denote the event
that in our coding scheme at least one of the following holds
for i € {1,2}:

o Jip—1#1;

e Kip-1 #1;

o Mpyip—1# L

o Myip—1# 1L

° Mé,llz # (1>1>;

o There is no pair (k1,k2) € K1 x Ky that satisfies

(U (L)), ULy (1, k1p| 1), U3y (1, ko p| 1))
S 7—5(/"1)6(PU0U1U2)

o (Ugy_1(a), Uy 1 (1,11), U, (1,1, 1),

Yf}b—l’ }/QTZ/b—l) ¢ 7;(/7;)2 (PU0U1U2Y1Y2)
o There is no pair (mgy i p, Jip) € L£i X J; that satisfies

(Y7 (M0 Jip| Ly ), Ul (L), YiTy) € 7;(/72) (Py.u0y;)-



Then,
B+1 B+1
b=1 b=2

In the following we analyze the probabilities of these events
averaged over the random code construction. In particular, we
shall identify conditions such that for each b € {2,..., B+1},
the probability Pr[&,|EF ;| tends to 0 as n — oco. Similar
arguments can be used to show that under the same conditions
also Pr[€;] — 0 as n — oo. Using standard arguments one
can then conclude that there must exist a deterministic code
for which the probability of error PE(N) tends to 0 as N — oo
when the mentioned conditions are satisfied.

Fix b€ {2,...,B+1} and € > 0, and define the following
events.

o Let &, be the event that there is no pair (kip,k2) €
K1 x Ko that satisfies

(Ugs (L)), ULy (1, k1 p| 1), Us' (1, ko p|11)))
€ 7-/16(‘PU0U1U2)'

By the Covering Lemma [27], Pr(&y ;) tends to O as

n — oo if
Ry + Ry > I(Uy; Us|Up) + 6(e), (66)

where throughout this section §(¢) stands for some func-
tion that tends to 0 as € — 0.
o Let & be the event that

(U[?,b(l[ﬁl])a Ui”,b(L 1|1[4])a Uv2n,b(1
¢ T/lg(PUoU1U2Y1Y2)'

|1 ])7Y17,Lba YYZT,Lb)

Since the channel is memoryless, by the law of large
numbers, Pr(&1,|E5,) tends to 0 as n — oc.
o Let &1, be the event that there is no tuple
(mc?b), MEp2,b—1) € M x Ly that is not equal to (1), 1)
and that satisfies

(UG (i, (1) s 2p-1), YY) € T/S (Puyy; )-

By the Packing Lemma, Pr(&2,1,/€7
o0, if

) tends to 0 as n —

Ro+ Req + Reo < I(Ug; Y1) +6(e).  (67)
there is no

((;zzymFblb 1) not

e Let &) be the event that
(mggvab,l,b—l) € M. x Ly with (m

equal to (13}, 1) that satisfies

(UOb( cbamFblb 1, )ng) GT/S (PUOYQ)

By the Packing Lemma, Pr(€22,|€7 ;) tends to 0 as n —
00, if

tuple

Ry + Ry + Reo < I(Up; Ya) + 6(e). (68)

o Let & 1 be the event that

(U(?b 1( []) Ulnb 1(1 1‘1[4)

Y2b 1(1 1) Ylb l) ¢ T ( U0U1Y2Y1)

By the Markov Lemma [27], Pr(&s,1 /&5 ;) tends to O
as n — oo.
o Let &5 be the event that

(U6 -1 (L), U1 (1, 11 1a),

Ylb 1(]‘ 1) Y2b 1) ¢ T ( U0U2Y1Y2)

By the Markov Lemma, Pr(€s2,|E5 ;) tends to O as
n — oo.

o Let £414 be the event that there exists a tuple
(Mp,1,6— 1,k1b 1,j2b 1) € Mp1 x Ky x J5 not equal
to the all-one tuple and that satisfies

(Ugy—1(X1a), ULy (riap 16— 1,/;11; 11114)s
Yoy 1 (L g2p—-1[1149), Y{% 1) e 7T( Py, vay,)-

By the Packing Lemma, Pr(€4,1,|€5 ;) tends to zero as

n — oo, if
Ry < I(Ya;Up, V1|Up) — 6(e)  (69)
R, 1+ Ry < I(Uy; Y1, Ya|Up) — é(g)  (70)
Ry1 + Ry + Ry < I(Uy; Y1, Ya|Up)
+I1(Y2; Y1|Uo) — d(e).  (71)

o Let E42p be the event that there exists a tuple
(1p2,p—1, ko p—1,J1,6-1) € Mp2 X Ko x Ty not equal
to the all-one tuple and that satisfies

(U8 s—1 (Apay), Uy (p 21, k2,p—1 1),
Vo1 (1 11 [1p)s Yalo1) € T (Pyy,ayy)-

By the Packing Lemma, Pr(€4,2,|£5 ;) tends to zero as

n — oo, if
Ry < I(YV1; Uz, Ya|Up) — () (72)
Ry + Ry < I(Us; Yo, Y1|Up) — 6(2)  (73)
Ry + Ry + Ry < I(Us; Yo, Y1|Up)
+1(Y1; Ya|Up) — 6(e). (74)

o Fori e {1,2}, let &, be the event that there is no pair
(Mmev,ip, Jip) € Li X J; that satisfies

(ﬁ?b(mFb,i,b,ji,bH[z;]),U&b(l[ 1), Y]h) € T

By the Covering Lemma, Pr(5i/E7,
n — oo, if

§ (Privey)-

) tends to O as

Ri+ R; > I(Y;; Yi|Up) + 6(e). (75)

Whenever the event & ; occurs but none of the events
{€0,6:€1,6:€2,i,6, 3,10, E3,i,05 Ea,i,b5 €5,4,6 + above, for i = 1,2,
then &. Therefore,

2
<Pr [go,bUgl,bU U (52,1',11 U350 UE4ipU 55,i,b> ‘55_1}
=1
S Pr[507b|5§_1] + Pr[517b|€87b,5§_1]

2
+ 3 (Prla.iales s, & 2]+ PrlEsinlés]
=1



o+ PE[E0,00 15,1 €5 ]+ Pr[Es.001E5 4, &5 1] )
= PI‘[EQ},} + Pr[5171,|€§7b]

2
+ Z (Pr [52,i,b|5f,b] + Pr [53,i,b|g§_1}
=1

+ Pr [54,i,b|g§,i,b] + Pr [gS,i,b|g1c’b} )

The last equality holds because the channel is memoryless
and the codebooks employed in blocks b — 1 and b are drawn
independently. As explained in the previous paragraphs, the
remaining terms in the last three lines tend to 0 as n — oo, if
Constraints (66)—(73) are satisfied. Thus, by (63)) and we
conclude that the probability of error Pe( (averaged over all
code constructions) vanishes as n — oo if Constraints (66)—
hold. Letting ¢ — 0, we obtain that the probability of
error can be made to tend to 0 as n — oo whenever

R + R > I(Uy; Us|Uy) (76a)
Ry+Re+Re2 < I(Up; Y1) (76b)
Ri+Rei+Rep < 1(Up; Yo) (76¢)

Ry < 1(Y1; Uz, Ya|Up) (76d)

Ry < I(Ya; Uy, Y1|Uy) (76e)

Ry1 + Ry < I(Uy; Y1, Ya|Up) (761)

Ry + Ry > I(Us; Ya, Y1|Up) (76g)

Ry1+R\+ Ry < I(U1; Y1, Ya|Up) 4+ 1(Ya; Y1|Up) (76h)

Rpa+Rhy+Ry < I(Us; Yo, Y1|Ug) +1(Y1; Y2|Uo) (76i)

Ry + Ry > I(Yy; Y1|Uo) (76))

Ro + Ry > I(Ya; Ya|Up). (76Kk)
Moreover, the feedback-rate constraints impose that:

Ry < Rpva (761)

Rz < Rpp2. (76m)

Applying the Fourier-Motzkin elimination algorithm to these
constraints, we obtain the desired result in Theorem [1| with
the additional constraint that

A1+ Ay — I(Ur; Uz|Up) = 0 7

Notice that we can ignore Constraint because for any tuple
(U, Up,Us, X,Y1,Y5, Y1, Ys) that violates (77), the region
defined by the constraints in Theorem [I] is contained in the
time-sharing region.

APPENDIX B
ANALYSIS OF THE SCHEME IB (THEOREM 2))

An error occurs whenever
M17b 75 Ml,b or Mg,b 75 Mg,b, for some b € {1, Cey

For each b € {1,...,B + 1}, let &, denote the event that
in our coding scheme at least one of the following holds for
1€ {1,2}:

B}

Jin # Jip (78)
Kipy# Kip (79
Mrvip—1 7# Mrv,ip—1 (80)
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Myin # Mpip (81)
NIy # M. (82)
Then,
B+1 B
PN < Pr[ U eb] > Pr[&[Ef ] + PriEpia]. (83)
b=1 b=1

In the following we analyze the probabilities of these events
averaged over the random code construction. In particular, we
shall identify conditions such that for each b € {1,..., B},
the probability Pr [€b|€§ +1] tends to 0 as n — oo. Similar
arguments can be used to show that under the same conditions
also Pr[€p41] — 0 as n — oo. Using standard arguments one
can then conclude that there must exist a deterministic code
for which the probability of error Pe(N) tends to 0 as N — oo
when the mentioned conditions are satisfied.

Fix b € {1,..., B} and ¢ > 0. By the symmetry of our code
construction, the probability Pr[&,|E¢,,] does not depend on
the realization of Mc,i,ln Mp,i,ba K’i,ba Ji,b’ MFb,i,b’ MFb,i,b—h
for i € {1, 2}. To simplify exposition we therefore assume that
Meipy=Mpip=Kip=Jip = Mppsp = Mppsp—1 = 1.

Define the following events.

o Let &, be the event that there is no pair (kip,k2,) €

K1 x K5 that satisfies

(Uop (1), UL (1, k1ol 1ig), Uty (1, ko p|114y))
T(/nl)ﬁ(PUoUle)'
By the Covering Lemma, Pr(& ;) tends to 0 as n — oo,
if
Ry + Ry > I(Uy; U2|Up) + 6(e), (84)

where throughout this section d(g) stands for some func-
tion that tends to 0 as ¢ — 0.
o Let g1 be the event that
(UG (1), Uty (1, 11y, US4 (1,1, 1), Y7, Y5,
§é 7;/8 (PU0U1Y2Y1Y2)'

Since the channel is memoryless, according to the law of
large numbers, Pr(&15|£6,) tends to 0 as n — oo.

o Fori e {1,2}, let &, be the event that there is no pair
(Mmev,ip, Jip) € Li x J; that satisfies

(}/, b(mFblb)jl b) ) 7:—:(/7:1)( )

By the Covering Lemma, Pr(€2, /€7 ,) tends to O as
n — oo if

R+ R > I(Yi; Vi) + 6(e). (85)
o Let & 1 be the event that
(U8 (1) U5 (1, 11 ),
Y3y (1,1), Y1) ¢ 755/4( Poou,vov1)-

By the Markov Lemma, Pr(&3,1,5|E5 54, €7 ) tends to O
as n — oo.
o Let &5 be the event that

(U3 (114),U35 (1, 1]11y)),
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Y1 (1, 1), Y2b) ¢ 5/4(PU0U2}71Y2)' +Pr[8371,b|glc,b7520,2,b} + Pr[53,2,b|51c,b755,1,b]
2
By the Markov Lemma, Pr(€3 2 4|E5, ,, &) tends to 0 ( c c )
12:61€2,1,b1 €1, E P 4 .
as n — oo. + P ) ] + r[g4mb|53,z,b] ) (88)

o Let &1, be the event that there exists a tuple
~ A~ (1 ~ ~ 7
(]2,b7m£12>mFb,2,b717mp,1,b,k’l,b) € Jo x Mg x Lo X
M1 x Ky not equal to the all-one tuple (1,1j9,1,1,1)
and that satisfies

where the last equality follows because the channel is mem-
oryless and the codebooks for blocks b and b + 1 have
been generated independently. As explained in the previous
paragraphs, each of the terms in the last three lines tends to
(Uo (M 63,1 MFb,2,b—1), 0 as n — oo, if Constraints (84)—(87) are satisfied. Thus,
. . . by (83) and (88) we conclude that the probability of error N j
Utp (1,10, kl’b‘m&b’ L 1y, 2,6-1), (averaged over all code constructions) vanishes as n — oo if

Y, (1, J2,0), YlT,Lb) e T™)( Pyotisuy.)- constraints (84)—(87) hold. Letting ¢ — 0, we obtain that the

probability of error can be made to tend to 0 as n — oo
By the Packing Lemma, we conclude that \yhenever

Pr(€4,1,4|€5, ) tends to zero as n — oo if

R ~ R + R, > I(Uy; Us|Up) (89a)
Ry < I(({o,Uqu;YQV{o)—(S(E) By + Ry > I(V; V) (89b)
Ry1+ Ry < {(UUY}»YﬂUo) —d(¢) 3 R2+R2 (~2,Y2) (89¢c)
But Rep + Rat By < 1(U0, Uni 11, T2) = 0(e) Ry < I(U, Uz, Yo VilU)  (890)
Ri+Reo+Ro+ R +Ry < I(anql;YhYQ) Ry < 1(Uy, Ul,Yl,Y2|U0) (89)
o (Y15 Y2) = 0(e) Ry + R, < I(Uy; Vi, Va|Up) (899)
Rp$1 + R1 + R2 S I(Ul; Yl, YvQJUO) RIJ,2 + R2 (U YQ, Y1|U0) (89g)
+1(Y2;Y1,Up)—=d(e). (86) Ry + Reo + RQ + R/ I(Uy, Uy; Y1, 2) (89h)
o Let £19p, be the event that there exists a tuple Ry+R.1+ Ry + R, < I(Uy, Us; Ya, Yl) (891)
A~ 3 . . . - .
Sﬁ,b,m%g,mml,b—lhmizbhkzb) € i71 xd/\l/llc X £1ﬁ>< Ri+Reo+Ro+ R+ Ry < I(Up,Up; Y1, Y5)
t to tl - t that sat .
p,2 X Ko not equal to the all-one tuple and that satisfies - I(Vi: V) (89))
(U8 (1% 11,51, 1), Ro+Rej + R+ Ry+ Ry < 1(U, Us; Y2, Y1)
ULb(mebakQ b\mfg,ml:bm 1,1), R +I(Y?;¥1) (89k)
/ .
Y1 (1, 51s), Y3 ") € T Pyov,vavs)- Fpy + B + R < I(Ul’}jl’YQ'UO)
+ 1(Y2;Y1,Up) (39D
By the Packing Lemma, we conclude that , - ) ~
Pr(&€4,2,0|€5 5 ) tends to zero as n — oo if Rpa+ Ry + By <I(Uz; YQ’ Y1[Uo)
. - + 1(Y1;Ya, Up). (89m)
Ry < I(Uo, Us, Ya; Y1|Up) —6(e) iy He foedback ) , .
Ry + Ry < I(Us: Ya, Y1|U) — 8(c) oreover, the feedback-rate constraints (I)) impose that:
Ry + Req + Ry + Ry < I(Up, Ua; Ya, Y1) — 6(e) Ri < Rpp1 (89n)
Ro+Re1+Ri+Ry+Ry < I(Uy, Us; Ya, Y1) Ry < Rpp 2. (890)
. +I~(Y23 Y1) —d(e) Applying the Fourier-Motzkin elimination algorithm to these
Rp2+ Ry + Ry < I(Us; Y, Y1|Up) constraints, we obtain the desired result in Theorem [2] with
+1(Y1;Ya, Up)—6(e). (87) the additional constraint that
Whenever the event & 1 occurs but none of the events above, A >0 (90a)
then &;. Therefore, Ay >0 (90b)
Pr[5b|5§+1] A1 + AQ > I(Ul; U2|U0) (900)
2 . .
. We can ignore Constraint because for any tuple
< PrifopUipU U (827“ U &, U 54’“)) ‘5”‘*‘1] (Uo,Uy,Us, X,Y1,Ys,Y1,Ys) that violates (90c), the region
i=1

. e e . defined by the constraints in Theorem [2] is contained in the

PI[EO,b|5b+1] + Pf[53,1,b|51,b»52,2,b»5b+1] time-sharing region. Constraint (90a) can also be ignored

+ Pr[E1b|E5 4, E5 1]+ Pr[Es.2,01E5 4,E5 1 5:E i 1] because for any tuple (Uy, Uy, Us, X, Y7, Ya, Y1, Y5) that vio-

2 lates (90a)), the region defined by the constraints in Theorem 2]

+Z (Pr[é'gyi,bwfyb,glfﬂ}+Pr[54,i7b|5§’i7b,5§+1]) is contained in the region in Theorem [2] for the choice

i=1 Y, = const., for which (90a) is always satisfied. Constraint
Pr(&o.] + Pr[€1,/E5,) (90b) can be ignored by analogous arguments.

IN



APPENDIX C
ANALYSIS OF SCHEME II (THEOREM [4)

An error occurs whenever
M1,b # My or ]\ng,b # Msp, for some b € {1,...,B}.

For each b € {1,...,B + 1}, let & denote the event that
in our coding scheme at least one of the following holds for
ie{1,2}:

Jin # Jin 1)
Kiy # Kip (92)
MFb,i,b # Mroip (93)
My # My (94)
M) £ MY (95)

or when
Ny—1 # Ny_y. (96)

Then,

B+1 B
Pe(n) < Pr[U Eb‘| Z ‘Sb‘gb-&-l + Pr[EB_H} o7
b=1 b=1
In the following we analyze the probabilities of these events
averaged over the random code construction. In particular, we
shall identify conditions such that for each b € {1,..., B},
the probability Pr[&,|E7, ] tends to 0 as n — oco. Similar
arguments can be used to show that under the same conditions
also Pr[€p11] — 0 as n — oo. Using standard arguments one
can then conclude that there must exist a deterministic code
for which the probability of error Pe(N) tends to 0 as N — oo
when the mentioned conditions are satisfied.

Fixb € {1,..., B} and ¢ > 0. By the symmetry of our code
construction, the probability Pr[&,|E¢, ;] does not depend on
the realizations of Ny_q1, Ny, or Mc;p, Mpip, Kip, Jip,
Mgy i, for ¢ € {1,2}. To simplify exposition we therefore
assume that for i € {1,2}, Mc;p = My p = Kip = Jip =
MFb,i,b = 1, and Nb = Nb—l =1.

Define the following events.

o Let & be the event that there is no pair (kip,k2) €

K1 x Ko that satisfies

(Uop (1), ULy (1, krp|Lp2), Ushy (1, k2l 1 3))
€ T/64(PU0U1U2)
By the Covering Lemma, Pr(& ;) tends to 0 as n — oo
if
R} + Ry > I(Uy; Us|Uo) + 6(e), (93)

where throughout this section d(¢) stands for some func-
tion that tends to 0 as € — 0.
o Let &4 be the event that

(U(;L,b(]-[?)])ﬂUin,b(la1|1[3])3U£b(1 1 |1 ) Ylnba}/an)
¢ 5/32(PU0U1U2Y1Y2)

Since the channel is memoryless, according to the law of
large numbers, Pr(&1 4|ES,) tends to 0 as n — oo.
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For i € {1,2}, let & ;;, be the event that there is no pair
(Mpv,ib, Jip) € L; x J; that satisfies

ib) € T/16( Pyy,)-

By the Covering Lemma, Pr(&2,/E7,) tends to 0 as
n — oo if

(Y (mrv,i00 i), Y,

R+ R; > I(Y; Vi) + 6(E). (99)
Let &34 be the event that
(Ugs (1), UL (1, 1), Uz (1, 1 1g3y),
Y1%(1,1), ¥35(1, 1), Y77, Y3,
¢ Ts%)( Put,va 3 ¥aviva )

By the Markov Lemma, Pr(&35|E5 , 4, €5 54, €T ) tends
to 0 as n — oo.

Let £, 1, be the event that there is a pair of indices 317;) S
J1 and jg’b € J> not equal to the all-one pair (1,1) and
that satisfies

(UG (113)), Uty (1, 1] 1g5), Us'y (1, 1\1[3])7
Yffb(lvjl,b):Yzq,ib(l’jzb))ET (U0U1U2Y1Y2)

By the Packing Lemma, Pr(&,,[€5 ;) tends to 0 as n —
00, if

Ry < I(Uo, Uy, Uz, Ya: Y1) — 6(e) (100)
Ry < I(U, Uy, Uy, Y1; Vo) — 8(¢) (101)

Ry + Ry < I(Uy, Uy, Ua; Y1, Ya) +1(Y1; Ya) =6 (2).
(102)

Let &5, be the event that there is no index ny € N that
satisfies

(UG (L13)), Uty (1,1 1p3)), U’y (1, 1] 1g3)),
Y7, (1, 1), Y54, (1, 1) Vi (ns1))
GT ( U0U1U2Y1Y2V)

By the Covering Lemma, Pr(€55|£5,) tends to 0 as n —
00, if

Ry > I(Up, Uy, Uz, Y1,Ya; V) + 6(e). (103)

Let &1, be the event that
(U(;tb(l[?)]a 1)7 Uin,b(la 1|1[3]a 1)7

Vi (11, Y14 V74 (1, 1)) € TPy i)

By the Markov Lemma Pr(& 15|€5 ,, £ ) tends to zero
as n — oo.
Let & 2,5 be the event that

(U&b(1[3]7 1)7 U;b(la 1|1[3]a 1)7

Vi (11), Y8, V35(1, 1)) € T (P vy

By the Markov Lemma Pr(&g 2 4|E5 ,, £5 ;) tends to zero
as n — 00.
Let &1, be the event that there is a tuple

~ (1) ~ ~ 7
(m£7g,nb_1,mp71,b, kl,b) e M, x N x ./\/lp71 x Cq that



is not equal to the all-one tuple (1f3j,1,1,1) and that
satisfies

(R
Vi (1in-1), ¥ V1 (1, 1))
e T

By the Packing Lemma, we conclude
Pr(€7,1,|E5 1 ) tends to zero as n — oo if

1)3 Uﬁb(mp,l,b) kl,b|m£71lz7 ﬁb71)7

( U0U1VY1Y1)

that
Ri+ Rep + R, < I(Uo,Uy; Y1,Y1,V) —d(e)  (104)
Ri+Reo+R,+Ry < I(Up,Up;Y1,Y1,V)
+I(V;: Y1, Y1) —

R,1+ R} < I(Uy; Y1, Y1, V|Up) — d(e).
o Let &7op be the event that there is a tuple
(18, fip—1, 1t 2., 2p) € Me X N X Myz x Ky that

is not equal to the all-one tuple (1f3j,1,1,1) and that
satisfies

() (105)
(106)

(Uo p(C) 1), US (11 2., Fea g1y s 1),
Vi (1), Y, V34 (1, 1>)
e T

By the Markov Lemma and the Packing Lemma, we
conclude that Pr(€7 2[5 ;,) tends to zero as n — oo,
if

( U()UQVYQYQ)

Ry + Rey + Ry < I(Up, Uz Y2, Y2, V) — 6(e)  (107)

Ro+Rei+Ry+Rhy < I(Up, Us; Ya, Ya, V)
+I(V;Ya,Y2) — 6(c)  (108)

Ry + Ry < I(Us; Yo, Y2, V|Up) — 6(e). (109)

Whenever the event &, occurs but none of the events
above, then &. Therefore,
Pr[é’b\&fﬂ]
<Pr [go,b UEpUE1pUE 25 UE3,
UE4p UEsp U160 U 56,2,b|£§+1}
< Pr[op|E5a] + PrlEpl€Sp: Erya]
2

+ Z Pr [527i,b|51c,ba5§+1]

i=1
+Pr [53,b‘51c7b7 E51.0:E5 2. Eg1) + Pr [54,b|5§,ba i1

2
E] + Z Pr(&6,i €5 1, Eb 1]
i=1

2
= Pr[€os] + Pr[E10|E5,) + D PrEa0lE7,)]
=1
+ Pr I:gg’b‘gib, 520,1,177 5572’12] + Pr [54,b|g§,b:|
2
+Pr[Es5|E5,] + > Pr[Esinl€S,)

i=1

+Pr[

(110)

where the last equality follows because the channel is memory-
less and the codebooks in blocks b and b+ 1 have been chosen
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independently. As explained in the previous paragraphs, each
of the terms in the last five lines tends to 0 as n — oo, if
Constraints (98)—(T09) are satisfied. Thus, by @7) and (I10)
we conclude that the probability of error P( (averaged over
all code constructions) vanishes as n — oo if Constraints (98)—
(T09) hold. Letting ¢ — 0, we obtain that the probability of
error can be made to tend to 0 as n — oo whenever

R} + R, > I(Uy; Us|Uy) (111a)
Ry + Ry > I(Y1; Y1) (111b)
Ro + Ry > I(Ya;Ys) (111c)
Ry < I(Uy,Uy,Us, Ya; Y1) (111d)
Ry < I(Uy, Uy, Uy, Y1;Ys)  (111e)
Ry + Ry < I(Uy, Uy, Uy; Y1, Y5)
+1(Y1;Y3) (111f)
R, > I(Uy, Uy, Us, Y1,Ya; V) (111g)
Ry + Reo + Ry + Ry < I(Uy,Uy; Y1, Y1, V)
+I1(V;Y1, Y1) (111h)
Ry + Reo + Ry < I(Uy,Uy; Y1, Y1, V) (111i)
Rea1+ Ry + Ry < I(Uy, Ua; Ya, Y, V) (111j)
Req + Ro+ Ry + Ry < I(Uy, Us; Yo, Ya, V)
+1(V:Y3,Ys) (111k)
R,1+ R} < I(Uy; Y1, Y1, V|Uy) (1111)
Ryo+ Ry < I(U; Yo, Y2, VIUp).  (111m)
Moreover, the feedback-rate constraints (]D impose that:
Ry < Ry (111n)
Ry < Rpp 2. (1110)

Eliminating the auxiliaries Rl, RQ, Rl, ]%2, f{v from the above
(using the Fourier-Motzkin algorithm), we obtain:

R} + R}, > I(Uy; Us|Uy) (112a)

Ry + Reo + Ry < I(Uo,Uy; Y1, Y1, V)
—I(V; Uy, Uy, Uy, Ya|Y1, Y1) (112b)

Ry + Ry + Ry < 1(Uy, Us; Ya, Ya, V)
—I(V; Uy, Uy, Uy, Y1|Ys,Ys)  (112¢)
R,1+ R) < I(Uy; Y1, Y1, V|Uy) (1124d)
Rpa+ Ry < (Ua; Yo, Y2, V|Up) (112e)

where the feedback-rate constraints have to satisfy

1(Y1;Y1|Uo, Uy, Us, Ya) < Rep 1 (113a)
I(Yy; Y3|Us, Uy, Uz, Y1) < R 2 (113b)
I(Y3,Yy; V1, Yo|Up, Ur, Us) < Rpp1 + Ria. (113¢)

Applying again the Fourier-Motzkin elimination algorithm to
Constraints (I12) and keeping Constraints (T13)), we obtain
the desired result in Theorem [] with the additional constraint
that

I(U1; U2|Ug) < I(Us; Y1,Y1,V|Uo) +1(Us; Ya,Y2,V|Uo).
(114)
Finally, this last constraint can be ignored because for any
tuple (Up, Uy, Uy, X,Y1,Ys,Y1,Ys) that violates (TT4), the



region defined by the constraints in Theorem [4] is contained
in the time-sharing region.

APPENDIX D
PROOF OF THEOREM[3]
Let Rpp; > 0. Fix a tple (UM, UM, U(M) X<M>) and
rate pairs (RM™, RM™) and (RI™, RE™) e ¢l as stated
in the theorem. Then, by the assumptions in the theorem,

R’ < 10" U7 v M) (115a)
RM< 1ufM U™, v, (115b)

RM4+RM < oM U™ v ™)+ oM v, uM™)
—1uM™; UM us™), (115¢)

where Yl(M) and YQ(M) denote the outputs of the considered
DMBC corresponding to input X™). (Notice the strict in-
equality of the second constraint.)

By the definition of Céiﬂ)] we can identify random variables
UéEnh) and X (B such that

R(Enh) < I(U(Enh) Y(Enh)) (116a)
Ry < I vy B U (116b)
where Y(E"h) nd Y(Enh) denote the outputs of the considered

DMBC correspondmg to input X (Enh) i
Define further U1 = const., Us (Enh) — X (Enb) Yl(Enh) _

Yl(Enh), Y1 =const, and a binary random variable () indepen-
dent of all previously defined random variables and of pmf

_ ) q = Enh
o ={ 1, 1T

We show that when + is sufficiently small, then the random
variables

(117)

U9, Uy == Uy?
371(@)

Uo:=U?, Uy =

X:=X@ and Yy, := (118)

satisfy the feedback rate constraints (26) and the rate pair
(R1, Ry),
R} = (1—~)RM™ 4 yR{E™ (119a)
Rl = (1 —7)RM 4 yRE™ (119b)

satisfies the constraints in @ for the choice in (TT8). The two
imply that the rate pair (R}, R%) lies in Rr(el;y w and concludes
our proof.

Notice that the pmf of the tuple Uy, Uy, Us, X, Yl,Yg,f/l
has the desired form

PoPu,u,v,10Px 000,020 Py va i x Py, vi 0 (120)

where Py y,|x denotes the channel law.
For the described choice of random variables (T18), the

feedback-rate constraint (26) specializes to
yH (VP |y E X B0 < R,y azn

which is satisfied for all sufficiently small v € (0,1). More-
over, for this choice the constraints in (23] specialize to

Ry < (1-NIUM, UM yvW)
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(U™, v Em)y (122a)
Ry < (1 - IO, UM; v, ™)
+ (I(X(Enh) : Yl(E“h) , YQ(E“h))
—H(Y,EW |y Fy) (122b)

Ry + Ry < (1 =) (1(UM, UM v™)
+I(UM v UgM)
— 1™ uMuiM™))
_’_7 (I(X(Enh) ; Yl(Enh) 7 YQ(Enh) |UéEnh))
—I—I(UéEnh); Yl(Enh)))
—NIOM; v uM)
+I(UM, UM M)
— 1™ uM™))
oy (I(X(Enh); Yl(Enh)7 YQ(Enh))
7H(Y1(Enh) |Y2(Enh))).

(122¢)
Ri+Ry < (1

(122d)

We argue in the following that the rate pair (Ry = R}, Ry =
R)) defined in (T19) satisfies these constraints for all suffi-
ciently small v > 0. Comparing (I15a), (T16a), and (I19a),
we see that the first constraint (122a) is satisfied for any
choice of v € [0,1]. Similarly, comparing (I15¢), (I16a),

(TT6b), and (T19a) and (T19B), we note that also the third

constraint (I22¢) is satisfied for any v € [0, 1]. The second
constraint (122D)) is satisfied when ~ is sufficiently small. This
can be seen by comparing (T15b), (T16B), and (119b), and
because Constraint (TT3b) holds with strict inequality. The last
constraint (122d) is not active in view of Constraint
whenever

YH (Y YY) < (1 - 4)r™, (123)

where '™ is defined in (33). Thus, also this last constraint
is satisfied when ~ is sufficiently small. This concludes our
proof.

APPENDIX E
PROOF OF PROPOSITIONIT]

Let Emp 45, for i = 1,2, denote the event that during block b
there is an error in the feedback communication from Receiver
i to the transmitter, and let ¢ denote the event that M; #

M, or My % Ms. Then,
Pr[My# M, or My # Mo]
ng2b>]
1

PriEU (U ngJ,b) U <

I
TCw

B
< Pr 5’ (U 5Fb,1,b> <U 5Fb,2,b> ]
T B B !
+ Pr U ng,l,b + Pr U ng ]
Lb=1 b=

- B ! B C
< Pr 6‘ (U 5Fb1b> <U Fb,2,b> ]
i b=1



B

+Z Pr[Erp,1,6] + Pr[&rp,2,5] -
b=1

(124)

Since we use capacity-achieving codes on the feedback
links, the probabilities Pr[Epy1,5] and Pr[€, 2] vanish as
the blocklength increases. When the feedback communica-
tions in all the blocks are error-free, then the probabil-
ity of error in the setup with noisy feedback is no larger
than that in the setup with noise-free feedback. Thus, un-
der the corresponding rate constraints, a£so the probabil-
ity Pr{g (Uszl ng,l,b) n (UbB:I ng,Q,b) ]
blocklength increases.

vanishes as the
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