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Abstract

Bent functions can be classified into regular bent functions, weakly
regular but not regular bent functions, and non-weakly regular bent
functions. Regular and weakly regular bent functions always appear in
pairs since their duals are also bent functions. In general this does not
apply to non-weaky regular bent functions. However, the first known
construction of non-weakly regular bent functions by Ceşmelioğlu et
al., 2012, yields bent functions for which the dual is also bent. In
this paper the first construction of non-weakly regular bent functions
for which the dual is not bent is presented. We call such functions
non-dual-bent functions. Until now, only sporadic examples found via
computer search were known. We then show that with the direct sum
of bent functions and with the construction by Ceşmelioğlu et al. one
can obtain infinitely many non-dual-bent functions once one example
of a non-dual-bent function is known.

1 Introduction

For a prime p, let f be a function from an n-dimensional vector space Vn

over Fp to Fp. The Walsh transform of f is the complex valued function

f̂(b) =
∑

x∈Vn

ǫf(x)−〈b,x〉
p , ǫp = e2πi/p,

where 〈b, x〉 is a (nondegenerate) inner product in Vn. The function f is
called a bent function if |f̂(b)| = pn/2 for all b ∈ Vn. For Boolean bent
functions we have f̂(b) = (−1)f

∗(b)2n/2 for a Boolean function f∗, called the
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dual of f . When p is odd, then a bent function f satisfies (cf. [8])

f̂(b) =

{
±ǫ

f∗(b)
p pn/2 : pn ≡ 1 mod 4;

±iǫ
f∗(b)
p pn/2 : pn ≡ 3 mod 4,

(1)

for a function f∗ from Vn to Fp. Accordingly f is called regular if p−n/2f̂(b) =

ǫ
f∗(b)
p for all b ∈ Vn, which for a Boolean bent function always holds. If

p−n/2f̂(b) = ζ ǫ
f∗(b)
p for some ζ ∈ {±1,±i}, independent from b, we call f

weakly regular, otherwise f is called non-weakly regular. Note that regular
implies weakly regular.

Weakly regular bent functions f always appear in pairs, as also the dual
f∗ of f is bent. We restate here the argument in [8], see also [5]:
For y ∈ Vn we get

∑

b∈Vn

ǫ〈b,y〉p f̂(b) =
∑

b∈Vn

ǫ〈b,y〉p

∑

x∈Vn

ǫf(x)−〈b,x〉
p =

∑

x∈Vn

ǫf(x)p

∑

b∈Vn

ǫ〈b,(y−x)〉
p = pnǫf(y)p ,

(2)
a special case of Poisson Summation Formula. We now use that f is weakly

regular, hence f̂(b) = ζpn/2ǫ
f∗(b)
p , with ζ fixed, independent from b. Then

pnǫf(y)p = ζpn/2
∑

b∈Vn

ǫf
∗(b)+〈b,y〉

p = ζpn/2f̂∗(−y).

Consequently
f̂∗(−y) = ζ−1pn/2ǫf(y)p (3)

and therefore f∗ is weakly regular bent.
All classical constructions of bent functions yield weakly regular bent

functions. The first sporadic examples of non-weakly regular bent functions,
all in characteristic 3 and found by computer search, appeared in [8], [9] and
[10]. In [11], it was observed that one can obtain more examples in dimen-
sion m+ n with the direct sum F (x, y) = f(x) + g(y) if one chooses for f a
(weakly) regular bent function in dimension m and for g a non-weakly reg-
ular bent function in dimension n. The first construction of infinite classes
of non-weakly regular bent functions was given in [2], and further analysed
in [3, 4, 5, 6]. The results indicate that though the “obvious” constructions
yield (weakly) regular bent functions, being non-weakly regular is not at all
an exceptional property for a bent function (in odd characteristic).

In [5] it was observed that the construction of non-weakly regular bent
functions in [2], which uses previously known bent functions in dimension
n to obtain one bent function in dimension n + 2, yields bent functions for
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which the dual is also a bent function. On the other hand, some of the found
sporadic examples of non-weakly regular bent functions do not have a bent
dual:

1. g1 : F36 → F3 with g1(x) = Tr6(ξ
7x98), where ξ is a primitive element

of F36 , see [8],

2. g2 : F34 → F3 with g2(x) = Tr4(a0x
22 + x4), where a0 ∈ {±ξ10,±ξ30}

and ξ is a primitive element of F34 , see [9],

3. g3 : F36 → F3 with g5(x) = Tr6(ξ
7x14 + ξ35x70), where ξ is a primitive

element of F36 , see [10].

Following this observation, in [5] a new concept of bent functions was intro-
duced: A bent function f is called a dual-bent function if the dual function
f∗ defined as in (1) is also bent. Otherwise we call f a non-dual-bent func-
tion. Clearly every weakly regular bent function is a dual-bent function, but
the converse does not hold.

For all types of dual-bent functions, regular, weakly regular but not reg-
ular, and non-weakly regular but dual-bent, we know constructions. What
is missing, is a theoretical construction of non-dual-bent functions, i.e. a
construction of bent functions for which the dual is not a bent function.

The objective of this paper is to close this gap, presenting the first con-
struction of bent functions which yields non-dual-bent functions. In Section
2 we present a construction of bent functions which can be seen as an ex-
tension of the direct sum. In Section 3 we show that this construction in
general yields non-dual-bent functions, and we give some examples of non-
dual-bent functions. In Section 4 we show that with the direct sum of bent
functions and with the construction in [2] one can obtain infinitely many
non-dual-bent functions once one example of a non-dual-bent function is
constructed.

2 A semi-direct sum of bent functions

A simple construction of a new bent function from two given bent functions
is the direct sum of a bent function f from Vm to Fp and a bent function g
from Vn to Fp, which is the function F : Vm ×Vn → Fp defined as F (x, y) =
f(x) + g(y). It is straightforward to determine that

F̂ (a, b) = f̂(a)ĝ(b).
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In this section we present an extension of this secondary construction which
we may call the semi-direct sum of two bent functions f and g. We will em-
ploy this semi-direct sum in the next section to provide the first construction
of non-dual-bent functions.

Theorem 1. Let f : Vm → Fp and g : Vn → Fp be bent, and let h be a
function from Vm to Vn. The function F : Vm × Vn → Fp defined as

F (x, y) = f(x) + g(y + h(x)) (4)

is bent if and only if for all b ∈ Vn the function Gb : Vm → Fp

Gb(x) = f(x) + 〈b, h(x)〉

is a bent function. The dual F ∗ of F is then

F ∗(x, y) = G∗
y(x) + g∗(y).

Proof. For a ∈ Vm and b ∈ Vn we have

F̂ (a, b) =
∑

x∈Vm,y∈Vn

ǫf(x)+g(y+h(x))−〈a,x〉−〈b,y〉
p

=
∑

x∈Vm

ǫf(x)−〈a,x〉
p

∑

y∈Vn

ǫg(y)−〈b,y−h(x)〉
p

=
∑

x∈Vm

ǫf(x)+〈b,h(x)〉−〈a,x〉
p

∑

y∈Vn

ǫg(y)−〈b,y〉
p

= Ĝb(a)ĝ(b). (5)

Since g is bent, i.e. ĝ(b) = ζpn/2ǫ
g∗(b)
p for some ζ ∈ {±1,±i} (which may

depend on b), the function F is bent if and only if |Ĝb(a)| = pm/2 for all
a ∈ Vm and b ∈ Vn, or equivalently Gb is bent for all b ∈ Vn. Then

F̂ (a, b) = ζp(m+n)/2ǫ
G∗

b
(a)+g∗(b)

p

for some ζ ∈ {±1,±i} (which may depend on a and b), and the formula for
the dual F ∗ follows. ✷

Remark 1. If h is the zero function, then the condition in Theorem 1
trivially holds and the semi-direct sum reduces to the direct sum.
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Remark 2. In [1], Carlet presented the special case of the construction in
Theorem 1 where p = 2 and g is the quadratic Maiorana-McFarland bent
function g(x) = x1x2 + x3x4 + · · · + xn−1xn from Fn

2 to F2, n even. The
function F : Vm × Fn

2 → F2 is then of the form

F (x, y1, . . . , yn) = f(x) +

n/2∑

i=1

(y2i−1 + h2i−1(x))(y2i + h2i(x)) (6)

for some functions h1, . . . , hn from Vm to F2.

3 Bent functions for which the dual is not bent

We first present some examples of bent functions from Vm × Fn
p to Fp ob-

tained with the semi-direct sum. Note that to satisfy the conditions in
Theorem 1 we need a bent function f : Vm → Fp and a function h(x) =
(h1(x), h2(x), . . . , hn(x)) from Vm to Fn

p such that for all Λ = (λ1, . . . , λn) ∈
Fn
p the function

GΛ(x) = f(x) + Λ · h(x) = f(x) + λ1h1(x) + λ2h2(x) + · · ·+ λnhn(x)

is bent. To generate such functions f, h1, . . . , hn from Vm to Fp we will
employ vectorial bent functions from Fpm to Fp. Hence in this section Vm

will be identified with the finite field Fpm. Examples for vectorial bent
functions are quadratic PN-functions of which the simplest are quadratic
monomials, or the Coulter-Matthews functions for p = 3.

Lemma 1 (Lemma 2 and Corollary 3 in [8]). Let m and 0 ≤ k ≤ m be
integers such that m/ gcd(m,k) is odd. For a nonzero α ∈ Fpm let fα be the

function fα(x) = Trm(αxp
k+1) from Fpm to Fp. Then

f̂α(u) =

{
η(α)(−1)m−1pm/2ǫ

f∗
α(u)

p : p ≡ 1(mod4)

η(α)(−1)m−1impm/2ǫ
f∗
α(u)

p : p ≡ 3(mod4),

where η(α) denotes the quadratic character of α in Fpm.

Lemma 2 (see Lemma 2 in [7] and Proposition 2 in [6]). Let m,k be positive
integers such that gcd(2m,k) = 1. For each α ∈ F∗

3m , the Walsh transform

f̂α of the weakly regular bent function fα(x) = Trm(αx
3
k
+1

2 ) satisfies

f̂α(u) = η(α)(−1)m−1im3m/2ǫ
f∗
α(u)

3 ,

where η(α) denotes the quadratic character of α in F3m.
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Corollary 1. For integers m and n, 2 ≤ n < m, and let α0, α1, . . . , αn ∈
Fpm be linearly independent over Fp, and let g be a weakly regular bent
function from Fn

p to Fp. Let

- G(x) = xp
k+1 for some integer 0 ≤ k ≤ m such that m/ gcd(m,k) is

odd, and fαj
(x) = Trm(αjG(x)), 0 ≤ j ≤ n, or

- p = 3 and G(x) = x
3
k
+1

2 for an integer k such that gcd(2m,k) = 1
and fαj

(x) = Trm(αjG(x)), 0 ≤ j ≤ n.

Then F : Fpm × Fn
p → Fp

F (x, y1, . . . , yn) = fα0
(x) + g(y1 + fα1

(x), y2 + fα2
(x), . . . , yn + fαn(x)).

is a bent function, which in general is non-weakly regular.

Proof. Clearly, F is the bent function (4) for f = fα0
and hj = fαj

, 1 ≤
j ≤ n. Note that Gλ1,...,λn

(x) = Trm((α0+
∑n

j=1 λjαj)G(x)) is bent since the
elements αj are chosen to be linearly independent, hence α0+

∑n
j=1 λjαj 6= 0.

To see that F is non-weakly regular, we choose λ1, . . . , λn and λ̄1, . . . , λ̄n

such that Λ = α0 +
∑n

j=1 λjαj is a square and Λ̄ = α0 +
∑n

j=1 λ̄jαj is

a non-square in Fpm. Clearly in general such Λ, Λ̄ exist. With Lemma 1
respectively Lemma 2, and the assumption that η(Λ) 6= η(Λ̄), the non-weak
regularity of F follows from (5) together with the weak regularity of g. ✷

In the remainder of this section we show that in general the construction
in Theorem 1 yields bent functions for which the dual is not bent. Our
functions are the first theoretically constructed non-dual-bent functions. We
follow the approach of Corollary 1 where we employ vectorial bent functions
for our construction. For simplicity we choose n = 2 and G(x) = x2 and
g(y1, y2) = y1y2. Then

F (x, y1, y2) = f(x) + (y1 + h1(x))(y2 + h2(x))

where f(x) = Trm(x2), h1(x) = Trm(αx2), h2(x) = Trm(βx2) and 1, α, β
are linearly independent over Fp (we take α0 = 1, α1 = α, α2 = β). As an
application of Theorem 1 we obtain the subsequent corollary.

Corollary 2. Let 1, α, β ∈ Fpm be linearly independent over Fp. If

|
∑

y1,y2∈Fp

η(1 + y1α+ y2β)ǫ
−y1y2
p | 6= p, (7)
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then the function F : Fpm × F2
p

F (x, y1, y2) = Trm(x2) + (y1 +Trm(αx2))(y2 +Trm(βx2)) (8)

is a non-dual-bent function.

Proof. Observing that g∗(y1, y2) = −y1y2, the dual of F is

F ∗(x, y1, y2) = G∗
y1,y2(x)− y1y2

where G∗
y1,y2(x) is the dual of Gy1,y2(x) = Trm((1 + y1α + y2β)x

2). By [8,
Corollary 3],

G∗
y1,y2(x) = −Trm(

x2

4(1 + y1α+ y2β)
).

Furthermore,

G∗∗
y1,y2(x) = Gy1,y2(−x) = Trm((1 + y1α+ y2β)x

2) = Gy1,y2(x).

We determine the Walsh coefficient of F ∗ at (0, 0, 0):

F̂ ∗(0, 0, 0) =
∑

x∈Fpm

y1,y2∈Fp

ǫ
G∗

y1,y2
(x)−y1y2

p =
∑

y1,y2∈Fp

ǫ−y1y2
p

∑

x∈Fpm

ǫ
G∗

y1,y2
(x)

p

=
∑

y1,y2∈Fp

ǫ−y1y2
p Ĝ∗

y1,y2(0) = ζpm/2
∑

y1,y2∈Fp

ǫ−y1y2
p η(1 + y1α+ y2β)ǫ

G∗∗
y1,y2

(0)
p

= ζpm/2
∑

y1,y2∈Fp

η(1 + y1α+ y2β)ǫ
−y1y2
p ,

where ζ ∈ {±1,±i} only depends on p and m, see Lemma 1. As a conse-
quence, if

|
∑

y1,y2∈Fp

η(1 + y1α+ y2β)ǫ
−y1y2
p | 6= p,

then F ∗ is not bent. ✷

Condition (7) combines the additive and the multiplicative structure of the
finite field and is therefore not easy to analyse. If all values for 1+λ1α+λ2β,
λ1, λ2 ∈ Fp, have the same quadratic character, then F is weakly regular,
hence a dual-bent function. As obvious, in this case the character sum in
(7) has in fact absolute value p. Clearly with a random choice of α, β this is
quite unlikely, and one also would expect a chaotic behaviour of the character
sum in (7). In particular it seems that its absolute value is rarely p. Below
are some examples of non-dual-bent functions obtained with Corollary 2 for
p = 3 and for p = 5.
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Example 1. Let p = 3,m = 3, and let w be a root of the irreducible poly-
nomial g(x) = x3 + x2 + 2 ∈ F3[x]. For both choices

(i) α = w, β = w2 + 1,

(ii) α = 2w + 1, β = w2

the character sum in (7) has absolute value
√
3. Hence in both cases the dual

of the bent function F (x, y1, y2) = Tr3(x
2) + (y1 +Tr3(αx

2))(y2 +Tr3(βx
2))

from F33 × F2
3 → F3 is not a bent function.

Example 2. Let w ∈ F34 be a root of the irreducible polynomial g(x) =
x4 + x3 +2 ∈ F3[x]. For α = w and β = w2 we have |

∑
y1,y2∈F3

η(1+ y1α+

y2β)ǫ
−y1y2
p | = |1 − 2

√
3i| =

√
13 6= 3. Hence the dual of the bent function

F (x, y1, y2) = T3(x
2)+ (y1 +Tr3(wx

2))(y2+Tr3(w
2x2)) from F34 ×F2

3 to F3

is not bent.

Example 3. Let w ∈ F53 be a root of the irreducible polynomial g(x) =
x3 + x+ 1, let α = ω, β = ω2, and let F be the bent function from F53 × F2

5

to F5 given by F (x, y1, y2) = T5(x
2)+(y1+Tr5(wx

2))(y2+Tr5(w
2x2)). Since

|∑y1,y2∈F5
η(1+ y1α+ y2β)ǫ

−y1y2
p | = |4ǫ45−4ǫ5+1| 6= 5, the dual of F is not

a bent function. We remark that all previously known sporadic examples of
non-dual-bent functions are in characteristic 3. With our choice of α and
β, checking the condition in Corollary 2 without difficulty we constructed a
non-dual-bent function in characteristic 5.

We add an example of a bent function of the form (8) for which the
absolute value of the character sum in Corollary 2 equals p.

Example 4. Let w ∈ F33 be as in Example 1, and choose α = w and
β = w2. In this case we have |∑y1,y2∈F3

η(1+ y1α+ y2β)ǫ
−y1y2
p | = 3. Hence

for the corresponding bent function F we have |F̂ (0)| = 35/2, and F may or
may not have a bent dual. Using Magma we confirmed that the dual of F is
again not a bent function.

4 Recursively constructing non-dual-bent functions

In this section we show that once a non-dual-bent function is constructed,
one can recursively obtain infinitely many with the direct sum and the con-
struction in [2]. We emphasize that these secondary constructions of bent
functions cannot provide non-dual-bent functions if one does not use a bent
function as building block which is already non-dual.

8



Recall that for two functions f : Vm → Fp and g : Vn → Fp the direct
sum F : Vm × Vn → Fp is defined as F (x, y) = f(x) + g(y). As easily seen

F̂ (a, b) = f̂(a)ĝ(b).

In particular if f and g are bent, then F is bent, and

F̂ (a, b) = ζa,bp
m+n

2 ǫf
∗(a)+g∗(b)

p

for some ζa,b ∈ {±1,±i}. Hence the dual of F is F ∗(x, y) = f∗(x) + g∗(y).

Theorem 2. The direct sum of a dual-bent function and a non-dual-bent
function is a non-dual-bent function.

Proof. Suppose that f∗ is bent but g∗ is not, hence |ĝ∗(b)| = A 6= pn/2

for some b ∈ Vn. Then

|F̂ ∗(a, b)| = pm/2A 6= p(m+n)/2

for all a ∈ Vm, which finishes the proof. ✷

Now we consider the construction introduced in [2] and further investigated
in [3, 4, 5, 6], which combines p bent functions from Vn to Fp to one bent
function in dimension n + 2. We follow the notation in [5] and use the
multivariate representation, i.e. we represent Vn as Fn

p .

Proposition 1. For j = 0, . . . , p− 1 let fj be functions from Fn
p to Fp. The

function F : Fn+2
p → Fp defined as

F (x, xn+1, y) = fy(x) + xn+1y

is bent if and only if for all 0 ≤ j ≤ p− 1 the function fj is bent.

Proof. By definition, F is bent if for all a ∈ Fn
p , b, c ∈ Fp the Walsh

transform F̂ (a, b, c) has absolute value p(n+2)/2. For a ∈ Fn
p , b, c ∈ Fp we

have

F̂ (a, b, c) =
∑

x∈F
n
p

xn+1,y∈Fp

ǫ
fy(x)+xn+1y−a·x−bxn+1−cy
p

=
∑

x∈Fnp
y∈Fp

ǫ
fy(x)−a·x−cy
p

∑

xn+1∈Fp

ǫxn+1(y−b)
p = pǫ−bc

p

∑

x∈Fn
p

ǫfb(x)−a·x
p

= pǫ−bc
p f̂b(a).

9



Consequently |F̂ (a, b, c)| = p(n+2)/2 for all a ∈ Fn
p , b, c ∈ Fp if and only if

|f̂b(a)| = pn/2 for all a ∈ Fn
p , b ∈ Fp, which applies if and only if fb is bent

for all 0 ≤ b ≤ p− 1. ✷

We observe that if fb, 0 ≤ b ≤ p−1, is bent, then F̂ (a, b, c) = p
n+2

2 ζǫ
f∗

b
(a)−bc

p .
Consequently, as also observed in [5], the dual of the bent function F

F ∗(x, xn+1, y) = f∗
xn+1

(x)− xn+1y, (9)

is obtained with the same construction method from f∗
j , 0 ≤ j ≤ p− 1, (the

roles of the variables xn+1 and y are interchanged). With those observations
and Proposition 1 we get the following theorem.

Theorem 3. For j = 0, . . . , p − 1 let fj be bent functions from Fn
p to Fp.

The bent function F : Fn+2
p → Fp defined as

F (x, xn+1, y) = fy(x) + xn+1y

is dual-bent if and only if for all 0 ≤ j ≤ p− 1 the function fj is dual-bent.

5 Concluding remarks

In the literature many constructions and explicit representations of bent
functions, also in odd characteristic, can be found. Almost all of them
describe (weakly) regular bent functions. In [2] the first construction of in-
finite classes of non-weakly regular bent functions has been presented. This
construction combines regular and weakly regular (but not regular) bent
functions in dimension n, of which many infinite classes are known, to one
non-weakly regular bent function in n+ 2 variables. As observed in [5], the
resulting bent functions are dual-bent, a property which non-weakly regular
bent functions do not necessarily have. In this article the first theoretical
construction of non-dual-bent functions is presented. Moreover we show
that with the direct sum of bent functions and with the construction in [2],
recursively one can obtain infinitely many non-dual-bent functions once one
example of a non-dual-bent function is known. Our results indicate that
being non-dual-bent is not an exceptional property for a bent function.

Acknowledgement. The second author is supported by the Austrian Sci-
ence Fund (FWF) Project no. M 1767-N26.
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