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Abstract

Bent functions can be classified into regular bent functions, weakly
regular but not regular bent functions, and non-weakly regular bent
functions. Regular and weakly regular bent functions always appear in
pairs since their duals are also bent functions. In general this does not
apply to non-weaky regular bent functions. However, the first known
construction of non-weakly regular bent functions by Cegmelioglu et
al., 2012, yields bent functions for which the dual is also bent. In
this paper the first construction of non-weakly regular bent functions
for which the dual is not bent is presented. We call such functions
non-dual-bent functions. Until now, only sporadic examples found via
computer search were known. We then show that with the direct sum
of bent functions and with the construction by Cegmelioglu et al. one
can obtain infinitely many non-dual-bent functions once one example
of a non-dual-bent function is known.

1 Introduction

For a prime p, let f be a function from an n-dimensional vector space V,
over I, to IF,. The Walsh transform of f is the complex valued function

]/C\(b) _ Z EIjj(:tc)—(b,ac)’ € = eQm'/p’
z€Vy,

where (b,z) is a (nondegenerate) inner product in V,. The function f is
called a bent function if |f(b)| = p™? for all b € V,. For Boolean bent
functions we have f(b) = (—1)7"®2%/2 for a Boolean function f*, called the
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dual of f. When p is odd, then a bent function f satisfies (cf. []])
~ ieg*(b)p”/2 : p"=1mod4;
(b) = O (1)
+iep p*2 . p" =3 mod4,

for a function f* from V;, to F,. Accordingly f is called regular if p~™/ 2f(b) =
eg*(b) for all b € V,,, which for a Boolean bent function always holds. If
p_"/2f(b) = eg*(b) for some ( € {£1,+i}, independent from b, we call f
weakly reqular, otherwise f is called non-weakly reqular. Note that regular
implies weakly regular.

Weakly regular bent functions f always appear in pairs, as also the dual
f* of fis bent. We restate here the argument in [§], see also [5]:
For y € V,, we get

S Py = 0 e 3 J@-0a) = 3 S0 7 lblo-a) = pref),

beVn, beVy, zeVn eV, beVn
(2)

a special case of Poisson Summation Formula. We now use that f is weakly
regular, hence f(b) = Cp/ 26;: (b), with ( fixed, independent from b. Then

pe® = ¢p/? Z el O+ by — Cp" 2 F (—y).
beVy

Consequently
F(y) = P (3)
and therefore f* is weakly regular bent.

All classical constructions of bent functions yield weakly regular bent
functions. The first sporadic examples of non-weakly regular bent functions,
all in characteristic 3 and found by computer search, appeared in [§], [9] and
[10]. In [II], it was observed that one can obtain more examples in dimen-
sion m + n with the direct sum F(z,y) = f(z) + g(y) if one chooses for f a
(weakly) regular bent function in dimension m and for g a non-weakly reg-
ular bent function in dimension n. The first construction of infinite classes
of non-weakly regular bent functions was given in [2], and further analysed
in [3, 4, 5, [6]. The results indicate that though the “obvious” constructions
yield (weakly) regular bent functions, being non-weakly regular is not at all
an exceptional property for a bent function (in odd characteristic).

In [5] it was observed that the construction of non-weakly regular bent
functions in [2], which uses previously known bent functions in dimension
n to obtain one bent function in dimension n + 2, yields bent functions for



which the dual is also a bent function. On the other hand, some of the found

sporadic examples of non-weakly regular bent functions do not have a bent
dual:

1. g1 : Fg6 — F3 with g1(z) = Trg(¢72%), where ¢ is a primitive element
of Fys, see [§],

2. g2 : Fga — F3 with go(x) = Tra(agz?? + x), where ag € {££10, ££30}
and ¢ is a primitive element of F31, see [9],

3. g3 : Fys — F3 with g5(z) = Tre(¢72™ + ¢3270), where € is a primitive
element of 36, see [10].

Following this observation, in [5] a new concept of bent functions was intro-
duced: A bent function f is called a dual-bent function if the dual function
f* defined as in () is also bent. Otherwise we call f a non-dual-bent func-
tion. Clearly every weakly regular bent function is a dual-bent function, but
the converse does not hold.

For all types of dual-bent functions, regular, weakly regular but not reg-
ular, and non-weakly regular but dual-bent, we know constructions. What
is missing, is a theoretical construction of non-dual-bent functions, i.e. a
construction of bent functions for which the dual is not a bent function.

The objective of this paper is to close this gap, presenting the first con-
struction of bent functions which yields non-dual-bent functions. In Section
we present a construction of bent functions which can be seen as an ex-
tension of the direct sum. In Section [3] we show that this construction in
general yields non-dual-bent functions, and we give some examples of non-
dual-bent functions. In Section ] we show that with the direct sum of bent
functions and with the construction in [2] one can obtain infinitely many
non-dual-bent functions once one example of a non-dual-bent function is
constructed.

2 A semi-direct sum of bent functions

A simple construction of a new bent function from two given bent functions
is the direct sum of a bent function f from V,, to F, and a bent function g
from V}, to Fp, which is the function F' : V,,, x V,, — F, defined as F(z,y) =
f(z) 4+ g(y). It is straightforward to determine that

~

F(a,b) = f(a)g(b).



In this section we present an extension of this secondary construction which
we may call the semi-direct sum of two bent functions f and g. We will em-
ploy this semi-direct sum in the next section to provide the first construction
of non-dual-bent functions.

Theorem 1. Let f : V;;, — F, and g : V;, — F,, be bent, and let h be a
function from Vy, to V,,. The function F : Vy, x V, — T, defined as

F(z,y) = f(x) +9(y + h(z)) (4)
is bent if and only if for all b € V;, the function Gy : V,,, — F,
Gy(x) = f(x) + (b, h(x))
is a bent function. The dual F* of F is then
F(z,y) = G (z) + g"(y).

Proof. For a € V,,, and b € V,, we have

ﬁ(a’ b) = Z E}Jj(:{:)—l—g(y—i-h(x))—(a,x)—(b,y)
2€Vm,yeVn
= Y @) 3 ) {h-he)
z€Vm yEVn
- Z 6£(x)+(b,h(x))—(a,x) Z eg(y)—<b7y)
€V, yeVn
— Gi@)3(h). (5)

Since g is bent, i.e. g(b) = Cp"/Qeg*(b) for some ¢ € {£1,+i} (which may
depend on b), the function F is bent if and only if |Gy(a)| = p™/? for all
a €V, and b € V,,, or equivalently Gy is bent for all b € V,,. Then

Fla,b) = cptmtm/2 Cil@r+a"®)

for some ¢ € {£1,£i} (which may depend on a and b), and the formula for
the dual F™* follows. O

Remark 1. If h is the zero function, then the condition in Theorem [
trivially holds and the semi-direct sum reduces to the direct sum.



Remark 2. In [1], Carlet presented the special case of the construction in
Theorem [l where p = 2 and g is the quadratic Maiorana-McFarland bent
function g(x) = x1x9 + 2324 + -+ + Tp_12y from FY to Fo, n even. The
function F : Vi, x F§ — Fy is then of the form
n/2
F(z,y1,. o yn) = F(@) + > (y2i-1 + haio1(2))(y2i + hai(z))  (6)
i=1

for some functions hq,..., hy, from V,, to Fs.

3 Bent functions for which the dual is not bent

We first present some examples of bent functions from V;;, x F to F), ob-
tained with the semi-direct sum. Note that to satisfy the conditions in
Theorem [I] we need a bent function f : V;,, — F, and a function h(z) =
(h1(z), ha(), ..., hu(z)) from V,, to F} such that for all A = (Ay,...,\y) €
[ the function

Ga(z) = f(z)+ A-h(z) = f(x) + Mhi(x) + Aoho(z) + - - + Ahp(2)

is bent. To generate such functions f,hi,...,h, from V;, to F, we will
employ vectorial bent functions from F,m to F,. Hence in this section V;,
will be identified with the finite field Fp». Examples for vectorial bent
functions are quadratic PN-functions of which the simplest are quadratic
monomials, or the Coulter-Matthews functions for p = 3.

Lemma 1 (Lemma 2 and Corollary 3 in [§]). Let m and 0 < k < m be
integers such that m/ ged(m, k) is odd. For a nonzero a € Fpm let f, be the
function fo(x) = Trp(az?" 1) from Fym to Fp,. Then

o [ A
n(a)(—l)m_lz’mpm/2€£a(u) -

1(mod4)
3(mod4),

mo
mo

where n(a) denotes the quadratic character of o in Fpm.

Lemma 2 (see Lemma 2 in 7] and Proposition 2 in [6]). Let m, k be positive
integers such that ged(2m, k) = 1. For each o € F%,., the Walsh transform

— k
fo of the weakly regular bent function fq(x) = Trm(aa:%) satisfies
Falw) = n@) (=1 timam 2,

where n(a)) denotes the quadratic character of a in Fam.



Corollary 1. For integers m and n, 2 < n < m, and let ag,1,...,0, €
Fpm be linearly independent over F,, and let g be a weakly regular bent
function from ¥} to Fp. Let

- G(z) = 27" for some integer 0 < k < m such that m/ ged(m, k) is
odd, and fo,(z) = Trp(a;G(7)), 0 < j <n, or
k
-p=3and G(x) = xe for an integer k such that ged(2m, k) = 1
and fo,(z) = Trp(a;G(7)), 0 < j < n.

Then F : Fpm X IF'Z — Iy

F(ﬂf,yl, s 7yn) = fao($) + g(yl + fa1(x)7y2 + fa2($)7 sy Yn + fan($))
18 a bent function, which in general is non-weakly reqular.

Proof. Clearly, F'is the bent function @) for f = fa, and h; = fo,, 1 <
j <n. Note that Gy, x,(x) = Trim((ao+>_7_; Ajay)G(z)) is bent since the
elements «; are chosen to be linearly independent, hence ayg +Z;-L:1 ,)\jaj 7&70.
To see that F' is non-weakly regular, we choose )\1 , ooy Ap and )\1,_. . An
such that A = ag + Y %_; A\ja; is a square and A=a+ Y1 Ajay s
a non-square in Fpm. Clearly in general such A, A exist. With Lemma [II
respectively Lemma 2] and the assumption that n(A) # n(A), the non-weak
regularity of F' follows from (Bl together with the weak regularity of g. O

In the remainder of this section we show that in general the construction
in Theorem [ yields bent functions for which the dual is not bent. Our
functions are the first theoretically constructed non-dual-bent functions. We
follow the approach of Corollary [l where we employ vectorial bent functions
for our construction. For simplicity we choose n = 2 and G(x) = x? and

9(y1,y2) = y1y2. Then
F(a,y1,52) = f(@) + (g1 + i (2)) (g2 + ha(x)

where f(z) = Tr,(2?), hi(z) = Trp(ax?), ho(z) = Tr,(B2?) and 1,a, 8
are linearly independent over [, (we take oy = 1, a1 = @, g = ). As an
application of Theorem [I] we obtain the subsequent corollary.

Corollary 2. Let 1,a, 8 € Fym be linearly independent over F,. If

YT (4 ya+2B)e, 2] #p, (7)
y1,y2€F,



then the function F' : Fym x IF'I%

F(x7yl7y2) = Trm(xz) + (yl + Trm(ax2))(y2 + Trm(ﬁxz)) (8)
s a non-dual-bent function.

Proof. Observing that ¢*(y1,y2) = —y1y2, the dual of F' is

F*(2,y1,vy2) = Gy, 4, (%) — y172

where G} (x) is the dual of Gy, y,(2) = Trp((1 + y1a + y28)2?). By [,

Corollary 3],

2

4(1 + yrae + y28)

Gy (@) = —Trm(

).
Furthermore,

G;,yz (x) = Gyuyz(_fﬂ) = Trp (1 + g1 + y2ﬁ)$2) =Gy ().
We determine the Walsh coefficient of F™* at (0,0,0):

—~ a* _ o
F*(O, 07 0) = Z Ep Y1:Y2 (CC) Y1y2 _ Z E;ywz Z Ep Y1,Y2 (CC)

eClpm y1,y2€Fp 2€Fm
Y1:Y2 E]Fp

T - G
= Z EpylyQGZLyz(O):{pmm Z Epy1y277(1+y1a+y2ﬁ)€py1’y2

y1,y2€F, y1,y2€F,

= Cpm/2 Z 7](1 +y1a +y25)65y1y27
y1,y2€F,

where ¢ € {£1,+i} only depends on p and m, see Lemma[ll As a conse-
quence, if

Y n(l+ e+ y2B)e, 2| # p,

y1,Y2€Fp

then F™* is not bent. O

Condition ([7l) combines the additive and the multiplicative structure of the
finite field and is therefore not easy to analyse. If all values for 14+Aja+ X9 /3,
A1, A2 € Fp, have the same quadratic character, then F' is weakly regular,
hence a dual-bent function. As obvious, in this case the character sum in
([@) has in fact absolute value p. Clearly with a random choice of a, § this is
quite unlikely, and one also would expect a chaotic behaviour of the character
sum in (7). In particular it seems that its absolute value is rarely p. Below
are some examples of non-dual-bent functions obtained with Corollary [ for
p =3 and for p = 5.

ok

(0)



Example 1. Let p = 3,m = 3, and let w be a root of the irreducible poly-
nomial g(x) = z3 + 2?4+ 2 € F3[x]. For both choices

(i) a=w, B =w?+1,
(i) a=2w+1, f =w?

the character sum in ([0 has absolute value V3. Hence in both cases the dual
of the bent function F(x,y1,y2) = Tr3(x?) + (y1 + Trz(az?))(yo + Tr3(Bz?))
from Fgs X IE‘% — F3 is not a bent function.

Example 2. Let w € F31 be a root of the irreducible polynomial g(x) =
zt+ 23 +2 € F3[z]. For a =w and 8 = w? we have | >y apers N+ Y100+
yaB)ep 2| = |1 — 2/3i| = V13 # 3. Hence the dual of the bent function
F(z,y1,y2) = T3(2*) + (y1 + Tra(wa?)) (y2 + Tra(w?s?)) from Faa x F3 to Fy
1 not bent.

Example 3. Let w € Fs3 be a root of the irreducible polynomial g(x) =
>4 x+1, let o =w, B=w? and let F be the bent function from Fss x F%
to F5 given by F(z,y1,y2) = T5(x?)+ (y1 + Trs(wz?)) (y2 + Trs (w?x?)). Since
| 3 e ML+ y1a+yaB)ey 12| = |ded —des + 1| # 5, the dual of F is not
a bent function. We remark that all previously known sporadic examples of
non-dual-bent functions are in characteristic 3. With our choice of o and
B, checking the condition in Corollary [A without difficulty we constructed a
non-dual-bent function in characteristic 5.

We add an example of a bent function of the form () for which the
absolute value of the character sum in Corollary 2] equals p.

Example 4. Let w € F33 be as in Example [, and choose « = w and
B =w?. In this case we have | > unameks N1 Hy1a+yaf)e, 2| = 3. Hence

for the corresponding bent function F we have |F(0)| = 3%/2, and F may or
may not have a bent dual. Using Magma we confirmed that the dual of F' is
again not a bent function.

4 Recursively constructing non-dual-bent functions

In this section we show that once a non-dual-bent function is constructed,
one can recursively obtain infinitely many with the direct sum and the con-
struction in [2]. We emphasize that these secondary constructions of bent
functions cannot provide non-dual-bent functions if one does not use a bent
function as building block which is already non-dual.



Recall that for two functions f : V;;, — I, and g : V;, — F,, the direct
sum F': V,,, x V;, = F, is defined as F(x,y) = f(z) 4+ g(y). As easily seen

F(a,b) = f(a)g(b).

In particular if f and g are bent, then F' is bent, and

F(a,b) = CanD min 6}Jj‘(a)ﬂf‘(b)
for some (5 € {£1, £i}. Hence the dual of F'is F*(z,y) = f*(x) + ¢*(y).

Theorem 2. The direct sum of a dual-bent function and a non-dual-bent
function is a non-dual-bent function.

Proof. Suppose that f* is bent but g* is not, hence |g*(b)] = A # p™/?
for some b € V,,. Then

[F*(a,b)] = p™/?A # )2

for all a € V,,, which finishes the proof. O

Now we consider the construction introduced in [2] and further investigated
in 3], 4] [ [6], which combines p bent functions from V;, to I, to one bent
function in dimension n + 2. We follow the notation in [5] and use the
multivariate representation, i.e. we represent V), as .

Proposition 1. Forj=0,...,p—1 let f; be functions from ¥} to F,. The
function F : FIt2 — T, defined as

F($,$n+1,y) = fy(x) +xn+1y
is bent if and only if for all 0 < j < p —1 the function f; is bent.

Proof. By definition, F' is bent if for all a € Fy, b,c € F;, the Walsh

transform ﬁ(a, b, ¢) has absolute value p"*2/2. For a € Fy, b,c € F) we
have

s z)+x —a-x—bx —c
F(a,bc) = E: Egy() n+1y nt1—cy
z€Fy
Tp41,¥€Fp

= Z epy(x)_a'm_cy Z ezn+1(y_b) — pe[jbc Z egb(w)_a'm

z€Fp Tntr1€F, z€Fy
yeFp

= pe, " fi(a).



Consequently \ﬁ(a, b,c)| = pt2/2 for all a € ), b,c € Fp if and only if
|ﬁ,(a)| = p"/2 for all a € F), b € Fp, which applies if and only if f; is bent
foral 0 <b<p-—1. O

We observe that if f;, 0 < b < p—1, is bent, then I*Aj(a7 b,c) = pnTHCegg(a)_bc_

Consequently, as also observed in [5], the dual of the bent function F’

F (2, zn41,y) = fr,,, (%) — 2oy, (9)

is obtained with the same construction method from f;-‘, 0<j<p-1, (the
roles of the variables x, 1 and y are interchanged). With those observations
and Proposition [Il we get the following theorem.

Theorem 3. For j =0,...,p—1 let f; be bent functions from ¥} to F,.
The bent function F : IF;”FQ — ), defined as

F($,$n+1,y) = fy(x) +xn+1y

is dual-bent if and only if for all 0 < 5 < p —1 the function f; is dual-bent.

5 Concluding remarks

In the literature many constructions and explicit representations of bent
functions, also in odd characteristic, can be found. Almost all of them
describe (weakly) regular bent functions. In [2] the first construction of in-
finite classes of non-weakly regular bent functions has been presented. This
construction combines regular and weakly regular (but not regular) bent
functions in dimension n, of which many infinite classes are known, to one
non-weakly regular bent function in n + 2 variables. As observed in [5], the
resulting bent functions are dual-bent, a property which non-weakly regular
bent functions do not necessarily have. In this article the first theoretical
construction of non-dual-bent functions is presented. Moreover we show
that with the direct sum of bent functions and with the construction in [2],
recursively one can obtain infinitely many non-dual-bent functions once one
example of a non-dual-bent function is known. Our results indicate that
being non-dual-bent is not an exceptional property for a bent function.

Acknowledgement. The second author is supported by the Austrian Sci-
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